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ON THREE-DIMENSIONAL VORTEX PATCHES
PAR

PascaL GAMBLIN and XAvIER SAINT RAYMOND (*)

RESUME. — Nous étudions, en dimension trois d’espace, 'existence et la régularité
de la solution du systéme d’Euler incompressible pour une donnée analogue aux poches
de tourbillon définies en dimension deux d’espace par A. Majda [7]. Nos résultats sont
comparables & ceux obtenus dans le cas bidimensionnel par J.-Y. Chemin [4], mais
Pexistence de la solution est seulement locale en temps (globale cependant dans le cas
axisymétrique).

ABSTRACT. — We study in three space dimensions the existence and smoothness
of the solution of the incompressible Euler system for data analogous to the patches
of vorticity defined in two space dimensions by A. Majda [7]. Our results are similar
to those obtained in the two-dimensional case by J.-Y.Chemin [4], but the existence of
the solution is only local in time (global in the axisymmetric case).

Introduction

The movement in R? of an ideal incompressible fluid is described by
the so-called incompressible Euler system. For this system, the short
time existence of a solution of the Cauchy problem with smooth data
has been known for a while. In his survey paper [7], MAIDA shows that
this elementary result leads to several important problems as the global
existence of a solution for smooth data or the (short time or global)
existence of a solution for singular data. Here, we consider the Cauchy
problem for merely Lipschitzian data.

In the two-dimensional problem, MAJpA [7] introduced constant patches
of wvorticity, which remain such constant patches thanks to a result of
YupovrrcH [9], and asked whether the boundary of such a patch remains
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376 P. GAMBLIN AND X. SAINT RAYMOND

smooth when it is initially smooth. This question was recently solved by
CHEMIN [4], and we also refer to the survey of GERARD [6] for an account
on recent two-dimensional results.

In this paper, we still consider the problem of patches of vorticity,
but for higher space dimensions. Actually we chose the space dimension
d = 3 for the sake of simplicity, but it is clear that similar results hold
when d > 3. It is easy to see that, as soon as d > 2, compact patches
of vorticity cannot be constant patches, and therefore we introduce some
spaces of vorticity naturally related to the geometry of compact patches.

Adapting the method of CHEMIN [4], we establish the same results as
when d = 2, but we get only a short time existence theorem as could be
expected. However, our results are also global in time when the initial
velocity field is azisymmetric as in MAJDA [7]. Finally, we have been
informed that a chapter of SERFATI’S thesis [8] is also devoted to this
problem of multi-D vortex patches, but it is considered there from a
Lagrangian point of view.

1. Notation and statement of the main result

1.a. Vectorial notation.

In this paper, we call vector field any R3-valued distribution defined on
R3. The components of the vector field v are denoted by v;, vz and vs.
When the products of the components are well defined, the scalar product
of the two vector fields v and w is

(v, w) = viwy + vows + V3ws

while their vector and tensor products are respectively :

V2w3 — V3wW2 V1w Vw1 v3wW;
VAW = v3w; — Viws , U Rdw = MW V2w VW2
w2 — V2wq 1wz VW3 vV3Ws3

Using the notation 0; = 0/0z; and the formal «vectory V with

«components» 01, 02 and 03, the expressions (V,v), VAv and V® v
defined formally as above will denote respectively the divergence, the curl
and the gradient (i.e. the Jacobian matrix) of the vector field v. Similarly,
we will use

(v, VYyw = Z'Ujajw and (V,o@w) = Zaj('l)jw)
J J
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ON THREE-DIMENSIONAL VORTEX PATCHES 377

which satisfy, when all the products are well defined,
(V,o@w) =(V,v)w+ (v, V) w.

Finally, in expressing the Biot-Savart law (LEMMA 2.2), we will use the
notation :

(v w)(z) = / oz — y) Aw(y)dy = / o(y) Aw(z — y)dy.

With this notation, we can write the incompressible Euler system, which
provides a model for the movement of a non-viscous liquid in the space R3,
as follows :

O + (v, Vv = —Vp,
(V,v) =0,
Ult:O = Uov

where the unknown v is a function of the time variable ¢t € R, valued in
the space of vector fields (for short, we will say that v is a vector field, even
when it is time-dependent), and v° is a divergence free data belonging to
the Lebesgue space LP for some 1 < p < co. The equation

ov + (v, Vv =-Vp

simply means that the curl of the left side is identically zero, or equiva-
lently, that the left side is the gradient of a scalar distribution —p € &',
but it can be proved that this distribution p (called the pressure) is com-
pletely determined by the problem up to a function of ¢ only, and our first
step will be to get rid of it.

Our paper discusses existence and uniqueness results for the solution v
of this incompressible Euler system. To be able to state precise results, we
now introduce the functional spaces where we will look for these solutions.

1.b. Holder spaces and dyadic analysis.

For all the objects and estimates we describe here, we refer to Bony [2]
and CHEMIN [4]. When s € R\ Z, (resp. when s € Z. ), we denote by C*
(resp. by C?) the Holder space with exponent s, and in both cases the
corresponding norm is denoted by ||v||s. The letter r will always denote a
real number from the open interval (0,1), so that the space C™ is the usual
space of bounded functions v satisfying

[v(@) —v(y)| < Clz —yl"

for some constant C and all z,y € R3. More generally, if Q is an open
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378 P. GAMBLIN AND X. SAINT RAYMOND

subset of R3, the space C"(£2), with the norm lv]|l(), is the space of all
v € L*°(Q) satisfying the previous estimate for all z,y € Q (we take this
unusual definition — without requiring that z and y stay in the same
component of £ — just to simplify the proofs below : actually, we could
have used everywhere the standard definition).

We have the standard interpolation estimate

1—
IVllus+a—pye < N5 Iolls™ for 0<p <1,

and the L norm can also be estimated by interpolating between C?
and C*¢, s > 0 : it is the logarithmic interpolation estimate

[v]lLe < CsL(|Jv]lo, Jv]ls) for s> 0,

where the function b
L(a,b) = aLog(Q + 5)

is an increasing function of both variables a and b € R..
When v and w are two Holder distributions, we denote by T,w the
paraproduct of w by v, for which we have the estimate

ITywlls < Cllvll—t |wllsse for s € Rand ¢ >0,

which is still true for ¢ = 0 provided that ||v||—+ is replaced with [[v||pe.
When t > 0, v € C® and w € C*~%, the product of the two distributions v
and w is well defined and we have

vw = Ty,w + Tpyv + R(v, w),
where the remainder operator R satisfies
|R(v,w)]|, < Csllvlls |wl]le-s for s € R and ¢ >0,
so that we have the useful estimate

(v = To)w|| < Csillvlls |lwllt=s for s € R and ¢ > 0,

min(s,t) —

where ||w||;—s must be replaced with ||w||L~ when s = t.
Next, we will say that the pseudodifferential operator a(D) has a
homogeneous symbol if a € C*(R?) satisfies, for 4 > 1 and large £ € R3,

a(u€) = p"a(§).
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ON THREE-DIMENSIONAL VORTEX PATCHES 379

If a(D) is such a pseudodifferential operator with homogeneous symbol
of order 0, then it is continuous on the Lebesgue spaces LP provided
that 1 < p < oo (see CorrMAN and MEYER [5]). If a(D) is an m-th
order pseudodifferential operator with homogeneous symbol, we have the
estimate

||a(D)w||S < Cysllw|st+m for s € R,

and the commutator [a(D),T,] = a(D)T, — T,a(D) satisfies :
|| [a(D),T,] w”s < Copsrllvllr |w]|s4m-r forseR, 0<r<1.

This last estimate is still true when r = 1 provided that ||v||, is replaced
with
olluip = [0l o= + Y 1850l o,
J

which is the norm associated with the space
Lip={veL®; V®ve L®}.

We will often use the elliptic pseudodifferential operators A®* = \*(D) for
s € R defined by
2
X(€) = (x(€) + I¢?)
where x € C§°(R®) is a nonnegative function with value 1 near 0. They
obviously have homogeneous symbols and satisfy ASA? = ASt? for all s
and t € R.
Finally, our time dependent vector fields will be taken in the spaces

L*([0,T]; LP or C* or Lip)

of bounded functions of ¢t € [0,T] valued in LP or C* or Lip, and simi-
larly we will write v € Lip([0,T];LP) when v € L°*°([0,77]);LP) and
O € L>=([0,T7]; LP).

1.c. Patches of vorticity.

As explained in section 2 below (see THEOREM 2.9), there is a classic
existence result when the initial velocity field is smooth enough, precisely
when v® € C¢ for some s > 1. But there are serious motivations (see
MAJDA [7]) to study the case of more singular data.

In the two-dimensional case, YupoviTcH [9] proved the existence of a
solution for initial velocity fields v° satisfying

0 0 0 0o
w” = O1vy — vy € Logy,
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380 P. GAMBLIN AND X. SAINT RAYMOND

The scalar distribution w = v — 0pv; is called the wvorticity, and it is
clear that when the initial vorticity w® is a constant patch of vorticity, i.e.
satisfies o
o w forxz e Q°,
w'(z) = 0
0 forz¢QP,

where @ is a constant and QO is a bounded region of R?, then w(t) remains
a constant patch of vorticity at any time ¢ > 0, i.e.

w for z € Q(t),

wit, @) = {o for = ¢ Q(t),

where Q(t) is still a bounded region of R2. Then, answering a question of
Mauspa [7], CHEMIN [4] proved that Q(¢) has a smooth boundary at any
time ¢ > 0 as soon as Q° has a smooth boundary.

Now in the three-dimensional case, the vorticity w = V A v is a
divergence free vector field, and the situation is rather different : first,
we do not have constant patches supported in a bounded region °
because (V,w®) = 0 implies that the constant & must be tangent to the
boundary of 20, and second, we have the three-dimensional phenomenon
of stretching of the vorticity (see MAJDA [7]). Therefore, we must find
some more suitable vorticity patterns, and our choice is motivated by the
result of CHEMIN [4].

DEFINITION 1.1.—Let 0 < 7 < 1, and let ¥ be a C'*7, two-dimensional,
compact submanifold of R3. For all € > 0, we set

2. = {z € R?; dist(z, %) < e}.

Then we say that the vector field w belongs to the space C™* if w € L™,
if (V,w® w) € C™"! for all C", divergence free vector fields w tangent
to X, and if for some constant C

lwllr@s\s.) < Ce™" forall0<e<1.

Here, since (V,w) = 0, the vector field (V,w ® w) is a substitute
for the w-directional derivative of w (indeed, (w, V) w cannot be directly
written since the products of J;w by w; are not well defined), and
therefore w € C™* means that w has some conormal smoothness. We
will see below that it is very easy to construct sufficiently many C”,
divergence free vector fields w tangent to any C'*", two-dimensional,
compact submanifold of R? (see PrRoposiTION 3.2). Finally, our space C™*
generalizes the two-dimensional situation of constant patches of vorticity
since the corresponding two-dimensional definition with the boundary of
the patch in the place of ¥ would clearly allow initial data of that form.
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ON THREE-DIMENSIONAL VORTEX PATCHES 381

The main result of the paper is then the following existence theorem.

