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THE CALCULUS OF BOUNDARY PROCESSES

By Jean-Michel BISMUT

ABSTRACT. — This paper is a systematic study of the transition probabilities of the boundary processes
associated to a class of reflecting diffusions. The main tools are the theory of stochastic flows, the Malliavin
calculus of variations on diffusions, the calculus of variations on jump processes, the It6 theory of excursions
and the stochastic calculus on continuous and non continuous semi-martingales. The smoothness of the
boundary semi-group is related to the degree of degeneracy of the second-order differential operator defining
the diffusion at the boundary.
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The purpose of this paper is to study the semi-groups associated to a class of jump
processes, which are the boundary processes of reflecting diffusions. The main technique
is the stochastic calculus of variations. Since we are using this calculus on diffusions
and on Poisson point processes, we start by giving a brief history of this technique.

Consider the stochastic differential equation:

0.1) dx=X0(x)dt+.Z X;(x).aw',  x(0)=x,,

i=1

where X, X, . .., X, are smooth vector fields, and w=(w!, w?, ..., w™)is a Brownian
motion. Here (0. 1) is taken in the sense of Stratonovitch [31], so that its infinitesimal
generator is the second order differential operator #° given by:

0.2) L°=X,+1/2 ¥ X2,

i=1

This paper has been presented at the Katata Conference in Probability, July 1982.
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508 J-M. BISMUT

£° is written in the form of Hoérmander [15]. If xeRY the transition probability
p,(x, dy) is a solution (in the sense of distributions) of the forward Fokker-Planck
equation:

)
0_1:_33*1’=0’ p0=8x’

where £°* is the adjoint of #° with respect to the Lebesgue measure.

The existence of smooth densities for p, (x, dy) can be obtained by using Hérmander'-
theorem on the hypoellipticity of second-order differential operators ([15], [24], [42]).

In [29] and [30], Malliavin described a purely probabilistic method to prove the
smoothness of p,(x, dy). If (Q, P) is the probability space of the Brownian motion w,
he showed that it was possible to obtain an integration by parts formula
on (Q, P). Malliavin used as a main tool the Ornstein-Uhlenbeck operator .«/, which is
an unbounded self-adjoint operator on L, (Q, P), and the associated Ornstein-Uhlenbeck
process. Still using the Ornstein-Uhlenbeck operator, Shigekawa [34], Stroock ([36], [37],
[38]), Ikeda-Watanabe [17] simplified and extended Malliavin’s original approach. In
particular the estimates which give the smoothness of p,(x, dy) were obtained in
Malliavin [30], Ikeda-Watanabe [17] and improved in Kusuoka-Stroock ([26], [38]) where
the full Hérmander Theorem was in fact obtained.

Another approach to the Malliavin calculus was suggested by us in [7]. Instead of
relying on the Ornstein-Uhlenbeck operator, it uses the Girsanov transformation on
diffusions [39]. An integration by parts formula is then derived, which is also a conse-
quence of a result of Haussmann [14] concerning the representation of Fréchet differentia-
ble functionals of the trajectory x as stochastic integrals with respect to the Brownian
motion w.

The Malliavin calculus on diffusions gave the result that if #° is well behaved on a
neighborhood of the starting point x, then for t>0, p,(x, dy) is smooth on R? which is
a result which is not a consequence of Hormander’s theorem. By using a localization
procedure, Stroock [36] was able to use this first result to prove that if #° is well
behaved on a neighborhood of y, then p,(x, dy) is smooth on this neighborhood, this
last result being a consequence of Hormander’s theorem. As we shall later see, for
boundary processes —which have non-local generators—smoothness does not propagate
in a similar way from the starting point [see section 1 ( f)].

Among the applications of the Malliavin calculus which will be useful to us, let us
mention the work of Bismut-Michel [10] on conditional diffusions. In [10], results on
conditional diffusions are obtained by doing the variation only on certain components
of the Brownian motion w.

In [8], we developed a calculus of variations for jump processes. Namely, we conside-
red in [8] the equation:

t
0.3) x,=x+j Xo(x)ds+y,
0
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THE CALCULUS OF BOUNDARY PROCESSES 509

where y, is an independent increment jump process, whose probability law is modified
using the Girsanov transformation on jump processes in Jacod [19]. An integration by
parts formula on an infinite dimensional non Gaussian probability space is obtained
in [8]. The estimates which are necessary to study the regularity of the semi-groups
associated to such jump processes are very different from the corresponding ones for
classical diffusions. In particular it can take a strictly positive time for the transition
probability p, (x, dy) to get C°, then later C...

We do four remarks on the results of [8].

(a) Although the law of the process x. given by (0.3) is modified by a Girsanov
transformation in such a way that y. is no longer an independent increment process, still
the basic work is done on a probability space where y. has independent increments. This
makes that the Lévy measure M (x, dy) depends in a “weak” way of x.

(b) In [8], advantage is taken of the vector space structure of R so that the various
jumps are “added” to each other. This prevents us from working on a manifold, or to
work with a Lévy kernel M (x, dy) strongly depending on x.

(c) In principle it would be possible to use the technique of [8] to study more general
stochastic differential equations with jumps introduced by Skorokhod and studied in
Jacod [19]. However technical difficulties do arise, essentially because the jumps destroy
the local differential structure of R

(d) Even working as in (c), it would be difficult to describe non trivial interactions
between a vector field X, and a non-local operator .# so that the Markov process whose
generator is X,+.# would be given by densities, while the Lévy measure M(x, dy)
associated to .# would be concentrated on submanifolds (depending on x).

However there is a large class of jump processes which are naturally associated
to continuous diffusions. Namely let D be an open domain in RY with a smooth
boundary dD. Let x, be a diffusion in R? which is either non-reflecting or reflecting
on dD. If L, is one local time of x on dD, if A, is its right-continuous inverse, then x,,
and (A, x,)are strong Markov processes, which are in fact jump processes. Such

boundary processes were used by Stroock-Varadhan [39] to prove uniqueness for certain
diffusions with boundary conditions.

In this paper, we study the semi-groups of a class of such boundary processes. Namely
in the first five Sections, we consider the stochastic differential equation:

(0.4) dx=X,(x, 2)dt+D(x)dL+ Y, X;(x, 2).dw’,  x(0)=x,

i=1

where z is a reflecting Brownian motion, w=(w'. . . w™) is a Brownian motion indepen-
dent of z, L is the local time at 0 of z, D, X,...X,, are smooth vector fields. A
Girsanov transformation is also performed on z so as to introduce a drift on z. If A, is
the right-continuous inverse of L, we study the semi-group associated to the Markov
process (A,, Xa,)-
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The typical model for such a problem is the case where X,. ..X,, do not depend
on z. If #°is the operator given by (0. 2), the formal generator of the boundary process
is given in this case by:

(0.5) D— /—2(2 +$°).
ot

If instead of (0. 4) we had considered the stochastic differential equation:
(0.6) dx=z1®"2X (x)dt+D(x) dL+(\/E)“””‘2 Y X;(x).dw',
i=1

where 0<B<1, using the results in It6-McKean [18] (p. 226), the formal generator
associated to the process (A,, x, ) is:

0 B
D—ka[_ a _go] 9

where kg is a given >0 Const. However we would have been forced to work with
non-smooth coefficients in the variable z. Although this would not be a serious difficulty,
we have prefered to work in the whole text with smooth vector fields.

Section 1 is devoted to the explicit construction of the diffusion (0.4). For this
construction, we closely follow Ikeda-Watanabe [17]. To (0.4), we associate a conti-
nuous flow of diffeomorphisms such that in (0. 4), x,= @, (®, X,), by using the techniques
in Bismut ([S], [6]), Kunita [25]. In particular it is shown that it is of critical importance
to study the process (A, x,,) and not x,, if we want that smoothness propagates in a
nice way.

In section 2, the calculus of variations is performed on the Brownian motion w, so
that the reflecting Brownian motion z does not vary. The technique is very close to
what is done in Bismut [7], Bismut-Michel [10]. Explicit computations are very similar
to [7]. As in Malliavin ([29], [30]), we make appear a process Cy° valued in the set
of (d, d) symmetric nonnegative matrices. Contrary to what happens for the semi-groups
associated to hypoelliptic diffusions, the boundary semi-groups may well be slowly
regularizing, in the same way as the classical jump processes studied in [8]. This last
case is labelled “non localizable™ for reasons which will clearly appear in section 5. We
consider two cases:

(a) The case where for any ¢>0, T20, 1,.7|[CX]™'| is in all the
L,(1=p<+®). Theorems 2.4 and 4.9 show then that the boundary semi-group is
given by C® densities. This is the “localizable” case.

(b) The case where for a given t>0, for any T20, x,, 15,<7|[C]™*| is in one given
L,(g>2). Theorems 2.5, 4.11 and 4. 12 show that the boundary semi-group is slowly
regularizing. This is the “non localizable™ case.

The conclusion of section 2 is that we know how to control the derivatives (in the
sense of distributions) in the variable y of the transition probability p, (da, dy).
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Section 3 is preparing for section 4, where the derivatives of p,(da, dy) in the variable a
are controlled. Section 3 also contains results of independent interest. In fact by the
It6’s theory of excursions (see Ito-McKean [18], Ikeda-Watanabe [17]), we know that the
excursions of z out of 0 and the corresponding trajectory of w define a Poisson point
process. If {F,},;, is the natural filtration of (w, z), { F, },5, is the natural filtration
of this point process. In section 3, we “embed” the stochastic calculus on {F,, },5,
martingales —which are purely discontinuous martingales—in the calculus on {F,},s,
martingales —which are continuous. The effect of a Girsanov transformation is conside-
red on the {F,},,, and the {F, },5, stochastic calculus, so that the results in Jacod [19]
on the effect of the Girsanov transformation on point processes, and more classical
results on the Girsanov transformation for the Brownian motion [40] are shown to be
deeply related. Section 3 also sheds some light on the computations of section 4.

In section 4, we develop a calculus of variations on the reflecting Brownian motion z,
in order to control the differentials of p,(da, dy) in the variable a. This calculus is based
on the characterization by Skorokhod of the reflecting Brownian motion. Even if we
still use the Itd stochastic calculus, we show that what we do is in fact a variation on
each excursion of the Poisson point process associated to z, i.e. something very similar
to what we did in our work [8]. Still the possibility of using the continuous time
stochastic calculus considerably simplifies the computations in comparison with an earlier
version of this paper, where the stochastic calculus on jump processes was explicitly
used. The main consequence of section 4 is to show that to each sort of random variable
corresponds one possible calculus of variations, so that several differentiable structures
can be put on the same probability space, in order to study different random variables.

In section 5, we start giving conditions under which C}° is a. s. invertible, which implies
that the boundary semi-group has densities. Non trivial interactions between D and
(X,. . .X,,) are exhibited so that densities exist even if the Levy kernels are fully
degenerate. It is a remarkable feature of the problem that the interaction between D
and the Lévy kernel of the boundary process is expressed through the differential operator
which in fact defines the Lévy kernel, and not by just looking at the global behavior of
the Lévy kernel. This explains the difficulty we had in [8] to exhibit such an interaction
by direct methods, i.e. by constructing from scratch a vector field D and a Lévy kernel
M (x, dy) such that such an interaction would appear.

The regularity of the boundary semi-group is also studied. The critical degeneracy of
the diffusion x. on the boundary is found so as to ensure that if on a neighborhood
of x, the diffusion x. is strictly less degenerate than the critical degeneracy, the boundary
semi-group is C®, while if x. is everywhere degenerate at the critical degeneracy level,
the boundary semi-group is slowly regularizing. The estimates of Malliavin [30],
Tkeda-Watanabe [17] and Kusuoka-Stroock ([26], [38]) for standard diffusions are used
in the whole section.

In section 6, the reflecting Brownian motion is changed into a standard Brownian
motion, so that the diffusion x. is governed by the differential operator & in the
region (z>0), by the operator £’ in the region (z<0). If £, %’ do not depend on z,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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the formal generator of the boundary process is exactly:

1 ad 12 o 0 12
D——| 2| —+2 ——| =2 = ¢
2[ (at )] 2[ ( P +$>] ’
where a, o’ are >0 constants.

The estimates are drastically changed by the introduction of two sorts of excursions
of z. In particular the non local nature of the perturbation introduced by the negative
excursions can destroy the smoothness of the semi-group when only positive excursions
appear. The Arcsine law of P. Lévy (Ito-McKean [18], p. 57) gives us a good illustration
of this phenomenon.

When the union of some Hérmander-like distributions associated to % and %’ span R?
in a uniform way, we still prove that the boundary semi-group is smooth. Apparently,
the classical {F,},5, stochastic calculus is not good enough to obtain the necessary
estimates. We have to rely on estimates on each individual excursion of z, the global
effect of piling up the excursions being analysed using the stochastic calculus on Poisson
point processes.

Some of the problems considered in this paper apparently fall out of the reach of
existing methods in analysis for two reasons:

(a) They are very degenerate.

(b) The generators of the boundary processes which we consider are not necessarily
pseudo-differential operators (see [42]) since they may well be not smooth out of the
diagonal (this is the case in section 6).

The techniques given here would apply without much change to study the harmonic
measures of a diffusion. Let us just say that the regularization effects are more interes-
ting to study on boundary processes. The case where the reflecting diffusion also diffuses
on the boundary has also been left aside.

In the whole text CZ (R¥) [resp. C? (R¥)] is the space of real functions defined on R*
which are C* with bounded differentials (resp. which are C* and have compact
support). The spaces L, are only considered for 1<p< + oo (i.e. p= + 0 is systemati-
cally excluded). The constants which appear in a priori bounds will be written C, even
when they vary from place to place.

The results of this paper have been announced and commented in [50].

1. The boundary process

In this section, we define the boundary process, which will be the object of our study.
In paragraph (a), the main notations are introduced. In (b), the theory of stochastic
flows (Bismut [5], Kunita [25]) is applied to the considered reflecting diffusion. In(c), a
Girsanov transformation is performed on the diffusion; related technical problems are
discussed in (d). In(e), the boundary process is defined, and technical details are

4° SERIE — TOME 17 — 1984 — N° 4



THE CALCULUS OF BOUNDARY PROCESSES 513

discussed in (f). Connections with the theory of hypoelliptic second-order differential
operators are underlined in (g).

(a) NOTATIONS AND ASSUMPTIONS. — m is a>0 integer.

Q (resp. Q) is the space (R *; R™) [resp. €(R*; R*)] of continuous functions defined
on R* with values in R™ (resp. R*). The trajectory of ®eQ (resp. o’ €Q’) is written
w,=w!, ..., w" (resp. z,).

The o-field F, in Q (resp. F; in Q') is defined by F,=%(w, ' s<t) [resp.
F;=%(z,|s<0)]. Q (resp. Q) is endowed with the filtration { F, },5 (resp. { F; },50)-

Q is the space Q x ', whose standard element is ®=(o, ®). F, is the o-field F,®F,
and {F,},, is the associated filtration.

All the filtrations considered in this paper will be eventually regularized on the right
and completed as in Dellacherie-Meyer [11] without further mention and with no explicit
notation. Difficulties which may arise in this respect will be underlined when necessary.

For seR™, 0, (resp. 0)) is the mapping from Q into Q (resp. from Q' into Q') defined
by:

(D:(wt) - 9s(D=(W's+t—"vs)

[resp. @’ =(z,) > 6, 0" =(z,+])].
0, is the mapping from Q into Q given by:

B, (@, ©)=(8,(®), 6; ().

P is the Brownian measure on Q, such that P(wy,=0)=1.

For zeR™, P, is the probability measure on Q’ associated to the reflecting Brownian
motion on [0, + oo[ starting at z, i.e. such that P,(z,=2z)=1 (It6-McKean [18], p. 40,
Ikeda-Watanabe [17], p. 119). For notational convenience, when z=0, we shall write P’
instead of P;.

On (', {F;},50, P,), L, denotes the local time at 0 of z. By [17], p. 120, we know
that the process B, defined by:

(1.1) B,=z,—z—L,

is a Brownian martingale such that B,=0.

Moreover it is standard ([17], p. 122) that B, generates the same filtration as z, In
particular, on (Q, P), we have:
(1.2 L,= sup (—Bjy).

0sss<t

d is a>0 integer. y=(x, z) is the standard element in R**!, with xeR’, zeR. In
the sequel, R? will be identified to the subspace R?x {0} in R***, i.e. X eR? is identified
to (X, 0) in R4*1. m is the projection operator (x, z)eR**! —» xeR".

Xo(x, 2), X (%, 2). . . X (x, 2) are m+1 vector fields defined on R**' with values
in R¢ which are C®, bounded, whose all differentials are bounded.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



514 J.-M. BISMUT

D(x) is a vector field defined on R? with values in R% which is C®, bounded, whose
all differentials are bounded.

b(x, z) is a function defined on R**! with values in R, which belongs to C{° (R4*1).

If X, is a continuous semi-martingale (defined on any given filtered probability space),
dX denotes its differential in the sense of Stratonovitch, and 8X its differential in the
sense of Ito (see Meyer [31]).

If his a C* diffeomorphism of RY onto R? and if K(x) is a tensor field on R¢
(h* 1K) (x) denotes the tensor-field on R? obtained by taking the pull-back at x of
K (h(x)) through the differential dh/0x (x) (for this notation see [5], [7], [10]). In particu-
lar if Y (x) is a vector field:

_— oh,
(1.3) (h* Y)(x)=[a(x)] Y (h(x)).

(b) The reflecting process and its associated flow.

We now build a reflecting process as in Ikeda [16], Watanabe [43], Ikeda-Watanabe [17],
p. 203.

Fix (xo, zo)eR*xR*. On (Q, PP, ), we consider the stochastic differential equa-
tion:

(1.4 dx=Xq(x, z)dt+D(x)dL+) X;(x, z).dw', x(0)=x,
1

(where dw' is the Stratonovitch differential of w').
(1.4) can be written in the equivalent It6’s form:

(1.4) dx=<Xo+% %X"x,.(x, z))dt+D(x)dL+X,~(x, z). &w', x (0)=x,
X

m
(from now on, all the summation signs ) will be omitted).
1

Of course, (1.4) has an essentially unique solution. But more can be said. Namely:

THEOREM 1.1. — There exists a mapping defined on QxR* xR? with values in
RY(®, t, x) - ©,(®, x) having the following properties.

(a) For every (t,x)eR*xRY% & — @,(®, x) is measurable, and for every ®eQ,
(t, x) = ¢,(®, x) is continuous.

(b) For any ®€Q, @ (®, .) is the identity mapping of R“.

(¢c) For any ®eQ, t > ¢,(®, .) is a family of C* diffeomorphisms of R%nto R®, which
depends continuously on teR™* for the topology of uniform convergence of C® functions
and their derivatives on the compact sets of R%.

(d) For any zoeR™, on (Q, P®P; ), for any Xo€RY, @, (®, x,) is the essentially unique
solution of equation (1. 4).

4° SERIE — TOME 17 — 1984 — N° 4
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(e) For any zoeR™, any compact set K in R* x RY, any multi-index m, for any neN
and any p =1, the random variables:
a -1
[—"" @, x)]
ox

are in L,(Q, PP, ), and their norms in L,(Q, P®P;)) may be bounded independently of
zo€R™.
On (Q, P®P, ), ¢ (®, .) is essentially uniquely defined by properties (a) and (d).

1.5) l,<n sup é—%(Co, X)
X

i, x)eK

R ly,<n sup
it x)ekK

b

Proof. — Consider the differential equation in R%

dx’
dt

(1.6) =D(x’), x'(0)=xp

and the associated group of diffeomorphisms of R? h,: x; — h,(xp)=x,. It is trivial to

see that for any n>0:
m -1
™ h, ), [ Oh, (x)]
ox™ 0x

are uniformly bounded on [0, n] x R%. Let z,e ¥(R*; R*), and L, be a given continuous
increasing process. For x,€R? consider the stochastic differential equation on (Q, P):

1.7 dx=(ht ' Xo) (X, 2)dt+(h¥ ' X) (%, z).dw', x (0) =x,.

Using Theorem [.1.2 and [.2.1 in Bismut [5] we know that it is possible to associate
to (1.7) a flow 97 “(o, .) of diffeomorphisms of R? onto R% depending continuously
on t for the topology of the uniform convergence over compact sets of C* functions and
their differentials. From [5], it is easy to see that ¢* “(®, .) may be made to depend
measurably on (z, L, ®). Moreover by [5], Theorems [.1.2 and 1.2. 1, we know that:

A a(’atz, L ]—1
[ ™ (@, x)

are in L,(Q, P) and that the norms in L,(Q, P) of the random variables in (1.8) may
be uniformly bounded in L,(Q,P) as long as the vector fields
(h,"jt‘1 Xo) (-5 2). . .(h,"_‘t‘1 X, (., z,) and their differentials remain uniformly bounded.

m .z, L
(1.8) sup !

@, x)ekK

(@, ¥)|, sup

t, x)eK

E

ox

We now set for ®@=(w, ®):
(1.9 @, (@, Xo)=hy ) (o Y @) (@, xo))-

The argument in Bismut-Michel [10], Theorem 1.6 on stochastic differential equations
which depend on a parameter and the formula of Stratonovitch shows that (d) is
verified. (e) is a consequence of (1.8). [

Remark 1. — The existence of ¢ (®, .) having the properties (a)-(d) also follows from
the results of Kunita [25].

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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CoROLLARY. — Let S be a stopping time on (Q, {F,}). For any z,eR™, on (S< + o),
PP, a.s.

(1.10) Ps+: (@, .)=0,0s®, @5(®, .)) for any t20.

Proof. — On (S<+ ), the conditional law of Bs@ given Fg is equal to
P®P,,. Moreover the local time L, is an additive functional of the strong Markov
process z,.

From the essential uniqueness of the solution of (1. 4), it is then clear that on (S < + ),
for any x,eR? PQP, a.s.

(1.11) Qs+ (®, x0)=0,(Bs®, @5(®, x,)) for any £20.

The corollary follows from the P®P;  a.s. continuity of both sides of (1.11)
in (¢, xo). O
Remark 2. — It follows from Bismut [5], Kunita [25] that the usual rules of variations

of parameters on ordinary differential equations can be extended to stochastic differential
equations. For example, for:

-1
xo€RY Z,= % @ x,) and Z;= [ 99 (®, xo)] ,
O0x 0x

are the solutions of the stochastic differential equations:

0X
0x

_ X,

dzZ i(x, 2)Z.adw',  Z(0)=I,

x, z) Zdt+ Z—D(x)ZdL+
X

(1.12)
dz'= -7’ %(x, 2)dt—2’ a—D(x) dL-z’ %(x, z). dw', Z'(0)=1
0x Ox 0x
In (1.12), x, is of course the process ¢,(®, x,). We will use these facts without
further mention.

Remark 3. — The situation considered here is very similar to the situation studied in
Bismut-Michel [10]. As in [10], z, and (x,, z,) are Markov processes. The analogy will
be better illustrated in the sequel.

(¢) The Girsanov transformation.

Take (zo, zo)eR*xR*. On (Q, P®P,), consider the stochastic differential equation:
dx=X,(x, z)dt+D(x)dL+X;(x, z).dw', x (0)=x,,
1
(1.13) du=--5[b,+b2](x,z)dt+b(x,z).dB, u (0)=0.
It is of course possible to apply to the system (1.13) the same techniques as to the

smaller system (1.4). In particular, there is a function u, (®, x) defined on QxR+ x R?
with values in R, having the following properties:
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(a) For each (t, x), ®— u,(®, x) is measurable and for each @, (¢, x) - u,(®, x) is
continuous.

(b) For any ®, uy(®, .)=0.

(c) For any ®, u,(®, x) is C® in the variable x, and its differentials are jointly
continuous in (¢, x).

(d) On (Q, PQP, ), for any x,e€R?, u,(®, x,) coincides with the process u in (1. 13).

These facts will be used in section 2.

(X0, 2o) is now kept fixed.

DEFINITION 1.2. — On (Q, P®P,), if x, is the process ¢,(®, x,), M, is the >0
continuous martingale:

t t
(1.14) M,=epr b(x, zs)SBs—% j b2 (x, zs)ds}.
o o

Using It0’s calculus, it is clear that M, is the unique solution of the stochastic
differential equation:

(1.15) dM=M,b(x, z)8B, M(0)=1.

Since b is bounded, it is easy to see that M, is in all the L,(Q, P®P, ). Also note
that: '

M,=exp u,(®, x,).

Proceeding as in Bismut-Michel [10] (and of course as in lkeda-Watanabe [17]) we
now define a new probability measure on Q.

DEerFINITION 1.3. — For (xo, zo)eR*xXR¥, Q. ., is the probability measure on Q
whose density relative to P on each F,is M,, i.e.:
d X z =
(1 . 16) M =M,
d(P®P,)

By the fundamental property of the Girsanov transformation ([17], p. 178, [40]-6),
under Q,, ., the process:

t
B =Bt—J b (x, z,) ds,
0

is a Brownian martingale, and (w!, . .., w", B) is a m + 1 dimensional Brownian martin-
gale.

(d) The Girsanov transformation at infinity.

The discussion which follows is based on the ideas of Follmer [13] (see also
Azéma-Jeulin [2]). Since we do not need the full development of the theory of the
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Follmer measure, we will just illustrate a few points in the particular case which we are
treating,

In what follows, the filtration {F,},,, is made right-continuous, but is not completed,
since we will deal with several probability measures on Q which are not necessarily
equivalent on F . (x,, z,) are as in (¢).

ProrosiTION 1.4. — Let T be a { F,},5, stopping time, and A eFy. Then:
.17 Qixo. z00(A N(T< +00)) =EF®%0[1, (1< 4 o) Mql-
Proof. — For any neN, AN (TZn)eF; , ,, so that:
(1.18)  Qup,20(AN(TSM)=EP®"= My o, L o sl =E" ® P20 M1 1 - renl
Making n — + oo, and using Fatou’s lemma, (1. 17) follows. [J
In particular for any stopping time T:

(1.19) EP®P% (11 4 o M{]S1

(which of course also follows from the fact that M, is a 20 martingale). It can also be
proved that for any stopping time T:

dQ=M;dP+(dQ— M, dP),

is exactly the Lebesgue decomposition of Q relative to P on Fy ([13], [2]).
We will now illustrate these various facts.

DEerINITION 1.5. — A, is the right-continuous inverse of L,, i.e.:
(1.20) A,=inf{A=0; L,>t}.
Of course for t>0:
(1.21) A,-=inf{A20; L,>t}.
For any t20, A, is a { F, },,, stopping time. Moreover it is classical that for any ¢ =0:

(1.22) A, <+, PP, as.

In general (1.22) does not hold for the probability measure Q) ..
We give a trivial example of this fact.

Example. — Assume that b is equal to a constant §#0. Then:
1 2
M,=exp|( 0B,— 58 s )
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Using (1. 1) and the fact that for any 20, z,, =0, we find that:
(1.23) MAt=exp<—620—8t—%82At>.

(@) If 8<0, for s<A, B,2—z,—t so that 3B;<8(z,+1t). M, , is then a bounded
martingale, so that:

(1.29) E"®"'[exp——8t-—%82A,]=l.

