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TAMELY RAMIFIED SUPERCUSPIDAL
REPRESENTATIONS OF CLASSICAL GROUPS II:
REPRESENTATION THEORY

By LAwrReNcE MORRIS (%)

Introduction

In Part 1 of this paper, henceforth referred to as I, we showed how to construct
parahoric subgroups and filtrations associated to compact maximal tori in classical
groups, when the tori are tamely ramified. In this paper we use these constructions to
associate irreducible supercuspidal representations of a classical group G to appropriate
inducing data, provided no wild ramification is present.

Briefly, the construction proceeds as follows. Firstly, if the torus T is unramified one
can use the constructions of I, and [M] to construct a suitable inducing representation
from an open compact subgroup. There is nothing really new or surprising here, and
the construction is carried out in Section 5 of this paper.

Now suppose the torus contains a ramified part. One then uses the constructions of
I Section 3, to produce a parahoric subgroup P, and a filtration {P,,},,éo which reflects
the arithmethic properties of a prespecified ramified part of T. Next, one uses a
“cuspidal datum” to produce an inducing representation on a certain open compact
subgroup of G; in a sense this representation can be viewed as concentrated around the
given ramified “block”. One then uses more of the cuspidal datum to proceed on the
other blocks. It is crucial for this construction that one use the latter part of Section 3
of I. On each block one proceeds somewhat as in the construction of Howe [H] for the
case of GL,, but care must be taken to ensure that the pieces fit together in a coherent
way. [It is interesting to note that the blocks used in our construction are intersections
with G of Levi components of the GL (V) into which G embeds]. Eventually one is left
with an unramified part (which may be trivial), which is taken care of by Section 5. This
“block” part of the construction is completed in Section 6. For more details, we refer
the reader to section 6.3, where a (brief) guide and motivation are provided.

(*) Supported by N.S.F. Grants D.M.S.-8610730, D.M.S.-8802842 and D.M.S. 90-03213.
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234 L. MORRIS

In Section 7 we show that the compactly induced representation (to G) is irreducible
and supercuspidal. The method is similar in spirit to that carried out in Section 5
of [M].

Section 4 of this paper is concerned with certain semi-simple elements in Lie (G), and
their centralizers. Such elements give rise to characters on the groups P,, by virtue of
the fact that the filtrations of I Section 3 have good duality properties. In particular
we examine the relation between such a centralizer, and the filtration above (¢f. Proposi-
tion 4.10, Lemma 4. 3); we also provide an example to show that proposition 4. 10 need
not hold in general.

Proposition 4.10 implies several structural results (4.13-4.15) which are reminiscent
in spirit at least, of [H] and [M]. The remainder of Section 4 is concerned with
duality (4.17-4.20, 4.24), intertwining/conjugacy properties (4.21, 4.23), and isotropy
subgroups (4.24, 4.25). This section is rather long, and technical; perhaps the reader
should refer to it as necessary.

The representations of Sections 6 and 7 do not exhaust the supercuspidal spectrum of
G. In an afterword (Section 8) we sketch how one can produce more supercuspidal
representations by enlarging the filtrations of I, and adapting the results of [M] on
principal tori.

It is worth emphasizing the differences between this paper and [M]. Originally the
author had hoped to understand the general situation by writing a compact maximal
torus as a product of principal tori (this can always be done). Our motivation in
Sections 6 and 7 has been to proceed inductively through the various “‘ramified parts”
of T; we return to the original idea in Section 8. We remark that if one starts with a
principal torus T, the filtration used in [M] need not be the one used in this paper [see
example (3.9) b (ii) of I and example 8.6]. Moreover, one obtains supercuspidal
representations from principal tori for symplectic groups in this paper which were not
constructed in [M]. The constructions here and in I also take care of forms with an
anisotropic part. Thus the constructions of [M] which are perhaps easier to understand,
and more intuitive, are much cruder than the methods used here.

As in [M] we have refrained from defining admissible characters, and we do not
treat the problem of equivalences. We remark that characters of tori cannot give all
supercuspidal representations in our situation: the reason is the existence of unipotent
cuspidal representations for the finite classical groups, which can be pasted on to other
data to give representations not parametrized by characters of compact maximal tori
(see Section 6). Nonetheless, the influence of [H] is quite pervasive in this paper.

One might hope that the constructions we give yield (almost) all supercuspidal represen-
tations of G. The problem of exhaustion leads one to a suitable notion of fundamental
G-stratum (cf. [B2], [H-M] for the case of GL,). As mentioned in the introduction to I,
constructions similar to those of Section 2 of I play a role here.

As a final technical note, we remark that the numbering of this paper is a continuation
of that of 1, as is the notation.

The first draft of this paper was written while the author visited the Institute for
Advanced Study. It is pleasure to thank the Institute for its hospitality.
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SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 235

4. Semi-simple elements and characters

4.1. We adhere to the notation and conventions of Section 3.1, and we begin, as in
3.3, by supposing that A=E; =E. One then has the lattice chain {2}},.,, and the
associated hereditary order &/, with Jacobson radical 4, filtration {#"},.,, and open
normal subgroups {P,},.n of the parahoric PcG.

Suppose that E is a tamely ramified field extension of k. Let C=Cg be the group
generated by roots of unity of order prime to p that are in E, and a given uniformizer
ng. Then (cf. [H]) E*=C.Ug where U;=UL=1+2;. If xeE one can find a unique
c=c,eC such ¢ 'xeUy, i.e, ordg(c—x)=ordg(x), or again |c—x|g<|x|s. We
assume that ng =7 where e=ramification degree of E/F.

The group C is preserved by Aut(E/k); if teAut(E/k) then either T¢=c or
|tc—clg=|c|g, all ceC. Moreover if ESE’ >k, then N (Cg) =Cp,, and Cg. = Cg.

Let XeC=CgcEcEnd,(V)=End, (E). We write ¢[X] for the commutator of X in
End, (E); in other words

%[X]={Y € End, (E)|ad (Y) X=0}

where ad (Y) X=YX—-XY.
Let tr (Y)=traceg,q, (Y) if Y € End, (E). We then have

End, (B)=¢ [X]®% [X]*
where
% [X]*={Y eEnd, (E)|tr (YZ)=0, all Ze % [X]}
Lemma 3 in [H] says that in fact
B"=FXINB"DEC[X]I* N %", all neZ.

Let #~ = (#")_={Ye#"|Y+ocY=0}. If X+oX=0 we then find that there is a
decomposition of kq-vector spaces

“4.1.1 B =€ [XINB-DC[X]* N #"

(cf. [M], proof of Lemma 2.20).
Set

Bx=2" N € [X],
B =2 N6 X]
Suppose that ordg (X)=m. Then lemma 4 of [H] says that

ad(X)Bit=2mL all neZ
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236 L. MORRIS

If Ye(#%")_, then

6(XY-YX)=6YoX-6XoY
“4.1.2) =YX-XY if X+oX=0
whence ad (X) (#%*) =A% L.

We shall commence this section by proving analogues of (4.1.1) and (4.1.2) for the
filtrations we have constructed in Section 3, and appropriately chosen elements X. We
then derive some consequences of these results which will play an important role in the
representation theory.

4.2. We begin with the unramified filtration of Section 3.4. Thus A= @ E; where
i=1
each E,; is unramified over k. It was shown there that one obtained a unique lattice
chain #,=.% by the summation process of Section 2; the associated hereditary order .«
was given the filtration by powers of the Jacobson radical. We remind the reader of
Lemma 2.17: .« is either principal of period 1, or ./ has period 2 and is the intersection
of two (canonically chosen) principal orders A, A*=c A.

Suppose that Xe A. Then Section 1. 18 of [M] says that

r

%[X]~End,, (V)~ ® Endy,(E)

j=1
where, if X= (X, ..., X)), F; is the field generated by X; and Ax= err) F;. Put
Ox=@® O; where 0; is the ring of integers in F;, Zy=® #;. We have "
4.2.1) Py=10x
since each F; is unramified over k.
We can now apply the proof of Lemmas 2.17 and 2. 18 of [M] to deduce that

A=EXINADEX]* N A)

(If o is principal, we can replace A by o/ =A=A*) The key observation is that those
lemmas can be applied because of 4.2.1 and the fact that A is principal.

4.3. LeMMA. — oA =/ NE[X]D L NE[X]*.

Proof. — This is really Lemma 2.20 of [M] which we give to avoid repeatedly referring
to that paper. We have

A=ANEXIOANEX]*
and similarly for A*=cA. Let y=czeAN\oA. Then

y=yxty%, Ix€ANE[X], et
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SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 237

Also
y=0cz=0zx+0zx, G©zxecANE[X], etc.

Then yy—ozxy=0zx—yxeG[X]NE[X]*, so that yy=0czy, yx=02zx, and we are
done. Note that we have used the following lemma, in proving this.

4.4. LEMMA. — If X+ 0 X =0, then €[X], € [X]* are c-stable.

Proof. — Let Ye¥4[X]. Then (cY)X-X(cY)=0c{(6X)Y-Y(6X)}. But cX=-X,
so this last is simply o {YX—XY}=0. Let Ye#[X]*. Then

tr(XoY)=tr(c(YoX))=—tr(c(YX)= —o,tr(YX)=0.

(The penultimate equality follows from the known structure of involutions ¢ associated
to o, — ¢ sesquilinear forms, for example.)

4.5. PROPOSITION. — With the assumptions of 4.2, let B be the Jacobson radical of /.
Then for any integer n,

#B"=%3"N CX]®%" N CIX]*

Proof. — We imitate the proof of Proposition 2.21 of [M], and note that we have just
proved the assertion in case n=0. Consider the case n=1; we observe that #=r %,
so we may replace # by «/*, and do so. Let xe.o/*, so that xe End, (V) =% [X]®¥ [X]*:
we set x=s+1¢, where se ¢ [X], te 4 [X]*. Now

Ostr(xA)=tr((s+1) (L xDAY))
where
Ax=CXINA, Ax=¢XI'NA.
It follows that
Ostr(xL)=tr(sofy)+tr(tLx)
hence
tr(sfy)S0, tr(tdy)<cO.

AT 11}

In particular, se &%, where is with respect to traceg,, AV Now

A= NE[X]

is a sum of hereditary orders determined by the lattice chain for & (for each
“E;-component” of the summed chain is stable by (), so that

AE=n"1By=n"1 (BN EX).
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238 L. MORRIS

(Note that #N¥[X] is the Jacobson radical for &/ N¥[X] by repeating the
various definitions.) Thus #/%= (t"'@)NE[X]=L*NF[X]. Also tr(t/x)=0, and
tr(tf3)c0,s0 tr(tH)S0 i.e., te/* NE[X]*. This proves the assertion when n=1.

We have already noted that if 4 is not principal, then %2 is principal: #*>=n. in
this case. The assertion then follows from that for n=0. Again, if & is not principal
(in which case everything follows from the case n=0), we can write 8°=%2.4=b%,
and b can be chosen to be in ®, cA. Thus we obtain a decomposition from that for
2, and the general case follows easily, for n>0. The case n<0 is then obtained by
periodicity.

