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ON EXTREMAL SOLUTIONS
OF MARTINGALE PROBLEMS

By D. W. STROOCK (') anp M. YOR (3)

Section (0). Introduction

This paper consists of two parts which, even in the eyes of the authors, are only Ioosely
related to one another. Thus we deem it to be appropriate to split the introduction into two
parts: the first part being for sections (1) through (4), and the second part for sections (5)
through (9).

To explain what we are doing in sections (1)-(4), recall the following facts. If
Q=C([0, ), R') and x(t) is the usual coordinate mapping on Q, then Lévy showed that
Wiener measure #” is the one and only probability measure P on Qsuch that P x(0)=0)=1,
"x(t) is a P-martingale, and x2(t)—t is a P-martingale. In other words, #  is uniquely
characterized by the equations

W (x(0)=0)=1
and '
E” [(x(t;)—x(t1)), Al=E” [(x?(t;)—x2(t)—(t;—t,)), A]=0

for all 0<t,<t, and Ae#, =c(x(t) : 0St=t,). Lévy’s beautiful characterization
shows that the functions (x (t,) —x (£ ;) xx and (x2 () —x2(t1) —(t2— 1)) s, 0S5t <t and
Ae#,, must play a central role in the structure of #'. In fact, since

xz(t)—t=2ftx(u)dx(u) (a.s., #) and 'rx(u)dx(u) is in the L2(# )-closure of
(V] 0

span {(x(t2)—x(t,)xa:0=t,<t, and Ae.#, }), one is lead to suspect that the func-
tions in the class {(x(t;)—x(t;)xa:0=t,<t, and Ae.#, } are by themselves the
building blocks out of which all of L?(#°) can be constructed. This suspicion is
most dramatically confirmed by the Ito-Wiener theory of ‘“homogeneous chaos”

(cf- exercise 4.6.14 in [S. and V.]) from which one easily derives Itd’s representation of
29

every ®eL?(#") in the form E* [(I)]+J 0(u)dx(u), where 0 is a progressively
(1]

(*) University of Colorado.
(3 Université de Paris-VI.
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96 D. W. STROOCK AND M. YOR

0
measurable function with E* [J ¢ (u))zdu] <oo. What was not immediately
0
apparent for many years is that It6’s representation theorem is, in fact, not only motivated
by Lévy’s characterization of #" but is also a quite easy direct consequence of it
[¢f. remark (1.2) below]. The line of reasoning which connects these two properties
of W was first investigated by Jacod [13] and later by Jacod and Yor [14] and Yor [16].
The essential ingredient which makes it easy to establish the connection between Lévy’s
and It&’s results is the theorem of R. Douglas: Theorem (1.1) below. ,

In section (1), we present Douglas’s theorem and show how (in conjunction with a theorem
about the convergence of sequences of martingales) it provides a simple proof of Itd’s
representation theogem.

Having introduced Douglas’s theorem and shown how it can be applied in a special
situation, we turn in section (2) to applications of Douglas’s theorem to the study of more
general martingale problems (¢f. Chapt. VI of[S. and V.]). The point here is that even when
a given martingale problem admits more than one solution, Douglas’s theorem enables one

_to characterize the extreme solutions of this problem. The reason why one is interested in
obtaining such a characterization is that all solutions to a given martingale problem can be
reconstructed from a certain subset of the extreme ones: namely, those which are members of
time-homogeneous strong Markov selections [¢f. Thm. (2.9) below]. (A word of warning
must be given at this point. For us, a stopping time 1 is a function on the sample space such
that {t<t} is measurable with respect to the path up until time ¢.

This is to be distinguished from what we call extended stopping times t for which the
condition is on { t<t} instead of {t<t}. In keeping with this convention, we say that a
Markov process is strong Markov if it enjoys the Markov property at stopping times even if it
does not at extended stopping times. That this distinction is real can be seen from
example (2.13) below). In this connection, we show that under mild conditions, there
always exists a selection of solutions which is strong Markov with respect to extended
stopping times and which consists of extreme solutions; however, we have been unable to
show that every such selection is necessarily made up of extreme solutions. If one drops the

- strong Markov condition for extended stopping times, then example (2. 13) shows that the
selection need not consist of extreme solutions.

Section (3) has as its basis the simple observation that every Markov process can be viewed
as the unique solution of a martingale problem [¢f. Lemma (3.1)). Combining this
observation with Douglas’s theorem, we obtain a very simple proof of an important theorem
due to Kunita and Watanabe [¢f. Thm. (3.2) and remark (3.3)]. The machinery thereby
obtained enables us to develop some criteria for determining when a given Markov process is
made up of extreme solutions to the martingale problem determined by the operator of which
its true generator is an extension [c¢f. Theorems (3.17) and (3. 19) as well as Corollary (3.20)].

Section (4) is a collection of examples. Unfortunately, these examples serve best to
demonstrate just how weak is our present understanding of the structure of the solutions to a
martingale problem for which there is more than one solution. Nonetheless, it is our
impression that, with the exception of Girsanov’s now classic example [9], the literature
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ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 97

contains very few instances of ill-posed martingale problems for which the structure of the
solutions has been completely worked out. Section (4) can be viewed as a feeble attempt to
remedy this situation.

Section (4) can be viewed as a feeble attempt to remedy this situation.

The second part of the paper is wholly devoted to the study of the extreme points of the
(convex) set of all continuous one-dimensional (local) martingale distributions. Of course,
the general results of the first two sections apply here and again allow us to relate extremality
to a martingale representation property.

The starting point of our study, expounded in section (5) of this paper, is the Dubins-
Schwarz theorem [20] which gives a sufficient condition for extremality in terms of the
Brownian motion of which the martingale is a random time change (¢f. Dambis [18] and
Dubins-Schwarz [19]).

As discovered by Dubins and Schwarz [20], and again by Yor [32], this sufficient condition
of Dubins and Schwarz is not necessary. We hope to clarify this situation with a result
further relating extremality and the Dubins-Schwarz condition [¢f. Thm. (7.3)] as well as a
procedure — developed in section (6) — for constructing new examples of extreme martingales
which do not satisfy the Dubins-Schwarz condition: in particular, Tsirel’son’s example [29]
of a stochastic differential equation having no strong non-anticipating solution allows to
construct such & martingale [¢f. Thm. (6.4)].

Finally, we conclude the second part with a list of problems whose resolution we believe to
be the major questions left in this area.

Acknowledgment

The authors would like to thank Richard Holley for a number of fruitful conversations.

Section (1)
Much of what follows in this paper turns on the following simple observation due to
Douglas [1]. We include the proof of Douglas’s theorem only because it is so short.

TueoreM (1.1) (Douglas). — Let (Q, #) be a measurable space and let F be a set of
M-measurable f: Q—R'. Define # (F) to be the set of all probability measures p

on (Q, #) such that F <L'(p) and jfdp=0, fe#. Then N (F) is convex,

and pe ¥ (F) is an extreme point if and only if 1 @ span (%) is dense in L* ().

Proof. — Certainly A4 (&) is convex. Suppose that pe 4/ (&) is extreme and that
1 @ span(%)isnotdensein L! (n). Then, by the Hahn-Banach theorem, we can find a non-

zero he L* (u) such that Jh dp=0 and Ihf dp=0 for each fe #. Furthermore, we may

assume that —1/2<h<1/2 everywhere.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



98 - D. W. STROOCK AND M. YOR

Now define v, and v_ so that dv, =(1th)dp. Clearly v,,v_eAN (¥) and
vi#v_. Butp=1/2v,+1/2v_, and so we have a contradiction.

Next suppose that pe & (%), 1 @ span(&) is dense in L' (), and p=0v, +(1—0)v,,
where0<0<landv,, v,e /' (F). Clearly,v;,<panddv;/duelL® ) fori=1, 2. Hence
1 @span(F) is dense in L!(v;) for i=1,2. At the same time, it is obvious that

gdv,= jg dv, for all gel @ span(#). Thus, v,=v,.

QED.
Remark (1.2). — Before proceeding, we want to show how Douglas’s theorem
relates to the problem of representing martingales. For this purpose, consider the
following example: Q=C ([0, ), RY); for ®€Q, x(t, ®) is the position of ® at time t=0;
M,=0(x(s): 0Ss=t); M=V 50 H, and F consists of functions of the form

f=kx)—ox()- j 1 1/2¢" (x(s)) ds) xa

where0<t, <t,,Ae.#, ,and peC§ (R'). Then one can easily show that Wiener measure
W is the one and only element P of 4" (#) such that P(x(0)=0)=1 (cf. [S. and V],
Thm. 4.1.1). In particular, #  is an extreme element of A" (%) and so 1 @ span (%) is
dense in L1 (#°). At the same time, by Itd’s formula

t

"1/2¢" (x(s) ds) ya = J 8(s)dx(s)

t

((P(x(tz))—(P(x(tl))—j

where
0(s, 0)=xa (@)%, ., ()9’ (x (s, W)).

Hence every ge 1 @ span (&%) is of the form
(1.3) X=c+J 0(s)dx(s)
0

where ceR*! and 0 : [0, 0) xQ — R! is previsible.

In other words, Douglas’s theorem by itself shows that every element of L* (%) is the
L' (#) limit of X’s having the form given in (1.3). This is very close to Itd’s representation
theorem but is a slightly weaker statement. In order to complete the proof of It6’s theorem,
we use the following fact about L!-convergent martingales (cf. M. Yor [15]).

THEOREM (1.4). — Let (Q, #, P) be a probability space and { M, : t20} a non-decreasing
Jfamily of sub c-algebras of M such that # = ( U M,). GivenXeL'(P),let X(t)bearight-

20

continuous version of EF[X|.M, .ol (M,ro=() #,+.). Suppose that X,—X in

£>0

L'(P). Then there exist a sequence of stopping times {1}, and a subsequence { n; } &, of
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ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 99

Z* such that t;1 oo (a.e., P) and for each j21:

EP[ sup |X(t)|]]<o  and  EF[sup |X, ()—X(t)|1-0 as k1 oco.

0ststy 0ststy
Furthermore, if in addition for each n, X, (t) is (a. s., P)-continuous, then { n, } >y and { 7;} 52,
can be chosen so that

sup sup |X, (t))—X()| v |X(t)|Sj Pas. on (1;>0),

k 0stsq
and therefore E* [ sup |X,, (1)—X(t)|"; 1, »q] = 0 for each 1 <r<co.
0stsT;
Proof. — Choose {n, }i, so that " EP[| X, —X|]<co and define
k

t1;=inf{¢20 : (30| X,, ()-X(@)| v |X(®)]| 2j}.
Clearly

E*[ sup |X(t)|1Sj+EP[|X(xy)| 1Sj+E[|X]|]< 0.
0tsy;
Also

EP[ sup lxn‘(t)—X(t)l] <E"[ sup |X,,k(t)—X(z)|]+E"[|X,,_(r,.)—-X(1:,)|].
0stsyy 0st<y,
Since E [|X,, (t;)—X(1;)|ISEF[|X,, —X]| ], the second term tends to 0. As for the first
term, note that sup |X,, (£)—X(¢t)| <j for all k and that, by Doob’s inequality, for each

0st<ty
e>0:

P(sup| X, (1) =X ()] 26) S~ B [|X, ~X]|1 0.
t20

Hence, by Lebesgue’s dominated convergence theorem, the first term also tends to
zero. Thus, we need only check that t;1 oo (a.s., P). But by Doob’s inequality

P(t;<t)SP(sup |X(s)| 2j)+ YL P(sup | X, ()-X()| 2J)
0SssSt

0Ssst k

SLEUX1+ SRR, X0 as e

Finally, assume that X, (t)is(a.s., P)-continuous foreachn. Then, by Doob’s inequality,
X(t) is (a.s., P)-continuous. Hence

sup
0stst;

X, ()=X(t)| v | X(t)| j, Pa.s. on (1;>0).
Q.E.D.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



100 D. W. STROOCK AND M. YOR

Completion of Remark (1.2). — We can now finish the proof of It6’s representation
theorem. Indeed, suppose that Xe L2 (#"). Choose { X, }{ of the form given in (1.3) so
that X, » X in L*(#"). Clearly we can suppose that E(X)=E(X,)=0. Furthermore,
X,(t)is(a.s., #') continuous foreachn>1. Hence wecanchoose{t;}% and{n,}X,as
in Theorem (1.4) so that

E” [ sup |X, (1)—X()|*1-0.
0=t<t; ;
In particular, this means that

lim supE” [ j "16, (-8, ()| ds] —o0.
0

k=0 12k

Thus we can find a previsible 0 such that

J 8(s)dx(s)=X(r,) and EH e(s)st] <.
(1] [

In particular,

EV[J:IG(S)lzds] = limE”[JZlG(s)Iz-ds] = limE[(X (t;))2]=E* [X?]

jteo jteo
and obviously

X= ‘[«?‘9(5) dx(s),
(V]

which is exactly what It6’s theorem asserts.

For future reference, we will want a generalization of the line of reasoning just carried out
to complete Remark (1.2).

TaeoreM (1.5). — Let (Q, #, P) be a probability space and let {M,: 120} be a non-
decreasing family of sub c-algebras of M such that #= \J M,.

20

Let X=(Xy, ..., Xy) : [0, ) xQ — R be a continuous (# ,)-adapted function such that

E[|X(1)|*1< o forallt 20and (X;(t), #,, P)isamartingalefor 1 <i<d. IfS(X)denotes
the set of all functions

Y=J 0(s), dX(s)D
o - .
where 0 : [0, 0) xQ - R%is pfevisible and

EP[~,-Z=1jo (e,.ej)(s)d<x,.,xj>{|<oo o

12

(*) It is well known that the measure Y 0:0;(s)d<X;, X, ), is positive.
ij
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ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 101

'then
FX)®AL2P)=5(X).

Proof. — The argument is essentially the same as the one given in the completion of
Remark (1.2).

Section (2)

In this section we apply the ideas of section (1) to the study of “‘martingale problems”. To
begin with, we will work with a general formulation of a martingale problem, later we will
specialize.

Let E be a Polish space (i. e. a complete separable metric space) and let Q=D ([0, «), E)

be the Skorohod space of right-continuous functions o : [0, ®) = E having left-limits.
For t20, x(t, ) will denote the position of @ at time t. .# is the Borel field over

Q and A,=0c(x(s):0=s5=t), t=0. Let E be a countable collection of right-
continuous .#,-progressively measurable functions X : [0, 0) xQ —R! such that

sup |X(t, m)|<oo, T>0. Given s=0, we define g’s(i) to be the set of all
0StsT
we

probability measures P on (Q, .#) such that (X(tvs), #,,,, P) is a martingale. For
(s, x)€[0, o) xE, let .%,x(i)= {Peg’s(@ :P(x(s)=x)=1}. The following theorem
can be easily deduced from Theorem (1.2.10) in [S. and V' .].

TueOREM (2.1). — Let 1:Q—[s, 00) be an M -stopping time (i.e. {t<t}e .M, for
t=s). IfPeg’s@ and { P,}isanr.c.p.d.of P | M . (cf. p. 34 of [S. and V'.]), then thereis a
P-null set Ne#, such that P,eP. (4 x¢). m)@ for all ogN. Conversely, if
® = QLEZ. (4), x s (@), w) IS AN M -measurable map, then P® ., Q €2, (E) (cf. Thm. (6.1.2)
of [S. and V'] for the definition of P® ., Q).

Now define

2.2 F (W)= {(X(t)=X(t ) xa : 5St,<t,, Xe¥, and Ak, }.

Then itis clear that 2 (E) =N (F, (E)). We can use this fact to study ext (2, (_‘—P:)) [the set
of extreme elements of 2, (¥)].

TuroreM (2.3). — Peext(2,(¥) if and only if 1@ span(F,(P)) is dense in
L(P). Moreover, if Peext(2(¥)), then for every Y e L' (P), EP[Y | ] admits a right-
continuous adapted version; and if, in addition, X (. v s) is P-a. s. continuous for all X EE, then
this version of E¥[Y | M, will also be P-a.s. continuous. In particular, if 1 : Q - [s, ) is
an extended stopping time (i.e. {t<t}e M, for t20), then M =M ., (a.s., P), where
M=ot 'and‘x(t/\"r), t>0] and M . o= () Mo

e>0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



102 _ D. W. STROOCK AND M. YOR

Proof. — Since 2 (E) =N (F, @_)), the characterization of ext (2, @) is just the content
of Douglas’s theorem. In the proof of the rest of this theorem, we may and will assume that
s=0.

To prove that EP [Y | # ] admits a right-continuous progressively measurable version for

all YeL!(P), first note that this is obvious when Ye1 @ span (# o@). Moreover, if
Y, : [0, 0)xQ—R*, n21, is a right-continuous progressively measurable function and if
lim supP(sup|Y,,(t)—Y,,,(t)| =2¢)=0 for all €>0, then, by Lemma 4.3.3 in

m=0 pzm 120
[S. and V], there exists a right-continuous progressively measurable Y : [0, o) xQ — R

such that P(sup|Y,(t)—Y(t)|2e)—>0 as n— oo for each £€>0. Thus, by Doob’s

t20
inequality plus the density of 1@span(#,(¥)) in L'(P), E*[Y|.# ] admits a right-
continuous progressively measurable versionforallYe L' (P). Furthermore, itis clear that
if X(.) is P-a.s. continuous for each XEE, then the same argument shows that our
version of E? [Y[Jl ]is also P-a.s. continuous.

