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SLOPES OF POWERS OF FROBENIUS
ON CRYSTALLINE COHOMOLOGY

By NIELS O. NYGAARD

Introduction

Recall that to an F-crystal (M, ®) there are associated two polygons: The Newton polygon
and the Hodge polygon (for an excellent exposition about these things see Katz’s paper
[6]). Assume that the F-crystal arises from a geometric situation, i. e. that there is a proper
smooth variety X defined over a perfect field k of characteristic p>0 such that
M=H§,ys (X/W)/torsion and ® is the canonical lifting of frobenius. In this case there is
associated a third polygon: The Hodge polygon of the geometric Hodge numbers:

W =dim, H' = (X, Q),

of X. The Katz conjecture asserts that this geometric Hodge polygon lies below the Newton
polygon. Katz’s conjecture was proved first by Mazur under certain assumptions and later
by Ogus in general ([8], [3]).

Mazur proved that for all F-crystals the Hodge polygon is always on or below the Newton
polygon, and both polygons have the same end point ([8],[6]). Both Mazur and Ogus then
prove that in the geometric situation the geometric Hodge polygon is below the Hodge
polygon of the F-crystal.

Under Mazur’s assumptions the two Hodge polygons actually coincide and Ogus shows
that this continues to hold under considerably weaker conditions.

This paper grew out of an attempt to prove Mazur’s and Ogus’s Theorems using the de
Rham-Witt complex of Bloch-Deligne-Illusie ([4], [5]).

It turns out that this method allows us to get estimates, not only for @, but also for the
iterates ®" on H;  (X/W). The Hodge numbers of X are then replaced by the numbers:

s
Wi(n)=I1(H'~J(X, W,Q4)) (I=length).

The Katz conjecture for (Hc"rys (X/W)/torsion, ®") takes the following form: Let
(1/n)Hdg(®") denote the Hodge polygon of ®" except that all slopes have been divided by n,
then (1/n) Hdg (®")is above the Hodge polygon of the numbers { h° (n)/n, ..., h'(n)/n},in

particular for n=1 we get Mazur’s and Ogus’s result.
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370 N. 0. NYGAARD

We also study the Hodge numbers of ®" and prove that under suitable conditions the F-
crystal determines the two filtrations on Hé,ys (X/W,) coming from the two hypercohomology
spectral sequences of the complex { W, Q4 }. In the case n=1 this determines the Hodge
numbers of the crystal as being equal to the geometric Hodge numbers. This is no longer
true if n> 1; we give a formula for the Hodge numbers of ®” corresponding to slopes <, this

formula involves the iterates of F on the truncated Witt vector cohomology H' (X, W, 0y).

Finally we give a couple of applications to curves and surfaces: We show that a curve has
Hasse-Witt matrix equal to zero if and only if its Jacobian is isomorphic to a product of
supersingular elliptic curves, and that for a surface satisfying certain conditions the F-crystal
HZ ,(X/W) determines the filtration coming from the slope spectral sequence. A corollary
of this is that the formal Brauer group of the surface is uniquely determined by HZ  (X/W),
this should be compared with the corresponding result for H}, (X/W) which uniquely
determines the completion of the Picard variety.

CONTENTS
Introduction.

1. The complexes WQx (r, n).

2. The generalized Katz conjecture.
3. Hodge numbers of @".

4. Applications.

1. The complexes W Q (r, n)
In this section X is a smooth variety (not necessarily proper) over a perfect field k of
characteristic p>0.

DEeFINITION 1.1. — Let r, n be non-negative integers, we define a complex of W (k)-sheaves
on X by:

. d d avr d d
WQ(r, n)=0->W04,—>... > WQ 1 5> WO —...oWQY 0.

(N=dim X), here WQL, WQ4™!, ..., WQ) are viewed as W (k)-modules through ¢~ ",
where o is the frobenius automorphism of W (k). In the cases r=0or r=N+1 we have the
ordinary de Rham-Witt complex [5].

DeriniTiON 1.2, — Define maps of complexes:

F: wWQi(r,n)>WQy(r+1,n)
and:
V. WQi(r,n)»>WQx(r—1,n),
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by the commutative diagrams:

WQ(r, n)=0 —— W05 ... SWO 'S wor Sworrl s Swak-0
I [ g
WOL(r+1, =0 W0x5 . SWO 1 S WO WO S . bWl -0

and: ‘

WQ(r, n)=0 —> W05 ... SWO 2AWO ' S wor % ... 4wl 50
¥ i A |
WO(r—1,n)=0->W0x5 ... SWO 2N Wo ' SwWor4 ... Swal -0

The commutativity of these diagrams follows from the identities:

FrdV'=d, dF"=p"F"d, p"dV"=V"d, F"V'=V"F'=p" [5].

It is clear from the definitions that FV=VF =p".

For any complex:

JRTER LS SIS LIRS S-S SO

let t_, L’ denote the complex:

0-L05.  SLr157Z1r50  (@L =kerd:L —L'Y)

and L’ =" the complex:

0500 ... 50l St Spr25

[this is the filtration canonique (resp. the filtration béte)].

DeriniTION 1.3, — Define maps of complexes:
a(r, n): WQ(r, n)/FW QL (r—1, n) > W, Q'

and:
B(r,n): WQy(r,n)/VWQ(r+1,n)—>t, W, Q%

by the commutative diagrams:

"

050-0... —0 —a W, Q" —5W, Q5

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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372 N. O. NYGAARD

where the vertical maps are defined by the projections pr; : WQi - W, Qi the diagram
commutes since Im dV"cker pr, [S]:

0->WO/p"S . .. SWQ /pr S WQg/V' 50 ..
S N
0->W,0c% ... SW,Q " —5ZW,Q-0...

(here we use the fact that pri.F" maps W Qf into ZW, Q for all i [5], Prop. 13.21). The
diagram commutes since F"dV"=d.

Since F and ¥V commute we have induced maps:
V: WQi(r+1,n)/FWQ(r, n) > WQ(r, n)/FWQL(r—1, n)
and: |
F: WQ (r,n)/VWQ(r+1,n) > WQ(r+1, n)/VWQ(r+2, n).
LEmMA 1.4. — The following two diagrams commute:

W (r+1, n)/ EWQL(r, n) 5 WO (r, n)/EW Q5 (r—1, n)
(a) la(m—l.n] l«(r. n
w, Q" S incl. W, Q2
WQL(r, n)/VWQL(r+1, n) 5> WQL(r+ 1, n)/ VW Qx(r+2, n)
) “m hmw
e, W, nd te, 1 W, Q%

Proof: The only dimension where the commutativity is nontrivial is in dimension r. The
commutativity of (a) amounts to the commutativity of:

WQL/F S W QL /p"

-l

0 — W,Qx
which holds since Im V" cker pr,,.