THEOREM 1.2. — With1 < p<o00,1<q¢<3 and0<r <1, let X° be
a CY" | two-dimensional, compact submanifold of R3, and v° be an LP,
divergence free initial velocity field with vorticity w® = VAv® € LINC™E" .
Then, the incompressible Euler system

O + (v, Viv = —Vp,
(V,v) =0,

_ .0
1)|t=0 =

has a unique solution v € L ([0, T];Lip) NLip([0,T]; L?) for some T > 0.
Moreover, if U, is the associated flow, i.e. the solution of

AVi(z) =v(t, ¥y(z)), To(z) ==,

then for all t € [0,T), the set X(t) = ¥,(X°) is a C1*7, two-dimensional,
compact submanifold of R3, and w(t) € LN CHZ®),

1.d. Comments, example and organization of the paper.

(i) Our result is only local in time (i.e. the solution exists in [0, T
for some T' > 0) : indeed, this is linked to the unsolved question on the
global existence in three space dimensions of a smooth solution for any
smooth data. However, when the initial velocity field has some symmetry,
it is possible to improve the previous result : in the arisymmetric case
(see DEFINITION 2.10 below), the results of THEOREM 1.2 are true for
all T > 0 (see THEOREMS 5.4, 6.1 and 6.4 below).

(i) We can probably also improve THEOREM 1.2 by considering smoo-
ther initial submanifolds %°, but we will not discuss this question in this
paper to avoid too long developments.

(iii) The conditions (V,w ® w®) € C™~! for all C", divergence free
vector fields w tangent to X0 (see DErFINITION 1.1) already imply an
estimate

[wOllr@ea\s0) < Ce™t.

Therefore, our assumption < Ce™" (contained in DErFINITION 1.1) is only
a strengthened form of this estimate. It actually plays no role in the proof
of our existence result (see THEOREM 5.4 below) : in the paper, we use
this estimate only to prove the propagation of the C™* smoothness in
THEOREM 6.4.
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382 P. GAMBLIN AND X. SAINT RAYMOND

Indeed, in stating THEOREM 1.2, we have preferred the C™* smooth-
ness because it is more intrinsicly related to ¥ than the C™" smoothness
considered in sections 3 through 5. We also point out that our proofs es-
tablish the C™* smoothness of the scalar vorticity in the two-dimensional
problem, and therefore this completes the result of CHEMIN [4] who proved
its C™" smoothness only.

(iv) As a conclusion of this presentation, we now describe an example
that is very close to the two-dimensional problem of constant patches of
vorticity. Choose a bounded region DY of R, x R with smooth boundary
such that D% C R*% x R, and set

To W 0
W)= |-n @ forz € Q% Wo(z)=1{0 for z ¢ Q°,
0 0

where @ is a constant, and Q° = {z € R®; ((22+22)'/2,z3) € D°}. Then,
for all T' > 0, the incompressible Euler system has a unique solution

v € L®([0,T]; Lip) N Lip ([0, 15 N L”)
p>3/2

with V A v(0) = w® (THEOREM 5.4). Moreover, this solution satisfies for
allt >0

To W 0
wt,z)=|-n1w for z € Q(t), w(t,z)=10 for = ¢ Q(t),
0 0

where Q(t) = {z € R3; ((2? + 23)1/2,z3) € D(t)} and D(t) is a bounded
region of Ry x R with smooth boundary (THEOREM 6.1).

(v) Our paper is organized as follows.

In section 2, we collect all the classic material on the incompressible
Euler system that is related to our problem. The specialist will not need
to read it, but it is a convenient reference for us.

In sections 3 through 5, we prove a variant of THEOREM 1.2 where the
spaces C™* of conormal distributions are replaced with larger spaces C™"W
of striated distributions. Section 3 is devoted to a static estimate, while
dynamic estimates are obtained in section 4. These results are put together
in section 5 to prove the existence THEOREM 5.4.

Finally, section 6 is devoted to complements : smoothness of the sub-
manifold () and conormal smoothness of the vorticity field w(t).
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ON THREE-DIMENSIONAL VORTEX PATCHES 383

2. Elementary results concerning the
incompressible Euler system

The results of this section are somewhat classic. However we collect
them here because we do not know any complete reference for them. As
stated here, they will provide a convenient base for the rest of the article.
Some proofs are given, but the other ones are only sketched.

We begin with a couple of technical lemmas.
LEMMA 2.1. — Let v be a vector field satisfying
(V,0) =0, VAv=0 and v= Zv",
with v € LP", p* < oo for all v. Then v =0. vsN
Proof. — We have
0=VA(VAv)=V(V,v) —Av=—-Av

and therefore, v is a harmonic polynomial. But the only polynomial

satisfying

v E Z ¥
v<N
is v =0 : indeed, v = 0 is the only polynomial satisfying
meas{z; |v(z)| > e} < o0
for all € > 0, and here we have
meas{z; |v(z)| >¢e} < Z meas{a:; [v* (z)] > i} < 00
N

v<N

since v¥ € LP" with p* < oo . []

This result immediately gives the classic « Biot-Savart law ».

COROLLARY 2.2. — Let p < oo and q < 3. Then, if we have v € LP,

(V,v) =0 and w =V Av € LY, it follows that
v=w*VF

where F(z) = —1/4r|x| is the standard fundamental solution of the
laplacian.

Proof. — Let us set ¥ = w * VF. Since

VF =xVF+(1-x)VF

with xVF € L' and (1 — x)VF € L%/Ga=1D_ it is easy to check
that ¥ is an element of L9 + L*/(3~9  Moreover, writing that w is the
limit of a sequence w, € L{,,,, we see that we have (V,7) = 0 and

V A ¥ = w. Therefore (v — ¥) satisfies the assumptions of LEmMmA 2.1,
and we have v = 0. []
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384 P. GAMBLIN AND X. SAINT RAYMOND

Next, we examine the effect of a useful change of variables.

PROPOSITION 2.3. — Let v € L*([0, T ; Lip) be a divergence free vector
field and Uy be the corresponding flow, i.e. the solution of

Uy (z) =v(t, Ue(z)), Yo(z)==z.

Then the transformation w — w* defined by w*(t,z) = w(t, ¥¢(x)) maps
L>([0,T); LL.) onto itself, and we have

8 {w*} = {Bw + (V,v @ w)}"

whenever w and dyw + (V,v ® w) belong to L>=([0,7T];Li,.). Moreover,
this transformation maps L ([0, T]; LP) onto itself for all 1 < p < oo and
also L*°([0,T];C") onto itself for all 0 < r < 1, with the estimates

[w @)l = lw®]l
TVOlw@)l, < [le* @], < VO u@],.

where V(t) = fot [lv(s)llLip ds.

Proof. — Since (V,v) = 0, the Lebesgue measure is invariant under the
transformation W, for every ¢, so that w — w* maps L>([0,7]; L. .) onto
itself and also L*°([0,T]; L?) onto itself with ||w*(¢)||r» = ||w(?)||L». To
see that

O {w*} = {dw+ (V,v®@w)}",

we first observe that it is obviously true when w is smooth with respect
to x (it is the chain rule); then the result follows by taking the limit
of a convolution (in z) with a Friedrichs mollifier thanks to a Friedrichs
lemma. Finally, the flow ¥, classically satisfies

Wy (z) — Ty(y)| < "D |z -y

(see e.g. BaHOURI and DEHMAN [1]) so that w — w* maps L*°([0,T];C")
onto itself with the given estimate. []

COROLLARY 2.4. — Let v be as in Proposition 2.3 and A be a L*®
function of t € [0,T] valued in the space of continuous linear operators
on LP (resp. on C"). Then the problem

Sw + (V,v @ w) = Aw,
Wi—o =w’ € LP (resp. € C")

has a unique solution w € L°°([0,T];LP) (resp. w € L*=([0,T];C")).
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ON THREE-DIMENSIONAL VORTEX PATCHES 385

Moreover if a(s) is the norm of the continuous linear operator A(s) and
A(t) = fot a(s)ds, we have the estimate

lw(®)llze < eOllwzs

t
(resp. 1wl < AOVO 0], where V(e) = [ [u(s)luipds).
0

Proof. — Thanks to ProposIiTION 2.3, the given problem is equivalent
to the following
at{w*} — A*w*,
w*ltZO — ,wO

where the operator A*, defined by A* w* = {Aw}*, is still a L function
of ¢ valued in the space of continuous linear operators on L? (resp. on C").
Then the existence and uniqueness of a solution follows from the classic
theory of ordinary differential equations.

Since the transformation w — w* is an isometry on L*([0,T]; L?), the
estimate in LP norms also follows from the ordinary differential equation
structure. In the case of C" norms, we can write

w*(t,z) = w’(z) + /Ot ds{w*}(s,z)ds = w'(z) + /Ot{Aw}*(s,x)ds
so that
w(t,z) = w* (t, 07 (z)) = w° (¥, (2)) + /Ot{Aw}(s, Uy00; (z))ds.
This expression gives the estimate
w®)]], < VO, + /0 t e" VIOV g(s)||lw(s)| ds.

Next we define
f(t) — e-—A(t)—rV(t)”w(t)”T,

—A(t)—-rV

and the multiplication of the previous estimate by e ®) gives

)< A5+ [ A=A g(5) f(5)ds
0

< e AW F0) + (1 - e 4®) sup £.
[0,T]
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386 P. GAMBLIN AND X. SAINT RAYMOND
We now multiply by eA(*) to get for any ¢ € [0, 7]

sup f < f(0) + e*®{sup f — f(t)}.
[0,T] [0,77]

Finally, we can use this estimate for a sequence t,, such that f(¢,) tends
to supjo 7} f, and this gives supy 77 f < f (0) which simply means

“U)(t) “r < eA(t)+rV(t) “w()”r

for all t € [0,7]. []

This result directly implies the following classic estimates on the
vorticity field.

CoROLLARY 2.5. — Let v € L°([0,T];Lip) be a solution of the
incompressible Euler system (see section 1). If w® = V A V|t=o belongs
to some L? with 1 < g < oo, then w =V Av € L*([0,T]; L?) with

eV(E)-V () < lw(s)|lza < VO-V(s)
llw (@)l e

for all0 < s <t <T (here V(t) = fot lv(s)|lLipds as above).

Proof. — It is known (see e.g. BAHOURI and DEHMAN [1]) that the
vorticity field w of a solution of the incompressible Euler system satisfies
the equation

Ow +(V,v Qw) = (w, V)v.