Finally, let T : Q — [0, c0) be an extended stopping time. Given Ae #..,,let Y(.)bea
right-continuous progressively measurable version of P(A ] M). Then there is a
{ta}¥<[0, ) and a measurable F : [0, co) x R — [0, o0) such that

Y(t, o)=F(, x(t;At, @), ..., x(t, AL, ®), ...), (t, ®)e[0, ) xQ.

Thus:
o= limY@Ex+1/n)=Y()=F(t, x(t; A7), ..., x(t,AT), ...) (a.s., P)

andsoAe#!"). Thatis, #,.,o=#{(a.s., P). Since the opposite inclusion is obvious,
the proof is complete.
QED.

We next want to show that ext (2, @) is closed under the same operations of conditioning
and splicing as is 2,(¥).

THEOREM (2.4). — Let t : Q — [s, o0) be a stopping time. IfPeext(2, @) and {P,}isa
r.c.p.d.of P | M ., then there is a P-null set Ne M . such that P,€ext(2. ), x ¢ (@), o) (¥)) fOr
each ®¢N. Conversely, if Peext (?S(E)) and ® = Q,€ext(2, (u), x (x (0), ) (E)) is
M ~measurable, then P ®,, Q eext(Z,(¥)).

Proof. — Since it is clear that
2.5) ext(2,,, () =(xt (@, @) N2, ,®). (& »el0, ©)xE,

the first assertion will follow if we can show that there is a P-null set Ne.# . such that

1 @ span(¥# . () (E)) is dense in L!(P,) for m¢ N. Furthermore, since .# is countably
generated, this will be accomplished if we show that for each bounded .#-measurable Y with
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ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 103
E[Y]=0 there is a { Y, } ¥ Sspan(F,(¥)) such that

lim EF-

n—ao

“[Y.)—(Y-E™[Y]]|]=0

for P-almost all ®. To this end, choose {Y,}¥<Sspan(F# J(P) so that
Y EF[|Y,—Y|l<oo. Then, since
1

P({o:E"

“[Y,D—(Y-E™[Y])|]12e})
sP({o:E™[|Y,~Y|lze/2}) +P(|E°[Y,|#.]-E"[Y|.4.]| ;s/2)§gE"[|Y,—Y|1,

it follows that E™ [|(Y,—E" [Y,)—(Y—E" [Y])|] -0 (a.s., P).

To prove the second assertion, we begin by showing that if 2 (E') is the set of probability
measures Q on (Q, .#,) such that (X((t AT)vs), A, ,,,,,» Q) is a martingale for all Xe?_,
then Peext (9’,@)) implies P| «, E€xt (Qs@' ). To this end, first note that, by Doob’s
stopping time theorem, P| ,‘eg’s@'). Second, observe that since 1 @ span (¥ s(E)) is
dense in L* (P) and E*[Y | .# ] admits a right-continuous progressively measurable version
for each YeL!'(P), {E[Y|.#.] 2 Yel @span(F,(¥))} is dense in { YeL'(P): Y is
M ,-measurable} . Hence, by‘ Douglas’s theorem, P| «, E€Xt (QS(E‘)).

Now set R=P ®,,Q. and suppose that R=0R; +(1—6)R, for some 0<0<1 and
R;, R,€2,(¥). Then, since

R|, =Pl eext (@,(¥) and Ry|,.R, |, e?,(¥.),
R, |Jl,=R2|J‘=P|.l,'

But this means that Q =6(R,) +(1-0)(R,) (a.s., P), where {(R;), } isar.c.p.d.of R, |J,
(i=1,2). Since Q,€ext(Z, (_)) for P-almost all ® and (R;),€ 2, (m)(_) ¥) for P-almost all
o, we conclude that (R,) =(R,) (a.s., P) and therefore R,;=R,.

QED.

The rest of this section is devoted to the following special case of the preceding set-up. In
the first place we will take Q=C ([0, o), R¢). More important we will assume that elements

of ¥ are of the form

Xo(O)=0(x(t)— LUP(X(S))dS

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



104 D. W. STROOCK AND M. YOR

where ¢ e C§ (R?) and

| a2
L=1/2 ¥ a¥(x)

d
. )
i,j=1 axiaxj * i;1b (x)gi—.

is a second order (degenerate) elliptic operator with bounded measurable coefficients.

(In order to insure that E is countable, we can restrict @ to a countable dense subset of
& (R%), although it is clear that 2, @) will be the same whether we allow ¢ to range over all
of C& (R?) or restrict ¢ to a dense subset.) For (s, x)€[0, o) x R?, define %, (s, x) to be the

set of Peg‘s(@ such that P(x(t)=x, 0<t<s)=1. Then it is clear that &, (s, x) is convex
and that

(2.6) ext(@, (s, x))=(ext (g’s@)) NE. (s, x).

Furthermore, by exactly the same reasoning as we used in Remark (1.2), one can prove the
following special case of a theorem due to Jacod [13] (¢f. also Jacod and Yor [14]).

THEOREM (2.7). — Peext(%, (s, x))ifand only if Pe (s, x) and for every ® € L2 (P) there is
a previsible 0 : [0, 0) xQ — R such that

. Epl:ro(@(u),a(x(u))B(u)>du]<oo and <I>=E[<I>]+Jw<e(u)’ 560,

where

()=x()— J‘.b(x(u))du.

If for each (s, x), %, (s, x) contains exactly one element P ,, then one can show that
{Ps, <. (s, x)€[0, o0) x R“} is a measurable, strong Markov (with respect to non-extended
stopping times), time-homogeneous family such that

EP+ [ (x(1))] — @ (x) =P~ “ L ¢ (x (u) du] . 9eCj(RY.

For details see Theorem (6.2.2) and the discussion  following that theorem in
[S. and V]. However, there are many reasonable choices of L for which € (s, x) will not
consist of exactly one element. There are even examples for which € (s, x) will be empty: see
exercise 6.7.61in [S. and V.]. We will devote the rest of this section to a discussion of the
case in which € (s, x) contains many elements. The starting point of our study lies in some
ideas of N. Krylov [2] (¢f. also Chapt. XII of [S. and V.]).

Let M (Q) denote the set of all probability measures on (Q, .#) endowed with the Lévy
metric for weak convergence. By comp (M (€2)) we mean the space of non-empty compact
subsets of M(Q) and we think of comp(M(Q)) as a metric space with the Hausdorff
metric. Given a collection "= { % (s, x) : (s, x)€[0, 0) x R*} of subsets of M (Q), we will
say that 2" is a Krylov system if:
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(@) (s, x) > € (s, x) is a measurable map into comp (M (Q));

(b) Pe%(0,x) if and only if PoT;'e%(s,x) where T,:Q—-»Q is given by
x(t, T,w)=x((t—s)vO0, w), t=0;

(c) if Pe€(0, x), 7 : Q- [0, c0)is a stopping time, and { P, }isar.c.p.d. of P| .4, then
there is a P-null set Ne ., such that 3, (; ), o) ® : @) Po € € (T (), X (t(®), ®)) for each 0 £N;

(d) ifPe¥(0, x),7 : Q— [0, co0)isastopping time,and ® - Q, e € (1 (), x (T (0), ®))isan
M ~measurable map, then P ®,, Q €% (0, x).

By Theorem (2.1) and equation (2.6), it is easy to check that
HL={%.(s, x): (s, x)€[0, o0) xR} is a Krylov system if and onmly if 2
satisfies (a). Furthermore, if the coefficients of L are continuous, it is easy to see that |
satisfies (a). '

LemMa (2.8). — Let & = {%(s, x) : (s, x)€[0, o0) x R?} be a Krylov system and let A>0
and f: R?*— R, a bounded upper semi-continuous function, be given. Define

u(s, x)= sup E"[Jwe'“f(x(t+s))dt].

Pe¥(s, x) o
Then
u(s, x)=u(0, x), s=0;
and if
C'(s, x)= {Pe‘ﬁ(s, x) Ep[jwe‘“f(x(t+s))dt:| =u(s, x)}
0
then

A= {%(s, x) : (s, x)€[0, ) xR}
is a Krylov system.

Proof. — See Lemma 12.2.2 in [S. and V.].

LEMMA (2.9). — Let everything be the same as in Lemma (2.8), only this time assume that
feC,(R?) and that (s, x)S%, (s, x), (s, x)€[0, o) xR? where L has continuous
coefficients. Then, u(s, x) is upper semi-continuous. Moreover, if T:Q — [0, o) is an
extended stopping time, Pe€'(0, x), and (t, y) = P, ,€%’(t, y) is measurable, then

Q=P ®,( P x¢() ) €GLO, x)

and

u(0, x)<EQ Uwe-"f(x(t))dt].
0

Proof. — The upper semi-continuity of u(s, x)is obvious. To prove the second assertion,
define 1,=t+1/n, n=1. Then 1, is a stopping time. Next, set

(1= a(x(t)) if t<t,,
DW=V ax(0+4,) i t2x,
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and

_ b(x(t) if t<r,,
b"(t)—{b(x(t)+A,,) it 2,
where

A,=x(t,)—x(7).

I Q&=08,®. ) (P ) xc) o ° Saw) Where S, : Q — Qs given by x(¢, S, 0)=y+x(t, 0),

then it is not hard to check that Q"=P ®, (, Q"€ 2,, ,@,,), where ¥, consists of functions
of the form

t d
<P(X(t))—J [ ) a;(s)

]

o%¢ L e
9% 0%, (x(9)+ El:b,,(s)a-i(x (s))] ds

(¢ff Thm. 6.1.2 in [S. and V] with ¢@eCZP(RY.. In particular, since
Q600 ®:) Pr(w) x), 0 a8 n— o for each @ and therefore Q" —» Q, we see that
Qe%. (0, x).

We must still show that

u(0, x)<EQ [Jwe'”f(x(t))dt].

0
But

EQ [Iwe'“f(x(t))dt] = lim E¢ [Jwe‘”f(x(t))dt]
0 n— o 0

=EP [f e""f(x(t))dt] + lim B [Jw e’”f(x(t))dt]
0 n— oo Tn
and

EQ'[ J we'”f(x(t))dt] =E°'U°°e-“f(x(t)—An)dt]

+E Uw e‘“(f(x(t))—f(x(t)—An))dt]

Tn

=Ef[e ™™ u(t,, x()] +E¥ [Jw e‘”(f(X(t))—f(x(t)—A.,)dt]

Ta

- EP [e ™™ u(t, x(1))]

since u(t,, .)=u(r, .) and feC,(R%. Hence

EQ [J‘w e"“’f(x(t))dt:l =E° [JT e‘“f(x(t))dt] +Ef [e ™ u(t, x(1))].
0 0

4¢ SERIE — TOME 13 — 1980 — N°1



ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 107

Finally:
e ™u(t, x(1)2 lim e ™ u(r,, x(t,))

n—oo

=i§n_EP7[Jm e‘”f(x(t))dt:l=EP[Iwe'*‘f(x(t))dt[ﬂ,] (a.s., P)
)

n— o (. T
where { P4} is ar.c.p.d. of P|.#, and we have used the fact that
8,0 0) O @) PEE (15(®), x(1,(0), ®) (a.s., P).

Combining this with the preceding, we conclude that

EQ Hwe-“f(x(t))dt] >EP [Jwe“‘f(x(t))dt] =u(0, x).
0

0

QED.

THEOREM (2.10). — Suppose that A"; is a Krylov system. Then for each >0 and each
bounded, upper semi-continuous function f :R¢—R', there is a measurable
map (s, x) > P, ,€ext(€ (s, x)) such that {P, , :(s, x)€[0, ) xR*} forms a time-
homogeneous strong Markov family (w.r.t. non-extended stopping times) and

EP"‘[Jme_“f(x(t+s))dt] = sup Ep[fwe'“f(x(t+s))dt:|, (s, x)€[0, o0) xR".
1] 0

Pe¥€(s, x)

Moreover, if the coefficients of L are continuous and feC,(R?) then for each extended
stopping timet:Q — [0, 00), {84, ® (@) P+ (@), x x @), o) } is a conditional probability distribution
of Py , given M ...

Proof. — The first part of this theorem is due to Krylov [2] (¢f. Thm. (12.2.3) in
[S. and V]); we will say how the proof runs because we use it in the proof of the second
part. Given A and f, define (Ao, @o)=(A, f). Next choose {(A,, ¢,)}5 =(0, ) x Co(R?)
to be a dense set. Let :

uop(s, X)=sup EP[Jwe““‘wo(x(t+s))dt]
0

Pe¥€y (s, x)

and

b (s, x)= {PG%L (s, x):EPI:J e (po(x(t+s))dt] =y (s, x)}.
0
By induction, define u, and €, for n=1 by:

u,(s, x)= sup Ep[jwe‘*"(p,,(x(t+s))dt]

Pe¥,-,(s. x) 0
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and

(s, x)= {Pe‘g,,_l(s, x):EPI:Jme‘*"‘ (p,,‘(x(t+s))dtj| =u,(s, x)}.
0

By repeated use of Lemma (2.8), one sees that o ,={%,(s, x):(s, x)€[0, o) xR%} is a
Krylov system for each n>0.

Hence if ., (s, x)=( )€, (s, x), then A, ={% (s, x):(s, x)€[0, c0) xR} is a Krylov
0

system. Moreover, there is exactly one element P , in each € (s, x), and from this it is
obvious that {P, ,:(s, x)e[0, 0)xR%} is a time-homogeneous strong Markov
family. Finally, to see that P,  eext(%, (s, x)), suppose that P, ., =0Q, +(1 —0) Q, where
0<6<1land Q;,Q,€%, (s, x). Then, by induction, one sees that Q,, Q, €% (s, x), for all
n20. Hence, Q;, Q,€% (s, x), and so Q,=P=Q,.

Now suppose that feC,(R?) and that the coefficients of L are continuous.
Set Qp=08,®:()Pr@), xc@, o and Q=J.Q(,,P0,x(dm). Using induction plus

Lemma (2.9), check that Qe%,(0, x) for all n=1. Hence, Q=P, ,. Thus, since
Moo=MT) (a.s., P, ), we will know that {Q,} is a conditional probability
distribution of P given .#.,, once we show that P(A nB)=E?[Q.(B), A] for
all Ae#!7 and Be #. To this end, we must show that Q (A)=y, (a.s., P)if Ae #{7);
and this will be proved if we show that Q,(t=t(0))=1 for P, ,-almost all @.. But
because {1<t}e#,, t=0:

X0, n(T@)=F(t, x(t; A, @), ..., x(t,At, @), ...), @€Q,

where F: [0, c0) xR*" — [0, 1] is measurable and { ¢, }¥ [0, o).
Hence 1t(@)=t(@ if x(tAt(0), 0o)=x(tAat(®),w®) for all ¢t=0. Thus
Q,(t<t(®)=0. On the other hand

. EPos [e_'] = FPo.- [EQ [e"]], .

and so we conclude that Q,(t=t(0)=1 (a.s., Py, ,).

QED.
Theorem (2. 10) shows that, under mild assumptions on L, the time-homogeneous strong

Markov selections (s, x) = P, ,eext(%, (s, x))are important. Indeed, Theorem (2.10)tells
us that such selections exist under very general conditions. Furthermore, it is easy to show
from Theorem (2. 10) that if 2} is a Krylov system, then card (%, (s, x))=1for all (s, x)ifand
only if there is precisely one such selection (¢f. Thm. (12.2.4) in [S. and V.]). (If the
coefficients of L are continuous, then one can use Theorem (2.10) to show that card
(%L (s, x))=1 for all (s, x) if and only if there is precisely one time-homogeneous selection
(s, x) > P, ,eext (€, (s, x)) such that {P, ,:(s, x)€[0, oo) xR} is strong Markov with
respect to extended stopping times). Thus, it is possible to tell something about the
structure of #"; from a knowledge of such selections. Of course, by Choquet’s theorem,
ext (%, (s, x)) completely determines %, (s, x) if 4", is a Krylov system.
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However, in general not every element of ext(%, (s, x)) will be a member of a time-
homogeneous strong Markov selection. To see this, simply splice two such selections
together at a stopping time (for instance, the second hitting time of some closed set) and apply
Theorem (2.4) to conclude that the resulting measure is again extreme, but clearly it is not
part of a time-homogeneous strong Markov selection. Nonetheless, we can recapture all of
%, (s, x) from time-homogeneous strong Markov selections in the following sense.