The commutativity of (b) is equivalent to the commutativity of the diagram:

w5 wag/p
1.:" 1 .
ZW, QL > W, QL

which of course is trivial.

THEOREM 1.5. — The maps o(r, n) and B(r, n) are quasi-isomorphisms.

For the proof of this Theorem we need two Lemmas both of which are essentially due to
Illusie (private communication).
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SLOPES OF POWERS OF FROBENIUS ON CRYSTALLINE COHOMOLOGY 373

LEMMA 1.6. — There is an exact sequence:

0> WQL ' /F"WQL & WQL/V"W QL — W, Q% 0.

Proof. — By[5], Proposition I 3.2 the kernel of prj,is dV" W Q5™ ! + V" WQ so it suffices to
show that:

dvr: WQL H/FrWQLI > WQL/VPWQf,
is injective.
Let x be a local section of W Q5! such that dV" x=V"y for some local section y in W Qf,

then dx=F"dV"x=F"V"y=p"y.. It follows” that xed '(p"W Q%) hence by [5],
13.21.1.5, xe F" WQ§ ™! which proves the Lemma.

LemMma 1.7. — The map:
priF": WQI->WQi > W, QF
induces an isomorphism:
C™": W,QL x#"(W,Q%).
Proof. — By [5], Proposition 13.21, pr;.F" maps W Qj onto ZW, Q3.
We have a commutative diagram:
AVITWQLT + VI W QL - W QL
F" pr,. F"
dW,Q —— > ZW, Q%
which shows that pr’,.F" passes to the quotient and defines a surjective map:
C™": W,Q5— #" (W, Q).
Assume next that xe W, Qg and that C™"x=0in #"(W,Qy). Let xe WQ; such that

pri(x)=x. Since dF"x=p"F"dx, F"x induces a section of #" (W Q/p") which maps to
C "x=0in #"(W,Qy) under the projection:
HT(WQL/p") = #7 (W, Q).
.17 th : . .
By [5], I3 € map WL/ W, QL
is a quasi-isomorphism so F"x must be zero in #" (W Qy/p"), hence there are sections
yeWQy ! and ze WQ} such that F"x=dy+p"z. This gives:

F'x=F"(dV"y+V"z)
and since F is injective on W Q} we get:

x=dV"y+V"z,

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



374 N. 0. NYGAARD
hence x =pr}(x)=pr;(dV"y+V"z)=0 which proves that C™" is injective.

Proof of Theorem 1.5. — We use induction onr. For r=0 the statement that (0, n) is a
quasi-isomorphism is precisely [5], Corollaire 3.17.

Next we compute the cokernel of:
V: WQyr+1,n)/FWQ(r, n) > WQ;(r, n)/FWQ; (r—1, n),

using the commutative diagram with exact columns:

0 0 0 0 ([

0-0—...50 —> WOQL/F"S WO /p" S ... SWQY/p"—0

v

050> WO H/F S WQL/p" S Wortt/ph b . S WOk /p"—-0

0->WQL V/F*SWQL/ V' — 0

To prove the induction step it is then enough to show that:

avr
0-0->WQ Y/F">WQ/V"—>0

0-0 — 0 —W,Q —0

is a quasi-isomorphism, and this follows from 1.6.

To prove that B(0, n) is a quasi-isomorphism we remark that:

W Q5 (0, n)/VwWQs (1, n)=0->W,0,>0-0->0-
and:

B0, n)=pr2.F": W,0x > #°(W,Qx),
which is an isomorphism by Lemma 1.5.
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SLOPES OF POWERS OF FROBENIUS ON CRYSTALLINE COHOMOLOGY 375

Consider the exact sequence of complexes:

0 0 0

| .

0> Wey/p"S . . SWO /p S WQ/V —— 00— 0

l ‘F" |

F

0> WCy/p'S . SWQ " /p" S WO/p" S WO /V' >0

__—

0——0.. . 0———> WOL/F'S WOV 0
0 0

To prove the induction step it is then enough to show that:

0-0->... aOaWQ&/Fn_iL.WQ;(fI/V"aO‘,,

| [ e

0 W,QL/ZW,Q 5 ZW, Q"' -0

is a quasi-isomorphism and this follows from Lemmas 1.6 and 1.7.

2. The generalized Katz conjecture

In addition to the assumptions of section 1 we assume from now on that X is proper.

Let h/(n) be defined as the length of the W (k)-module H'~/(X, W,Q{), in this section
we prove that (1/n) Hdg(®") lies on or above the Hodge polygon of
{h°(n)/n, ..., h'(n)/n}. Since the Newton polygon of @ is above (1/n) Hdg (®") for all n
(6], Thm. 1.4.1) the Katz conjecture follows from the case n=1.

ProPOSITION 2.1. — The composite map:
VT WQK(r, n) > WO
maps H'' (W Qy (r, n)) into @~ "(p" H,(X/W)) for all r.
Proof. — Consider the commutative diagrams:

0> Wei—t—WQL% . Swor ' worsd . 4SwWol -0

0> We—4>WOLS . SWO ISWOS ... SWQ -0

0->WO—L—WQLS . SWQ 'SwWo 4. .. 5w -0
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376 N. 0. NYGAARD

and:
, Oewwxﬁi...wng(—l#,wg;(i‘» ............. 4Lwal 50
FN+l—r || " l F* l pH(N=r)pn
0> WS .. WO l—4 WS . ... 5WQ{>0

comparing these diagrams and using F" V"=p" we get:
(211) (I)nVr=pan*N+l—r,
which proves the Proposition.

LEMMA 2.2. — Let i° (n), h* (n),. . . denote the Hodge numbers of ®" on H.,,(X/W) then we
have the following inequality for all r Z0:

nr. B (n)+(nmr—1)A*(n)+ . .. +E”'_1(n)§r.h°(n) +@r—=1ht(n)+...+h"" 1 (n).

Proof. — By definition of the Hodge numbers of ®” there are bases {e;, e,, ... } and
{fi,f2s ...} of M=H_. (X/W)/torsion such that:

crys

@"(e,)=f,, t=1, ..., i°(n),
" (e,)=pf. t=h(m)+1, ..., °m)+h' (n),

O"(e,)=p" f,," t=si‘ Rin)+1, ..., Z Fi(n).
: j=0 j=0

Then we have the following basis of ®~"(p"" M) :

nr nr—1 nr—1 nr—s
30 LAY TR Ly FRNNY S TR

{p"ey, .., P

where: s
u=>Yy hi(n), s=0,1,...
j=0

It follows that if I denotes the length then:

2.2.1) I(M/®~"(p™ M))=nr.K° (n)+(nr— D)X (n) + . .. +F" 1 (n).

