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HOLOMORPHIC CONVEXITY
OF SPACES OF ANALYTIC CYCLES

BY

Francois NORGUET and Yum-Tong SIU (1)
[Paris; New Haven]

A la memoir e de
M. Ie Professeur W. Rothstein

RESUME. - Utilisant la methode d'approximation-!/2 de Hormander pour Fope-
rateur d\ on generalise un resultat de R. NARASIMHAN sur Ie probleme de Levi, en
n'imposant qu'aux points reguliers Ie caractere plurisousharmonique de la fonction
d'exhaustion. On utilise cette generalisation pour prouver que certains espaces de cycles
analytiques sont de Stein.

SUMMARY. — Using Hormander's Z^-estimation method for the ^-operator, we
generalize a result of R. NARASIMHAN about the Levi problem, by requiring only to
regular points the plurisubharmonicity of the exhausting function. We apply this
result to prove the Steinness of some spaces of analytic cycles.

Let X be a complex manifold of dimension n.
X is said to be strictly q-pseudoconvex if X is a relatively compact open

subset of another complex manifold and if locally the boundary of X is
defined by the vanishing of a real-valued C2 function (p such that d^ ^ 0
and the restriction of the Levi form of (p to the holomorphic tangent space
of the boundary of X has n-q-\ positive eigenvalues and q negative
eigenvalues.

X is said to be strongly q-pseudoconvex if there exists a C2 exhaustion
function (p on X such that for some compact subset K of X the Levi form
of (p has at least n-q positive eigenvalues at every point of X-K.

Xis said to be q-complete ifXis strongly ^-pseudoconvex and the compact
subset K in the preceding definition can be chosen to be the empty set.

All strictly ^-pseudoconvex manifolds are strongly ^-pseudoconvex.

0 The second author is partially supported by an NSF Grant and a Sloan Fellowship.
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192 F. NORGUET AND YUM-TONG SIU

By a positive analytic q-cycle of X, we mean a formal finite linear
combination of irreducible ^-dimensional compact subvarieties of X with
positive integers as coefficients. Denote by C^ (X) the space of all positive
analytic ^-cycles of X. Suppose X is an open subset of the regular points
of a subvariety of P^. The classical construction of the Chow variety
gives C^ (X) a complex structure ([2], §2). As in [2], throughout this
paper the complex structure of C^ (X) is assumed to be so enriched that
continuous function germs on C^ (X) which are holomorphic at regular
points are holomorphic. In [2], it is proved that, if Xis strictly ^-pseudo-
convex, then C^ (X) is holomorphically convex; and if, in addition,
H^1 (X, ̂ ) = 0 for all coherent analytic sheaves ^ on X, then C^ (X)
is Stein. In this paper, we investigate the same problems for the case
where X is only strongly ^-pseudoconvex. We obtain the following
theorem.

THEOREM 1. — Suppose X is an open subset of the regular points of a
subvariety of PN and X is strongly q-pseudoconvex. Then C4' (X) is
holomorphically convex. If, in addition, H^1 (X, ̂ ) = 0 for all coherent
analytic sheaves ^ on X (in particular, if X is q-complete), then C+ (X)
is Stein.

Theorem 1 is proved by canonically associating to the exhaustion
function on X a continuous exhaustion function on C+ (X) which is
plurisubharmonic on the set of regular points of C^ (X) and then proving
a criterion for Stein spaces involving the existence of such exhaustion
functions. The canonical exhaustion function \|/ on C^ (X) is defined
as follows. For c = ̂  i m, c,, \|/ (c) is the supremum of (p (x)
for xel j^i^.

In [3], the analytic space C^ (X) is constructed for any complex
analytic space X, but important parts of our paper do not extend.

A complex space is said to be K-separable if, for every point x, the
set of all points y, for which f(x) =f(y) for all global holomorphic
functions /, has dimension 0 at x. The criterion for Stein spaces we will
prove is the following.

THEOREM 2. — If Xis a K-separable complex space and there is a continuous
exhaustion function (p on X which is plurisubharmonic on the set of regular
points of X, then X is Stein. Moreover, for ^' < ̂  ^ oo, the restriction
map r (J^, ^x) -> F (X^, (9^) has dense image, where X^ = { (p < [i }
and 0^ is the structure sheaf of X.
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HOLOMORPHIC CONVEXITY 193

Theorem 2 is proved by using Hormander's L2 estimates for the 8
operator [5]. It can be strengthened to the following.

THEOREM 2\ — Suppose X is a complex space admitting a continuous
exhaustion function (p which is plurisubharmonic on the set of regular points
of X. Then X is Stein if there exist a continuous function a on X with
the following property: for every x e X, there exist s > 0 and a holomorphic
map n with finite fibers from an open neighborhood Uofx to an open subset G
of some C" such that, if p is a real-valued C2 function on G with compact
support whose partial derivatives of order ^ 2 have absolute values ^ s
on G, then a + p o n is plurisubharmonic on the set of regular points of U.

Theorem T generalizes NARASIMHAN'S result on the Levi problem [6].
In the last part of this paper, we will investigate compact subvarieties

of pure dimension > q in a strongly ^-pseudoconvex manifold. It is
conjectured that the union of all compact subvarieties of pure dimension > q
in a strongly ^-pseudoconvex manifold is a subvariety. We will prove
this conjecture in some special cases.

The following notations will be used. The boundary of a set E is denoted
by QE, and the closure of E is denoted by E~ or E. If c = ^^^ w, c^
is a positive analytic ^-cycle, then | c \ denotes (J^ c;. The coordinates
of C" are denoted by z^, . . . , z^ . Complex spaces are not necessarily
reduced. (9^ denotes the structure sheaf of X. A function on a subvariety
of an open subset G of C" is called C^ if it is the restriction of a Ck function
on G. A function on a complex space is called Ck if locally it is C^ when
the complex space is regarded as a subvariety of an open subset of C".

1. Levi problem

(1.1) A real-valued function \|/ on an open subset G of C" is said to
be strongly plurisubharmonic if, for every x e G, there exists £ > 0 with
the following property: if p is a real-valued C2 function on G with compact
support whose partial derivatives of order ^ 2 have absolute values < e
on G, then v|/+p is plurisubharmonic on some open neighborhood of x.

A real-valued function (p on a complex space X is said to be plurisub-
harmonic (respectively strongly plurisubharmonic) if, for every x e X, there
exists a biholomorphic map n from an open neighborhood U of x onto
a subvariety of an open subset G of some C" and there exists a plurisub-
harmonic (respectively strongly plurisubharmonic) function \|/ on G such
that (p = \|/ o n on U.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE 13



194 F. NORGUET AND YUM-TONG SIU

A real-valued (resp. complex-valued) continuous function on a complex
space X is said to be weakly plurisubharmonic (resp. weakly holomorphic)
if it is plurisubharmonic (resp. holomorphic) on the set of regular points ofX.

If T is a real-valued C2 function on an open interval / with nonnegative
first and second derivatives and if (p is a plurisubharmonic (respectively
weakly plurisubharmonic) function on a complex space X whose range
in contained in 7, then T o (p is a plurisubharmonic (respectively weakly
plurisubharmonic) function on X.

We recall first two results of NARASIMHAN ([6], [7]) :
(i) a complex space is Stein if, and only if, it admits a continuous

strongly plurisubharmonic exhaustion function.
(11) a complex space is Stein if, and only if, the normalization of its

reduction is Stein.
(1.2) A reduced complex space X of pure dimension n is called a branched

Riemann domain over C"ifit is furnished with a holomorphic map n X —> C"
whose fibers have dimension < 0. The set XQ of points of X where n
is locally biholomorphic is called the unbranched portion of X.
X ' :== X-XQ is called the branching set of X. When X' = 0, Xis called
an (unbranched) Riemann domain over C".

It is well-known ([4], V. D. 4) that a reduced complex space of pure
dimension n is a branched Riemann domain over C" if, and only if, it
is ^-separable.

For a branched Riemann domain n : X —> C" with unbranched portion XQ,
we denote by dv the 2 n-form

^/V_^1^ y\^ A . - . A ^ — — ^ A ^ on XQ.
\ 2 2 )

For a (0,l)-form co = ^L^ co; dz, on XQ, | o |2 denotes ^^^ | co; |2.

(1.3) PROPOSITION. — Suppose n : XQ —> C" is an unbranched Riemann
domain such that XQ is Stein. Let (p be a plurisubharmonic function on XQ.
Suppose co is a C°° 8-closed (0,l)-fo rm on XQ. Then there exists a C°°
function T| on XQ such that 9r[ = co and

| \^\2e~<9dv^e^\ | co [2 e-^ dv.
J Xo J XQ

where 5 is the diameter of n (Xo).