THEOREM (2.11). — Assume that A", is a Krylov system. Let &/ index the set of all time-
homogeneous, strong Markov selections (s, x) — ext (%, (s, x)) in the sense that for each o€ o
there is exactly one such selection { P®, : (s, x)€[0, c0) xR¢}. Denote by 9, (x) the smallest
set of P’s such that:

() {PE,:aest )P, (o)
and

(i) if PeD,(x), t>0, and ® > P&, is an M -measurable map into M(Q), then
P®,P&S) €9, (x). Then 9, (x)sext(€y (0, x)) and %, (0, x) coincides with the closed
convex hull of 9, (x).

Proof. — Everything but the inclusion 9, (x)<ext(%, (0, x)) is proved in Theorem
L L

(12.3.1) of [S. and V). However, this inclusion is an immediate consequence of
Theorem (2.4).

Remark (2.12). — Theorem (2.11) tells us that we will have a reasonable good grasp
of A4, once we classify all time-homogeneous, strong Markov selections
(s, x) > P, ,eext(%, (s, x)). Aswe will see in section (4) below, such a classification is often
possible to carry out, although a general classification procedure is still waiting to be
found. One of the most serious difficulties that we have encountered is that we have not yet
discovered a really good practical criterion for determining when the members of a time-
homogeneous selection are extreme. Some progress in this direction is made in section (3)
[¢f. Thms. (3.17) and (3.19) and Cor. (3.20)]; but the natural conjecture that every such
selection consists of extreme elements is false, as the following example demonstrates.

Example (2.13). — Letd=1and L=b(x)9/0x, where b(x)= | x|"/> A1. We are going to
construct a time-homogeneous, strong Markov selection (s, x) = P, €%, (s, x) such that
Po. o ¢ ext (%, (0, x)).

Define u:[0, o) x R! = R! so that

x+t, 0Zt—x+1

t+x+1)?
—<1— Xt ) x—1<t<—x+1
u(t, x)= 2 and x<-1

(t+x—1)2/4, —x+15t<—x+3
o t+x=2, t2—x+3
—(—0"*—=1/2), 0=t=2(-x)'*
= (t=2(=x)"%/4, 2(—x)?<tL2(—x)1V2 42 and —1=x=0
t=2(=x)"2—1, t=22(—x)"*+2
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_ Y (M 4172, 0=t=2(1—-x'?)
- t+2x12-1, t22(1-x17?)
=t+x, t=20 and x=1.

Next define t4:(— o0, 0] - [0, o0) by

—x+1 if X<_1,
W=\ 2(-x¥ i —1=x=0.

and O0<x<l1

Then it is easy to check the following facts:
(i) ueC*°([0, o) xRY) and u(t, y)=u(s, x) if t=s and y=x;
(i) ou/ot(t, x)=>b(u(t, x)), t=0 and xeR?, and u(0, x)=x;
(iii) u(t+s, x)=u(t, u(s, x)), s, t=0 and xeR;
(iv) to(x)=min{t20:u(t, x)=0} if x<0.
On [0, 00) x R! x &y, we now define

xr (U (s, x)) if x<0 and 0=<s<tq(x),

s

€0y (0)+ f ey (u(s—o, 0)do
P(s, x, IN= To(x)
if x=0 and s=1,(x),

yr(u(s, x)) if x>0 and s20.

Using the preceding facts, one can easily check that P(s, x, I) is a transition probability
function and that

(2.14) J‘P O P(s, x, dy)—o(x)= JZ dt JL PP x,dy),  9eCo(RY).

Also, one can easily construct a time-homogeneous Markov family
{ P, .:(s, x)€[0, o0) xR? } on(Q, #)having P (s, x, I') asits transition probability function;
and because of (2.14), it is clear that P, e %, (s, x) for all (s, x).

Finally, if P?, t=0, is defined by

t__
p _Su((‘—t)vo, 0

then P*e %, (0, 0) for each =0 and

P0’0=J‘ e_lPtdt.

0

Thus we will have our example if we can show that { P ,:(s, x)€[0, o0) xR!} is strong
Markov.
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To prove the strong Markov property for { P, ,:(s, x)€[0, o) xR' }, we consider the
following alternate construction of the P .’s. Let E=(—o0,0]u(l, ) and on
[0, 0) xE x %5, define

xr (u(s, x)) if x£0 and 0=s<14(x),

e My (0)+ j e ™Dy (u(s—o, 0)+1)do
To(x)

if x<0 and s=14(x),

xr(u(s,x—l)+1) if x=1 and s20.

P(s, x, =

Then it is easy to check that P(s, x, I') is a Feller continuous transition function on E
and that there is a Feller continuous time-homogeneous Markov family
{P,,:(s, x)€[0, ) xf} on D([0, ), E) having transition probability function
P(s, x, I). Furthermore, 130,, is concentrated on C ([0, o), [1, o0)) if x=1; and if x<0,
then f’o, <~almost surely x (.) has precisely one jump and the left and right limits at that jump
time are 0 and 1, respectively. Finally, because of the Feller continuity,

{P, .:(s, x)€[0, c0) XE} is strong Markov with respect to extended stopping times. Next
set y(t)=x(t—0). Observe that
Py .(y(t)€E, t=0)=1, x€E,
Py, .((3t=0)y(t)#x(t) and (x(t)#1 or y(t)#0)=0, x€E,
Po. . (y(t)#x(t))=0, t=0 and xeE.
We are now going to show that if t:Q —[0, c0) is a stopping time for y(.), then
{80® @ Py, is a r.cp.d. of Py |o((tat):t20) for all xeE.

To do this, it is enough for us to show that Po,x(x(—c)= y(r))=1; since, by the strong
Markov property, {8, ® () Pe xc(@. o} is 2 1.c.p.d. of Py | #.. But

1(@)=F@y(trt(®), ), ..., y(t.At(0), ®), ...)

for some measurable F:(R')*" — [0, o0) and {t,}£<[0, o).
Thus if {(@)=inf{ 12 0:x(t)—y(¢)=1}, then for x<0:

Py (1=0)ZPo ,(C=F(y(t; AQ). ..., y(taAD), ...))
=P ;((=Fu(t; At (%), X), ..., u(tyATo(X), X), ...))=0
since '
o 1 if 0=5t=14(x),
P, x t ={ - Y .
0.x(6>1) et if  t>14(x)).
Also, P, ,((<o0)=0if x>1.
The final step is to define f:E — R! by
if x=Z0,
if x>1,

re={ ",
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and then set z(.)=f(y(.)). Then one can easily check that P, , is the distribution of z(.)
under 130' s for all xeR!', and now the strong Markov property for
{P, x:(s, x)€[0, 00) x R'} follows immediately from the considerations in the preceding
paragraph.

Remark (2.15). — Example (2.13) has a number of interesting properties. In the first
place, for all 120 and xeR', #,=M,,, (a.s., Py, ,). This can be seen from the
corresponding fact about {IA)M :(s, x)€[0, o) xf} plus the equality 130,,,(x(t)=y(t))= 1,
t20andxeE. Secondly,{P, ,:(s, x)€[0, o) xR } is an example of a time-homogeneous
strong Markov process which is not strong Markov with respect to extended stopping

times. Indeed, let t’=inf{t;0:x(t)>0}. Then Py . (x(1+1)=u(l, 0))=1. On the
other hand

B[P vy e(1+T () =u(l, 0)] =Po . (x(D)=u(1, 0)=P(L, 0, {u(l, 0) })=0.

Thus, the strong Markov property fails for t'. In particular, this example does not rule out
the possibility that any time-homogeneous selection which is strong Markov with respect to
extended stopping times must be made up of extreme elements.

Remark (2.16). — Very little change would have been required to prove Theorems (2. 10)
and (2.11) had we taken Q=D ([0, o), R¢) and L to be a Lévy generator (¢f. [4]). We have
restricted our attention to the diffusion case only because the technical details are fewer and
the problems involved are already apparent.

Section (3)

We begin this section with an application of Douglas’s theorem to the study of quite
general Markov processes. Later we will return to the study of diffusions.

Let E, Q, x(¢t, ), #, and #, be defined as they were at the beginning of section (2) and
let {P, ,:(s, x)€[0, 00) x E} be a time-homogeneous Markov family of probability
measures on (Q, #) having transition probability function P(t, x, I') [i.e.
P, .(x(t)el | M, )=P(t,—t, x(t;), T) for 0=<s=<t;<t,]. Denote by D, and A
respectively the domain of the weak generator and the weak generator itself of the semi-group
determined by P (¢, x, I'); and observe that, because C, (E) is in the weak center C, of this
semi-group, D, is weakly dense in B(E) (the space of bounded Z;-measurable
f:E—>RY). Nextdefine R,, A>0, to be the resolvent operator associated with P (¢, x, I')

[i.e. R, f(x)= fme‘“dt‘[f(y)P(t, x, dy), feB(E)]. Then D,=R,C, for each

A>0. In particular, if 2 <C,(E) is weakly dense, then {(R, f, AR, f): fe 2} is weakly
dense in graph (A)={(f, Af): feD, }.

LemMA (3.1). — The measure P , is uniquely characterized on (Q, #) by the fact that
P, .(x(t)=x, 0St=<s)=1 and that either one of the following holds:

tvs

(@ (f(x(tvs)— j Af(xw)du, #,,,, P, ,)is a martingale for all feD,,

s
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or

() (e Ry f (x(tvs)+ J

feB(E).
In fact,in(a) D, can be replaced by any subset such that { (f, A f): f €2 } is weakly dense in
graph (A); and in (b) B(E) can be replaced by any weakly dense subset of itself.

e™ f(xw)du, #,,,, P,,) is a martingale for all

s

Proof. — The proof is easily obtained from the characterization of P , as the only P on
(Q, ) such that P(x(t)=x, 0=5t=<s)=1 and

E*[f (x(t))| A, 1= Jf(y)P(tz-tl, x(t;), dy) (a.s., P)

for all s<t; <t, and f in a weakly dense subset of B(E).
QED.

THeOREM (3.2). — Let 2D, be a set such that {(f, Af):feD} is weakly dense in
graph (A), and define

7= {(f(x(t;»—f(x(tl»— j Af(x(u))du)xA: feD. s<t,<t,, and Ae }

Then 1 @ span (¥ ,) is dense in L' (P, ). Alternatively, let 9 = C,(E) be weakly dense and
let A=(0, ©) be dense. Set

7= {(e R, f (x(t)—e™ Ry £ (x(t,)

ty
+ j e'“‘f(x(u))du))(A (f€D,ssty<tyand Ae M, }

ty

Then again 1 @ span (& ;) is dense in L' (P, ).

Proof. — Both these facts are easy consequences of Douglas’s theorem. Indeed, in either
case, we know from Lemma (3.1) that there is exactly one Pe /(&%) such that
P(x(t)=x,0=<t<s)=1, namely P, ,. Hence P, ,eext(A (¥ )).

Q.E.D.

Remark (3.3). — The second part of Theorem (3.2) is very close to a result due to Kunita
and Watanabe [5]. Indeed, their theorem says that & is dense in L*(P,,). When
Q=C([0, o0), E) and P(t, x, I) is Feller continuous, one can obtain the K.-W. theorem
directly from ours by using Theorem (1.4). Indeed, one then has that & is dense in
L’ (P, ,) for 1ISp<oo.

In general, one can prove the K.-W. theorem using Capon’s variant of Douglas’s theorem
(cf. [6]): If 1 <p<co then 1 @ span (&) in dense in L” (u) if and only if for all non-negative
geL” (w)((1/p)+(1/p)=1) with E*[g] =1 the measure p? given by dp®=gdp is extremal in
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N <{ f- Jf dul: feF }) [here the notation is the same as in the first part of

section (1)]. Thus we will know that 1@ span (%) is dense in L? (Po, ,), where &, is
defined as in the second part of Theorem (3.2), once we show that for every non-negative
geLl” (P, ,), with EP=[g]=1, P§ . is the only Pe & ({ f —E™*:[f]: f€ £, }) such that
P(x(0)=x)=1. To this end, note that if Pe &/ ({ f—E"*<[f]:fe€F,}), then for all
'heC,(E), 0=t,, Ae A, , and L>0:

EP [Rxh(x(tl))— Jw e ™h(x(u+t,))du, A:I
0

=EP- [Rxh(x(tl))— jwe‘“‘h(x(uﬂl))d“’ A]-
. 0

Hence, because the Laplace transform is injective
E* [ jh 0 P(t, x(s), dy)—h(x(t+5)), A] =E"- [ Jh W P(t, x(s), dy)—h(x(t+5)), A]

for all s, t=0, Ae.#,. From here it is an easy matter to check that if in addition
P(x(0)=x)=1, then P=P§ .

(The procedure is very much like the proof that a Markov process is determined by its
transition probability function.)

THEOREM (3.4). — Assume that P(t, x, I') is Feller continuous. Then for every
(s, x)e[0, o0) x E and every Y e L* (P), EP*=[Y ] M ] admits a right-continuous progressively
measurable version. Moreover, if in addition Q=C([0, o), E), then this version will be
P, ,-a.s. continuous.

Proof. — Let E be the set of functions X(.) of the form

t
0

X(t)=e““Rxf(x(t))+J e™ f(x(w) du

as A runs over a countable dense set in (0, oo) and f runs over a countable weakly dense set in

C,(E). By Lemma (3.1), P, ,cext? x(E). Thus we can apply Theorem (2.3) to finish
the proof.

QED.
Throughout the remainder of this section we will specialize to the case when E=R? and

(3.5) J(P(y)P(t, X, dY)—<P(X)=J dSJL<p(y)P(S, x,dy),  9eC§R)
0

where L is a second order (degenerate) elliptic operator of the sort introduced in sec-
tion (2). From (3.5), it is easy to check the following:
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(@) Py €%, (s, x) for all (s, x)€[0, 0)xR% In particular we can take
Q=C(0, ), RY;
(b) CZ(RHcD, and A f=L f for feCZ(RY);
(c) Let BRY)={feB(R%):lim sup |f(x)| =0} and set C(R¥)=C(R*)nB(RY).
Rfw |x|2R
Then the semi-group determined by P(t, x, I') maps B(R?) into itself. In particular, if
P(t, x, I') is Feller continuous, then this semi-group maps C (R?) into itself.

Observe that from (b) we know that C2(RY) is contained in the strong center of the semi-
group determined by P(z, x, I') and therefore { R, ¢ :9€Cg (R?)} =D, , where D, is the
domain of the strong generator A, determined by P (¢, x, I'). In particular, we have

(3.6) {(£.A,f):feD,, }ograph(A).

Combining the preceding, Theorem (2.7) and Lemma (3.1), and the reasoning used in
Remark (1.2), we arrive at the next result.

TueorReM (3.7). — Let x(t)=x(t)— Jt b(x(w)du [b(.) is the vector of first order
0

coefficients of L].
Then P, cext®, (s,x) if and only if for each feD, there is a previsible
0 : [0, 0) xQ — R? such that

E""’[J‘t<9(“)»a(x(“))e(“)>d“:|<°°' t2s,

and
(.8 ) —fxs)— j A (o) du= J'<e<u), 5wy, tzs.

In fact, in order that P, ,eext(€ (s, x)), it is sufficient that (3.8) holds for all feD, .

For the remainder of this section we will study the problem of determining when (3.8)
holds. The first step in our program is to introduce Meyer’s notion of the extended
generator [3] (see also Kunita [35]). To be precise, let & be the set of pairs (f, g) where
feB(R?) and g:R*-R! is a measurable function R,(|g|)eB(R?) for all A>0 and
f=Ry(Af—g), A>0. Clearly, graph(A)=& and & is linear. Denote by D, the
projection of & on its first coordinate.

Lemma (3.9). — If (f, g)€&, then for all T>O0:
T 2
supEP‘“[(J |g(x(u))|du) :|§2e2T IR |g]|* <.
xeR? 0
t
and (f(x(t))-—J‘ dug(x(w), #,, Py ) is a martingale for all xeR®. In particular,

0
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iffeD,, and (f g,). (f.g)eé, then T={x:g,(x)#g,(x)} has null potential
[i.e. PO,x<J Xr (x(u))du=0) =1 for all xeR"].
0

Proof. — First note that

© 2
EFo.s [(J‘O e g(x(1)| dt) ]

‘ =2Ep.,,,[J:e—s|g(x(s»|dsre-wg(x(z»ut]

=zEPwU:e-zslg(x(s))lkl(lgl)(x(s»ds] <2||R.(JgD )

Hence the first assertion is proved. To prove the second statement, observe that because

f=R,(Af—9g)
(e'“f(X(t))+ j“ e M\ Sf—g)(xW)du, A,, PO,x)
0

isamartingale. Using the estimate just obtained, it is now easy to see that after letting A | 0,
we still have a martingale. Thus the second assertion. Finally, if (f, g;)e&,i=1, 2, then,

t
by the preceding (j (g1 (x (W) —g, (x (W) du, #,, Py, x) is a.martingale.
0

Since the only continuous martingales of bounded variation are constant almost surely, we
have now proved that g; =g, except on a set of null potential.

Q.ED.