It is clear that:

(2.2.2) I(M/@"(p" M)) S 1(H,,, (X/W)/®@ ™" (p" Hg,, (X/W)))
and by 2.1:
(2.2.3) I(Hy (X/W)/@7" (p™ Hiy (X/W))) SIHE, (X/W)/VTHIW Q5 (7, n))).
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Using the exact sequence:

H'WQ(r, n))/VHI(WQ, (r+1, n))Y;H;' X/W)/V P HIWQy (r+ 1, n))

Tys
| - Hg,, (X/W)/?'H {(WQ(r, n))
and induction it is now enough to prove that:
(2.2.4) 1H (W, n)/VHI (WQK(r+1, ) SK (n)+h' (n)+ ... +h" (n).
The exact sequence:
HIWQL(r+1, 1)) S HEW QY (r, 1)) »HIWQL(r, 1))/ VWL (r+1, n),

shows that: |

IH (W (r, n))/VTHI(WQK(r+1, n)) SIH (WQ(r, n)/VWQL(r+1, n))) |
and by Theorem‘ 1.5:

IH W Qs (r, n) /T W (r+1, n)) =10 (t, W, Q}))
<IHTT (X, #7(W, Q)+ (H~C DX, 71 (W, Q})))...
HIHI (X, (W, Q) =K (1) +h " (1) + ... +H (),

where the last equality follows from 1.7.

DeFINITION 2.3. — Let C={c,, ¢4, ¢,, ...} be a finite set of real numbers, we define a
function Hdg(C) by:
Hdg(C)(x)=c,+2c,+ ... +je;+(j+1)(x—(co+ci+cy+ ... +¢))
for:
xe€lco+cy+...+cjcoteyt+ . it

The graph of Hdg(C) consists of line segments joining the points P;, j=0, 1, 2, ... with

coordinates: /
/

P;: (cotcy+...+cje+2c,+3c3+. + jej).

We call the graph of Hdg(C), the-Hodge polygon of C.
LEMMA 2.4. — Let A={ay, a;, ... },B={by, by, ...} befinite sets of non-negative real
numbers and let n=1 be an integer. Assume that for all r =1 the following inequality holds:
nr.ag+mr—1)a,+ ... +a,,_Sr.bog+Tr—1)b,+...+b,_,

(where we put a,=b,=0 for t>0). Then the graph of (1/n) Hdg(A) lies on or above the graph
of Hdg(B/n). where B/n={by/n, b,/n, ...}.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



378 N. 0. NYGAARD

Proof. — We follow the method of Ogus ([3],8.37). Let s be any non-negative integer and
choose >0 such that b;=0 for j>1t.

For all r>max {s, t} we have:
nr.ag+(r—1)a;+ ... +(mr—s)a,Sr.by+(r—1)b,+ ... +(r—1)b,.
Dividing both sides of this inequality by nr and letting r — co we get:

(2.4.1) ag+a;+...+a,Sby/n+b/n+...+b,/n forall s=0.

To prove that (1/n) Hdg(A) lies on or above Hdg(B/n) it is enough to prove that all the
break-points of (1/n)Hdg(A) lies above Hdg(B/n). Let (x, y) be a break-point of -
(1/n)Hdg(A) so we have:

x=ag+a;+...+a
and:

—_1 +_2a+ +_Sa
a R
y n ! n 2 n°

for some s. By (2.4.1) we can find a j such that:
bo/n+by/n+...+b;_/n2x2by/n+by/n+...+b;_/n+b;/n,
so the value at x of Hdg(B/n) is equal to:
yi=by/n+2b,/n+ ... +(j—1)b;,_y/n+j(x—(bo/n+...4+b;_,/n))

and we must show that y=>y,.
This is equivalent to proving that:

. 1 )
j.a0+<j—;>a1-+ . +<j—%)as§j.b0/n+(]—1)b1/n+ «o.+b;_y/n,

but multiplying both sides by n we see that this is an immediate consequence of the
assumptions. '

TueoreM 2.5. — (1/n)Hdg(®") lies on or above the Hodge polygon of
{h°(n)/n, K (n)/n, ... }.

Proof. — Hdg(®") is the Hodge polygon of the numbers { °(n), h*(n), ...} and by 2.2
the two sets of numbers:

{R°(n), k' (n), ...}
{ho(n), h%(n), },

and:
satisfy the hypotheses of 2.4.
It would be interesting to know if 2.5 could be strengthened by replacing the ‘‘geometric
Hodge numbers” { h/(n)} by the ‘“‘reduced Hodge numbers” {ﬁf (n)=I1(EL 7 7(n))} where
E; (n) denotes the co-term in the spectral sequence:
Ef9(n)=H!(X, W,Qf) = HI1(X/W,).

crys
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SLOPES OF POWERS OF FROBENIUS ON CRYSTALLINE COHOMOLOGY 379

As a first step in this direction we have the following result:

PROPOSITION 2.6. — For all n>1 we have R°(n)<h°(n)/n.

Proof. — For all n=1 we have by (2.2.1), (2.2.2) and (2.2.3):

n.h® () SI(HL,, (X/W)/® " (p" H (X/W)) SIHZ, (X/W)/VHI (W Q5 (1, n))).

TysS crys

Consider the commutative diagram of complexes with exact rows and columns:

0 0

o

Fl p"i

. v . . B(0, n) ‘ .
O—)an(l, n) WQX tgoWan -0

a(l, n) l Pr, l ‘?’C'"
00— W, Q52— W, 0y ———— W, 0y >0
0 0

which gives a commutative diagram with exact rows and columns of the hypercohomology
groups:

H(irys (X/W) __Hérys (X/W)

F 1 P 1
B0, n)

HE(W O (1, 1)) 5 Hiyo (X/ W) —— H (15 W, Q) »H " (WK (1, n)
m(l.n)‘ pr,.l ZT c
H{(W,Qx ') — HL . (X/W,) —— H' (W, 0x) — H (W, Qx =)

It follows that we have an injection:

ker (H(t,, W, Q%) HFH(WQL(1, n))),
< ker(H(W,05) - H'* 1 (W, Q%=),
but: '

ker (M (t o W, Q) > H L (W Q5 (1, n))) =H:

crys

(X/W)/VHI (W (1, n))

and: : _
ker (H/(W,0x) »H "1 (W, Q32")=E% (n)

so the proposition follows.
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3. Hodge numbers of ®"

THEOREM 3.1. — Fix an integer n 2 1. Assume that the crystalline cohomology groups
H,f:,ys (X/W) are torsion free for all i and that the first hypercohomology spectral sequence :

EP4(n)=H!(X, W,Q2) = HZI1(X/W,),

crys

' degenerates at E,, then the groupsH i(WQ;((r, n)) are torsion free for all r = 0 and the maps:
F: HI(WQL(r, n) >HI(WQy(r+1, n)),

V. HIWQ(r, n) > HI(WQ(r—1, n))

are injective.