The operator A : w — (w, V)v is a L function of ¢ valued in the space
of continuous linear operators on L* and on L? N L since for all ¢

[Aw()]] o = [[w(s), V)] L < [00) | )]l o

Therefore it follows from COROLLARY 2.4 that w is the unique L solution
of the previous equation with wj;—¢g = w°. If w° € L?, CoroLLARY 2.4
also implies the existence of a solution w € L*°([0,77];L% N L*) which
must satisfy w = V A v thanks to the uniqueness of the L* solution.
Finally, the estimate immediately follows from the estimate given in
COROLLARY 2.4. []

Our last technical step before giving the main existence and uniqueness
results of this section consists in the construction of bilinear operators
which will allow us to find a «pressure free» form of the incompressible
Euler system and to write easily the estimates needed in the next sections.
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ON THREE-DIMENSIONAL VORTEX PATCHES 387

With the notation introduced in section 1.b, we set for v, w € L,
D(w,w) = (V,v®@w) — Tyv,pyw — Tw(V,v),
Kw,w)=(V,o@w) — A Y V,v® Aw),

(v, w) = II' (v, w) + I12(v, w) + I13(v, w)

where
' (v,w) = —=VA~%(V,(V,o @ w))
% (v, w) = Vx(D) A_2<V, (V,xF % (v® w))>
I (v,w) = x(D) A2 " {(V80k(1 = X) F) * (vyu) }.
jk
(Here F(z) = —1/4m|x| is the standard fundamental solution of the

laplacian, and I1? and II® are well defined since xF and V9;9x(1 — x)F
are elements of L'.) The operator II is just a variant of that introduced
by CHEMIN [3], [4], and we will also use the following other variant

m(v,w) = (v, w) + VA™3(V,v ® (V,w))
which satisfies 7(v, w) = 7! (v, w) + II?(v, w) + I3(v, w) with
7l (v,w) = =VA*(V, (w, V)v).

The following statement lists some properties of these operators.

ProposiTION 2.6. — We have :

e D(v,w) = (V,v®@w) as soon as (V,v) =0;

o I(v,w) = w(v,w) as soon as (V,w) = 0.

The operator I1 satisfies :

o (v, w) =(w,v);

e VAII(v,w) =0;

o (V,II(v,w)) = (V,(V,v @ w)).

Finally, there are constants C' depending only on 0 < r < 1 and on the
subscripts s or p such that for all v,w € L™ :

(i) Forallr < s <1,

D@, w)||,_, < Csllvllr—s llw]ls-

r—1 —

This estimate is still true for s = r provided that ||v||,—s is replaced with
[[vllLe, and still true for s = 1 provided that ||w||s is replaced with |w||Lip.
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(ii) (V,v) = 0 implies, for all0 < s < 1,
“K('U>w)”T < Csllvlls lwllr41-s
and this estimate is still true for s = 1 provided that |[v||s is replaced
with ”’U”Lip.
(iii) For all1 < p < oo,
|7 (v, w)|| 1 < CpllvllLip llwllze
and (V,v) = 0 implies

|7 (v, w)|,, < CllvllLipllwlly-

(iv) (V,w) =0 implies
(v, w)|,_, < Cllvluipllwlr—1-

r—1 —

Proof. — All the algebraic identities easily follow from the definitions.
To get the estimate (i), we just rewrite D(v,w) as

D(v,w) = Z {ijajw + Tajwvj + 6]- R(U]‘,w)}

J

and use the estimates of section 1.b. Similarly, when (V,v) = 0 we can
write

Kw,w) = (-1, V)w+ A V,[A,T,] @ w)
+ AV (T, —v) ® Aw)
to get the estimate (ii).

The estimates on I1?2 and II? are easy to obtain, and therefore are left
to the reader. We have

llﬂl("’?w)“]} < CP “(w’ V)’U”Lp < Cp“'U“Lip ”w“L”

which proves the estimates (iii) in L? norms. When (V,v) = 0, we also
have (V,0;v) = 0 and
(v, w) = =VA™?Y (V,8;0 ®w;) = —VA™>>_D(d;v,w;)
J J

so that (iii) follows from the estimate (i) with s = 7. Finally, when
(V,w) =0 we can write

IT' (v, w) = =VA 3V, (V,w®v)) = ~VA"%(V, D(w,v))

and (iv) now follows from the estimate (i) with s =1. []
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Now, we are ready to transform the incompressible Euler system into
a pressure free system.

THEOREM 2.7. — Let 1 < p < oo and v° € LipNLP be a divergence free
data. Then the vector field v is a L>([0, T ; Lip) NLip([0, T]; LP) solution
of the incompressible Fuler system

o + (v, Vv = —Vp,
(V,v) =0,

UIt:O = ’UO
if and only if it is a L°°([0,T7];Lip) solution of the pressure free system

{atv +(V,v®v) = (v,v),

_ .0
v|t=0——v .

Moreover, if such a solution v satisfies v € L*([0,T]; C?) for some s ¢ Z,
then we also have v € C*([0,T] x R3).

Proof. — In three parts.
(i) Assume that v € L*([0,T];Lip) N Lip([0,77]; L?) is a solution of
the incompressible Euler system. Since (V,v) = 0, we have

(v, Vo =(V,v®wv) and II(v,v)=7(v,v),

and thanks to the smoothness of v and to ProposiTION 2.6 (iii), we see
that —Vp and II(v,v) belong to L>°([0,T]; LP).
Next we find

(V,=Vp) = (V(V,v®v)) = (V,1I(v,v))

by taking the divergence of the Euler equation and using PROPOSITION 2.6,
and since V A (=Vp) = V AIl(v,v) = 0, it follows that II(v,v) + Vp
satisfies the assumptions of LEMMA 2.1. We can therefore conclude that
—Vp =TII(v,v) and that v is a solution of the pressure free system.

(ii) Assume that v € L*°([0,7];Lip) is a solution of the pressure free
system. We find 9,(V,v) = 0 by taking the divergence of the equation,
so that (V,v°) = 0 implies (V,v) = 0. Thus this equation can also be
written

O + (v, Vv =II(v,v),

and II(v,v) is a gradient since its curl vanishes. Therefore, v is a solution
of the incompressible Euler system.
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Now the property (V,v) = 0 has the following two consequences : first
that I(v,v) = 7(v,v) so that w = v is a L>°([0,T]; Lip) solution of the
problem

{ Ow + (V,v @ w) = 7(v, w),

Ww)y—g = v° € LipNLF;

and second, that the operator A : w — 7(v,w) is continuous on C" and
on C™ N L? thanks to ProrosiTION 2.6 (iii), so that it follows from
COROLLARY 2.4 that the problem written above has at most one solution
w € L*([0,T];C") and at least one solution w € L*°([0,T];C" N LP).
Since v is a L*°([0,T];C") solution of this problem, we get that v is an
element of L>°([0,7T]; LP), and this also implies that

O = m(v,v) — (v, V)v € L=([0,T]; LP).

(iii) Finally, the proof of v € C*([0,T] xR?) is in CHEMIN [3] : it follows
from the fact that 9f"'v € L*®([0,T];C**~1) for all k < s, which is
easily obtained by differentiating the equation. []

Thanks to this theorem, we will always study the incompressible Euler
system through its pressure free form. For example, we have the following
uniqueness result.

THEOREM 2.8. — For any divergence free data v° € LipNLP, where
1 < p < o0, the incompressible Fuler system has at most one solution
v € L*([0,T];Lip) N Lip([0, T]; LP).

Proof. — We take the incompressible Euler system in its pressure free
form. If v and ¥ are two solutions with the same data v°, we get by
subtraction

O —0)+(V,v® (v—10)) =I(v+9,v—0) —(V,(v—17) ®D)
so that u = A=!(v — ) is a solution of

{ O+ (V,v ®u) = A~ (v + 0, Au) — A~ D(Au, 9) + K (v, u),
ult:O = 07

and since the right side is a continuous linear expression of u € C" (see
PropPosITION 2.6), it follows from COROLLARY 2.4 that u = 0 is the only
solution of this problem. This just means that v = 9. []

Next, we establish the classic existence result for smooth data.
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THEOREM 2.9. — Let v° € C* N LP for some s > 1 and 1 < p < oo,
with (V,v°%) = 0. Then the incompressible Euler system has a (unique)
solution

v e L*([0,T];C*) N Lip([0, T]; LP)

for some T > 0. Moreover, if v € L2 (10,T) ; C*) N Lipy,.([0,T) ; L?) for
aT >0 such that

[ 1e@ap s < oo,
then this solution can be continued as a solution
v e L™([0,T +¢];C®) NLip([0,T +¢]; L?)
for some € > 0.

Proof. — The proof is in CHEMIN [3]. However, since our operator II
is slightly different from that of CHEMIN, we now sketch this proof.
We take vg(t) = v°, then we solve

0

Otn+1 + (V, 0, ® Vpg1) = 7(Vn, V1),
U?’llt=0 =7v".

Assuming that (V,v,) = 0 and that v, is in L*°([0,T];C*®), it follows
from ProposiTioN 2.6 (iii) and COROLLARY 2.4 that this problem has
a solution v,41 € L°°([0,T];C") for any r < 1. Next, we apply the
operator A~1(V,-) to the equation and find that u = A"V, v,41)
satisfies

O+ (V,v, @ u) = x(D)A™3(V, v, ® Au) + K (v, u),
ujimo = ANV, 0%) = 0.

Since the right side is a continuous linear expression of u € C” (see Propo-
SITION 2.6 (ii)), it follows again from COROLLARY 2.4 that (V,v,,1) =
Au = 0. We also show that v,y; € L°°([0,7];C*®) by differentiating
the equation with respect to z as many times as needed, and by using
(V,vn,) = (V,vn41) = 0 to get the right estimates, and thus the
sequence vy, is well defined by induction.

From these estimates, it is easy to see that for a sufficiently small 7" > 0
depending only on [|v°||s, v, is a bounded sequence in L*°([0,7]; C*) and
a Cauchy sequence in L*°([0,7];C ') for some r < 1. It follows (see
e.g. LEMMA 5.1 below) that this sequence has a limit v € L>([0,T]; C?)
which is a solution of the pressure free system. Thanks to THEOREM 2.7
it is also a Lip([0,T7]; LP) solution of the incompressible Euler system as
claimed.
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Finally, any L2 ([0,T') ; C®) solution of the pressure free system can be

loc

estimated on [0,T) by

lo(®)ls < 005 €V
where V(t) = fot [lv(s)|lLipds, and this implies the last part of the
statement (see CHEMIN [3] for more complete details). (]

We end this section with Majpa’s global existence result for axisym-
metric flows that we now define.