The final part of Lemma (3.9) allows us to make the following definition. Given feD, ,
define A, f to beset of g such that(f, g)e&. Since any two elements of A, f differ on at most
a set of null potential, we are justified in identifying A, f with any element g€ A, f so long as
we only use A, f in integrals of A, f(x(t, ®)) with respect to dt xdP, ,. Of course, if
feD,, we will take A, f=Af.

We will need one small refinement of the last part of Lemma (3.9).

LemmMa (3.10). — Suppose that feD, N C, (R?) and that f =0 on the open set 4. Then
we can take A, f=00n 9.

Proof. — Let x,€¥4% and choose O<R;<R, so that B(xy, R)c¥%. Define
oo=inf{t=0:|x(t)—xo| SR, } and

t,=inf{t20,_1:|x(t)—xo| 2R, },

o,=inf{t21,:|x(t)—xo| SR, }.
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T AL

Then (f(x(t/\'c,,))—f(x(t/\ G,-1)— j A, f(x(w)du, #,, Py, x> is a martingale for

Gn-y AL

all n>1 and xeR?. Hence
([ o @t P y
is a martingale, so
J;X[c,_l,;"] WA, f(xu)du=0 (a.s., Py ,) forall n=0.

It follows immediately that

Lxm oy (XW) A, f(xW)du=0 (a.s., Py, ,).

QED.

Lemma (3. 10) enables us to make the following definition. Let D, be the set of f € C(R%)
such that for each R >0 there is an 1 € C¥ (R?) with the properties that ny =1 on B(0, R)
andng.feD, . ByLemma(3.10),A.(ng.f)onB(0, R)isindependent of the choice of ng
up to a set of null potential. Hence we can define & f=A_.(ng.f)on B(0, R)forall R>0.

Lemma (3.11). — Suppose that D, _is an algebra (i.e. f, geD,_implies f.geD, ).
Then D, is an algebra. Given f, geD, (D), define

QU 9=A.(f.9)—f-Acg—gA.f (= (f.9)—f S g—g o ).

If f,geD,_, then

t
<Xf(t)Xg(t)_ J Q(f. 9 (x(w) du, A,, PO,x)
0
is a martingale for all xeR?, where

(3.12) X, ()=h(x(t)— jt A h(xw)du, heD,.
0

In fact, this uniquely determines Q(f, g) for f, geD,_up to a set of null potential. In
particular, for feD, UD,, Q(f, /)20 except possibly on a set of null potential.

Proof. — The first assertion is trivial. ~All of the other assertions follow easily from Roth’s
article [7] (¢f. also Kunita’s paper [35]).
QED.
Note that if f, ge C2(R?), then Q(f, g)=(V f, aVg). In particular, if x;(x)=x;(xeRY),
Q(x:, xj)=a’. Also, from the non-negative definiteness assertion about the quadratic

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



118 D. W. STROOCK AND M. YOR

form Q, one can easily deduce
Q£ 9*=Q(f, Q. 9)
up to a set of null potential.

Lemma (3.13). — Assume that D,_is an algebra. Given feD, n C,(R?), define

a(x) Q. M)
Q. ') Q(f. )

Qx1, f)
where Q(y, f) denotes the vector : . Then for any @€ Cg (R**!) and xeR*:

Q. /)

(3.14) c,(x)=< )eR““@R"“, xeRY,

(B.15) o (x(1), X (1) =0 (x, f(x)

t

L)

0 0xg441

+ JO ZLro(x(u), X, (w)du (g.s., P, )

= ._ZJ a—(p(x(u), X (W) dx ;(u)+ f (), X, W) dX ;(u)

0 axl

where

g d+1 . 62 d a
3.16 = i i .
( ) I 1/2i’jz=‘cf(X) 6xi6xj +i=zlb (x)(?xi

In particular, if 0:[0, c0) xQ— R¢ i:s a progressively measurable function such that

EP""[JI {8 (u), a(x(u))G(u))duil <0, then
0

t 2
(3.17) E"M[(X r(O=fx)— J < 8(u), dx (u) >> ]
0

=EPn,»[jt (‘”“’)Tc,(x(u))(e(“)>du]-
o\ —1 -1

Proof. — The first assertion will be proved once we have shown that
t
(ij(t)Xf(t)—J Q. f)(x (W) du, r//{trPO,x>
0

" is a martingale for all feD, nCy(R%, 1£j=d, and xeR".
To this end, choose a sequence { p, }5* <C§ (R?) such that
Pa0)=0, pix)=1 for |x|=n,
and
sup sup| ()| v | py/ (9)] <co.

nz1 xeR!
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Let g,(x)=p,(x;). Then
<Xg"(t)Xf(t)_ JOQ(gn’ f)(x(u))du, '///tx PO,x>

is a martingale for all n21. Furthermore, using the estimates |g,(x)| <C|x;| and
Q@n /)*£QWY4 9.)Qf, )=(Vg,, aVg,)Q( £, HISCQ(, 1),

one easily sees that the desired result follows upon lettingn — oo.  Given the first part of the
Lemma, the second part is an immediate consequence of Itd’s calculus for stochastic
integrals.

QED.

THEOREM (3.18). — Assume that P(t, x, ') is Feller continuous. Then P, ,eext(%, (s, x))
~for all (s, x)€[0, 00) x R if and only if each of the following two conditions holds:
(@) D, is an algebra; _

(b) foreachfeD, nC, (R?), the set T ; of x € R*such that < _(_)1 )e Range (C ,(x)) has null
potential.

Proof. — The proof of necessity relies heavily on Meyer’s theorem [3] which says
that D,_is an algebra if and only if for every continuous square integrable martingale
(M(2), #,, P, ,) there is a progressively measurable m:[0, c0) xQ — [0, o0) such that

t
<M2 (t)— j m(u)du, #,, Po,x> is a martingale. With Meyer’s theorem, it is clear that
0

the necessity of (a) is an immediate consequence of Theorem (2.7). To show the necessity of
(b), note that if P, ,eext(%, (0, x)), then for feD, N C,(R?):

S @)= f(x0)— Jt Asf (x(w)du= j0<9(u), dx(w)) (a.s., Po )
0
with 0 : [0, 00) x Q — R* previsible and satisfying

EP‘“[ * {0 (u), a(x(u))G(u))du] <00, t>0.
Jo

o [7(09) et " )] o
L J O - -
0\’ 0 .
Butcl“f={x:(306R")<_1> C,(x)<_1>=0},and so I' ; has null potential.

Conversely, assume (a) and (b). Given feD, nC, (R?), we can use a standard selection

T 6
principle to find a measurable 0:R¢— R“ such that (6_(3;)) C ,(x)< _();)> =0 for

Thus, by (3.17):
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x¢TI' ;. Furthermore, by (3.17):
EPe- [(xf(t)—f(x)— J <O (x(w), dx () >) ] =0.

In other words, (3.8) holds for all feD, nC,(R?). But because P(t, x, I) is Feller
continuous, {(f, A, f): feD, nC,(R%} is weakly dense in graph(A). Thus (3.8) holds
for all feD,, and so P, ,eext(%, (0, x)).

Q.E.D.

Unfortunately, Theorem (3.18) does not provide a very practical criterion for
extremality. Nonetheless, with the help of the next lemma, we can use Theorem (3.17) to
arrive at a more workable sufficient condition.

Lemma (3.19). — Assume that the second order coefficients a(x) are continuous
at x°. Also, assume that P(t, x, I') is Feller continuous and that D,, nC,(RY is an
algebra. Then for each feD, nC,(R?) there is a version of C(.) which is bounded
everywhere and continuous at x°. Furthermore, if f€ D, nC, (R%) is Lipschitz continuous

at x°, then ( 01 >¢Range C,(x).
Proof. — The first part follows easily from the fact that
As: D, nCy(RY) - Cy(RY).
To prove the second part, define

x()=(1/e)(x(e* t)—x°),
ye(t)=(1/8) (X, (€? 1)~ f (x°)),

and let P* on C([0, o), R?*!) denote the distribution under P, .. of (XSE;) Then

e\

Pfe ¢, (0, 0), where

S d+1 . 2 a@ D
— ij i .
L, 1/2“Z=IC,(X +£X) 5%, 0%, + i;ab (x +8x)6xi

Hence, it follows that P¢ — P as ¢ | 0, where P is the distribution under (d + 1)-dimensional

. . f 0 .\
Wiener measure # of C ;(x®) x(.). Inparticular, if ( 1 >e Range C;(x°), then it is easy to

check that -
P(|>“c(l)| <1 and |x,,+1(1)| >M)>0
X1
for all M >0, where £= . On the other hand,
X4
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P.(|£(1)] <1 and |x,444(1)] >M)

- 0,,‘.,<|xe(1)|<1'amd

f(sxs(l)':xo)—f(xo) _Sjl Asf(X(Ez v)dv
: V]

>M>—>0
as €]0, solong as

[fW—=f 9]

M>My=1lim sup Ol

310 |y—x°| <8 ly—x
Hence

P(|£(1)| <1 and |x44, (1)] >M)

<limP(|£(1)| <land |x4+;(1)| >M)=0  for M>M,.
el0

0

In particular, ( 1

) #Range (C;(x%).

QED.

THEOREM (3.20). — Assume that P(t, x, I) is Feller continuous and that D, N CR%isan
algebra. Also assume that there is a set Ty of null potential such that the second order
coefficients a(.) of L are continuous at each x¢ I’ and that every feD, N C(R?)is Lipschitz
continuous at all points outside a set T ; of null potential. Then P ,eext(€, (s, x)) for all
(s, x)e[0, 00) xR4.

Proof. — By Lemma (3.19), the hypotheses guarantee that for each feD, n C(RY),
0, .
( 1 >¢Range (C;(x)) for x outside a set of null potential.

Once one has this, the rest of the proof is word for word the same as the proof of sufficiency
in Theorem (3.18).
: QED.

CoRrOLLARY (3.21). — Assume that a(.) is continuous and that P(t, x, I) is Feller
continuous. If

D, nCRYc{feCR)NC'RY):(V S, aVf)eCRY},

then P,  eext(%, (s, x)) for each (s, x)€[0, o) xR?.

Proof. — In view of Theorem (3.20), we need only check that D, n C(RY is an
algebra. To this end, we use the results of Dynkin [8] which show that fe C(R¢)isin D a, if
and only if lim (EP>= [ f (x (t.))] — f (x))/EF*= [1,] exists for all x e R¥ and defines an element of

. el0
C(R?) (which is, indeed, A, f), where
te=inf{r20:|x(t)—x(0)| 2¢}.
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Now suppose that feD, n C(RY. If EPe-[1,]< o0 for 0<e<g,, then

B [ )=/ () _ B U k)= f 0] B G —f ()
erd 0 el TR

for0<g<g,. Thesecond term on therighttendsto2 f(x)(A;f)(x)ase|0. Tohandlethe
first term, note that

EP=[(f (x(te))— f ()] = f ﬂ(x) of () EPes [(x; (t,) — x;) (x (1) — x ;] + 0 (€?).

§ 721 0x; 0x;
But

(lx(t)—x|2— Jl Tracea(x(u))du—2jt (x@)—x, b(x(w))du, #,, Po,,>
\ 0 0

is a martingale. Thus if E?=[t,]< oo, then

EFo- [ jtt Trace a(x (u)) du] =g2—2FPe- l: J A (x(w)—x, b(x(w)) dujl
0

0

and therefore lim (1/¢*) EP~[1,]>0. At the same time

el0
EPo. [Xi(TS)E_pofi[)T();j(rS)—-xj)] - aij(x)‘ as 0.
Hence
Po.x —_ 2 el0
B WG CD SO g oy (o
' [Ts]

and so EPos (2 5

fim B X CD= TG oy 425 ()AL £ ()

el0 E"e- [Ta]

at x such that EP+[t.]<oo for small enough £. Next suppose that E[t.]=co for all
£>0. Then, according to Dynkin’s theory, Py ,(x(t)=x, t=0)=1. Hence in this case
a(x)=0and A, f(x)=0. Thus once again

=l VALCT L) Rt A

im 5

€lo E"=[1,]

Since v/ aV f)+2f A, feC(RY), this completes the proof.

=V aVH)x)+2f(x)Af ()

QED.
Section (4)

This section contains several examples of L’s for which it is possible to classify all the
extreme, strong Markov, time-homogeneous selections from J . Unfortunately, no
general schema has grown out of these examples. In fact, we find these examples to be
convincing evidence that a general procedure is going to be hard to come by.
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Example (4.1). — Let d=1 and let a:R! - [0, o) be a bounded continuous function
whose zeroes are isolated. Assume further that

T
“4.2) supJ dtjg(t, y’—x)%y)dy<oo, T>0 and R>0,
|x|sR J O R!
where
1 272,
g([, x)= We—x /2 .

We are going to study ", withL=1/2a(x)0?/0x?. Infact, what we are going to do is show

-that every time-homogeneous strong Markov selection from " is Feller continuous and
that every Feller continuous time-homogeneous strong Markov selection consists of extreme
elements. Combining these facts with Theorem (2. 11), we will have thereby ended up with a
reasonably satisfactory description of X", .

To prove that every time-homogeneous strong Markov  selection
{P, x:(s, x)€[0, o0) xR*} is Feller continuous, we proceed as follows.Let B(.) be a
1-dimensional Brownian motion. Using (4.2), one can easily check that if t,(.) is
defined by

———ds=t, t=0,

T (t) 1
j o alx+p(s) -

then, almost surely, t,. is a continuous increasing function such that T, (0)=0and 7, (t) T oo as
t1oo. Moreover one can see that if P2, on (Q, #) is the distribution of
x+B(t.((-—s)v0),then P2 €%, (s, x)(¢f Thm.6.5.2in[S. and V.]). Infact,if§<mnand
a(.)>0 on (§,n), then for any Pe%, (0,x), P equals P, on M. Where
T, p=inf{£20:x(t)ZE n)} (¢f. section (6.6) of [S. and V). In particular, we have
that if feC,(R") and u(t, x)=EF[f(x(t))], then

u(t, )=EP=[f (x (1)), T, m>t] +EP [u(t =T, nyr X (T, p)s T,y 2]
so long as a(.)>0 on (§, n). But it is a simple matter to check that for each £>0:

HmPY . (T, n>€ OF X(T(, ) #E) = ImPY 4 (T, g>€ OF X (T, ) #M)=0.
xlE xTn

Hence, for any £ <n such that a(.)>0 on (§, n),

u(t, &) as x]E&,
ult, x) =~ u(t,n) as xtn.

Because the zeroes of a(.) are isolated, we have now proved that { P , :(s, x)€[0, o) xR! }
is Feller continuous.
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Our next step is to prove that if A is the strong generator of { P, .:(s, x)€[0, 0) xR},
then every feD, nC(R!) is locally Lipschitz continuous, feC?({x:a(x)>0}), and
A;f=Lf on {x:a(x)>0}. To this end, it is enough to prove the second and third
properties of f, since the local Lipschitz continuity will then be obvious from (4.2). But

(x(t), #,, Py, ) and <(x (t)—x)*— jt a(x(w)du, #,, PO,x) are martingales.

o

Thus, if t,=inf{t20:|x(t)—x(0)| 2&} and P, ,(t,<o0)=1, then

T

4.3) Py . (x(t))=x+€)=1/2 and EP‘“[J 'a(x(u))du] =2,
(1]

In particular, if a(x)>0, then we have:
Py (x(t)=x+g)=1/2 and  EP=[t]=¢€*/a(x)+o(e?)

for small e>0. Hence, by Dynkin’s formula

@8 A= timET L EEISW] L S+ (=) -2 )

el0 EP[r] 2 el0 2

when a(x)>0.

This proves both that feC?({x:a(x)>0}) and that A, f=L f on {x:a(x)>0}.

We now want to show that P, . eext(%, (s, x)). Suppose that we have done this under
the additional assumption that a(x)2e¢, |x| 2R, for some £¢>0 and R>0. Then, using
Theorem (2.4) together with an easy localization argument, we will have proved the general
case. Thus we will assume that a(x)=¢&>0 for |x| =R. By the preceding paragraph, if
feD, nC(R?), then feC?*({x:a(x)>0}) and

B [£2 (x (t))] = f2 (%)

tlﬁ)l EPO" [Te]
B[ (e~ f (9P EP [/ (x ()= £ (9
SR 2 B

=a(x) ()P +2f )L f()=al)(f' X)) +2f XA, f(x) |

whena(x)>0. Nextsupposethata(x)=0. We distinguish two cases: x is absorbing and x
is not absorbing. In the absorbing case

lim B [£2 (x (t))] = f (%)

€l0 EPO.x [Ta]

=0=2f(x) A, f (x).
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In the non-absorbing case, there is an g, >0 such that EP*= [t.] < oo for all 0<g<g,. Thus,
by (4.3),

1 “
z;—ZE""'*|:J‘0a(x(u))dui| =1 as &=Zg.