(1.24) illustrates the well-known fact [18] that A, is a stable process with exponent 1/2
and rate \/5 Due to (1.17), we find that:
(1'25) Q(xo, 0)(At< +w)=19

Quo, o) is then equivalent to PQP on F,, and its density on F,, relative to PQP" is
M,.

t

(b) If 6>0, M,, is <1. Using (1.17), we find that:
(1.26) Qxo, 0y (A< + 0) =exp—(25t).
Let T, be the stopping time:
To=inf {t>0; z,=0}.
Clearly:
My, =exp ( —8z— % 82 TO).
Using (1. 17) again, we find that:
(1.27) Quxo, z0) (To < +00) =exp—23z,

(here we use the known fact [18] that EP®P%, o~ PTo— ¢ ~V2 P 20),

Let L° be the last exit time of 0 for the process z i. e.:
(1.28) L%=sup{s=0; z,=0}.

We may write:
(1.29) MAt=exp<8t—%SZAt)exp—QSt.

Using (1.29) and the argument in (a), it is clear that under Q,,, o), the law of z,(s<L°)
is equal to the law of the reflecting Brownian motion z with drift —& with a killing
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associated to the additive functional 28L, This is made clear in
Jeulin-Yor [22]. Finally note that (1. 26) is equivalent to:

(1.30) Queo. 0 (Lo >1)=exp—25t.

Under Q,, o L, follows an exponential law (this also follows directly from It&’s
excursion theory).

Of course (1.26), (1.27), (1.30) may be obtained without effort using the methods
of [18]-[22]. However this example illustrates the fact that even if on (Q, PQP; ), M, is
{F,},»o-martingale, M,, is in general a {F, },,, supermartingale and can even be a
decreasing process. As shown by (1.29), the process (x,, z)) (s<L° (which is really
what will interest us) can be eventually described as a process for which L°= + o
(associated to a new Girsanov exponential), and killed at a rate which is a multiple of L,.

(e) The boundary process.

We now define the boundary process which is the object of our study.
A is a cemetery point, so that R* xR\ J{A} is the state space of the boundary
process.

DEerFINITION 1.6. — D is the set of functions (a,, y,) defined on R* with values in
(R*xR% U {A} which are right-continuous with left hand limits such that if § is the
function defined on D by:

(1.31) {=inf {t20; (a, y)=A},

then if { < + o0, for s=(, (a,, y;)=A.

D is of course endowed with the Skorokhod topology (see Billingsley [4]) so that it is
a Polish space.

DEfFINITION 1.7. — Let (ag, Xo)€R™ xR% On (Q, Q,, o), the boundary process
(a,, y,) with values in (R* x R%) U {A} is defined by:

(1.32) {(% 2)=(a+A, Op, @, X)) t<L,,

A, t=L,.
Note that on (Q, Q,, ), Ay=0, so that (a(0), y (0))=(ao, yo)-

Since L, is an additive functional of the strong Markov process (¢, (®, x,), z,), and
since for any t>0, on (A,< + ), z,, =0, it is easy to see that (a,, y,) is a strong Markov
process.

DEerINITION 1.8. — Take (ag, Xo) as in definition 1.7. R, ., is the probability law
on D of the process (a,, y,) under Q. o)

The system of probability measures { R, ., } on D defines a strong Markov process,

which is the object of our study. More precisely, we shall study the smoothness of the
probability laws of (a,, y,) (t>0).
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(f) A few remarks on the boundary process.

Let Y (x, z) be a C* vector field having the same properties as X, X, . . . X,,. Consider
the more general stochastic differential equation on (Q, PQP) :

(1.33) {dx’:Xo (x’, 2) dt+D (x") dL+X; (x’, z) dw' + Y (X, ). dB,

x (0)=x,.
Rewrite (1. 33) in the form:

dx' =X, (x', z) dt+(D (x) =Y (x, 0)) dL+X, (x, 2). AW +Y (X, 2). dz,

(1.34) { 2 @z,

Consider the differential equation:

dx’ - - _
g E =Y (x', 2'); x” (0)=x,,

(1.35) a7
| S

=1; z (0)=z,.

Let k, be the associated group of diffeomorphisms of R?*! onto itself. Consider the
stochastic differential equation:
(1.36) dx”:(k;"‘_1 Xo) (x”, 0) dt+(D (x")—Y (x”, 0)) dL +(k;"t'1 X,) (x”, 0). dw’,

x” (0)=x,,

[of course the differential of k, sends R? into itself, so that
(kX1 Xo) (x%0), ..., (kX' X,)(x", 0) take their values in R’ Clearly
x;=n k,, (x;’, 0) is the unique solution of (1.34). Moreover for any t>0, on (A, < + ),
Xy, =Xu. Since (1.36) is of the type (1.4) we see it is equivalent to study the boundary
processes associated to (1.4) or to (1.33).

Similarly, let m (z) be a function defined on R* with values in R*, which belongs to
CZ (R™), such that there exists >0 for which m>o. Assume that instead of (1.32),

we want to study:
At
( a0+J m (z,) ds, xA,>
0

t
Let t, the time change associated to j m(zy)dz i e.:
V]

'c,=inf{1:; j m (z,) ds=t } .
0
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Set:
G(z2)= JZ [m (W)]*'? du.
0

Clearly G is a diffeomorphism of R* onto itself.
Now on (Q, P®P) if z;=z , L;=L,, x;=x,_is the solution of the stochastic differential
equation:
_ 1 -
Xo (x5 z) ds+D (x) dL" + ——— X, (x,, z0). dw',
m (z;) m (zg)

x" (0)=x,

dx’ =

(where w=(w!. . .w™) is a new Brownian motion).
Similarly it is clear that on (Q, PQP):

t ’
zi=L+ J oB

o Jm@)’

where B’ is a Brownian motion independent of w. Now:

t ” ’
G (z)=[m O)? Li+ j G"() 4y m,
2Jo m@)

By lemma 4.2 in [17], [m (0)]'/*L; is exactly the local time at 0 of G (z]). Moreover
by a trivial Girsanov transformation, G (z;) is transformed back to a reflecting Brownian
motion on [0, +oo[. Now the inverse of L; is exactly:

At
A= J m (z,) ds,
0

so that x, =xj;. Of course the inverse of [m (0)]*/*L; is A, oyt/2-

By doing in succession a time change, the change of variables z — G (z) and a Girsanov
transformation, we are back to the situation previously described. These transformations
will be studied from the point of view of differential operators in paragraph (g).

The arch-typical example is the case where d=1, m=1, X;=0, X,=1, D=0. If
x(0)=0, the probability law of x,, under PQ P’ is the Cauchy law:

tdx

(1.37) m

Now assume that X, (x) is a one dimensional vector field which is in C;° (R), >0 on
]— o0, 1[ and which is equal to 1—x on a neighborhood of 1. Clearly, if x(0)=0, the
law of x,, is the image law of (1.37) through the mapping s — y, where y, is the
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solution of the differential equation:

2ox,00  yO=0
S

ie.

(1.38) Ly tdy

n X, (») [ t2+[ fy dx/X, (x)]z]
0

y

Since for y<1,y - 1, J dx/X, (x)~ —Log (1—y), it is trivial to see that the left-hand
V]

limit at y=1 of (1.38) is +o0. The law of x,, is not smooth. Such a phenomenon

does not happen if (1. 37) is replaced by a Gaussian law, and so, the explicit form of the
law of A, ([18], p. 25) shows that the law of (A,, x, ) is still smooth.
In this example, the non smoothness of the law of x,, comes from the integration on

the possibly large values of A,. The introduction of the supplementary component A,
has the effect of smoothing out the considered probability law.

(g) Some analytical properties of the partial differential operators connected with the
boundary process.

Let % be the second order differential operator acting on f (t, x, z) e C® (R* xR?*1) :

(1.39) 2ftx=( L +x +b3+1§x2+1ﬁ>f
' 7 o0 % ez 297 2022 )7

Let 2 be the first order differential operator defined on the boundary (z=0) acting
on feCP(R* xR**Y) by:

(1.40) (9f)(t,x)=(D+:%)f(t,x, 0).

Clearly, if f€ Ci (R* x R**"), under the probability law Q, o), if x,=@,(®, X):

t

(1.41) f, x, z)— J

1z¢0 ='?f(s’ Xg» Zs) dS— Jt (9 f) (Sa xs) dLs’
(] [4]

is a martingale. In fact by Ikeda-Watanabe [17], p. 203, Qo) can be fully characterized
by this property.
The arguments which follow will be analytically formal but can be made rigorous in

some cases, like the elliptic case (see Stroock-Varadhan [39]). Let ge C¥(R* xRY), and
consider the Dirichlet problem on fe C® (R* x R4*1):

{$f=0 on (z=0),

(1.42) f=g on (z=0).
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Assume that (1. 42) has in fact a solution. Using (1.41) we see that:
t
(1.43) 8 (Ap xp)— J (2 f)(Ap xp) ds,
V]

is a martingale, so that the operator .« defined by:
(£ 8) (s, X)=(2 [) (s, %),

appears to be (formally) the “generator” associated to the Markov process (A,, x, ). Of
course in (1. 42), the condition £ f=0 is equivalent to a(t, x,z) £ f=0 whenaisa>0C®
function. This makes clear that the boundary process (A,, x, ) is invariant under time
change on the “inner” process on (z>0), i.e. under time change on the excursions of z,
out of 0. Of course this can be directly (and rigorously) proved using the results in
Ikeda-Watanabe [17].

We now consider a general second order operator Z on R?*? written in Hérmander’s
form:

P=Ro+ 1Y R
1

N | =

(where X, X, . . .X,, are smooth vector fields). Let D be an open set in R**? with a
smooth boundary dD. Let y be a smooth vector field defined on 0D pointing inward D
(of course v is #0 on dD).

Let o be the 1-differential form defined on D by the following two conditions:
(1.44) If xedD, XeT, (D), 8 (X)=0, {8, y>=1 on dD.

Let g e C¥ (D). Consider the Dirichlet problem on fe C* (D)(D=D U dD):

1.4 Zf=0 on D,
(1.43) {f=g on D

(we assume that the problem (1.45) is well-defined and has a unique solution). For g, f
as in (1.45), we define the function </ g on oD by:

o g=vf

We want to study the smoothness of the transition probabilities associated to the
semi-group & acting on Cy° (dD).

A natural assumption is that 6D is non characteristic for .Z (see Treves [42]). Namely
let S(x, p) be the principal symbol of Z i.e. the function defined on T*R%*2 by:

(X, p)eT*R*2 5 S(x, p)=Y Q_XQQZ
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We then assume that, on dD, S(x,8)>0. Using the construction of Ikeda-
Watanabe [17], it is possitble to construct the boundary process associated to (1.45)-
(1.46) explicitly.

We now will consider some of the assumptions which can be done on (.2, y), which
will be later be proved to imply the existence of densities or their smoothness, and we
will underline the difficulties.

DEeFINITION 1.9. — For xeR?*?, T; is the vector space in T;(R?*?) spanned by
Xo(x), X1 (x). . . X, (x) and their Lie brackets at x.

It is natural to assume that & verifies the hypoellipticity assumptions of
Hoérmander [15]; namely we will assume that x,€dD is such that T;, is equal to T;,
(Rd+ 2)‘

Let (¥, @) be a local chart as x, so that in the corresponding coordinate system
(x*...x"*2), aD N ¥ is represented by (x**2=0).

For xe ¥, let e(x)eR™ be defined by:

(1.46) e ()=(dx L X (X)), -, xR (0))).

Since 9D is non characteristic for .2, e(x,) is #0. We can assume than ¥ is such
that if xe?", e(x)#0. On a neighborhood of x, in ¥ —which we can assume to be
equal to ¥ —it is possible to define a C® mapping x — A (x)e0(m’) such that on ¥/,
A(x)e(x)=(0,0,...,h(x)). If A(x)=(al (x)), set for xe 7"

(1.47) Y. 0= a (=) X;).
j=1

Clearly:
(1.48) (dx**2,Y;(x) )=0 for 1<5ism’—1, (dx**2, Y, (x) > #0.

Now .Z can be rewritten in the form:

m—1
= — 1 o 1
(1.49) 2=To+b Yum)+ 3 Y Y?+£Y§,,,
1
with:
(1.50) dxi*2 Y, >=0.

On v, Yy Yy, ..., Y, _, are tangent to the fibration (x**2=Const.).
Consider now the following assumption.

Al: x,edD is such that the vector space T, (D) in T; (dD) spanned by
Yo, Y. . .Y, _, and their Lie brackets is equal to T (D).

Or course A 1 is stronger than the hypoellipticity assumption on Z.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



526 J.-M. BISMUT

We claim that A1 only depends on # and D, and is invariant under multiplication
of Z by aC® and >0. To see this, we define the following vector distributions.

DEerNITION 1.10. — For xeD, TZ(0D) is the intersection of T; (6D) and of the
vector space spanned by X, (x), X, (x). . .X,, (x).

Clearly TZ (dD) depends only on .Z and 0D. It is then easy to see that T (éD) is
locally generated by Yo, Yy, - o Yoot

The assumption A 1 will be somewhat stronger than the assumptions which we will
later do. In fact under A 1, the brackets of Y,,Y,...Y,_, with Y, are unnecessary
to generate T; (R**?).

Let us assume that the coordinate system (x*, . . ., x%*?) is chosen in such a way that
for xedD N ¥, dx**2=35 (this is always possible). On ¥, replace Z.by:
— Z
gl

T 2S(x dx*Y)

If S’ (x, dx%*2) is the principal symbol of Z’, we have that on ¥":

(1.51) S’(:?,df“”)=%

Rewrite 2’ in the form:

m—1
o o, 1 U
(1.52) P =Yo+b" Y+ = Y Y;2+§Y;,,2,,
1

N

by proceeding on Z’ the way we did on Z in (1.47)-(1.49). By eventually replacing
Y, by —Y.., we have:

(1.53) dx**2, Y >=0, 0<ism’'—1; {dx**% Y, >=1
For xedD, consider the differential equation:

(1.54) —=Y,(x), x0)=x

In (1.54) x,=k,(x). Since Y, is transversal to the fibration (x**%=Const.), it is
clear that (t,x) — k,(x) defines a local chart of R“*2 at x,. Using (1.53), it is obvious
that t=x%*2. In this chart, we have:

i d
(155) me= a—fm,
so that:
0 1 o 1 02
1.56 P =Yy+b —— + - Yi/2+—-_——-.
( ) Y oxitz o ; 2 (0xi*2)?
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Since dx?*?=3 on D, it is easy to see that at least locally, for the process associated
to (&, ), x2*2 is a reflecting Brownian motion on [0, + co[ with drift b’".

Using (1. 55) [or (1.53)], it is easy to see that the brackets of Y,, with Y;, ..., Y, _,
whose length is =2 are tangent to the fibration (x?*2=Const.). Since .Z’ verifies the
assumption of Hoérmander [15], we know that at x,, the vector space spanned by
Yo(xo), ..., Y, 1 (Xo) and the Lie brackets at x;, of length =2 of
Yo ... Yoy, Y, is equal to T, (dD).

However, this will not be enough to allow us to prove the existence and regularity of
the densities for the boundary semi-group. We will work under an assumption somewhat
weaker than A 1, but stronger than Hormander’s, namely, we will do an assumption of
the type:

A 2 : The vector space spanned by Yg (xo), Yi (Xo), - - ., Yr—y (Xo) and the Lie brac-
kets at x, of Yg, Y;...Y, _1, Y, of length 22 in which at least one of the vector
fields Y5, . . ., Y,_, appears is equal to T; (dD). '

Now in general, A 2 depends on the fibration x?*2, i.e. it is not invariant under time
change on the inner process.

Observe that if in 2, X, is a linear combination (with C* coefficients) of X, . . ., X,
(this is an invariant condition), A2 is again equivalent to the hypoellipticity
of #. However, as made clear in (1. 38), we need to have a purely “parabolic” compo-
nent in order to prove the regularity of the boundary semi-group.

The situation is then not entirely satisfactory from the point of view of partial
differential operators.

2. The calculus of variations on the Brownian motion w

In this section, we develop the calculus of variations on the Brownian motion w, i.e.
the reflecting Brownian motion z—and the Brownian martingale B—are kept fixed. The
spirit of this section is then very close to what has been done in Bismut-Michel [10],
where results on conditional laws of diffusions were sought, in the spirit of the theory of
filtering.

Of course the computations are very similar to what appears in the classical Malliavin
calculus of variations ([29], [30], [36], [7]), but special care must be given to integrability
conditions. Moreover different techniques are presented to deal with “localizable” or
“non localizable” conditions (the full explanation of such a terminology appears in
section 5). In particular step by step integration by parts, as developed in [8] is used in
the “non localizable™ case. -

In (a), integration by parts on the Brownian motion w is presented as in [7]. In (b),
truncated integration by parts on x,, is obtained. In (c), integration by parts on Xx,, is
done under adequate assumptions in the “localizable” case. 1In (d), the “non localizable”
case is considered.
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(a) Integration by parts on the Brownian motion w.

We will now apply the techniques and the results of [7] to perform an integration by
parts on the Brownian motion w. The reader is referred for more details to [7].

T is a> 0 finite real number.

(%o 2o) is an element of RxR ™.

h(@’, x) is a function defined on Q' X ([0, T}; R with values in T# (R?), which has
the following properties:

(a) his bounded; for any xe € ([0, T]; RY, o — h(w’, x) is measurable; for any o’ e,
x — h(w’, x) is continuous.

(b) For every o' eQ’, x — h(w, x) is Fréchet-differentiable on € ([0, T]; RY, and its
differential d, h (o, x) is uniformly bounded.

Of course € ([0, T]; R is considered as a Banach space endowed with the norm:

[xl= sup |x].
0SI<T

The dual .# of ([0, T]; RY is the set of bounded measures p on [0, T] with values in
R? so that if xe% ([0, T]; RY):

(w x )= X dp (1) ).
(0,11

If xe%([0, T]; RY), the derivative dh,(w’, x) can be identified to a bounded measure
dv®"*(t) on [0, T] with values in R°®RY, so that if ye€ ([0, T]; RY:

2.1 (dh (0, ),y > = ave"= (1) ().
[0,7]

From the point of view of differential geometry, dv®"*(t) can be identified to a
generalized linear mapping from T, (R into T% (R?). In particular if le T, (R, the
action of:

I 0F 1 (B, xo) AV @59 (1)
[0,T]
on [ is defined by:

(2.2) J OF 1 (@, xo) AV 0 (1) ()= v @0 (1) [} (@, xo) I]-
(0,1

[0,T]

DEFINITION 2.1. — On ), the process C,(®) with values in the linear mappings from
T, (R% into T, (R?) is defined by:

(2.3)  peT{R) > C@p=3 | <P @F X)) 0¥ " X, (x)ds.
i=1J0
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Of course if p, g € T (RY):

(2.4 CC@p,g>=3 | <P, (0¥ " X)) (x0) ><q (9F " X)) (xo) > ds

i=1J0

so that C, (o) defines a non negative symmetric bilinear form on T (R%).

Of course C,(w) also depends on (x,, z,), but we drop this dependence for simplicity.
We then have the following result:

THEOREM 2.2. — Let fe C? (R* x R?), whose support is included in [0, T|x R%  Then
if x, is the process @,(®, x,), for any t,t' =0, t' <t, the following relation holds:

(2.5) EP®F[M,, (dyf (Ap Xa), 0%, (@, Xo) Ca, h (0, X 44) ]

. Ay ,
+E"®%% [ M,, { J (o™t X)) (xo)s [@¥ A, AV 22 ()]
0

o
X (0F 1 X) (xg) > ds } f Ay x0) ]
+EPOR, [ M,, < f " Cyan (0371 ) (x0) 8B, —b (x, 29 ),
.
Mmeg>ﬂme]
~EreF, [ MA,< j " (0F 1 X (x0) W b (@) %, 5) >f(A,, x4) ] .

0o

Proof. — Observe that (2.5) makes sense. In fact f(A, xa) or d. f (A, x,) are #0
only for A,<T. Of course for s<A, L,<t.

From Theorem 1.1, we know that:
i)

— t (0, xq)
X

(2.6) I,,<1 sup

R la,<t sup
0=<s=<A;

0<s=<A;

b

a _ -1
[%t(m, xo)]

belong to all the L, Q, P®P;)). As observed in section 1, My is in all the
L,(Q, P®P,), and so by Doob’s inequality 1 asT My, is also in all the L,(Q, P®P,).
Using (2. 6) and Burkholder-Davis-Gundy’s inequalities, the same result holds for:

2.7

A AT
j Cuna, (9371 b)) (xo) 3B ‘ ,

o

A AT .
j @F 1 X, (xo) 5W"-
0

It also holds for:

(2.8)

A AT
f CuAA,' ((P:ck ! bx) (xO) b (xu’ Z“) du

0
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The principle of the proof is very close to the proof of Theorems 2.1 and 3.1 in
Bismut [7], as used by Bismut-Michel for the proofs of Theorems 1.9 and 2.11
in [10]. We only sketch the proof, the reader being referred to [7]-[10] for further details.

We first assume that X,, X, . . ., X,, and b have compact support. We then proceed
as in Haussmann [14], Bismut [7] as modified by Williams [47]. Let u=(u'...u™) be a
bounded predictable process on (Q, PQP, ), which is 0 for t>T. For IR, let Z; be

the Girsanov exponential [40]-6:

T .1 T
2.9 Z-’r=exp{—lf ut 8w’——lzf |u|2ds}.
0 2 (1]

Clearly Zy is in all the L,(Q, PQP;, ) and moreover EP®%z Z,=1.
Let R! be the probability measure on Q given by:

(2. 10) R'=Z} d (PQP,).

Now, by the fundamental property of the Girsanov transformation [40]-6 we know
that if w" is the process:

t
(2.11) wf"'=w;'+j W' ds
0

then under R!, W"*, wh?, .. ., wb™ B) is a {F,},5, Brownian martingale. In particular, .

under R/, z, is still a reflecting Brownian motion on [0, + o[, which is independent of

wl

On (Q, P®P; ), consider the stochastic differential equation:

(2.12)

dx'=X, (X}, z) dt+X; (X', z). dwr +D (x"). dL,
x' (0) = x,.

It is then clear that under R, the probability law of (x',z) is identical to the law of
(x, z) under PP, .

Set:

t 1 t
(2.13) M!=exp { J b (x., z;) 8B, — 3 J b (x}, z)? ds } .

0 0o

It is clear that:

(2.14) EP®%: [Zh ML, f (A, xh) h (@, X', A )| =EP®%% [M,, f (A, x) h (@, x 4]

[where equality is taken in T}, (RY]. Of course, (2.14) makes sense because of the
support condition on f.

4¢ SERIE — TOME 17 — 1984 — N°4



THE CALCULUS OF BOUNDARY PROCESSES 531

Since the L h.s. of (2.14) is constant, its differential at =0 is 0. Consider the
differential equation:

(2.15) d'=(0x  X) 0L ) lids, ¥ (0)=xo.

Since X,, . . ., X,, have compact support, if y does not belong to the projection of the
supports of X,,...,X, onto R% ¢,(0,y)=y for any t=0. The vector fields
©* ' X,, ..., 9* ! X, are then uniformly bounded (with an upper bound depending
on ), so that for each @, (2.15) has a unique solution. By Theorem 4.1 in [6], we
know that x!=¢, (®, ).

Now a standard argument shows that in (2. 15), [ - y' . e € ([0, T]; RY) is differentiable,
and the differential at I=0 is given by:

ot

(2.16) -

= J‘ (¥ X)) (xo) w' ds,
o

1=0
I - x'.e%([0, T]; RY is then differentiable and moreover:

1
0x,

(2.17) -

t
oF J ((IZ’;"—1 X)) (xo) u' ds.
0

1=0

The same argument applies to My, In fact if u, (o, .) is defined as in 1(c), we have
for s=0:

@.18) M;=exp[us @, 1) f % G, y:).dyz]
0 By

[of course the r.h.s. is a regularized version of (2. 18) in the variable I]. I - M. is then
differentiable at I=0. The explicit computation of the differential shows that:

1
Ar

(2.19)

0 0

A, s .
=M,, I <bx (x, z), ©F ‘[ oF X, dv> (®B—b (x,, z,) ds).
1=0 '

Using (2. 17), it is clear that:

A
(2 20) 'j_l [f(An xlA,)]l=0 = <dxf(Ata xAt)’ (PX, j
o

9 , vAA, .
I:——h(m/’ xl.AAt):l = J‘ dve T.aa, (U) (P:AAtl:J (P:_l Xi u‘ds]
ol 1=0 (0,1 0

3 T
[—Zfr] =—j u' dw'.
al 1=0 0 '
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By reasoning as in [7], Theorem 2.1 and [10], Theorem 2. 11—and of course using
the fact that f (A, x,)=0 if A,2T—it can easily be seen that differentiation under the
expectation sign is possible in the I h.s. of (2. 14), so that the following equality holds.

i TAA, .
(2.21) EF®F:, [ M,, <d,;f(A,, Xa)» O J o* 1 X, u'ds > h (o, X‘AA'):I

0

LB My S ) [ $oL Gyo'r *1X uid
Ay v VA (PUAA, ‘(U) Qs iu as
V] [s, T]

, Ay s .
+EP®P=0[MA'[J <(p;"~1 bx,J X 1 X, dv>
0 0

(8B, —b (x5, z)ds) f (Ap Xx) h (@, X, 4) ]

T
=E"®%, [ M,, J u 8w f (A ) h (@, X \a) ] :

o

As in [7], Theorem 2.1, it is easy to extend (2.21) to the case where X, . . ., X,,

b do not necessarily have compact support. Using the integrability conditions pointed
out at the beginning of the proof, (2.21) can also be extended to predictable processes

T
u=u'...u™ which are O for =T, such that EF®Fz J |u|?ds< + oo.
o

We now proceed as in [7], Theorem 3.1. Observe that in (2. 21), the scalar processes
ui (1 <i<m) may be replaced by processes with values in T, (R?), so that equality (2. 21)
becomes an equality in T, (R)®T#%, (R?). Take then in (2.21):

(2.22) uy= ly<t A Ay (oF —1 X)) (xo)

and take the trace in T, (R"')®T:0 (R?) of the corresponding equality. Using the fact
that f (A, x,) and d, f (A,, x,) are O for A,2T, we obtain (2.5). O

Remark 1. — The fact that f has compact support is crucial for (2.5) to be true. In
this respect, we now refer to (1. 38), since in fact it is at this stage that the introduction
of the supplementary component A, is seen to be necessary from the point of view of
the calculus of variations. However if one of the components of x, say x? is strictly
parabolic, i. e. we have that:

dx*=X$ (x, z) dt,

where X4 =a>0, the introduction of A, is unnecessary for (2.5) to make sense since if
feC®RY, f (xa,) would be #0 only for uniformly bounded A,.

Also note that for p>2, if for a given (z, L), Z, Z' are given by (1.12), an obvious
application of Ito’s formula and Gronwall’s lemma to the processes |Z,|? and | Z;|?
shows that:

(2 . 23) EP , Zs lpéc eC'(s+LS); EF , Z; lpéc eC6+Ly

4° SERIE — TOME 17 — 1984 — N° 4



THE CALCULUS OF BOUNDARY PROCESSES 533

(where C, C’ are fixed >0 constants). It is then feasible to take s=A,(w’) in
(2.23). However, since for t>0, E¥ e““= + 0, we find no adequate bound for

EF®¥|Z, |Pand E®* ® ¥ |Z, |*. Thisis another explanation of the necessity of introdu-
cing the component A,, strongly connected with the result in (1. 38).

However assume that b is equal to a constant §#0. If §2=2C’, then
E" exp (C'—8%/2) A,< + 0. It is then obvious that for any p=1, if 5 is large enough,
Z,, and Z, are in L,(Q,, ). We then find that the size of the drift b has a direct

influence on the regularity of the law of x,. For other problems connected with the
regularity of the law of x,, we refer to Remark 3 in section 5. '

Remark 2. — If h(o, x) is F,, measurable in the variable o, we can now use
Proposition 1.4 to replace everywhere EF®Pz [M aq-] by B0z ...