The special case where XQ c= C* is proved in [5] (Theorem 2.2.3), and
the proof can be trivially modified to give the general case.
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HOLOMORPHIC CONVEXITY 195

(1.4) LEMMA. — Suppose n : X—^C" is a branched Riemann domain
and XQ is the unbranched portion of X. Let { U^} be an open covering
of X. Then there exists a C°° partition of unity { TL. } subordinate to [ U^}
such that all partial derivatives of T|^ [ XQ with respect to the coordinates
of C" are locally bounded on X.

Proof. — By taking a refinement, we can assume without loss of
generality the following:

(i) U, cc X,
(ii) TC | Ui : Ui —> n (U^ is an analytic cover,

(iii) { Ui} is locally finite.

Choose a relatively compact open subset W^ of Ui such that X c [ji W^.
Take a nonnegative C00 function ^ with compact support on TT (U^) such
that %i (x) > 0 for x e TT (Wj). Let ̂  be the C°° function on X which is the
trivial extension of ^ ° (n \ £/,). Define T|, = ^ (^ X/)~1.^ Then { r|; }
satisfies the requirement.

Q.E.D.

(1.5) LEMMA. — Suppose n : X—^C" is a branched Riemann domain
with unbranched portion XQ and branching set X\ Let g be a holomorphic
function on X such that, for x e X\ g = h (a o 71) on some open neigh-
bourhood Uofx, where h is a holomorphic function on Uand a is a holomorphic
function on n (U) vanishing identically on n (U n X'). If f is a holomorphic

function on XQ and |/|2 dv < oo, then fg is weakly holomorphic on X.
J X o

Proof. — Recall that, if G is an open subset of C", and A is a subvariety
of G of codimension ^ 1 then every square integrable holomorphic
function on G—A can be extended to a holomorphic function on G.

To prove the lemma, it is sufficient to verify it locally, in neighbourhoods
of "generic" points, where coordinates can be chosen to realize the
special situation:

(i) X is the open unit ^-disc,
(ii) TT (zi, . . . , z^) = (z\, z^, ..., zj with / ^ 1,

(iii) g == z\.
Then:

dv = I 2 1 z[-112^—1^ A dz, A ... A ^ ^ z , A d\,
^ 2^

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



196 F. NORGUET AND YUM-TONG SIU

and

f | /g | 2 V^Jz lA^A. . .A^-Ar fz„A^^^ 2 f \f\ldv<^.
J ̂ o ^ Z J .YQ

If follows that fg can be extended to a holomorphic function on X.

Q.E.D.

(1.6) LEMMA. — Assume that Theorem 2 is true for complex spaces
of dimension < n. Suppose n : X —> C" is a branched Riemann domain
such that n (X) c=c: C", and X is normal and admits a continuous weakly
plurisubharmonic exhaustion function (p. Suppose g is a holomorphic
function on n (X) which vanishes identically on n ( X ' ) but does not vanish
identically on any component of n(X). Then H1 (X, (9^) = 0.

Proof. — Our first step is to show that XQ is Stein. Before we can
do it, we have to prove first the following.

(*) Suppose D is an open polydisc in C", and W is a connected normal
subvariety of D x C^ such that the natural projection p : D x C^ —> D
makes W an analytic cover over D. Let WQ be the unbranched portion
of W. Then WQ is Stein.

Let p* : W* —r C" be the envelope of holomorphy of WQ. Since D
is Stein, there exists a holomorphic function on D which can not be extended
holomorphically across any boundary point of D and, as a consequence,
p^ (W^) a D. Let w^, . . . , w^ be the coordinates ofC^. The holomorphic
function w^ \ WQ extends uniquely to a holomorphic function £; on W*
(1 ^ i < N). Let 0 : W* -> D x C^ be defined by p* and w ^ . . . , w^.
0 [ WQ is the identity map of WQ. We have to show that Wo = W*.
Suppose the contrary. Then there exists a sequence of points { x^ } c: WQ
such that x^ --> x* e W^ - WQ. 0 (x*) ^ WQ, otherwise x^ == 0 (x^) -> 0 (x*)
in Wo and, by the uniqueness of the limit in W^, x* = 0 (^*) e ^o.
Because Z) x C^ is Stein, Wis the set of common zeros of a set of holomorphic
functions { Uj } on D x C^. Uj o 0 is a holomorphic function on W* which
is identically zero on WQ. Hence Uj o <D = 0 on W*. So <D (FF*) c FF.
Since ̂ * has Jacobian rank n everywhere on W*, it follows that, for some
open neighborhood U of x* in W^, 0(£/) is a locally closed complex
submanifold of dimension n in DxCN, and 0(£7) is a Riemann domain
over D under the projection p. Since ^ (U) c: M^ and )^ is locally
irreductible and is of dimension n, 0 (£/) is an open subset of W.
Since CD (£/) is a Riemann domain over Z) under the projection^, it follows
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HOLOMORPHIC CONVEXITY 197

that <D (£/) c Wo, contradicting 0 (x*) ^ Wo. Hence F7o = ^* is Stein,
and (*) is proved.

Now we are ready to prove that XQ is Stein. Fix arbitrarily c > 0.
Let X ' == Xo r\ {(p < c }. By [4] (p. 283, Theorem 5), it suffices to
show that X' is Stein. X ' is relatively compact in X. Let XQ be an
arbitrary boundary point of X ' in X. We can find an open polydisc D
in C" and a relatively compact open neighborhood W of XQ in X such
that 7i makes W an analytic cover over D. Let a : ^ — ^ C ^ b e a proper
holomorphic embedding. Then the map W—> D x CN, defined by K and a,
is a proper holomorphic embedding of W such that the natural pro-
jection D x C^ —> D makes its image an analytic cover over D. By (*),
W r\ Xo is Stein. For a point x of W r\ XQ (respectively W r\ JT, A",)
let Ji (x) (respectively d^ (x), d^ (x)) be the largest positive number such
that 7i maps an open neighborhood oixmW r\ XQ (respectively W n Xf, X ' )
biholomorphically onto the open ball centered at n (x) with radius d^ (x}
(respectively d^ (x), ^3 (x)). Since W n XQ is Stein, by [4] (p. 283,
Theorem 4), -log d^ is a continuous plurisubharmonic function on W n XQ.
Let 6 be a C2 function from (-00, c) to R with nonnegative first and
second derivatives such that

lim^c- ^W = °°-

Then -log d^ +9 o <P+^=i [ z; o TT |2 is a continuous strongly pluri-
subharmonic exhaustion function on W n X ' . By NARASIMHAN'S result
quoted in (1.1), W r\ X' is Stein. By [4] (p. 283, Theorem 4), -log^
is a continuous plurisubharmonic function on W n A". There exists an
open neighborhood Q of the boundary of W n X' in ^ such that d^ agrees
with ^3 on Qc\Wc\X'. Hence -log 1/3 is plurisubharmonic on
Q n W n JT. Since XQ is an arbitrary boundary point of X' in J ,̂ as XQ
runs through all the boundary points of X' in X, for some compact subset K
of A", the union of Q n W n X ' i s X ' - K . So - log ^3 is plurisubharmonic
on X ' — K . Let ^4 be a positive number greater than the supremum
of —log^ on K. Let

v|/ = max (A, —log^).

Then ^+^?=i | z, o TT |2 is a continuous strongly plurisubharmonic
exhaustion function on X ' . By NARASIMHAN'S result quoted in (1.1),
X' is Stein. Hence XQ is Stein.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



198 F. NORGUET AND YUM-TONG SIU

Let g = g o 7i. Since Theorem 2 is assumed true for complex spaces
of dimension < n, the support of (9^fg 0^ is Stein. It follows that
H1 (X, O^lg 0^) = 0 and the map

a: H\X^^)^H\X^^\

denned by multiplication by g, is surjective. To prove the Lemma, it
suffices to show that the image of a is 0.

Let ^ = { U,} and ^ = [ U,} be two open coverings of X by Stein
open subsets of X such that U, cc U,. Take /= {/^. } eZ1 (^, ^).
Let / = {/fy } e Z1 (^, ̂ ) be the restriction of / It suffices to show
that gf belongs to B1 (^, ̂ ). By (1.4), there exists a C°° partition of
unity { T|, } subordinate to ^ such that all partial derivatives of r^. | XQ
with respect to the coordinates of C" are locally uniformly bounded on X.
Let co be the (0,l)-form on XQ which equals Q(^i'Uifij) on Uj n XQ.
Since f^ = fij \ U, n Uj and U, n Uj cc ^ n ^, it follows that f^ is
uniformly bounded on U^ n £/y, and the coefficients of o are locally
uniformly bounded on X. Since (p is an exhaustion function on X, there
exists a C2 function T : R —> R with non negative first and second
derivatives such that

\w\2e~xo(?dv< oo.
J X o

By (1.3), there exists a C°° function h on 2o ̂ ^ that Qh = co on AQ and

j/il^-^A^oo.
J^o

Let/, = ̂ i^ifij—h on £/y n AQ. Then/) is holomorphic on £/y n XQ.
Since £/y is relatively compact in X, T o <p is bounded by some positive
number Aj on Uj. Hence

\h\2dv^eAj\ \h\2e~'o<pdv<oo.
J IT/nXo J t/j-nXo

Since /^ is uniformly bounded on £/,n Uj, it follows that ^ih/^
is uniformly bounded on Uj and

f l/.l^^oo.
J Uji^Xo
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HOLOMORPHIC CONVEXITY 199

By (1.5),fj g can be extended to a holomorphic function/^ on Uj. Let

/*={/;}eC°(^,^).