4.6. Next, we turn to the analogue of 4.1.2, in the case that all the field extensions
are unramified over k. First, let XeA,; if e(«/)=2, otherwise XeA,, some m (cf.
Lemma 3.4). In other words, if e(&/)=2, we let Xe€ A,,, m an even integer. Next, we
let C;=Cyg, denote the group corresponding to the field E; in Section 4.1. We write
X=n"b, where b is a product of roots of unity of order prime to p: if we put
C,= (m,) .]|B; where B, is the group generated by roots of unity of order prime to p

in E}¥, and n,= (m,, ..., W,) m; a given uniformizer for E;, then we have chosen XeC,.
It follows that if we set B =2"N ¥ [X]' = % , then ad (X) &%, ,S7s L5, -

This last is equal to
% nram if A% is principal
¥ pem  if DOt
Set /=2 if &/ is not principal, 1 otherwise.

Lemma. — ad (X) (%, )~ =73 (%, n) ™= (F%, nsim) -

Proof. — Exactly the same as the proof of Lemma 2.24 of [M].

4.7. Suppose X'=X+BeX+%; 41, x If beni(Lx )", the above says ad (X)a=b,
ae(x. )", so that ad (X")a=b+ad (B)a,ad (B) ae (Bx, n+m+1)~ Where I=2 if o is not
principal, 1 otherwise. Then we can find a, €(/x, ,+,)” so that ad(X)a; =Ba,, and
ad(X)(a+a,)=b—Ba,. Continuing we obtain an element a, so thatad X" a,=5b. This
implies the following

CoROLLARY. — Let XeCy, N\ B, X' € X+ B, x- Then

ad (X') (x,) ™ = (L5, nrim) -

4.8. We now turn our attention to the situation where at least one of the E; occurring
in the sum for A is ramified over k [i.e., e(E)=¢;>1]. We remind the reader of the
framework in Sections 3.5-3.7. In particular we write

A=A,®E,,,®...®E,
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SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 239

and the lattice chain associated to A is given inductively by £,=%,, ;=% @4,
if j>1
°g="?r="gr—1<-B'/%r

where .# ; is the self dual lattice chain {27}, _.,. We remark (again) that this construction
depends on the ordering (E;,{, ..., E).

4.9. Let X=X, be a non zero element of E,; we put F=F,=Fy_for the field generated
by X. Suppose that X, + o X,=0 where 6,=c |E,; then o, acts non-trivially on F, while
preserving it. Let G,=U(f,, E,)=U(/,, V,) (in the notation of 3.11), with Lie algebra
given by

{YeEnd,(V,)|Y+0,Y=0}

where “par abus de notation” we let o, also denote the restriction of ¢ to End, (V,). It
follows that

T,={x€E,|xoc,x=1}
is a compact maximal torus in G,, with Lie algebra
Lie(T,)={Y€E,|X+0,X=0}

In particular X,eLie(T,)=Lie(G,). The centralizer in G, of X, is given as follows
(¢f- M], 1.19)

Zg, (X,)={geEndg (V,)|g0,g=1}

We remark that the involution o,=c|Endg, (V,) corresponds to a €— o, sesquilinear
form

o

E,xE, > F,

such that traceFr,k°I~3,= f, (cf. [M], 1.18). Note that since X,+oX,=0, the group
Z;,(X,) can be identified as the (genuine) unitary group of the (skew) hermitian
form F..

4.10. We have
Lie(Zg,(X,)) = Endg (V)SEnd, (E))®. . . ®End, (E,) € End, (V,)®End, (V,)

where as usual V,=E,® ... ®E,_,.

The commuting algebra of X, in End, (V), which we denote by % [X] is then easily
computed to be '

End, (V,)@Endg, (V,)
[X, e F¥, hence is invertible in End, (V,)].
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240 L. MORRIS
Let o =o' N /""" {%;} be the hereditary order and filtration by (&', &) bimodules
given in 3.5-3.7.
PROPOSITION. — %,=%,; N E[X]®%; N\ € [X]*.
Proof. — As usual set V=V, @V, where V,=E,. By Lemma 3.12 we can write
B= @ B, m

15, m£2

where 4, (I, m)=2%; N\ Hom, (V,, V). Now %,(1, 2), #,;(2, 1) are both in €[X]*, and
%:(1, 1) is in ¥ [X], by the remarks preceding the statement of the proposition. On the
other hand we can apply (4.1.1) to 4,(2, 2), End, (V,), X, to see that

B:(2, D=%,2, )N [X]D%:(2, ) NEX]"

where we set €, x,)=Endg (X,), and “L” is with respect to traceg,q,v,)
Putting all this together, we see that the assertion of the proposition is true.

4.11. One might be led to believe that proposition 4.10 is the rule rather than the
exception. Care must be exercised however. As an example, one can take a quartic
totally ramified extension E,, and a quadratic totally ramified extension E, such that E,
is a subfield of E,. The resulting algebra E,®E, gives a torus in Sp¢ via

traceg, (0° x 6 y) + traceg, (0 X' ' ).

Here we have chosen o*=mx, E,=k[w], E*=k[0?], 6: 0’ —0? ¢': o —@. One
can then find X in E,@®E, which provides a diagonal embedding of E, ¢ E,®E, such
that

7 2.4 NCXI®S NEXI*

where o is the order which stabilizes the entire chain #@®.# (it is an Iwahori order), or
the order o' N &/ of 3.5-3.7.

4.12. We now assume that X, is a member of the group C,=Cg, introduced in 4.1,
and that X, €%, ., X,¢ #, .+,- For brevity we set

B x=%; NCIX], iji‘i""ggi_ N X1
From 2.10 we see that
ad (X) (% )=Biv2m
The kernel of this map is &, x. Restricting our attention to #; x we obtain a map

ad(X): B x> B 3mx of O-modules

ProposiTioN. — ad(X): B, x = Bivsm x is an isomorphism.  Similarly, if we replace
ad(X) by ad (X') where X' e X+ B, 41, x> then ad (X') is an isomorphism.
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SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 241

Proof. — It is sufficient to prove this for ad(X), since the second assertion can be
proved by an approximation argument as in 4.7. Also we only need show surjectivity.

By proposition 4.10 and Lemma 3.12 we can write
Bix=B:(1, DO%, (2, D@, (1, DN E[X,]

where the last “L” is with respect to traceg,q, (v, Thus, if be %B; x we write it in matrix

form as
b=( 0 b12>
b21 b22

where b,,€%,(1, 2)=%, N\ Hom(V,, V,) etc. Moreover, in matrix form we may write

our form f=f,®f, as
< 1 )

and X, has the form 0 0 .
0 X,

Given c=< 0 012>€%—+l2 m x We must find be B x such that ad(X)b=c. Now
€21 C22

set b= ( 0 b > The equation to be solved is then

21 l22
< LZI ad :( l]’z) ( 21 22)
Xr' ( r) 4 4

As an endomorphism of V,, X, is invertible, so that we find

- _ -1 —wv-1
b= —c X0, by =X; "¢y

ad(X,) by, =0,

By proposition 3.17 (b) and (c) and (4.1.2) this last equation is also solvable. It
0 by,

21 22
Now the way that b,, was produced, implies that this element lies in %[X]*'.

Moreover, since ¢ is skew, and b,, is skew by (4.1.2), one sees by a short computation
using the matrix description of the form f given above, that our element b is also skew.
Finally, using the block description for 4;, %, , .. and (2.10) again, we see that be 4,
Namely, we have #,,. B, =%, all [, and

remains to check that the element b= < > that we have produced, lies in % x.

Hom, (V,, V,)*Hom, (V,, V,)SHom, (V,, V,), etc.,
and this implies for example that

(Hom, (V,, V)N %) . X, 'cHom, (V,, V)N B2
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242 L. MORRIS

4.13. The next result in the analogue for the filtrations we have constructed, of [H],
Lemma 6, [M], Lemma 2.28. To avoid stating and proving a proposition for each of
the filtration types we have constructed (case where each E, is unramified over k, case
where at least one is ramified over k) we adopt the following conventions. If A is
unramified with lattice chain of period 2 we set #;=4'; if the period is 1 we shall set
By, =R =%RB,,_,. When quoting results for each case, we shall give those for the
ramified case first, followed by the unramified case in parentheses. We shall employ
these conventions whenever it is appropriate, throughout the remainder of the paper. Now,
let X be asin 4.12 (4.6). In particular, Xe€%,,,— B, m+1-

ProrosiTioN. — X+ %, =Ad(P,_,,) X+ % ) if [>2m.
Proof. — Let TeX+ 4%, . By proposition 4.10 (4.5) we may write

T=X+u+no, ueB x veEB k-

By Proposition 4.12 (4.6) we can find z'e 8, ,, x, such that v=ad (X)(z'). From this
point onward, the argument follows the proof of Lemma 2.8 of [M].

4.14. As shown in [M], Sections 2.30-2.34, Proposition 4.10 (4.5) has a number of
group theoretic implications. The basis for such results is the existence of a filtration
satisfying (a weaker form of) FI-F IV of [M1], the Cayley transform, and the decomposi-
tion provided in 4.10 (4.5).

We shall summarize these results, without providing proofs, which can be found in
loc. cit. (with the appropriate changes).

First we remind the reader [¢f. Theorem 2.13 (c)] that the Cayley map C is defined
on Lie(G) N {X|det(1+x)#0} by the rule C(x)= (1—x)(1+x)"'. The image of this
map lies in G; if xe#, (cf. the conventions of 4.13) then (1+x)~! is given by the
convergent power series 1 —x+x?—x3+ ... and C(x) exists. We then have a bijection
[2.13(0)]

C: B —>P, i>0

with inverse given by pr>(1—p)(1+p)~': p—1e4,, and 2€ O* so that (1+p)~ ! is given
by a convergent power series.
Set H;=Z4(X) N P;, and define

E(i, j)= {peP;|p— 1€ % xmod %}
where

4.14.1) 2izjzizl

Lemma. — E (4, j) is a subgroup of P,, which normalized by H=P N Z5 (X).

Proof. — That E(i, j) is a group follows directly from the definitions and the fact that
C:%; - P, is a bijection [Theorem 2.13(c)]. Moreover, in the unramified case one can
show that H normalizes E (i, j) just as in the proof of Lemma 2.33 of [M]. For the
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SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 243

ramified case, we can also copy the proof of loc. cit. once we have shown that P
normalizes 4;. To see this, note that

P=s'NA"NG, By=B NAB"

hence P normalizes %,; i.e, p#B,;p '=%B,, al peP. If i is odd, then
Bi=Bym1= (B(—o—m2)* and for any j, (x ™' B;x)*=x B} x~! which implies the result
in this case as well.

4.15. The next result is proved using Proposition 4.10 (4.5), the Cayley map, and
approximation arguments, c¢f. [M], 2.32-2.34.

PROPOSITION:

(a) P,=E (i, j) H; (semi-direct product), assuming (4.14.1).

(b) H;NEG, j)=H;, assuming (4.14.1).

4.16. Henceforth, unless otherwise stated, whenever we refer to P,/P; or (E (i, j) it will
be tacitly assumed that the conditions (4. 14.1) hold.

4.17. The remainder of this section is concerned with the dual of P;/P; and the
isotropy subgroups of appropriate characters in this dual.

Recall that o |k= o, and that the fixed field of o, is ko, so that k is a Galois extension
of k, of degree 1 or 2. We remind the reader that 0,, #,, n,, ... denote the obvious
objects.