(b) Truncated integration by parts on the variable x.

Let ¢ be a C*® function defined on R@R? with values in [0, 1] such that o (D) =1 if
|D]|£1, and o(D)=0 if ||D||22.

For N1, the function py is defined on R‘®@R? by:

D -1
D invertible py(D)=0 ( ) ;
o N
D non invertible py(D)=0.

pn is clearly a C* function with bounded differentials. Also observe that the functions
D — & py/0D* (D) (D™')! can be everywhere defined on R?®R? by setting:

k
(2.24) 60[2): (D) (D~Y)'=0 if D non invertible.

These functions are of course C® bounded with bounded differentials on the whole
d d

R°®R".
Using the convention (2. 24), we now have the following result.

TueoreM 2.3. — Let fe C® (R* xR%. Let Y (x) be a bounded C* vector field defined
on R? with values in R®, whose components belong to C? (R%). Then for any Nz1,
t,t'>0 with t’ <t, xo€R?, if x, is the process ¢(®, X,), the following relations holds:

(2.25) EP®P5 [py (Ca,) Ma, (Y f) (A, X))

A‘r X
_EFS®, [pn (Co) My, /(A xA,){<<p:::1Y, Ci! f or X, 8w'>

0

Ay
- J CCaH 0 X 071 Y] 9F 71 X ) ds
0

A, s
+J Cds(CilertX, cpx,“Y>J CCR o371 X5 0 71X @F X ) do
0 0
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Ay s
+ J ds <C,§,,1 oF X, f Clo¥ ' X; 0F 1 X)), Cx)l 0%, 1Y D 97! X;>d0
0 0
Al
- <C;{l (p:,_l Y7 J CS/\A" (p;k—l bx (8Bs_b (xs, Zs) dS)> }]
0

r A,
_EP®P’°[ MA,f(Ap XA,) <% (CA,,), J ds (P:_l X;

0

®J loF " X, F X (K CLl 0%, Y, 03 71X D) dv
0

Ay s
+ J ds I CCAHORTTY, @F X ) [0F 1 X, @F P X ] dv@oy ! X.~>]-
0 0

Proof. — Observe that (2. 25) still makes sense because of the crucial fact that f has
compact support. In comparison with the arguments given in the proof of Theorem 2. 2,
the only difference comes the introduction of C;,,‘, but in fact, since py(C,,) or
0pn/0C(C,,) also appear, they make the corresponding expressions to be bounded.

To obtain (2.25), it suffices to choose h given by:

(2.26) h=px(Ca) Ca) 0371 Y.

Of course h does not satisfy the assumptions of Theorem 2.2, since it also depends
on the trajectory of d¢,/0x (®, x,), and moreover it is not bounded. Using the argument
in [7], it is in fact easy to extend Theorem 2.2 to such a h. The explicit computations
being very similar to what is done in Theorem 4.2 of [7] and in [10], Theorem 2. 11,
we refer to [7]-[10] for the details. []

(¢) Integration by parts in the variable x: the localizable case.

We proceed here as in Malliavin ([29]-[30]), Stroock ([36]-[37]), Bismut [7].
We will in fact obtain a formula of integration by parts on the boundary semi-group

in the “localizable’” case. This is in fact the case where the estimates which we will later
do are “localizable” (see section 5).

THEOREM 2.4. — Assume that (xo,zo)€R*xR™ and t' >0 are such that:

(@) PP, a.s., C,, is a.s. invertible.

(b) For any T20, and any p21, 15, 1| Cy}! | is in L,(Q, P®P, ).

Then for any multi-index m, and any t>t’, there exists a random variable B}" such that:

(a) For any T>0 and any p=1, 1,,.7 Bl" is in L (Q, PP,).

(b) For any fe C® (R x R?), if x, is the process @ (o, X,):

(2.27) EP®F;, [ M,, gx—,{ (A, X)) ] =EP®%% [ f (A, x,) B/
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'Proof. — For t=1t’, we first consider formula (2.25). Observe that if D is invertible,
we have the uniform bound: ‘

o

(2.28) D

<k[D7H].

Make then N - +o0 in (2.25). Clearly, since C,, is a.s. invertible, py(C,,) — 1
a.s. Recall that f has compact support; namely there is T=0 such that f (a, x)=0 for
azT. In the r.h.s. of (2.25), we can then write everywhere EP®Fz[l, .1...]
instead of E?®%;[...]. Now all the terms appearing in the r.h.s. of (2.25) are in all
the L,(Q, P®P;)). Using the uniform bound (2.28), it is then possible to take the
limit in (2.25) and obtain the formula corresponding to py=1. (2.27) has then been
proved for [m|=1.

Using the fact that 1,,.1|Cx}| is in all the L,(Q, P®P;), it is possible to iterate
the procedure as in [29]-[30]-[36]-[37]-[7] so as to get (2.27). O

Remark 3. — Any function f defined on R* xR" can be extended to A by setting
f(A)=0. If in Theorem 2.4, z,=0, we find that, under the assumptions of this theorem
and using Proposition 1.4, for any a,=0:

(2.29) EQ(Xo»m[ Z—E (@0 +A, x,) ] =EP®% [f (ap+A, xa) By
x
(d) Integration by parts in the variable x: the non localizable case

We will now treat the case where the necessary estimates are in general not
localizable. This will be especially useful when the boundary semi-group is slowly
regularizing [see section 5(e)].

We will use here a procedure of step by step integration by parts, which reflects the
Markov property of the system in a stronger way than what has been done before (of
course the fact that C, increases with t—in the sense of quadratic forms—is related to
the Markov property of the considered processes). This procedure had been developed
by us in [8]-[9] for the calculus of variations on jump processes, and it is no suprise that
it should appear again here, since the boundary processes are jump processes.

We will write now C}o instead of C,, since the explicit dependence of C¥o on x, will
be needed.

THEOREM 2.5. — Assume that t' >0 is such that:

(@) For every xeR? Cj is PQP a.s. invertible.

(b) For every T=O0, there is q>2 such that for any xeR? L, <t | [Cjﬁq,]‘l | is in
L,(Q P®P), and its norm in L (Q, PQP’) can be bounded independently of xeR“.

Then for any (xo,2o)€R*xR*, any multi-index m, and any t=|m|t, on (Q, PQP,),
there exists a random variable D}* having the following properties:

(@) For any T20, 1, <y D" is PQP; integrable.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



536 J.-M. BISMUT

(b) For any f e C® (R x R9), if x, is the process ¢,(®, xo):

. o .
(2.30) EP®F%, [ M,, 5—,{ (Ap x4, ).] =E"®%0 [f (A, xa) DI
X
Proof. — First assume that z,=0, and |m|=1. We can then proceed as in

Theorem 2.4. In fact since f has compact support, everything in (2.25), except the
terms where C,, appears are in all the L,(Q, PQP). Now |C,!|is in L (Q, P®P)
with ¢>2. Noting that at most | C,! |* appears in (2. 25), and still using the uniform
bound (2. 28) we obtain formula (2. 25) with py=1.

The critical step will now come from a different iteration procedure. We will develop
the argument for |[m|=2. Set:

We rewrite formula (2.25)—with py=1—with Y=Y! and f replaced by Y2f in a
slightly different way. We have for t=¢"

(2.31) EP®%[M, Y:YIf(A, xa)] ’

! M
= EP®P [ M,, MA¢ Y2 f) Ay +A,—A,, (P4, ° (PX.,I) (Xa,))

Ay

Ay )
{ <<px,71 (@a, 002 )* 1Y, CL! J o* X, 8w‘>

0o

A,
- J; CCRY PR (@s° 0a)* 1 Xy, (P4, o PA* LYY, @* 71X, D ds

A’/ s
+ f ds CCLL 071Xy, 0471 (a0 02 D* 1Y) f CCL/ 0¥ 1 X, 91 X,
V] (1]

Ay s
<p:‘“X,->dv+J Cds <C;,,‘ %*“Xi,f Cloy ' X, 0¥ 1 X,
0 0
Cas 04 (Pa, 02 )* 'Y D or X, >dv

) _ _ Ay
- <C;t’l (p:"—l ((pA: ° (pA;'l)* ! Yl’ f Cx (p:—l bx (8Bs_b (xs’ Zs) dS)

o

At
+C:A:' (pX(_l ‘[ ((pAt ° (p;‘il)*— ! bx (xs’ Zs) (SB-b (xs’ zs) dS)> } ] .
Ay

Now since L is an additive functional for z, it is clear that:
(2.32) A—A,=A,_, - GA‘,.
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Using the corollary of Theorem 1.1, we find that:
(2.33) Pa, (@, )=(0a,_,) Bs, ®) ° 94, (@, .).

In the r.h.s. of (2.31), we can take conditional expectations with respect to FA‘, of
the terms which are not F, -measurable.

Moreover since z,,=0, it is obvious that the conditional law of 8,, @ given F,, is
equal to PQP. We will use these facts to rewrite the r. h. s. in a still different way. Due
to the length of the equation, we write explicitly only the first term (we use M*° instead

of M since the starting point is now important):

(2.34) j d (PO®P) (0)®d (POP) (&) [ M2 (@) My (@)
x < (Y2 1) Ay @) +A,_p @), Ga,_ a1 @ Xa, (@)

{< ex (@ ) (0L (@, ) Y!) (x4, (@), C4,! (@)

At'(n-,) - .-
xj (¢:Xi)(m)8w‘(m)>—...}].
0

Now observe that for each fixed @e (), we can restart the calculus of variations in the
variable ®’, since as functions of @, all the random variables which appear in (2. 34) are
of the type already met in the proof of Theorem 2.4. If t—¢t'>¢, i.e. if t22¢, for
each @, we can then produce a variation of @’ on the time interval [0, ¢'] so as to express
(2.34) in terms of:

f(A, ((_'_3)+A:—:' (o), Pa;—p(@) (@, XAy (@),

i.e. the differentials of f disappear.

Or course [Ci‘:"_'f,”) (w’)) ! appears (at most in square form), but this causes no difficulty
because of assumption (b) in Theorem 2.5, and of the fact that f has compact support.

Using (1.12), it is obvious that if in (1.5), K is equal to [0, T]x {x} (xeR?), the
bounds in L,(Q, P®P,) of the random variables appearing in (1.5) can be made
independent of x,z, Using the fact that in the assumption (b) of our theorem the
bounds can be made independent of x, it is then clear that for each ®, the random
variables appearing in the integration by parts process in the variable ®’, as functions
of @', are integrable in @', with a L,-norm bounded independently of . Using Fubini’s
theorem and deconditioning the obtained formula, we obtain (2. 30) with z,=0, lm ] =2.

Another way of formulating what we have done would be to start again with formula
(2.25) for py=1 with Y=Y! and freplaced by Y2 f and to make a calculus of variations
on the interval [A,, A,,] (which means that in the proof of Theorem 2.2, u would be
#0 only on the interval [A,, A,,]).
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Also observe that in the final formula the fact that (C32)™* and (CjA~,)~' appear
both in square form is no obstacle. In fact for any T>0, t=2¢'":

La<1 | [C:?r]—l | | [CZ’;"’,—-A,,]“l t,

is in L, (Q, PQP’), because of the Markov property of the considered processes (do not
use Holder’s inequality).

The case of a general m is obtained by applying repeatedly the Markov property, or
equivalently by  applying the calculus of  variations on [0, A,],
[At” A2t']’ LIRS [A(|m|— 1)t A|m|t’]‘ ‘

When z, is #0, the same procedure is applied by starting the variation after A, (which
is #0), i.e. doing the corresponding calculus on [A,, A, ], [A], Ayl.. O

Remark 4. — Step by step integration by parts is described in detail in
[8]-section 4. As indicated in the proof of Theorem 2.5, the basic idea is to use the
calculus of variations repeated by on [0, AL, [A,, Ayl . . o, [A(mi-1)es Ajme].  Details
can be worked out easily.

Remark 5. — So far, we have been able to obtain an integration by parts formula in
the variable x. If the assumptions of Remark 1 are verified, this would be enough to
study the regularity of the semi-group associated to the Markov process x,,. In this
case, the reader can directly read section 5. If we are interested in (A, x,)—as we
must be if the assumptions of Remark 1 are not verified —we must find a way of
"developing a calculus of variations on the variable A,. This is what we will do in the
next two sections.

3. The stochastic calculus on the excursions of the reflecting Brownian motion

This section is somewhat independent of the remainder of the text. The reader who
is essentially interested in the analytical aspects of the calculus of variations only needs
to read paragraphs (a), (b) and (c¢). However a complete understanding of the results of
section 4 is easied by a quick look at (d), (e).

In (a), we recall the main results of the It6 theory of excursions when applied to the
reflecting Brownian notion. Special attention is given to the results of 1t6-McKean [18]
and Williams ([45], [46]).

In (b), a point process description of (w,z,) is given using (@) and also
Ikeda-Watanabe [17]. A Poisson point process is then defined, whose natural filtration
is { FA, Jizo-

In (¢) the main results on the stochastic calculus on point processes are recalled
(Meyer [31], Jacod [19], Ikeda-Watanabe [17]). The relation between the { F, },, , stochas-
tic calculus and the { F, },, stochastic calculus is developed. In particular the quadratic
variation of two {F, },>, martingales N’, N, which is written [N’,N"], is computed in
terms of the representation of N’, N’ as {F, },,, stochastic integrals.
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In (d), the effect of a Girsanov transformation is studied on the filtrations {F,},.,
and {F, };z0. On {F,},5,, the situation is well known (Stroock-Varadhan [40]-6). On
{Fa,}i20, using the results of Jacod [19], the effect of the Girsanov transformations is to

produce an absolutely continuous transformation on the Lévy measure of the considered
point process. The corresponding Doléans-Dade equation [19] is exhibited.

In (e), special attention is given to the relation between the effects of the Girsanov
transformation on {F,},,, and {F, },», stochastic calculus.

In the whole section, we use the results of Ikeda-Watanabe [17] (p. 307-320), who give
us the essentiel tool which is the excursion stochastic integral.

(a) The It6’s theory of excursions on the reflecting Brownian motion.

We first recall a few facts concerning the It6’s theory of excursions applied to the
reflecting Brownian motion on [0, + co[. Our main sources are It6-McKean [18], Wil-
liams ([45]-[46]), Ikeda-Watanabe [17], and Jeulin [21].

We use the notations in Ikeda-Watanabe [17].

DEFINITION 3.1. — #°* is the set of continuous functions e(s) defined on R* with
values in R* such that:

(a) e(0)=0;
(b) There exists o (e) such that 0<o(e) < + oo, for which

O<s<o(e), e(s)>0,
s=0o(e), e(s)=0.

w * will be the set of excursions of the reflecting Brownian motion z,.

For notational convenience, we take 8 to be a point isolated from #°*, corresponding
to the empty excursion.

DEeFINITION 3.2, — On (@, P’), we define the process e, adapted to { Fj, },>, with
values in #°* U {8} in the following way:
(a) If A,-<A,, e, is the element of # " defined by:

e (S)=2z54na,- for s<A,—A,-,

=0 for s>A,—A,-.

() If A,-=A, e,=5.

Now the Itd’s theory of excursions tells us that e, is a stationary Poisson point process
on (, {Fj, }iz0. P) (see [17], p. 123). Its characteristic measure n* is a o-finite 20
measure on %7,

Here are a few facts about n*.
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DerFiNITION 3.3. — B denotes the probability law on #°* of the Bes (3) process
starting at 0, conditioned on e, =0, and stopped at time 1. C denotes the probability
law on Q’ of the Bes (3) process starting at 0.

For Bessel diffusions, we refer to It6-McKean [18], and Ikeda-Watanabe [17].

THEOREM 3.4. — Let f be the mapping defined on R* x W * with values in W * defined
by:

3.1 G DeER*XH™* - e(s)=t"?r(s/t), O0<s<t.
Then n* is the image by f of the o-finite measure F on R* x #"* given by:

(3.2) dF (6, D= 1,20 —— ®dB (7).

Rrt’

Proof: This result is contained in implicit form in Ikeda-Watanabe [17], p. 123 and
224 (also see Ito-McKean [18], p. 75-81). [

Observe that the mapping (3.1) is one-to-one, since in fact in (3.1), t=0o(e). For
eV *, ris its scaled excursion i. e.:

(3.3 ris)= e(sc(e) O0=s<l.

1
[o ()]

We will use the notation r without further mention.

Also observe that (3.2) implies that under P, A, is a stable process of exponent 1/2
and rate \/5 ([18], p. 27).
A second useful description of n* is provided by Williams ([45]-[46]).

DEerINITION 3.5. — For (b,r)eR™* x ', we define T (b, r) by:
3.9 T (b, r)=inf { t=0; r (t)>b }.
We then have:
THEOREM 3.6. — Let g be the mapping defined on R* x Q' x Q' with values in W ™
3.5 (b,r,r) — e(s)=r(s), 0=<s=T(b, 1)
=TT (b 14T (b )5 T(b,r)<s<T(b,r)+T(b,r).

Then n is the image by g of the o-finite measure G on R* x Q' x Q' given by:

db
3.6) Lyso b ®dC (r)®dC (r).
Proof. — The full proof of this result appears in Rogers [33]. O
Obviously (3.6) also reflects the known fact that the law of ||e||= sup |e(?)]
0=t=o(e)

under n* is 1,5, db/b>.
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Of course Theorems 3.5 and 3.6 imply each other. In the sequel, we shall use these
two descriptions of n* in the most convenient form.

(b) A point process description of the process (w,, z,).
We still follow Ikeda-Watanabe [17].

DerFINITION 3.7. — W, is the subset of Qx# * consisting of the element
(g, ©)eQ x ¥ * such that for any s=0, e(s)=c(s A o(e)).

DEFINITION 3.8. — On (Q, P®P), we define the process (&, e¢,) adapted to {F, },,
with values in #7, U {8} in the following way:
(a) If A,-<A,, then:
& (S)=Wa,- 15— Wa,-; € (s)=zp-4+, for sSA,—A,-,
& () =Wp,— Wy, e, (=0 for s>A,—A,-;

(b) If A,-=A, (g, e)=0.
We then have:

THEOREM 3.9. — The process (e,e) is a Poisson point process on
Q.{Fy, }iz00 POP). Its characteristic measure n on W, is the image measure by the
mapping i:

3.9 W, ) eQXH ™t > (W, 00 €)

of the c-finite measure 1 on Qx W™
(3.9 dP(W)®dn* (e).

Proof. — Since for any t20, the law under P of (w,,;—w,),5, is still equal to P,
using the independence of w and z under PQP’, the result obviously follows from the
corresponding result on the process z. For more details, see [17], p. 215, p. 307). [

Let P° be the law of w_, ; under P. We have:

COROLLARY. — The measure n on W, is the image measure by the mapping j:
(B.10) (Lw,DeR*XH gy > (e(s), e ()= w(s/t), 127 (s/t)),  s<t,
=@'?w(1),0), s>t
of the o-finite measure . on R* xQxw ™.

dt

®dP° (w)®dB (7).
27wt

(3.11) Lizo

Proof. — Using Theorems 3.4 and 3.9, and the scaling invariance of P (3.11) is
obvious. H
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Remark 1. — (w,r) represents the scaled excursion of (w,z). In the sequel, we will
use this notation without further mention.

DerINITION 3.10. — On Q/, the stochastic processes D, and L, are defined by:

(3.12)

D,=inf { s>¢; z,=0},
{ L,=sup {s<t;z,=0}.

Clearly D, is a right continuous increasing process and L, is a left continuous {F,}
+> o-predictable increasing process.

We have the following elementary result.

ProrosiTioN 3. 11. — On (Q, PQP), the filtration generated by the point process (g, e,)
is equal to {F, },50.

Proof. — For A,-<u<A_, we know that z,=e,(u—A,-). Moreover on the comple-
mentary set of U [A;-, A, z is equal to 0. For each t>0, the trajectory z, ,, is then a

s

function of the excursions e, (s<t).
Moreover on (Q, PQP), w is a { F,®F },5, martingale. Since PQP a.s., the
complementary set of \U [A,-, A in R is dt-negligible, we see, using Doob’s inequality,

s

that:

(3.13) w,=lim J lp,—L,>c W
el0 Jo

where in (3.13) the limit is taken in probability uniformly on every compact set in
R*. Now the r.h.s. of (3. 13) is equal to:

(3‘ 14) Su<Ls [av (Av_Au_)]+ le—I_‘s>s SLS (S_Es)’

Ay~ Ay~ >

Now the set (z,=0) is the complementary of U JA,-, A[. It is then easy to see that

s

if s<A,, (3.14) only depends on the trajectory of A, (v=t) and the excursions ¢,(v=t).
The proposition is proved. H

(¢) The stochastic calculus on the point process associated to (w,, z,).

At this stage, we start using systematically some general concepts of the theory of
stochastic integration. The reader is referred to Jacod [19], Meyer [31], Ikeda-
Watanabe [17] for a complete information.

Recall that for each 20, D, is a {F,},5, stopping time. The filtration { Fy, },5, is
then well defined.

The filtration {Fp, },»0 has been studied —in the frameworks of regenerative sets— by
Maisonneuve [27] (also see Maisonneuve-Meyer [28]).
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DEeFINITION 3.12. — 2,2, 2" (resp. 0, (', 0”') denote the predictable (resp. optional)
o-fields on R* x Q associated to the filtrations { F, },5 0, { Fa, }i20, { Fp, }ez0-

The filtration { Fy, },, corresponds to the filtration {F, },5, in natural time-
scale. Namely, we have the following well-known result:

ProrosiTioN 3.13. — If H, is a predictable (resp. optional) process on (Q,
{Fa,}i20 POP) then H,, is predictable (resp. optional) on (Q, {F,},50, PP) [resp. (Q,
{Fp,}i20 P®P)]. Conversely,ifH, is predictable (resp. optional) on (Q,
{Fp, }i>0» P®P) then Hj, - (resp. H,) is predictable (resp. optional) on (Q
{F4, }i>0 P®P), and Ht, is predictable on (Q, {F,},5,, POP).

Proof. — We only sketch the proof. It is easily verified that the mappings:
(t,@)eR*xQ, ) > (L, 0)e R* xQ, #),
t w)eR*"xQ, 0) - (L, ®)eR* xQ, 0),

( (t, ) eR*xQ, #) - (A,-, ®) e R* xQ, ),
(t, ®)e R* xQ, @) » (A, ®) e R* xD, 0”),

(3.15)

are measurable (this is plain algebra). Since L,=A,-, the end of the proposition is
obvious. H

Since D,=A, if H' is optional on (R* xQ, { Fp, },50) (i.e. ¢” measurable), then Hp,
is still optional on (R* xQ, {Fp, },50). The ¢”-measurable processes H" which can be
written in the form H, , with H measurable, are exactly those for which H;=Hp, and H
can be taken to be equal to Hj,. Similarly #”-measurable processes H” which can be
written in the form H;=H,, with H measurable are exactly the processes H" such that
H;=Hg,. H can then be taken to be equal to H} -, and H" is then also #-measurable.

Observe that if N; is a { Fp, },»o-martingale, N;’=Np. Moreover all the natural sets
of { Fp, },» o martingales (like H, for 1 <p< + 00, BMO) are in one-to-one correspondance
with the corresponding sets of {F, },,,-martingales. Toeach {Fp, },», martingale
Ny, we can in fact associate the { F,, },5,-martingale N;=Ny, and the reciprocal map-
ping is N; - N;’=Nj. The stochastic calculus on {Fy, },;,and {F, },», martingales"
are in fact formally the same, so that we will concentrate on the calculus on {F, },>,
martingales and its relation to the calculus on { F,},, , martingales.

We will now describe the stochastic calculus on { F, },>, martingales.

DEFINITION 3.14. — Let H,(®, €, ¢) be a function defined on (R* xQ) x #, with
values in R, which is #'®4% (# ,) measurable, and such that for any t=0:

(3.16) EP®P'[Jt[J |Hs(6,a,e)|dn(a,e):|ds]<+oo,
V] Wo
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(resp.
(3.17) E"®P’[Jt[f |H, @, ¢ €) |2 dn G, e)]ds]<+oo>.
V] Wwo

Then S, ,H (o, &, e,) [resp. S,c,H,(®, ¢, e,)] denotes the ¢’ measurable right-
continuous bounded variation process (resp. {F A Jiz0 Square-integrable martingale)
which is the sum (resp. the compensated sum) of the jumps H; (o, £(s), e(s)) before t.

Recall —see Jacod [19], Meyer [31], Ikeda-Watanabe [17], p. 61— that:

(3.18) S,<: H, (@, &, e)=lim S _, H; (o, €, e,)
nl0 |As—As~|2n
(resp.

(3.19) S, H, (o, &, e)=lim [S,, H; (o, &, €,

nl0 |A;—As7 |20

t
- f ds I lyzn H; (@, €, €) dn (g, €)] >
o

V]

where in (3. 18) and (3. 19), the limit is taken in probability uniformly on the compact
sets of R+,

We now have the fundamental result of Dellacherie, Jacod and Yor [20].

THEOREM 3.15. — Any square integrable martingale N; on (Q, {F,,},50, PQP) such
that Ny =0 can be represented in the form:

c

(3 . 20) N; = Ssgt Hs (a)’ Ss’ es),

where H is taken as in Definition 3.14 and verifies (3.17). H is dt®dP®dn essentially
unique.

Proof. — This follows immediately from [20], the Poisson point process characterization
of the process (g, ¢,), and from proposition 3.11. W

Theorem 3.15 shows in particular that the {F, },,-martingales are pure jump
martingales. It is then feasible to set the following definition.

DerFINITION 3.16. — Let Nj, N; be two {F,, },»o-martingales on (Q, P®P) such that
Ny =Ny =0. [N’, N], is the bounded-variation ¢’-measurable process defined by:

(3.21) N, N),= ¥ (AN, (ANY),.

s=<t
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Recall that by [31], if N, N” are taken as in Definition 3. 16, then:
t t :
(3.22) N, N/ = J N:- 8N.- + f N;- 8N+ [N, N7,
0 (1]

Moreover, by Burkholder-Davis-Gundy inequalities, for any p such that 1<p< + o0
the following norms on the { F, },, ,-martingales N’ defined by:
| N [l,=[E" Nz,
(3.23) [|N"||"*=[EP®*[ sup |N;
0=sSs£+w

e,
,” =[EF®" [N, N'J52]',

p

N

are equivalent and exactly define the set H, of { F,, },,-martingale which are 0 at t=0
and whose terminal value is in L, (©Q, PRP).

Similarly, recall that if N, is a square integrable martingale on (Q, PQP) with respect
to {F,},50, such that N, =0, there is I,. . .I,, # defined on R* xQ with values in R,
which are predictable with respect to { F, },,, such that:

(a) For any teR™:

t m
(3.24) E"®"'J l: Y |I,-|2+|f|2]ds<+oo;
0 i=1
(b) PP a.s.:
m t t
(3.25) N,=)Y J I; 6w‘+f F 6B.
i=1 4J0 o

Moreover by Burkholder-Davis-Gundy inequalities [31], for any p>1 the following
norms on the {F, },, ,-martingales N defined by:
I3[, =B Nz,
IN=[E"®"[ sup |N|7"",
0sss+w

(3.26) S
( INf= {E*’@"’HM(ZILI%IJIZ) ds]m}”p,
0 i

are equivalent and exactly define the set H, of {F,},,,-martingales which are 0 at =0
and whose terminal value is in L,(Q, P®P).