Then 5/* = gf. Hence i/e B1 (^, ̂ ), and the image of a is 0.

Q.E.D.

(1.7) LEMMA. — Suppose X is a reduced complex space with a continuous
weakly plurisubharmonic exhaustion function (p. Let S be the singular
set of X, and ^ be the ideal-sheaf of S. Suppose S is finite-dimensional
and Stein, and H1 (X, ̂ ) = 0. If there exists a continuous strongly pluri-
subharmonic function a on X, then X is Stein.

Proof. — Since S is finite-dimensional and Stein, there exist holomorphic
functions g^ . . ., gj, on 5' such that \|/ := ^=^ \§i\2 is an exhaustion
function on S. We can choose a C2 function T : R —> R with nonnegative
first and second derivatives such that T o \|/ > <p on S.

Since H1 (X, ̂ ) = 0, g^ can be extended to a holomorphic function g^
on X(\ ^ i ^ k). Let 4? = ̂ i | ^ |2, and let $ = max ((p, T o \J/).
Then (p agrees with T o \|/ on an open neighbourhood of 5' and hence is
plurisubharmonic on X. Since (p+o- is a continuous strongly pluri-
subharmonic function on X, by NARASIMHAN'S result quoted in (1.1),
X is Stein.

Q.E.D.

(1.8) LEMMA. — Assume that Theorem 2 is true for complex spaces
of dimension < n. Suppose n : X—^C" is a branched Riemann domain,
and X is normal. Suppose (p* is a continuous weakly plurisubharmonic
exhaustion function on X, and a is a continuous strongly plurisubharmonic
function on n (X). Let (p = (p* +0- o n. Then, for 'k e R, X^ : = {(p < X }
is Stein.

Proof. — We can assume that n ^ 1. Fix arbitrarily J^eR. Let ^
be an arbitrary coherent ideal-sheaf on X whose zero-set has dimension < n.
We are goingto apply the "bumping" technique ofANDREOTTi-GpAUERT [1]
to show that H1 (X^, ̂ ) is finite-dimensional. Choose Stein open sub-
sets Vi cc Ui of X(\ ^ ; < k) such that

(i) the boundary of X^ is contained in (J^ V,,
(ii) Ui is an analytic cover over n (£/»).
Choose a nonnegative C°° function p, on n(Ui) with compact support

such that p, (x) > 0 for x e n (F,) (1 ^ i ^ k). There exists s > 0 such
t at o-£^=i pj is plurisubharmonic on n (X) (1 ^ i ^ fe). Let p; be
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200 F. NORGUET AND YUM-TONG SIU

the C00 function on X which is the trivial extension of p, o (n [ U^ (1 ^ i-^k).
Define (p^ = (p--sS}=i P/ ^or 1 ̂  z ^ ^' Let

7o=Z^ and ^ = { ( p , < A } ( l ^ i ^ k ) .

Since ^ is Stein, there exists a continuous strongly plurisubharmonic
exhaustion function vj/^ on U^ (1 ^ f ^ /;). Choose a C2 function
T : ( — o o , ^ ) — ^ R with nonnegative first and second derivatives such
that lim^_^- T (jx) = oo. Then max (\|/^, T o (pi-i) is a continuous weakly
plurisubharmonic exhaustion function on V^-i n L^ (1 ^ i < /:). Since
7i (<7f) is Stein, there exists a holomorphic function on n (U^) which vanishes
identically on n (U^ n Z') but does not vanish identically on any component
of n (U,) (1 ^ i ̂  k). It follows from (1.6) that H1 (V,_i n £/„ ^) = 0
for 1 ^ i ^ k. Because U^ is Stein, there exists g^eY^U^ ^) which
does not vanish identically on any branch of U^ (1 ^ ; ̂  k). Since
Theorem 2 is assumed to be true for complex spaces of dimension < n,
it follows that r;_i n U^ n Supp ( ^ / ( ^ x 8 i ) ls Stein and

J^ f ¥,., n I/,, ̂ g,) = 0(1 ̂  i ̂  k).
\ ^x }

From the exact sequence

o-^-^-^g^o,
Ox

on (7, (where a, is defined by multiplication by gi), we conclude that
H1 (y,-i n U,, JQ = 0 (1 < i ^ k). Because V, = r,-i n (7,, it follows
from the Mayer-Vietoris sequence

Hl(Y,^)^Hl(Y,.,^)@Hl(U„^-^Hl(Y,.,nU^^

that the restriction map |3; : H1 (7,, JQ -> ̂  (^-1, JQ is surjec-
tive (1 ^ ; ̂  /;). Since Vo cc y^ and the restriction map

H^Y^^^H1^^)

is surjective, we conclude that H1 (Vo, e^) is finite-dimensional.
Next we are going to prove that H1 (X^, ^) = 0. Suppose the contrary.

Let (D be a non-zero element of H1 (X^ , ̂ ). Let A be the set of all entire
functions on C". For/e A, define <Dy : ̂  —> ^ by multiplication by/o TT.
F o r / e ^ — { 0 } , both SuppKerOj- and SuppCoker^ have dimen-
sion < n. Since Theorem 2 is assumed to be true, and since T o (p is
a continuous weakly plurisubharmonic exhaustion function for X^, it
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HOLOMORPHIC CONVEXITY 201

follows that, forfeA—{0], X^ n Supp Ker Oy and X^ n Supp Coker <D^
are both Stein and

^(X^KerO^O,
Jf1^, Coker 0^)=0.

From the cohomology sequence of the short exact sequences

0 -> KerOy -> ^ -> ImOr ̂  0,

0 -^ Im<^ -^ ^ -> CokerO^ -> 0,

we conclude that the map

0;: H\X^^)^H\X^^\

induced by <3>^ is surjective f o r / e ^ 4 — { 0 }. Since H1 (X^, ̂ ) is finite-
dimensional, O^ is also injective f o r / e ^ 4 — { 0 } . Hence

/^^(o),

defines a monomorphism from A to H1 (X^, ^), contradicting the finite-
dimensionality of H1 (J^ , ̂ ). So jy1 (X^, ̂ ) = 0.

For x e X\et my be the maximal sheaf of ideals for the subvariety { x }.
Choose X < X < oo. Since H1 (X^, m^ = 0 for x e 2f, it follows that
holomorphic functions on X^ give local embedding of X^ at every point
of X^. We can select a finite number of holomorphic functions/i, .. .,/j
on A^ which give local embedding of X^ at every point of X^. The
function ^.=1 |/; |2 is continuous and strongly plurisubharmonic on X^.

Since H1 (X^, ^) = 0 when ^ is the ideal-sheaf of X\ it follows
from (1.7) that ^ is Stein.

Q.E.D.
(1.9) LEMMA. - Suppose

O^E^E^E'-^O

4 4 -14. 0- ^ T ^

0 -, F' ̂  F -. F " -^ 0

is a commutative diagram of Frechet spaces and continuous linear maps
whose rows are exact. Suppose one of the following two conditions is
satisfied:

(i) r ' and r " have dense image;
(ii) r " has dense image and Im a <= (Im r)~.
Then r has dense image.

BULLETIN DE LA SOCIETE MATHEMATIQUE DE FRANCE



202 F. NORGUET AND YUM-TONG SIU

Proof. — Suppose the contrary. Then there exists a nonzero continuous
linear functional / on F such that /o r = 0 on E. Since (Im r ' ) ~ = F
or Im a c: (Im r)~, it follows that /o a = 0 on 77'. By the exactness
of the last row of the diagram, there exists a continuous linear functional g
on F " such that / = g o T. Since P is surjective and /o r = 0 on 27, it
follows that g o r" = 0 on E " . Since r" has dense image, we have g = 0
on F " , which contradicts that/is nonzero.

Q.E.D.

(1.10) LEMMA. — Suppose X is a complex space ̂  and (p is a continuous
weakly plurisubharmonic exhaustion function on X such that X^ : = { (p < ^ }
is Stein fur ^ e R. Then, for any coherent analytic sheaf ^ on X, the
restriction map Y (X^ , ^) —> F (X^,, ^) has dense image for 2/ < ^ < oo.

Proof. — Since X^c^czX for ?i e R, we can assume without loss of
generality that dim X < oo. Let n == dim .̂ We prove by induction on n.
Suppose the Lemma is true for spaces of dimension < n. Fix ^/ < X < oo.

First, we observe that for any given X, it suffices to prove the special
case where ^ = 0^. For, by replacing X by X^ for some X < X < oo,
we can assume that there is a sheaf-epimorphism ^ —> ^ on A" and,
since in the diagram

r(^, ^)^F(Z,, ^)
4 . -1r(z^,^)^r(^,^)

T| is surjective and r^ has dense image, it follows that r^ has dense image.