Let tr, denote the composition

Trace "k/ko

End, (V)——k — k,

For brevity we write tr for Traceg,g, (v)-

If L is an O lattice in End, (V) [hence an @-lattice in End, (V)] we define its complemen-
tary/dual lattice to be

Ls = {xeEnd, (V) |tr, (x L) = O}
Then (¢f. [M], 3.2), L+ is an @-lattice as well. Recall that
L*= {xeEnd, (V)|tr (xL)= 0}

The relationship between L# and L* is easily explained since tro=try, °tr. Indeed, let
e, be the ramification degree of k over ky. Since 2e€ 0*, k is tamely ramified over k,,
and the inverse different of k is just 21 7%. Then

Ls= {y | try g, (tr (¥ L))g(ﬂo}
= {y|tr(yL)c P!~}
=Pl e *
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We can apply these remarks to the filtration by («/, «/)-bimodules %;. It follows
that
By =P OB =P B,

=£1—s1—i+s1 (1—eg)

where s, is an integer given by the lemma below, which we shall refer to henceforth as
the modified period of <.

LEMMA:

2 e in the ramified case, where e=period of ¥’ or ¥”
s;= 2e in the unramified case, of period e=1
e=2 in the unramified case, of period e= 2.

Proof. — Straightforward exercise. We note that in the ramified case, 2 e need not be
the period of &' N /".

4.18. The ideals 4,, are o-stable by construction, and we have
B,=B DB,
via

+o xX—oXx
_xtox
2 2

s 2e(O*

This is a sum of k,-vector spaces, orthogonal with respect to tr,, since

tro =ty ° tr
and
try ko (tr (X)) = try e, (O tT (0 (X)) = try, (tr (o (X)) = — try,, (tr (x))

if x=0x, y= — oy, which implies tr, (xy)=0 since 2 € O*.
Define

(#;7) = {xeEnd, (V)" =Lie(G) |try (x B )= 0,}
The remarks above tell us that
(B:) = (B5)”
We summarize all this in the following lemma.

LEMMA. — There is a linear function

A Z-Z

i>1—se0—1
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such that
Bt =B i)
(B )t =By )

In particular, \ is order reversing, A(i+1)=A(@{)—1, and A(i) is even (resp. odd) if and
only if i is odd (resp. even).

4.19. Let Q be a character of the additive group k,, which has conductor 0,.
The map

End, (V)™ — (End, (V)")"
x> Q(try (x_))

3 E3]

is an isomorphism of abelian groups, where we denote by “A” the Pontrjagin
dual. Given an @,-lattice L in End, (V)™ we set

L, = {xeEnd,(M))" |2 @L)=1}
The identification above enables us to identify L, with L#; if L, oL, then
(Ly/Ly)" ~L, /Ly ~L3 /L4

Together with Lemma 4.18 and Theorem 2.13 (d), these observations imply the
following lemma.

LemMMA. — Under the conditions (4.14.1) there is a P-equivariant (via Ad, Ad* respec-
tively) isomorphism of abelian groups

B '@L_(j)/gl_(i); (P/Py"
b+ %, ;= (p—Q(try (b(p— 1))

4.20. Conventions. — (i) We shall frequently write ./~ (j) in place of #;, and o (j),
etc. in place of %; x, etc.

(i) If ye(P;/P;)" is such that y=p(b+.o/~ (AL(i)) we shall say that b represents V,
and we write Y =1,.

4.21. Now let ce A™. In the unramified case we suppose that ¢ has been chosen as
the X in 4.6 i.e., ceC,. In the ramified case we assume ¢ has the form (0,0, ..., ¢,)
where ¢,€Cg, ¢, +0,c,=0.

In all cases we fix a positive integer j, and we suppose that
cedd~ (MG)—~ (A(j—1)). To avoid any confusion later, we remind the reader of
what this means in the various cases:

Ramified case (4.12). — We have 87 =/~ (i) [4.20(1)]. From Proposition 3.11 (¢)
we know that 25=.9/(2i) N\ End,(V,)= (2i—1) N\ End,(V,), and 3.11(b) says that
2} is a (two-sided) principal ideal generated by ni. It follows that in this case A (j) is
even (j odd 4.18) and c represents a character V. on «/;_,/s/; ~P;_,/P,. Note that
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Y, is trivial on &7 jl_l, so that it can also be defined by taking the character
Y, on .o/ (j—1) and extending is trivially. In particular, y, will be trivial on
/., (j—1)(1, 1), in the notation of 3.12.

Unramified case (period 2). — In this case %#,=./(i)=%"' by definition, where %
denotes the Jacobson radical. From Lemma 3.4 we know that Z>' NA=%%""1NA
for any i, so that in this case as well, A(j) must be even, and ¢ represents Y, on
A |7 ~P;_|P;, and , will be trivial on o/ *(j—1).

Unramified case (period 1). — According to the conventions of 4.13 we have defined
B,;=B,;_ =%, whence again A (j) must be even, and the same remarks hold as in the
case just discussed.

LemMA. — Let S, Te(c+/~ (AN(G—1) N €[c]. Suppose that geG satisfies Ad (g) T=S.
Then geZg(c).

Proof. — We consider the ramified case first. In block form (¢f. 4.12) we can write

T= <T1 0 ), SE(SI 0 )5 where T23 S2 lie in EndF (Vz),
0 T, 0 S, '

We first show that ge End, (V,)®End, (V,). Let f=g.c.d.(A(j)/2, e(«/')). Then S/,
T en® W2 o/ and are again conjugate by g. We assume until the end of this
paragraph therefore that S, Te &/, and then &/ /B~ | /B, DA ,,/%,,- We also know
that o/ ;; is the stabilizer of a lattice chain with Jacobson radical #;; (see Lemma 3.13). It
follows that o/;;/2;; is the Levi component of a parabolic subalgebra of Endg, (V,) where
V, is a finite dimensional F,-vector space which can be taken to be L;/nL; for some
suitable lattice L,cV,(i=1, 2). Our description of S, T implies that S, T each have
characteristic polynomials of the form # p(f) where r=dimL,/rL,, and p(f) has degree
dimV~dimV,=dimV—r, (t, p(£))=1. Then S, T each have characteristic polynomial
of the form ¢ (¢)p(f) where g(f)=*", p(2) lifts p(z) and of course p (), ¢(f)e O[7]: this
follows from Hensel’s lemma, and the remarks above. Moreover (p (), g(t))=1. Since
Ad(g) T=S, it follows that g takes the rational Jordan decomposition of V as a T-
module into the corresponding one for S. Since (p (), ¢(¢))=1 we see that this implies
g preserves V; and V,.

Thus in block form we have g= (g()l 0> where g;e Aut, (V,)(i=1, 2), and we must
&2

show that g, € Endg, (V,). To do this we shall argue as in [H] Lemma 8.

To save notational burden we drop the subscripts “r”” and “2” in what follows. Then
¢ T, ¢ *Se(1+ .« (1)) which implies that (¢c"*T)"=c¢™™T™ -1 as m — o0, and simi-
larly, (c7*S)" - 1.

Now C/{n) =Cg/{n) is a finite group consisting of elements of order prime to p.
Let / be the order of ¢ in this group, then there is some p"(r=0) and infinitely many
elements p" (in the sequence {p}, .n} such that p"i=p mod/ Without loss we may
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assume n;=r, and then p"~"=1mod/. Thus there is an infinite sequence m; - oo with
c!~P'=n% for some sequence v, We then have niS”", n% TP — C, and since T is a
scalar, Ad (g) (n* T?")=n%SP". Thus Ad(g)c=c, as desired, and we are done with the
ramified case.

The unramified case can be proved by adapting the second part of the proof above,

and we leave it to the reader.

4.22. Let @ be a character on P;/P; (conditions 4.14.1) which restricts to {, on
P;,_,/P;, With the notation of Lemma 4.19 this means that if @=@;=p(T), then
T—ced (MG 1)).

We now state some results which pertain to this situation; rather than give the proofs
in complete detail we shall simply say in each case how to adapt the corresponding
proofs in [M] by using the appropriate results proved in this section.

LEMMA. — Let ¢ be as above. Then

(a) Ad* P, (p) contains an element ©' which is represented by an element of € [c]”.

(b) Suppose © is represented by Te¥€[c]”. The stabilizer of © in P is in the subgroup
H.P;_; [where H=P N Z;(c), cf. (4.14)].

Proof. — Apply the proof of Lemma 3.11 in [M]. In place of Lemma 3.10 of [M],
one uses Lemma 4.21 above. In place of Propositions 2.21, 2.28 of [M], one uses 4.5
(4.10) and 4.13 respectively. We remind the reader that A(j), j—1 are even in all the
discussions that take place here and below.

4.23. Suppose now that @,, @, are characters of P/P; (conditions 4.14.1) with
0,=01,(I=1, 2), where Tie(c+/~ (A(j—1))) NE[c].

Recall that geG intertwines ¢, with ¢, if @,=¢, on gP,g * NP, In terms of
cosets this means that T, —gT,g ‘e~ A()+g/~ A(@)g .

LEMMA. — With the notation and assumptions as above, if g intertwines @, with @, then
geP;,_;Z5(0)P;_;.
Proof. — The proof is similar to that of Lemma 3.13 of [M], but it is relatively short,

and since this lemma plays an important role in Section 7 below we give the proof.

The remarks above imply that T, —?T,eo~ (A(i))+?<«~ (A (i) so that we can write
T,-°T,=S,-?S, where S;,(/I=1,2)es/” (A({)). Thus T,—S;=9(T,—S,) where
T,, T,ecto~ (A(j—1)). Applying Proposition 4.13 to T,, T, we see that
T,—S,=Ad (k,(T}) where k,eP;_;(I=1,2), and T;eT,+./_ (A(i)). But then we can
apply Lemma 4.21 to conclude that k; * gk, €Zg (c).

4.24. Now set H,=P N Zg,(c) in the ramified case, and set H,=H=P N Zg(c)
otherwise. There is a commutative diagram (condition 4.14.1).

B |B; ~ PP,
7 T

Qi_/gj_ > HZ,i/HZ,j
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where we have put 2;= (Endg, (E,) N </ (i) in the ramified case (¢f. Proposition 3.11),
2,=End, (V)N & (i) in the unramified case. Note that we are assuming that j is odd
(4.18, 4.21) and that &/,=End,(E,) N\ &/ is a principal order by Proposition 3.11.
A fortiori, of (M Endg (E,) is a principal order as well.

We define
2F={leEndg, (E)|Try(12)<= 0o}
(2) , = {xeEndg (E)" |X(2)=1}
in the ramified case, and
2F= {leEnd, (V)| Tro(12)0,}
(2), = {xeEnd, V)" |x(2)=1}

in the unramified case. In the former case we obtain a commutative diagram of abelian
groups

EndF,. (Er) - EndF,. (Er) "
1 N
End, (V) - End, (V)"

Q(Trg( , )

where 7 is restriction and x is the composition
Endg, (E,) > End, (E,) - End, (V) ® End, (V)

!
End, (V)

(E, =V, by definition).
The composition 1, Q (Tr, (k_, )) is none other than the map Endg, (E,) - Endg, (E)"
which is induced by Try, so that via these identifications

2~ (L(j)) N Endg, (E,)/#~ (A())) M Endg, (E,)

(H,, i/HZ,j)A 2{ _ . _ .
#~ (L()) N End, (V)/#~ (A (i)) N End, (V)

in the ramified (resp. unramified) case [condition (4.14.1)].

Warning. — We remind the reader that while o/ (N Endg, (E,) is a principal order with
radical 2, = 2, the two sided ideal 2,# 2’ in general: 2,,=2'=2,,_,. There are similar
reservations in the unramified case.