DeriNiTION 2.10. — We say that the vector field v has an axisymmetric
structure if it satisfies

LoV — TV = Ogvy — O1v2 = (2201 — £102)v3 =0
and if the function
o(z) = (23 + 23) " (zaw1 () — T1w2())

is bounded, compactly supported and has a constant sign (here, the w;’s
are the components of the vorticity w = V A v). Introducing cylindrical
coordinates (p, 0, z3), and at z = (pcos 0, psin @, z3) the three base vectors

e, = (cosf,sinf,0), ey = (sinfh,—cosh,0), esz=(0,0,1),
then our conditions on v mean that
v=1p€e,+v3e3 and w =uwgeg

where v,, v3 and wy = O,v3 — O3v, are functions of p and zs only
(independent of 6), while our conditions on w (i.e. on the function «)
mean that we/p = o € Lg5,,, and has a constant sign.

For flows of such axisymmetric vector fields, we have the following
variant of a result of MAJDA (see (7, p. S 202-S 203]).

LEMMA 2.11. — Ifv € L*([0,T];Lip) NLip([0, T ; LP) for some p < oo
is a solution of the incompressible Euler system such that v° has an
azisymmetric structure, then v(t) has an azisymmetric structure for all
t in [0,T). Moreover, the functions

w(t) =VA U(t) and R(t) = Illx“suppw(t)”Lw
satisfy for all 1 < g < oo and all t € [0,

lw(®)ll o < RO®llza  and  R() < RO)(1+ RO)]l°|lt)*

where a°(z) = (z3 + 23) ! (z20) (z) — T109(x)).
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Proof.— The proof that v(t) has an axisymmetric structure is left to the

reader : it suffices to use the symmetry of the equation, and the equation
for w/p we give below. With p = (2} + 22)~!/? as above, we have

at(%) +<V,v®%> -0

w(t) w?
1= = 151 e
p p llLa
thanks to COROLLARY 2.4, and therefore we can write
w(t
2], = el

On the other hand, the Biot-Savart law v(t) = w(t) * VF (LEMMA 2.2)
implies that

so that

La

ol < R

q

R(t) < Hv(t)HLOO < s;gg/|w(t,x —y)| x |VF(y)|dy.
With r(t) = R(0)>/3R(t)~%/3, we have
/ lwt, = — )| x |VF@)|dy
ly|<r(t)

< [lw(®)] /Iy|<r(t)|VF y|dy < Rt)r(t)l|ad]|z~

while by the Cauchy-Schwarz inequality

[ Jetto— )] < |[9F)dy
lyl=>r(¢)

: {/Iylzr(t)lwﬁgzxx_ y?)/)’ |VF(y)|2dy}1/2
" {/Iylzr(t)p(x —y) |lw(t,z — y)ldy}1/2

) 1/2 1/2
{” VF(y)| dy} / yAw(t,y)dy
y|>T(t) R3
HaOHLw}”Z / 0 V2
s{ y A W®(y)dy
47r(t) supp w0

ly'2dy 1/2_ R(0)5 1/2
< "“0"L°°{/|ylsmo> 47rr<t>} = { 5r (1) } o=
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where we used that 9, ([ y A w(t,y)dy) = 0. Therefore we get
R'(t) < 3R(0)*a®|| 1= R(t)"/?

and it follows that R(t) can be estimated as claimed. ]

Finally, from THEOREM 2.9 and LEMmA 2.11 we can deduce the
following global existence result.

COROLLARY 2.12. — Keep the same assumptions as in Theorem 2.9, and
assume that v° has an azisymmetric structure. Then, the incompressible
Euler system has a (unique) solution v € L*([0,T];C*) N Lip([0,T]; LP)
for all T > 0.

Proof.—From THEOREM 2.9, we already have a solution defined in [0, 7]
for some T > 0. Then it follows from LEMMA 2.11 that the corresponding
vorticity field w satisfies

[ Tl < 31+ RO -T)" < o
0

Now, it is shown in BAHOURI and DEHMAN [1] that under this condition
any solution v € L2 ([0,T);C?) N Lipy,.([0,T); LP) can be continued
as a solution v € L*([0,T + ¢];C®) N Lip([0,T + €]; L?) for some
€ > 0. Therefore, we have a solution v € L*°([0,T];C*) N Lip([0, T]; LP)

forall T > 0. []

3. Velocity fields with striated vorticity

The goal of sections 3 through 5 is to prove THEOREM 5.4 below which is
a variant of THEOREM 1.2 where the spaces C™* of conormal distributions
are replaced with spaces C™W of striated distributions that we now define.

DEFINITION 3.1. — Any system W = (wl,w?, ..., w") of N continuous
vector fields is said to be admissible if the function

w1 = (g S e}

is bounded. If 0 < r < 1 and if W is an admissible system of C" vector
fields, we define the space C™W as the space of all vector fields w such
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that w € L™ and (V,w" Qw) € C™ ! for all v < N. The associated norm
is defined as

e = 3L+ N e 0 1) e 220
W Vw © ], }
= N“w[[Loo
11 e 3 {0 el + (17,0 © )], -

v

REMARK. — We point out that our vector fields w” are not assumed
here to be divergence free and that all our results in sections 3 through 5
hold without the restriction (V,w"”) = 0. We will use this property in the
proof of THEOREM 6.4 below.

Here we can observe that this space C™"W always contains the
Holder space C". Our first result shows the link between this space and
the space C™ introduced in section 1.

PROPOSITION 3.2. — For any C'*", two-dimensional, compact subma-
nifold ¥ of R3, we can find an admissible system W of five C", divergence
free vector fields tangent to ¥, and we have C™* C C™W,

Proof. — Let f € C'*" be such that f|y = 0 and Vf|x # 0. By
continuity, this function still satisfies V f #0 on X, for some £ > 0. Then,
we choose a function x € C* such that x = 1 on R*\ £, and x = 0
near Y. The five vector fields

0 O3 f —Oaof
w = | =03f], wi=1| 0 |, wi=| of |,
0o f —0f 0
03(xx3) —02(x1)
wt = 0 , wh = | Ai(xz1)
—01(xs3) 0

have C™ components and are divergence free and tangent to ¥. Moreover,
|lw* Aw®|> =1 on R3\ &, while

lw' Aw?|? + |wt Aw?|? + [w? Aw?|? = |Vf|4
is positive on the compact set ¥.. Thus we have [W] > 6§ > 0, or
[W]~1 < 1/6 < co. Finally, since the w”’s are divergence free and tangent

to ¥, we immediately have C™* c C™W. []
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The rest of this section is devoted to the proof of the following result.

Proprosition 3.3. — There exists a constant C; depending only on
1<qg<3and0 <7 <1 such that for all admissible system W of C"
vector fields, and for all v € LP, p < oo, such that (V,v) = 0 and
w=VAveLINC"Y, we have v € Lip with the estimate

vllLip < Cillwllg,r,w

where we have set

Ilwllr,w)

[l = lwllze + lwlz= Log (2 +
l|wll oo

Its proof is based on the following geometric results.

LEMMA 3.4. — Let w' and w? be two C™ vector fields and 2 be an open
subset of R® where |w' A w?|~1/2 is bounded. Then we can find functions
ajx € L(Q) and b%} and b3 € C™(Q) such that

&tk — ()| =D b (x) &ew (), €)

v

Jor (z,€) € Q x R3, with the estimates ||aji||L=@) <1 and

16

1% Iy < C (e + llw?[) ™ [[lw" Aw?[772]] 2

where the constant C' depends only on r.

Proof. — At every point z € Q we define the transformation £ — 7
from R3 to R? by
(w' Aw?€)
n= <wl7 §> )
(w?,€)

and we observe that this transformation can be inverted by the formula
& = An where the matrix A is

1
= oA ul? (w' Aw? w? A (wh Aw?), (wh Aw?) Aw').

Then we consider the quadratic form g¢;x(€) = &;&, and we choose the
coefficient
w = G AW?)
ik = Jwt A w?|?
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(this choice clearly gives |lajkllre() < 1) so that £ = w! A w? is an
isotropic vector for the quadratic form g;x(€) — a;x|€|?. In the 7 variables
we get

4k(An) — ajr| An® = 'n(*AQjx A — aj'AA)n
where Qi is the matrix of the quadratic form g;; (in the £ variables). An
elementary computation shows that

1 1 0 0
A= [0 P —he?) ),
WA N0~ w?) P

and by observing the homogeneity degrees of the columns of the matrix A
we see that

1 B1 P2 B3
A\ G G

where the §;’s are homogeneous polynomials in (wl,w?) : By of degree 4,
B2 and (3 of degree 5, and B4, 85 and [g of degree 6. Moreover, #; = 0 since
€ = w! Aw? is an isotropic vector for the quadratic form g;x(€) — a;x|€|*.
Coming back to the £ variables, we can write

tA ijA - ajktAA =

1
&€k — ajlél® = m@ﬂﬂh + Banz + Bsn3)12

1
+ le A w2|4 (2/33771 + Bsma + ﬂ6773)173

_ 282(w' Aw?,§) + Ba(w?, €) + B5 (w?, )

1
,wl /\w2[4 <w ’£>
2,83(’[1)1 /\’UJ2,€> +ﬁ5<w1)£> +186<w2’§> 2

= (bjréy + bIréa + b3EEs) (W', €)
+ (bjeés + bida + bjids) (w?,€)
where the bﬂ are homogeneous polynomials of (w!, w?) of degree 7 divided

by the quantity |w! Aw?|*. Therefore we have got the required expression
for &;&k — ajklé |2, and it is elementary to check that

16

155 i) < C (ol + Ilw?l) ™ [[Jw" Aw?[ 72| ).

Our proof is complete. []
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LEMMA 3.5. — Let W be an admissible system of N C" vector fields.
Then we can find functions ajx € L and bf% € C" such that

&k — ajn(@)[E* = Zbe’é(ﬂﬁ &o(w”(z),€)

for (z,€) € RS, with the estimates ||ajx|| L~ <1 and

1% < CN3M%y | W) e

where My w = ||[[W]~
only on r.