Since a(x)=0 it follows that

1
E_zEP“[Te] —-o as €l0.

Hence, since f is locally Lipschitz continuous

- B[220 . B [(f (x(r) = f (%))
{;llr()n EPG" [Ta] - !-_llrf)l EPQ"‘ [Te] +2f(x)Asf(x)':zf(x)Asf(x)’

We have therefore shown that for feD, nC(R?Y):

lim
€l0 EPO' * [t a]

B [2(x (e )] —f2(x) _ [2f A S (X)+a()(f () if alx)>0,
= 2f (A f(x)  if a(x)=0.

Since f is locally Lipschitz continuous, we conclude that

B[R0
Feo=lim = %r 1]

eC(R}Y

when feD, nC(RY). Finallysince A, f - Oat infinity and a(x)2&>0for | x| ZR, we see
that f”'(x) - 0 as | x| > co and that F(x)—a(x)(f'(x))* >0 as | x| > co. But f -0 and
f"" =0 at co imply f’'—0 at oo, and so F —> 0 at co. In other words

5 EPos [f2 (x (t )] — f* (%)
1m

€10 EPox[t,]

eCRY).

By Dynkin’s theory, it follows that f2eD, nC(R").

To summarize, we have now shown that every time-homogeneous strong Markov
selection { P, ,:(s, x)€[0, o) xR} of A" is Feller continuous and consists of extreme
elements. One can go further. Namely, it is possible to describe the generators of all these
Feller selections. In a particular case, this was done by Girsanov [9]; and the general case
can be deduced from the particular one by localization.

Example (4.5). — An interesting feature of the preceding example is that all time-
homogeneous strong Markov selections turn out to be Feller continuous. We now give an
example in which things are even better: namely, there exist precisely two time-homogeneous
strong Markov selections both of which are strongly Feller continuous.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



126 D. W. STROOCK AND M. YOR

Let d=1, G=R'"\ {0} and define
' 0* 0
L=1/2XG (x)——axz +X{0} (X)'é‘;

Since the coefficients of this L are discontinuous, we must first check that 4 L is a Krylov
system [i. e. condition (a) preceding Lemma (2. 8) is fulfilled].

LEMMA (4.6). — For each xeR', #y €%, (0, x), where Wy, , denotes 1-dimensional
Wiener measure starting from x at time 0. Furthermore, if x, — x and P,€%, (0, x,,), then
{P,}7 is relatively compact and every limit is an element of €, (0, x).

9]

Proof. — Since Wo,x(f x{o}(x(t))dt=0)=1 for all xeR!, it is clear that
]

Wo, €%, (0, X).

To prove the second assertion, first note that { P, }{ is relatively compact because the
coefficients of L are bounded. Next note that Pe %, (0, x) if and only if P (x (0)=x)=1 and
for all feC{ 2([0, co) x RY) satisfying (0 /0t)+(8f/0x)) (t, 0)=0:

(f(t, x(t)— J:XG (x(u))(%? +1/2?:T{>(u, x(u)du, A ,, P>

is a submartingale. The “only if”” statement is easy.

To see the “if” direction, éuppose that P satisfies the submartingale condition and that
P(x(0)=x)=1. It is then easy to check that for every A>0:

eAx(t)—(A2/2) t+e—rx(t)—(\2/2)t, M,, P)

is a supermartingale. In particular, EP[ sup eA|x(t)|]<oo for all A>0 and T>0.
0<t=<T

Using this estimate, it is now a simple matter to check that

@) +x(t)—t, M, P) and (xz t)— jt Y (x (W) du, 4 ,, P>
0

t

are martingales. Thus (x(t)— f X(oy (x W) du, A, P) is also a martingale. Now, let

0o

feC& (RY) and define f(x)=f(x)—-f’ (0)x. Then
(7(x(t))— Jr X 172 f")(x (W) du, A, P)
(1]

is a martingale; and so

S ee(e)— f ;Lf(x(u))du=f (x(1)— j ;<xc, 172 1) (e () du
+f’(0)<x(t)~ J ;x{o}(x(u))du)

is a P-martingale. In other words, Pe %, (0, x).
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In order to complete the proof, suppose that P, - P. Clearly P(x(0)=x)=1, and so we
need only check that P satisfies the submartingale condition. This in turn will be done if we
show that for feC,(R'), 0=t, <t, and bounded continuous .#, -measurable F:Q — R":

E” [F f (Ot ) (x @) du] = lim E™ [F J Ot /) (x @) du}

t n- o

In other words, we need only check that

supEP"[Jox(o,e)(h(u)l)du]—»0

as €0 for each t=0. For this purpose, choose neCg (R?) so that 0Sn<1, n=1 on
[—1, 1], and n=0 off of [~ 2, 2].

Set Y (x)= fxdyfy n(t)dt and V. (x)=V(x/e). Then |V, (x)| S(c/€)|x| and therefore

EP- [JOX& a)(|x(u)|)du] <EP [Jo(xc n)(x(u)/e)du:]

—22E" H (6 1/292) (x (1) du}
0
262 (BP [, (x (O] Ve (x) SC (D).

QED.

We now know that 2’ is a Krylov system and therefore that the results of section (2)
apply. Furthermore, {#; ,:(s, x)€[0, o) xR'} is one time-homogeneous strong
Markov selection from J¢"; consisting of extreme elements. We will now construct a second
one. Namely, from results in [10], there is for each (s, x)€[0, ) x[0, ) precisely one
Q;, €%, (s, x) such that Qg ,(x(t)=0 for t=s)=1. We now define Q, , for
(s, x)€[0, o0) x(— 0, 0) by

Qux=%5:®., 00 where 14(.)=inf{t20:x(t)=0}.

Then, since for any xeR! and Pe ¥, (0, x), P equals #7, . on M., it is clear that for each
(s, x)€[0, 00) xR?, Q . is the only Pe ¥, (s, x) such that P(x(t)20, t=1o)=1. From this
uniqueness property, it is easy to see that {Qs,x:(s, x)€[0, ) le} is a second time-
homogeneous strong Markov selection from ;. In particular,

E® [f (x()]=E*** [f (x(1)), to> ] +E**+ 20 [f (x(t =0 ()], To (=11

Hence, {Q, ,:(s, x)€[0, o) xR'} is not only Feller continuous, it is strongly Feller
continuous. Finally, Q, ,eext(%y (s, x)) for all (s, x) since if Q, ,=0P,+(1—-06)P, with
0<0<1 and Py, P,€%, (s, x), then P;(x(¢)=0, t=210)=P,(x(¢)=0, t=19)=1 and so
P,=P,= Qs, x*
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Lemma (4.7). — Let {P, ,:(s, x)€[0, co) xR' } be a time-homogeneous strong Markov

selection from X', . If P°’°<J x{o}(x(u))du>0) >0, then P, ,=Q,, for all
0
(s, x)e[0, ) xR, If PO,O(J X{0} (x(u))du>0> =0, then P, =W  for all (s, x).
V]

Proof. — We prove the last part first. Indeed, by time-homogeneity and the strong

Markov property, P, o (J X{oy (x () du>0) =0 implies P‘»"(j X(o} (x (u))du>0) =0
0 0

tvs

for all (s, x). But this means that <f(x(tvs))—-j dul/2 f" (x (), #,, Ps,x> is a

s

martingale for all feCg (R?), and so P, ,=%", ,.

We next observe that { P, ,:(s, x)€[0, o) xR'} is Feller continuous. [The proof is
exactly the same as the one that we just gave for { Q ,:(s, x)€[0, ) xR'}]. Thusif A,
and A? denote the strong generators of {P,,:(s,x)€[0, 0)xR'} and
{Qs, x:(s, x)€[0, 00) xR? }, respectively, then we will be done once we show that

PO’O<J:X{°} (x(u))du>0> >0

implies that D, NnC(RY)€D,, nC(R') and A, f=A? f for feD, nC(R).

Assume that Py , <J X(o} (x (1)) du>0> >0 and set
0

C=inf{t;0:jt X0} (x(u))du>0}.
(4]

Then, Py o({<0)>0. Moreover, by the Blumenthal 0-1 law, Py o((>0)e{0, 1}. If
Po,0((>0)=1, '

C+e
Po,0(C< Oo)=Po,o<J\0 X{oy (x (w)du>0, C<°0)

€

=Po,o(§<°0)Po,o(J X{o0} (x(u))du>0)

0
el0
— Py, 0((<0) Py o((=0)=0.
Thus, Py o(({>0)=0. Next set @(x)=x2>+x. Then Lo=1 and so for all R>0:
EPoo [ty At]=EPc [ (x (1 At)]SRZ+R, t=0,
where 1, =inf{¢20:|x(¢)] 2R}. From this it follows that

(4.8) EPoo [1,]=R2+EP [x (1)].
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t
Since (x(t)— j X0y x (W) du, M,, Py, 0) is a martingale, we have:
[}

4.9 EPee [x(1g)] =EPe° [ Jt: X{op (x () du] =a >0

because Py o ({=0)=1. Now define p =P, o(x(tg)=R). Then for 0<R; <R;:
Pr,=Po o(x (tr,)=Ry)
=pg, Po g, (x(tz,)=R3)+(1—pg, )Py, _g, (x(t,)=Ry)

_ Rz_Rl RI R2_R1 _ Rl Rl
—I’R,< R, PR,"‘RZ +(1 PR,) R, pR,_Rsz,+1 R_2 DR,

and so pg =pg,. (We have used here the fact that P, , equals #7 , on #, ). Thus,
from (4.9),

. (4.10) ap=0o; R, R>0

where
4.11) O<oa;=2p,—1.

We can now compute A, ffor feD, n C(RY). For x#0, it is clear from Dynkin’s formula

that A,f (x)=1/2f"(x). Thus feCZ(R*\ {0}), lim f"(x) exists and f"" >0 at co. In
x—>0

particular, fe C{ (R!). Moreover,

AL (O =lim B/ GEN=1O) _ . pif @ +1—p)f (-8)=](0)

li

210 EPoc[t] ¢10 g24a,€
i VIO OO af@anf =9
€l0 € +0£18 € +a18

Thus D, nCRYHcF={feCR'): feCZR'\ {0} lim f"(x)=0, and

|x]
f'(0)=1im 1/2 "' (x)} and for feD, NnC(R"):

x=0
x#0

_f12f"(x) if x#0,
Asf (x)_{f’(O) if x=0.
Since it is simple to show that D,, N C (RY) =4, the proof is now complete.

QED.

We have now shown that { #°; ,: (s, x)€[0, o) xR* } and { Q, ,: (s, x)€[0, c0) xR* } are
the only time-homogeneous strong:Markov selections from ', .  Note that both these are
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strongly Feller continuous. Finally, all elements of €, (s, x) can be obtained from these two
selections by the procedure described in Theorem (2.11).

Example (4.12). — In the preceding examples, the time-homogeneous strong Markov
selections of extreme elements all turn out to be Feller continuous or better. We now give an
example in which this is not the case.

Letd=2andleta: R¢ - [0, c0) be a bounded continuous function such that a(0)=0, a(.)is
uniformly positive on R4\ B(0, &) for each £>0, and L (1/a(x))dx<oo. Set

©
L=1/2a(x)A. We will show that there are exactly two time-homogeneous strong Markov

selections of extreme elements from ", , one of which is Feller continuous and the other one
is not.

Note that for all xeR¢,

t
E” o+ —— _dul<oo for all t>0
P U 0 a(x(w) “]

and

! 1
Joa(X(u))duTOO as tfoo (a.s., %o,

where #, . is d-dimensional Wiener measure starting from x at time 0.
Thus if 1(.) is defined by

. ] ,d >0
u=t, t=0,
Jo a(x(u)

then #°, ,-almost surely: T(0)=0, t(.) is continuous, and t(¢)foo as t1co. Finally,
if Q;, on (Q, #) is the distribution of x(t(.—s)Vv0)) under # ,, then
{Qs,x : (s, x)€[0, o) xR?} is a Feller continuous, time-homogeneous, strong Markov
selection from 4 .

We next show that if x#0, then € (s, x)={Qs,x}. Indeed, by an easy random time
change argument, one sees that any Pe®% (s, x) equals Q,, on .4, , where
to=inf{t20: x(1)=0}. But Q, ,(t1o<0)=#", .(1o<c0)=0, and so we conclude
that P=Q; ,.

LemMa (4.13). — Let oy =inf { t=5: x(¢)#0} and let P° € M (Q) be the measure such that
PO(x(t)=0, t=0)=1. Then for any Pe%, (s, 0):

4.14) P=P(o‘3=oo)P°+J P°®,Q, o P(cfedr).

s

In particular, Pe %, (s, 0) equals Qo if and only if P(ch=s)=1; and therefore Q,  is
extreme. Also, Pe%, (s, 0) is extreme if and only if there is a te[s, o] such that
P(ocy=t)=1.

4° SERIE — TOME 13 — 1980 — nN°1



ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 131

Proof. — We may and will assume that s=0, and we will drop the superscript on c%.

To prove (4.14), define o,=inf {¢=0: |x(t)|2e}. Then c.|c,. Given a bounded
continuous ®: Q - R!:

B [@] A, , J=E o 305000 [0] (s, P)

for all >0 and t=0. Letting ¢ | 0 and then ¢ 00, we obtain:
EF [®] My, 1= %} (G0 (N E™ [B]+ %, ) (G0 () E 20202000 [];

and clearly (4.14) follows from this.

Next, it is obvious from (4.14) that P=Q, , if and only if P(c,=0)=1; and the
extremality of Q,, , is immediate from this.

Hence Q,ocext (€ (t, 0) for all ¢=20; and so, by Theorem (2.4),
P°®,Q, ceext (€, (0, 0) for all t=0 [since P is obviously in ext (¥, (0, 0)). From here
plus (4.14), it is clear that Pe%, (0, 0) is extreme if and only if P(oc,=t)=1 for some
tel0, oo].

We now have the following facts:

(i) {Qj, x:(s,%)€[0, 00) x R*} is one time-homogeneous strong Markov, Feller continuous -
selection of extreme elements from ¢ ;

(i) if Peext (%, (s, 0), then either P=P° or P=P°®, Q, , for some te[s, c0);

(iii) if x#0, then G (s, X)={Q, . }. Thusif {P, ,:(s,x)€[0, o) xR?} is a second time-
homogeneous strong Markov selection of extreme elements from ' , then P ,=Q; ,
for x#0 and either P, ,=P° or P, 0=P°®,0+s Q4,0 for some t,€(0, ).
Butif P, ,=P°® Q,,+s.0 for some t,€(0, c0), then by the Markov property

to+s
Po,0(00=10)=Pg o(0o=t¢, x(tg)=0)=E°[P, . (co=to), x(to)=0]
=P, o(c0=to) Po,o(x(ty)=0)=0

since P, (0o=t0)=P° ®,, Q,,0(00=1t0c)=0. On the other hand,

Po0(60=tg)=P°®, Q, o(co=to)=1.

Thus it must be that P, ,=P°.

We have therefore shown that there exist exactly two time-homogeneous strong Markov
selections { P, ,: (s, x)€[0, o0) x R"} of extreme elements from ;. In both selections,
P, ,=Q, , for x#0; and in one of the selections P, ,=Q; o, while in the second one
P, c=P° In particular, since { Q, ,: (s, x)€[0, 00) x R*} is Feller continuous, the second
selection cannot be. Perhaps it is worth noting at this point that exercise 12.4.2 in
[S. and V] provides an example of a continuous coefficient L for which there are no Feller
continuous selections from J7 .

Example (4.15). — We present one last example. This example displays no new
phenomena but it does show just how complicated the structure of #"; can be even for rather
simple L's.
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Let d=2 and define

1 2xy,

2+ 2

a(z)= 2Xy y
x24y?

for z=(x)eR2‘ We are going to study ', when

\ 11 62 12 az 22 62
L=1/2 — +2 — — ).
/ <a (2) E +2a (Z)axay +a (Z)6y2>
Note that since a (. ) is discontinuous at 0, it is not altogether obvious that /¢ is a Krylov
system. On the other hand, for any zeR?, x(.) under P(e%, (0, z)) is a 1-dimensional

t

Brownian motion starting from x. Hence, lim sup sup EF I:j Xo.9(|2W)]) du] =0
£l0 zeR? Pe¥L(0,2) 0

for all t >0 [which-in particular-allows us to have neglected defining a (0) !], and from this fact

it is easy to see that ", is a Krylov system (cf. the proof of Lemma 4. 6).
In fact, if P,e%, (s,, z,) and (s,, z,) = (s, z), then every limit of { P,,} is in €, (s, z). Set
E={zeR% x=y or x=—y} and define

e =inf{t20: z(¢)eE}.

Since a(.)is continuous and non-degenerate on R?\ E, it is a simple matter to show that for
each zeR?>\ E, all Pe %, (0, z) agree on /.

LemMa (4.16). — For all z°cR?*\ E and all Pe %, (0, z°):

1/2 ©
Prg=1)= 2 e ?duy  and  P(z(1z)=0)=L1.
T |x°|v|y°|/!'/2

For all z°€E, P (z (t)eE, t=0)=1if Pe%, (0, z°).