4.25. Returning to the framework of 4.21, we know that ¢ represents a character
Y=y, of P,_,/P; and furthermore ¢ represents a character @, of P,/P; which lies over
(restricts to) y on P;_,/P;. If we combine our discussion in 4.24 with the results in
4.21 and 4.22 we obtain the following proposition.

4° SERIE — TOME 25 — 1992 — N° 3



SUPERCUSPIDAL REPRESENTATIONS OF CLASSICAL GROUPS 249

PROPOSITION:

(@) @ is the extension of a character @, of H, ;/H, ;.
(b) @y is represented by c.

(¢) The isotropy group of @, under Ad*(P) is H.P;_,.
(d) o is stabilized by Ad* (H).

5. Inducing representations: unramified case

5.1. In this section, and the next, we shall define some data which provide finite
dimensional representations of compact mod center subgroups of G. When induced to
G, the resulting representations will be shown to be irreducible and supercuspidal. We
shall construct these representations in the unramified case in this section. The assertions
and proofs are quite similar to those in Section 4 of [M] to which we shall frequently
refer the reader; thus, we shall be relatively brief in this section.

5.2. We begin by recalling the framework of Section 3.1. Thus A is a commutative
semi-simple algebra with a non-degenerate (g, o) sesquilinear form

fo: AXA—k

We set G=U(f,, A)=U(f, V), and we suppose in this section that A is a direct sum of
separable field extensions E; over &, each of which is unramified over k.

In Section 3.4 we constructed a lattice chain ¥,=.%, and corresponding hereditary
order o/ with Jacobson radical 4, parahoric subgroup P and congruence subgroups P,.
Recall that e(/)=e(Z,)=1 or 2: if e(s/)=2, then A, ;_, 2 Ay i1 =Ay s ife(H)=1,
then A,; ,>A,; ;2A,;=nA,;_, where A,=#"NA (¢f. [M],3.9 Remark, and
Lemma 3.4 above).

We remind the reader of the conventions introduced in Section 4.13: if e(2/)=2, we
set #B,=4%', otherwise we set #,,=%'=4%,,_,. It is appropriate at this point to also
remind the reader of the duality of 4.17:

By =R

1-sy—i+s1(1—eg)
where s, =2.

5.3. Next, we recall the notion of a cuspidal datum of rank », introduced in
Sections 3.18-3.19 of [M], in this framework. By a cuspidal datum of rank n (associated
with T, &7, P) we mean the following set of objects:

(a) a sequence f; >f,> ... >f, of positive integers.

(b) if f,>1, a sequence ¢y, ¢,, ..., ¢,€C, such that kcA cA c...cA =A and
linear characters V, of Zg, _ (¢) where G;=Zg; _ (c), Go=G, 1</<n such that
v, ] Ty -1=Q(try(cy) and c,e o/~ (A (f) — 4~ (M (f,—1)). Moreover, Zs,_,(c,)=T.
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(¢) In case f,=1, we again take a sequence ¢, ..., ¢,_; €C, with the properties of
€15 - - .5 C,—1 above. In addition, T is unramified, and we take TcP(n—1)=PNG,_;
to fix a unique vertex in the affine building associated to G,_; (¢f. [T], 3.6, and the
canonical construction of ¥ =%, given in Section 3 above). Let P(n—1) be the Levi
component of P(n—1); it is the group of F -rational points of a reductive group defined
over F,. Welet P(n— 1)° be the group of rational points of the identity component of
this reductive group. We take T N\ P (n—1)° to be a minisotropic torus in P (n—1)° and
an irreducible cuspidal representation ¢ of P(n—1)° which is fixed by no element of
P(n—1)/P(n—1)°. Here P(n—1)° is the inverse image in P(n—1) of P(n—1)°]

(d) For each linear character Y, of Zg, _, (¢,) as above, an element ¢, of A~ such that
Wy | Pi,; NG =Q(Try (c})

where i,=[(f,t1)/2]. Note that ¢, need not be c,.

Remarks:

(i) The groups G, are products of ““genuine” unitary groups over field extensions F;
of k, where each F,; is furnished with a non-trivial involution o; (this follows from the
fact that ¢,eC,, so none of its components are zero) cf. [M], 1.18; i. e. each of the
component groups is a unitary group of an € — o, sesquilinear form where o;#1. Such
a unitary group U(f, F;) has a non-trivial determinant to the elements of norm 1
in F,. (Here the norm refers to the fixed field F; of F; with respect to the
involution ;.) By a linear character we mean one which arises via factorization through
determinants, followed by products of characters of the groups of elements of norm 1
in F,.

(ii) As we have remarked above, G, is a product of unitary groups (of skew hermitian
forms): G,=Zg,_,(c)=Zg(c,) acts on the vector space V, and the lattice chain &, is
a fortiori an O -chain, where ¢, is the unique maximal order in A,. One then sees that
P ()=G, N P inherits all the arithmetic structure that arises from T; we shall frequently
use properties for (G, T, ...) that have been proved for (G, T, ...) without further
comment.

5.4. Assume until further notice that f,>1, and let W=(T, (Vy, ¢y, ¢i, f1)s
,, 3, €5, f3), - . .) be a cuspidal datum of rank n. As above, we set

G=Zg,_, (@), P@O=PE-1D)NG=PNG;
and P(0)=P. The open compact subgroup which will be of interest to us is constructed
as follows. First let i,=[f,/2] (note that i +i =f,, always). We start by taking

P, =P; (0). This is normal in P, so we can form P,(1)P;, and then P (1)P; (0).
Suppose at stage k we have formed

P, (k—=1)...P,(1)P; (0).
Then P, . (k)P (k—1), ..., P(0) so normalizes the group above and we can form
Ly, ,,=Py,, OP, (k=1 ... P, ()P, (0).

ik+1
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At the nth stage we form
Py=Py,=T,P;, (n—1)... P, ()P, (0).

This is defined since T <P (J), each .

We also define Py, =T, P, (n—1)...P;, (), and set

Ly,={1}, so that Py =Py =Py, Ly, for 0</<n, where we define Py =T,.

Suppose f; is even. Then i;=i=f)/2, and on P; (!), ¥, is represented by the element
¢ via Y, (x)=Q(Trq(c; (x—1))). On the other hand §<i,_,<...=<i,. It follows that
, defines a character of Ly, via the definition Y, (x) =Q(Tr, (c;(x—1))). We then obtain
a character, also denoted by Y;, on TPy=TPy Ly, (On TPy cG()), it is defined

by ¥,.)

LeEMMA. — If f, is even, the character \J, extends to a characrer of TPy. On Ly, it is
given by the rule

x = Q(Try (¢, (x—1)))
5.5. We are going to form a representation
Pe=p,®...®p; of TP,=P,

If £, is even, we define p, to be the character {, of Lemma 5.4.

The case of f; odd is a little more involved. We shall describe the construction, and
refer the reader to [M], Section 4 for the proofs, which are the same.

5.6. Suppose f,=2i+1 so that [f/2]=i, j=i+1. Define a subgroup P}, _, as
follows
Py _,=T,P, (n—1)...P,, (DP;(—-1)

=Py, P; (- 1)

t

On TPy, we have the character {; as before. We extend it to P;(/—1) by the rule
x = Q(Try (¢ (x—1))). By restriction, this gives a character ¢, on Py, _ ..

LEMMA:
(a) ker @, is normal in TPy, _;
(b) P§,_,, Py,_, are normal in TPy, _ ;

(c) P§,_,/ker @, is central in Py, _, [ker @,
Proof. — See Lemmas 4.5, 4.6, 4.7, respectively of [M].
5.7. Next consider the map induced by commutators

P, (- 1)xP,(I—1)» P,y (I-1)=P,_ (I-1)

Composing- this with the character map @, as we may, we obtain a map
(5 »:Py(I=1)xP, (I-1) > S* (unit circle) with image the additive group F,,.
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Define #;=Py,_,/ker @, Z;=P§,_ /kero,.

Since the second group is central in the first, and P§,_, =Py P;(/—1), we obtain a
map { , Y:H#;x#,—> S as well.

Following [M], 4.9, we can use the results of 4.15 (or rather, variants of them) to
write

PT1_1=P‘P1El(ibﬁ— l)

where “E,” means that the “E” in questions is for P(/)cP(/—1). Let s, be the image
of E,(i, fi—1) in #}, and let & ,=Z, N K.

LEMMA :

(a)  , ) factors to a non degenerate skew symmetric ¥ -bilinear form on #)|%,x # /%,
with image isomorphic to F,.

(b) Every element of #, has order p.
Proof. — Lemmas 4.8, 4.9 of [M].

5.8. Lemmas 5.6, 5.7, imply that #, is a Heisenberg group: a nilpotent group of
exponent p such that &,=(#, #,). The group TPy,_, acts on #, by conjugation.
Lemma 5.6 (c) implies that Py, acts trivially, while Lemmas 5.6(a), (b) imply that T
preserves { , », so acts through the symplectic group.

It follows from the theory of the oscillator representation that there is a unique
representation 8, of s, which is parametrized by ¢, on %, and this representation
extends in a unique way to an irreducible representation 9, of TPy, _,.

To complete the construction of p, when f; is odd, we extend §, as before to Ly,_, via
x> Q(Tr, (c; (x—1))) and denote the resulting representation of TPy, by p,.

5.9. Suppose that f,=1. We define i,=1, and

Py, =T,P, (n—1)... P, ()

By definition o is an irreducible cuspidal representation of P°(n—1)/P, (n— 1) which
induces to an irreducible representation of P(n—1)/P, (n—1) by part (¢) of 5.3. This
representation then inflates to one on P(n—1). We extend it to P(n— 1) Py by defining
it to be trivial on Ly, _ .  This defines a representation p, on P(n—1)Py,_,.

Suppose that f;=2i+1 is odd. In place of TPy, , we use P(n—1)Py,_,, and P§,_,
is defined just as before: the subgroups P§,_ |, Py,_, are normal in P(n—1)Py,_, [note
that i,= 1, so that these subgroups contain P, (n—1)]. We can then define the character
¢, on Py, _ , and obtain the Heisenberg group 5, on which P(n—1)Py,_, acts as a
group of automorphisms. Proceeding as before we obtain an irreducible representation
p; of P(n—1)Py=P,. We should note that P(n—1) acts via the symplectic group on
A, because it stabilizes @,, and moreover, under this action P, (n—1) acts trivially; this
follows from lemmas corresponding to 5.6, 5.7.
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The even case (f;=21i,) is carried out just as before, but with the group

P(n—1)Py, ,.

6. Inducing representations: general case

6.1. In this section we shall construct inducing representations in case T has a ramified
part. As one might expect, the definition of the inducing data is rather involved. We
first remind the reader of the framework. Next, we provide a heuristic picture for
the definition that follows. Finally, using the definition, we construct the inducing
representations.

6.2. We begin by reminding the reader of the framework that we have developed in
earlier sections. To begin as in 13.1, we have a commutative semi-simple algebra
A=E,®.. ®E®E,,,®...@PE, with the non degenerate form f=f,:AXA -k, and

/=Y, f; where each f; is not degenerate on E;. We have G=U(f,, A)=U(f, V) where

i=1

V=A as vector space.

Assume asin I3.5 that E,, ..., E, are unramified over k while e (E;/k)>1if i>]. We
1 1

put V,=A,= ® E,, f,= @ f;,. There is an embedding
i=1

i=1

U(f V)< [] U E)> U V).

i=l+1
In I13.5 we constructed a self dual lattice chain
"?:grzgr—'l@'//{r:(gr—Z@ﬂr—1)@‘%r;

inductively we had =%, ®.M;, j21+1, £,=%,. Associated to ¥,=2, we had
the hereditary orders &/, &' ©, o0,

We remark (again) that this construction depends on proceeding through the
E,+1, - .., E, in that order.