Secondly, we reduce the general case to the case where X is reduced
and normal. Suppose the Lemma is true when X is reduced and normal,
and we want to prove it for the case of a general X. Let Jf be the subsheaf
of nilpotent elements of ^. Let ^ = ^/Jf, and let ̂  be the sheaf
of germs of weakly holomorphic functions on the reduction of X. By
replacing X by Af for some ^ < ^ < oo, we can assume without loss
of generality the following:

(i) Jf^ = 0 for some nonnegative integer k;
(ii) there exists u e F (X, O^) not vanishing identically on any branch

of X such that u ̂  <= ^.
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Consider the following commutative diagram with exact rows:

o^r(z,, ^)^r(z,, ^)^r(A\, ̂ ^o
A 4 ^1o -> r(^, ̂ ) -. r(z^, ^) -> r(z,/, ^/i. ̂ ) ̂  o

induced by the exact sequence

0^^^^/M^->0,

where b is defined by multiplication by u. Since we assume that the
Lemma is true when X is reduced and normal, it follows that a' has dense
image. By induction hypothesis, a" has dense image. Hence by (1.9),
a has dense image. Consider now the following commutative diagram
with exact rows (0 ^ v ^ k).

o-^r(x,, jr/'jr-^^nz,, ^/jr''1)^]-^, ^/jr)-.o
ev+i ej

o^r^.jr/jr^ p^, ̂ /jr4-1)^]-^, W)^o
induced by the exact sequence

o -^ jryy1 ̂  ̂ /jr^1 ̂  ̂ /JT" -^ o.
Since Jf^/jT^1 is an ^-sheaf and a has dense image, we conclude

from (1.9) and by induction on v that 6^+1 has dense image for 0 ^ v < k.
In particular, the restriction map r (X^ , (9^) —> F (X^ , 0^) has dense image.

Now we assume that X is reduced and normal. By replacing X by X^
for some X < 'k < oo, we can assume without loss of generality that

(i) X can be represented as a branched Riemann domain n : X—> C",
(ii) there exists a holomorphic function h on X which vanishes identically

on the branching set X' but does not vanish identically on any branch of X
By (1.5), there exists a positive integer / such that, if U is an open subset

ofX^ and/is a holomorphic function on U — X ' with \u-x' \f\2 ^v < °°9

then h1 f can be extended to a holomorphic function on U. Let g = h1.
Consider the following commutative diagram with exact rows:

o-r(A\, ^)-^r(x,, ^)-^r(z,, ^/g^)^o
[ . [r L"

o ̂  r ( x ^ , ^) - r (x^, ^) -^ r (A\. , ^/g ̂ ) ̂  o
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induced by the exact sequence

o-^^^^^/g^o
where T is defined by multiplication by g. By induction hypothesis,
r " has dense image. By (1.9), to show that r has dense image, it suffices
to show that Im a c: (Im r)~.

Fix e > 0 and X^ < X'. There exist Xi < ^2 < ^/ ^d an open neigh-
bourhood W of X' in X such that

11/lk-^ ||/||̂ -.,
for /er(A^,^y), where || [L denotes the supremum norm on E.
Fix ^2 < ^3 < ^4 < ^'. There exists C > 0 such that

11/lk- -w ^ C [ |/|2^ for feT(X^-X\ )̂.
Jx^-x',

Take/e F (A^, ^). By (1.4), there exists a nonnegative C00 function p
on X^ with compact support such that p = 1 on X^ and the partial
derivatives of p on X^—X' with respect to the coordinates of C" are
locally uniformly bounded on X^. Leto = (c)p)fonX^—X\ Since (D = 0
on X^, we can choose a C2 function T : (— oo, X) —> R with nonnegative
first and second derivatives such that

(i) T = ^3 on (-00, ̂ ),

(ii) T (^4) is large enough to give | (o |2 ^-TU<1) ^y ^ e.
J^-.Y'

By (1.3), there exists a C°° function /z on A^—^' such that Qh = o and

[ [/il2^0^^^2^
J^-^'

where 5 is the diameter of n (X^). Let/ = pf—h. Then/is holomorphic
on X^—X' and is locally square integrable on X^ with respect to dv.
Moreover,

f |7-/|2^^^3+1§28.

^^3-^

Hence:
liy-yll^-w^c^^s2^

TOME 105 - 1977 - N° 2



HOLOMORPHIC CONVEXITY 205

Let C' = \\g\\x^' Since gf is holomorphic on J^,

||g/-g/|k-^||g/-g/||^-w^C/C^+152£.

Because/e F (JT^, ^)» £ > 0, and ?4 e (- oo, ^/) are arbitrarily chosen,
it follows that Im a c= (Im r)~.

Q.E.D.

(1.11) Proof of Theorem 2. - By (1.10), it suffices to show that X^
is Stein for X e R (c/. [12], Satz 1.3, or [4], Cor. 9 and Th. 10, p. 214-215).
We can assume that dim X is finite. We prove by induction on dim X.
We can also assume that Xis reduced and normal. Since Zis Ar-separable,
we can represent X as a branched Riemann domain n : X—> C".

Fix Xo e R. Choose a C2 function T : (- oo, Xo) —> R with nonnegative
first and second derivatives such that lim^_^- T (a) = oo. Let (p* = T o (p.
Then (p* is a continuous weakly plurisubharmonic exhaustion function
on A^. Let a be a continuous strongly plurisubharmonic function on C".
Let Y^ = { ( p * + a ° 7 i < X }. By (1.8), Y^ is Stein for every X e R.
By (1.10), the restriction map F (F, , (P^) -> F (V^, ̂ ) has dense image
for ^ < ̂  < oo. Hence X^ = (J^ V^ is Stein.

Q.E.D.

(1.12) Proof of Theorem T. — By Theorem 2, it suffices to show
that X^ : = { (p < X } is ^-separable for every K e R. Fix ^o e R- Let X^
be the supremum of a on A^. Let A, = ^o+^i and F = { (p+a < ^ }.
Then X^ cz Y. QY can be covered by a finite number of Stein open
subsets Ui (1 ^ i ^ A:) with the following property: there exist s, > 0 and
a proper holomorphic map n^ from U^ to an open subset G^ of C"1 such
that, if p is a real-valued C2 function on G^ with compact support whose
partial derivatives of order ^ 2 have absolute values ^ ŝ . on (7;,
then o-+p°7c, is weakly plurisubharmonic on U^. Let e = mini^^8f
Choose open subsets

^ c:c & cc: ̂  (1 < ̂  k)
such that 5y<= (J^ 71 ~1 (^). Let a; be a nonnegative C2 function
on Qi with compact support (1 ^ i ^ /;) such that a, (^) > 0 for x e W^
and the partial derivatives of a, of order ^ 2 have absolute values ^ s/2 k
on 0i. Let P, be a nonnegative C2 function on G, with compact
support (1 ^ i < /;) such that P, (x) > 0 for x e (^ and the partial
derivatives of P; of order ^ 2 have absolute values ^ s/2 A; on G^
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Define S; (respectively ?,) as the C2 function on X which is the trivial
extension of o^- o n^ (respectively P, o 7 .̂) (1 ^ i ^ y^). Let

(po = (p+a,

(Pf+l =<Pf-^+i, (O^KJc),

(Pf+i =(p , -P»- fc+i , ( k ^ K l k ) .

Since (a/2/;)-a, and (<7/2/;)-p^. are weakly plurisubharmonic on
^(1 ^ f ^ /;), it follows that (p; is weakly plurisubharmonic on X
for 0 ^ ; ̂  2 k. Let V, = { (p; < ?i } (0 < ; ̂  2 A;) and let U^, = U,.
for 1 ^ i ^ k. Since £/, is Stein, there exists a continuous strongly
plurisubharmonic exhaustion function v|/; on U^ (1 ^ f ^ 2 A;). Choose
a C2 function T : (-00, 'k) —> R with nonnegative first and second
derivatives such that lim^-T(a) = oo. Since max(\|/,, T o <p^) ^s a
continuous weakly plurisubharmonic function on r,-.i n £/f (1 ^ f ^ 2 A;),
by Theorem 2, V^i n £/; is Stein.

Let ^ be an arbitrary coherent ideal-sheaf on X whose zero-set is disjoint
from YQ. We are going to show that, for 1 ^ i ̂  k, the restriction map

/,: r(^,^)^r(y,_,n[/,,^),
has dense image. Fix 1 ^ i ^ k. Let K be an arbitrary compact subset
of r,-i n Ui. Let ^4 be the supremum of vj/^ on K. Define

5C=max[(?i/A)vi/,, (p,_J and H = [ ^ < A . } .

Then: K c-H a F;_i n L^-. Since ^ is a continuous weakly pluri-
subharmonic exhaustion func^on on U^, by Theorem 2 and (1.10), the
restriction map

r([/,,^)-^r(^,^),
has dense image. Since K is an arbitrary compact subset of y^_i n U^,
it follows that f^ has dense image.