Proof. — Since kernels of F and V are killed by p” (because FV = VF =p") it is clear that if
HY (W QX (r, n)) is torsion free then F‘ and V are injective.

To prove that H (W Qy (r, n)) is torsion free we use induction onr. For r=0 we have
W Q5 (0, n)=W Qy henceH ' (W Q (0, n))=H__(X/W)which s torsion free by assumption.

crys
Assume now that the H*(W Q (s, n)) are torsion free for s <r—1. By 1.4 we have a
commutative diagram:

HIWQ (r—1, n)) SH (W Q (r—2, n))
F

HI(WQ; (r, n) ——H (WO (r—1, n))

A(r, n) a(r—1,n)
4
HY(W, Q=)

(W, 05 %)

By the induction hypotheses and 1.5 the columns are exact and the V on top is
injective. The bottom horizontal map is injective by the degeneracy assumption, it follows
that the V in the middle is injective and hence H (W Qy (r, n)) is torsion free.

For the remainder of this section we will assume that the conditions of 3.1 are satisfied.
LemMMA 3.2. — The second hypercohomology spectral sequence:
E$ (n)=HP (X, #'W,0Q%) = HIIX/W,),
degenerates at E,.
Proof. — By 1.7 we have:
I(EP *(n))=1(E% *(n))
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SLOPES OF POWERS OF FROBENIUS ON CRYSTALLINE COHOMOLOGY 381

and by assumption:
Y IED () =1(H, (X/W,)),

ptg=i

hence : > HEEP(m)=I1(H, (X/W,)).

ptag=i

We also have:
Y HEL?(n)=1(H,(X/W,))

ptag=i

and since [(EZ ?(n)) < [(E% ?(n)) it follows that all the inequalities must be equalities hence
E%?(n)=E% *(n).
CoRrOLLARY 3.3. — For all r 2 0 we have:

™" (p" Hiy (X/W))=V"H (W Q5 (r, n))
and: _
Im ®" M p™ HE,, (X/W)=p" FN*'="H (W Q (r, n))

(N=dim X). A

Proof. — We useinduction onr. The statements are trivial for r =0 so assume they hold

for s=r—1.
We have: ‘
red.
O~ "(p" Hi, (X/W))=ker (@ "(p"" ™V Héws(x/w))wHirys(X/w)MHérys (X/W,).

By 1.4; (b) and 2.1.1 we have a commutative diagram with exact rows:

0— @™ "(p" Hiyo (X/W)) > @77 (p" "™ 1 Hey (X/ W) > Heyo (X/W,,)

" /pn Y red.
’ mod p"
v v Herys (X/W) e
- EN+1=(r—1)

0—>HI(WQ (r.n) ——H (W (r—1, n)) — Hi(ts,_, W, Q)

The extreme right hand vertical map is injective by 3.2 and by the induction hypotheses V"~ !
is bijective hence:

Vo HI(WQK(r, n) - @ "(p™ Hi (X/W)),

is an isomorphism.
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The second assertion follows using the commutative diagram (2.1.1):

" (p" Hiyo (X/W)) 2 Im@" ~ p™ Hi,, (X/W)

v o EN+ 1=
HY(WQx(r, n))
CoROLLARY 3.4 (Compare with Ogus [3], Thm. 8.26). — Let:
n: HE (X/W)—-HL (X/W,)

crys
denote reduction mod p", then T maps:

O "(p" HL, (X/W)) onto Fil’ H. (X/W,)

and ©/p"" maps:
Im @" ~p™ H.,(X/W) onto Fil, H,  (X/W,),

where Fil' denotes the filtration induced from the spectral sequence:

EP9(n)=H(X, W,Q2) = HZ1(X/W,),

crys
and Fil. denotes the filtration induced from the spectral sequence:

EZ¢(n)=H"(X, #4(W,Qy)) = HZ 4X/W,).

crys

Furthermore we have a commutative diagram:
@™ "(p" Heys (X/W)) ;’ Im ®" N p™ Heyo (X/W)

n/p™

Fil" H (X/W,,) Fil, Hiy, (X/W,,)

|

H ™" (X, W, Q) —— H " (X, #7 (W, Q).

Proof. — By 1.4 we have commutative diagrams:

0 0
HE(WQ (r—1, n)) ——— Hi,,, (X/W)
F "
M (W (r, n) ———— Hip (X/W)
alr, ni' T
HY(W, Q% 2") Hiy (X/W,)
0 0
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HAWQ (r+1, n) 220 i (x/w)
F p"

EN+1-r

H l(WQ).( (r9 n))———_) H::rys(x/w)

Bir, m) n

Hi(ts, W, Q) ———————— Hi (X/W,)

crys

0 0

Under our assumptions the columns are exact and since:

Fil' H_(X/W,)=ImMH (W, Q,2) > Hi_(X/W,))

crys crys
and:
F]lr Hi (X/wn) = Im (H i(t§ r wn Q;() - Hirys (X/wn))a

crys

the first two parts of the Corollary follow from 3.3.
The third statement is an immediate consequence of these and of the diagram of complexes:

WQx (r, )= WO (r, n)/FWQx (r—1, n)2"3 W, Qy 2" > W, Q%
o ..

B(r.n)

W Qy (r, nQ/VWQ,'((r+1,n) t<, W, Qy — #"(W,Qx)

The verification that this diagram commutes is left to the reader.

COROLLARY 3.5. — The Hodge numbers {h’(n)} of ®" on H. (X/W) satisfy the equations:

crys

nr B (n)+(nr— )R () + ... +B" "1 (n) =r. B (m)+(r— )R (n)+ ... +h"7 1 (n),
forallr =z 0.