Again, associated to .#,_, we have o', 7" M. We shall write P for the
parahoric subgroup associated to %, and P® for that associated to /.
Proposition 3. 14 tells us that

PYSPONU(f,®...®f,_1, E,®...®E,_)).
A little more generally, we have P% associated to #,_; and then

POCPE-UNU(f,®...®f,_, E,®...®E,_).
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We shall write P,, o/, for the objects associated to ., (which do not depend on a
chosen order in the same way that the P?, o/ do).

6.3. It might be helpful to have a brief guide to the somewhat lengthy construction
that follows. Suppose for example that G=Sp(V), V~A=A,@QE,,,®...DE,.
In [M], 2.14 it is implicitly shown how to choose Witt bases for each of the pairs
(A, 1), (B, f)l<i<r. (For simple examples, see 13.9.) This enables one to realize
the embedding

U(fir A) X% ... xU(£,.E) - Sp(/, V)

in matrix form as blocks.

A A
="
P9
NN
'%Z. Z

Here the four outer corners represent U(f,, E,), the next four represent
U(f._1, E,_)), ... The innermost square represents U(f,, A,).

Consider PQ N\ U (f,, E,). According to Proposition 3.11 of I the filtration of P
corresponds to that given by a principal order in GL,(E,) (i. e, it collapses to
that). Moreover the norm 1 elements in E} with respect to the given involution on E,
are the k,-points of a compact maximal torus in U (f,, E,). If we were just dealing with
this group we could proceed as in [M], Section 4 to construct an irreducible supercuspidal
representation by providing data which enables one to perform an analogue of the Howe
construction for GL,(E,). The problem is that we must ultimately deal with G, not
U(/f,, E).

We begin by starting from data WP© which is the analogue on U (f,, E,) of the Howe
factorization for GL, (E,). Since the filtration on P® is so well behaved with respect to
U(f,, E,) we can use this data to construct (6.7-6.14 below) a finite dimensional
representation py) on a certain compact open subgroup Py (see 6.6 below) of G. We
then move to PO, U(£1®...®f._;, A,®E;®...®E,_,) and analogous data to that
above, but for U(f,_,, E,_;). Using this data (denoted ¥'V), we construct a second
representation pym on Py. If we continue this process we end up with a sequence of
finite dimensional representations pg©), Py, . . ., Py, on Py. We denote their tensor
product by py; in Section 7 we show that c—Ind,?q, is an irreducible supercuspidal
representation of G. i

The totality of data that we use for the construction of py we call a cuspidal datum ¥,
its definition is given in Sections 6.4-6.5 below. B

For the method that we have outlined above to work successfully, some compatibility
conditions must be satisfied. First, the group Py is defined as a product of subgroups
Py, Py, ... Py, This definition uses I3.14 in an essential way (see 6.6
below). Secondly, the representation py) mentioned above is itself a tensor product of
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representations p{Y, ..., p{*) which a priori are defined on (subgroups of) Pyw©. To
extend them (see 6.8, 6.15 below) to Py, the condition 6.5(b) is used. Similar remarks
apply to the other pyw, while condition 6.5 (c) is used in an analogous fashion for Py,

Condition 6.5 (d) is imposed to help guarantee that the induced representation will be
irreducible; it is used in the proof of Lemma 7.4. It is a very mild condition; to assist
the reader we examine it for the case of example 13.9(b) (i) (where G=Sp,) in the
remark following the enunciation of the condition.

We remark that if one performed this construction in a different order on the blocks,
one would obtain in general different representations © of G. This corresponds to which
congruence subgroups are ‘“‘seen first” by the representation m, and is related to the
notion of fundamental G-strata.

Finally, we note that at level 1, we allow ourselves cuspidal representations of finite
reductive groups which do not necessarily come from T. This is unlike the construction
for GL,.

6.4. We now begin the definition of cuspidal datum. Since it is defined inductively,
we give it in two steps.

Let o, denote the (non-trivial) involution on E¥ which is inherited from the involution
on End, (V) corresponding to f (i. e., o, corresponds to f,), and let

TO={xeE}|xoc,x=1}.

This is a compact maximal torus in U (f,, E,), corresponding to the embedding of E} in
GL, (E,). In addition, we have &/@, P [nor a subgroup of U(/,, E,)], which lie in
End, (V), G respectively.

According to Proposition 13.11, «/® M End, (E,) is a principal order, with Jacobson
radical 29 generated by =, (a uniformizing element for 0, E,).

We shall write C for the group denoted C,=Cg, in Section 4. 1. This is in keeping
with our notation above.

Now suppose we are given the data below

(@ A sequence f>fD> ... >fP>1 of integers.

®) If f9>1 a sequence ¢, ..., ¢DeC@~. We define F¥=k(c{?), F{?=F2, (),
ny2i>1, and we assume F(O'=E

Define

re

G?0)=U(/, E)
GO =Zgo -1 (e, nezl21

and suppose
GO (no) =TO

The group G (/) is a unitary group on the vector space E, viewed as a F{®-vector
space. The field F{” is furnished with a non trivial involution coming from o, (it
contains c{”’), with fixed field F{®”. As algebraic group, G (J) is defined over F{®”.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



256 L. MORRIS

There is a determinant map
GO ()~ (F)*

By a linear character on G (l), we shall mean a character G (/) » S! (unit circle),
which factors through the determinant map above [¢f. 5.3 Remarks (i)].

We assume the existence of linear characters Y{” of G'® (/) such that
‘MO) l T(fo,)— 1 =Q(trg (Cﬁo)))

where ¢ e O~ (A ()= L O A (fV-1)).

Here we write
RA N () for &/9(i) N End,(E,)",

¢f-13.11(b) and the notation introduced in 4.20. We remark that tr, is still with
respect to k,. We also remind the reader of Proposition 13.11(d) and (c), as well as
the statements made in Section 4.18, 4.21.

Finally, for each linear {{*’ as above we assume an element ¢;‘© € E; (not necessarily
in C©) such that

YO [Pl NGO (D= (tro ;)

i1 (0)

where by definition i @ =[(f{?+1)/2], and f{® =i+,

(c) Suppose on the other hand that f f,?))=l. We again take a sequence
A0 AL, L GO, W, just as above and satisfying the same

condmons We shall suppose that
P© (”o -= P@® N GO (no -1

fixes a unique vertex in the affine building that is associated to G@(n,—1). [We
note that P@ ()=P© N G (J) is always the stabilizer of an @{”-lattice chain in G°(J),
namely the one defined by powers of the prime ideal in E,] Write P®(n,—1)
for its Levi component; this is the group of rational points of a reductive group
defined over O ,/2Q,. Write P®°(n,—1) for its identity component, and
P@0(n,—1) for its inverse image in P@(n,—1). Our final piece of data will be
an irreducible cuspidal representation ) of P9°(n,—1) which is fixed by no element
of P© (5y— 1)/P©° (n, — 1).

DEFINITION. — By a T-cuspidal datum ¥ (relative to P, {P{”} . ) of rank n,
we mean a set of objects as just described satisfying the conditions above. We shall
denote it by

{(f(IO)’ tee Sf(O))7 (C(O) AR ’(0)) (C’ (0)5 A I(O)) (‘I!(O) AR \II(O))}

{fﬁO), 050)5 C, © ‘l’(O)} 1=5isng
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or by
({fﬁo)a c:'O)a ¢ ©, ‘I’EO)}I Sigmo-1» 05.%)),

as the case may be.

6.5. We are now ready to define a cuspidal datum for T. We need one more piece
of notation: write T=""DTxT®, so that *"YT is a compact maximal torus in the

r—1 r—1
group U< ®fi, ® Ei>.
i=1 i=1

DerINITION. — By a T-cuspidal datum relative to P, {P®} . ) we mean the follow-
ing.

(@) A T@-cuspidal datum Y@ (relative to P, {P{”},.,) of rank n,,.

(b) If r>I+1, a “~YT-cuspidal datum relative to (PV, {P{"},.,) such that if we
define V=iV + 1 as usual [cf. 6.4 (b) above], then

(1) ker (Q(tr, (Cl(l))))ip(fl(il)gp(}))@_ {NUU®. . @f-1);

(i1) &{::()1_) Edigo))_ N End, (E;®...®E,_)).

(¢c) If r=1I+1, a cuspidal datum of rank n,_, for the torus T,cU(f,, A, as in
definition 5.3 such that

(i) if 4 >1, then the appropriate versions of conditions (i) and (ii) as in (b) above
hold [with (1) replaced by “u”’ throughout];

(i) if f4=1, then P, ;y2P@ N U/, A,).

[We remind the reader that PV is the parahoric subgroup constructed from the lattice
chain &, _,, while f{"> /> ... >f(! is the sequence corresponding to the T'"-cuspidal
datum implicit in the definition in part (b). Similarly P, is the parahoric subgroup
constructed from &, . . .]

There is one more condition that we require of a T-cuspidal datum. To describe
it, we remark that explicitly, a T-cuspidal datum consists of an (r—/+1)-tuple
(PO, w0 . Wr-D=W ) where each ¥ is a T?-cuspidal datum of rank n, relative
to PO, {PV}, ., satisfying conditions (b) (c) above [namely: replace (0), (1) by (2), (¢+1),
respectively in condition (b), unless ¢+ 1=r—1/, in which case replace (0) in condition (c)
by (#)]. Conditions 6.5 (b), (c) can be viewed as saying that a certain conductor has to
be “shallower” than its predecessor.

We require the following condition as well
(d) For a given t<r—1/, or t=r—Iland n,=n,_,=n,>1

P:tq))gp(ls)ﬂ U(fi®...®f-)

for all s<t.

Remarks:

(i) Condition (d) is not covered by proposition I3.14; indeed, that proposition is false
if one replaces “o/” by “%” (or by “%,”) throughout.
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Example. — To see what condition 6.5 (d) says, consider the example 3.9 (b) (i)
again. Then r=2, /=1, and we take s=0, r=1.

The definition of P{” implies that after the obvious identifications, P® N U(f;)
consists of 2 x 2 matrices of the form

1+2 2
P 1+
which lie in Sp,~U (f,).

On the other hand P =Sp, (0), and the filtration is the standard one arising from
the lattice chain

..00e,®0e;0Pe,®Pe3> ...
It follows that P{" =P N U (f,), provided that i>1.

6.6. Next, we define the open compact subgroup that will play an important role
shortly. Indeed let

Y=, ..., ¥ (=1))

be a T-cuspidal datum.

We begin by defining a sequence of subgroups Py @ €ach of which has the property
that Py, ;, normalizes Py . In fact, Py, will be a subgroup of P®”. By proposition
13.14,

PO USPONTU(f1@. .. Dfr—¢+1p E1D .. . ®E, _(11)
so that Py, will normalize P®, and more generally Py, , will normalize P?. Our

construction will proceed by pasting smaller subgroups onto P® for a suitable n.

Indeed let P> ... >f% be the sequence of integers associated to ¥, and for each j
put M=[F0/2]. (If 2O=[(f©+1)/2], then {0+ 70 =7 ")

Since we are going to work with a fixed superscript t>r—/ for the moment,
we shall drop it when possible, to alleviate the notation. Thus we shall write ¥ in
place of W®, etc, and in particular we have the family {f, ¢, ¢, Vi}1<icn OF
({ fi> ¢ €is Ui}y <i<n—15 On) according to whether f, >1 or f, =1, respectively.