ProposITION 3.17. — For any p(1<p< + ), the mapping:

(3.27) N,eH, > N;=N, e H,,

is a Banach space isomorphism.
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Proof. — This result is obvious since (3.27) corresponds exactly to the identification
of the terminal values [in L, (Q, P®P)] of the elements of H,and H,, O

Remark 2. — If p=1, & is only continuous and ©n(H,) is dense in H}, but is not Hj.
In the sequel, we write N’ instead of m(N).
We then have a technical result.

TueoreM 3.18. — If NeH,(1<p<+), if K is a bounded {F,},5, predictable
process, then PQP a.s., for any t=0:

A, t
(3.28) J Ki, ON,= J K,,- 6N
0 0
Proof. — K is a bounded {F,},,, predictable process, so that the martingale

A

t t =
I Ki, 0N;e H,. This implies that J Ki, 8N, is a { F,, },o-martingale, which is in

o 0
t

H,. Similarly, K, - is a bounded { F,, },;,-predictable process, and so J Ka,- 8N is
0
a { F,, },»o-martingale which is in H,

To prove (3.28), we only need to show that both sides of (3. 28) have the same jumps.

First assume that K,=1,,, where T is a { F, },,, stopping time. We must prove that
for any keN, PQP a.s.

At
(3.29) Lia-ac-1z 1 f Ki, 3N,=1j5,-a,- 121k Ka,- Na,—Ny,-).

At
Let { S} };cn be the {F, },5, stopping times:

st—0,
(3.30) .
Sk, =inf { t2SY, | A,—A,- [21/k }.

Then as i1 + o0, S¥ 1 + 00 PQP a.s.
Writing S instead of S¥, we are then left to prove that:

. Ag
(3.31) j Ki, 8N, =K,y (Npg—Noy),

Ag~

Now Ki =1,.p,, and Dy is a {F, },, stopping time. Clearly:

(3.32) j K, 0N, =1, p, (N—Np) =1, p. (N;—Np)).
0

If As-=<T since Ag=D,,-, Ag<D;. Using (3.32), we see that on (Ag- <T), both
sides of (3.31) are 0.
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If As->T, then Ag-2Dy. If Ag->Dy, Ag>Dy, and so using (3.32), we see that
(3.31) still holds. We claim that (Ag- =Dy) is negligible. In fact since Dy is a {F,},.,
stopping time, the zeros of z accumulate on the right of D;. But recall that
As=D,,->A5-. (3.31) has then been proved.

(3.28) holds when K=1,.;. (3.28) follows’ easily using the monotone class
Theorem [11]. O

_We then have the following result, which expresses [N’,N’] in terms of
{ F, },> o-stochastic integrals:

TueoreM 3.19. — IfNeH,, NeH, (1<p, p’ < + ), then:

A, A
(.33 N, R, =N, N, — I N, N, — I "Rg 8N,
(1]

V]
Proof. — For neN, let T™ be the { F, },,, stopping time:
T"=inf {t20; |N;| v |N;|=n}.

Then Ap»is a {F,},», stopping time. Since T" » + 0 P®P a.s. it suffices to check
that:

5 . AnAT _ AnAT,
(3.34) [N, NT.1,=Naiar, Naaag — J N, 3N, — f N, 8N,

(1] (0]
or equivalently to check (3.33) when N,, N, are replaced by N, , Ar) N,, A

We can then suppose that on [0, + oof, | N;- |, | N;- | are uniformly bounded processes.

Since L,=A, -, N, and Ni, are bounded {F,}, ,-predictable processes. (3.33) fol-
lows from (3.22) and (3.28). W

Remark 3. — Of course (3.33) is true in general if N and N’ are only supposed to be
uniformly integrable { F, },, ,-martingales.

Note that (3. 33) gives us [N’, N], by using the classical It calculus on the martingales
N,, N;. Practically, this expression is not very useful. Moreover the Burkholder-Davis-
Gundy inequalities corresponding to the equivalent norms (3.23) are not “obvious”
consequences of (3. 33).

(d) The Girsanov transformation on the filtrations {F,},5, and {F, },5,.

For obvious reasons, we limit ourselves to studying the Girsanov transformation
on B, which leaves w untouched. The Girsanov transformation on w would in fact be
essentially trivial to study.

Let ¢, be a {F,},», predictable bounded process on (Q, PQP). To simplify the
discussion, we will assume there exists T >0 such that if t>T, ¢,=0.

The process:

t t
(3.39 G,=exp|:f ¢, 8B, — 1 f c? ds],
0 2 Jo
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is a {F,},5,-martingale stopped at T. Moreover it is easy to see that the random

variables:
t
I ¢, 6B,
JO

are in all the L, (Q, PQP) (1<p < + ).
Let P be the probability measure on Q defined by:

(3.36) sup

0=st<+w

R sup G, sup G, 1,

0st<+w 0st<+w

(3.37) dP=G_ d (PRP).
Clearly, for any t=0:

dP  _ dP  _

(3.38) ——-F, =G, _—
dPQP dPRP

A'=GA,'

By the fundamental property of the Girsanov transformation on the Brownian motion
[40]-6, we know that if B, is the process:

(3.39) B,=B,— J“ ¢, ds;
V]
then (w}...wp, B)is a {F,},5, Brownian martingale under P.

Now the second equality in (3. 38) expresses the fact that the probability law of the
point process (g, e,) under P is equivalent to P on each FA, (by Proposition 3. 11,
{Fa,}iz0 is the natural filtration of this point process). We will now use the results
relative to the extended Girsanov transformation on point process given by Jacod [19].

DeFiniTION 3.20. — k, denotes the process:

t
(3.41) k,=J 5(33.
o Gr,

Of course, we also have:

‘G
(3.42) k,=J o ¢ OB,

o LUy,

Using (3. 36), we see that k, is a {F,},, -martingale stopped at T, which is in all the
H,(1=p< + o).
Set:

(3.43) G;=G,, ki=ks,

G, k; are { F,, },»o-martingales which are in all the H, (1 <p< + o).
We now have the fundamental.
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THEOREM 3.21. — G is the unique solution of the stochastic differential equation on
(Q’ { FA, }:go: P®P):

: t
(3.44) ' G,=1+ j G- 8k

o

Proof. — By the result of Doléans-Dade (see Jacod [19]) we know that (3. 44) has one
and only one solution. We must prove that G; is in fact solution of
(3.44). Theorem 3. 18 shows that:

t A,
(3.45) j G;- 8k;=f G, 8k,
0 0
Using (3.41), (3.44) follows. B

CoroLLARY. — k; is a { F,, },»(-martingale, which belongs to H,(1<p< + ), and is
the compensated sum of the jumps:

A, 1 A,
(3.46) exp{j c8B——J czds}—l.
A~ 2 A~

Proof. — Since keH,, k" € H,. Moreover, using (3.44), we see that the jumps Ak’
of k’ are such that:

(3.47) Ak;= 4Gt
G;-
Now:
Ay 1 (A 5
AG),=G, —G,-=G, - | ex cdB— - cds y —1 |,
(.45 | BOHTOMTOAC [ p{L- 2L,- } ]
G- =G, -.

(3.46) follows. N

Now if ®eQ, we can write for any s:
(3.49) o=(o | L, I or, ),

i.e. the trajectory @w=(w,z) is decomposed into two parts: the part before L, and the
part after L. "

Recall that in Ikeda-Watanabe [17], p. 209, stochastic integrals on (# ,, dn) are natu-
rally defined. Namely, observe that #", is endowed with the natural filtration {¥, },,,
given by:

(3.50) G,=B (g, ¢, | s<1).
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Then if @, is a {%,} predictable process on R* x #°, such that:

(3.51) J [J‘ |(I>s|2ds]dn<+oo,

Wo 0
the stochastic integral:

f D, de,
0

can be defined and moreover:

[ 2 [
(3.52) j [J (I>s8e] dn=f l:f (Dfds]dn,

o 0 o 0

Of course this is not surprising since by Theorems 3.4 and 3.9, on (#",, dn), conditio-
nally on o, eis a {%, },,, semi-martingale.

DEFINITION 3.22. — The function d, (o, &, e) is defined on R* x Q x #7, by:

R | ERRCIEATER®
- JO

1 a(e) o
Gt @ o .
0

(3.53) makes sense. In fact, it is not hard to prove that for each (s, ®)eR* x Q,
(ua (E’ e)) € R+ X WO - C£s+u ((T) l ]_"s I (8’ e))

is {%,},»o-predictable. Moreover, for each v>0:

.
®tAvdt

j cAvdn(e,e)=I < 4+ o0.

Yo

0 Rnt3

Since ¢ is bounded for each (s, ®), we can define on (%, dn):

(3.54) Jumv i, +a (@] L | (5, €)) Be (w).

]
Finally by making v — + oo in (3. 54), the integral:
j c£s+u (a) | I_"s I (89 e)) 88 (u)
/]

is well-defined.

Also observe that by standard results on stochastic integrals depending on a parameter,
d can be defined so as to be Q% (# ,)-measurable.
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DEerFINITION 3.23. — The function d; (o, €, e) is defined on R* xQ x %7, by:
(3.55) (@, & )=d, - (@ &, €.
Using Proposition 3. 13, we see that d” is ' ®% (# ,) measurable.

ProPOSITION 3.24. — We have the following inequality:
+ o
(3.56) Em"'J‘ [Jld;(é, g e)—1|%dn(e, e)]ds<+oo,
0

k; is given by:
(3.57 ki=S,<. [d; (o, €, e)—1].

Proof. — By the Corollary of Theorem 3.21, k’ is the compensated sum of the jumps
(3.46). Using (3.53) and (3.55), we see that k” is the compensated sum of the jumps
d, (o, €, e)—1. Since k’ is in Hj, (3. 56) is verified. []

Remark 4. — Inequality (3.56) will be reproved in a much stronger form in
Proposition 3. 26.

THEOREM 3.25. — Under P, (g, e,) is a point process whose Lévy measure is given by:

(3.58) d. (o, € e)dn (g, e).
In particular, if Hy(o, €, e) is taken as in (3.17), the process S;<, H, (o, €, e,), defined
by:

¢ c

(3 . 59) Ssét Hs (E)’ 8s’ es) = Ssgr Hs ((I), as’ es)

- j' dsf[d; (@, & e)—1]H, (o, &, e) dn (g, e),
0

is a {Fy, }:»0 local martingale on (Q, P).

Proof. — Using (3.44) and (3.57), (3.58) is a direct consequence of
Jacod [19]. Observe that the r.h.s. of (3.59) makes sense because of (3.17) and
(3.56). The end of the theorem is also a consequence of Jacod [19]. M

Remark 5. — Theorem 3.25 shows that the effect of the Girsanov transformation
PP — P=G_ dP is to create a “Girsanov transformation” n — d, dn at the level of
each excursion.

The analogy is in fact obvious by formula (3. 53).

(e) The Girsanov transformation and its effect on the stochastic calculus.

We will now show how (3. 39) —which gives the effect of the Girsanov transformation
on {F,},,,-martingales—and (3. 59) —which gives the corresponding effect on {Fa,}izo0

martingales — are related.
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In fact let NeH,. We can represent the {F,},,-martingale N, as in (3.25). Now
under P we know that:

(3.60) N,=N,— ft 2, ¢, ds,
(4]

is a { F,}-martingale. But:

E';l:jﬂoljscslds] §C|:E"®"' JT|js|2ds]1/2.
V] V]

Since G,eH,(1=p<+0), it follows easily that N, is a uniformly integrable
{ F, };> o-martingale on (Q, P).

N,, is then a {F,, },»,-martingale on (O, P).

Now we know that N, € Hj. Then:

c

(3.61) Nu,=S,<. H; (0, &, ¢),

where:

o

H, (0, &, €)= I

0o

Lia-+u (@] A | (5 @) 36"+ r I a-+u @[ A~ | (5 €)) Be.
0

From now on we will simplify the notations as much as we can, i.e. o, L, ¢, e will be
generally omitted.

Now for fixed (s, ®)eR™* xQ, on (# , n), we know that if d (u) is defined by:

: Ag—tu 1 Ag-+tu
(3.62) 'd_;(u):cxp{j cSe— — J 2 dv},
As™ 2 Ag—
then:
(3.63) {dds W) =d; () ca,- +, Se (u),
d; (0)=1.

In fact (3.63) is obvious, because e(u) is a semi-martingale on (% ,, n) with respect
to {#,}.>0 (in the sense than conditionally on o, e(u) is a semi-martingale). Since:

+ ,
(3.64) _ EP®F f (| L|*+]| £ |? ds< + oo,
0
we find that:

+ o [
(3.65) E"@"'f dsj [j (|I,-,As_+,,lz+|/Ax_+,,|2)du:|dn<+oo.
(/] o ]
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Using Theorem 3. 25, we see that:

0o

(3.66) N, — fxds[f (4, @, & e)— 1) H, &, &, e)dn(e)],
"o

isa { F,, },50 local martingale for P.

PROPOSITION 3.26. — j | d;—1|?dn is uniformly bounded on R* x Q, and moreover:
Wo

(3.67) Jld;—1|2dn=[‘[ J.o[d;(u)cAs_ﬂlzdu]dn.
#o Wwo JO

Proof. — Set:

[ @=d;(w)—1.
Then by (3. 63):

(3.68) { dfy @)=(f; @)+1) ca,- 1, Se (u)
1 (0)=0.

Let o, be the {¥,},,, stopping time:
(3.69) o=inf { u20; | f/ (w)| 2k} A ©.
Using (3. 52), we get for t=0:

(3.70) | £/ (o A t)lzdn§C|:‘[ [J'U;(c,,/\ w)|? du+o A t]dn].
Wo wo [V] '

Now:

4
(6 A t)dn= ——'?
%o /2w

and moreover both sides of (3. 70) are finite.
Using Gronwall’s lemma, we find that if ¢ remains in a compact set,

f | [l (o A ) |2 dn remains uniformly bounded. Since f’ is stopped at T (because
Wo

ca,- +4=0 for u2T), we find that J‘ | £ @) |? dn is uniformly bounded. Now:

wo

(3.71) [Jc[d;(u)cAs_+u[2du]dn
o 0

gc[j [JGATlﬁ’(u)Izdu+c A T]dn] <+ 0.
Yo 0
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Using (3. 52), (3.63) and (3.71), (3.67) follows. W
We ‘then find:

PrROPOSITION 3.27. — On R* xQ, ds®dP®dP a.s.:

(3.72) J. (d;—1)H, dn= f [ jc de(U) Ca-+u Fag-+u du ] dn.

0o

+
Proof. — Since EF®¥ J | #,|* ds< + o0, we know that:

0o

+ oo c
(3.73) E’®P'I dsj f |jAs_+,,|2dudn<+oo.
0 Wo vO
Then:
(3.74) J | £a-+ul?dudn<+oo, ds®dPRdP a.s.
Wo vO

Using (3. 74), Proposition 3.26 and (3.52), (3.72) follows. W
We now have the key resuit.

THEOREM 3.28. — On R* xQ, ds®dPRdP a.s.:
(3.75) (d;—1) H, dn= J

Wwo Wo[

Proof. — 1If (s, ®) is chosen in such a way that:

(3.76) f dn[jcles_+u|2du]<+oo,
Wwo V]

using Proposition 3.26 and the Lebesgue Theorem, we find that:

f Cay-+u P ag-+u dU ] dg dn.

0o

(3.77) [ J d; (W) Car- v Fapesu ] dn
Yo

o

nio n

ctim [ [t [ 4@ e S
Wwo -

For n>0, let n" be the probability law n(./c=mn). By [17], p. 309, under n" ¢, ,—e
is a {%, .+, }.>0 continuous martingale, whose quadratic variation is t A (c—mn) (i.e. it is
a Brownian motion stopped at the time where it first hits —e,). Since c, -, is 0 for
u=T, (3.63) immediately shows that under n", d;(m+u) is a uniformly integrable

{%.+u}uso-martingale, stopped a . This shows that:

(3' 78) [ f d; (u) cAs‘+u fAs—+u du]dn": f [ J cAs“ +u fAs‘ +u du :I d.; dn"9
Yo n ¥o n
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so that:

n

619 | | IEICE— e
Yo
lcén
%o

[ [enreusne | azan.
n

Now since c, -, is bounded and is 0 for u>T:

(3. 80) f cch’_+,,jA’_+u|dudﬁ§|:J J°|cA,-+,,|2dudn:|
Wo JO Wo JO

.1 1/2
X[J ]jAs_ledudn]
Wo JO

+ dt 1/2 c 2 1/2
=<C tAT —4y|*dudn < + 0.
B [L J2nt ] [fwo.[oles+ | :l

1/2

and moreover:

< 2
(3.81) [j |CA,—+qu,—+u|d“:| dn
Wwo (]

gCTJ~ [ Jole,_,,,, Izdu]dn<+oo.
Wwo V]

Using the identity:

(3 . 82) lc;n J cA,‘ +u jA,- +u du d; dn

o n

=J‘ ldgn j cAs_ +u jAs_ +u du (d;—l) dn
o

n

+ J‘ lcgn ‘[ cAs‘ +u fAs‘ +u du dn’
Yo

n

(3.80), (3.81) and Lebesgue’s theorem, (3. 75) follows. H

Remark 6. — In the proof of Theorem 3.28, we have essentially used the “martingale”
property of d; (u) on (# ', {%,}.20-1). (3.75) shows that the effect of the “Girsanov
transformation” n — d.dn on the “excursion martingales” —which are stochastic integra-
les with respect to (e, €!...e™)—is formally identical to the effect of the Girsanov
transformation PP’ — P on the {F,},,, martingales.

A consequence of Theorem 3. 28 is the following result:
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THEOREM 3.29. — Under P
t o
(3.83) Ny, - f dsf f (Cay-+u Fa,-+4) du dg dn,
0 wo Jo

is a { F,, },5-martingale.

Proof. — First observe that (3. 83) is well defined. In fact using the same decomposi-
tion as in (3. 82), we get:

t © A AT
(3.84) EP®¥ I ds f J | ca-+u Fa,-+u | du d, dn <EP®¥ J le, #,|ds
o o Jo 0

t c
+EP®P'J dsf f | Cap-+u Fag-+u| du|(d;—1) | dn.
0 Wo JO

By (3. 64), the first integral in the r. h.s. of (3.84) is finite. Using Proposition 3.26
and (3. 81), the second integral can be bounded by:

t L] 1/2
(3.85) Ct”z[E"@"'j dsf | Faevu|? du dn:| .
V] Wo JO

The r. h.s. of (3.85) is <+ oo by (3.73).

Theorem 3.29 is then a consequence of Theorem 3.25 and Proposition 3.26 [which
imply that (3.66) is a { F,, },>,-martingale for P] and of Theorem 3.28. W

COROLLARY. — Under P

X A, t o
(3.86) J ¢, F,ds— f dsj I Cay-+u P a,-+u du dg dn,
o Wo JO

0o

is a { F,, },5o-martingale.

Proof. — We know that N, is a { F,, },,,-martingale under P. Using Theorem 3. 29,
the corollary follows. W

Remark 7. — As should be expected, the corollary of Theorem 3.29 is a triviality. In
fact we know that:

_ (A, A AT
(3.87) E"f |c, #,|ds=EP®¥ Gmf |, .| ds
V] 0

+ o0 1/2
§CT”2 [EP®P' Gﬁ)]llz |: EP@P’ J | fs 12 ds :l ,
0
which is < + oo since Ge H,.

(3.86) is then an obvious consequence of Theorem 3.25. In fact, by the effect of
A
the Girsanov transformation on {F, },,, martingales, N, — j ' ¢, Fsds is a

]
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A

= . t . = . . .
{Fa, };»o-martingale. But J ¢, Fidsisa {F,, },,o-optional process, while point proces-

0
A,
ses are characterized by their predictable compensator. Another compensation of j '

_ 0
¢; #sds is needed to obtain the {F, },,, predictable compensator:

A, o
f tdsf f Carevu Fare vu dud]dn.
1] Wo JO

4. The calculus of variations on the reflecting Brownian motion

In this section, we develop a calculus of variations on the reflecting Brownian motion z
in order to obtain the adequate estimates on the component A, of the boundary process
(At’ xA,)'

The main difficulty is that the local time L. is not “naturally” a differentiable function
of the trajectories of z. or of B., so that the calculus which we developed in section 2,
and which was based on the Girsanov transformation, fails.

In an earlier version of this paper, we used the point process description of (z, w) in
section 3, and in particular the description of the characteristic measure n in the corollary
of Theorem 3.9. Each excursion of z was renormalized so as to have length 1, the
length of the excursion ¢ being made a component of the point process, and the calculus
of variations on the point process o, was developped as in [8]. Although this calculus
was simple and intuitively appealing in its principle, the computations were made difficult
because jump martingales had to be explicitly used.

Later on, we discovered that the stochastic calculus in natural time scale could be
“twisted” in such a way that an integration by parts could be proved without explicitly
using the Itd theory of excursions. This point of view is developed in subsections
(a), (b), (c), rather independently of its later applications to the calculus of variations.

In (a), we define a class of transformations on the reflecting Brownian motion z under
which the law of z is quasi-invariant. After the adequate inclusion of (w!. . .w™) in this
transformation, it appears that the ‘“‘right” class of perturbations for the reflecting
Brownian motion has been found. These transformations are interpreted as transforma-
tions of the point process (g, e,) described in section 3, under which this point process is
quasi-invariant. They are the infinite dimensional analogue of what we did in [8] for
finite dimensional jump processes.

In (b), we obtain the fundamental equality which extends (2. 14). In (c), an integration
by parts formula on the reflecting Brownian motion is proved. This formula is given a
direct short proof based on It6-Tanaka’s calculus when simple functionals are
considered. Its relation to Ray-Knight’s theorem on the local time process
(Ito-McKean [18], p. 65, Jeulin-Yor [22]) are underlined.
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In (d), a truncated integration by parts formula is derived on the component A, of the
boundary process (A, x,,). In (f) and (g), the full integration by parts formulas on
the component A, are given and the corresponding implications on the regularity of the
boundary semi-group are exhibited in the localizable and the non localizable case. In (h),
the existence of non necessarily regular densities for the boundary semi-group is conside-
red.

In the whole section, we have taken a more naive approach than in section 2, i.e. we
first prove integration by parts formulas on “simple” functionals, and later guess for
what functionals such formulas should be extended so as to get the desired result on the
boundary semi-group.

The results and notations of the previous sections (and especially of section 3) are
used.

(a) Quasi-invariance properties of the reflecting Brownian motion.

On (Q, {F,},50 P®P) we consider a continuous semi-martingale H, having the follo-
wing properties:

(a) It is bounded and =0.

(b) His 0 on (z=0).

(¢) The Itd6 decomposition of H is:

t t t
4.1 : ]-I,=J de+f RdL+f E o8B,
0 0 0

where K, R, E, are bounded { F, },, o-predictable processes.

Since the support of dL is (z=0), and since by Proposition 3.13, Ry, is still {F,},,,
predictable, we may, and we will assume that:

(4.2) R,=R;.

Using a resultat of Ikeda-Watanabe [17], p. 306-307, it can be proved that if E is
continuous, then R,=E;. We will not need this result.

Let LM be the standard local time at 0 of H. Since H is =0, we know by Meyer [31]
that:

t
(4.3) ' Lfl-: ‘[ 1H=0 SH.
]

t
Since L¥ is an increasing process, f 1,_o dLM is also increasing. Since (z=0) is
o
negligible for the Lebesgue measure, and since H is 0 on (z=0), we find from (4.1)

that:
t t
4.4) f l,_o dL“=f R dL.

0o 0

So we may assume that R is =0.
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Finally, we will assume for technical reasons that:

, 1
4.5) E2——.
(4.5) 22
DeFiNITION 4.1, — N, is the >0 {F,},, ,-martingale:
t t 2
(4.6) N,=exp{— LSB—EJ‘ (L> ds},
o 1+E 2 J,\1+E

S is the probability measure on Q whose density with respect to PQP on F, is N,, i.e.:

ds

4.7 TPRP PRP)

t

F,
T, is the time change:

T 2
(4.8) t,=inf{tg0;'[ (-I—J“E) ds>t}.
o V1R

"

Since 1+E=1/2, K/(1+E) is bounded, and N, is indeed a { F, },, ,-martingale.

DerFiniTION 4.2. — The following processes are defined by:

z;:(z"‘H) , L;=Lt"
1+R /,,

4.9
T, T, 1 E
wil= f‘ 1+E dwl, ..., wm= L W)
o 1+R o 1+R
Since R,=Rf, and z+H is 0 on (z=0), (z,+H,)/(1+R)) is clearly a continuous
process. z,, L;, w;', ..., w;™ are then continuous processes, which are adapted to
{Fﬁ}th'

We now have the fundamental result:

THEOREM 4.3. — Under the probability measure S, (z,—L;, w;*, ..., w™) is a m+1-
dimensional Brownian { ¥}, ,-martingale, and z, is a reflecting Brownian motion, whose
local time at 0 is L;.

Proof. — Let B; be the process:

_ t K
(4.10) m=&+f ds.
o 1+E
Under S, (B’, w', . . ., w™) is a m + 1-dimensional Brownian { F, },, ,-martingale.
Clearly:

t t
(4.11) 4+E=JU+ESF+JU+MdL

0 0
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Using Azéma-Yor’s formula [49], we know that since R,=Ry, and since z,+ H,=0 on
(z=0), (z,+H)/(1+R)) is a continuous semi-martingale, whose Itd decomposition is

given by:

mjm

z+H, _ I‘ 1+E 5B+ L
1+R, Jo 1+R i

Under S, <Jt(1+E)/(1+R) 3B, wl, ..., w,””) is a m+ 1-dimensional Brownian
0

{F,, }:>o-martingale. Obviously:
(4.13) J 1—’iEz‘>B'+L'.

The support of dL is included in (z=0), and (z=0) coincides with (z4+H=0). The
support of dL’ is then included in (z’=0), and z’ is a =0 process.

Since J ‘(1 +E)/(1+R) 6B’ is a Brownian motion, we know by a result of Skorokhod
0

given in Ikeda-Watanabe [17], p. 120 that under S, z’ is a reflecting Brownian motion
whose local time at 0 is L’. The proof is finished. [J

Remark 1. — The mapping (w!,...,w" z) - (W, ...,w™ ) induces a natural
transformation of the corresponding excursion point processes.

Namely let (g, e) be the point process associated to (w?, . .., w™ z) which has been
defined in Definition 3.8. Similarly let (g, ¢)) be the point process associated to
(w't, .. .,w™ 2'); this process is still defined as in Definition 3.8, using the local time
L’ and its right-continuous inverse A’. instead of L. and A .

Both processes (g, ¢,) and (g, e;) are adapted to { F,, },5,. Moreover the jump times
of these two processes—which take place at the times t where (g, e,) or (g, ¢/) are
#0—are the same. To see this, it suffices to note that the jumps of (g, e,) coincide
with the image of (z#£0) by L. An obvious time change argument shows that this is
also the image of (z'#0) by L"., which gives the jump times of (g, €).