Proof. — On each

Y oo S lw”ll, and where the constant C depends
v

QMY — {1‘ eR?; [w* Aw’| 7V (z) < 2|“W]_1“L°°}’

LEMMA 3.4 gives coefficients ajx in L (Q#) and bﬁ‘,z, be% in C"(Q*)
solving our problem. Then it suffices to combine these local constructions
with a partition of unity 1 = Y ¢*” satisfying :

(i) supp @ C Q* and *<¥

(i) lle™ [l < ON*M.y

To construct such a partition of unity, we choose a nonnegative function
x € C§° with ||x||z: = 1 and supp x contained in the unit ball, then we
set for u < v

={z eR’; [w" A" [(z) 2 inf (Wi},
F ={z € R?; dist(z, F*) < e},
Xe(z) = e7*x(z/e),
g’ (z) = /FW Xe/2( —y)dy, and

e/2

e = T 1-¢t?),
(B, 7)< (p,v)

where (fi,7) < (p,v) means fi < p or (i = p and 7 < v). Since
=Y o= TTa-e),
pu<v u<v

since p#¥ =1 on F* and since R? = |J F*¥, this is a partition of unity.
pn<v
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Moreover, the estimate
le" [l < Z ”Soéw”r < CN?*c"
(B,7)<(n,v)

—4/r

implies estimate (ii) above if we chose ¢ = (2M, w) . Finally, on

F#¥ > supp ¢*¥ we have

[ A w”(z) > inf W] = &l A w2

> inf (W) - 25(2 ||w"||,)4

v

7 - 4 1. 4
Linf (W) (>3 inf [1V] )
thanks to our choice for €, and this proves that

lwh Aw?|~1/2 < \/5“[W]'1|[Lm

on supp @*¥. This implies the inclusion (i) above. []

COROLLARY 3.6.— With any admissible system W of N C" vector fields,
we can associate functions ajr € L™ with ||ajk|r~ < 1 such that for all
we o,

|00k — Alajrw)|,_, < ON>M; Sy |wllrw

where My w = ”[W]‘IHLOO S lw?|lr, and where the constant C depends
only on r. v

Proof.— Let us quantify the algebraic relation of LEmMA 3.5 by putting
the coefficients on the right and the differentiations on the left. We obtain
for w € C™W

8j8kw - A(ajkw) = Z 3e3m(b§%w;%w)

4,m,v

so that it suffices to estimate the C™~! norm of sums Y 8y, (bw,w). For
this, we use the paraproduct operator T, and write ™

Z Om (bwpw) = Z Bm{(b — Tb)wmw}
" T S [0 T + Ty Y O ().

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



400 P. GAMBLIN AND X. SAINT RAYMOND

The first term can be estimated by
10m{ (b = To)wmw}|,_; < |[(b = To)wmwl],
< Clfbllrlwmwll L
< ON*MSy (W] o ol o o=,
and similarly, the second term can be estimated by
I'[am»Tb]wmw“r—l = I Tonpwmwlir-1
< Cl0mbllr -1 [l wmwl| Lo
S CN*MY [[W] 7| oo llwl el oo -

Finally, the third term can be estimated simply by

|73 Omtwme)|| | < Clblle= (V. w o w)],
m
SCON* M W)Y e [V w @ W),y
and this implies our estimate after summation in £ and v. []

Proof of Proposition 3.3.— The elliptic pseudo-differential operators A*
constructed in section 1.b satisfy A=?2A = y(D)A~2 —1, and therefore the
elementary formula V A w = —Awv immediately gives for high frequencies

(1= x(D)A™%)v = A7%(V Aw).

For low frequencies, we use the Biot-Savart law v = w * VF (see
LEMMA 2.2) to get the estimate

[ollzee < C(llwllza + [[wllze)
since VF € L9/(@=1) 4 [ Then we can write

[vlluip = lollze + > [1850ll e
J
< vllze + Y _[0;x(D)A20]| o + > [|05(1 = X(D)A2)w|| .
J J
< Clllpe + D> _[|ATAHV AW)| e
J

< C(Iwlze + lllzw + Y 14720000l )

ik
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Next, we use the a;j coefficients of COROLLARY 3.6 to write
-2
IA™20;0kw|| oo

< [(1 = x(D)A)ajpwl| oo + [[A72(0;0kw — Alajrw))
< Cllw|lpe + ”A‘ (0;0kw — A(ajrw))

Iz
I

Since the pseudo-differential operators A2, A=28;9) and A~2A have
homogeneous symbols, we have the following estimates in Holder norms

|A72(8;0kw — A(ajpw)) ||, < Cllwllz~, and

[A72(8;0k0 — Alajew)) ||, < [|0;0kw — Alajrw)]|
< ON’M; Sy llwllrw

r—2

thanks to CorOLLARY 3.6, and the logarithmic interpolation estimate
gives

N3M1wllw||1»w>

|A™2(0;0kw — A(ajkw)) ”Loo < Ollwllze Log(2 * llwll Lo

Finally, we conclude by observing that

N My |wlrw
2+ — o ———
llwll o
=24+ N*M;5y + N° M2,

n N3M7}’%V”[W]—1”Loo Z ll(vsﬁli’:)l‘i?”r—l

<2+ N+ My + )7 (Y, w” ® w)[l,—1 }23

ol
23
fo Jolhw
=

and this completes the proof of our proposition. []
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4. Estimates for smooth solutions

The main result of this section is the following.

PrOPOSITION 4.1. — Let v € L*°([0,T);C**") be a solution of the
incompressible Euler system and w® be a C" vector field. Then the problem

{ Sw + (V,v @ w) = (w, V)v,

— 2,0
w|t=0 =w

has a unique solution w € L*([0,T];C") and we have

KV, wt) @ wEMlr—1 _ _coviny [0 4 MV, 2w @)l
w(t)|],. + < e™? w||, +
L P ey v e
where V (t) = fot llv(s)|lLip ds, and C depends only on 0 < r < 1.

Proof. — The existence and uniqueness of the solution w in the space
L*>([0,T];C") follow from CoROLLARY 2.4 since the operator A : w
(w, V)v is continuous on C", and therefore, we only have to prove the
estimate given in the statement.

For this, we set u = A=YV, w ® w) € L>([0,T];C"). Using the trans-
formation w +— w* described in PROPOSITION 2.3, we observe that

O{w*} = {(w,V)v}" and 9 {w'} = {(w,V)v}",
so that

{(w®w)'} = d{w* ®w'} = ({w'}) ®w" +w* ® (F{w"})
= {(w,V)v}" @uw* +w* ® {{w, V)v},

that is
QH(ww)+(V,v® (wew)) = {(w, V)v} ®w+w® {{w, V)v}.
When applying the operator A=(V, ) to this equation, we find

Ovu = ANV, {{w, V)v} ®w+w  {{w, V)v})
—AHV, (Vo ® (wew)))

=AYV, {{(w,V)v} ®w+w e {{w, V)v})
—A YV (V,w® (v®w))).
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Since (V,w ® (v ®@w)) = {{w, V)v} @uw + v ® (V,w Q@ w), we get
du=A"V,w® {{w,V)v}) - A"V, 08 (V,u®w))
and finally
du+(V,oeu) = A"V, {{w,V)v})+ K(v,u)

where the operator K is that of section 2. Using the operator D of
section 2, we now define linear operators A, B, C and D as

Bu=A"Y(V Au),
Aw = (w, Vv — BA YV, w ® w),
Du = K(v,u) + A"'D(w, Bu) + A~ D(Au, v),
Cw =AYV, we {{w,V)v})
+ K (v, A"V, w ®w)) - DA NV, w @ w),

and observe that, by construction of A and C, the vector fields w and
u= A"}V, w® w) are solutions in L>°([0,7];C") of the system

Ow + (V,v ® w) = Aw + Bu,
Ou+ (V,v ®@ u) = Cw + Du.

As in COROLLARY 2.4, our estimate will follow from estimates on these
operators A, B, C and D. In the statement of LEMMA 4.2, the time does
not appear because it is assumed to be fixed.

LEMMA 4.2. — There exist constants C' depending only on r such that :
@) [1Bull» < Cllulr;

(ii) The linear operators A and D depend linearly on v and satisfy
[Aw[lr < Cllv[Lipllwllr,  Awllr/2 < Cllvlli—pj2llwllr,

IDullr < Clvlluipllullr,  [Dullr/z < Cllvlli—r/zllull-
(ili) The linear operator C depends bilinearly on (w,v) and satisfies

[Cw]l; < CllwllLee||vllLipllw]-,
ICwll, 2 < Cllw|l-r/2llvl|Lipllwll-,

ICwlir/2 < Cllwllzel[vlli—r/2llwlly-
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Proof.
(i) The estimate for the operator B is obvious.

(if) The operator A satisfies
Aw = (0, Vv — A2V A (V, 0 @ w)
= (w — T, V)v + (Tu, V) x(D)A"%v — (T,y, V)A 2 Av
+AA(VAY, (T —w) ®w)) — A2V A(V, Ty Q).
The C” norm (resp. the C"/? norm) of the first, second and fourth terms
can be estimated by C (||v]|Lip + [lwllze)llwll- (vesp. by C(ljvll1—r/2 +

lwl|—7/2)llwll-). Moreover, the relation Av = —V A w allows to write the
other two terms in the form

(T, VYA"2(V Aw) = A2V A (V, T @ w)

0 05 —0,
=Y |Tw, A2 [-05 0 01 ||w,
J

O, =01 O

so that the C™ norm (resp. the C™/2 norm) of these terms can be estimated
by Cllw|r||w|lze (resp. by C|lwl|,|lw|—r/2) and this gives our estimates
for the operator A. The estimates for the operator D easily follow from
ProrosITION 2.6 (i) and (ii).

(iii) Finally, we can write
(V,w {{w, V)v}) =(V,(V,w® (wv))) —(V,(V,w @ w) ®v)
= (V,(V,u® (w®v))) —(V,(V,w®w) ®v)
=(V,w® {{w,V)v})
+{(V(V,uQw—-w®w)@v)
= D(w, (w, V)v) + D((V,w @ w — w ® w),v)
= D(w, Aw + Bu) + D(Au — D(w,w),v)
since (V,w) = (V,(V,w @ w —w ® w)) = 0. It follows that
Cw = A""'D(w, Aw + Bu) + A~ D(Au — D(w, w),v)
— A™'D(w, Bu) — A" D(Au,v)
=A"'D(w, Aw) — A" 'D(D(w, w),v),

and this implies the estimates (iii) thanks to ProprosiTion 2.6 (i) and to
the estimates obtained above for the operator A. []
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End of the proof of Proposition 4.1. — We now get the required
estimates as in the proof of COROLLARY 2.4. We can write as there

t
[w@®]], < eV u’), +/er(V(t)‘V(s))(HAM(S)Hr +[|Bu(s)||-) ds
0

< eTV(t)“w()”T

t
r(V () =V (s)) llu(s)]l
wcfe o I+ gy b4

and similarly

t
Ju@)], < O], +/ " VOVED (jicw(s)ll- + | Du(s)|lr) ds
0
which gives

Nu®lr vy 1900 120

llw(®)llze = [w(Ellzee lwO]Loe
-v(s)) lw(s)ll L
+C/ r(V(t)=V(s)) I/ L To®ls v v(8)||Lip
< (ool + s} ds

I/\

t
crrove 1%l C/ THDVOZVED 1y (s) |1ip

||°-’O”L°° 0
uts)ll
<l + s s

thanks to the estimate of ||w(s)| pe /||w(¢)|| = obtained in COROLLARY 2.5.
If we sum these two estimates, we get

“U - (r+1)V (1) 0 [
{lwoll, + gt < {1+ g}
DV OV ||y (s s lu(s)ll-
o OO oo, (i, + gl s

and we can conclude as in the proof of CoroLLARY 2.4. []

This result leads us to the estimate of the C™"W norm of the vorticity.
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COROLLARY 4.3.— Let v € L*([0,T]; C**7) be a solution of the incom-
pressible Euler system and W° = (w'%,w??, ... w™':?) be an admissible
system of C™ vector fields. We set W (t) = (w'(t),w?(t),...,wN(t)) where
the vector fields w¥ € L*([0,T]; C") are obtained by solving the problems

ow” + (Vv @ w”) = (w”, V)v,
wY|4—p = w”?

as in Proposition 4.1. Then the system W (t) is admissible, and we have
the estimates

O oo < 2T s
lw@®llrwe o(C24 1) V(®) ”woﬂr,wo,
lw®)llzee  — [lwOll Lo
where V(t) = fcf [lv(s)||Lipds and Cs is the constant in Proposition 4.1.