Proof. — Since H!

crys

hand side is equal to:

(X/W) is torsion free (by assumption), (2.2.1) implies that the left

H(Hiy (X/W)/@7 " (p" Hey (X/W))),

crys
which by 3.3 is equal to:

[(Hiy (X/W)/VTH (W Q5 (r, 1))

rys

We use induction on r to show that I(HL,(X/W)/V"H (W Qi (r, n))) is equal to the right
hand side.
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For r=0 the equality is trivial so assume it holds for s=r—1. Since:

V-1 HY(WQx(r—1, n))-» H!

crys

(X/W),

is injective by 3.1, we have an exact sequence:

0->H (WQ(r—1, n))/VH! (W Qx(r, n))
VS HE (X/W)/TTH (W Q5 (r, n))
.= HL X/W)/ VT TH (WQ(r—1, n)) -0,

caye
hence it sufﬁces to show that:
IH (W Q (r—1))/VH (W Q5 (r, n))) =h°(m)+h'(n)+ ... +h"~ 1 (n).
Since H*** (W QX (r, n)) is torsion free by 3.1 we have:
Hi(WQ; (r—1, n))/VTH (W Q5 (r, n))=H (W Q5 (r—1, n)/ YW Q (r, n))

and by 1.5:
HI(WQx(r—1, n)/YWQ(r, n))=H'(tg,_, W,Q%).

Now 3.2 implies that:
IH (b, W, Q))=1H""" (X, #7~1(W,Q)))
HIHTCTDHX, A TDTH(W, Q)+
+IH (X, #°(W,Q))=h""(n)+h""2(n)+...+h°(n),

where the last equality follows from 1.7.

For n=1 these equations show that h/(1)=h/(1), but for n > 1 they do not suffice to
determine the Hodge numbers of ®”. In the next Theorem we give a formula for 4/ (n),
j=n—1.

THEOREM 3.6. — Assume that H' (X, W 0y) - H' (X, W, 0y) is surjective for s < nand all i.
Let vi(n)=1(H'(X, W;0x)/F"~7) then we have:
R (n)=h° (1)—v* (n),
Rn)=2vin)—vi*'(m)—vi-'(n), O0<i<n-—1,
h*=t(n)=2v""'(n)—v""2(n).
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Proof. — Consider the commutative diagram:

0 @7 "(p""* Hi (X/W)) = Hipyo (X/W) = Hiryo (X/W)/® " (p" ™ *Hiy (X/W)) > 0

1 g p" E:

0 ®™"(p"Hiyo (X/W)) - = Hin (X/W) = Hino (X/W)/®"(p" Hiryo (X/W)) — 0

|

H:,:rys (x/ws) ——— Coker ps 0

]
0 0
The map:

P Ho (X/W)/@7"(p" *Hiy (X/W)) — Hey (X/W)/@7"(p" H,y (X/W)),

is clearly injective so we have:

crys

1(Heyy (X/W)/ @7 (p"* Hiyyy (X/W))) =1 (Hiyy, (X/W)/@ 7" (p" Hiy, (X/W))) — I (Coker p).

By 3.3:

o .
HY (X/W)/®@~"(p"Hiy, (X/W)) =Hi, (X/W)/VH (W QX (1, n))=H'(X, W, 0x).
The surjectivity assumption implie$ that we have exact sequences:

0 HI(X, W,0) > H'(X, W,,,,04) » H! (X, W,0y) 0,

for s+t <n, it follows that:
[(H (X, W, 04))=n.h°(1).
The commutative diagram:
Hi,,s (X/W)/@™"(p" Hyo (X/W))
" Heoyo (X/W)/®7"(p"™* Heys (X/W))
=

Hiy (X/W)/®"(p Hin (X/ W),

shows that:

Coker p*=Coker p* : H!(X, W, 0,) » HI(X, W, 0y).
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Now p* factors:

H (X, W,04) > H (X, W,_,0y) - HI (X, W, 0y) > H! (X, W, 0y),

so since H (X, W, 0x) —» H (X, W, _, () is surjective we get:

Coker p*=Coker (H! (X, W,_,0y) > HI (X, W, 0y)).
From the commutative diagram:

H(X, W,_,0x)=H'(X, W,_,0x)

F* Fs Vs

0 H(X, W,_,0x) 5> H(X, W, 0) > H (X, W, 0x) = 0

l

0—H'(X, W,_,0x)/F* - Coker p* - H (X, W,0x) — 0

we get:
I(Coker p*)=s.h°(1)+Vv""*(n).

It follows that:

I(HEL, (X/W) /@™ " (p"~*HL, (X/W))) =n.h°(1)—(s.h°(1)+Vv"~*(n)).

crys
Now:
L(HE (X /W) /@™ ("~ HE (X /W) =(n=5) B (m) + . ., +B" >~ (n),
so we get the following set of equations:
RO(n)=n.h° (1)—((n—1)h° 1)+ V' (n))=h°(1)—v' (n),
2R (n)+ R (n) =n.h° (1) —((n—2) h° (1) +Vv*(n))=2h° (1) = V2 (n),

s. () +(s—1)R*n)+ .. .‘+ﬁs'1(n)=n.h°(1)—((n—s)ho(1)+vs(n.))=s.h°(1)+vs(n),
.n.ﬁo(n)+(;z—1)ﬁl (m)+...+h" Y (m)=n.h(1).

Solving these equations for f°(n), i' (n), ..., "' (n) gives the formula of the Theorem.

Example. — Let X be a supersingular K3 surface with Artin invariant o, then it can be
shown (e. g. by the methods of [10]) that the spectral sequences:

EP¢(n)=HY(X, W,Qf) = HZ'I(X/W,),
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degenerate forn<o,. Frobeniusis zero on all the H? (X, W,0,)and H* (X, WS(OX)EO, the

crystalline cohomology groups are torsion free so the conditions of 3.1 and 3.6 are
satisfied. We have:

Vi (n)=1(H2 (X, W,0,)/F"~%)=1(H?(X, W,0y))=s.h°(1)=s.
By 3.6 we get:
Rin)=0  for i<n-—1,
h"~'(m)=n  for n=Zo,.

Let us show that #*(n)=0 for i>n+1. If not, there will be an element x which is part of a
basis of H2 (X/W) such that:

crys
®"(x)=p'y, i>n+1.

We know that ®(x)eH'(X, WQy) and ®|H! (X, WQ})=pF [5] where F is o-linear
automorphism of H* (X, W Qy).

It follows that:

Q" (x)=p" 'F"" 1 (®(x))
and so:

Fr 1@ (x)=p' ="V y=p"""(py).
Since pye H! (X, W Q) we have:
®(x)=p "F "V (py).

Now i—n=2 so we can write:

®(x)=p?z with zeH! (X, WQ}),
or equivalently:
F(px)=p(p2),
5° px=pF ! (pz),
i.e.

x=F"'(pz)=pF ™" (2),

but this shows that x is divisible by p which is a contradiction since x is part of a basis of
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HZ, (X/W),s0 h'(n)must be 0. From the Figure below we get the Hodge rumbers of ®" on
HZ (X/W):

"= Y(n)=n,
A"(n)=22-2n,

h"='(n)=n, n<o,, all others are 0.