We define G (0)=U(f,_,, E,_,), P(0)=P?(0)=P?=P, and inductively define

GM)=Zgm-1(cw)  [¢f 6.4 (D)],
POm)=P(m)=P(m—1)N\Zgm-y(cn) for m=1.

Now suppose for the time being that f, > 1, so that
T9=G(n)

The group Py « 1s constructed as follows. To start, we take P;, =P§flr’) which is normal
in P=P®, so it is normalized by P, (1) in particular, and we can form the group
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P, (1)P;. Suppose we have constructed

Lyp=Ly, =P, (k—1)...P,_ ()P,

Then P, (k)P (k)=P(*k—1)NZsk-1(c)=...<P so normalizes Ly,, and we can
form

Ly,,,=P;., (k) Ly, (and let Ly, =P;))

[We remind the reader that the congruence subgroups P,(k) are defined to be
P,(k—1)NZg 4-1y(cy), cf. 1, Proposition 3.11.]
At the n,-stage form

Ly, =P, (1,—1)...P, ()P,

and put Py ,,=T¢ L\,,n', Py y=TPPy,.

At each stage we also have the groups

Py, =TOP, (n,—1)...P,, (=G k)

ik+1
and

Py, =TV, Py, =TY...P,

131
so that

P‘P (t)=P\Pk‘L\[‘ka 1 éként

This last definition also makes sense for k=0 if we define Ly ={1}.

On the other hand suppose that f, =1. Now define i, =1, and define Py ), Py,, Ly,,
just as before. The group Py, is defined as

r’w ®= P(n,—1)Py (t)=P(t) (n,— 1) Py ®

We must show that By @ +1) hormalizes Py @+ By construction, each of these groups
is a subgroup of P¢*V P® respectively. Now we can write

_pl+1) _pt+1) (t+1)
Py o+ 1y=Pye+rn Lygrn=Pyesn) . Pii s

Py=... =P£I')(1,).P§'21,)
Observe that
(t+1) (t+1) s . +1
P‘Y(l'+1)’ Pi1(t+ 1) lie in pety

which by definition is a subgroup of U(f1®...®f,—(+1) E;®...®E,_,_;). On the
other hand PfQ(l,)_E_U( fo—s E._)), by definition, so that

@)

Py +;) mnormalizes P""{’
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But P% i is a normal subgroup of P®, and P¢** V< P® whence Py, ;, normalizes P(m

The argument for Py @+ 1y Py @ 18 the same (modulo the definitions). We put
Py f‘ P.,,(I)P\,,(o)

6.7. We now proceed to define the representations of interest to us. Let us start
with the groups Py o), Py o We have

Py 0,)=TO P 0 ) (no—1). . ;(0) y(k—1).. 30) ) (1) P(w)

while

Py 0= TPy 0 (fue>1D
¥ (0) PO(f,,~DPy o (fi,=D §

We are going to construct a representation py o, =pio® . .. ®p{" on Py (0)» Which can
be extended to Py,. To do this we shall proceed in a manner analogous to [M], § 4.
Suppose until further notice that f, > 1

6.8. Suppose that £ =2 is even. This implies k> 1 : see the Remark in the proof
of lemma 6.10 below. We can define a one dimensional representation p{” on Py, in
the following way.

Write
ﬁw o= TO P\P 0= T© PW;‘O) L.,,}‘O)

The character Y restricts to a character on
Pl =G (k)

On P(O) (k), W is represented by Q(tr, (c{®)) by definition. (Note that i{0=i?,, so
that P((O)CP(;‘O) J)

Since 2> ... 2", we can extend Y{* to a character of Ly(o by the definition
x> Q(try (6, (x— 1))

It follows that y{* gives rise to a character on the group Py o, by the rules above,
provided that f{?) is even. We take this character to be p{”) in this case. It remains to
show that p{” can be extended to the group Py=Py ...Py 4 Py, For this we must
refer to some facts which were proved in I, Section 3.

Note that in any case, ﬁ,,“. ..Py @) is a subgroup of
U(fi®... ®,-,Ei®...®E,_)),
so that

Py, . 'P‘l’(l))ﬂf)‘l‘(O))gPi‘lan(fl@' - @f-1, E1®. . .®E,_))
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On Py, p* is defined via Q(tr, (c;/”—)). If we apply the block decomposition of
13.12 we see that Q(tr, (c;¥—)) is trivial on

PoNUfi®...®f-1, E;®...®E,_)).
In particular, we may extend p(* by defining it to be trivial on Pyu. . . Pya.

6.9. Suppose now that f¥=2#"+1 is odd, so that {i'@=#"+1. To construct p{”’
we shall use the theory of the Heisenberg group. The construction itself is actually
quite similar in spirit to that carried out in Section 5, and [M], Section 4, so we shall
sketch it, and refer the reader to [M], Section 4 for the proofs, when appropriate. We
shall concentrate on the necessary modifications, and the problem of extending p{® to
all of Py. This will occupy sections 6.10-6. 14 below.

6.10. First, define P§) =Py P, ,;(k—1)SPy . (Note: we are writing P for p©
throughout our discussion.) This is a subgroup of Py . Asin 6.8 we can define a
character on

T Py(o

and extend it to P, ., (k—1), via Q(try (?)) again. By restriction, we obtain a
character ¢{”, on P} .

We now state and prove a lemma which has a number of useful corollaries.

LEMMA. — The commutator
(TPyo , P30 ),

is contained in ker @{®.

Proof. — We can write TPy =TOPyo P (k—1). The first thing to note is
that on T Py, @{” is the restriction of a linear character of

G (k)=G (k)

so it is trivial on commutators.
Secondly, if k> 1, we can write

Py(o), = Pypo Pyo (0 By (1, /1~ 1) =Py B, (7, /0~ 1)

(since i =% ,) where we use “E,” to denote that the “E” in question is for the group
P(k)cP(k—1). This assertion is essentially [M], 2.32.

On the other hand, if k=1, then 4.15 tells us that
Py = P\y(lo) (Pi‘l") NULD. .. &f- )P ()E, @, fQ-1).
Suppose that k>1. Then

P.,,;‘O)g P.’;‘,io_) . NGO (k)
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Thus if p’eP\P’(‘m, ypeP.,,;cmP,-g(m+1 (k—1) we have

o (' )P " N= 07 (P 30" T Qtro (P (p= DY)
=0” (N Q(tro (@ p (p—Dp’ ™),

by the first remark above
=0 (N Q(tro (¢ (p— 1)),
since p’, ci'¥ commute with each other,
= o (yp)
If k=1, a similar result holds with respect to

D ePS{.)cI‘O) PoNUf1i®. .. &f-)) P (D).

To complete the proof we must show that the commutator of an element of
E, (47, fi”—1) with an element of Py lies in the kernel of ¢

We shall compute this when k=1; the case k>1 is similar but easier, and in fact has
been done in principle in [M], Lemma 4.5; i.e. it is a calculation within a “block” and
is covered by loc. cit.

Let 1+a+beE, @, fO—-1), 1+ye Py© where ae.@igo{ (o beBr o (using the
notation of 4.14).

Moreover, assumption 6.4(a), and the construction of P\I,(IO), guarantee that
YEBLO 4, at least [we do not need 6.5(d) here, since we are climbing up within a
“block”].

[Remark. — By the ramified construction (cf. 4.21), f¢ is odd, always. This implies
first that whenever we cross a block, a Heisenberg construction will ensue. Secondly
91 is even, in particular, so that E; (i{?, /(¥ —1) is defined (by the conditions
4.14.1)]

Now we compute the commutator

(1+a+b, 1+y).

To do this, set a;=a+b, (1+a,) " '=(1+a’),and (1+y)"'=1+)y".
Then

a,td+ta,ad=a,+a+ad a;=0,
and
yty'+yy'=y+y'+y'y=0
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and we find
(I+a)(A+y)(A+a)YQA+y)=1+ya' +ya' y' +d'y'+a,a'y +a,ya +a,ya'y
=l+y(—a—b)+y(a+b?*—(a+b)*+.. . )+ya'y
+(—(a+b)(—y+y> —.. )+ (@+b)*(—y+y*..H)+...)
+a,d'y +ayatayay

We now see that the assumptions on y, a; =a+b imply that this commutator lies in
Pf.f:o)) +, so that we can apply Q(tr (c’l‘o))).to CQmpute it (observe also that Pf.g)’, +1EPY).
Moreover note that these same assumptions imply that a, ya'y’, a, a'y’, a, ya'€ o/ ; @) so
that these terms contribute nothing when we compute the character. This leaves us to

compute
Q(try (c\? (ya' +d' y' +ya' y"))

In computing this we only need to compute those terms arising from the contribution
of —(a+b), —y in the expansions for a’, y' respectively (for the same reason as
above). Thus we must compute

Q(tro (¥ (—y(@+b)+(a+b)y' +y(a+b)y))

Since be B ©_,, yeB, NE[c]™ (at least), we may ignore the terms involving b, so
we are left with

Q(tro (c{? (ay — ya+yay)) =Q (troy ({ yc @ — (P y+ yc @ y } )

The term in braces belongs to #[c], while ae®[c]*, thus try({...}a)=0, and the
character is trivial.

6.11. COROLLARY:

(a) ker @i is a normal subgroup of TPy .

b) Pi’,‘,;‘o_)l, P.,,;(o_)l, are normal subgroups of T© Py ,.

(o) P /ker @\? is central in Py [ker 0.

Proof. — Part (a), and the first assertion in (b) follow immediately from Lemma
6.10. The second assertion is proved by a calculation similar to the first part of the
proof of Lemma 6. 10 [i. e., the part not involving E, (i{%, f{*’—1): one only has to show
that T normalizes Pyo and T commutes with ¢|?]. Part (c) is trivial, given
part (a).

6.12. We may now imitate [M], 4.8 to form J#;, which by definition is
Py, _ /ker o, and Z; =P}, _ /ker ¢

Let s, denote the image of E,(i?, f{®—1) in #;, and let Z,=%; N\ H#,. An
argument similar to that in [M], 4.8-4.9 then implies the following result.

LEMMA. — 5, is a Heisenberg group: every element has order p, and
Z,=(H#\, H)). Furthermore TPy acts on # ) via conjugation, and this action factors
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through the action of the symplectic group (defined over F,) that is associated to #,.
Furthermore Py(0) acts trivially by conjugation.

We remind the reader that the form on s#,/%, is inherited from the map

(0)

0
Pyo (k—1)x Pyoy (k—1) > P, 00_; (k—1) > S
where the first map is the commutator map.

6.13. From the theory of the Weil representation, there is a unique irreducible
representation 8{? of #, which is parametrized by ¢{” on Z,, and 8{* extends in a
unique way to an irreducible representation 5{* of TO Py .

To complete the construction of p{” on By, ,, we extend it, via
x = Q(tro (¢ (x— 1)),
to Ly just as before. (Note that f,_, >/, 80 iy 24+ 1.)

6.14. We want to extend p{” (£ odd) to all of PT=1~’\,,u. Py yPy o) Again, we
have

®Py,.. Pe) NPy ,sPoNU(i®...®f,1, E,®...®E,_)).