We now express (g, €,) in terms of (g, ¢,). For teR™, (w, & €)eQ x #",, consider the
excursion time change:

P[1+Es 4, @A |G e))]2 }
4 14 t=inf{ p=0; : — du>s
( ) Ps 1 { p— J;) |: N 1+RA,‘ ((0)

[for simplicity, we did not write explicitly that p depends on (o, &, e)].
The reader can easily check that (g, ¢]) is given by the following formulas:
If (¢, e,) #90, (g, e;)(s) is stopped at o; where:

fA,—A.— 1+Es -+, @] A,- | (s €) :lz
o, = d
1+R, -

0
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and for 0<s=<o;:

¢ ()= J‘os 1 +EA,— +u (@ | A,: | (e €) 56, (),
(4.15) 0 1+R,,- (0)
e (S): [ (p.ts)"'HA‘ +ol (C!) I A I (g” et))
' 1+R,- @)

The transformation (, €, ;) — (g, €;) is clearly #'®% -measurable. This transforma-
tion is closely connected with the transformation which we used in [8] for finite-
dimensional jump processes.

A; is given by:

(4.16) A/=inf { A’20; L. >t },
Clearly:

A 14+E )?
| A= —— | ds
1 I Las]

Since under S, z’. is a reflecting Brownian motion, we know that A;< + o S a.s. Since
1+4E=1/2, and since R is bounded, we find that S a.s, A,<+oc. From
Proposition 1.4, we find that:

ds

d (PRP) |5

F A,

Because of (4. 18), the result stated in Theorem 3. 25 is still true, i. e., under S, (g, e,) is
a point process whose Lévy measure dng; , (€, e) is given by:

- - _ M K A -
(4.19) dng , (g, €)= I:exp{ L ( TE >A‘_ ¥ (@ | A,- | (& €)) Be, (w)

1 (A A K 2 _
2 _L <1+—E)A,—+u @|A- |G @) d“}]dn (g, e).

An equivalent formulation of Theorem 4.3 is that under dn(; ,, (¢, e), the law of (¢’, ¢’)
is exactly n. This result can be better formulated by assuming that R is constant (i.e.
not random), and that K, E only depend on (g, €) (i. e. do not depend on o before A,-)
so that o, t can be considered as parameters.

(4.18)

=NAt'

(b) The basic equality.

xo,€R? is now fixed.
On (Q, {F,},50, PQP), we consider the stochastic differential equation:

- 1+E \?2 _z+H - z+H *1+E
(4.20) dx=(m> X°<x’1+R>d +X( ) J—S w'+D (X) dL,

X (0)=x,.
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t
Here df (1+E)/(1+R) 8w’ denotes the Stratonovitch differential of the It integral
V]

J'(l +E)/(1+R) dw'.
1)

Set:
t
(4.21) M,=exp J(ﬂb<gﬂ>__£>53
o L1+R 1+R ) 1+E
1 (*/ 1+E - z+H K \2
o () - 2 ) as b
2 o\ 1+R 1+R ) 1+E

THEOREM 4.4. — Let x, be the process @ (o, x,). Then for any t>0, any
feC2 (R®RY), the following equality holds:

(4.22) EP®P'[MM f( f A'<I—J—rE>zds, EA,)]=E"®"' My, f (A xa)l
o \14R ‘

Proof. — As in section 2, it is essential that f has compact support. Since 1+E=1/2

A, _
and R is bounded, there is T=0 such that if A, =T, f( f (1+E)/(1+R))? ds, xA,>
o
and f (A, x,,) are 0.

Set x;=x,. It is clear that:

(4.23) {dx =X, (X', 2) dt+X;(x’, 2’). dw"+D (x’) dL’,

x" (0)=x,.
From (4.17), we know that 1,;=A,, and so:
(4.24) Xp, = Xa,

Moreover, if B; is defined by (4. 10), we have:

t t 2
(4.25) M,=N,exp{Jb<£z+H>ﬂ5r3'—lf [b(f,”H)ﬂ] ds}
o 1+R ) 14R 2 ), 1+R J 1+R

(4.22) is then an obvious consequence of (4.23)-(4.25) and of Theorem 4.3. []

(¢) An integration by parts formula on the reflecting Brownian motion.

We will now use (4.22) in the same way we used (2. 14) in the proof of Theorem 2.2,
i.e. we will differentiate (4. 22).
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We have:

THEOREM 4.5. — Take xo,eR® Let x, be the I;rocess 0, (0, x,), and let U, be the
process with values in T, (R%:

(4.26) U,= f o1 ! (2 (B—R) Xo (%, 2,)+(H-R 2) aai (*s z,,>>dv
1] zZ

+f oF 1 X, (x, 2) d f (E—R), owt
0

]

+ _[ o ' (H,—Rz) 2 (%, 2,). AW'.
0 oz

Then for any t>0, and any fe C® (R x R?), the following equality holds:

A
(4.27) EPF [ M, d,f (A, xA‘)J "2(E—R) ds]
0
+EP®P, [MAt < dxf(At’ xA,)9 (PK, UA, >]

+ EFPO®F I: MA‘f(A,, XAt) fAt (-K+(E—R) b (x,, z,)
0o
+< bx (xs’ zs)’ (p: Us >+(H—R Z) bz (xss zs)) (aBs_b (xs’ zs) dS) ] =0.

Proof. — First observe that (4.27) makes sense. In fact f has compact support, so
that T exists such that if A, 2T, f(A, x,)=0. Now 1, .y M,, is in all the

1=

L,(Q, PQP). Moreover sup z, is in all the L,(Q, PQP). Using Theorem 1.1 (e)

0=<s=<T

it is clear that 1, .; sup | ¥ U,|is in all the L,(Q, PQP).

0<s<A,

This shows that:

(4.28)  1,<r r’ (—K+(E—R) b+ b,, 0* U, >+(H—R2)b,) (5B—b ds),
(1]

is also in all the L,(Q, P®P).

For leR ™, I<1, consider the stochastic differential equation:

2
. 1+1E X, .x’,z+lH)ds
1+IR 1+IR

(4.29) +x,(x',z+lH d
1+IR

x' (0) = x,.

t
J (1+1E>8w‘+D(x’).dL,
o \14IR
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Set:

‘ .
(4.30) M:=exp{f<1”Eb<x',z+’H LR S PO
J\T+IR 1+1R ) T 1+1E

1 (*/1+]1E , z+IlH IK \?
- = b x', — ds ).
2 Jo\1+IR 1+IR 1+1E
From Theorem 4.4, we know that:

A/ 141 E \? ,
[ ( 1+1R) ds, xk,)]=E"®" My, f (A, xa))
0

(4.31)  EF®¥ [ M;'f<
so that the L h.s. of (4.31) does not depend on I. The differential of (4.31) at =0 is
then 0.

Using the results of Bismut [5], Kunita [25], we know that it is possible to define
x. (0), M. (w), so that a.s., [ - (x" (w), M. (®)) is a C® mapping from [0, 1] into
C([0, T; R**1), and moreover the standard rules of variations of parameters also apply
to stochastic differential equations. An easy computation shows that:

1
[Q’i t] —or U,
a i,

(4.32) [5_M' t] =M, f'(_KJr(E—R) b+<{b,, of U )
61 1=0 [}

+(H—-R 2)b,) (8B—b (x, z,) ds).

By reasoning as in [7], Theorem 2.1 and [10], Theorem 2. 11, still using Theorem 1.1 (e)
and the fact that f has compact support, it can be easily proved that differentiation of
the [. h.s. of (4. 31) under the expectation sign is possible. The Theorem follows. []

Remark 2. — By Proposition 1.4, in (4.27), EP®® M, [...] can be replaced by
t

E%xo[...]. Also recall that under Q, o, B,— f b (x,, z;) ds is a Brownian {F,}
V]

>o-martingale. Using the results of section 3, the reader will check that formula

(4.27) is strikingly identical to the result given in Theorem 2.5 in [8]. Namely, for
(x, & e)eRIX W, set:

(4.33) m!(x, ¢ e)=exp { fu b (o, (¢, e, x), e) de— % j b2 (@, (¢, e, x), e) ds }»
V] o
It suffices to use the fact that at least when b has compact support, under Q, o) the
Lévy measure of the point process (g,e) is m'(xa-, € €)dn (e, e), where
x,=@,(®, x,). The comparison with [8] is then easy.
Also observe that the condition E= —1/2 can be dropped (it suffices to replace H by
A H, with A small enough).
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Also (4.27) extends to semi-martingales which are the difference of two =0 semi-
martingales having the same properties as H. If H’ is a non necessarily >0 semi-
martingale which has all the other properties of H, and is £Cz, we may write:

(4.34) H;=CZ'—'<CZ' —H;).
z,+1 z,+1

For C’ large enough, H, <C’z,/(z,+ 1) and so (4.27) applies to H".

Remark 3. — Let m be an element of Cp (R) which is such that m=a>0. If
g€ C® (R), Theorem 4.5 shows that:

(4.35) EF®¥ [g’ ( jA' m (z) ds > JW QE-R)m @)+H—-R z)m’ (2)) ds ]

o o
—E"®"'[g(r'm(z)ds)r'KSB]=0.
1] 0

It is most instructive to give a direct proof of (4.35) using the usual stochastic
calculus. By eventually replacing H, by h(t) H, [where he C* (R) and is =0}, we will
assume that for t=T,H, K, R, E are 0.

We will then prove (4. 35) for g(a)=e"* (g does not have compact support but this is
irrelevant). Replacing m by B m (B>0), (4.35) will then be proved for g(@=e P and
readily extends to g € CZ (R).

Let u be the only decreasing =0 C*® function which is the solution of the Sturm-
Liouville problem:

7

(4.36) gé——mu=0, u(©)=1.

Let G, be the { F, }, ,-martingale:

(4.37) G,=u(z,) exp{ — Jtm (z) ds—u’ (0) L,}.

o

It is easy to see that G, is a { F,, },»o-martingale and moreover:

(4.38) aG=G W@ OB,
u(2)

Using (4. 38) and Itd’s calculus, we find that:

, Ay , At u/
EF®P [GA'J K8B]=EP®P I:GA'J K—(z)ds].
0 0 u
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Now using the fact that H is 0 on (z=0), and It6-Tanaka and Azéma-Yor’s formulas,
we have:

(4.39) (H,—R,z) ( v > (zp)= Jr K v (2) ds
u u

o

; Jf [ L H-R2) < c ) () +E-R) ( c ) o ] ds
ol 2 u u

+ Jt[(E—R) v (»+MH-R z)(u—, )/ (z):|8B.
u

0 u

Another application of Itd’s calculus shows that:

(4.40) EPSF [ G,, JA' [(E—R) ¥ ©+H-R 2) < “; ) ) ] 53]
. u

0

=EP®¥ [ G,, JA' [(E_R) < v >2 (2)+H-R z)< d ) (z)( “ ) (2 ] ds ]
° u u u

Using (4. 36)-(4.40) and the fact that H,,—R,, z,,=0, we find easily that:

A
(4.41) EP®P'[GAII 'KSB]

0

— _EPoF [ G, JA' [2(E—R) m (2)+(H—R 2)m’ (2)] ds ]
0

which is exactly (4.35) with g(@)=e ™"
In the case where H,=h(z,) (with h e C (R), h(0)=0), (4. 35) writes:

(4.42) E” [g’( J - @) ds) IA' 2K (D)= ©O) m ()
0

0

+(h(2)—H (0) 2) m’ (2)] ds:I —E¥ [g( JA'm () ds) JA' %h” ) SB] =0.

] 0

(4.42) is also a consequence of Ray-Knight’s theorem, which states that if L (a) (¢=0)
is the standard local time of z. at a at time A,, then as a function of a, L' (a) is half of a
Bes?(0) process starting from 2t at time 0 (see Itd6-McKean [18], p. 65,
Jeulin-Yor [22]). Namely, we have:

A, A, 1 A,
(4.43) J W (z) 8B= j W (z)d -3 I n” (z) ds
0

0 0

_ J ™ ©)dL=— f " W (@) L (@) da— i Ot

0 0
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so that (4. 42) writes:

(4.44) EP'[g’<2f+wm(a) L (a) da) j+m[4 " (@—h (0)) m (a)
0 0

+2 (h (@) (0) @) m’ (a)] L' (a) da ]

+EP'[g(2j+mm(a) L'(a)da)(JAH0 wda+ hﬂ)] =0.
0 0 2 2

Let B, be an auxiliary Brownian motion, and (Q2”, P”) be its probability space. Using a
result of Yamada (Ikeda-Watanabe [17], p. 168), we know that in law, L‘(a) is the
unique solution of:

(4.45) L (@)=_/2T7(@ 8B (@), L' (0)=t.
Let k € C? (R) be such that k (0)=0, |k|<1/2. For I<1, we have:

d (1+Ik (a)) L' (@)=(1+1k (a)) \/ZTW) 3B (a)+ Ik’ (a) L* (a) da,

(4. 46) {
(1+1k (0)) L* (0)=t.

Let 0' be the Girsanov exponential:

- _ to Ik’ (a) L' (a) _lj'”’[ Ik’ (a) ]2 . }
(4.47) O—exp[ L I+1k @ 5 OB (a) 2 ), T+ Ik @ L* (a) da

@, (] W@ 3 W@ ).,
_exp{ 2 +L [2(1+lk<a)) 4<1+lk<a)> ]L(“)d“}

and let v, be the time change:

(4.48) y,,=inf{y§0; r(1+zk (b))db>a}.
o

Using (4.45)-(4.47), we see that under the probability measure 0'dP”, the process
(1+1k (v,)) L* (v,) has the same law as L!(a) under P”.

It is then clear that:

(4.49) E"”[O’g(ZJWOo m ( Ja (1+1k (b)) db>(1+lk (@))* L' (a) da)]
0 0

=EP'/[g<2f+mm(a) L‘(a)da)].
0
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By differentiating (4.49) at |=0, we find:

(4.50) E¥ [g’<2J‘+w m (a) L' (a) da) J+m<4k (@) m (a)

0o 0

+2 Ja k (b) db m’ (a)) L' (a) da]

0o

v o2 mo r@w)( [ QLG 201
JO 0

If k (@)=h (a)—Hh (0), since h(0)=0, we find that (4. 50) is exactly (4. 44).

(4.44) can also be derived using Itd’s calculus on Lf(a). We will prove (4.44) with
g(b)=e"?. If u is given by (4.36), then it immediately follows from (4.45) that Q,
given by:

(4.51) Qa=exp{ —2rm ) L) db+ L@ 1 (a)},
0 u (a)
is a martingale on (Q”, P”) (this is the basis of Jeulin-Yor [22]) and moreover:
(4.52) iQ,=Q, Y@ 511 (a)
u (a)

Now:

+ o0 723 t ” + oo ” t
.53 J h (a)L(a)da+h(0)t=_J‘ h(a)SL(a).

0 2 2 0 2

Using It6’s stochastic calculus and (4. 52), we find:

@.58) —EP"[wa+w hM]=—E"”[Qw rh" (a)";' @ L' @) da].

0 2 0

Now:

’r ’2

uz )L'(a)da

u u

+ u

4.55 - j‘ﬂoh” (a)u—,L'(a)da=f oo(h’ (a)—NK (0))(
0 u .

o

+ j‘+ ) (W (a)—N (0) u; SL' (a).

0o

Using (4. 52) again we find from (4. 54) and (4. 55) that:

(4.56) _E»"[Qwr“’ M]
0 2
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’r u/2

=E"”[wa w(h’(a)—h'w»(“—+ §
. u u

o

> (a) L' (a) da ]

=E [ Qu ( J 4 @K O)m @ L' @) da
o

- J"”’O W (@—n (0) ( w >, L' (a) da ) ] .
0 u

Using the fact that h(0)=0, we have:

(4.57) —E"'[wa+w(h’ (a)—N (O))(%l)/ L (a) da]
0

=E"" Q, fﬂo (h (@) =N (0) a) ( ( v )”+2( w ) ( v ) (@ ) L' (a) da
0 u u u

—E*' Q, J " (h(a)—H (0) a) m’ (a) L (a) da.
0

From (4. 51)-(4.57), (4. 44) holds with g (b)=e"".

(d) Truncated integration by parts in the variable A.

Recall that we want to obtain a formula of the type:
(4.58) EP®P [M,, d, f (A, xa)]=E"®" [f (A, x,) D/].
From (4.27), it is clear that we must try to apply the calculus of variations to

At

M,, f (A, xa) / f 2 (E—R) ds instead of applying it only to My, f (A, x,).
]

In this section we will—somewhat arbitrarily —select one special H,, which will be z?

(which is unbounded, but this will be irrelevant).

Let T be an element of C® (R), with values in [0, 1], such that t(u)=1 if | ulg 1, and
T(w)=0if |u|=2.

For N1, the function yy is defined by:

in(w)=1—1(Nu).

For k,leN, the functions u — [d* yx (4)/du*] u~! can be extended to u=0 by setting:

k
[d XN]u"=0 if u=0.
du*

These functions are in C° (R).
We have the analogue of Theorem 2. 3.
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THEOREM 4.6. — Take x,eR® Let x, be the process ¢4(®, X,) and let V, be the
process with values in T, (R%:

(459) Vs= f (P:‘_l(4zv Xo(xw zu)+2387xq(x0a Zv)>dv
0 4

+ j or ! < 22, X; (x5 2,)+22 , (%, Z.;)) .dw'.
0 0z

Then for any N1, t,t” 20, t 2t”, and any f € C2 (R x R?), the following equality holds:

Ap
(4.60) 4 EP®¥ { An ( f zds ) M,, d,f (Ay X,) J +EPOF

[}

Ag
AN ( J z ds)
__\NYO0

A - MA, { < dxf(Av xA,)’ (PK, VA," >+f (A‘, xA,)
j zds
0

Ay
X (J C(~1422b (%, 2)+22 b, (% 2)+< by (%, 2), 0F V, )

0o

(8B, —b (x,, z,) ds)+ < jAt @5 b, (x5 2)) OB —b (x,, 2)) ds), V,,. >) }
Ay

Ay A
X&(J‘ zds) XN(J st) A,
+EP®P MA’f(Ap xAt) ' Az, - A!? 2 J‘
j zds ( f zds )

Proof. — Observe that for any T20, sup z,is in all the L,(Q, PQP). Moreover

O0=<s=<T

5z%ds | =0.
lo

At

since yy Or Yy appear everywhere, the fact that I z ds is in the denominator of the
/]

various expressions does not raise any difficulty. (4.60) makes sense for the same

reason as (4.27). Also recall that as pointed out in section 1, ¢¥ b, (x,, z,) is the
element of T* (R?) given by 8¢,/0x (®, Xo) b, (x,, z,) (~ is the sign for transposition).
We now prove (4.60). We first take H as in (a) with R=0. Using the notations in
the proof of Theorem 4.5, we claim that:
A!
(I (1+1 E)? ds, xj,t>
0

o

XN“A'" (+1E)? (z+1 H) ds)
(4.61) EF®* | MY f

r'" (1+1E)? (z+1 H) ds
o
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A
AN ( J zds )
=ET | M, A(,)u
f zds
0

(4.61) is an obvious consequence of Theorems 4.3 and 4.4. If we differentiate (4. 61)
at [=0 the way we did in the proof of Theorem 4.5, we get:

A
AN ( f zds )
(4.62) EP®» | <0 7/

Ay
zds
0 .

(U
AN
+EPer | 0

' zds >
M,, < (dy f (A xa), 0%, U, >+ (A, xa)

Ay
zds
0

f (An xA,) s

At
M, d,f (A, xa) 'f 2 Eds
0

Ay
X J‘ (—K3+Es b (xs, Zs)

0

+H, b, (x,, z) +<{ b, (x,, z,), 0¥ U, > (6B,—b (x,, z,) ds) )

Ay
a([2)
+EOF | My, (A, x) | ——

(")

A,
XN<I st> A
-0 7/ J‘ (2Ez+H)ds =0.
Agr 2
<f zds)
0

For keN, we apply (4. 62) to H,=H* where H* is given by:

0

Clearly:

SAAp 2 z 1 Y z
(4.63) H§=J (r(%)+;t'(;>z+——2k2‘r(E>zz>du
0
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so that the corresponding K¥, E} are given by:

Zs 2 ’ zs 1 ” zs
K§=<‘t<—’;)+—l;‘t<;>zs+—2k217<;)Z§>13<A‘m
zs l ’ Zs
i (23 ) g7 (%)) ene

We now make k — + o in (4. 62) calculated with H*, K*, E*. Clearly as k - + o0,

(4.64)

(4 65) H: - zszAA,"’ Kg - 1s<A,~’ E? - 21:<A,» Zz.

and moreover HY K% E* may be uniformly bounded by C(1+z2). Using
Theorem 1.1 (e), the fact that sup z, is in all the L,(Q, PQP), and since f has compact

0ss=<T
support, we can take the obvious limit of (4.62) calculated with H*, K¥, E¥ and obtain
(4.60. O

t t

z dw' and f z 3w’ are equal, so that

Remark 4. — Since {z,w')=0, the integrals j
(V]

]
the difficulty we had in writting U, disappears in V,.
(e) Integration by parts in the variable A.

We will now show that yy may be replaced by 1 in (4. 60).
We have the easy result.

PrOPOSITION 4.7. — For any t>0, the random variable:

(4.66) ! ,

Al
J zds
0

Proof. — Since tz. /t? has the same law as z., j
0o

is in all the L,(Q, PQP).
A, Ay
z ds has the same law as t3 f zds
1]
At
Since under P, j z ds is a stationary independent increment process, it is clear that
(1]

A
J tz ds is a one-sided stable process with exponent 1/3. Now:
]

4.67) E"'I:(fA'zds)_p] - _1__1(;5 " o1 B B[ g
. 0 0

+
- ﬁp;)f pr1 e kb gB < 4 0.
0
The proof is finished. []
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We now claim:

THEOREM 4.8. — Formula (4.60) still holds when the function yy is replaced by the
constant function 1.

Proof. — Since t'(u)=0 if |u|=2, we have:

C

dxn () T(Nu)| ==,
u

(4.68) =

=N

Ay
We now make N — + o0 in (4.60). Since I zds>0 a.s., it is clear that:
o

Agr
xN(j zds)—»l a.s.,
(4.69) ‘ o
-dx—N(J“ zds)—>0 a.s.
du 0

Using again Theorem 1.1 (e), the fact that f has compact support, Proposition 4.7 and
the uniform bound (4. 68), it is easy to take the limit of (4.60) by using Lebesgue’s
theorem. Theorem 4.8 is proved. []

(f) Regularity of the boundary semi-group: the localizable case.

We now give the result of integration by parts of any order on the variable A when
the assumptions of section 2 (c) are verified.

THEOREM 4.9. — Assume that (x4, zo)€R*xR ™ and t’ >0 are such that:
(a) PP, C,, is invertible.

(b) For any T20, p21, 1, .| Cx}! | is in L,(Q, PRP;,).

Then for any neN, any t=t’, there exists a random variable D" such that:
(a) For any T>0, and any p21, 1, _, D} isin L,(Q, PQP,).

(b) For any fe C® (R xR?), if x, is the process @4(®, X,), then:

4.70) EP®P;, [ M,, %nf (A, xA‘)] = EP®F;, [ f (A, x,) DI

Proof. — We first consider the case where z,=0. We prove (4.70) with n=1. By

Theorem 4.8, we know that for 0<t"=<t, (4.60) holds with yy=1. (4.60) can be
rewritten:

(4.71) 4E°®F M, d,f (A, x,)]+E"®" [M, f(A, x,) V]

’ M 4
+EPOF | % (d, f (A, xa), OF, Vi, > | =0.

At
f zds
0
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Now we claim that the calculus of variations of section 2 can be restarted on the third
term of the L h.s. of (4.71) so as to equal it to:

(4.72) EP®F [M,, f (A, x,) J7]
and so (4.70) will be proved for n=1. Indeed, recall that in section 2, only (w'. . .w™)

A -1 . _
is made to vary, while z is unchanged. Since [ f z ds:l is in all the L,(Q, PQP),
(1]
and since @}, V,,. is a term of the sort we already met in section 2, there is no major

difficulty to use the technique of section 2—as long as 1,,_.|Cx!| is in all the
L,(Q, P®P)—and obtain (4.72).

We now prove (4. 70) for z,=0 and for a general n.

Take g € C® (R x R? and consider formula (4. 60) with:

n—1

s f (a, x) = ?_—,% (a9 x)’
oa

In=1, "=

S |~

(4. 60) writes:

, : an—l
(4.73) 4 EP®P [M s 78 (A, xA)] +EP®F [MA' P (A,, Xa,) Ak :|

ta n 1
, /ot g
+EPeP [MA,< o ag (Ap %), K >] =0.

We now reapply the step by step integration by parts procedure described in the proof
of Theorem 2.5. Namely we will do on the last two terms of the l.h.s. of (4.73) a
variation of z'on the time interval A,, <s<A,,,.

Observe that:

A‘/" -1 At
T (J , ds) < f 02 by (xy 2,) (3By—b (x, ) ds), VA,,n>

o At/n

1 At/n -1 "
K = z dS (PA, VA,/,,'
V]

where J'1,V are {F,},;o-optional processes. Jj, ,V,,, are then left invariant by this
new variation of z. It is easily checked that the previous procedure of integration
by parts can be repeatedly applied on the remaining time intervals
JA 2w Asguds - - -5 JA = 1yym A, SO that we make all the differentials of g in the variable A
disappear. We finally arrive at:

(4.74)

(4.75) 4 EP®F [MA,‘3 g, xA,)]+ Y EPe¥ [MA, o (Ao ) gm:l =

0=Z|m|Zn
and moreover the variables 1, .y £™ are in all the L,(Q, PQP).
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Now we claim that using the techniques of section 2, we have:
g

(4.76) EF®F [ My, —
0x

(An xa) £ ] _EPOF [g (A, xa)

where ™ has the required integfability properties. Indeed as clearly shown by (4. 60),
the random variables €™ which are produced by the calculus of variations in z can be
submitted to the calculus of variations in (w', . . .,w™). Since 1, <t | Ci/ | is in all the
L,(Q, PQP), it is not difficult to obtain (4. 76).

When z,#0, the proof is almost identical. In fact, formula (4.60) remains true if

the integrals j are replaced by J . The way to see this is to note that A, is the hitting
(4] Ao

time of 0 by z. (4.60) can then be written in conditional form (with x, replaced by
X,,) and then interpreted so as to get the new formula. A direct procedure is also
possible. [J

Remark 5. — Under the previous assumptions, to integrate by parts in the variable z,
we could as well use a technique similar to what is done in Theorem 2.4 instead of
using a step by step procedure. In this case the step by step procedure is useful when
the vector fields X, (x, z). . . X, (x, z) are not C* in the variable z [as in (0. 6)].

We have the fundamental.

THEOREM 4.10. — Under the assumptions of Theorem 4.9, for any t=t’, the law under
Qxo.z0) Of (Ay; x,) is given by p,(a, y) dady, where p,(a,y)eC* (R x R9).

Proof. — Let h(a,y)eCP®(RxR%. For feCP® (RxR% and for a given
multi-index m, we have classicaly:
o f A(m\ & . oh
(4.77) (——-) = —1'""< ) : |

Using (2. 27) in Theorem 2.4 and (4. 77) we find that since f0™ h/ox™eCZ (R x R9):

(4.78) EP®F;, [ M, ( s h) (A, xa) ] <Cr sup | f(a %)

m
0x @x)eR* xRY

Applying (4. 78) to the function:
(4.79) f (a, x) =¢'at<Bx)

we find that if p,(da,dy) is the law of (A, x,) under the measure M,, d(P®P; ), the
Fourier transform ! (o, B) of h(a, y) p,(da, dy) is such that:

(4.80) |B™ || Wi (o B)| =Cp-
Similarly, by using (4. 70) we find that for any neN:
(4.81) || ¥ (o, B) <Cpr.
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Using (4. 80), (4. 81), we find that for any neN:
(4.82) (af?+|B P12V (B | =C™

Using (4.82), we see that h(a,y)p,(da,dy) is in C* (R xR%. Since this is true for
any he C® (R x R?), the result follows. []

() Regularity of the boundary semi-group: the non localizable case.