/ _n+1x_2
(2222) g Y= ,,
/
// ,/
///
Y4

4. Applications

If X is a curve the conditions of 3. 1 and 3. 5 are satisfied for all n (this follows since the slope
spectral sequence of a curve degenerates at E, and the E, term maps onto the E; term of the
spectral sequence:

H4(X, W, Q%) = HP4(X/W,) [5]).

crys
We shall apply the results of section 3 to prove the following Theorem:

THEOREM 4.1. — Let X be a curve. Then the Jacobian J(X) is isomorphic to a product of
supersingular elliptic curves if and only if the Cartier operator C : H° (X, Q) — H° (X, Q%)
vanishes.

Proof. — Assume that C=0. By Serre duality this is equivalent to the vanishing of
F: H'(X, Oy) » H' (X, Ox). Weshow first that J (X)is a supersingular abelian variety (this
generalizes a theorem of Yui for hyperelliptic curves [13]).

Now v! (2)=I(H" (X, 04)/F)=h°(1) hence h° (2)=h°(1)—h°(1)=0. It follows that the
first slope in (1/2) Hdg (®?) is 1/2 but since the Newton polygon lies between the straight line
with slope 1/2 and (1/2) Hdg(®?) it follows that the first slope and hence all the slopes in the
Newton polygon are equal to 1/2. This shows that the Newton polygon of
(Hclrys (X/W), @)=(D J (X)), F) [D (J(X))=Dieudonne module of the p-divisible group of
J(X)] is a straight line with slope 1/2 so J(X) is supersingular.
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By Ogus’s Torelli Theorem for supersingular abelian varieties ([11], Cor. 6.7) it is now
enough to show that:

Filﬁmg Hlg (X/k)=TFil?" Hpg (X/k).
We have:
Fil},dgH,l)R(X/k)=H° X, Qi)
and:
Fil?" Hi, (X/k)=H (X, #°(Qxx))-
This fits into a commutative diagram:

H! (X, H° (Q;(/k)) - H[‘)R (X/k)

..

H' (X, Ox) —— H!(X, Ox)

- Since F : H' (X, 05) » H* (X, 0y) is zero it follows that:
Fil?" Hpg (X/k)=H" (X, #°(Qx,,)) =ker (Hbg (X/k) - H' (X, 0x))=Fil}y, Hpr (X/k)

and since rank:
H' (X, #°(Q%,))=rank H°(X.Qx,)

these two subspaces must be equal.
Conversely if J(X)=E, x ... xE, where the E}s are super-singular elliptic curves, we
have:

Hig (X/k) = Hbg (J (X)/k) =Hig (B, /K) X . .. x Hbg (E,/K)
and:
H°(X, Q}(/k)=H° (E,, Q},;l,k) X ... X H°(Eg, Qé’,k),

but C vanishes on H°(E, Q¢ ), i=1,2, ..., g.

Remark 4.2. — One can use the formula from Theorem 3.6 to give a necessary and
sufficient condition for J (X) to be supersingular in terms of vanishing of certain powers of F
on a finite number of the Witt vector cohomology groups H* (X, W, (0x)).

Assume now that X is a surface with H2, (X/W) torsion free and assume that the Hodge to

crys
de Rham spectral sequence:
Ep 1=H(X, Q,) = HE1(X/k),
degenerates at E,.
The following Theorem was proved by Illusie [S5] under stronger assumptions.
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THEOREM 4.3. — Let P'HZ ((X/W) denote the filtration induced from the slope spectral

sequence, and let M denote the largest subcrystal of H;,  (X/W) such that ® | M is divisible by
p', then we have:
PIHZ, (X/W)=M', i=1,2.

Proof. — Define:
v, WQL(1, n)> WQK(1, n—1),

by the commutative diagram:

dv"
0->W0O>WQLASWQE >0

dve

0 W0 > W5 WQE 0.

Remark that v} : W Q5 (1, n) - WQ is just V hence we have a commutative diagram of

complexes:

WO (1, n) v

o l T W

WO (1, i 1)’

It follows that:
VH?2(WQ (1, n)) e VH?> (W Qi (1, n—1)),

for all n=1, hence by 2.1:

VH2 (WO (L, n))c@ " (p" HZ,, (X/W)) n VH2 (W Q (1, n—1))
c® " (p" Hy (X/W)) n @~ D (" HE (X/W)) n VHZ (WQK(1, n—2))

and by induction:

VH2(WQ; (1, n))c m O (p' HZ (X/W)).
Next define: t=0
v, WQL(2,n)>WQ(2,n—-1),
by the commutative diagram:

0> W05 WOLLYSWQE -0

Uy lp‘/ .'V N
05> W05 WQY WO -0
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. then v} : WQL(2, n) > W Q5 is just V2 and we have a commutative diagram:

WQx (2, n) s

.
1 TTT—wa;
-
WQy(2,n—1)
so V2ZH2(WQx(2, n))c V2PH?(WQ (2, n—1)) and the same argument as before shows
that: n
VZHZ2(WQK (2, n))= N @~ (p* HZ ,(X/W)).

i=0

We claim now that it is enough to show that:

4.3.1) V: H2(WQ(, n))—~ OO(I)“(p"Hf,yS(X/W))
and:
4.3.2) V2. H2(WQK(2, n)—> N @ i (p?'HZ, (X/W)),

i=0
are isomorphisms.

To see this consider the commutative diagram with exact columns:
0 0

HZ, (X/W) HZ, (X/W)

F "

H2 (W Qy (1, 1) > H2,,(X/W) - H2,, (X/W)/VH2(WQx (1, n)) > 0

l

H2(W,Q*") — HIL (X/W,) — E3 () 0
0 0

(the two vertical maps are surjective since HZ,(X/W) torsionfree implies H} (X/W)

torsionfree by Poincaré duality), which shows that:
H;YS(X/W)/V H2(WQx (1, n))=E%2(n).
So assuming (4.3.1) we have a commutative diagram with exact rows:
0- N @ (p'H2, (X/W)) > Hay (X/W) > ES 2 (1) —— 0
i=0
n—1 f I l

0 N O™ (p'Hiy (X/W)) - HZ, (X/W) = ES 2 (n—1) >0

i=0
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Passing to the limit we get an exact sequence [since I[(E%?(n)) < oo]:

0 N @7(p'HE, (X/W)) - HE (X/W) - E? >0,

crys
i=0

which shows that:

P'HZ (X/W)= N @ (p'HZ,,(X/W))

crys
i=0
on the other hand it is clear that:

M= N 7' (p'HE, (X/W)),

i=0

so:
M'=P'HZ  (X/W).