Proof. — In order to prove that W(t) is admissible, we just have to
prove the estimate of ||[W (t)]~!||~. Denoting by {(V ® v) the transpose
of the Jacobian matrix of v, we have for all 4 < v

O (w* Aw¥) + (Vv ® (w* Aw"))
= {{w", V)v} Aw” +w* A {{w", V)v}
= {(V,0) ~ (Y @) }(w* Aw)
= -V ®v)(w' Aw”).

For every fixed x € R3?, standard estimates for solutions of ordinary
differential equations then give

[(w" Aw”)(t, Wy(z))] > eV (w0 Aw”0)(z)),
and by summing such estimates, we get
W) (V@) 2 VO WOl (@).
Since this is true for every z € R3, we have obtained
W@ o < 217 e

Finally, the last estimate of the statement follows from this one and
that of PrRoposITION 4.1 since

lwllr,w _ Z{1+ !HW]—IHLoo (Hu)u”r n ||<V7w"®w)”r—1>}

[wllze |wll oo

by definition of |lw|/,w. []
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We end this section with a second corollary that provides an estimate
of the lifetime of the solutions constructed in THEOREM 2.9. As in Proro-
SITION 3.3, we set

w W
”w”q,r,W = “w“Lq + ||w||Loo Log(2 + ” ”r )’
[|wll oo
and we can state :
CoroLLARY 4.4. — There are constants Cy and C; depending only

onl<gqg<3and0 < r <1 such that for all data v° € C**" N LP,
1 < p < oo, satisfying (V,0°) = 0 and w® = V A € L9, and all
admissible system WO of C" vector fields, the incompressible Euler system
has a (unique) solution v € L>°([0,T]; C**") N Lip([0, T]; LP) with

1

T=—
COllwollq,r,WO

and ||v(t)||Lip < CoCh||w’\lgrwo  fort € [0,T).

Proof. — From THEOREM 2.9, we know that the incompressible Euler
system has a solution defined in [0, Tp] for some Ty > 0. Then it follows
from CorOLLARY 2.5 that w = V Av € L*([0,Tp]; L9 N C") with the
estimates

Hw(t) ”Lq or L>° = eV(t) ”wOHLq or L>°

where V(t) = fot |lv(s)||Lip ds. Therefore, using the results of Proro-
sITioN 3.3 and COROLLARY 4.3, we can write

V'(t) = [[v(®)|lLip < Cll[w(t)”q,r,W(t)
< Cre"O{[w°llg.rwo + (Ca + $IV() |l }
< C1e%V O WO, wo

where C3 = Cy + % If we also set

Co=1+C1Cs, T = (Collwllgrwo) ",
this estimate implies that when t < Ty < T, then
CsV'(t) e~V 1) < Cy Cy|w®lg,rwo
= 1- e VO < 01Cst|| |4 wo
GGy
T Cy
LogCl
Cs
Therefore, the solution v € L*([0,Tp]; C**") N Lip([0, Tp]; LP) can be

—1
— OV < (1 ) < C,

— V() < and V'(t) < CoCh||w°|lgrwo.
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continued thanks to THEOREM 2.9 as long as Ty < T', and the estimate of
lo(t)||Lip = V'(¢) is proved. ]

5. Construction of solutions for data with striated vorticity

We are going to construct our solutions by taking limits of smooth
solutions. These limits are obtained thanks to the following classic conse-
quence of interpolation estimates in Holder spaces.

LEmMA 5.1.— Let v, be a bounded sequence in L*°([0,T] ; C®) that is a
Cauchy sequence in L*°([0,T]; C*) for somet < s. Then this sequence has
a limit v € L*([0,T];C*®) and the convergence holds in the sense of the
norm of L>([0,T];C?) for all t < s. This lemma is still true when s =1
and C* is replaced with Lip.

Our next statement is a typical application of this lemma.

PROPOSITION 5.2. — With 1 < p < o0, let v, € L>®([0,T];C*") N
Lip([0,T]; LP) be a sequence of solutions of the incompressible Fuler
system for a sequence vQ of data. We assume that the sequence v, is
bounded in L>=([0,T);Lip) and that v0 tends in C™~* to a limit v° € LP.
Then the incompressible Euler system with data v° has a (unique) solution
v € L*=([0,T];Lip) N Lip([0, T]; LP).

Moreover, if w® is a C" vector field and if w® = V A0 is such that the
sequence (V,w® ® wl) is bounded in C™~1, then the L™ solution of the
problem

w + (V,v @ w) = (w, V)v,
Wlt=0 = w?

actually satisfies w € L>=([0,T];C") and (V,w @ w) € L=([0,T];C™1)

with the same estimate as in Proposition 4.1 where V (t) now stands for a

¢
common bound of [ [|vn(s)]|Lip ds.
Finally, if W% is an admissible system of C™ vector fields and if w9 is

bounded in C™W", then for all t € [0,T), the system W (t) defined as in
Corollary 4.3 is an admissible system of C” wvector fields, and w(t) =
V Au(t) e CmW ),

Proof. — Our proof will be divided in several steps.

(i) Construction of the solution v.

Thanks to THEOREM 2.7, we can consider the incompressible Euler
system in its pressure free form. By subtraction, we can write

Ot (vn — vm) + <V,Un ® (vn — Um)>
= H(’Un + Uy Un — Um) + <Va (Um - Un) ® ’Um>
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so that the quantity upn, = A~ (v, — v,,) satisfies

8tunm + <V, Up ® unm)
= K (U, Unm) + A" (0 + Uy Atipn) — A" D(Atigm, V).

Thanks to PrRoPosITION 2.6, the right side can be written A, up, where
the linear operator A,,,, satisfies

[Anmullr < ClllvallLip + omllLip) [l

Now, the integrals fot [lvn(s)||Lipds have a common bound V(t) inde-
pendent of n by assumption, and therefore it follows from CorROLLARY 2.4
that

”'Un(t) - 'Um(t)”r_l = “unm(t)]'r < e(2()+r)V(t)“v2 - v?n“"‘—]-‘

Since v? is a Cauchy sequence in C™1, this estimate implies that v, is

a Cauchy sequence in L>°([0,7];C"1), and it follows from LEmmA 5.1
that v, has a limit v € L*°([0,T];Lip) and that the convergence holds
in the sense of the norm of L*°([0,77];C?) for all s < 1. Using this last
property, we can take the limit in the equation

Otvn + (Vv @ vy) = vy, vy)
to see that v is a solution of the pressure free system with data v°.

(ii) A lemma on the flows associated with the sequence v,.
If ¥, is the flow associated with v,,, we set

V(t,x) = (t, Une(x)).

Then, we have the following result.

LEMMA 5.3.— Assume that vy, is a bounded sequence in L*°([0, T ;Lip).
Call V(t) a common bound of fot lvn(s)|lLip ds and set

Onm(8) = /0 10a(8) — vm(8)] o ds.

Then for all w € L*>([0,T];C") we have
H(w o¥,)—(wo \Ilm)Hr/2 < 2eTV||w||, v:/,f

In particular, this quantity tends to zero when m and n tend to infinity
as soon as the sequence v, is convergent in L ([0,T]; C*) for some s.
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Proof. — Since ¥,,; is the solution of the ordinary differential equation
;W = v, 0 Uy, Wp0 = Id, we get the estimate || ¥, — ¥, ||pe < €Vvpm
by standard arguments. Therefore we have

[(won) = (woTn),,
< [(wo ¥,) = (wo Wn)[|* (2| (w0 ) = (wo Un)|,) "

1/2 1/2
< @llwllre™) 2wl |¥n = Ullpe) " < 267 ]l op

which is our conclusion. []

(iii) Smoothness of w and u = A1V, w @ w).

Using the C" vector field w®, we construct a sequence w,, € L°°([0,7];C")
by solving the problems

0
wn|t=0 =w

{ atwn + <v>vn ® wn> = <wna v>vn7

as in PRoPOSITION 4.1. Since v, is bounded in L*([0,T];Lip) and ul =
A=YV, 0w’ ®w?) is bounded in C", it follows from PROPOSITION 4.1 that
wy, and u, = A~YV,w, ® w,) are bounded sequences in L*>([0,T];C").
Moreover, these sequences satisfy

Oywn + (V, v @ wy,) = Apwy, + Buy,,

atun + (V, Un & un> = Chwyn + Dpuy, ’

wnlt:O:w07 unlt:O:u(r)u
where A,, C, and D,, are the operators A, C and D (see the proof of
ProposiTIOn 4.1) associated with v,,.

Thanks to ProposiTiON 2.3, the vector fields w); = w, o ¥, and
u} = u, o ¥, are solutions of the system

Oywy, = (Apwn) o ¥y + (Buy) 0 ¥y,
atu; = (ann) oW, + (Dnun) oW,

* — 2,0 * .0
wn‘t:()_w ) unlt:O_u’nv
and we claim that we also have

Or(wy, —wy,) = Ap (wy, —wr,) + By (uy, — ur,) + ©nm,
O (up, — up,) = Cp(wy, — wy,) + Dy (uy, — up,) + Yom
(wh = wh)jemo =0, (U}, — ul)jemo = ud — ug,
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where the linear operators A}, B}, C! and D;, satisfy for some constant C
independent of n

Az wlir2 + ICowllrj2 < Cllwllr 2,
I1Brullr/2 + 1 Dpullr/z < Cllully/2

and where
conm (mmley2 + [Wmlogz) =0.
Indeed, we can write by subtraction
O(w) —wr) = (Apwy) 0o ¥y + (Buy) 0o Uy,
— (Amwn) 0 Uy, — (Buy,) o U,y
= (A {(w} —w}) o ¥, }) 0T,
+ (B{(up, —up,) 0 U1 }) 0 Ty,
+ (‘An{(w:n © \1’7_11}) ° \I’" - (-Amwm) o \Ilm
+ (B{up, o '}) o U, — (Bug) 0 Uy
= AL (W), —wp) + By (uy, = ufn) + @him + 0

provided that we set
Arw = (Ap{wo ¥, '}) oW, Biu= (B{uo¥;'})o¥,,
ot = (Anfwy, 0 1)) 0 Uy — (Amwim) 0 Upy
@B = (B{u, 0 U '}) 0 Uy, — (Buy) 0 U, .
For A}, it follows from LEMMA 4.2 that we have the estimate
I wllrs2 < ™72l An{w o T Ly
< CeP|unlluipllw o U lrj2 < Ce™ onllipllwllez

and similarly
1B ullrsz < Ce™ Jlull, o

For 7' we can write

P = (Anfw}, 0 U1}) 0 Wy — (Ap{w}), 0 U 1}) 0 Uy
+ (An{(w:n o \I’Zl) - wm}) oW + ({-An - Am}wm) oVp,.
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The quantity
(| (An{wr, 0 U5t}) 0 W — (Anfuwr, 0 U)o Ui,

tends to zero thanks to LEMMA 5.3 since the C” norm of A, {w}, o ¥ 1}
is bounded. The third term can be estimated in C"/? norm by

Ce™V 2 |vpllLip|[(w) 0 UY) — wm”r/Q
< Ce™ [[vnllLip | (W © Wpn) = (wpn 0 W),

and again tends to zero thanks to LEMMA 5.3. Finally, the C™/2 norm of
the fourth term can be estimated by

[ An = Antwnll, j, < O vn = vmllir 20l
thanks to LEMMA 4.2, and this also tends to zero since v,, is convergent in
L>®([0,T];C*~"/2). All these estimates prove our claim for A%, B
and @A, and it is clear that the other estimates can be obtained along
the same lines.