Suppose that k=1. The Heisenberg construction above was constructed on a quotient
of E, (i, f¥~1), and the intersection of this with PN Zg (c?) is P, _) N Zg (c{”)
by 4.15(b); the representation p{” is given by the character Q(tr,(c{”— —)) on this
group. But this character is trivial on

Py NZg(ENNU®...80f,-,E, ®...®E,_))

since ¥ eLieU(f,, E,).
It follows that p{”’ can be extended to Py in a trivial manner.

6.15. The construction of p{ is similar to that of p{”’, when f{>1. The new problem
that arises is to show that the representation p{"’ extends on Py =1 Py ) For this
we make use of definition 6.5 ().

We know that

Py, . . .ﬁw(n)nﬁwﬁ_ugpgg_‘lmU(fl@. .. ®f_,E,®...®E,_)

By assumption, ker (Q(tr, (c’l“))))gP‘f'(_l,l)l)_l NUf,®...®f._,) [assumption 6.5 (b) (i)].

The ramified filtration on P¢~1 implies that P?J—l {)/Py(—ll)l)_l is abelian. Now, on
P?l(’n, p® is defined by the character Q(tr, (c{")). By assumption 6.5 (b) (i) and Lemma
I 3.12, and the duality lemma 4.19 and theorem I 2.13 (iv), it follows that we can

extend p{’ to Py ,_, via the character Q(tr, (c\")).
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The extension to the groups Pyc-2...Py o, now follows, because for example we
have

(p\y“. . .l~)w(r~1))ﬂl~5\y(z—2)gPiY—z)ﬂ Ufi®. .. ®fr—¢+1)

and the right hand group lies in Py~ v <Py since if ™V <4~ always (since £~ is
odd, this inequality is strict), cf. 6.5 (b) (1).
The extension p{?, k> 1, is similar. Indeed by assumption

P m(r) =) 2 sw,  and P(m 2 Pﬁi}) 2 Pﬁ?r)

so one can extend by the character Q(tr, (c;"")), as usual.
6.16. So far we have assumed that f{)>1.

We now indicate how to modify the construction in case f{ is equal to 1, when
t>r—1

First, we use Py as constructed in 6.6: that is

P f’ Py

where
Py =P (n,— 1) Pyo

To construct the representation p we take the cuspidal representation ol of
P®° (n,— 1) which by definition is trivial on P{ (n,—1). The assumptions on the action
of P®(n,—1)/P®°(n,—1) on o ensure that this representation induces irreducibly to
P® (n,—1)/PY (n,— 1) to that by inflation we obtain a representation of P® (n,—1). This
representation is trivial on P{ (n,— 1) hence extends trivially to Py by defining it to be
trivial on Lyw_,. The extension to Py ;.. .Py g, is clear since the representation is
trivial on anything below level 1.

The rest of the construction is similar to what has gone before. If f{ is even, it is
the same. If f{ is odd one proceeds as before, but now one uses the fact that
P"(., o PY wio | are normal subgroups of P® (n,—1)PY o » Via an easy variant of Lemma
6. 10,

This gives rise to a Heisenberg group #, on which P® (n,—1)PY, acts as a group
) : : ke : ek
of automorphisms via conjugation. Under this action, P{ (n,—1) acts trivially, and
P®(n,—1) acts through the symplectic group since it stabilizes the character @{.

6.17. Suppose that t=r—/[ If n,>1 we simply take the construction given in
Section 5 on Py, and extend the resulting representation to Py in the same way as 6.16
above.

On the other hand, if n,=1 and f{=1, we construct p} just as in 6.16: it is
trivial on P, ,. By assumption 6.5 (c) (ii), we can extend this representation to
Pye-1-1=Pye-1, and using 6.5 (b) (ii) as we already have earlier, we can extend p} to
all of Py : p]=py, in this case.
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6.18. We have defined finite dimensional irreducible representations py®, py,, on Py.
We can take their tensor product Py, ® . . . ®Ppy® pyo as well. h

DEeFINITION. — Given a T-cuspidal datum Y=Y, ... WY "= ) we define the
representation py on Py by

Py =Py, ® . . . @ Py)® Pyl0.

6.19. The reader may wonder if the apparent asymmetry in our construction with
respect to (non) ramification is necessary, The answer is that in the framework we have
established, it is; the reason lies in 12.14-2.15. Namely if we attempt to form L@’ .4
then @ in case ./ has period 1, we must take @' A =L DA and the resulting
filtration must be the one arising from powers of the Jacobson radical. This filtration
only has the kind of properties we want for our construction with respect to a compact
maximal torus T, when T is unramified (i.e., the extensions E; are unramified
over k). Otherwise one finds that if one attempts to use this filtration to look at an
unramified part of a compact maximal torus first, it is quite unnatural. One can see this
by looking at examples in Spgs (A=E,;®E, where E, is quartic ramified over k, E, is
quadratic unramified over k).

We remark also that in the calculations in [Mo2] (reference in I) for GSp, one does
not need to look at E,®E, (E, ramified, E, unramified) by examining E, first. Indeed
the supercuspidal representations that arise from the associated tori can always be
detected by means of a character on E, first.

7. The main theorem

7.1. In the preceding two sections, given a T-cuspidal datum ¥, we showed how to
construct a finite dimensional representation py of a certain open compact
subgroup Py. In this section we show if py is suitably induced up to G, the result is
an irreducible supercuspidal representation of G.

7.2. We begin by recalling some facts about representations of locally compact totally
disconnected unimodular groups. If H is closed, unimodular, and p: H - V is a smooth
representation of H, then we can define

¢—Ind§ (p)
to be the representation of G whose space is the space of functions
fi G-V

such that

@) f(hg)=p(h) f(g), all heH, geG.
(ii) there exists a compact open subgroup K, such that f (kg)=1 (g), all keK, ge G;
(iii) f has compact support modulo H.
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We note that if H is open compact, then condition (ii) is implied by condition (i),
while if G/H is compact, condition (iii) is satisfied.

In any case, the action of G on this space is via right translations, and the resulting
representation is smooth.

Suppose that H is open, and compact mod centre. It is known (see [B1], theorem 1)
that if ¢c—Ind§ (p) is admissible, then it is a finite sum of irreducible supercuspidal
representations of G. It is also known that if ¢—Ind§(p) is irreducible, then it is
admissible, and hence supercuspidal, since it plainly has compactly supported matrix
coefficients. (For a proof of this, see [C], Section 1.)

7.3. We are going to show that ¢c—Ind§, Py, is irreducible. For this it is enough to
show that the only intertwining operators are scalars. (For a proof of this, see loc. cit.).
The preceding remarks then imply a fortiori that it is supercuspidal.

Recall (loc. cit., or [M1], 4.2) that

Endg (¢ — Indg (Pw))~ ) HOmP\p(\gPlp (P, ’Py)
P\y\G/P\y

Since ¥ is fixed throughout the discussion that follows we shall omit it as a subscript,
to alleviate notation.

Suppose that S intertwines p, ’p on P P. Observe that

P=Pey,®. .. ®py H®P®. .. ®p.

Thus S intertwines p, ”p on Pfo)(o)ﬂngo’(o) as well. The construction of Section 6
implies that p}= p‘°’|P( oy is always a character, and moreover that on P“l’ ﬂ"’Pff:’(o)
the representations p}, ”pl are multiples of Q (try (c{?)). %, 2Q(try (c®)). % respectively,
where y is a character represented by an element of €[c”’]”. Applying Lemma 4.23

we see that

geP‘«»z (c<°))P‘«»

7.4 Assume for the time being that f4>1. Consider the subgroup P'=P, ; w.
P('u', 1) P(1 . PO 0. (This is a subgroup, by the same sort of argument that was
used in Sectlon 6.6. ) We can consider p'=p{"® ... ®p{"@p{Y restricted to this group;
we note that p’ is a character.

LEMMA. — P:‘(:O)’ stabilizes p’.

Proof — We show that the commutator of an element of P’ with an element k of
PG (o), lies in the kernel of p'.

To start, consider an element y of P:?()O). Then (k, y)eP‘fo(:O). By construction, P f(o)
is contained in the kernel of p’.
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Next, consider an element of P( (s which we denote by 1+ y, where ye,szig’ ~. We
can write, by 4.15,

P(?o))_( (0)ﬂU(f1® @f 1))P((0)(1)E (1(0) f(lo)—l)

since Zg (¢c)=U(f1®...®f,-) X Zy, frEp ().

Now P((O) (1) acts trivially on P( <1)CU(f1®. .. ®f,_,) and the left most group in the
decomposftlon above is contained in P( (1 by 6.5 (b).

Then regardless of whether ;") is even or odd, we have (P‘:m, “()1))CP( 7 which is

contained in the kernel of p®...®p". On the other hand p{? acts on P g via a
linear character, so it is trivial on commutators.

We are left with showing that the commutator of an element of E, ({2, £ — 1) with
(1+y) lies in the kernel of p’. Let 1+a+beE, (&, f?—1) where ae%[c{V]* N B,
be.@f‘goy_l.

We may write b=5b,, +b,, +b,, +b,, (cf.- 1 3.12) where b,.jeﬂﬂlo)_l (i, j) (notation of
loc. cit)). In particular, b, ,, b,, € €[c\V]*, while b,, y=yb,,=0.

Set a;, =a+b, and let (1+4’), (1+)") denote the inverses of 1+a,, 1+y respectively.
We find
(I+ay, 1+p)=(+a)(A+y)(1+a)(1+)y)
=(1+a,+ty+ta,y)(1+a+y+ady)

=l+yad'+yady'+d y+a,ay +a,ya+a,yay

since a, +a’'+a,;a’'=0, y+y +yy' =0.

Before going any further we pause to take note of the fact that by assumption 6.5 (d),
Pg(’l)gpg‘” NU,®...®f._,). In general the same result holds if we replace (1) and
(0) by (s), (¢) respectively where s> ¢, and similarly if we replace P by .7~ throughout.

Applying these remarks to the calculation above, we find that

(l+a)(l+y)eP( (0),

at least which means that in terms of p{” we can compute its kernel via Q(tr, (c;?)).
The same is true for the p{, >0, because on P( (1)P( (0 they are defined in terms of
representatives which lie in € [c{”]” as well.

Next, observe that b,,, b,, (in the decomposition above) lie in € [c{”]*, and also that
b1 V'=y"b,; =0, for any integer n=1.

We have q, yy’ed(ﬂlo), by the assumption remarked upon above, and similarly with
a,ya’. This leaves us with 1+ya’+ya'y' +a,y +a,yy’. Now

a=—(a+b)+(a+b)?—(a+b)3>+

ay=a+b=a+b,+b, +b, tby,=a,+b;;+b,,.
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By the remark above concerning b,,, we can drop the term in b,,, so that we can
replace @’ by —(a,+b,,)+ (ay+b,,)*. .. and a, by a,+b,,. Then we find

l+ya +yad y+a,y +a,ya
is equal to

1+(_yaz"ybzz+J’(az+bzz)2)- . .)+y(—a2—b22+(a2+b22)2. -y
+(ay+by) (V) +(ay+by,) 3y
=l=ya,+ta,y' —yayy' +a,py' = ybyy = ybyy y' + by, y" + by, ' y mod ﬂ,«»

Subtracting 1, and applying tr, (c;‘?) we see that all terms involving a, will vanish, since
aze‘é [c‘o’]l and ¢}, y, y'e% [c{”]. On the other hand, all terms involving b,, will lie
in o7 ro since

yed N5 @™ [by (6.5(d)]

Thus we have shown that the said commutator lies in ker p{?. It also lies in ker p{)
for t=1 since (i) by assumptlon 6.5(b) P?)(l)o,Cker p{ (and the construction in Section 6),
and (i) on P( PO L), p¥ is defined by a representative from € [c{”]”, so that exactly
the same reasomng ‘as above applies to p? as well.