Next consider the commutative diagram with exact columns:

H2 (W Q5 (1, m)) = HE, (X/W)

Pk
vl
H?(WQ (2, n)) = Ha (X/W)
a(2, n)

HO(X, W, Q%) =H>(W, Q%) — H2, (X/W,)

This shows that under the projection:

H2,, (X/W) > H2, (X/W,),

crys

A O (P2 HE,, (X/W)) = V2 H2 (WO (2, n))

crys
i=0
maps into H°(X, W, Q2) hence passing to the limit we get:

M?2= ;% @ {(p*H: (X/W))cH°(X, WQ2)=P2H2 (X/W).

crys crys
i=0

Since ® is divisible by p? on H°(X, W Q2) the other inclusion is trivial.
For the proof of (4.3.1) and (4.3.2) remark first that:

F: w2, n-way,

is an isomorphism, indeed this follows from the fact that F:WQZ - WQ} is an
automorphism ([5], 13.7b). This shows in particular that H?(WQy(2, n)) and
H3 (W QX (2, n)) are torsion free for all n=0, hence:

V: HI(WQ(2, n) »H (WQ(1, n)),
is injective for all n=20, i=2, 3.
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It follows now from 1.5 that we have an exact sequence:

0—H2 (WK (2, ) > H (W1, n) " “H? (5, W, Q) O,
which fits into a commutative diagram with exact rows:

0@~ "(p*" HE, (X/W)) > @~ "(p" Hay (X/ W) — HZ, (X/W,)
\ %
v v HZ, (X/W)

\

0->H?*(WQ (2, n) ————H* (WO (L, n)) >H?(tc, W, Q%) - 0.

Since H2(W Q% (2, n)) is torsion free:
V2 H2(WQ(2, n) - @ "(p*"HZ, (X/W)),

crys
is injective, and:

H 2 (tgl wr; Q;() - ngys (X/Wn)’
is injective since:
HY(W,Q%/to W, Q%) =H"(X, #*(W,Q)[-2])=0.
This shows that:

Vi H>(WQL(L, n) - @™ "(p"HZ, (X/W)) = HZ, (X/W),

is injective so H2(W Qx (1, n)) is torsion free for all n>0.
Remark that we have an exact sequence of complexes:

0-WQ(1, 1) > WQy (1, n—1) » 0y -0,
and since H 2 (W Qy (1, n)) is torsion free we get a commutative diagram with exact columns:
0 0

0—>H2(WQ (1, n) —— M &~ i(p' HZ,,(X/W)) - Coker, — 0
i=0

l<

. n—1 ) )
0-H2(WQ (1, n—1))> N @ ‘(p'HZ,(X/W))— Coker,_, —0
i=0

oF " /pn!
HZ,. (X/W)
H2 (X, Oy) d —— Hg (X/k)
0
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Since the Hodge to de Rham spectral sequence degenerates at E; it follows that the
conjugate spectral sequence:

BRa=HP(X, #9(@%,)) = HEU(X/K),

degenerates at E,, hence:

F F .

(H? (X, 0x) > Hir (X/k)) =(H? (X, Ox) = H? (X, #°(Qy)) = Hiz (X/k)),
is injective and so the diagram shows that Coker, — Coker, _, is injective for all > 1, hence
to show Coker,=0 for all n=>0 it suffices to show that Coker,=0.

But WQ; (1, 0)=WQ; and V is the identity so it is clear that Coker,=0. This shows
that:

Vi HA(WOL(L, n) > N @7 (p HE, (X/W)),
i=0
is surjective for all n=0 and the injectivity has already been proven so we get (4.3.1).
Next consider the commutative diagram with exact columns:
0 0

2 n . .
0-H2(WOK(2, ) S N © 7 (p* H2, (X/W)) € ™ "(p*" HE,, (X/W))

i=0 a)

DR

@~ (p' Hay (X/W)) = @7"(p" Hay (X/W))

0
e

HZ, (X/W)

\

H2(t<, W,Qx) — Coker - HZ, (X/W,).

0—>H(WOK (1, n) =

13

Since the map:
H2 (e, W, Q) = H2, (X/W,),
is injective, the map:
H2(t, W, Q%) — Coker,
is injective and it follows that:
V2. HE2(WQ(2, n)— Do O~ (p* HZ, (X/W)),
is an isomorphism which proves (4.3.2).
The following Corollary was suggested by Raynaud.
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COROLLARY 4.4. — Under the assumptions of 4.3 the formal Brauer group, Bry, is uniquely
determined by the F-crystal (H.,,(X/W), ®@).

Proof. — The assumption that HZ  (X/W) is torsion free implies that Bry is a smooth
formal group ([5], IT5.16, 5.21) hence is uniquely determined by its covariant Dieudonné
module H? (X, W0y). So it suffices to show that we can construct H2 (X, W (y) with its
frobenius F and its Verschiebung V, from the F-crystal (H2 (X/W), ®).

crys
Define the complex W Qy (1) by:

WQL(1)=0-> W0, > WQLS>WQZ 0
and define maps:
V,F: WQ,->WQ(l)
and:
F: WQL(1)>WQy,
by the commutative diagrams:

0> WO SWQL5WQE—0

v |

0->WO,BWoL5wWoi-0
0> W0y SWQLS5WQE-0

N

0> WO, FWOLSWOZ-0

and:
0->WO S WQL5 W20

]
0->WOSWQLSWOE—-0
We show first that: '
Im(F"d:H?(X, W0y) - H2(X, WQ}))=Im(d: H? (X; W0y) - H? (X, WQ))),
for all n=0.

Using the degeneration properties of the slope spectral sequence of a surface [9] we have a
commutative diagram with exact rows:

0->H' (X, WQE) >H3(WQx (1)) » H2(X, WQL)/ImFd -0

| |

0-H'(X, WQ%) - H3,, (X/W) — H*(X, WQ%)/Imd - 0
Since H7,(X/W) is torsion free:
V: H3 (X/W)->H*(WQ(1)),

crys

is injective hence:
ImFd=Imd.
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This immediately implies that ImF"d=ImF"*'d for all n=0 since F maps
ImF"d/ImF"~'d onto ImF"*!d/Im F"d so by induction we get:

Imd=ImFd=ImF2?d=...=ImF"d=...