Proof. — By symmetry, it suffices for us to look at z®eR2*\ E such that
0<|y°|<x® ForR>x° define %, ={z: 0<|y|<x<R}andlet{; and oy be the first exit
times from &, and { z: 0<x <R }, respectively. Then{; <oy forallR>0,{; Ttz asR 1 oo,
and because x(.) is a 1-dimensional Brownian motion under P:

12 foo .
‘lim P(O'Rét)=<%> J‘ e‘“z/zdu, t>0.

R-Too x0/t12
We now want to show that P ({; =ogz)=1forall R>x°. To thisend,let ¢ (z)=x2—y?and
note that E={z: ¢(2)=0},Vo#00on EN\ {0},and Lo=( V¢, aVp )=00n E. Thus, by
Lemma (7.2) in [11], P(z(tz) e E\\ { 0})=0, and clearly the equality P ((z = o) =1 follows
from this. Finally,

P(2(G)=0)=P(x(07) =0) = =2

-1 as R1too.

Thus the first part of the lemma has been proved.
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To prove the second part, let z°cE be given and define ¢ as above and
n(t)=¢(z(t)). Then, for any Pe %, (0, z°), (n(t), #,, P) is a martingale. Furthermore

(n’(t)—4f (M>W/|z()|*) du, A, P>
0

is also a martingale. Hence there is a 1-dimensional Brownian motion B(.) and a
progressively measurable function o (.) such that 1 (.) under P has the same distribution as

E,,(.):f. o(u)dB(u)and c?(.)<4|&(.)|. But, by theresult of Watanabe and Yamada[12],
0
this means that £(.)=0 a.s.; and so P(n(t)=0, t=0)=1.

QED.

LemMA (4.17). — Letto=inf{t20:z(t)=0}. ThenforeveryzeR*andPe%, (0, z),Pis
uniquely determinedon M .,. Furthermore, for all ze R2andPe%, (0, z),t,(.) is continuous

at P-almost all ® and
I\1/2 [
e[ o
s |"|V|Y|/'m

Proof. — The uniqueness statement when z° ¢ E is obvious from Lemma (4.16) plus the
uniqueness of Pe%, (0, z%) on .#, . When z°€E, then the uniqueness statement is a
consequence of the fact that P (x (t)=sgn (x° y°) y(t),0< t <t,)=1 plus the fact that x (.)isa
1-dimensional Brownian motion starting at x° under all Pe %, (0, z°). Furthermore the
distribution of 1, under Pe %, (0, z°) is an easy consequence of Lemma (4.16).

To prove the almost sure continuity of t4(.) under any P from ", assume that
Pe%, (0, z°) where 0=|y°|<x°. Then, by Lemma (4.16), 1o=0, (a.s., P) where
co=inf{20: x(t)<0}.

But 6 (.)is P-almost surely continuous because x (.) under P is a 1-dimensional Brownian
motion and therefore o, =inf{>0: x(t)<0} (a.s., P).

LemMa (4.18). — Let { P, .: (s, 2)€[0, o) xR?} be a time-homogeneous strong Markov
selection from o'y . Then {P, : (s, 2)€[0, o0) xR?} is Feller continuous. Furthermore,
two such selections { P ,: (s, z)€[0, c0) xR? } and { Q, ,: (s, z)€[0, o0) xR? } are equal if and
only if Po 0=Qo,0- .

Proof. — Clearly for any feC, (R9 and ¢t>0:

EPe: [ f (z(e)] =P [£ (2 (1)), To>t]+EPo [ET00 [f (2 (=1, ()], To()<1].

Since P, , is uniquely determined on .# , and P, o, s>0, is uniquely determined by P, ,, the
last assertion is obvious. Furthermore, from the expression for the distribution of 7, (.) given
"in Lemma (4.17), it is clear that the second term on the right is continuous as a function
of z. To prove that the first term on the right is continuous with respect to z, note that:

EPe: [£(2(1), 19> t]=E" [f (z(t A 1)+ ()P, , (1o>1)
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wheref( )=f(.)—f(0). Now suppose that z, - z. Then by the discussion preceding
Lemma (4.16), every limit of {P0 .. },, 1 is an element of %, (0, z). Hence, because all
elements of %, (0, z) coincide on .4, , E F0.2 [®] — EPe [®] for all bounded M, -measurable
®: Q - R*! which are Py, ,-almost surely continuous. But by Lemma (4.17), f (z(t A Tg))is
such a @, and so the proofis complete, as P, (t,> t)is continuous [again by Lemma (4.17)].

QED.

LemMa (4.19). — Let y=inf {¢20: |x(t)|=€}. Then for all Pe%, (0, 0) and £>0,
EP[y]=¢2. Furthermore, for each 0Sa <1, there is a unique time-homogeneous strong
Markov selection { P2 : (s, z)€[0, o) x R?} such that P% o(x(y,)=y(y,))=0.

Proof. — The first assertion is trivial, since x(.) is a 1-dimensional Brownian motion
starting at O under any Pe%, (0, 0).

To prove the existence of {P;,: (s, 2)€[0, 0)xR?}, it suffices to construct
{P2.: (s, 2)€[0, o) xE}, since we can then deflne P:  forz¢ Eby: P ,=P®
where P is any element of € (s, 2).

To construct { P2 .: (s, z)€[0, o0) xE }, let 0Sa < 1 be given and set a=1—a. For x, {20,
define

To(.) 1o(~), 0>

Pa(t, (£, £x), (2§, £E)=g(t, x—E)—ag(t, x+&),
Po(t, (£x, £x), (FE, FE)=ag(t, x+E),
pa(t, (£x, £x), (2&, FE)=0ag(t, x+&),

Pa(t, (Fx, £x), (FE, £E)=9(t, x—&)—ag(t, x+§),
Po(t, (Fx, £x), (£&, FE)=ag(t, x+E&),
Po(t, (Fx, £x), (&, £E)=ag(t, x+E);

where g (t, n)=(1/(2 nt)*/?) e="/**. Next, for zeE and '€ &, define

P.(t, z, 1")='[ pa(t, z, &, &))d§+J pa(t, z, (=§, E))dg
{£20: € Yer}

{£20: (-, E)eT'}

+J Pa(t, 2, &, —&))d§+J Pa(t, z, (=&, —E))dE.
{£20: € -9erl} (£20: (=&, —)eT’}

It is then easy to check that there is a Feller continuous time-homogeneous Markov family
{P2.: (s, 2)€[0, o) xE} of probability measures on C([0, c0), E) having P,(t, z, T') as
its  transition probability function. Furthermore P{.e%,(s,z) for each
(s, 2)€[0, ) xE. Finally, if ae{O0, 1}, then it is clear that P§ o(x(y)=y(y.))=q,
e>0. If ae(0,1), set f(§ &=alg| and f(E, —&)=—alt| for EeR'. Then

Jf(g) P,(t, z, d0)=f(2) for all (¢, z)€[0, ©0)xE, and so (f(z(t)), #. Pj,o) is a

martingale. In particular

aeP§ o (x(Y)=y(y))—0ePg o (x(v)=—y(v))=0
and so PG o (x(y)=y(v.)=0.
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To prove uniqueness, it is enough for us to show that if { P, : (s, z)€[0, c0) x E } is any
Feller continuous, time-homogeneous strong Markov family such that P, ,e %, (s, z) for all
(s, 2)€[0, 0) xE and Py o(x(y,)=y(y))=0, then A;=AF on D,.n C(E), where A,
and A? are, respectively, the strong generators of {P;,:(s,2)€[0, 0)xE} and
{PZ, : (s, 2)€[0, o0) x E} . The first step is to show that if a, =P ¢ (x(y,)=y(y.)), then
a,=ao for all e>0. But a simple argument shows that:

€1 €2 €3
Oy pe, =0, + o, |+(1—o) o, =0 .
€,+€e, €;+¢, €,+¢€,

We next show that
Poo(x(Y)=y(1)=8)=Poo(x(v)=y(y)=—¢)=0a/2
while
Poox(Y)=—y(y)=8=Pg o (x(y)=—y(y)=—¢)=(1-0)/2.

To this end, note that (x(t)+y(t), #,, Py, o) is a martingale and so

0=E"[x(y) +y (¥l =2&Pg o (X (Y)=y () =8)—2€ Py o (x () =y(y)= —¢)
and clearly this shows that

Poo(x(y)=y(v)=€)=Po o(x(y)=y(y)=—€)=a/2.

The proof of the other equality is similar. Using Dynkin’s theory, one can now easily show
that D, n C(E) consists of fe C (E) such that the functions f, (x)=f(x, +x)arein CZ(R"),

lim f}(x)=0, and

|x| = o0
lim %f’i’ (x)=lim iZ(“W +(1—Ot)j‘r:£)‘-‘-7f_ﬂ —f(0)>;
x-0 €l0
and that for feD, n C(E):
21000 i z=(x, +),
AS (@)= % o Lz(ah O+/e(=9) , (_ J-O+/ (=9 _f(0)> -
cl0 € 2 2
QED.

Lemma (4.20). — For each 0<a<1 the family {P3,: (s, 2)€[0, o0) xR?} consists of
extreme elements of A\ .
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Proof. — Because P§,=P;.®, , P& ), and all elements of €, (s, z) coincide on &, it
suffices for us to show that %.0€ext(%, (0, 0). Furthermore, since
P3..(z(t)eE, t=0)=1, z€E, we will know that P§ ,eext(%, (0, 0)) once we have shown
that for all fe D, n C(E) and t20:

t

f(Z(t))—-f(O)—.[0 ASf(z(w)du

isin L! (P% ) closure of

t

{XA (P(z(t2)—o(z(t,)) —JZ Lo(z(u)du: 0st,<t,=t, eCF(R*) and Ae.#, }

t

We will do this by proving that
4.21) f(z(t))=f(0)+jt ef(u)dx(u)+jt Af(zw)du (a.s., P o)
0 0

where

0.(1)= {f;(Z(t)) it x(t)=y(),
TTULew) i x)=—-y

and f, are as in the proof of Lemma (4.19). [Recall that x(.) under P§ , is a Brownian
motion with respect to { .#,: >0} and so the stochastic integral in (4.21) is well-defined].

The proof of (4.21) is an easy extension of Itd’s formula. In fact, since
f+ €CZ(RN\{0}), it is clear that for all n>1 and &>0:
@A )—f(z(on A1)
= J s,gn(x(o‘},).y(c,‘,)) (x (W) dx (u) +J 1/2f, s’g’n(x(c‘:).y(a,‘,)) (x (w) du
where 14 =0 and
oi=inf{t21i_,:|x(1)|=¢}, n2xl,
ti=inf{t=>o%: x(t)=0}, nx1.

N.(1)
Let N (t)=max {n21: ci<t}. Then since (J [ti-,, ofls{u<t: |x(u)|<e} and
1

t
EPéo [J X[O,e]((x(u)l)du:l_)o as €0, we have
0

t

N, (1) TEAL
IZ J i fs,gn(x(c,‘,).y(c:)) (X (u)) dx (u) - Jo ef (U) dX (u)
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and

N, (1) AL t
Z J 1/2 fnxion).yey (X (W) du — Jo A.f (x(u)du
1 M

in L?>(P$,). At the same time

N. (1) N ()+1

fe@)=fO)= Y (fe@Eia)=f@)) + ¥ (flzlehat)=f ({1 A1)

1 1

Thus, we only have to show that the second sum on the right tends to zero in L2 (P$ ,) as
€10. Since each summand in this sum is dominated in absolute value by €, we are left with
proving that

(1) 2
Em[ Y ( f(z(cf,))—f(z(‘tf;—l)))> }—*0
But

A1) 2
E"‘w[ lz (f(z(c:»—f(z(rﬁ-l)») ]=82E‘”“-° [N. ()]

+2 Y ER[(f(e)—f - (f(z(om)—f(z(th-1)), or=t]

1Sm<n

and the second sum on the right can be written

ISZ EU A W) du(f(z(05) — 1 (z (- 1), r;_lér}

™

= 3 E[(fEOD-fEE- DS EON —f E - 1) B St<oi]

1Sm<n

<C(e® EFie [(N (1))*]+&2 E™ [N, (1))

since EPo° [o8—1i_y | M. ]=¢2.

— . L(P.0)
Thus all that we need to know is that lim E¥%° [(eN,(t))?)]< 0. But eN (t)—1o(t),
el0
the local time of x(.) at 0 up to time ¢; and so we are done.
QED.

To summarize, we have now shown that every time-homogeneous strong Markov
selection from ' is one of the processes { P2 .: (s, z)€[0, o) xR?} and that for each
0=<a=1 the process { P2 ,: (s, z)€[0, oo0) x R?} is Feller continuous and consists of extreme
elements from ', .
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Section (5)

In this section, which begins the second part of our paper, we first study the transformation
of continuous martingales under changes of time, and derive from there the main properties
of a particular class of continuous martingales, called pure martingales. .

(Q, A, P) is the basic probability space, endowed with a right-continuous, (.#, P)
complete, filtration (#,),,, [which may be changed, in the sequel, into (#,), or
(#)...]. O(A.)resp.: P (A .)denotes the optional, resp.: predictable o-fieldon Q xR, ,
associated with (.# ).

In agreement with N. Kazamaki [25], we define a (.# ,)-change of time as a family T =(t,),5,
of finite valued, (#,) stopping times such that, for almost all ®, the trajectory t (o) is
increasing and right-continuous.

Given a (#,) change of time T=(t,), and a .# ®% (R ;) measurable process (X,),5,, we
denote by T(4.), resp.: T(X), the filtration (.#, ), resp.: the process (X, ).

If X=(X,), 5 is a (real-valued) process defined on (Q, .#, P), A (X)=(# (X),, t20) is the
smallest right-continuous filtration, composed of (#, P) complete o-fields, with respect to (in
short: w.r.t.) which the process X is adapted. A .# (X)-change of time is also called a
X-adapted change of time. A (,) change of time T=(t,) is said to be X-continuous if,
outside an evanescent set, X is constant on each interval [t,_, T,], and on [0, 7,].

In the following, X is always a continuous (.# ) local martingale with X, =0. Theinterest
of X-continuous changes of time appears in the next.

ProposiTiON (5.1). — Let T=(t,) be a (A ,) change of time. The following assertions are
equivalent:

(i) T is X-continuous;

(i) T(X) is a T(A,) local continuous martingale, with increasing process T ({X)).

Moreover, if Y is another continuous (M ,) local martingale, such that T is X- and Y-

continuous, the only T (M )-adapted, continuous process with bounded variation, associated to
the product T (X) T(Y) is given by

(5.2 (TX), T(V)>=T(KX, Y)).

The main ingredient in the proof of Proposition (5.1) is the following

Lemma (5.3) (Getoor-Sharpe [22]). — X and { X ) have the same intervals of constancy,
almost surely.

Proof of proposition (5.1). — (i) = (ii). — Kazamaki proved in Proposition 1 of [25] thatif T
is X-continuous, then T (X) is a local martingale w.r.t. T(# ).

From lemma (5.3), T is also { X )-continuous; therefore, T is Y-continuous, where
Y=X2?-{X), so that, using again Kazamaki’s result, T(Y)=(T(X))>*—T((X))isa T(4 )
local martingale. As T({ X)) is a continuous, T (.# ) adapted, increasing process, this
proves that

(TX)>=T(X>).
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(ii) = (1). — In particular, T ({ X)) is continuous, i.e.: T is { X )-continuous; therefore,
from lemma (5.3), T is X-continuous.

To show (5.2), we need only remark that if T is X- and Y-continuous, it is (X +AY)-
continuous for any AeR. Thus, from our previous results, we get:
(TX+LY))>=T({X+AY)). Developing w.r.t.A, we obtain (5.2).

We investigate now the effects of X-continuous changes of time on stochastic integrals
w.r.t. X.

PROPOSITION (5.4). — Let X be a continuous (M ) local martingale, with X, =0, and T=(t,)
a X-continuous change of time.

t

IfCis a(#,) optimal process such that: V' t, I C2d{X)>,<o0 a.e., we denote by C.X
0

the stochastic integral J C,dX,.
0

Then, the process T (C) is T(# ) optional, (TC).(TX) is well defined, and
(5.5) T(C.X)=(TC).(TX).