Since u® is bounded in C™ and is obviously convergent in c—/?, it
is also convergent in C”/? by interpolation, and it follows from our claim
and standard ordinary differential equation estimates that w; and u;, are
Cauchy sequences in L>([0,T];C"/?). But this also implies that w, and
u,, are Cauchy sequences in L>([0,T]; C"/?) since

l|lwn — wm“r/2 < erv/‘?“w: — Wm © \I’n“r/2
< eV lwp, — whylr 2
+ erv/2”(wm oWp,) — (Wm0 ‘I’n)”r/z

where the last term tends to zero thanks to LEmMma 5.3.

Finally, it follows from LEmMA 5.1 that w, and u, have limits w and
u € L%([0,T];C") and that the convergence holds in L*([0,T];C*)
for all s < r, and this allows us to take the limit in the equations
Bwy, + (Vv @ wy) = (wp, Vv, and u, = A=YV, w, ® w,). We also
get the estimate for ||w||r + (||u|l-/||w|lL~) by taking the limit of such
estimates for w,, and u,.

(iv) Admissible systems.

Using the previous arguments for each element w”:? of the admissible
system W0, we see that we only have to show that the system W (t) is
admissible, and this is proved by taking the limit in the estimate

[Wa (D] oo < "2 WO,

which follows from CoroLLARY 4.3, where V (¢) is a common bound of

o lon(s)llipds. []
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Then we can prove our main result.

THEOREM 5.4. — With1 <p<o00,1<g<3and0<r <1, let WO
be an admissible system of C” wvector fields, and v° be an LP, divergence
free data such that w® = V Av° € LIN CW°. Then the incompressible
Euler system has a unique solution v € L*([0,T];Lip) N Lip([0,T]; LP)
for some T > 0. Moreover, for all t € [0,T), the system W(t) defined as
in Corollary 4.3 is an admissible system of C™ vector fields, and we have
w(t) = VAv(t) € LINCTW O, Finally, if v° has an azisymmetric structure
(see Definition 2.10), then the previous results are true for allT > 0 (global
existence and smoothness result).

Proof. — Take a nonnegative function x € C§°(R3) with |x|[z: = 1
and set
Xn(z) = n3x(nz).

Then the vector fields v2 = x,, * v° satisfy v2 € C1*" N LP, (V,19) = 0,
Wl = VAV = x, *w® € L9 and lim,— o |[v2 —v0||s = 0 for all s < 1
since v° € Lip thanks to PrRoposITION 3.3.

Moreover, since wd = y, * w®, we have |w®| Laorroe < |wO|lLaor Lo

Now, from the elementary estimate
[w"? @ (xn # ") = X (W @ WO, < Ol ol ==

we can deduce that w? is a bounded sequence in L N C™W". Then it
follows from COROLLARY 4.4 that the incompressible Euler system with
data vQ has a solution v, € L°°([0,T]; C**") N Lip([0, T ; LP) where the
lifetime T > 0 is independent of n, and that the sequence v,, is bounded

in L*°([0,T];Lip). Therefore the result follows from PROPOSITION 5.2.
When v° has an axisymmetric structure, we need a lemma.

LEMMA 5.5. — There exists a nonnegative function x € C$°(R3) with
lIxllL: = 1 such that for all v € Lip N LP, p < oo, with an azisymmetric
structure, the vector fields v, = xn * v, where xn(z) = n®x(nz), have an
azisymmetric structure and satisfy, with |z'| = (2% + 22)1/2,

Wn

w
HlxhsuppwnHLoo + Hm 7

[

L1 ‘ Lo~
for some constant C independent of n.

Proof. — We choose x(z) = Hgollzllgo(w) where ¢(z) = f(|z|?> — 1) and
e/t onR_,

fe) = {0 on R
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This function x € C§°(R3) is nonnegative and satisfies
”X”Ll = 17
lz] <yl = x(z) 2 x(v),
0;¢(z) = =2z, x(x)

where 1) € C§°(R3) is defined by

b(@) = lelpg(al? — 1) and g(t) = / " f(s)ds.

Now, assume that v has an axisymmetric structure, and let us show
that v, = X, *v also has an axisymmetric structure. The conditions on v,
(see definition 2.10) are obtained as follows :

Z2(Xn * 1) — T1(Xn * v2)
= (372Xn) * U1 + Xn ¥ ($2U1) - (QZIXn) * Vg — Xn * (-’1?1’02)
= Xn * (11321)1 — Cl‘,‘l’Uz) — % * (821}1 — 61’1)2) = 0,

02(Xn * v1) — O1(Xn * v2)
= Xn * (G2v1 — O1v2) =0,

(2201 — 2102)(Xn * v3)
= 01 {z2(xn * v3) } — B2 {21 (xn *v3) }
= 01(T2Xn) * V3 + Xn * O1(T203) — O2(T1Xn) * V3 — Xn * O2(2103)
= {(2201 — 102)Xn } * V3 + Xn * { (2201 — 2102)v3} =0
since (2201 — £102)xn = 0 by symmetry.
Next, we show that wy,/|z’| is bounded. When |z| > 1/n, then

@) = [t -var= [ wwxe-s

and therefore we have

1= [y 1 700022

o

On the other hand, at a point z such that ' = 0 we have
wn(e) = [ w) xala = 9)dy =0
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by symmetry, and therefore we can write for |z'| < 1/n,

wn(m

l = “V@Wﬂllfc 1<+ ”L°°
< IVxallz|wljeri<2 || o
< vl (] 551,)

Thanks to these two estimates, we have proved

< 2||Vx|| s

=
EAR
which is a bound independent of n.

Then, we mention that w, is compactly supported since suppw, C
SUpp w + supp Xn, and this gives

1 1
Rn = “lmIISuPPWnHLw < ”|x'|sur>pw”m° + n R+ n <SR+1

which is again a bound independent of n. This computation also provides

a bound independent of n for ||lwy/ lx’ [l since
RICRRIN P [

Wn
z!| Lo

3

1l

H |2/ L

Finally, we have to show that if

Taw1(z) — T1w2(z) > 0
for all z, then this is also true for w,. For this, we set T = (—z’,z3)
for all z = (2/,23) € R3. Since |z — y|? = |2/ — ¥/|? + (z3 — y3)? while
|z —g|? = |2’ +¥'|> + (z3 — y3)?, it is clear that |z — y| < |z — 7| if and
only if (z’,y') > 0. Now

Ta(xn * w1)(2) — 21(Xn * w2)(x) = /(xzwl(y) — z1w2(y)) Xn(z — y)dy

- [@.w) 'ﬁ(,l)' xn(@ — ) dy.

This integral is over the domain Dy(z) = {y;|z — y| < 1/n} that we
divide in three parts :

1 _

D) = {ys le =yl < = <lo -y},
1 1

Di(@) = {y; lo—yl <~ Jo— 9] < ~ and (') 2 0},
1 1

Di(@) = {yi le —y| < =, Je — 5| < ~ and (z',y') <0}
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On D2(x) we can use the symmetry w(§) = —w(y) and the change of
variables y — 7 to get
w w\y _
/ (z',y) | (z//)l Xn(z —y)dy = —/ (ﬂc’,y’>l—(7H Xn(z — ¥)dy
D3 (x) Y/ D2 (z) [y
so that we have
/ (@', y) luljgfl)l xn(z —y)dy
w
=/ (I’,y'>| (‘?)l Xn(z —y)dy
D1 (z) v/
w _
+ / (', y’)’—(g,ﬁ(xn(:r —y) — xn(z — 7)) dy,
D2 () [y

and finally these integrals are nonnegative since on D} (x)
-yl <le—gl = (y) >0
while on D2(z)
(2,9) 20 = [z —y| <[z -7 = xn(z-y) > xn(z - 7).

This completes the proof of the lemma. []

End of the proof of Theorem 5.4. — When v° has an axisymmetric
structure, we choose v) = x, * v° as in LEMMA 5.5 and we obtain thus
from COROLLARY 2.12 a sequence v, € L>®([0,T];C'*") of solutions of
the pressure free system with data vQ for all T > 0. Therefore all we
need to prove, before using the result of ProrosiTiON 5.2, is that this
sequence vy, is bounded in L*([0,T]; Lip) for all T' > 0.

From ProrosiTion 3.3 and COROLLARY 4.3, we know that the functions

Va(t) = f(f lvn(8)||Lip ds satisfy
Va(t) = [loa (@]l
llwn lr,wo

< Oy {llwn (D)l 2+ “wn(t)”Loo {Log(Q + W) + (Co + %)Vn(t)}]

On the other hand, it follows from LEMMAS 2.11 and 5.5 that
Hwn(t)HL1 < C3(1+C5t)%?  and Hwn(t)HLoo < C3(1 + Cst)3/?
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for some constant C5 independent of m. Therefore, again for some
constants C4 then C5 independent of n, we have

VI (t) < Ca(1+ Cat)> (1 + Vi (t))
= 1+ Vo(t) <exp 2(1+ Cut)/?

= “vn(t)“Lip S C5e05t5/21

and this implies that v, is bounded in L*([0,T];Lip) for all T > 0 as
required. []

6. Other smoothness results

The existence result stated in THEOREM 1.2 directly follows from
ProrosiTioN 3.2 and THEOREM 5.4. As a first complement, we establish
the smoothness of the submanifold ¥(¢) described in THEOREM 1.2.