The commutative diagram with exact rows:

0 ker F"d——H? (X, W 0y) Im F"d— 0
lw lv" | “
0—ker F"* "d—H?(X, W 0y)—— ImF"*"d—0

Pm.n

H*(X, W, 0x)
shows that we have isomorphisms:

Pm.n: kerF™*7"d/VrkerF™d — H*(X, W,0x),
and commutative diagrams with exact rows:
0—ker F™*1d 5 ker Fm 714 22y H2(X, W, 0x) - 0,

[mc., tincl_ “

0 ker F™"d —— ker F™*"d -2 H2(X, W, 0x) = 0
SO:

kerF"d —Y“— ker F™*"d

'mc., liml.

ker F"*'d 5 ker F"*"*14,
is a cocartesian diagram.

Assume now that we can construct kerd, ker Fd, incl. :kerd - kerFd :
F: kerd— kerd,
F: kerFd—-kerFd and V: kerd—kerFd,

such that FV=p.incl.:kerd —» ker Fd. We claim that we can then construct the Cartier
module (H? (X, W0y), F, V).

First of all we can construct ker F" d for all n=0 inductively by the cocartesian diagrams:

kerF""2d S kerF" !d
[incl. . Jincl.
ker F"~'d —> ker F"d
and then construct H? (X, W, 0y) as the quotient ker F"d/V"kerd.
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The restriction maps:
H? (X, W,0x) > H*(X, W, _, Ox),
are constructed as the composition:
H?(X, W"@X)ﬁker F"d/V"kerd — ker F"d/V"‘ Lker Fd™ s H2 (X, W, 0y).

To construct the frobenius:
F: H2*(X, W,04) - H2(X, W,0y),
we first construct:
F: kerF"d—kerF"d,

inductively using the commutative diagram:

kerd ——— ker E""'d

ker Fd — > ker F"d _ ker F*~1d

\\\ F
n— ~
yno2 ~o
~

Ker F*~1d— 2t MperFng

incl.

frobenius is then the composite:
H2(X, W, 0) 25 ker F*d/V"kerd 5 ker F"d/V"kerd'23 H? (X, W, O).

The Verschiebung:
V: HY(X, W,0,) > H* (X, W, Oy),

is the composition:
H*(X, W, (DX)?»kerF"d/V"kerd 5 ker Frtt d/yr+t kerdf%"iH2 (X, W, 41 0y).

We first construct ker d:
By [9] the slope spectral sequence degenerates at E, hence kerd=E} >=E% 2.
By 4.3. We have P! H ((X/W)=M" and M"' can be constructed from the F-crystal

structure on H2 (X/W) so the exact sequence:

crys

0 P'HZ (X/W) - H2, (X/W) > E%? -0,

crys

shows that ker d can be constructed.
Now for the construction of ker F d:
Consider the frobenius:

¢: HZz (X/k) - Hag (X/k).
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By Mazur’s and Ogus’s Theorem (3.4) we have ker ¢ = Fil,, H3, (X/k) and:

¢ =(Hz,,(X/W)/pHz,(X/W) 5 H2 (X/W)/pHZ, (X/W)),
so we can construct Fily,, H3; (X/k) and hence also:
H? (X, Oy)=H2g (X/k)/Filjy, Hig (X/k),
can be constructed.
The map:
F: H2(X, Ox) = H? (X, #°(Qx,)) » Hig (X/k),

can be constructed as the factorization:

H2g (X/k) ——HBr (X /k)

| k

H3g (X/k)/ker o =H?(X, Ox)

It follows from the definition of V and the absence of torsion in Hy, (X/W) that we have an
exact sequence:

0 H2._(X/W)SH2(WQ(1)) - H2(X, 0)) — 0
X s VX ’

crys

which fits into a commutative diagram with exact rows:

0— H, (X/W) B HZ,, (X/W) — Hpp (X/k) - 0

l s .
0 - HZ, (X/W) SH 2(WQx (1))>H*(X, Ox) >0
This shows that:

F F

H?(WQ (1)) » HA (X, 0x)

is a cartesian diagram hence we can construct H (W Q (1)) and the maps:

71 H*(WOK(1) > H (X/W)

and:
V: HZ,(X/W)->H*(WQK(1)).

crys
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The map:
F: HZ, (X/W)-H?*(WQ(1)),

is constructed from the commutative diagram:

HZ,, (X/W) — H3r (X/k)

P
B2 (WO (1)) > H2 (X, Ox)

s
/
l/ F

The exact sequence of complexes:
0->WQE > WQ (1) > WO, -0,
gives a long exact sequence:
H!(WQE) > H'(WQ (1)) » HI (X, W0y)
SH2(WQ ) ->H2(WQK(1)) » kerFd - 0.
Since H! (X, W () is finitely generated all differentials out of H' (X, W ¢x) vanish and so:

H'(WQy (1)) » H' (X, W),
is surjective.

It follows that we have a short exact sequence:

incl.

0> H2(WQ2)SH2(WQ (1)) — ker Fd — 0.
NowH 2(W Qy*")=P* HZ ,(X/W)=M" so this module can be constructed. The inclusion:
M! - H?(WQy(1));
is constructed using the commutative diagram:
HZ, (X/W) - Hr (X/k)
F F

H2(WQx(1))»H2(X, Ox)

hence the exact sequence:
0->M!>H2(WQy (1)) > kerFd -0,
shows that ker F d can be constructed.
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The commutative diagrams:

0—-M' - H2,(X/W) — kerd — 0

S

0->M'>H2(WQx (1)) > kerFd —0
and: .

0— M'—>H2,(X/W)—— kerd =0

|

0->M!'S>H2(WQ (1)) > kerFd — 0,
show that we can construct:

incl.: kerd —» kerFd
and:
V: kerd—kerFd.

To construct:
F: kerFd—kerFd,

we construct:
®: HZ(WQL(1))->HZ (WO (1)),

using the commutative diagram:

HZ,. (X/W) — Hax (X/k)

7 F
HZ, (X/W)

F 4
/7
Pl F

e
7

H2(WO (1)) ————— H*(X, Ox)

/Hz(wng(l))—»Hz(X, (Ox)v

and then pass to the quotient:

ker Fd=H? (W Q(1))/M! >H?(WQ(1))/M! =ker Fd.

The relation FV =p.incl. is proved by checking the commutativity of the diagram:

H2, (X/W)=E5 H (W Qx (1))

v lp
H2 (W Q5 (1) S H2 (WO (1)
Remark 4.6. — The above construction is clearly functorial so any map of F-crystals
y:HZ (X/W)— H2, (X/W) induces a map v~ : Bry — Bry.

crys
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Remark 4.7. — The construction applies to an abstract F-crystal (M, F) and associates in
a functorial way a Cartier module (Hy, F, V). It would be interesting to find conditions
under which this Cartier module actually is the covariant Dieudonné module of a smooth
formal group, and in this case study this formal group.
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