Since Y, = F,_i u(r ;n U^ we have the following Mayer-Vietoris
sequence (1 < ; ̂  2k):

r(y^,^)er(y,ni/ , ,^)^r(y,_,n(/, ,
^H\Y,^)^

^^(^.-inC/,,^).
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Since H1 (r,-i n U,, JQ = 0 by the fact that 7,_i n U, is Stein,
it follows that the restriction map:

e,: H\Y,^)^H\Y,.,^\

is surjective for 1 ̂  i ̂  2k. In particular, the restriction map:

^l?^)-^l(^,^),

is surjective for 1 ^ i < k. Since V; cc y^ for 1 ̂  i ̂  k, H1 (F;, ^)
is finite-dimensional and is therefore Hausdorff for 1 ^ i ^ k. It follows
that Imgi == Ker/?; is closed for 1 ^ ; < k. Since g, has dense image
for 1 ^ i ^ k, we conclude that, for 1 ^ i ^ A:, .̂ is surjective and, due
to the vanishing of H1 (£/,, J^, 9, is bijective. In particular, the
restriction map:

^: ^(y^jQ^j^y^),

is an isomorphism. Consider the following diagram:

r(v,, ^)^r(r,, ^/^^^(Y,, ^)^H\Y^ ^)

H\Y^^H\Y^ ^)
where the rows come from

0 -> ̂  -. ̂  -^ O^^' -^ 0,

and the vertical maps are restriction maps. Since ^ = (9^ on Yo, r\ is
an isomorphism. It follows that ^ is surjective.

For x e X, let m^ be the maximum sheaf of ideals for the subvariety { x }.
By setting ^ in turn equal to m^ and m^ n my for x , y e Yj, - YQ , we conclude
from the surjectivity of ^ that holomorphic functions on Yj, separate
points of Yj,- YQ and give local embedding of Y^ at every point of Y^- YQ.
Let Q, cc Yk be an open neighbourhood of Y Q . We can select a finite
number of holomorphic functions F^ ..., Fi on Y^ such that the map
F : Q. —^ C\ defined by F^ . . . , ̂  maps Q- Fo injectively into C1. Let

Z= {xeQ; dim^F - lF(x)>0}.

We are going to show that Z is empty. Suppose the contrary. Then Z
is a compact subvariety which is positive-dimensional at every point.
Let Zo be a branch of Z. The supremum of a on Zo is assumed at some
point x* of Zo. There exist £* > 0 and a proper holomorphic map TT*
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from an open neighbourhood £/* of x* to an open neighbourhood G*
of some C"* such that, if p is a real-valued C2 function on G* with compact
support whose partial derivatives of order ^ 2 have absolute values < s*,
then a + p ° TT* is weakly plurisubharmonic on £/*. Choose a real-valued C2

function p on G* with compact support such that p (TT* (x*)) > p (y) for
all y e G, and the partial derivatives of p of order ^ 2 have absolute
values ^ s* on G*. The function s := (a+p o TT*) | Zo n (7* is weakly
plurisubharmonic on Zo n £/* and s (x*) > ^(x) for xGZo n £/*, which
is easily seen to be a contradiction when one considers a holomorphic
map with finite fibers from the open unit disc to Zo n ?7* whose image
contains x* and considers the pullback ofs under such a map. Hence Z= 0
and YQ is A^-separable.

Q.E.D.
2. Separation of cycles

If c is a compact subvariety of pure dimension q in a complex manifold jr,
and CQ the set of regular points of c, then for a C°° (^, ^)-form (o on J .̂

r rwe define co as ©, according to the well known result of P. LELONG,
CO

(2.1) LEMMA. — Suppose X is a complex manifold of dimension n,
and Ci, . . . , Ck are distinct irreducible compact subvarieties of dimension q
in X. Suppose one of the following two conditions is satisfied:

(i) H^1 (X, ̂ ) = 0 for every coherent analytic sheaf ^ on X.
(ii) There exist ^o e ̂  ana a ^2 exhaustion function (p on X such that

the Levi form of (p has at least n—q positive eigenvalues at every point
°f {(? > ^o }? an€^ c! ls not contained in [ (p ^ ^Q }.

Then there exists a Q-closed C°° (q, q)-form co on X such that

(0=1 and co=0 for l < j ^ k .(0=1 and
J c i J cj

Proof. — Define K as follows. When (i) is satisfied, K = 0. When (ii)
is satisfied, K = { (p ^ ̂  ] . Let Q^ be the sheaf of germs of holomorphic
^-forms on X, and let ^ be the ideal-sheaf of c : = c^ u . . . u c^. Define
^ = O^f^ O^, Consider the commutative diagram

H^X, ̂ -^H^X, ̂ l-^4'1 (X, j^^)

1 '1 •!
H^X, Q )̂ -> ̂ (2C, ^r) -> ̂ +1 (X, J^Q3)
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induced by
o-^^-^-^-^o.

a is an isomorphism. For, when (i) is satisfied, both H^1 (X, ^ W)
and H^1 (K, ̂  W) are zero, and, when (ii) is satisfied,

H^^K, ̂ W) = indlim^^1^, ̂ ),

and, for X > Xo,
^+1(^,J^)^JI€+1(J^,^^),

is an isomorphism [1 ], where X^ = {(p < X }. It follows that Kerp <= Im y.
Let 2, be the normalization of c, (1 ^ j ^ A:). Then the disjoint union 2?

of ?i, . . . , Cj, is the normalization of c. Let TT : ? —> c be the normalization
map. Let

9: ^-^R°K^^)

be the natural map (where R° n^ denotes the zero-th direct image under 71).
Let Y = X- K. Since Supp Ker 9 and Supp Coker 9 have dimension < q,
it follows from [9] that the map:

9: HUY^c,^)-^HUY^c,R°n^^)\

induced by 9 is surjective, where H^ denotes the ^-dimensional cohomology
group with compact supports. H\ (Y n c, R° n^ (TC* ̂ )) is naturally
isomorphic to ©)=i H\ (71-1 (Yn c) n ^., n* ̂ \ and we identify these
two groups. Let 2^ be the set of all regular points of 2.(1 ^7 ^ k).
Since the singular set of !j has dimension ^ q—1, it follows from [9]
that the map:

a: ©^l^(7l-l(ync)n^,7l*^)->©^,^(7c-l(rnc)nc,,7^*^),

induced by 2^ c? 2y is an isomorphism. Let Q^ be the sheaf of germs
of holomorphic ^-forms on 2^ (1 ^ j ^ k). Since dim 2° = q, by [9],
the sheaf-epimorphism TC* ^ —> Qj on 2^ induces an epimorphism

T : ©^^(Ti-^YncOn^, ̂ ^-^©J^^^-^yn^nc,0, QJ).

Because 7r~1 (Fn c) n Z? ^ 0, we can choose a C°° (q, ^)-form 0)1
on n~1 (En c) r\ 2^ with compact support such that

f . co! == 1-
Jn-^YHc)^
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For 1 <j ^ k let o)y be the (q, q)-form on n~1 (Y) n ?^ which is
identically zero. Denote by co} the element of H\ (n~1 (Y n c) n 2?, 0?,
defined by o)y (1 ^ j ^ k ) . There exists /eJZ^ync,^) such that
Ta-1^/)^®^;.. Let

^ : J^( Yn c, ̂ ) -^ H^X, ̂ )

be induced by Y n c c? X. Since ^ (/) e Ker P, there exists g e H^ (X, W)
such that y ( g ) = ^ (/). Let co be a ^-closed C00 (^, ^)-form on X which
defines g. It is easily verified that o satisifies the requirement.

Q.E.D.

(2.2) PROPOSITION. — Suppose X is an open subset of the regular points
of a subvariety of Pjy.

(i) If H^1 (X, ̂ r) = Q for every coherent analytic sheaf ^ on X, then
holomorphic functions on C^ (X) separate points of C^ (X).

(ii) If X is strongly q-pseudoconvex, then for every ceC^ (X) the
components of L^ := { c ' e C^ (X); f (c ' ) == f(c) for all f holomorphic
on C^ (X)} are compact.

Proof. — Let c, c ' be any two distinct positive analytic ^-cycles in X.
In this proof, for notational convenience, we write a positive analytic
^-cycle as a formal finite linear combination of irreducible ^-dimensional
compact subvarieties of X with nonnegative integers as coefficients. With
this convention, we can assume that

c =D=i^^
c =D=i^c,,

where c^, . . . , Cj, are distinct irreducible ^-dimensional compact subvarieties
of X and m^, . . . , m^, m[, . . . , m^ are nonnegative integers.

(i) Suppose that H^1 (X, ̂ ) = 0 for every coherent analytic sheaf ^
on X. m^ 1=- m\ for some 1 ̂  i ^ k. By (2.1), there exists a 5-closed
C^ (q, q)-{orm on X such that

f f 1 for j = i,
] ^ = [ o tor j^i.