We now have the result which corresponds to Theorem 2. 5.

THeEOREM 4.11. — If the assumptions in Theorem 2.5 are verified, for every
(X0, 20)€R*xR™*, any neN, and any t2nt’, on (Q, PQP, ), there exists a random variable
D7 such that:

(@) For any TZ0, 1,1 D} is PQP; integrable.

(b) For any fe C® (R x RY), if x, is the process @ (o, x,):

(4.83) EP®F;, [ M, %{ (A, x,,,)] =EP®": [ f (A, x,) D1

Proof. — The proof is identical to the proof of Theorem 4.9 except that the step by
step integration procedure of Theorem 2.5 will be used to get rid of the differentials
0™g/ox™ in (4.76). This is no problem since 1,7 &™ is in all the L,(Q, PQP)
(Isp<+o). 0O

We now claim:

THEOREM 4.12. — Under the assumptions of Theorem 4.11, for any keN, and any
t2(k+d+2)t', the law under Q. .., of (A, x,) is given by p,(a,y)dady, where
2.(a,»)eC*(RxRY%. O

Proof. — Proceeding as in the proof of Theorem 4.10 and using the same notations,
we have for t=(k+d+2) t"

(4.84) [o|2+] B[4 22 [yt (o, B) | SC-.

Since (a, x)eR?*!, a trivial exercise in Fourier transform shows that h(a, y) p, (da, dy)e
CkRxRY. O

Remark 6. — As pointed out in section 1(d), p, (a, y)dady is not necessarily a probabi-
lity measure, i. e. its integral is in general <1.

(h) Existence of densities for the boundary semi-group.

We now give the final result in this section, in the manner of Malliavin [29].

THEOREM 4.13. — If (X0, 2,)€R*xR™*, and t'>0 are such that PP, a.s., C0 is

invertible, then for any t2t’, the law under Q. .., of (A, x, ) is given by p,(a, y)dady.
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Proof. — Using (2.25), we find that if h is taken as in the proof of Theorem 4. 10,
then for any fe Cb, (R xRY):

0

4.85 —
(4.85) P

EP®F%, [ Pn (CX0) My, ( h f) (Ap xa) ] I <C'sup|f(ax)|, 1<i=<d.
Similarly, by introducing the mollifier py (C}2) in formula (4.60) with xx=1, its is
not hard to get:

of

(4.86) -

EP®P;, [ pn (CX0) M, ( h ) (Ap xa) :| l <C*sup|f(a x|

[of course a new application of a formula similar to (2.25) is needed to get rid of of/dx
in (4. 60)].

Now using a result of harmonic analysis [29], [37], (4.85), (4.86) show that the law
of (A, x,) under py(C3) My, h(A,, x,)dP®P has a density with respect to the
Lebesgue measure. Since C}0 is a.s. invertible, as N — +o00, py(C32) - 1 a.s. The
Theorem follows. []

-

S. The analysis of boundary semi-groups

In this section, we describe conditions under which the boundary semi-group is given
by absolutely continuous measures, and we study the smoothness of the corresponding
densities.

As pointed out in Theorem 4.13, a.s. invertibility of CX0 implies the existence of
densities. In (a), we give conditions under which C}0 is a.s. invertible. Surprisingly
enough, we show that such a property may hold even if the support of the Lévy measure
of the boundary process does not span R essentially because of the possible interaction
between D and £. To prove the a.s. invertibility of C30 under non standard conditions,
we use a result which we proved in [51] on the zeros of certain semi-martingales. In (b)
estimates of Malliavin [30], Ikeda-Watanabe [17], Kusuoka-Stroock ([26]-[38]) on stan-
dard hypoelliptic diffusions are recalled. In (c¢) conditions are given under which for
every t>0, T20, 1, .7 |[C5]™*| is in all the L,(Q, PQP), so that by Theorem 4.9,
the boundary semi-group is smooth. This is true even for diffusions such that & is
very degenerate at the boundary, i. e. does not verify Héormander’s conditions [15] at the
boundary. In (d) the localization of such conditions is studied, so that they only need
to be verified at the terminal —i. e. not the initial — value of the boundary process. In ( f)
the limit case of slowly regularizing boundary semi-groups is studied, which corresponds
to a critical degeneracy of % on the boundary.

(a) Invertibility of C¥o.

We first give conditions under which for ¢'>0, CX is PQP a.s. invertible. As we

have seen in Theorem 4. 13, this will imply that the boundary semi-group has a density
relative to the Lebesgue measure.
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We will concentrate on conditions which exhibit in the most striking way the possible
interaction between the operators ¥ and 2 defined in (1. 39)-(1. 40).

Recall that if A(x,z) is any vector field with values in RY then [0/0z, A] is also a
vector field with values in R?.

If E=(e,);; is a family of vector fields on R4*!, if yeR%*!, E(y) is the family of
vectors of R?*! given by E(¥)=(e; ))icr-

If E=(e)icy F=(f)je; are two family of vector fields, [E, F] denotes the family of
vector fields:

[E, Fl=([e; fj])(i,nel xJ
DeriNiTION 5. 1. — For leN, E,, F, are the families of vector fields in R? defined by:

g E =Xy, X5 05 X0 F,={0},

0
(5.1) EH,1=|:<X0,X1,...,X"‘,—>, E’];
( oz

Fl+1=[D5 El] U [(D9 Xla LY Xm)’ Fl]

We have then the following result, which was first proved in [50] using a different
technique.

+

THEOREM 5.2. — If x, is such that \) (E;UF))(xo, 0) spans R?, then PQP a.s., for
1

any t>0, CJo is invertible.

Proof. — Let U be the vector space in T, (R? spanned by (¢* ! X)) (xo)(1Zi<m)
and V, the vector space spanned by U (U,). We define V,;* by:

s=t

Vi=NV,

s>t

By the zero-one law, we know that PQP a.s., Vg is a fixed space, not depending
on ®. Let us assume that Vg #T, (R%). If Sis the {F,},,, stopping time:

(5.2 S=inf { t>0; V,#Vg },
then a.s. Sis >0. Let f be a non-zero element in Ty, (R% orthogonal to V§. Then:
(5.3) (L@ X) (%) >=0  for s<S.

Now using equation (1. 12) (see [5]), we know that:

t t a
(5.9 oF? X,-=X,-+J~ 0X 1 [X,, X ds+j (p:‘_1|:D+ % X,-] .dL
z

0 0

t t
+f (p:-l[x,.,xi].dwuf ¢:-1[i,xi].d3,

0 0 aZ
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or equivalently:

(5.9 of X=X+ J ot ([Xo, X+ % X; X, Xl

0

1[ 0 0 ' d
+ - = _>X ds+ :_II:D""—,X:I.dL
2[az [az ‘]D fo¢ P

t t
+f o X, X,-].8w"+j ¢:-1[§,xi] .8B.
Z

0 o

Now (5.5) gives the It6-Meyer decomposition of the {F,},., semi-martingale
{f, @* 1 X, >, which is 0 for s<S. By canceling the martingale terms, we find that
for s<8S:

J(f,<p:"[Xj,X;]>8w”=0; 1<i,j<m,
0

J< fort| Z.x.| om0
0 .

An elementary reasoning on the quadratic variation of the local martingales (5.6) and
the continuity of the processes ¢* ! [X;, X, ¢¥ ![0/0z, X] (see [7), Theorem 5.2)
show that PP a.s., for s<8S: (

<f; (P:—I[st X;]>=0’ lél,]ém,

(5.7 <f,<p:~1[i,x,.]>=o.
0z

Reapplying (5.5) on (5.7), we find that for s<8S:
CfooF X, X, X0 =0,

(5.9) [0 T2 77\
(ror [ [ En]])

We now cancel the bounded variation process in the Meyer decomposition of
{f, * 1 X, ) (s<8), i.e. using (5.7)-(5. 8), we get for s<S:

(5.6)

(5.9) <f, rcp:-‘[xo,xadu>+<f, j <p:-1[D,X.-1dL>=o.
0 0

Since PQP’ a.s., the support of the measure dL is exactly the closed set (z,=0) which is
negligible for the Lebesgue measure dt ([18], p. 44), from (5.9) we deduce that for s<S:

( <ff 91 [Xo, xildu> o,
( <f,J‘s(P:-1[D,Xl~]dL>=0.
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and so using the continuity of @* ' [X,, X, ¢* ! [D, X;] and the support property of
dL, we get from (5. 10):

{ Cfor ' Xo,X1>=0 for s<S,

5.11
(-10) (£ ¥ [D,X]>=0 on (z,=0) N [0, S

By iteration of the previous procedure on (5.7) and on the first line in (5. 11) we find
that for any leN, if Y,,...Y, are taken among (X, X, . . ., X,,, 0/0z), then PQP’
a.s., for 1Zi<m:

<f; (p:_l [Yb[Yl—b 7[Y1,Xx]]]>=0’ S§Sa

5.12
( ) {<f; (p:_l[D’[Yl—la "[YI’XI]]]>=0 on (zs=0)n[0’S[’

so that in particular at s=0, we get:

{(f; [Yb [Yl—l’ LIS [Ylsxi]]'*'](xm 0)>=09 lélém,

(5.13) CHD Yol - I X 1%, 0) ) =0,  1Sism

g + oo + o
and so fis orthogonal to ( ( U E, ) U [ D, U E, :I >(xo, 0).
N\ 1 1

We will now exploit the second line of (5.11). Let H(x) be a C*® vector field defined
on R? with values in R¢ such that:

(5.14 {fi9""H) =0 on (z,=0)N[0, S[.

This is the case for H=X;(x, 0) or H=[D, X;](x, 0).
We claim that:

*—1 — _
(5.15) { {f,o¥ '[D,H]) =0 on (z,=0) N[0, S[,

CfoF "X, H]> =0 on (z=0)N[0,S 1sj<m.

Note that in (5. 15), we may as well assume that [D, H]=[D, H](x), [X;, H]=[X, H](x, 0),
so that the previous procedure can be iterated.

We have:

(5.16) (oF ' H)=H (xo) + f or ! ( o HI+ 5 X, [X, H]])ds

0

t t
+ f o} ' [D, HJdL+ f o} ! [X;, H]. 8w/

o 0

it is crucial at this stage H does not depend on z so that no stochastic integral

t
J ...0B appears).

o
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Set:
J=<f 0¥ '[D,H]),

Ks= <f; q):_l < [XO’ H]+ % [Xj, [Xj9 H]])(an 0)> H

M= Y <f, 0¥ ' (X, H]) (xo, 0) )2
j=1

J

(5.17)

By eventually enlarging the filtration {F,},,,, we know that there exists a Brownian
martingale P, orthogonal to the Brownian martingale B, such that:

(5.18) < f (@2 H) (%) >=< f H(xo)>+f1<sds+ fuu f’msm
1) 0 ()

From (5. 14), (5. 18) and Theorem 2.1 in Bismut [51], we find that:

{ J;=0 on (z,=0) N[0, S,

(5.19) M,=0 on (z,=0) N[0, S[.

(5.19) is equivalent to (5. 15).

By iterating the same procedure on (5. 15), and by taking s=0 on all the analogues of
+

(5.15), we find that fis orthogonal to \U (E, U F))(xq, 0). The assumption which is
1

done in the Theorem shows that f=0. This is a contradiction to S>0. [

Remark 1. — It should be pointed out that if X,...X, do not depend on z, in
Definition 5.1, F,,, can be enlarged to be:

(5.20) F,1=[D,E]JU (D, Xo Xy5 - - -5 X Fi).
The proof is as follows. We will show that if H(x) is such that (5. 14) holds, then:
(5.21) (S0 ' [Xo, HI> =0 on (z,=0)N [0, S[,

For 1<j<m, set Y;(x)=[X;H](x). Now ¢@}~' Y, is a semi-martingale whose Ito
decomposition is of the same type as in (5. 16); in particular no stochastic integral with
respect to B appears in the decomposition. From (5. 16) and from Theorem 2.3 in [51],
we immediately find that (5.21) holds. This procedure can be also iterated, so that we
may take F,,, as in (5. 20).

Note that it is here crucial that X, . . .,X,, do not depend on z in order to use the
result of [51].

(b) The basic estimates.
We first recall the basic estimates of Malliavin [30], Ikeda-Watanabe [17] and Kusuoka-
Stroock ([26]-[38]) in the form given by Stroock in [38]. Recall that Kusuoka-Stroock

([26]-[38]) obtained the most general result on hypoelliptic semi-groups for standard —i. e.
non reflecting diffusions.
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X5 (x), X{ (x)...X},. (x") are m’+1 vector fields defined on R” with values in R”,
whose components are elements of C® (R").

On (Q, P), we consider the stochastic differential equation:

dx’ =Xp (x') dt + X (x') dw',

(5.22) { x (0)=x,

and its associated flow of diffeomorphisms of R"” @; (®, .). [See Bismut ([6], [7]),
Kunita [25]).
DEeFINITION 5.3. — C;*0 is the process of linear mappings:

(5.23) feTf,(R") - C™ f

=3 J S o X (x0) > 9% 71 X (xo) ds € T,y (R).
i 0o

=1
DEeriNtTION 5.4. — For leN, Ej is the family of vector fields defined by:

{ Ei=(X1, X5 - - X0
Ei+1=[(x6, D CTIPININ x:n)’ E]}.

DeFINITION 5.5. — If xo€R", fe T¥ (R"), leN, f.l*o denotes the continuous process:

(5.24)

1

(5-29) frro=3 2 (@*71Y) (xo) £

n=1 YeE,

o is the stopping time:

®; - -t 1
(5.26) o‘=inf{th;H: * (o, xo):l —I‘g—}.
ox 2

o is the constant 21/21%,

We have:

THEOREM 5.6. — For any leN, there are constants d, k, K in ]0, + oo[ depending only
on | and on:

sup sup | Y (x)],

1<i<I+3 YeE;

xeR"
such that for any xo€R", 1>0, and NeR™ such that:
(5.27) N322(m+1)"1 §/n,

then if m,=20'"" x 6, for any feR? such that | f||=1:

x 1 1
(5.28) P[< CiRo 51> 5 22 1i50zn on [0, 5 ] oz ﬁ;] <K exp (—k N9,
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Proof. — This result is contained in the proof of Theorem 8.31 of the result of
Kusuoka-Stroock in Stroock [38]. To make the comparison possible, note that our /
would be /-1 in [38], and in [38] (8.37) and (8.42), m,; should read m,. Observe that

the condition (8. 39) in [38] has been absorbed in the constant K. []
We will use (5.28) in a different form. Set:
1 D =2(m+1)'"‘8

_ — a/m
=Gam D= ggem 0 Dek@Y™

D,

From (5. 28), we get that for any €>0:
(5.29) P[( Cgﬂ:3/m,.f;f> <g ft*=D, €¥™ on [0, D, £3™]; 62D, &™)
<K exp—[D; £~ %™].

(c) Regularity of the boundary semi-group: the localizable case.

We now prove the regularity of the boundary semi-group under some assumptions on
the vector fields X, . . ., X,,.

Recall that the families of vector fields E, have been defined in Definition 5. 1.

DEFINITION 5.7. — For leN, the function k'(x, z) is defined by:

1
(5.31) k' (x,z)= inf { y ¥ <Y(x,z),f>2}-
serdifll=1 LJj=1 YeE;
We have the key result:

THEOREM 5.8. — If xo€R? is such that for a given e N, 0> 0:

(5.32) lim zlog[ inf k'(x, 2)]=0,
z>0z-0 Ix—xol<0
then for any t>0, T20, 15,<r|[C3]™* | is in all the L,(Q, PQP).
Proof. — For simplicity, we write P instead of PQP’, C, instead of C¥. @ will also
be omitted. For s<s’, C: is the mapping:

(5.33) feR'>Csf

= -=Zl U@ o 05 1)* 71 X (@ (%0)), S (0, ° 05 )* ™1 X, (9 (o)) dt.

s
We can of course take ¢t as small as we want, since if the result is proved for ¢, it is
proved for any ¢’ >t.

A is a >0 real, which will tend to + o0, ¥ is a >0 real number, depending on A,
which will become arbitrary small as A — +oc0. We will determine y at the end of the
proof. We have:

(5.34) P[|Ci!| 2% ASTISP[A,S2ty /2+P[|Ci} |2k 21y /ZSA,ST)
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Now L. has the same law as sup w}—[18], p. 41—so that:

0sss.
— - t
5.35 P[A,£2ty /2]=P[ su wlzf<2ex (— )
(5.35) (A, J2 o P Wizls2exp i o
Let T, to be the stopping time:
(5.36) To=inf { t20; | x,—x, |20 }.

Using equation (1.4), since on (A, =21ty \/2), on [0,2ty \/5], L,<t, we have classi-
cally [40]:

(0—E(t+2ty /2))*?

5.37 P[T,<2t 2<A/]<2d exp— s
(5.37) [Tos2ty /2SAS2d exp T
where:
E=sup| X, (x, z)+1 %X,(x,z) v sup | D (x)|,
(5.38) (x,2) 2 ax x
F=m sup |X;(x,2)|%
1<i=m
(xz)ell‘“'l

t will be chosen such that:

(5.39) t<

and of course v is “small” in the r. h.s. of (5.37).
We have then:

= 92
5.40) P[|Cyi'|2)\ 2ty /2<A,<T]<2dex [— ]
(5.40) P[|C.'|zA 2ty /25A,STIS2d exp Cotv

+P[| Copyz|2h A, A To22t7 /2)
Let T} be the stopping time:
(5.41) Ty =inf { t=0; z,=7 }.

We now have the key estimate:

_ ty ﬁ t \/2
5.42 P[T{ =t 2] /2 — =_ /2 exp— —~—
(5.42) T2ty /21= /2 exp 82 P
(this can be proved using the well-known equality ([18], p. 205):
(5.43) B[ exp & r wiy?ds | = — !
' =)™ [ch o« T)2
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and Cebysev’s inequality). Moreover if T} is the stopping time:
(5.44) T;=inf{tgn, |z,—2ﬂ|=%},
we have clearly:

2
. 3/m |l Y a3om
(5.45) P[Ty,—Ty<D, [2/\/7,] 11 <2 exp [ 8D, 27 A 1].

We will choose v so that:

2 3/m,

Now:

- t /2
(5.47) P[|Cirsp|2N A,ATOQZty\/f]§\/§exp(—8—{>
2 33/2m,

+2exp(

—8—13—537"‘—') +P[‘C;:;Ji| ZM A A T0;2tyﬁ,
1 a

3/m
misey 2 m-mizn, | 2|7,

JA
Now if TY <ty \/Z using (5. 46), we have:

— T ———

a(pT" -1 TY a(p'l"Y -t
(5. 48) C2‘yﬁg [ axl ] CT‘{ +Dl[2/m3/ml I: —a‘x_l.

[where the inequality (5. 48) is taken in the sense of nonnegative quadratic forms].
So using (5. 48), we obtain:

(5.49) P[lcz‘t,bzlgx;A,ATozztvﬁ,ngyﬁ,

e ][
- \/X - 0

b T -1 1/2. P
+P[|[C'ryi+01[2/ﬁ]3/""] |2A1% To A TE%TH_DY‘[%:I )

Y
1 @, xo)
pY

24, TzétvﬁéA,]

Using Theorem 1.1 (e), we know that for any p=1:

a(PT}

ax ((D, xo)

(5. 50) 15[

A
ZAM4 Ty <t YﬁéA,] = A
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Let T} be the stopping time:

. a(pz—T{ - — -1 1
650 Tymint 2T || D00 d o @ | 1|27 )
__oent _ -1
=inf{th}, % @, x) 2 @, x) | —1]| =Ll
O0x Ox 2

When T3 2T} +D, [2/ \/X]:’/"", L does not increase on [T}, T} +D, [2/ \/X]”"‘l] and so
using the Markov property of the flow ¢. (@, .) we get:

_ 3/m, 3/m
(5.52) P[T§§T1+Dl[i] ',TE;THDI[i] l]éCexp(—C'}c"/z’"’).

NG NG

Moreover by lemma V.8.4 in [17], we know that given £¢>0, R>0, there are N(R, g)
elements of the unit sphere of R?f;. . . fym., such that if A is a symmetric nonnegative
(d,d) matrix such that |A|§R, if for every f, (Af,f;>=¢, then A~' exists and
|A~!|<2/e. Moreover N(R, &) SC(R/e)* "'

We find then that:

Y
Tl

.59 P [ | [Crf sp,anmeml” HlzAt,

3/m
T, A Ty2T{+D, [ i] ] <C exp (—C’ 22m)

N
i

— 2 3/my
P[(CTth[z/‘/ﬁa/mxﬁ,ﬁ)é—,To AT, A n§T1+D1[ﬁ] ]

2
\/X

+
™M =z

i

1
and:
(5.54) N=<C A9-b2,

Now assume that v is chosen in such a way that if | x—x,| <0, y/2<z<37/2, then:

2 3/my
(5.55) ) k,(x, Z)g4D2[ﬁ:| .
Clearly on (To A T} A T} =T} +D, [2/ \/1]3’""), using (5.55) we see that on
[T, T{+ D, [2/ /APP™):

2 3/my
(5.56) k' (x, z)=4D, [ — ]
\/X
and moreover on the interval [T}, T{+D, [2/ \/XP/"'I], L does not increase, so that the
flow (p,((-)Tl ®, .) behaves like an ordinary flow of the sort described in (b). It is then
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elementary to use the estimate (5.29) to conclude that for one B> 0:

N

T 2
(5.57) ; P[ CCop riimfo i DS NG

3/m
To A Ty A T}2TY+D, [ i] l] SCA4~D2 exp—

\/X
We now will choose y so that (5. 55) is verified. Using (5. 32), we know that for any
8>0, there is 1;>0 such that for z<n;, then for any x such that |x—x,|<6:

D, AP2
26

(5.58) Log k' (x, z)= — §
¥4
For (5.55) to hold, it is then enough that:
m; 8
5.59 zEn; 0 oz ——.
( ) =T ~ Log A
We choose:
(5. 60) y= 2
Log A

(5.46) is clearly verified.
For A large enough, 3y/2<mn;, and moreover (5. 55) holds.
Using the estimates (5. 34)-(5. 57), we find that for A large enough:

_ 2
-1 .
(5.61) P[|CL!|2M ASTIS ] ems
2d J2? m
+ )0%/2Cetms 3 t/2/16m5 +2 CXp(—)»” )
A ’ n3/2m @-1y2 —D, A7 AP
+ o5 TCexp (~C A+ C A exp 2P '

Since § is arbitrary small, we find that for any p=1, for A large enough:

= _ A
(5.62) PI|Ci! 2k ASTIS 2.

The Theorem follows. []

Remark 2. — Due to Theorem 4.9, this result implies the smoothness of the boundary
semi-group. The importance of the estimate (5.42) will appear in section 6.

(d) Localization of the estimates.

Following the ideas of Stroock in [36], we will show how the previous estimates can
be localized.
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We will show that under adequate assumptions, the regularity of the boundary semi-
group associated to the process (A, x,,) at yeR? depends only of the behavior of % at

yeR?  We will also show in what cases the law of x, itself is smooth in a neighborhood
of yeR4

THEOREM 5.9. — If yo€R? is such that for leN, 0>0, there exists a=0 increasing
Sfunction z€[0, 0] — h(z) such that:

inf k' (y,2)2h (2), z [0, 9],

Iy=yol=0

(5.63) .
lim z log h (z)=0.
z>0
z—0
then for any xoeR* such that |xo—yo|26, if x, is the process @,(®, X,), the law of
(A, x,,) under Q. o, when restricted to R x B(y,, 0) is given by a C* density with respect
to the Lebesgue measure.

Proof. — Take 0,,0,>0 such that 0<0,<06, <6. LetS;,S, be the stopping times:

Sy =inf {t20; | x,—yo|+2,=6, },
S,=inf { t=S,; | x,—yo | +2,=0, } A inf { t28; | x,—y, |+2,=6}.

Theorems 2.4 and 4.9 show that we must prove that I, <r|Cx'| is in all the
L,(Q, PQP). If P=PQP, by reasoning as in (5.48)-(5.50) we have:

PGy 2% Sz_<—.A,§Tl§P[| a;"s‘
X

((I), x()

4
214

(5.64) ,
SlgA,éT] +P[|[CHI™* [2A% S, SASTI

Now by Theorem 1.1 (e):

~I|o _
(5.65) Bl [ @, xo) | 204 5, <A,<T | < 2e.
O0x . AP
Set for 6>0:
(5. 66) _4m3d
Log A
Clearly:

(5.67) P[|CI™!|2A'2 S, <A<T]
sP[S,-S,=2 'Y]+P[| [C§}+2y]_1 |§7~1/2§ 25, =7, S,—8,22y; S,5A,=T]
+P| [C3tiz,) 7! |2 AL 25,>7; S, —S,227; S, <A, £T]
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Since L. has the same law as sup w], we have:

O0sss.
- C
(5.68) P[S,—S,=2y]<exp— —.
Y
If z5, 2y, we know that since h is increasing on [0, 6], and since zg, <0, | xs,—¥o ]ge,
we have:
(5.69) k! (xsl, Zsl) 2h (Zsl) 2h(y).

and moreover if | x"—y,|<6:
k! ( x', zg, — % ) 2h(zs,—v/2)2h (v/2).
The estimation of the last term in the r. h.s. of (5. 67) can then be done in the same way
as after (5. 44) with T} replaced by:
(5.70) Ty =inf { s2S;; | z,—zs, |=7/2 }.
Let TY be the stopping time:
(5.71) T7=inf { s=S;; z,=7v }.

Using the reflection principle and (5. 42), we have:
- 1
5.72 Plzs, v, TY—S, 2Vl /2 exp— —
(5.72) (25, <v; TY =S, 27]< /2 exp T2y

and so:

(5.73) P[Cus, 2]t [2A72,
1 A
25, SV, S, =8, 227; SzéAtéT]§\/§ exp— E + 7\,_:

PIlCT 17! [2AY4 S, < TY<TY+y<S,<A
+P[|[CT3Y+.,] ‘= s P1=13 = 3+Y= 2= t]'

After (5.73), we can restart the procedure as after (5.53) and so we obtain the final
estimate:

(5.74) P|Cit2h S, SASTIS —. O

ke

Remark 3. — The result of Theorem 5.9 is not exactly of the type given by Stroock
in [36]. Such a result would state that the smoothness of p, (da, dy) on the neighborhood

of (ao, o) would depend only on the behaviour of # [given by (1.39)] on this neigh-
borhood.
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The local smoothness of the law of x,, raises other difficult questions. It can be
easily proved that under the global condition.

(5.75) k'(x,z)=Za>0 on R¥x[0,0] (a>0)

and if b=0, for any t>0, the law of x,, is smooth. To see this, it suffices to modify

the proof of Theorem2.2. In fact (2.14) is still true if u is taken to be { F,®F, },5-
predictable. It is then feasible to choose instead of (2.22):

(5.76) u'= 1A,_s_1 1s§At ((P:_l () X,) (xo)
+1a,, 1a,—15s2a, ((P:—_Al,n (GA,—I o) X; (xa,-1)-

The problem of the necessary boudedness of A, in (2.5) disappears, since if A, =1,
conditionally on F,,_; ®F/,, we are back to a bounded interval. Cj© is replaced by:

(5.77) 1A,§1 Cro (CT))+ 1A,>1 Cia-1 (GAt—-l ©).