Passing to ng(z), we again write
‘3)’) (P‘?&n U(/i®...®f-1) P‘«»(I)E @@, -1

As before, we can ignore Pf.(oo’, (1). The same calculation as before works for
E,G(Q, fQ—1). As for the left most group in the decomposition above, by assump-
tion 6.5 (b) it is contained in P‘ \(, SO we may compute as above, replacing P& (0), by
P(lm The result follows in this case The general case is now clear, and we leave it to
the reader.

7.5. Recall the situation in 7.3: we have:

ge P((O) Zs () P(m)

We also know that Pf.(?)), stabilizes p’, that is PE?O)) normalizes P’/ker p’ and stabilizes p’
under this action. If we write g=p, zp, where ze Z (), piePf.f:o)) (i=1, 2), this implies
that z also interwines p’.

We can write

zeU(/i®...®f,- )X ZU( fnEp) (¢M)=Zs ()

Consider the representation p” within the block U(f,, E,) given by p{0'®...®p%
restricted to the group P; il (ng—1)...Pyo (1) (where again we assume f, >1).

We always have #0> z‘°)> R 110) so that the commutator of an element of P‘(o) with
an element of P( (@ (—1) for (I22) always lies in P ”0) By construction (6.8, é 13),
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P}";o) lies in the kernel of p{® restricted to Pl (n,—1)...P{l(/~1), while on
no
Pﬁ?ﬂoz (-2.. .P‘igzo)(l), p{? is the composition with a determinant which is trivial on

commutators. It follows that P:flﬁ)) stabilizes p”'.

Thus z=(g,, g,) intertwines this, and g, acts trivially. We can then argue as in [M],
Section 5 to conclude that g, € T®, modulo (double cosets of) congruence subgroups. If
Juo=1, we can adapt the argument of [M], 5 to show that g,eP(n,—1) modulo other
congruence subgroups.

As for g;, we can now treat it the same way g was treated, to reduce it further within
U(fi®...®f,-,). We conclude that if Se Homp,,sp,, (P, ? p) then gePy, hence S is a
scalar. T B

7.6. To complete our discussion, we must deal with the case where ] =1.

If T 1is wunramified, one applies [M], 5.3 directly. If not, consider
Py, ®p7 V@ ... ®p{" restricted to the group P‘“’Pg_(r'__ll_)l). . .Pﬁi)(l)Ps?’(o).We call
this representation p’ and write it as py,®p;. Suppose then that S intertwines p, 9p (as

in 7.3). The same argument as in 7.3 implies that geP(i(l’()O) Zs () ng‘},’).

Now consider P;j’()o) and py ®p;. A variant of Lemma 7.4 implies that P?l))(o) stabi-
lizes pj. It also stabilizes py ; this follows from the definition of the extension of py 7"
to py, [and implicitly, the assumption 6.5 (c) (ii)]. This means that we may assume
g€Zs (YY), just as before. Thus g can be written as g=(g,, g,) where g, €U (f,, A,),
2eU(fi®@... @1, E+1, ®...®E,). As before, one deduces that g, lies in a product
of compact tori times parahoric subgroups (of centralizers). Since g, acts trivially on
U (f,, A,) we can confine our attention to g, and argue as in [M], 5.3 to deduce that
g,€P,, where P, is the parahoric subgroup in U(f,, A,) that stabilizes the lattice chain
constructed in I 3.4.

8. Afterword

8.1. The representations that we have constructed are not the most general that can
be produced using the ideas in this, and the previous paper I. In this section we
shall indicate how to modify the earlier constructions and definitions to produce other
supercuspidal representations; for simplicity we have avoided incorporating this into the
main body of the paper. We shall simply indicate the ideas, and the changes that must
be made to the key definitions; the interested reader can either await further details, or
supply them.

The idea is quite simple. Suppose that T is a compact maximal torus associated to

A=E,®.. . @E®E,,®...®E, Y traceg, (4;x;0,») as in 13.1. Suppose that say
E,, . . ., E, have the same ramification degree e> 1, and that

max { ordg, (1) } Smin; {ordg () } +1;  m<Zi<r.
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Then E,@® . . . ®E, behaves sufficiently like a field that we can imitate the constructions
in this paper and I, on replacing E, by E,® . .. ®E,.

8.2. We begin with the filtrations associated to compact maximal tori described in I,
Section 3; in particular we use the notation of that paper freely. Suppose then that T
is the compact maximal torus associated with A=E, ®.. ®E®E,,,®...®E,,

z traceg, (K; X; 0; )-

Assume for the time being that /=0 (no unramified extensions). We denote by 0, . . .
the ring of integers... associated to E;. Let v; be the E;-valuation of p,, e; the ramification
degree of E, over k. Suppose that e; = ... =e,=e, say.

Let 0,=@ 0,,2,=@® 2, Then 25=n0,, so that {#}},., defines an O-lattice

chain % in A (henceforth identified with V).The dual lattice chain #* has been computed
in [M], 2.3; it is simply the chain {p™'2,7°7"}, _, where we write p=(p, . . ., ).

LemMMA. — Z\J Z* is a lattice chain if and only if the following condition is satisfied:
Let v=max {v,, ..., v,}. Then for each i,

v=2v;=2v— 1.

Proof. — Suppose v=v,, then 1—=n—e—v;=min{1—n—e—v;} for a givenn. It
follows that

1-n—e-v -1 1—e—n
Py 1ou™ 2, .

Now 23" ¢ "1e ¥Z;if £\UJ L* is a lattice chain we must have

'@}\-n—e—vl gu—l Qk—e—ngyi—n—e—vl

which is equivalent to the condition in the statement of the lemma. The converse is
easy.

8.3. In [M], we began by considering the case where v;€{0,1} in 8.2. But the
essential feature for many of the arithmetic constructions of Sections 2 and 3 of [M], is
the existence of a principal hereditary order A associated to a lattice chain %, such that
#Z=ANGcA is a hereditary order as well (with lattice chain # \J £¥), whose Jacobson
radical # has the property that either # or %2 is principal.

If we take the lattice chain % in 8.1, the associated hereditary order A is principal,
for its Jacobson radical is generated by n,=(xn,, ..., n,) (see e.g., [M], 2.3). Thus, if
the condition of Lemma 8.2 is satisfied, then # \J #* is a self dual lattice chain with
associated order &/ =A (M o A where A is a principal order.

Furthermore #=4,, is principal or %2 is principal. Indeed, in Lemma 8.2, let
r,=min {1—e—n—v,}=1—e—n—max v;=l—e—n—v. We see that r
i i

w1 =rn— 1

always, and it follows immediately that if % is not principal, then %2 is principal, and
it is generated, by = .
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Following [M], 2.7 we set P=o/ NG, P={xeP|x=1 mod #"} when n is a positive
integer. One sees immediately that Propositions 2.11 (approximation theorem) and
2.12, together with their proofs, hold in this framework.

8.4. The other key feature in [M], is the notion of principal element; this too, is easily
defined in our context. Namely let X e A, and write Ay for the algebra generated by X;
it is a direct sum of subfields of the E,, and we let Oy be the obvious order in Ay, with
radical x. Now assume that there is an integer ex=1 such that 2X=n0x. Using
this property, and the fact that A is principal one sees that Proposition 2.21 of [M] (the
analogue of 4.10) holds. Let C, be the group defined in [M], 2.23 (¢f. 4.1).

DEerFINITION. — We say that XeA is a principal element if the following conditions
hold:

(i) X+oX=0;
(i) 2¥E=mn0x;
(iii) XeC,.

For such elements one finds that the results in [M], 2.24-2.33 are valid. (The proofs
are exactly the same.) In particular, 2.24, 2.28, 2.32 of [M], are the analogues of
4.12,4.13, 4.14, respectively, in this framework.

8.5. We return to the situation of an arbitrary compact maximal torus T arising from
A=E,®.. ®E®E, ®...®E,Y traceg,, (W; X;0;y;). Suppose that we can write

A=A,PA,,®... DA, where A,=E,®.. . ®F,and if [+ 1<j<s,

A;=E; 1®...®E,
where E; 4, ..., E; iy have the same ramification degree, and (with the obvious notation)
the elements v; 4, . . ., v; ;, satisfy the property of Lemma 8.2. We warn the reader that
A; need not consist of all fields with the same ramification degree (and satisfying
condition 8.2).

Associated to A,, A,, 4, ..., A; we have the lattice chains &, #,,,, ..., M, Here
&, is the same as 3.5, and #,,,, ..., .#, are the chains associated to A,,, ..., A,
by 8.2 above. We can now form the chains ¥ ,=%,=...=%; L. ,=L.@M,,,,
L1y =L My, ... L =L ,_ DM, by the summing procedure of I Section 2.
We note in passing that I considered the case where each A;(j>/) consisted of precisely
one field.

It is routine to check that Proposition 3.11 remains true except that 2, is not necess-
arily principal, generated by n,_in this situation. Lemmas 3.12, 3.13 and 3.14 remain
true (and their proofs remain the same) in this more general situation.

8.6. The definitions imply that if 2, is not principal then 22 is principal, and is
generated m, . (One simply checks the description of .#; as given by 8.1-8.2.) If

¢;€A, is principal, then ¢,=my b, where b=(b, ,, ..., b, ;) and each b, ; is a root of
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unity of order prime to p (see [M], 2.23). This means that if 2, is not principal then

€M=" NA"* NEnd, (V,)
=%B4m (N End, (V)

If 2, is principal, then as before c¢,€ 25 =4%,,, M End, (V,).

With these remarks made, one sees that the appropriate variant of Section 4 remains
valid, when one replaces ¢, by ¢, throughout, given the last assertion of 8.4.

This brings us to the definition of cuspidal datum. For the unramified case (Section 5)
this is just as before. For the ramified case (6.4-6.5) we proceed as follows. First, in
lieu of definition 6.4 we use definition 3.18 of [M]. Secondly, with this done, we
proceed as before with definition 6.5, with the proviso that any ¢ that appears (impli-
citly or explicitly) is to be a principal element, unless it is associated to A,, in which case
it has already been defined in Section 5.

One can then carry through the constructions and results of Sections 6 and 7.

8.7. Example. — We return to the example 3.9 (b) (ii) of I. In that example we saw
that the torus T embedded in the parahoric subgroup whose associated order consisted
of matrices of the form

a a a
a @ o
a e e e
[SENC I I

and the filtration was the same as that of 3.9 (b) (i).

On the other hand a glance at the definitions tells us that for this torus (associated to
A=E,®E, in the notation of the example) the condition 8.1 is satisfied. Carrying out
the definitions we see that T embeds in the parahoric subgroup whose associated order
has the 2 x 2 block form

(« o)
n 0

and the filtration is the period 2 filtration arising from powers of the Jacobson radical.

Both of these parahorics, and the corresponding filtrations, occur in the construction
of supercuspidal representations for Sp, arising from T. Indeed, one can see why by
considering a character y =7y, X x, on T, xT,. If %, and y, have conductors of differing
levels, one would be led to the constructions of Sections 6 and 7. If they have conductors
of the same level, one is led to the constructions sketched in this section.
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