THEOREM 6.1. — Under the assumptions of Theorem 1.2, let us set
Y(t) = U (Z°) where U, is the flow associated with the velocity field
v € L*°([0,T] ;Lip) constructed in Theorem 5.4. Then for all t € [0,T],
Y(t) is a C1*", two dimensional, compact submanifold of R3.

Proof. — Let f € C'*7" be such that f|szo = 0 and V fz0 #0. Then, an
equation of X(t) is ¢(¢,x) = 0 where ¢ is the solution of the problem

8t90+ (V,’U@QO) = 07
‘Plt=0 = f’

and we just have to prove that ¢ € L>([0,T];C**") near X(t).

Thanks to COROLLARY 2.4, we already know that ¢ € L>([0,7T];C*)
for all s < 1. By taking the gradient of the equation, we find that Vy is
a solution of the problem

wVp+{(V,oVe)+1(VRv)Vy =0
VQOH:O = Vf,

and again COROLLARY 2.4 shows that Vg € L*([0,T]; L*).
As in PROPOSITION 3.2, we now introduce the three C" vector fields

0 O3 f —Oof
wl,O = _83f ) w270 = 0 ) w370 = alf 5
0o f -0 f, 0
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they are divergence free and tangent to X.°, and therefore the assumption
w® € C™° implies that (V,w”® @ w®) € C1. Then it follows from
THEOREM 5.4 that the corresponding w” (t) satisfy w” € L*°(][0,T];C").
Moreover, if (A, pu,v) is any circular permutation of (1,2,3), the vector
field u* = w* A w” is a L°°([0,T]; C") solution of the problem

{ ot + (V,v @ u*) = =4V @ v)u?,
u>‘|t=0 = (aAf)vf

(see the proof of CoroLLARY 4.3). By using the transformation u — u*
introduced in ProposITION 2.3, we can see that {(Oxf) o U1}V is a
L*>(]0,T]; L) solution of that very same problem, and therefore we have

{(Oaf) o W} V(1) = ul(t)

thanks to the uniqueness result of COROLLARY 2.4. Therefore we have

onf)owt
Vp(t) = ; I((—V)})—)OWU/\@)’

and finally ¢ € L*°([0,T]; C'*") follows from the fact that the right side
is a L°([0,T]; C") vector field (at least near X(t) where (V.f) o ¥; ! does
not vanish). []

To complete the proof of THEOREM 1.2, we just have to establish that
w(t) € LTNC™*® for all t € [0,T) : this is our THEOREM 6.4 below for
which we need some preparation. In our next statements, the constants C
may depend on various quantities such as the time, but they are always
independent of 0 <e < 1.

LEMMA 6.2. — Let v° be a data such as in Theorem 1.2, and v in
L*>(]0,T];Lip) be the corresponding solution constructed in Theorem 5.4.
Then for all 0 < £ < 1 and all vector fields w® € C” vanishing in £2,
the L°° solution w of the problem

— .0
W|t=0 = W

{ Ow + (V,v @ w) = (w, V)v,

satisfies w € L°([0,T);C") and (V,w @ w) € L*([0,T};C™"1) with an

estimate

(V,w(t) @ w(t))llr—1
lw(®)[| Lo

flw® ]l oo
[l L=

), + 1 < o{jutl, + Ol oo ) -
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Proof.— Let us define v0 = x,,*v? as in the proof of THEOREM 5.4. Then
the solution v constructed in THEOREM 5.4 is the limit of the solutions v,
with data v%, and our lemma simply follows from PROPOSITION 5.2 since
we can write for large n

(v, v’ @wi),_; < W ®wpllr
0 0
< I lwpllze + [w®llzec lwnllr@e\so)

< Nl N lzoe + o llzoe ol oz,

Our proof is complete. []

PROPOSITION 6.3. — Let v° be a data such as in Theorem 1.2, and
v € L*=([0,T];Lip) be the corresponding solution constructed in Theorem
5.4. Then, for all vector fields wT € C™, the problem

{ Ow + (V,v @ w) = (w, Vv,
T

w|t=T =w
has a unique solution w € L*°([0,T]; L*°) and we have
Hw(o)“r(R3\Eg) <Ce™’

forall0 <e < 1.

Proof.— The existence and uniqueness of a solution w € L*([0,T]; L>°)
easily follow from COROLLARY 2.4.
For any 0 < e < 1, let x € C* and p € C* satisfy

0 in X0
e/2? —r
X= xllr <Ce™";
{1 in R3\ %Y, Il
0 in Eg
/4 _
= r < Ce™".
0 {1 mwoyze, 1S
We set
© 0 0
wP=10], w0=[¢]|, w*=[0], u'=(Kxo¥ )"
0 0 %)

where U, is the flow associated with v. The vector fields w**° vanish in 22 /4

so that we can use the result of LEMMA 6.2 and the assumption w° € cr®’
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(see DEFINITION 1.1) to get three vector fields w” € L*°([0,T]; C") with
an estimate

|w” (D), < C{llel- + ||w0”r(R3\zg/8)} <Ce™.
The matrix W (t) = (wl(t),w?(t), w3(t)) satisfies

Oy(det W) + (V,v ® (det W)) =
det Wi—q = det W(0)

(see the proof of CoroLLARY 4.3), and since W (0) =1Id in R* \ 22 », we
have det W(T) = 1 in R® \ ¥1(2,). The vector field u” is supported

in R® \ ¥r(X?,,) and therefore, the vector field W(T)~'uT has CT
components w1th the estimates

W@, <€ W) T, < (il + WD) < Ce

Using the transformation u +— u* considered in PrRoPoOSITION 2.3, we can
see that the L>°([0,T];C") vector field

u(t) = W) ({W(T)"u"} o Uz o ¥; ")

is the solution of the problem

_ ., T
ultzT =Uu

{ u+ (V,v @u) = (u, Vv,
so that we have u(t) = (x o ¥; )w(t). For t = 0, this gives
xw(0) = u(0) = W(0)({W(T) 'u"} o Ur)

which clearly satisfies

@, < WO, [W@) ™
+ WOl WD) T V22l
(gl + IW(T)"'uT,) < Ce™,

and this proves our result since x = 1 in R3\ £0. ]
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THEOREM 6.4. — Let v° be a data such as in Theorem 1.2, and v in
L>([0,T);Lip) be the corresponding solution constructed in Theorem 5.4.
Then we have w(t) € LI N C™=® for all t € [0,T] where %(t) is the
submanifold considered in Theorem 6.1.

Proof. —1t already follows from COROLLARY 2.5 that w is an element of
L>([0,T]; LN L*°). Therefore, we just have to prove that (V,w' @ w(t))
belongs to C"~! for all C™, divergence free vector fields w' tangent to (),
and that, for all 0 <e < 1,

|Iw(t)”r(R3\E(t)g) sCe
(i) The estimate in R3\ Z(t)e.
For a fixed t € [0,77], we choose a x € C* satisfying x = 0 in X(t). /2
and x =1 in R3\ Z(¢)., then we set

X 0 0
wt=0], w=[x], w=]0
0 0 X

Using the result of ProposiTiON 6.3, the corresponding w”(0) satisfy
w(0) =0 in U7 ' (B(t)e/2) D XY, p, & =ee™V?), and

[w” O)], = “wV(O)HT(RS\zg,/z) < Ce"
Thanks to LEmMmMA 6.2, it follows that

10, (e @), = KV, v @ w®)),_, < C e,
and this gives xw(t) € C”" with |[xw(t)|, < Ce™", which is the required
estimate since xy = 1 in R3 \ X(¢)..

(ii) The differentiation in the direction of any tangent vector field.

Again for a fixed t € [0, 7], we consider the C™ vector field w®t = V(t)
constructed in the proof of theorem 6.1, and the C” values wl'?, w??
and w>! at time ¢ of the vector fields with C” initial values

0 93 f —0xf
'lIll‘O — —63f , 11_12’0 — 0 , 1D3’O — 81f
O f —01/, 0
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as in the proof of ProposiTION 3.2. These four vector fields generate R3
at any point of a neighborhood of ¥(t), and we can complete this system
with the vector fields

X 0 0
wl,t — 0 , w2,t — x |, w3,t — 0 ,
0 0 X

where x = 1 outside this neighborhood and x = 0 near X(t) : now R?
is generated at any point of R3 by this system of seven C" vector fields.
The initial values w'°, w?° and w3° corresponding to w'?, w** and w*
have C" components thanks to the arguments given in part (i) above, but
the initial value w®? € L* corresponding to w®! = V(t) only satisfies

“wo’ollr(RS\zg) <Ce™"

thanks to ProrPosITION 6.3.
If we now take a C", divergence free vector field w' tangent to X(t), we
can find C” coefficients a, and b, such that

wh = ay ™t 4+ asw?? + az@>t + bow®t + bw't + bow??t + bywt.

Using the transformation w — w* considered in PrRoposITION 2.3, it is
easy to see that the corresponding initial value of this vector field is then

w’ = Z(a,, o Wy )w"? + Z(b,, o Uy )w”Y.

v

This vector field w® has C" components. Indeed, it is clear that
(a, 0 U)W + (b, o T )w"® € C" forv > 1,

and this is also true for (by o ¥;)w®? thanks to the following arguments :
since w%! is the only non tangent vector field in our system, we have
bp = 0 on X(t) and this implies that the C" coefficient by o ¥; vanishes
on ¥9; therefore, if 0 < 2¢ = dist(z, X°) < dist(y, X°), we have

|(bo © Wr)w”(z) — (bo 0 ¥y )uw ()|
< [(bo 0 W) (@)| x [w**(z) — wO(y)]
+ |(bo 0 Wy) () — (bo 0 Wy)(y)| x |w”(y)
< (Ilbo o 1 27€) ([[w®llr(rs\so) o — yl")
+ (I1bo 0 Wi llr|z — yI") ] g
< lbo © el (27C + [0 oo |z =y,
so that (by o Uy)w®? € CT.
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Next, we observe that w® is divergence free and tangent to X°. Indeed,
when applying the operator A=1(V, ) to the equation

Oyw + (V,v @ w) = (w, V)v,
we find that u = A1V, w) € L>=([0,T]; C") satisfies
O+ (V,veu) = K(v,u),

where the operator K is continuous on C" (see ProposrTioN 2.6 (ii)),
and therefore (V,w!) = 0 implies (V,w%) = 0. Similarly, the scalar
distribution v = (w, V) € L*([0,T];C"), where ¢(t) is the equation
of X(¢) constructed in the proof of THEOREM 6.1, is a solution of

Ou+ (V,o@u) =0

(see the proof of THEOREM 6.1), and therefore w' tangent to 3(t) im-
plies w° tangent to X°.
Finally, the result
(V,u' @w(t)) e Cm?

simply follows from THEOREM 5.4 since we can include the C”, divergence
free vector field w® tangent to X0 in the admissible system W°. []
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