By [2], (Theorem 5), the function/on C^ (X) defined by

^in,^h->]^=i^ co
Jei

is a holomorphic function on C^ (X). /assumes different values at c and c ' .

TOME 105 - 1977 - N° 2



HOLOMORPHIC CONVEXITY 211

(ii) Suppose X is strongly ^-pseudoconvex and n = dim X. There
exist X-o e R and a C2 exhaustion function on X whose Levi form at every
point of { ( p > ^ o } has at least n—q positive eigenvalues. For
e =T.li=lnieiec! ( x ) define g(e)=^^n,e,, where / is the set
of all 1 ^ i ^ / such that n, ̂  0, and e, is not contained in { ( p ^ \^ }.
We are going to show that, if g(c) ^ g (0, then/(c) ^/(c') for some
holomorphic function/on C^ (^). Suppose ^ (c) ^ ^ (c'). Without loss
of generality, we can assume that m^ ^ m\ and c^ is not contained
in { (p ^ Xo }. By (2.1), there exists a B-closed C00 (^)-form co on X
such that

f f 1 for j = 1,
Vio fbj>l:

By [2] (Theorem 5), the function/on C^ (X) defined by

B=i^^D=i^ o)
Jc,

is a holomorphic function on C^ (JT). / assumes different values at c
and c ' . It follows that every element ofL^ is of the form g (c) + ^.= ^ ̂  ,̂.
with ^ < = { ( p ^ X o } . Since the set of all ^^ n, e, e C^ (X) with
^^ c: { (p < Xo } has compact components, we conclude that L^ has
compact components.

Q.E.D.

(2.3) PROPOSITION. - Suppose X is a reduced complex space and suppose,
for x e X, all the components of

L,:= { y e X ; f ( y ) =f(x)for allfer(X, 0^}

are compact. Let Y be the quotient topological space obtained by identifying
points x, x ' of X which belong to the same component of Lyfor some y e X.
Let (9y be the sheaf of germs of functions f on Y such that fo n is a
holomorphic function-germ on X, where n : X—. Y is the natural projection.
Then (V, Oy) is a K-separable complex space and TT : X—> Y is a proper
holomorphic map.

Proof. - Fix arbitrarily y e Y. Let A = n ~1 (y). Then A is a component
ofL^ for some x ' e X. Let U be a relatively compact open neighbourhood
of A in X-(L^-A). For a e A and ue9U, there exists a holomorphic
function/,^ on X which vanishes at a and does not vanish at u. For
some £a,y > 0 and some open neighbourhood W^,u ofuin X, \f^ ^ \ ^ ^ ^
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on Wa,u' Since we can cover 9U by a finite number of such sets ^,y,
we obtain e > 0 and holomorphic functions /i, . . . , /„ on X such that
i\ A = 0 (1 ^ i ^ n) and maxi^n | /; (x) \ > c for x e oU. Let

F : X—> C" be defined by /i, ...,/„. Let P c: C" be the open polydisc
with center 0 and radius 8. Define D = U n F ~ 1 (P). The map D -> P
induced by F is proper, because D = U~ r \ F ~ l ( P ) . Hence D is
holomorphically convex. By [10], there exist a Stein complex space R
and a proper surjective holomorphic map a : D—> R with connected
fibers such that a function germ g on R h holomorphic if, and only if,
g o (j is holomorphic.

We are going to show that

(*) a~la(x)=K~lK(x) for xeD.

Fix x e D . Since o-"1 a (x) is a connected compact subvariety of D,
it is clear that a"1 a (x) <= 71-1 TT (^). On the other hand,

TT-'THx^Z^cF^FOc).

Since n~1 n (x) is connected and intersects U and since F~1 F ( x ) is disjoint
from 8U, it follows that Ti"1 n (x) c: F~1 F(x) n U <==. D. Conse-
quently Ti"1;!;^) is a connected compact subvariety of D. Since ^
is Stein, n~1 K (x) c: <j~1 a (x).

From (*), we conclude the following:
(i) K-ln(D)= D,

(ii) these exists a canonical isomorphism T of ringed spaces from (-/?, ̂ )
onto an open subset of (7, (Py);

(iii) n = T o <j on D.
Since y e T CR) and ^ is an arbitrary point of Y, it follows that Y is

a complex space and n is proper. It is clear from the definition of Y
that Y is ^-separable.

Q.E.D.

3. Weakly plurisubharmonic exhaustion of the cycle space

(3.1) PROPOSITION. — Suppose X is an open subset of the regular points
of a subvariety of¥^ of pure dimension n. Suppose KQ e R and (p is a C2

exhaustion function on X whose Lem form at every point of {(p > ^o } has
at least n—q positive eigenvalues. For c e C^ (X) let \|/ (c) be the supremum
of (p (x) for xe\c\. Then \|/ is a continuous exhaustion function on every
component of C^ (X) and \|/ is weakly plurisubharmonic on {v|/ > KQ }.
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Proof. — Suppose c^—>c in C^ (X). Take arbitrarily e > 0. Let XQ
be a point of | c \ where the supremum of (p on | c | is achieved, i. e.
v|/ (c) = (p (xo). There exists an open neighbourhood U of XQ in X such
that (p (x) > (p (^o) — s for x e U. Since c^ —> c, for v sufficiently large,
| Cy | n U ^ 0. Hence \|/ (Cy) > (p (xo)-e for v sufficiently large. On the
other hand, since | c \ is compact, there exists an open neighbourhood W
of | c | in X such that (p (x) < \|/(c)+£ for xe W. For v sufficiently
large, | c^ \ c= .̂ Hence \|/ (c^,) < \|/(c)+£ for v sufficiently large. So,
lim^oo ^ (^v) = ^ (c) ^d ^ is continuous on C^ (X). Let V be the set
of all (x, c) e Xx C^ (X) such that x e | c \. By [2] (p. 44, Remarque 1),
r is a subvariety of Xx C^ (X). Let n : Y->X and p : Y-^ C^ (X)
be the natural projections. Take C Q e C ^ ( X ) such that \ | / (co)>^o-
We are going to show that \|/ is weakly plurisubharmonic on an open
neighbourhood of CQ. Choose ?io < ^i < ^ (^o)' Let

B=|co |n { (p^X i } .

Take arbitrarily x e £. There exists a biholomorphic map T from
an open neighbourhood U of x in X onto an open neighbourhood Q
of 0 in C" such that

( i )T(^)=0 ,
(ii) A" c=<= Q (where A is the open unit disc in C),

(iii) ((BA^) x A4) n T ( | Co | n £/) = 0,
(lv) (^ |u ° T-l) | ̂ "^x^}, is strongly plurisubharmonic for

every ^ e A4.
Let D^ = T~1 (A"). Choose an open neighbourhood ̂  ofco in C^ (A')

such that

(i) T ( | c | n £/) n ((BA^) xA9) = 0 for c e F^,
(ii) T ( | c [ n U) n A" ^= 0 for c e ] .̂
For any §eA^,

^: (To7^|7^- l(L/))- l(A"-^{^})np- l(^)-^ W^

is an analytic cover, where p^ is induced by p. It follows that, for ^ e A4,
the function 6^ on ^, defined by

e^(c)=sup{((po7r)(3Q; ^ej?^1^)},

is continuous and weakly plurisubharmonic on W^ Let ^^ be the function
on W^ defined by

^(c)=sup^^6^(c).
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Since B is compact, there exist x^, . . . , x^ e B such that B <= (J^i D^.
Since \[/ (co) > ^-i and the supremum of (p on | Co |—(J?=i Ac< ls < ^i»
there exists an open neighbourhood W of CQ in Q^L ^ W^ such that

(i) the infimum of \|/ on W is > X^;
(ii) the supremum of (p on /?~1 (^)—U?=i Ac, ls < ^i-
Then \|/ = max^;^ \|/^ on W. Since \|/^ [ ^is the supremum function

of a family of continuous weakly plurisubharmonic functions on W,
\(/ ] W is the supremum function of a family of continuous weakly pluri-
subharmonic functions on W. It follows from the continuity of \|/ that \)/
is weakly plurisubharmonic on W.

Q.E.D.

(3.2) Proof of Theorem 1. - Let n = dimX. There exist ?IQ e R
and a C2 exhaustion function (f> on X whose Levi form at every point
of { (p > ^o } has at least n — q positive eigenvalues. By (3.1) the function \|/
on C^ (X), defined by

\Kc)=sup^|c|<POO.

is a continuous exhaustion function on every component of C^ (X)
and is weakly plurisubharmonic on { \|/ > ^Q }. Choose Xo < ^-i < oo.
Let v|/ = max (X^, v|/). Then \[/ is a continuous weakly plurisubharmonic
exhaustion function on every component of C^ (X).