Proof. — 1) If C is right-continuous, and (.#,) adapted, T (C) is right-continuous, T (.# )
adapted, and consequently T (. )-optional. Thus, by the monotone class theorem, if C is
(A ) optional, T(C) is T (4 ) optional;

2) Suppose (7,),5o is a continuous increasing process, not necessarily (.#,) adapted, but
such that T is y-continuous. Then, for any positive Borel function u: [0, cof - R, , one has

1, t
Vi, j usd'Ys_——‘[ U, d(Yr,)r
(V] (1]

which, in short, may be written as
(5.59 T (u.y)=(Tw).(Ty);
t
3) Asa consequence of 2), and of Proposition (1. 1) (ii), the finiteness of J CZd{X),,for
V]

t
every t, implies that of J (TC)2d{TX),, for every t, and so (TC).(TX) is well defined;
0

4) To prove (5.5), we only have to show that:

1= ( T(C.X)—(TC).(TX)>=0

[remark that, from lemma (5.3), T is { C.X ) —, and thus (C. X)-continuous; consequently,
Proposition (5.1) may be applied to T(C.X)]. Developing I, one gets

[=(T(C.X))»—2(TC).{TX, T(C.X))> +(TC)*.(TK X))).
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From formula (5.2), we deduce

[=T({(C.X>)—2(TC).T({X, C.X»)+(TC)2.T(K X))
=2(TO)2. T(KX))—-2(TC)2.T(KX»)=0. O

The above preliminaries on changes of time will play an important part in the
sequel. But, even now, they are helpful to sketch a proof of the Dambis-Dubins-Schwarz
(D.D.S., from now on) result already alluded to in the introduction and to draw several
conclusions from it.

So, let X be a (4, continuous local martingale such that X,=0, and
(X>p=owa.e. Lett,=inf{s/(X>,>t}. T=(t,) is a (#,) change of time, which is
X-adapted [as the process ( X) is adapted to # (X)], and even X-continuous, as
T({X>),=t [then, use lemma (5.3)]. As a consequence of Proposition (5.1),
T(X) is a T(A#) local continuous martingale with increasing process t, i.e.. a

T (. )-Brownian motion, from Paul Lévy’s theorem. We shall call Bd;fT(X) the D.D.S
Brownian motion attached to X, and we note = (X). Moreover, as T is X-continuous, we
also have

(5.6) Xt=|3<X>,r

The effects of changes of time on the D.D.S Brownian motion are studied in the next

LemMa (5.7). — Let X be a continuous (M ,) local martingale, with X, =0, and { X ) , =0
a.e. Let R=(p,),5o be a (M, change of time, which is X-continuous, and such that
Po=00a.e.

Then, one has

(5.8) BR(X))=B(X).

Proof. — Note that, from Proposition (5.1), Y=R(X) is a R(.# ) continuous local
martingale, with (Y >=R({ X)), and so, from formula (5.6):

Yl:BRKX)).:B(Y).’

where B=B(X). From this equality, we finally deduce: B(Y)=B. O

In the D.D.S result, we may regard ({(X),) as a (#.) change of time, since:
Vt: (XD =inf{s/t;>t}. Thus, in lemma (1.4), we have composed changes of time.
We shall need the following general result concerning this situation.

LEMMA (5.9). — Let T=(t,) be a(M ) change of time, and S=(c,) be a (M ) change of time.
def
Then, ST=(t, ) is a (#,) change of time, and
(5.10) Vi, (//lt_)(,,:g//ltc .

The first part of the lemma has been proved by Kazamaki ([25], lemma 2) and here is a
sketch of the proof of (5. 10): we recall that if (¥,),,, is a “usual” filtration, and u a finite (%)
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stopping time, any (¥4,) measurable random variable may be expressed as: Z,, where Z is a
(¢9,) optional process. Suppose now that Z is a (4, optional process. Then,
ch =(Z.),,- Moreover, (Z, )5, is a (/) optional process, and this proves:

(5.10) - M. (M),

Conversely, a monotone class argument shows that any (., ) optional process may be
written as: f (t; 1,, ®), where fis a (R ,)® O(4 ) measurable function. This implies the
equality

(510,’) ("”T.)U,='/”t°.‘ v G{G‘}'

Thus, to prove (5.10), one needs ohly show that o, is .//lto -measurable.

This last result is easily obtained, using the dyadic approximations from above of ¢,, and
the right-continuity of (t,). O

We are now ready to recall the definition of a pure continuous martingale which
is—again —due to Dubins and Schwarz [20].

Let (X,) be a continuous (#,) local martingale, with X,=0, and A=< X its increasing
process, such that A, =o0 a.e. Note B the D.D.S Brownian motion attached to X, and
T,=inf{s/A;>t} (t20).

Remark (5.11). — It is worth pointing out here that, with the previous notations, the
following equality always obtains

(5.12) ve, MX),=MHB; 1),

The inclusion .# (B; t), £ # (X),, is obvious; conversely, as # (X),, =lim | { X, }, one
el0

needs only show: #(X),_ c.#(B;1),, for every t. The o-field A (X),,_
is equal to A (X)yV c{XMt., s20; t,} up to P negligible sets. Moreover,
one has

X(s At Bt 1(t,<s) + XS l(sét;)'

Thus, all reduces to showing that for s>0, X 1., is . (B; t),-measurable, which follows
from the equality

Xslegey= lim , B(A,_m.)lm,-m.,én

(n—=

and the fact that (A,) is a .# (B; t)-change of time. [J
Now, by definition, X is pure iff it satisfies

(5.13) MX) oo =M P)os
a condition which is easily shown (see [32] for example) to be equivalent to
(5.13") Ve, M(X),=MP)
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or to
(5.13") [compare with (5.12)] A=(A,) is a .# (B)-change of time.

‘ Also remark that, if ﬂd-i-rjl (B), and X is pure, then

(5.14) Ve, MX),=%

The importance of pure martingales originates from the following remark, made initially
by Dubins and Schwarz [20]: if (gl—ocis the (convex) set of probability measures on (2, # (X))

under which X is a continuous local martingale (w.r.t. { A (X),}), and P is an element of %‘
such that X is pure (under P), then P is extremal in ‘6—

[Nota bene. — In the following, we shall rephrase the property “P is extremal in ‘6'; ” by
the slightly less correct expression: “X is extremal”, without mentioning the ever present
probability P...]

We now sketch the proof of the Dubins-Schwarz remark: as (gl; is convex, it is obviously
sufficient to show that if Q belongs to ¢ lioc, and Q ~P,then: Q=P. As Qisequivalent to P,
the increasing processes of X under Q and P are indistinguishable as are, therefore, the D.D.S
Brownian motions attached to X under P and Q. Thus, under Q, #(X)o =4 (B)o
obtains. Finally, the Brownian distribution being unique, one has: P=Q.

Conversely, as already indicated in the Introduction, a continuous local martingale X,
with X,=0, and ( X ), = o0 a.e. need not be pure to be extremal (see Dubins-Schwarz [20]
and Yor [32] for counter-examples).

We now discuss some examples of pure martingales:

— ithasalready been remarked in [32] (p. 193) that if (Z,) is a continuous local martingale,
t

withZ,=0,{Z> = a.e,and(Z>,=j a(Z,)ds, witha: R > R, \ {0}, Borel, locally
0

bounded, then Zis pure. This remark is, in fact, at the heart of the powerful method of time-
substitution, used —for instance —in Examples (4.1) and (4.12) of this paper;
— we have also tried to study the purity of stochastic integrals

t
x:*:j h(s, ®)dB,,

0

with (B,) a real-valued Brownian motion, and he 2 (. (B)) satisfying f h2(s)ds< oo for
. 0

finite t's, and J‘ h%(s)ds=oo0 a.e. Itisalready very difficult to decide, in general, whether
0

X" is extremal or not; nonetheless, the following partial result is easily obtained:

(5.15) if h is strictly positive, except possibly on a Lebesgue negligible set (which may

depend on w), then X" is extremal.
Indeed, as

d Xh t

d<XD and B,=J 1/hgd (XD,
dt 0
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one sees that: # (B)=.# (X"). FromIto’s theorem, every .# (X")martingale may be written

as
t t u
c+f u,dB,=c+ =4 d(XD),
0 0 hs

with ue 2 (A (X") and ceR.
So, X" possesses the “predictable representation property”, and is, therefore, from sections
(1) and (2) of this paper, extremal.

Remark. — Ifin (5.15), one replaces the strict positivity of h by: h=0, then X" may not be
extremal. For instance, if T is a non-constant,.integrable, Brownian stopping time, and

ef
KDE 1,0, (s), then
Y, =X','(T) =(B,—By) 1<y

is not extremal [indeed, T=inf{¢/Y,#0} is a .#(Y) stopping time, but T cannot be
expressed as a constant plus a stochastic integral w.r.t.Y].

def N
Another — certainly more interesting —example is that of M;J 10, w)(Bs)dB;, which
4]

the authors have shown to be non-extremal ([33]). In fact, there are even purely
discontinuous .# (M)-martingales. [J

Once (5.15') has been obtained, it is natural to study, for h>0 (except possibly on a
Lebesgue negligible set), the purity of X*. Apart from the obvious case where h is
deterministic (then, X" is pure, no matter h is positive or not!), we have only been able to settle

. t
the case, which we partially discuss now, of one other type of martingale, namely: j B} dB,
0
(n odd) is pure (the proof of this will be published in [33]). - Remark that this martingale may
t .
be written as J |B|"{sgn(B,)dB,}, and since ./ (|B|)=.# (I sgn(B,) dB“> (see, for
0 0

t

example, [32]), J B! dB; is of the form X", with h(s, w)=|B,(@)|", the “basic”’ Brownian
(V]

t
motion being here (J sgn(B,) st>.
0
An open question. — Does there exist a ./ (B) predictable process h> 0 (except possibly on
t
a Lebesgue negligible set), with J‘ h? (s)ds infinite iff ¢ = 0o, such that X" is not pure ? []
. 0

We now come back to the general study of pure martingales.

In the following proposition, we show that pure martingales are left stable under “nice”
changes of time.

PrOPOSITION (5.16). — Let M=(M,),, be a pure continuous (M ,) local martingale, with
My=0,and (M) =00 a.e. »

Then, if T=(t,),5isa M-adapted, and M-continuous, change of time, increasing to + oo as
tT 4+ o0, N=T(M) is a pure local martingale.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



144 D. W. STROOCK AND M. YOR

Proof. — From proposition (5.1), N is a T(4 ) local continuous martingale, with
increasing process T({ M )).

Fromlemma (5.7), the D.D.S Brownian motions attached to M and N areequal. Denote
this (common) process by B, and & =4 (B).

So, to prove that N is pure, we need only show, from (5.13"), that T({ M ))is a #-change
oftime. But,as Mis pure, ( M ) is a #-change of time; from (5. 14), T is a (%, ,) change of
time, and, from lemma (5.9), T({( M )) is a #-change of time.

Remark. — For a converse to Proposition (5.16), the reader is invited to look ahead to
theorem (7. 3), which gives a new characterization of pure martingales.

The following statement, suggested to us by L. Dubins [21], is also a characterization of
pure martingales; it can be considered as an extension of the D.D.S theorem, when one
replaces the Wiener measure (i.e.: the Brownian distribution) by pure distributions (i.e.:
distributions of pure martingales).

THEOREM (5.17). — Let P be the distribution of a continuous local martingale X, such that
Xo=0,and {(X), =00 a.e.

Then, P is pure iff, for any local continuous martingale M, defined on some filtered
probability space (Q', M', (M), P'), with My=0, and {M ) =00 a.e., there exists a
M-adapted, and M-continuous change of time L=(A,), such that the distribution
of L(M) is P. [We note P=Z((M,),50)]-

Proof. — 1) Suppose the condition holds. It holds in particular when M is the real-valued
Brownian motion (B,),,,, with B;=0.

Let R=(p,),», be a B-adapted, and B-continuous (this amounts here to be continuous,
from lemma (5.3), and the fact that (B),=t) change of time such that
P=2(B, Jizo).- Then, from Proposition (5.1), Y=B, is a continuous local martmgale
w.r.t. A (Y) and (Y >=p. The D.D.S Brownian motlon attached to Y is obviously B
and from (5.13"), Y is pure;

2) Conversely, suppose P is a pure distribution. By definition, P= £(Y), where Y is a
continuous local martingale, which may be written as Y = B, , with B a Brownian motion,
and R=(p,),,, a B-adapted, and continuous, change of tlme

Now, let M be a continuous local martingale, defined on a filtered probability space
Q, .« (MA,), P), with My=0,and {M > =00, P'a.s.

Note A,=inf {s/{M );>1t}(t20). Then, from the D.D.S theorem, (B,=M, , t20)isa
real valued Brownian motion.

By “transport” of the B-adapted, and continuous, change of time R=(p,),, on the
probability space where M is defined, there exists a B-adapted change of time R’ =(p;),, such
that P= 2(([3 Dezo)-

Now, we may write: Vt, M, =B, and finally, we only need to show that (A,,),,, is a
M-adapted, and M-continuous change of time: it is M-adapted, as a consequence of lemma
(5.9), because (A,) is a .# (M)-change of time, and R’'=(p;) is a .# (B)-, and therefore a
{ # (M), }-change of time; it is M-continuous, as (A,) is { M >-, and thus M-continuous, and
p’ is continuous.
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Section (6)

The aim of this section is to obtain a general method for the construction of extremal, but
not pure continuous martingales. Some examples are then developed, making use of certain
stochastic differential equations having only weak solutions. Our main tool will be the
characterization of extremal martingales given in the next theorem; there, X is a continuous
local martingale, with X, =0,{X ) , =00 a.e., B is the D.D.S Brownian motion attached to
X, and 1,=inf{s/{(X);>t} (t20).

TueoreM (6.1) ([32], th. 2). — X is extremal iff =X, has the (predictable) representation
property w.r.t. the filtration { # (X), }, i.e.: every { M (X),,} (local) martingale M may be
written as

t
Mtzc'—i-Jv (I)(S)st,
0
where ce R, and ® is a { M (X), } predictable process such that:

t
Vt, J ®2(s)ds<oo a.e.

0o

For completedness, we sketch the proof of this result: it has been shown in the first part of the
paper [see sections (1) and (2)] that X is extremal iff it has the predictable representation
property w.r.t. { #(X),}. This is equivalent to the following: for every Y e L2 (A (X),,),
there exist ce R, and ® a predictable process w.r.t. . (X), such that

E(de)z(s)d<X>s)<oo and Y=c+Jw¢(s)dXs.
o 0

But, if this property is true, we have, from Proposition (5.4), as T, = o0,

J D(s, m)dXs=J d(r,0, m)st=J VY (s, 0)dfs,
0 (V] (4]
where V is the L2 (n, ds, dP)-projection of @ (t_, .), and n=2 (A (X),).

The converse is also easily obtained from Proposition (5.4), once the foilowing remarks are
made:

(i) ((X),) is a continuous { .# (X), } change of time
and ’

(i) if ¢ is a m-measurable process, then: (¢, ®)— Y({X),(0), ®) is predictable
w.r.t. A (X).

Remark. — Here is a different proof of theorem (6.1). — “X is extremal” means, by
definition, that P is an extremal point of the convex set of all probabilities Q on (2, 4 (X))
for which X is alocal martingale. Then, with the help of Proposition (5. 1), this is equivalent

to the extremality of P among all probabilities Q (€ P on .# (X)) such that B is a (# (X),,)
martingale.
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Finally, from part I of this paper, this is again equivalent to the predictable representation
property of B w.r.t. (#(X),) under P. O

We now develop the promised ““constructive” method. Let (Q, 4, (¢,), P) be a given
“usual” filtered probability space such that:

(A1) L' (Q, %, P) is separable;
(A2) there exists a (%,) Brownian motion (B,),5, (With B,=0).

Dellacherie and Stricker ([36]) have remarked that the assumption (A1) is equivalent to the
existence of an increasing process (which is far from unique!) (t,),, such that 4, = .# (v ),, for
every t. Of course, (1,) can be chosen to be strictly increasing, continuous, and t,>¢.

We will always assume that these properties are satisfied.

Now, define A, =inf {s/t,>t} (t20). From the inequality: A, <t, and Doob’s optional
sampling theorem, we deduce that X, =, is a (%, ) continuous martingale, with increasing
process { X »=A, and associated Brownian motion p.

~ The following theorem is devoted to the discussion of the extremality and/or the purity of
this martingale X in terms of B. Although quite easy to obtain, these results will be very
helpful in the sequel of the paper.

THEOREM (6.2). — X, defined through the previous construction, satisfies one, and only one,
of the following. properties:

(i) X is pure ifff MPB)o=%. (*);

(i) X is extremal, but not pure iff: B has the predictable representation property w.r.t.(%9,)
but M (PB)F Y o, .

(ili) X is not extremal iff: B does not have the predictable representation property
w.r.t.(%,).

Theorem (6.2) is a simple consequence of theorem (6.1), once one remarks that

(6.3) Vt, 9,=MX),

Indeed, the obvious inclusion .# (X), 2 .# (), =9, is verified for all ¢’s.
Conversely, from (5.12), one has: Vt, # (X), = M (B; 1), <M (v ),=%,, as B is adapted to
(9,). (6.3)follows. O

The assertion (ii) of theorem (6. 2) provides an easy tool to construct extremal but not pure,
continuous martingales. We examine now how it may be applied in the setting of one-
dimensional stochastic differential equations: let Q. be the set of all continuous maps:
w:R, - R, and define &,=c{w—-w(s); s<t}; suppose b: (s, w)—b(s, w), and
c: (s, w) — o (s, w) are two (¥,) predictable, real-valued, uniformly bounded applications,
and moreover, that o never vanishes. On the other hand, suppose that, on a given filtered
probability space (Q, #, (A,), P), there exist a real-valued (.#,) Brownian motion Bo)zo-

() It may be worth recalling here that all considered o-fields are supposed to be (4 ,,, P) complete, and so, no
more completion operations are needed. ‘
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with B =0, as well as a (#,) adapted solution (Y,),,, to the stochastic differential equation

E dY,=b(s, Y (0))ds+o(s, Y (0)dBs(®),
® Yo=y(eR).