It is then a trivial matter to prove the estimates on (5. 77) under (5. 75).

The introduction of b raises a first difficulty since it is not possible to bound adequately
A
"the “anticipating” stochastic integral J ' b (x,, z;) 8B. Moreover if the condition
, A1
(5.75) is only local, new difficulties arise.

(e) Regularity of the boundary semi-group: the non localizable case.

We now give a sufficient condition under which the assumptions of Theorem 2.5 are
verified.

THEOREM 5.10. — Assume that for a given leN, there exists a constant C>0 such
that:
(5.78) lim z Log inf k,(x, z)=—C.
z>0,z—0 xeR?

Then for any t> 16\/§m, C, T=O0, there is ¢>2 such that for any x,eR?,

1y,=1|[CX) | €L, (D, PQP)

with a norm in L (Q, PQP) bounded independently of x,.
Proof. — The proof is identical to the proof of Theorem 5.8 with a few
changes. Observe that 6= + oo in (5.37), and that no restriction on t exists any more.

Take €>0. By (5.78), we can choose 8=C+¢ in (5. 58). (5.61) still holds for each
given teR™, and for A large enough. From (5. 61), we get:

C

= -1 . A
(5.79) P [] Ca I%X, A =T [AJV2/16mCro)
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Ift /2/16m (C+e)>2, 15<1|Cyl| is clearly in one given L, (Q, P®P) with
q>2. Since ¢ is arbitrary, the result is proved. [

CoROLLARY. — Under the assumptions of Theorem 5.10, for any t>0, the law under
Qxo.z) of (A, Xx,) is given by p,(a, y) dady which is such that:

(a) For any t>0, p,(a,y) is C* on 10, + oo x R%

(b) For any keN, and any t>(k+d+2) 16\ﬂm, C, p,(a,y)eC*(R xRY).
In particular the singular support of p,(a, y) is included in {0} x R

Proof. — (b) is an obvious consequence of Theorems 4.12 and 5.10. To prove (a),
we only need to estimate for any given £€>0:

(5. 80) P[|Ci'|2% 2e<A,<T].

The estimate (5. 35) is no longer needed, since only (A,=2¢) is considered. The estimate
(5.37) is still valid with 6= + oo, for any t>0, i.e. it is not needed. (5.42) is replaced
by:

_ €
5.81 P(TY2¢e)L /2 exp— —.
(5.81) (T[z0)= /2 exp= =

Taking d=C+¢ and choosing y as in (5.60), it is clear that the leading term in the
estimation of (5.80) is the r. h.s. of (5. 81), i.e.:

e (Log A)?
5.82 2 exp— 08 Y
(5.8 V2er— (m, 8)

which is SA/A. 1,.ca,<1 | Cil | is then in all the L,. (a) has then been proved. []

Remark 5. — Assume that (X, X, . ..X,,) do not depend on z, and that moreover
D=0, b=0. x, and z, are independent processes. C, is then independent of z. If the
assumptions of the previous Corollary are verified, it is easily seen, by reasoning as in
(5.80)-(5. 82) that for any s>0:

s(LogM)*> C

Pl C| =20 - ,+
(5-83) Pl 2M=Cexp— o et

>

so that for g>2:
+ o0

(5.84) EP[| C;! |4]§C+C"[ A9~1 exp—ks (Log A)2 dA.
0

By doing the change of variable A =¢", we find that as s — 0:

’ 2

(5.85) EF[|C;|9=C+ C_ expd_

/2 ks 4ks
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Now by [18] (p. 25), the law of A, under P’ is:

2

(5.86) ez penn F g

27 s’ 2s

Now using the general results on the Malliavin calculus, we know that if p (y)dy is the
law of x,, the norm of p,(y) in C*(RY can be adequately estimated by E*[| C; ! |1 (with
q depending on k). Since the law of (A, x, ) is now:

2
(5.87) BT P O)dsdy,
S

27 s’

from (5.85)-(5.87), we see that for ¢t small enough no adequate bound on (5. 87) exists
ass - 0.

Let us finally remark that the condition (5.78) is in a sense minimal. In fact by
Theorems 3.4 and 3.6, for k>0, a>0:

(5.88) n* < J e Mz dsgcz) <C+n* < j e Misds>a, 01 >
o

0

<C+n* [ sup z,= —:I = LL(I/G_)‘
- Lossze Log (1/0) k

It then follows that for f>1:

(5.89) JHO I:ex‘p— ( B j“ e ks ds) —1 ]dn"'gc
) 0

—B fl e-'*«(c+ E%ggl)do@C—C’ Log B,

0

with C'>0. From (5. 89), we get:

, A D
(5.90) EP cxp—/BJ‘0 e ¥ ds> o

Consider now the stochastic differential equation:

1

(5.91) dx=exp ( - )dws‘, x (0)=0.

s

If C, is the process:

exp— 2 ds,

s

(5.92) C,

[
s>
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it is clear that conditionally on z, the law of X,, is a centered gaussian whose variance
is C,,. Since:

, ‘ 1 to ] ,
5.93 E¥ [C Y= ——— — EF 7B, g
(99 T ) I g & e

we see from (5.90) that for ¢t >0 small enough:

(5.94) EP [C1 )= + 0.

Since the law of x,, under PQP is h,(x) dx where:

2

1
h, (x)= I exp—
' a /21 C,, 2C,,

(5.95) dP’

it is clear from (5.94)«(5.95) that for ¢ small enough lim h, (x)=+co. For t small

x=+0
enough, h, is not even continuous.
(5.78) is then seen to be minimal.

6. The analysis of two-sided boundary processes

In this section we assume that the reflecting Brownian motion z is replaced by a
standard Brownian motion, which is still written z. The diffusion process x is now -
governed by two second order differential operators % and #” in the regions (z>0) and
(z<0).

(a) and (b) are devoted to a quick definition of the two-sided diffusion and its associated
boundary process. In (c¢) we do some remarks very similar in their spirit to what has
been done in section 1(f). In (d) the principle of the calculus of variations is briefly
sketched, and the key quadratic form C7o is again exhibited.

In (e), conditions of a.s. invertibility of C;© are given. Non trivial interactions of %
and %’ are exhibited, which imply that Hormander-like interactions of Lévy kernels are
possible.

In (f) the crucial problem of the possible localization of the condition of regularity
for the boundary semi-group is considered. In fact in section 5 (Theorems 5.8 and
5.9), we had seen that for a diffusion with one type of reflection, a local condition on
the diffusion operator £ could ensure the smoothness of the boundary process. The
introduction of a second type of excursion, associated to a new type operator &’
drastically modifies the situation. In fact if %’ is badly behaved, it is shown that the
process may go out of the region of regularization before getting “regularized” enough
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by the excursion governed by . The Arcsine law of P. Lévy ([18], p. 57) helps us to
give a striking illustration of this phenomenon.

In (g), the case where the Hormander’s distributions associated to the operators &
and &’ span the whole R? at each point or the boundary (z=0) is considered. Undsr a
non-local condition, and using the stochastic calculus on Poisson point processes, the
boundary semi-group is shown to be smooth.

(a) The two-sided process and its associated flow.
We first do a change of notations with respect to section 1.

Q' is now the space ¥(R™,R). The trajectory of ' eQ’ is still z. The o-field F;
on Q'is #(z,|s<t). Q' isendowed with the filtration {F; }, .

For zeR, P, is the standard Brownian measure on Q' such that P, (z (0)=z)=1. P
is the measure P;,

All the notations of section 1 are otherwise preserved, including the definition of
Q,0P,06,0,...

L, denotes the local time at 0 of the reflecting Brownian motion |z,| (i.e. L is twice
the standard local time at 0 of z), so that:

t
(6.1) |z,]=|zol+'[ sgn z, 8z,+L,,
o

z¥,z” are defined by:

(6.2) 2z =2,v0, z =z A 0.

Xo(x, 2), ..., X, (x, z), D(x) are taken as in section 1. Xg(x, 2) ... X, (x, z) is another
family of m+ 1 vector fields, having the same properties as X, (x, z). . . X,, (x, 2).
o, o’ are >0 real numbers.

On (&, P®P; ) consider the stochastic differential equation:

dx=1,,4[X, (%, 2) dt+X; (x, z) dw']
(6.3) +1,0 [Xp (x, 2) di+X] (x, 2) dw]+D (x) dL,
x (0)=x,,

(6. 3) still defines a flow @.(®, .) of diffeomorphisms of R? so that in (6. 3), @, (®, xo) =X,
and the results of section 1(b) hold without any change.

b(x,z) is taken as in section 1, and b’(x,z) is another function having the same
properties as b(x,z). In (1.13), the first equation is replaced by (6.3) and the second
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equation by:
1
(6.4) du=1,,, [ b (x, z) 8z — 3 b? (x, z) dt:I +1,.4 [ b (x, z) dz— % b2 (x, 2) dt] .

Of course, if we use Stratonovitch integrals, the reader will check that (6.4) is
equivalent to:

(6.5) du=b(x,z)dz* +b’ (x,z)dz”

b’ —b) (x, 0 1,. .
+ (—# dL— TO (b, +b?) (x, z) dt — % (b, +b"?) (x, 2) dt.

The results of 1 (c) still hold. (1. 14) is replaced by:

t
M,=exp[ f 1,50 (b(x, z) 8z — % b? (x, z) dt)

[}
‘ 1
+ f lz<0<b/ (X, Z) oz — E b,z (x, Z) dt):'
(4]

For (xo, zo) € R x R, the probability measure Qgxo, 2oy 18 still defined by:

dQ(xo. 20)
d (P®P;)

t

P
(b) The boundary process.
A, is the right continuous inverse of L, Definition 1.6 is unchanged.

DEfINITION 6.1. — Take (ag, Xo)€eR* xR%  On (Q, Q,0), the boundary process
(a, y,) with values in (R* x RY) U {A} is defined by: '

Ay A, _
(at, yt)= <a0+a J 1z>0 dS+Cl/ j 1z<0 dS, (pA; (0)> xO)): t<Lao,

0 0
A t=L,.

(6.6)

We will still study the semi-group associated to the boundary process (a,, y,) which is a
strong Markov process.

(¢) Some remarks on the boundary process.

Let Y(x,z), Y'(x,z) be two vector fields which have the same properties as
Xo(x,z). Consider the more general stochastic differential equation on (Q, P@P):

(6.7) dx=1,54[Xo (x, z) dt+X; (x, z) dw']
+1,.0[X5 (x, 2) dt+X] (x, 2) dW]+Y (x, 2) dz* + Y’ (x, z) dz~ +D (x) dL.
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For z5, z; € R consider the differential equations:

dx*
" =Y (x*, z%), x* (0)=x,;
+
Lo, o=
(6.8) - !
X L _
7=Y (x7,z7), x~ (0)=xq;

dz~
—_— =1’ - 0 = _.
i z~ (0)=z,

Let k', k; be the groups of diffeomorphisms of R4*! onto itself associated to
(6.8). Of course ok,'/0x, ok, /0x map R* onto itself.

Consider the stochastic differential equation on (Q, PQP):

dx”=1,50 [(k*"! Xo) (x7, 0) dt+(k;;* ™! X)) (x/', 0) dw']

(6.9) + 1o [k * 71 X0) (xf, 0)dt+(k** X)) (x7, 0) dw]+D (x”).dL,

X (0)=xo.
Recall that 7 is the projection operator (x,z)eR**! —» xeR% We claim that in (6. 7):
(6. 10) xy=n ki o k- (x/, 0).
Of course if z;" >0, z; =0, and if z; <0, z,* =0, so that in (6. 10), we can write:
(6.11) x=m k- o ki (x/, 0).
We check that x, given by (6. 10) is a solution of (6.7). In fact:

(6.12) dnkjlr ok~ (x;, 0)=Y (r kjr ok~ (x/, 0), 2 +2,) dz*

+
Ox

akz_t_ 7 ak:; ’7 _1
+W(xt,0){lz>o[g x,,O):l
Xo (m k3 (x7, 0), z)) dt+X; (m k; (x;', 0), z,). dw'

ok, 1
+1l.<0 [ e (s 0)] (Xo (m k;, (x;', 0), z,) dt
+

ok+
+X; (m k;, (x;, 0), z) dw)+D (x”).dL }] +7 az' (k- (x7, 0)).dz".
z

ak;:+ - ’7 ’ - -
(kz,_ (xt ’ 0)) I: Y (TC kzt_ (x;/’ 0)’ Z; )dzt_
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Now z;' 4z =z, and 1 ok¢ /0z=0, md* ki /ox 9z=0, nd* ki /6z2=0. Moreover:

(6.13) J‘S Okst (k- (¢, 0) Y (m k- (x7, 0), z, )dZ,
0 O0x

= [ Y’ (m k+ ok~ (x7, 0), z).dz,.
0

essentially because {z*,z~ »=0 ({ z*,z~ ) is the quadratic variation of z* and z~) and
because on (z,<0) % k;+/0x dz=0. Moreover:

6k;:+ B k.- 6k;: ., -1
Liso — (ke (< o’ (,,0)[ - (x,,O)] =Ll
(6.14)

Ok + k.- ok, -1
Lco — (k- (x/', 0) —' x;’, 0) - (x', 0) =1l,.0 L
Ox ! O0x O0x

It is then obvious that x, given by (6. 11) is the solution of (6.7) on (Q, PQP). Now
clearly, since z,,=0, we have x, =xJ. Equation (6.9) is of the type (6.3), and defines
the same boundary process as (6.7). It is then not a restriction to study equation (6. 3)
instead of (6. 7).

Let & (resp. £’) be the second order differential operator acting on feCP
(R*xR¥xR*) [resp. CP(R* xR4xR)]:

(6.15) £ f= <a§+X0+b— +
Z

1
2 oz

- 10
LX)
) o 1 1 o2
L f= o — + X+ — + = ) X+ - — .
(resp / (aat T L 2az2)f)

DErFINITION 6.2. — C;:"i (R*xR?xR) is the set of functions f(t,x,z) defined on
R* xR?x R with values in R whose restriction to R* xRxR* and R* xRYxR ™ are
inCP(R*xRYxR*) and CP(R* xR*xR").

When z=0, f has generally distinct right and left first derivatives in the variable z,
which we write df/0z* and df/oz".

9 is now the differential operator defined on the boundary (z=0) acting on fe CP*
(R*xR*xR):

1 0 0
=| D+ —— — t, x, 0).
(6.16) 9 f [ +2<6z+ 62_)] f( )
Then if fe C* (R* xRYxR), if:
_ t
(6.17) X, =0, (0, Xo), S, = J (@ 1,50+ 1,40)ds,
0
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then under Q,, oy
t t

(6.18) f(sp Xy 2)— f (Li>o & fH1ico0 £ f) (i X 2,) du — f (2 f) G X 0) dL,
o 0

is a martingale. To obtain (6. 18), it suffices to apply Tanaka’s formula to the process
f(st’ xt’ Zl)‘
We now proceed as in Section 1(g). Take ge CP®(R* xR9. Consider the two
Dirichlet problems on f *eCP (R* xR*xR™*), f e CP(R* xR!xR"):
L ft=0 on z=0,
L f~ =0 on z=0,
ft=f"=g on z=0.

(6.19)

Assume that (6.19) has a solution. Let f be the element of C* (R* x R? x R) which
coincides with f* on (z=0), with f ~ on ( f<0).
Using (6. 18), we see that:

A!
g (Sap Xa)— j (2 1) Ga, Xa, 0) du,
0

is a { F,, },»o-martingale. By setting:
(6.20) (£ 8) (s, X)=(2 f) (s x, 0),

we see that at least formally, .o/ is the infinitesimal generator of the process (s,, xa,)-

Of course the same discussion as after (1.44) applies. In particular let ¥ and ¥’ be
two second order operators written in Hormander’s form as before (1.44). D is an
open set in R?*2 with smooth boundary dD. vy and 7y’ are two smooth vector fields which
are pointing inward and outward D (they could as well point both inward). & and 8’ are
the 1 differential forms associated to y and ¢ as in (1. 44).

Take ge Cp° (D). Consider the Dirichlet problem on f* € C® (D), f ~ e C® (‘D):

Zf*=0 on D.
(6.21) % f~=0 on D,
f*=f"=g on dD.

(If y and ¥ point inward, the condition .#’ f ~ =0 on °D should be replaced by &’ f ~ =0
on D.) Set:

+ ’ -
(6.22) of g= Yf_;Yf_ on oD.

We want to study the smoothness of the transition probabilities associated to the
semi-group e'?.
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A discussion very similar to what has been done after (1.44) is interesting but we
leave it to the reader.

The coordinate systems (x'...x?*?) and (x''...x"?*?) associated to (%, 7) and’
(&', v") are in general distinct. '

Some computations very similar to (6.9), (6. 12) show that, to build the semi-grdup
e, at least locally, a stochastic differential equation living on the boundary D of the
type (6. 3) must be solved, whose solution is x,. If k,, k; are the flows of diffeomorphisms

’

associated to Y,,, Y, (which are obtained in the reduction of ¥ and ¥’ to the form
(1.52)), then (k# © k; - (x,), z,) is the true solution in R*** of the stochastic differential

equation from which the boundary process is built.

Assume temporarily that X, X,...X,, X;...X;, do not depend on z, and that
b=b"=0. Let #° #’° be the differential operators acting on C{* (R%):

1 m m
PO=Xo+-Y X2,  LO=X,+ ! Y X2
24 24

In this case & is given by:

(6.23) d:D—l —z(oc2 +.?°>—l —2<a’2+$’°).
2 ot 2 ot

At this stage, the reader can ask how to construct the process associated to:

(6.24) oA=D— —aﬁ—,sf"— —a’ﬁ—y"’— —a”ﬂ—f”"
ot ot ot

where #’° is similar to #°, £’°.

The complete answer lies in the Poisson point process properties of the reflecting
Brownian motion and the standard Brownian motion. To see this, we give a few
definitions.

DEFINITION 6.3. — # "~ is the space —#*.
We now have the basic result.

THEOREM 6.4. — On (Q, P), let e, be the process adapted to { F},},», taking its
values in W \UW ~ U {8} defined by:
(a) If:

A <A, e, (S)=2s1ar> 0Ss<A,—A,-,
0 for s>A,—A,-;
(b) If:
A-=A, e (s)=3,
Let n™ be the image on # ~ of the measure n* on W * by the mapping e - —e.
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Then e, is a Poisson point process whose characteristic measure n* is given by:

(6.25) l(n +n7),

N

{ FA, }i>0 is the natural filtration of e,.

Proof. — This result is contained in It6-McKean [18], p. 75 and Ikeda-Watanabe [17],
p. 123. The proof of the result on the filtration {F}, },, is the same as in
proposition 3.11. [J

Theorem 6. 4 tells us in fact that the Poisson point process e, (s) of the excursion of z,
is obtained by marking with the marks (+, —) and the weights (1/2, 1/2) the excursions
of the reflecting Brownian motion |z,|. To study (6.24) as well as more complex
systems extending (6. 3), the excursions of a reflecting Brownian motion must be marked
with three (or more) marks and equal weights (taking unequal weights does not change
anything, since by time change on the excursions, we can equalize the weights). Such a
construction is elementary and left to the reader.

However, we will take much advantage of the fact that estimates do exist on the
standard Brownian motion, which would be hard to obtain on an abstract marked
reflected Brownian motion.

(d) The calculus of variations on the two-sided process.

The calculus of variations is identical to what we have done in sections 2 and 4. The
key process of linear mappings from T}, (R?) into Ty (RY is now:

t

(6.26) p - Ciop= f Lso C(@F71 X)) (Xo), P 03" X, (xo) du
0o

t
+ j L<o <O¥™1 X (x0), P 03 ™1 X (o) du.
0

To control the differentials of the law of A, the technique of section 4 can be
adapted. We now consider semi-martingales H which have the following properties:

(a) H is bounded and =0;

(b) His 0 on (z£0);

(c) The It6 decomposition of H is:

t t
(6.27) H,=J 1,50 K ds+ J 1,50 E 8z,
V] (V]

where K, E are bounded {F, },, -predictable processes and E> —1/2 [to simplify, we do
not assume that L appears in (6. 27)].

Except for the boundedness conditions, H,=z,"2 is an adequate choice.
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The arguments of section 4 can be reproduced almost identically. In section 4(a),
the exponential martingale is now changed into:

! K 1 [ K 2
Ny=exp{ — | Loo——8z—= | Loo( —— ) ds !,
' p{ L °1+E 2L >°<1+E) }

1, will be the time change:
T, =inf { >0 j (Lo (1+E)?2+1, o) ds>t } .
0

Then if S is defined as in (4.7), it is easily proved that under S, if z;, L], w/*. . . w;™ are
the processes given by:

N

z;=(z+H),, L;=L

T

T, Y
wil= f (1> 1+E)+1,.4) W', ..., W™= f (1,50 1+E)+1, ;) Sw™
0 0

then (z/,w*...w™) is a { F_ },,,-Brownian martingale, and L’ is the local time at 0 of
|2’|. The proof that under S, (z,w*...w™) is a Brownian {F, },,,-martingale is
trivial. Moreover since H is =0 and is 0 on (z<0), we have the obvious:

| z,+H, |=]|z|+H,
sgn (z+H)=sgnz,
(Sgn Z) 1z>0= lz>0’

so that:

t
(6.28) | z,+H,|= J sgn (z+H) (8z+8H) +L,.
o

From (6.28), we deduce easily that L’ is the local time at O of z".

The calculus of variations on s,, is then done in the same way as in section 4, using
A

t
H,=z"2, and the fact that since j z; ds is a stable process whose exponent is 1/3, for

o

A -1

any t>0, [J ' zf ds] is in all the L,(Q, PQP).
0

Statements strictly similar to Theorems 4.9-4. 13 are easily proved. Details are left

to the reader.
However the estimates of section 5 must be in general drastically modified.

(e) Existence of densities for the boundary semi-group.
We first study the a. s. invertibility of CJo.
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DeriNITION 6.5. — For leN, E,, E;, F, are the family of vector fields defined by:

E=(Xy, ..., X,), Ei=(Xj...,X), F,={0},

0
E.= [(XO,XI, .. "XM’E>’E1]’
E/ =[<X, X/ Xl a) ,]
1+1 0 1 Ny — ;El >
0z

Fl+1=[(X/1' . 'X:m D), El] U [(Xl, ey X,,,, D), Ez']
UIXy - X Xi ... X}, D), FlL

We then have the following result, which was first given in [50], Theorem 2. 19.

+

THEOREM 6.6. — If U (E; U E; U F))(x,, 0) spans R¢, then PQP a.s., for any t>0,
Cio is invertible. -
Proof. — U, is the vector space spanned by:
L>o(@F ' X)(xo) (1Sism) and 1,0 (¢F 7" X)) (xo). (1Si=m),

V, is the vector space spanned by \U U, and V,+ is defined by:

s=t

V,+=MN V,.

s>t

We then proceed as in the proof of Theorem 5.2. Namely assume that V,+ (which
is a non random vector space) is #T,, (R%). Then if S is the stopping time:

S=inf {t>0; V,#Vy+ },
Sis >0a.s. Let fbe a non-zero element of T¥* (R?) orthogonal to V5. Then:

S @F71 X)) (x0) >=0 on (z,>0) N [0, S],

(6.29) { »
L (@87 XD (%) >=0 on (z,<0) N[0, S].

Using the optional selection Theorem [11]-1V-84, it is easily proved that (z=0) is included
in both closures of (z>0) and (z<0). (6.29) can be replaced by:

(6.30) { S (@71 X, (%) >=0 on (2,20) N [0, S[,
' @ XD (x0) >=0  on (2,50) N [0, S[.

From (6.29), we find that:

(6.31) 2z (S @71 X) (x0) >=0 on [0, S].
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From It6-Tanaka’s formula, we know that:

(6.32) 2z @F ' X;(xo)= .[ AN < [Xo, Xi]+ % (X5 [X; Xill

o

1| 0 0 b e ;
+- =, =, X ds+ | z oF ' [X; X,] ow’
21 0z | 0z 0
t 0 ! 0
+J‘ 1z>0 (P:_1<Xi+z+|:~sxi:|)82+f 1z>0 (p;k—l _:Xi dS
0 0z N 0z

t

t

(there is no integral J

0
From (6. 32), we find easily that for 1<j<m:
(f, 9 ' [X X1 >=0 on (2,>0) N[0, S],

(6.33) <f, (p;-l[aﬂ, xi]>=o on (z,>0) N [0, S].
z

.. .dL because the support of dL is (z=0), and of (6.30)).

By iteration, using (6.33) again as in (5. 8), and reasoning as in (6. 30), we find that
for 0<j<m:

Cf or 1 X, X15=0 on (,20) N[0, SI
(6.34) <f, ¢:-‘[§,xi]>=o on (2,20) ([0, SI.
zZ

We now will use the following result in Ikeda-Watanabe [17], p. 307. Namely if g is
{F,};20 predictable right-continuous process with left hand limits, then for any t>0:

. Ayt ) t )
S Elirflo l: Au‘§u_>t 1,50 g 3w ]: j 1,50 & W,

(6.35) Au at 0
A At t

lim “ Gl ;

( el 10 [ A.,—%.—» ) li<o g 0w ]— j <o g W,
Ay~ At 0

where the limits as € | | 0 are taken in probability.

In [17] such a result is proved in the case of a reflecting Brownian motion. The proof
of [17] can be mimicked so that (6.35) holds. Also note that if c,, k, are the processes:

t
c,= 1,50 ds,
(6. 36) ‘ L 0

k. =inf { vy, c,>t},

x®,
then by [17], p. 123, z,, is a reflecting Brownian motion, and moreover f t 1,50 OW

0
(1=i=<m) are also Brownian motions independent of z,.
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Let H(x) be a C* vector field defined on R¢ with values in R% Assume that:
(6.37) f, ! 'H>=0 on (z=0NI0, S[,

We claim that:

<f ¢¢"'[D,H]>=0 on (z=0)NIo0, S[,
(6.38) (f, o '[X;H) =0 on (z=00NI[0,S[ 1=j<m
(f, o "X, HI>=0 on (z=0NI[0, S, 1<j<m.

We first prove the first line of (6.38). We have:

t

(6.39) ¢?“H=H(x0)+f
0

1z>0 q’:_l ([XO’ H]+ % [Xj’ [Xj’ H]] ) du

' - ’ l ’ ’
+ J‘ 1z<0 q): ! ( [X09 H]+ 5 [st [Xja H]])du

o

t t
+ I o}~ '[D, HdL+ I Lo oF ™1 [X;, H] 8w/

o o

t
+ f lz<0 (p:_l [X;’ H] awj

0o

Let G,, G; be the {F,},,, predictable processes [11}-IV-90:

G,=lm 1, .,,
(6.40) st

G;=Tm 1, <,
st1t

We claim that for any ¢t >0:

AtAS

A
(6.41) ) Lo 8<f, 0 " H)=G, s {(f, o} H).

Ay~ AtAS
In fact:
e if t<S, if z,>0, using (6.37), the sum is {f, ¥~ H ), (z,=0) is negligible, and if
z,<0, the sum is 0.
o if 28, if z;>0, the sum is { f, ¥ ' H). ,
If z=0, and if S is a left cluster point of (z=0), the sum is still 0, and moreover by
(6.37), {f, p¥ ' H>=0. If z;=0 and z is >0 on a left neighborhood of S, the sum is

<f, 0¥"' H) and fy=1. If z;=0 and if z is <O on a left neighborhood of S, both
sides of (6.41) are 0. Finally if z;<0, the 1. h.s. of (6.41) is 0 and G5=0.
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Let E,, E; be the processes:

Et= J lz>0<<f; (P:—1<[Xo, H]+ % [Xj’ [Xi’ H]] >> du
V]

4 f Lo (S, 92 X, H] D o,

0o

(6.42) E— f‘ 1,<o<<f,q>;*‘l<[xa’ H]+%[X}, X}, H]]>>du

0

+ J‘ lz<0 <f; (P:_l [X;’ H] > SW’

0o

By using line 1 in (6. 35) as well as (6.41), we find that for any t=>0, a.s.:
(6.43) E,.s=G.s (f, 985 HD.