Consider first the special case where Hq+l (X, ̂ r) = 0 for every coherent
analytic sheaf ^ on X. By (2.2), holomorphic functions on C^ (X)
separate points. It follows from Theorem 2 that C^ (X) is Stein for
this special case.

For the general case, by (2.2) and (2.3) there exist a A^-separable complex
space Y and a proper surjective holomorphic map n : C^ (X) —> Y with
connected fibers. Since each fiber of n is a compact connected subvariety,
\|/ is constant on each fiber of n. It follows that there exists a continuous
function v|/* on Y such that \|/ = v|/* o 71. Clearly i|/* is an exhaustion
function on every component of Y. Let Y^ be a branch of Y of
dimension k. There exists a branch Z of n~1 (Fi) such that n (Z) = Vi.
Let / = dim Z. Let A be the set of all x e Z such that

dim^TT'^^nZ^ J-fc+1.

7i (A) is a subvariety of Y of dimension < /;. Let B be the singular set
of Pi. For every YQ e Y^ — (B u n (A)) there exist a subvariety of V
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of an open subset of Z—A and an open neighbourhood W of yo
in Y^-(£un (A)) such that (n \ V) : V—> Wis an analytic cover. Since

\|/* (JO = SUp^ e Fn.- 1 (y) <k W tor y G W,

it follows that \|/* is plurisubharmonic on W. Hence v|/* is weakly pluri-
subharmonic on Y. By Theorem 2, Y is Stein. Consequently, C^ (X)
is holomorphically convex.

Q.E.D.

(3.3) Remark. — The proof of (3.1) can easily be modified to show
that the conclusions of (3.1) remain valid if the Levi form of (p is only
assumed to have at least n — q nonnegative (instead of positive) eigenvalues
at every point of { (p > KQ }. Hence, in Theorem 1, if H^1 (X, ̂ ) = 0
for all coherent analytic sheaves ^ on X, then the conclusion that C'^ (X)
is Stein remains valid if the C2 exhaustion function on X is only assumed
to have a Levi form with at least n — q nonnegative (instead of positive)
eigenvalues at every point of the complement of a compact subset of X.

4. Compact subvarieties and (W-cohomology

(4.1) Suppose X is a complex manifold of dimension n and 1 ̂  k ^ n.
Define Ak,k (X) as:

{all closed (k, k)-currents on X with compact supports}
(W{al l (k—l , k—1)— currents on X with compact supports}

A compact irreducible subvariety of X of dimension k is called maximal
if it is not contained in a compact irreductible subvariety of X of
dimension > k. Let Mk(X) be the group of all formal finite linear
combinations of maximal compact irreducible subvarieties of X of
dimension k with coefficients in C. Since every compact subvariety
of X of pure dimension k defines an associated closed (n—k, n— ̂ -current
on X with compact support by integration over its regular points, there
is a natural map:

0,00: M.OO^A^^OO,
defined by mapping a maximal compact irreducible subvariety of X of
dimension k to its associated closed (n—k, n— ̂ -current with compact
support.

Suppose X is strongly ^-pseudoconvex. In the remaining portion of
this paper, we will discuss the conjecture that the union of all compact
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subvarieties of X of pure dimension > q is a subvariety. The conjecture
is clearly equivalent to the statement that M^ (X) is finite-dimensional
for k > q. We will adopt the following approach and carry it out for
some special cases. We will first show that <D^ (X) is injective for k > q
and then we will show that A^""^^^ (X) is finite-dimensional for k > q.

(4.2) PROPOSITION. — If X is a connected noncompact complex manifold
of dimension n, then <3>»-i (X) is injective.

Proof. — Suppose the contrary. Then there exists a nonzero ele-
ment ^==ia»Cf of M^-i (X) with distinct c^, . . . ^ c ^ such that the
associated (l,l)-current ]Q=iaf[cJ of ^J=ia,^ equals ^/—133/for
some (0,0)-current / on X with compact support. We can assume without
loss of generality that oc^ is a positive real number. Since/is pluriharmonic
on ^—(J^i c, and / has compact support, it follows that / =. 0 on
X—[j^^Ci. Because o^ > 0, / is a plurisubharmonic function on
X-[j^2ci' since / E = o on x-[J^=lci^ it follows that the pluri-
subharmonic function/on ^—(J^^f must be identically zero, which
contradicts the fact that ^/—l 88 f = oe^ \c^\ on X—[j^^ c^.

Q.E.D.

(4.3) PROPOSITION. — Suppose X is an n-dimensional complex submanifold
ofP^. Suppose 0 ^ q < n and X is an open subset of X such that ¥ ^ — X
contains a linear subspace of Pjy of dimension N—q—1. Then <S)q (X)
is injective.

Proof. — Let G be the Grassmannian of all (W—<7—l)-dimensional
linear subspaces of P^. Define R to be the set of all (T, x) e G x P^ such^ fw ^ -%>
that x G T. Let p : R—> G and n : R —> P^ be the natural projections.
Let R = K~1 (X) and let p : R —> G (respectively n : R -> X) be induced
by p (respectively n).

Suppose the proposition is not true. Then there exists a nonzero
element ^= iCx,^ i of Mq(X) with distinct c^, . . . ,C j , such that the
associated (n—q, n— ̂ -current ^?=i a, [cj of ^=1 a, c, equals \/—1 53/
for some (n—q—1, n — q — l)-cmreni f on J^ with compact support. We
can assume without loss of generality that o^ > 0. Both ][̂ = i a; [cj/^ <%>
and / can be naturally regarded as currents on X. Since n : R —> X is
a fiber bundle, the pull-backs TT* [cj and TT*/ are well-defined, and

Z?=iOC,7r*[c,]=y^T^7r*/.
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It follows that

Tki=l^P^[c,]=^188p^f,

where p^ TT* [cj and p^ TT*/ are the push-forwards. It is easy to see
that dim 7?-dim G = n-q-1. Hence p^ TT*/ is a (0,0)-current and
S?=i ^iP^ 7t* [^J is a (U)-current. The support of ̂ i a,^ TC* [c,]
is contained in the subvariety p (n~1 ((J?=i <'»)) of G. /^ 7i;*/is a pluri-
harmonic function on G-p (n~1 (J^ ^ c,)). Since P^ -^contains a linear
subspace of P^ of dimension N—q—1 and/has compact support in X,
it follows that the support of p^ TC*/is a proper subset of G. Conse-
quently p^ 7i*/ == 0 on G-p (n~1 ((J^i c,)). Choose To e G such that

(i) To n c^ 0,
(ii) Ton(U^)=0,

(iii) To intersects c^ normally at some regular point of c^ (which
condition makes sure that p^ n* [c^] ^ 0 on the following W).

There exists an open neighbourhood W of To in G such that, on W,

Zt=i^^7i*[c,]=ai^7i;*[ci]^0.

It follows that p^ 7i*/ | W is plurisubharmonic and not identically
zero,contradicting that the support of p^ n^f | W is contained in the
subvariety W r ^ p ( n ~ 1 (IJ^ c,)) of ^ of codimension > 1.

Q.E.D.

(4.4) Remark. - In the proofs of (4.2) and (4.3), the maximality
of compact irreducible subvarieties of the dimension under consideration
is not used, but the maximality is always satisfied under the given
assumptions.

5. Compact subvarieties and the finiteness of (^-cohomology

(5.1) We will consider the finite-dimensionality of A^ (X), and we
will use the method of [8] together with duality. First, we recall an exact
sequence given in [8]. Suppose A" is a complex manifold. Let ^kt ( (X)
be the Frechet space of all C°° (k, /)-forms on X. Let

A^^(^)=©,^^^^oAfc+^+J(Z).
Define:

.̂ i r y. _ ̂ (A^W^A^^X))
Hr w==————dA^X)————•
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Let Sl1 be the sheaf of germs ofholomorphic /-forms on X. The following
short exact sequences of complexes:

1 a l 3 l

0-^ (X)^Ak^l(X)-^Ak-lfl+r+l^X)-.0-i -i .i
0 -. A^\ (X) -^ A^' 'W -> A^-1 ' f + r + 2 (Z) -. 0

i I I

(where a is the inclusion map and P is the projection map) gives rise to
the following exact sequence:

. . . ^Hl+r(X^k~l)^Hk/l(X)-->Hk^tl(X)-^Hl+r+l(X,^k~l)--. ...

which is the "first exact sequence" in [8].

(5.2) PROPOSITION. — If X is a strongly q-pseudoconvex manifold, s, t ^ q,
and H^^1 (X, C) is finite-dimensional, then H^ (X) is finite-dimensional.

Proof. — Since H1 (X, Q^"1) is finite-dimensional for / > q, it follows
from the exact sequence of (5.1) that

H^W^H^W

has finite-dimensional kernel and cokernel for l+r > q. Consequently,

Hrw->H^\w
has finite-dimensional kernel and cokernel. Since H^11 (X) is isomorphic
to H1^ (X) by conjugation,

H^W^H^^X)

has finite-dimensional kernel and cokernel for k+r > q. Consequently,

H^\W-.H°^,W

has finite-dimensional kernel and cokernel. The proposition now follows
from

^iW^^C^C)
Q.E.D.
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(5.2') Remark. — This result is a particular case of the following:
If X is a strongly q-pseudoconvex manifold, r > 0, s+r > q, t+r > q,

and H^^1'(X, C) is finite-dimensional, then H^ (X) is finite-dimensional
which results from Theorem 1 (iii) of [8].

We define

y^Y) _ Ke^A^QQ^A^1^4-1^
aA'-^D+BA'''-1^)

(5.3) PROPOSITION. — If X is a strongly q-pseudoconvex manifold
and H^^^X.C) is finite-dimensional, then F^4-1'^1 (X) is finite-
dimensional.

Proof. — Consider the following sequence

H^^X.^^QH^^X,^1)-^^^1'^1^)-^!!^1-^1^),

where a and T are defined as follows:
(i) if (^*, TI*) e H^1 (X, ̂ +1) © H^1 (X, ̂ +1) is represented by

a couple (^, T|) of ^-closed C00 (<7+1, ^+l)-forms on X, then a (i;*, T|*)
is represented by ^+T| (r| being the conjugate of T|);

(ii) if CD* e ^+i^+1 (X) is represented by a aa-closed C00 (^+1, ^+1)-
form co on ^ then T (©*) is represented by (3—5)co.

We are going to prove that the sequence is exact. If ^, T| are ^-closed
C°° to+1, ^+l)-forms on JT then:

(Q^8)(^)==d(^).

Hence T(J = 0. Suppose co and ^ are C°0 (^+1, ^+l)-forms on X
and (B-B) co = d^. If we set ^ = 1/2 ((D+Q and T| = 1/2 (co-0, then ^
and T| are B-closed and co = ^+T|. Hence Ker a <=. Im T. Since
j^+i ̂  Q<?+1) is finite-dimensional, the proposition follows from the
exactness of the sequence and (5.2).

Q.E.D.

(5.3') Remark. — This result is a particular case of the following:
IfXis a strongly q-pseudoconvex manifold, s > q,t > qandH^^1 (X, C)

is finite-dimensional, then V s ft (X) is finite-dimensional,
which results from Theorem 1, (vi), in [8].
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We define

^(X) = ̂ (^W^^OO)
88 A^-1^-1^)

(5.4) PROPOSITION. - If X is a strongly q-pseudoconvex manifold, t > q,
and H2t (X, C) is finite-dimensional, then Attt (X) is finite-dimensional.

Proof. — Consider the following sequence
0 T

H\X, Qf-l)-^Ar•f(X)-^-l•r(;0,

where a and T are defined as follows:
(i) if y e H1 (X, Q'-1) is represented by a ^-closed C00 (/-1, 0-form ^

on X, then a(^*) is represented by 9S,.
(ii) if (o* eA^OO is represented by a closed C°° (/, 0-form (o on X,

then T (co*) is represented by co.
We are going to prove that the sequence is exact. TO = 0, because,

if ^ is a 3-closed C°° (t-1, t)-foim on X, then 8^ = d^. Suppose CD is
a closed C°° (t, t)-form on X and co = ^T| for some C°°(?-l, r)-form r|
on X. Then ® = Sri and 3r| = 0. The element of P^^ (X) represented
by (0 is the image under or of the element of Ht (X, W~ v) represented by ri.
Hence Ke rTc Ima . Since H^X,^'1) is finite-dimensional, the
proposition follows from the exactness of the sequence and (5.3).

Q.E.D.
(5.4') Remark. — This result is a particular case of the following:
If X is a strongly q-pseudoconvex manifold, s > q, t > q, and Hs+t (X, C)

is finite-dimensional, then A5^ (X) is finite-dimensional,
which results from Theorem 1 (v), in [8].

(5.5) PROPOSITION. — Suppose X is a strongly q-pseudoconvex manifold
of dimension n and H^ (X, C) is finite-dimensional fcr k = 2 q-+3, 2 q+4.
Then A""4"1*""3"1 (X) is finite-dimensional.

Q.E.D.

Proof. — Let 2)^ ((X) be the set of all (k, 7)-currents on X with compact
supports. The following two sequences are transposes of each other:

Aqfq+l^iX)QAq+lfq(X)8^Aq+ltcl+l(X)8^Aq+2fq+2(X),
^"-^"-^(Z)®!)"-^-1'"-^)

<— Dn~q~l'n~q~l (X)^9- Dn~(l~2'n~<l~2(x^
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By (5.4), A^+2^4-2 (X) is finite-dimensional. By (5.3), V^19^1 (X)
is finite-dimensional. It follows that the maps in the first sequence have
closed images. From the two sequences, we conclude that A^"x •"-«-1 (X)
is dual to Vq+lfq+l (X), and is therefore finite-dimensional.

Q.E.D.

(5.5') Remark. — More generally, considering the two exact sequences:

A^^WQA^^'W^A^^'^W^A^^^X),

Dn~s'n~t~lW@Dn~s~l)n~t(X)

^Z)"-5-1'"-'-1^)^-!)""5-2'""^2^),

and using remarks (5.3') and (5.4'), one gets:
Suppose X is a strongly q-pseudoconvex manifold of dimension n, s ^ q,

t ^ q and Hk (X, C) is finite-dimensional for k = s+t+3, k == s+t+4.
Then A^"3'"1'""^"1 (X) is finite-dimensional.

(5.6) COROLLARY. — Let X be a complex manifold of dimension n and (p
be a C2 function on X. Suppose {(p ^ 0 } is compact, <Ap is nowhere zero
on {(p = 0 }, and the Levi form o/(p has at least n—q positive eigenvalues
at every point of {(p = 0 }. Let D = {(p < 0 }. Then A^"1'""^"1 (D)
is finite-dimensional.

Proof. — Since Ap is nowhere zero on the compact set { ( p = 0 }, there
exists 'k < 0 such that

(i) rf(p is nowhere zero on { (p = K },
(ii) { ( p < K } is a strong deformation retract of Z>.
It follows that H^ (D, C) is finite-dimensional for k ^ 0. Since D

is strongly ^r-pseudoconvex, by (5.5) A^~1 fn~q'~l (D) is finite-dimensional.
Q. E. D.

(5.6') Remark. — As a Corollary of Remark (5.5'), one gets more
generally:

Under the hypotheses of Corollary (5.6), A^"5"^ n~t~l (X) is finite-
dimensional for s, t > q.

(5.7) THEOREM. — If X is a strongly (n—l)-pseudoconvex manifold
of dimension n, then the union Z of all compact subvarieties of X of pure
dimension > n—2 is a subvariety.

Proof. — There exist KQ e R and a C2 exhaustion function (p on X
whose Levi form at every point of { c p > Xo } has at least 2 positive
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eigenvalues. By Sard's theorem, there exists Ko < K < oo such that d^
is nowhere zero on { ( p = ^ }. Let D = { (p < X }. Since Z c D, the
theorem follows from (5.6) and (4.2).

Q. E. D.

(5.8) Remark. - Theorem (5.7) can also be proved in the following
way. Clearly one needs only consider the noncompact components of X.
By [II], H" (X, F ) = 0 for every coherent analytic sheaf Fon X (because
we now assume that Xis noncompact). Hence condition (i) of Lemma (2.1)
is satisfied for q = n—\. Now we want to show that

dimM^.i OO^dimTy"-1^,^"-1).

Suppose Ci, .. .̂  Ck are distinct elements of C^_i (X). By Lemma (2.1),
there exist C°° ^-closed (n-1,7z-l)-forms o)y such that

o)y = 5fy(Kronecker delta);
Jci

o ) i , . . . , o ) f e are linearly independent in H " ' 1 (X, Q"~1), because, if
B=i ^ ̂ i == ̂  for some c^ . . . , ^ e C and some C°° (^-1, ^-2)-form r|
on X, then:

^/= Z?=ia.^= 511= di1= f
J c j J c j J c j j 8 c j

^j = Z?=i ^co, = an = dr| = T| = 0.
^J J<'J Jc^ j5cj

Since X is strongly (/z - 2)-pseudoconvex, TT1"1 (X,^-1) is finite-
dimensional. Hence there are only a finite number of irreducible compact
subvarieties of dimension > n—1 in X.

(5.9) THEOREM. — Suppose X is an it-dimensional complex submanifold
of PJY. Suppose X is an open subset of X such that X is strongly q-pseudo-
convex andP^—X contains a linear subspace ofP^ of dimension N—q—1.
Then the union Z of all compact subvarieties of X of pure dimension > q
is a subvariety.

Proof. - There exist \Q e R and a C2 exhaustion function (p on X
whose Levi form at every point of { (p > 'ko } has at least n—q positive
eigenvalues. By Sard's theorem, there exists ^Q < X < oo such that d^
is nowhere zero on { ( p = X }. Let D = [ (p < K } . Since Z <= D, the
theorem follows from (5.6) and (4.3).

Q. E. D.
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