Now the process G,,s<f, o*' H) is continuous. This is clear if t<S, by using
(6.37). If Sis a left cluster point of (z=0), { f, e ! X, >=0 and continuity at S still
holds, while if S is isolated on the left from (z=0), G will be continuous at S. From
(6.43), we find that a.s.:

(6.44) E,=G,{(f,of""H) on [0, S].
Similarly:
(6.45) E,=G,{f,0* *H) on [0, S].

We claim that for t<S:
(6.46) (G+G) Lo "HY={f, 0} ' H).

We only need to prove (6.46) if z,=0. If t<S, {f, ¢* ' H)>=0 and (6.46) is
true. If t=S, and S is a cluster point on the left of (z=0), the same reasoning
applies. If S is not a cluster point on the left of (z=0), G5+ G§=1, and (6. 46) still
holds. From (6.44)-(6.46), we see that:

(6.47) {f, @* ' H>=E,+E, on [0,S].

Comparing with (6. 39), we find that:

(6.48) <f, Jr ¢* ![D,H]dL =0 on [0, S].>
o

so that:

(6.49) {f, 9! '[D,H]>=0 on (z=0) N[0, S[.

The first line in (6. 38) has been proved.
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Now from (6. 37), (6.44), it is clear that:
(6.50) E,=0 on (z=0)N [0, S[.

¢, k, have been defined in (6.36). Set:
- 1
Ks= <f; (P: 1<[X09 H]+§[st [XJ’H]]>>7

6.51 - _ *t . _ *
(6.51) z,=2z,, wy= j 1,50 OW, B,= j ‘ 1,5 0z,
o 0

R,=K,, E=E

®e*

We know that z is a reflecting Brownian motion, and that (w®,...,w" B) is a
{F,,};>0 Brownian martingale. Moreover csis a {F,, },,, stopping time. Using (6. 50),
we have:

(6.52) E,=0 on (z=0)N [0, c4.

Moreover using standard results on semi-martingales we know that E, is a continuous
process. Using (6.42), we find that:

(6.53) E,= f R, ds+ jt<f, ox 1 [X, H] ) 3w,
0 4]

We can now proceed as in the proof of Theorem 5. 2.
Using (6. 52), (6.53) and Theorem 2.1 in [51], we know that for 1 <j<m:

(6.54) f, o7 ' [X; HI>=0 on (z=0) N[0, c4.

Note that the result of [51] is proved under the assumption that all the integrands are
continuous processes, but the proof adapts without any change when they are only
right-continuous.

It is easy to see that (6. 54) implies the second line in (6.38). The third line of (6. 38)
is proved in the same way.

Of course we may take H to be equal to X;(x, 0), X;(x, 0) or to any Lie bracket
appearing in the iteration of (6. 34), (6. 38).

It is now easy to proceed as in the proof of Theorem 5.2 and prove the Theorem. [

Remark 1. — If X,...X,, X{...X;, do not depend on z, F,,, can be enlarged to
be:

Friy=[X0, ..., X% D), E]U [(Xo, . . ., X, D), Ef]
UKo, -« -5 Xpp Xy - . ., XL, D), FJ.

In fact note that from Theorem 2. 3 in [51], we find that because of (6. 52), (6.53):
K,=0 on (z=0)N [0, c4.
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It is then easy to proceed as in the proof of Theorem 6.6 with the enlarged F,.

Of course, under the assumptions of Theorem 6.6, the analogue of Theorem 4. 13
holds.

(f) Local and non local regularity of the boundary semi-group.

We now study systematically the regularity of the boundary semi-group associated to
the two-sided reflecting diffusion.

E, E; have been defined in Definition 6.5. k, has been defined in Definition 5.7
(for the family of vector fields E;). Similarly we can define k; calculated on E;.

THEOREM 6.7. — If xo,€R? is such that for a given leN, 6>0:

lim zLog[ inf Kk'(x, 2)]=0,

(6.55) z>0,z-0 Ix—xo0l <0
lim zLog[ inf Kk'(x, 2)]=0,
2<0,220 Ix=xol 50

then for any t>0, T20, 1, <1 | [C] ™" | is in all the L,(Q, PQP).

Proof. — The proof is strictly identical to the proof of Theorem 5.8. Of course the
definition of TY in (5. 41) is changed into:

(6. 56) Ty =inf { t20;

Z,|=‘Y'}

and the estimate (5.42) is still valid. The proof can proceed as the proof of
Theorem 5.8 because (6.55) is a two-sided assumption, so that in both cases (zr7=")
and (ZT‘i = —v), the estimates of the proof of Theorem 5.8 are valid. []

Assume now that x,eR¢ is such that for a given 6>0, n >0 exists such that:

(6.57) inf  k'(x,z)=n,

lx—xol=0

which means that on (z,>0), x, is an elliptic diffusion for s small enough. By
Theorem 6.6, we know that the boundary semi-group has densities.

However, we are going to show that if 6<+ 00— i.e. the assumption (6.57) is
local —and if on (z <0), the diffusion x, is very degenerate, then the boundary semi-group
may well be not smooth. The introduction of badly behaved negative excursions destroys
then the regularity result of Theorem 5. 8.

The reader can assume that X3 #0, X{=... =X =0.

The estimates on Cfo are then only possible on the positive excursions of z. The
stopping time T} should now be replaced by:

(6.58) Ty =inf { 120, z,=7 },

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



608 J.-M. BISMUT

where z is a standard Brownian motion. Now contrary to the sharp estimate (5. 42),
we have:

1/2
(6.59) P(Ty2ty /2)S - &

Cy
(ty /D" (/D i
This follows from the fact that sup z, has the same law as |z,|.
O=s=<h
(6.59) is an insufficient bound. In fact, to dominate P (| [C;']|2A; A,<T) by A/A?
we should take Y < A/A??, but this makes the estimation (5. 45) lousy.

The phenomenon which can happen is that the negative excursions of z push x far
from the region |x—x0 | <0 fast enough so that the semi-group is prevented from getting
smooth.

Although it is difficult to construct an explicit counter-example, we build something
which is very close to that.

T is a>0 real. Consider first the stochastic differential equation:

{ dx= ltéT dW,l,

(6. 60) (00,

which can be put in the equivalent form:

dx=1,<1 dw',
x (0)=0,
dh=dt,
h (0)=0.

(6.61)

Of course the system (6.61) is not smooth in the variable h. However the calculus of
variations of section 2 can be applied to (6.61). d,/dx(w, 0) is of course equal to I,
so that we can analyse the process x,, without needing to look at the component A,. Of

course, C? is given by:
(6. 62) Co=t A T.
Since the law of A, is classically ([18], p. 26):

(6.63) 1y — e g,
= 2®s
we find that for any ¢>0, 1 /CX‘ is in all the L,(Q, PQP).
The calculus of variations tells us that x,, has a smooth law. Of course this is entirely
obvious because x,, =wj, 1, and the law of wj, .y can be explicitly calculated.
Now consider the two-sided equation:
{ dx=1,c1 1,5, dw},

(6. 64) S 0-0
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which can be rewritten:

(6.65) { dx=1,50 Lygr dw;,  x(0)=0,

dh=1,,4dt+1,.odt, h(0)=0

(6.65) appears as a two-sided perturbation of (6.61). We claim that the law of Xy, is
not smooth. In fact C? is now:

tAT
cf:f 1,5 ds.
0o

Conditionaly on z, the law of x,, is a centered gaussian whose variance is CQ, e is
given by: ’

1 —x?
e
InCy " 2C

The law of x,, is then given by k (x) dx, where:

dx.

1
k (x)= ex
) L, 2n CA"‘ P 2 cg,

Now k is clearly C® for x #0, and moreover k (0)=1lim k (x), so that:
x—-0
x#0

dP’ ().

Of course C3 <C?. Moreover by Lévy’s Arcsine law (Itd-McKean [18], p. 57), the law
of CY is given by:

i ds
$EE n s (T—9)I2’

so that:

k(0)=

=40

1 J~ T ds
2xn Jo ns(T—s)l2
k (x) is then not even continuous at 0! In fact 1/C§ , does not belong to any L,(Q, PQP)

(1£p< + ) because J (CQ)V? dP = + 0.

Q

The effect of introducing negative excursions of z prevents the process x, to take
“advantage” of the region t<T to have a regular density, since the negative excursions
are pushing it far enough from this region.
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Remark 2. — If X5=X|=...=X,=0, we come back to the situation studied in
sections 1-5. In fact on (z<0), x does not move. Using the fact that if 1, is the time

change:
‘t,=inf{‘t;j 1,50 ds>t}
(V]

z,, is a reflecting Brownian motion whose local time is L, (see Ikeda-Watanabe [17],
p- 123), we would be back to the situation studied in sections 1-5.

(g) Non-local regularity of the boundary process.

The results of section 6-f show that when the two sides of the diffusion x, are not
equally regularizing, then the regularity of the boundary semi-group is in general a non
local property.

We will now show that under a condition which states basically that if le N exists

1
such that for any x,eRY (U (E, U E) (x,, 0) spans R% the boundary semi-group is
1

smooth.

The reasoning in the proof of Theorem 5.8 does not work any more. Note first that
the estimate (5. 42) is useless here. In fact if T7” is the hitting time of y by |z, |, it may
well be that if zy/r=—y:

1
Y, X hetp' Y(xo))%
i=1 y'eEj
1

is small if for instance fis orthogonal to \U E; (xg). Of course in this case:
1

2 X LY (x))2

j=1 YeE;

will be large, and it would be “better” to choose the stopping time T defined in (6. 58)
instead of T{?. However the estimate (6. 59) is lousy.

The reason for which the arguments of section 5 do not work any more is that the
stochastic calculus in real time-scale is not good enough to take into account the fact
that the regularity of the boundary semi-group comes from piling up heterogeneous
excursions. This fact could not be clearly seen in Theorem 5.10, where there were
excursions of only one type. We will then do an analysis of the individual excursions
of the two-sided process.

DErFINITION 6.8. — For ec# " (resp. # ), W. (g, e, .) [resp. V. (g, e, .)] is the flow
of diffeomorphisms of R associated to the stochastic differential equation on (Q, P):

(6. 66) dx=X, (x, €) dt+X; (x, €). de".

[resp. (6.66") dx=Xj (x, e) dt+ X (x, e). d€].
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Of course the notation (g, ¢) is used to underline the fact that we are working on
excursions.

DEFINITION 6.9. — CZ(g, e) [resp. C/* (s, €)] is the linear mapping from T* (R into
T, (R%:

(6.67) feTiR'>Ci( e f=Y '<(‘1’;"—1 X) (), £ (FF 1 X)) (x) ds
i=14J0
<resp:

(6.67) feTiR!>CFf=} <(‘1’;*X€)(x),f>(‘1’;*'1XE)(X)dS>~

i=1 J0
Recall that m;=20'"'x6. nis a >0 real number.
We have then the key result.

THEOREM 6.10. — For any n>0, there exists C>0, p>0 such that for any xeRY, any
feTER with || f||=1, then if:

1
6.68) T T LY (02
n=1 YeE,
(resp.:
1
(6.68) X 2 AAY(x 0)>222—>,
n=1 Y’eE;,
then for 0<p<:
(6.69) n({CyEefif>2p2 psm,
(resp.:
(6.69") n({Ci,( —effrzpz psm, )

Proof. — We will only prove (6.69). We will use the description of n* by Williams
([45]-[46]) and Rogers [33] given in Theorem 3.6. The measure n has been described
in Theorem 3.9.
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% is a >0 real number such that x<1/2. The value of y will be chosen later. Let
Ty, T4 be the stopping times:

(6.70) To=inf {t20; | ¥, (s, &, x)—x |2x}| A inf { t20;
-1
‘[%(e,e,x)] —Illel.
0x

T’i (e)=1nf { th’ e‘=p1/m,} )

By fixing temporarily e in (6. 66), we have:

(x—CT; (e))*?

(6.71) P[T, (e, ©)<T1 (e)]<C exp— CT? (o)

SC, (Ti(e) A D).

By Theorem 3.6, under n and conditionally on (T4 (e)< + ), ¢,(0=t<Tf(e)) is a
Bes (3) process starting at 0, stopped when it hits p*/™. Since we have the obvious:

p2/m,
(6.72) EBs®) T ()= 3
we get from (6.71) that:
(6.73) n(To (5, =T} ()| T (¢) < +0)<C, p*/™.

We define C& (¢, €) (s<s’) in the same way as in (5. 33) (we drop the dependence on x
for simplicity).
Set:

lih 2 -1
(6.74) ‘G e)=[ e e, x)] f
dx
Clearly:

(6.75) n({Ciyf f><p|Ti<+0)
SC,p™+n({CTig g><p, TI<T,| T < + o).

Recall that the components of X, X, . . .X,, are in C? (R**1), so that for p!/™<y,
if T{<T:
1
(6.76) X (86 a, Y(¥rleex), ptm)22 7 —Cx2

n=1 YeE,

We choose y so that C x2<n/4, and so the 1. h.s. of (6.76) is =n/4.
Set:

(6.77) ¢ (& e)= ”i—g’zﬁ.
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Of course if T§ <T,, since x<1/2:

1 3
6.78 - < €, <>,
(6.78) 2_Hg( e)H_2
so that:
]
(6.79) Y Y KgEe Y (¥ne ), pim)iz g
n=1 YeE,

and moreover:
(6.80) n(<Ciig g><p, T{STy|TE< +0)

<n(<Clig,g d<4p T{<To | TE< +o0).
Recall that the canonical filtration { %, },5, on #7, has been defined in (3. 50).

We know that for the conditional law n (. | T{< +o0), conditionally on Yps, for

t=>T4, (¢, e,) is a m+ 1-dimensional Brownian motion stopped when ¢ hits 0 (the result
on g, is the basis of Williams ([45]-[46]), Rogers [33]).

On (Q, P®P,um) let S be the stopping time:
(6.81) S=inf { t=0; |Zt_p1/m,|=p1/m,}_

Let x'eR and he T* (R such that || k||=1, and moreover:

]
(6.82) Y X Y, ptm) )2z

n=1 YeE,

o |3

We are then led to estimate:
(6.83) (P®P,1m) ( C§ (@) h, h > <4 p).

Of course the estimation of (6.83) will be used in (6.80), with x' =W (g, e, x),
h=g’ (g, e).

Let ' be a real number such that 0<y’<1/2.

Let U be the stopping time:

(6.84) Us=inf {t20; |¥, (o, x)—x"|2x "}
-1
A inf{t_Z_O; H:%((T), x’)] —I' gx’} A S.
X

For t<U and 2 p'/™ <y’, we get, still using the fact that the components of X, X, .. .X
are in C® (R4*1):

m

1
(6.85) Y L KETIY (™, z) hyrz - —Cy

n=1 YeE,

0|3

We choose y’ so that C x'2 <n/18.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



614 J.-M. BISMUT

Now for p small enough:

C’ pZ/mz C”
(6.86) (P®P,um) (U<D, (4p)*™<C exp[ - <Cexp| —— |,
(4 p)>m ptim

so that:

(6.87) (POPum) (< C5 (@) h h >S4 p)<C exp[ _& ]

pllml

+(PRP)um) ( CF,apy3im @) h, h> <4 p; UZD, (4 p)>'™).

Using the estimate (5.29) and (6.85), we know that for p small enough, the second
term in the r. h.s. of (6. 87) is dominated by K exp[—D; (4 p) /™.

So for p small enough:

(6.88)  (P®Pyum) (( CF (@) b, hy<4p)<C [ exp—pcT +exp—— ] .

my pu/m,

Note that the estimate (6.88) is uniform in x’eR? as long as (6.85) is satisfied,
essentially because the components of X,, . . ., X,, are in CZ (R4*1).

Now since (T§{=T,), ¥ (g, e,x), g (s, e) are ?Tq-measurable; since moreover
|lg’ (e, e)||=1, we can use the estimate (6. 88) in conditional form as previously indicated,
so that:

(6.89) n((C}ﬁg’,g’>§4p,T'{§T0|T2<+oo)§c<exp—C +exp—C )
p

1/m pu/m,

Using (6. 75), (6. 80), (6.89), we get for p small enough:

(6.90) n(<Cz(e,f,f>;p|Tq<+oo)%1—CPz’""c(exp—%,+exp—C/ )
p m, pam,

By Theorem 3. 6, we know that:

1

l:)1/»11

(6.91) | n (T < +00) =

(6. 69) follows from (6.90) and (6.91). O
DEerINITION 6.11. — For leN, x'(x) is the function defined on R by:
1
69 #@=if | T (T AYE0>+ T SV 09 |
A=t L n=1 YeE, Y'eE,
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1
Note that if xeR? is such that x'(x)>0, this means exactly that (E, UE) (x,0)
n=1
spans R“
We have then the essential result of this section.
THEOREM 6.12. — Assume that e N, n >0 exist so that for any xeR*

(6.93) x(x)zn.

Then for any xo€R% T20, >0, 1,,_, | [Cio]™! | is in all the L,(Q, P®P,).

Proof. — We will write P instead of P®P". Take feT% (R?) such that || f||=1. We
estimate first for 6>0: -

(6.94) P[C(CRLfHS8 AT

X, is again the process @, (®, x,). Let T; be the {F,},5, stopping time:

. | {90, — 0p, - -1 1
(6.95) T;,-mf{t;O,['a—;(m,xo) [a—x‘(m,xo)] l]gw}

Now Ly, is a {F,},», stopping time. Moreover by Proposition 3.13,
- 0Q,,-/0x (@, xo) is a { Fy },5 0 predictable process. Obviously, for t<Lyg

0Pp,- -1 1
l: ox (m,xo):l :Iéw-

Al
6.97) (CRASfO= j 150 (031 X)) (xo), f D* ds

v

0P, - _
A" @, xo)

\

(6.96) [

Observe that since:

+ r‘ 1,<0 (0371 X{) (x0)s f>* ds,

0

then we have:
(6.98) {Cf fO=S,c; Lo+ CCit (25 &) 0,- (@, X0) £, OF,- (@, x0)

+85s1 Loy y- CCat (55 €) 0X,- (@, X0) f5 9%, (@, x0) [
In (6.98), we use the notation:

0Qa,-
ox

-1
(6.99) 0%,- @, xo) f= [ (o, xo)] f

To prove (6.98), take ¢ >0. Let S; be the sequence of { F,, },,, stopping times defined
by:

Sy=0,
Si+1 =lnf{ t%si, At—At_ >8/ }.
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For every ieN, Ag,- is a { Fy, },5 stopping time. Since wis a { F,®Fp, } 5, martin-
gale, the Markov property of ¢ can be used at the {FD‘},go stopping time Ag,-, so that,
if e, e W'

(6‘ 100) (PAsi (6)’ x0)=\Po‘s'. (SSi’ eS," (pAs‘.— (6)’ xO))'

A similar relation holds when e5,e #"~. Now clearly:

(6.101) (Cif, f>=lm ¥ [

e€l0 §;st

eew ™

As_
I ' <<p:‘*xk,f>2ds]

As;—

As,
+ X H <<p:‘“X;,f>2dS]-

As;—

Using (6.101), (6. 98) is now obvious.
Now by Theorems 1.1.2 and I.2.1 in [5], we know that for every e # *, and every

pzl
o,
— (g, e, x
[ ox ( )]

is uniformly bounded by a constant not depending on x,e. It follows that using
Theorems 3.4 and 3.9:

(6.102) j sup ? dP (g),
Q

osts1

(6.103) Wnloél[J:|(\P;"‘1(s,e)Xk)(x)|2ds]dn(8,e)éCJ:\/lz)i_vvz<+oo.

For B>0, let ©/ (@, B) be the function defined by:

(6.104) { (o, B)=f o<y

o

o(e)

< {exp—ﬁ[ (T™® (6, 0) o - @, xo) f; 0k @, x0) I ] -1 }dn @ o)

Using (6.103), (6.104) is finite and moreover if s<L;, we see by (6.96), (6.103)
that t/ (@, B) is uniformly bounded. Similarly if t// (@, B) is the function:

(6. 105) 'c;f (o, B)= |
Yo
x {exp—B[{ T4 (e, —e) o - @ xo) f; PF- (@, Xo) [>]—1} dn (e e).

a(e)

then for s< Ly, 1/ (@, B) is uniformly bounded.
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Using Theorem 6.4, (6.98), the stochastic calculus on point process in Jacod [19],
and the boundedness of 1/, LTG(EJ’ B), T, LT5((7), B), we know that if N, (o, B) is the process:

(6.106) N, (o, B)=CXP[ —BLCRL SO % Lt (@ (@, B)+7 (@, B) dS],
then N,ALTS(E), B) is a { F,,},50 supermartingale, and so:

(6.107) E*[N,, 1, (@ BISL.

Asd - +o00, Ty = +o00, Ly, = + o, so that by Fatou’s lemma:

(6.108) EP[N)<1.

For x’eR? ge T* R? with ||g||=1, B>0, we define:

8 (x', B)= J Losi {exp (=B < C3) (e ©) 8, 8 ))—1} dn(s, o),

#o

(6.109)
079 (x, B)= I lo<i {exp (=B C,y (e, —e) g, g ))—1}dn(e e).

o

We now do the key observation that due to (6. 93) either:

(6.110) ‘; Y <& Y, 0)>*=n/2,

or:

(6.111) Y 2 &Y (x,0)>*2n/2
n=1 y'eg,

[of course (6.110) and (6.111) can be simultaneously verified]. If (6.110) is verified,
by Theorem 6. 10, we know that for p=<p:

(6.112) n({Cio(c e)gg>2p)2 otim”

Since n(o>1)< + 0o, we find that (by taking eventually smaller constants p and C) if
p=p

C

1/my °

(6.113) n({C3u( e)g grzp o<l
p
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Now we have the trivial:

(6.114) & (x/, B)=—BJ we""’n((Cﬁ}e)(& eg grzp,o=l)dp
0

g—CBJ"
V]

If B=1/p, we get from (6. 114) that for a given D>0:
(6.115) 07 (x', B)< —D BY/m.

—u

ke
ul/ml

¢ jp=—C ﬁ““ffﬂ
p=—
plim 0

If (6. 111) is verified, we obtain similary for B=1/u:
(6.116) 0% (x', Bp)< —D Bi/m.

Recall that m;=6. Set:

(6.117) B ()= [ Dt :IMI/(""_I{

2 m, &t~ 1/2m)
Clearly as 6 — 0, B(8) - + 0. We now have:
(6.118) P[(Cif, f><8 A ST]SP[T;<A,=T)

+P[N, (@, B (B)Ze POS -/ @ 8O +</ @ 8 ONds A T,
Now by Theorem 1.1 (e) :

(6.119) P(T;<A,ST)SC .
Set:
(6.120) g, @)= A @ X ] hy @)= || 0%,- @, xo) f || -

| ok - @ xo) f|

We then have the trivial;
6. 121) { ] (53, ﬁ)=9"8“’i’ (xa,- (53), B n? ((E))),
7/ (@, B)=6% (x, - (), B h? (®)).

Now if T;>A,, for s<t:

_ 1
hs (m); - =
” a(I)As-/ax (o, xo) ”

1/4

(6.122)

so that as § — O:

(6.123) B (5) h? (@)= _lhl: Dt :|ml/(ml—1).

8['”‘/2('”1_1)] 2 m,

4° SERIE — TOME 17 — 1984 — N° 4



THE CALCULUS OF BOUNDARY PROCESSES 619

Of course as & — 0, the r. h.s. of (6.123) tends to + . For & small enough, if A, <T;,
for s<t we get using (6. 115), (6. 116), (6. 121), (6. 123):

6120 @@+ @pe)s-p| 20 |

From (6. 124), we find that the second term in the r. h.s. of (6.118) is dominated by:
my/(m;— 1)

(6.125) P[N,<6,ﬁ(6));exp(—ﬁ(a)a+[35]’ ' —""_>]

2m, §1/20m=1)

Now:

4 D¢ |wm-b o, D¢ /b 1
(6.126) —B(d)d+ I:z——] g{m=(mt—l)|:'2_';lj| 512m=1"

m;
Using (6.108), (6.126) and Cebysev’s inequality, we obtain that (6.125) is dominated
by: '

Dt Jmm-v
(6.127) €xp [ —(m—1) [ > m :‘ §l/2m=—1) ] :

m,;

From (6. 118), (6.119), (6.125), (6.127) we obtain as 6 — O:
(6.128) P[<CQf, f><8 A,sT]=C¥

Dt Juim-D ]
+exp|:—(m,—1)|:2—ml] W].

We now use the result stated after (5.52). Namely as A — + oo, we get:

(6.129) P[[[CI™"| 2X A STISP[|CRo|2A"% A ST
NQ@1/2,2/)

+ Y P[<cxef,-,f,~>g ;A,gT],
ji=1

2
A
where f;e T* (R with || ;|| =1 and N(AY/2,2/A) SC A*2@=1. Now by Theorem 1. 1 (e),
for any p=1:

(6.130) P[ICZ? |=A2% A, STIS %"

Using (6. 128), we find that:

(6.131) T’[I[C"O]‘1|>)\:A<T]<é
. A¢ =1y t= = )\,p.

The proof is finished. []
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Remark 3. — As we have seen after Definition 6.11, (6.93) implies that at any
xo,€RY, the process X,, “tends” to jump in a family of directions which in a loose sense
span the whole space. Under the assumptions of Theorem 6.12 the boundary semi-
group will have C* densities.

We have vainly tried to prove Theorem 6. 12 using the normal time scale, that is the
classical {F,},5, stochastic calculus instead of the {F, },», stochastic calculus, as we
did in Theorem 5.8. The reason of the failure is that the behavior of the Brownian
‘motion z at 0 becomes here of critical importance.

As made clear in (6. 110), (6.111), (6.115), (6. 116), the excursions in ¥ *, # ~ can
both contribute to the smoothness of the boundary semi-group. It would be apparently
quite hard to keep track in normal time scale of the two types of excursions. This is
why we have prefered to slower the computations that is:

— estimate the contribution to regularity of each type of excursion;

— compute the effect of piling up the excursions using the stochastic calculus on
Poisson point processes.

Remark 4. — There is no “natural” assumption under which Theorem 6. 12 would
hold when % and %’ are degenerate on the boundary in the same way.as in section 5.

However, it is interesting to use the technique of Theorems 6. 10-6. 12 to give another
proof of Theorem 5.10 in the one-sided case. Under the same assumption as in
Theorem 5. 10 we would find that if fe T* RY, || f||=1, then for p small enough:

(6.132) n({Cio ff>2p)z — BP .
m; C

The estimates follow then the same line for Theorem 6.12. In particular, instead of
(6.117) we will take p=1/3.

Of course (6.132) is also useful when & verifies the conditions of Theorem 5. 10, &’
does not verify any special condition, to obtain the equivalent of Theorem 5. 10 for the
two-sided process. Details are left to the reader.

We have vainly tried to find an “excursion” proof of Theorems 5.8 and 6.7. This
is rather natural due to the results of section 6 ( f).
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