The hypothesis: o (s, w)#0 for all (s, w)’s implies that (B,) is { #(Y),} adapted, as:
B.= I (1/o(s, Y (@) {dY,—b(s, Y. (@) ds}
o

[consequently, (B,) is a { 4 (Y),} Brownian motion].

Conversely, if Y is adapted (resp.: is not adapted) to { .# (B), }, (Y,) is said to be a strong
(resp.: a weak) solution of (E).

In accordance with the construction preceding Theorem (6. 2), we define (for simplicity) the

process
! Y
= 24— 3 ds,
o jo{ +1+|Ys|} ’

which is strictly increasing, continuous; it satisfies: t,>1¢, as well as 4 (Y),=.# (t),, for
every t. Let A,=inf{ s/ts>t} (¢20), and finally note: X,= Ba , which is, once again,
a {#(Y), } continuous martingale.

Before discussing the purity and /or extremality of X, we still need to introduce the set g of
the distributions [on (Q., € )] of all continuous processes (Y ,),5, » defined on any probability

t
space, and such that: Y,=y and Y,——j b(s, Y (0))ds is a {#(Y),} martingale with
0 :

t
increasing process J c2(s, Y (w)ds.
o
Now, we have the following

THEOREM (6.4)(We use the previously defined notations). — X satisfies one, and only one, of
the following properties:
(i) X is pure iff: (Y,) is a strong solution of (E);
(i) X is extremal, but not pure iff: (Y,) is a weak solution of (E), but its distribution is
extremal in wg;
(iif) X is not extremal iff the distribution of (Y,) is not extremal in 1.

CoROLLARY (6.5). — Suppose 1y consists of only one probability. Then, X is extremal, and
it is pure iff (Y,) is a strong solution of (E).

The corollary follows immediately from the theorem, so that we need only give a

Proof of theorem (6.4). — (i) is obvious; to show (ii), and (iii), we need only prove that X is
extremal iff the distribution of (Y,) is extremal in n;. But, from part I, the distribution of
(Y,) is extremal in g iff the martingale

M,=Y,- Jt b(s; Y (w)ds
0
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has the representation property w.r.t. { #(Y),}. As
t
MFJ o(s; Y (w)dBs,
0

and o(s, w)#0, for all (s, w)’s, (M,) has the representation property w.r.t. {J{ (Y), } iff
has it.

The proof is now completed by an application of theorem (6.2). []
Remark (6.6). — Another proof of theorem (6.4) can be given, which avoids the use of the

representation property, as one may also see directly that X is extremal iff the distribution of
(Y,) is extremal in ;. [J

Now, Theorem (6.4) tells us that to exhibit some extremal, but non-pure continuous
martingales, we only need to give some examples of equations (E) which do not possess strong
solutions, and then pick an extremal point in 7.

The first (and easier) example of this is:

dYs=Sgn(Ys)stv
E
(E,) { o

Indeed, if on the given probability space, there exists a solution to (E,), then (Y,) is a real-
valued Brownian motion, as ('Y, Y ),=t; therefore, n; consists only in the Wiener measure.

On the other hand, for every ¢, one has: / (B),= .4 ( | Y | )., so that (Y,) is always a weak
solution.

Finally, for our purpose, we need to construct a solution to (E,), and (luckily!) p does not
have to be given a priori. So, simply take a real-valued Brownian motion (B,), with B, =0,

def t
and B,= J sgn(B;)dB,. Then, obviously, (B,) is a solution of (E,).
]

It had already been remarked in [32] that the martingale X, =, , where (A,) is the inverse
process of ;

t Bs
v [ (o)

Remarks (6.7). — (a) Leaving aside the theory of stochastic differential equations, and
looking again at theorem (6. 2), we see that, more generally than in the previous example, any

is extremal but not pure. [

stochastic integral B* = f . z,dB,, with z a .# (B)-predictable process, valued in { + 1},such
V]

that . (B?),, & .# (B),, will provide us with a real-valued Brownian motion which has the
representation property w.r.t. { .# (B),} although verifying the previous strict inclusion;
(b) Note that (E,) is closely related to the last example in section (4). [

The “sign” example may be considerably generalized: let u and v be two positive real
numbers such that: 0<u<v<oo, and ¢(s, ®) a # (B)-predictable process, taking only the
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values + 1, and such that

(P(s» (D) 1[u, v] (s)=sgn (Bs) 1[u, v] (S)

t

We claim that Bf= f ¢ (s, ®)dB; satisfies the strict inclusion
0

(6.8) MB®)y & M (B)o.

Indeed, suppose that the equality .# (B°),, = .# (B),, holds.

As, forevery t, (B?, ,— B?, h=0)is independant of .# (B),, the c-fields .# (B®),, and .# (B),
are conditionally independant, given . (B®),.

Thus, for every t, # (B®),=.# (B),~ # (B®),. Now, our supposition implies
6.9) vt, A(B®),=4(B),.

On the other hand, for any ¢ such that: 0<u<t<uv, one has
t
B(tp— 33 = f sgn (Bs)st

Thus, for such t’s, one gets

h

Jl(B"),EJl(B)uVG{J sgn(B,)dB; uéhét}-

First, Tanaka’s formula, and then, Trotter’s theorem tell us that

h
IB;.[ =|B,,| +J sgn(Bs)st+{L,?_L3},
and

1 h
LY—L%= lim —f ds1(|B,| Le).
€0 2'8 u

Finally, .# (B®),<# (B),v o {|B,|; uSh<t}, but this contradicts (6.9) since the random
variable: sgn(B,) is certainly not measurable w.r.t.

MB),vo{|B,|;ush<t}.

Therefore, our initial supposition was wrong, and (6.8) is true. []

A second (and certainly deeper) example of a stochastic differential equation not possessing a
strong solution is due to Tsirel’son [29].

Tsirel’son showed that if one takes =1, and

(6.10) bis, w)= Y, [Ml——w(ﬂ] L e n 6)

ke(=N) fe— -1
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where { 1, } re(~n) 18 @ sequence of real numbers strictly decreasing from 1t0 0,ask | — oo, and
[x] is the fractional part of x € R, then the equation (E,) associated with this particular pair
(o, b) has no strong solution; the existence of a weak solution follows from Girsanov’s
theorem, which also shows that ny consists of precisely one probability.

Remarks (6.11). — (a) We recall here that if, instead of Tsirel’son’s drift, one takes
b(t, wy=b(t, w(t)), with b(t, x) a bounded, Borel function defined on R, x R, Zvonkin [34]
proved that any solution of (E) (with 6 =1) is strong.

(b) Apart from Tsirel’son’s original proof showing that (E,) has no strong solution,
V. Benes [17] has given a measure-theoretical one, as well as several extensions of
Tsirel’son’s example. A proof due to N. Krylov appears in Lipcer and Shyriaev’s book
[28]. Although very much inspired by Krylov’s, the proof we give below does not proceed
“par I’absurde”, and provides some additional information. [

Thus, suppose that (B,) is a (.#,) real-valued Brownian motion, and (Y,) is a (.#,) adapted
solution of

(E,) { dY ,=b(s; Y (o) ds+dB,,

Y0=0,

where b is Tsirel’son’s drift [which is given by (6.10)]. We now introduce the following
notations

Yt'—Yt Bt—Bt
=t e, =L The for telty_q,t
N t—tr, 5 &, f—te or Jtpo1, til
and, to simplify again: n,=n, ; ,=¢,,, for ke(—N).
Remark that, by hypothesis, one has, for any telt,_,, t.]:

Y, -Y,
Yt—Yt,_,= [M](t_tk—l)'{'(ﬁt_ﬁzk_,)r
y—1— k-2
so that
(6.12) Ne=[Mk-1]+& (telty—1, tel),

and, in particular
(6.12)) M=M= +ee  (ke(=N)).

The weakness of (Y,), as a solution of (E,), will be a fortiori obtained, once the following is
established.

ProrosiTION (6.13). — For any t€]0, 11, [n,] is independant of M (B).., and is uniformly
distributed on [0, 1].

Proof. — (a) For any ke(—N), set d,=E(&™). From (6.12), one has:
dy=E (@™ &™). As (B,) is a {#(Y),} Brownian motion, the variables m,_,
and g, are independant.
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Therefore
di=d_ E(@™)=d)_, e /=00,
This implies
di] < [des]e™,
and by iteration,
|di| < |di—n|e™" for any neN, §e‘2"2"(——)>0.

Thus, for any ke(—N), d,=0.

(b) For any couple (t, t') of real numbers such that: 0Zt< ¢, let

def
g(t, ) = G{Bu—Bv; téuévét’}~

For any ke(—N), neN, one has

E(eZim],k '%(I,,,,, m):eZine. E(eZinn,ﬂ, I‘@(t,‘_,. t.)) =e2i"‘5*“‘"+"‘+‘*’ E(eZinnk,,, |"Jé)(t.,,,, ‘k))_

Again, n,_, is independant from the process (B, ,,—B,_ , #=0), and therefore from
B This implies that

(tens £4)°
E (ezmm/'@(tk-x. t.))=e2in(ek+,_..+...+a.) dy-,=0.
Now, letting n increase to + o0, one gets
E (2™ /.4 (B),)=0.
Moreover, as %, ., and #(Y), are independant, one finally gets
E(e2™ /M (B),,)=0.

(c) The arguments we have just used for the random variables (2n,),._y, are also valid
for 2npNie(_n. for any pe Z\{0}.
Therefore, for any ke(—N), and any pe Z\ {0}, one has:

E(e*™) /4 (B),,) =0.

This exactly proves, from Stone-Weierstrass theorem, the wanted result for each of the

variables ([N Dye(-n-
(d) With the help of (6.12), one has, for any t€]t,_y, t,], and any pe Z\ {0 }:

E(e™™ M /.M (B).)) =™ E (e / M (B)..) =0,

which finishes the proof. []
The following corollary provides us with a lot of (complicated!) stochastic differential
equations which have no strong solution.
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CoRrOLLARY (6.14). — Let c:(s, w) — c(s, w) be a (¥,) predictable real-valued, uniformly
bounded application, such that ¢ (s, w)=0, fors=1. Defined: (s, w) — d(s, w) by the formula

d(s, w)=b(s, w)+c(s; w— J‘ b(u, w)du),
0

where b is Tsirel’son’s drift, which is given by (6.10).

Suppose that (Y,),5, is a (A ,, P) real-valued Brownian motion, and (Y,),5, is a(# ) adapted
solution of

dY . ,=d(s: Y (o) ds+dy,.

Then, Y is a weak solution of (E,).
t
Proof. — Let B,=Y,— j b(s; Y. (w))ds.
0

[Beware: (B,) is not a Brownian motion w.r.t. the underlying probability P!]. As(Y,)isa
solution of (E;), we have ’

B.= JOC(S; B.(@)ds+7,(0).

Consequently, for every t, one has: . (y),< 4 (B)..
Define now a new probability Q by

a=exp{ - [ csporan—3 [ cwp@s)r
0o o

Girsanov’s theorem (if necessary, look at the very beginning of section (8), or at Wong and
t

Van Schuppen [30], or at Girsanov [23]) tells us that §,=v,+ j c(s; B (w)dsisa(#,, Q)
0

Brownian motion.
Thus, as from the definition of (8,), (Y,) is a solution of equation (E,) associated with

B,), i.e. :
Y,= J b(s; Y (@) ds+B,,
0

we have, from (6.13): Vt>0, #(B),& # (Y),, where the two filtrations in question are
taken to be complete w.r. t. (# ,,, Q), which amounts to being complete w.r.t.(# ., P),as P
and Q are equivalent.

So, finally, one has: V>0, 4 (y), ¢ 4 (Y),, O

Tsirel’son’s construction originated as a (negative) answer to the well-known Innovation
Problem in filtering theory. This problem is worth describing here, as it has some close
connections with our study of pure continuous martingales.
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So, suppose that, on a given filtered probability space (Q, .#, (.#,), P), there exists a real-
valued (.#,) Brownian motion (B,),,, with B,=0.

Let (h,),5, be a uniformly bounded (.#,) predictable process. Now define
t
Y,= J hyds+B,.
0

In general, h is not adapted to { .#(Y),}. So, one considers (A,), which is the { .# (Y),}
predictable projection of (k,). Then, it is not difficult to see that the process (B,) defined by

t
Y,= J h ds+pB,
0

is a { #(Y),} Brownian motion.

Filtering theory (more exactly: Girsanov’s theorem again; see lemma (8. 1) for instance)
tells us that (B,) has the predictable representation property w.r.t. { #(Y),}.

The Innovation Problem consists in deciding whether: V ¢, # (Y),= .# (B), or not (as seen
previously, Tsirel’son’s example proves that the answer to the Innovation Problem is not
always positive).

We conclude this paragraph by noting that, in this general filtering setting, the martingale
X, =By, defined above theorem (6. 4) is, from the previous remarks, extremal, and it is pure iff
the answer to the Innovation Problem is positive.

Section (7)

In this section, we study the representation property with respect to different filtrations,
and obtain from there another characterization of pure continuous martmgales thus
completing section (5).

On a given probability space (Q, .#, P), let (¥4,) and (#,) be two (different!) usual
filtrations such that: V¢, 4, % ,= .4, and M a (#,) continuous local martingale, which is
adapted to (4,).

There are plenty of examples where M has the representation property w.r.t.(%¥,), but not
w.rI.t. (&) for instance, using the notations of theorem (6. 1), if § is the D. D. S. Brownian
motion attached to X, a non-extremal continuous local martingale, then B has the
representation property w.r.t. (.# (B),) (from Ito’s theorem), but not w.r.t. (# (X), ) [from
theorem (6.1)].

It is also natural to ask about the converse statement: if M has the representation property
w.I.t. (F,), is it also true w.r.t. (%4,)?

As we shall see further on, the general answer to this question is negative. Nonetheless,
the following equivalences may be noteworthy.
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.ProposiTion (7.1) (We use the previous notations). — Suppose that M has the
representation property w.r.t. (¥,). The following assertions are equivalent:
(i) M has the representation property w.r.t. (%4,);
(i) every (%4,) martingale is a (¥ ,) martingale;
(ili) every (%4,) martingale is a continuous (¥ ,) semi-martingale.
t
Proof. — (i)=>(ii). Every (¢,) martingale (N,) may be written as N,=c+ f o, dM;,
0
where ceR, and ¢ is predictable w.r.t. (¥4,), and therefore w.r.t. (#,). So,

t
(I 0.dM;, t;O) is a (#,) martingale, and so is N.
]

(i)) = (iii). — As M has the representation property w.r.t. (¥,), every (¢,) martingale,
which is — by hypothesis —a (& ,) martingale, may be written as a stochastic integral w.r.t.
M, and so, is a continuous (£ ,) martingale.

(iii) = (i)

. — Let N be a (¢4,) martingale. By hypothesis, N may be written as
t

N,=c+ J‘ o, dM,+A,, with ceR, ¢ a (#,) predictable process, and A a (&) adapted,
0

continuous process, with finite variation.
t

Then, as M is continuous, the process [N, M], = f @;d{M, M’ iscontinuous, and (¥,)
adapted. Thus, ¢=d[N, M]/d{M, M > may beochosen to be (¥4,) predictable. So,
N- <c+ f (pdes) is a (¢,) continuous martingale, equal to A, a process with finite
variation. (zl"his implies: A=0. |

QED.

Remark. — Infact, the above proof shows the slightly more general equivalence: (i') <> (iii’),
with:

(i") every continuous (¥,) martingale is a stochastic integral w.r.t. M (with a (%,)
predictable integrand);

(iii'’) every (¢4,) continuous martingale is a (¥ ,) semi-martingale. []

We still work in the setting described at the very beginning of this chapter. M may or may
not have the representation property w.r.t. (¥#,). However, the following lemma shows a

Jfortiori that there exists a third filtration () such that: V¢, 9, #,= &% ,, but w.r.t. which
M does not have the representation property.

LemMa (7.2). — If (%,) and (¥ ,) are two different filtrations such that, for every t, %, ¥ ,,
there exists a third filtration (#,) such that:
(1) Vi, g,g.}iﬂgﬁ",;

(ii) there exists at least a purely discontinuous (# ,) martingale, whose only jump occurs at a
deterministic time;

(iii) if L' (%, P) is separable, L* (# , P) is also separable.

4° SERIE — TOME 13 — 1980 — N°1



ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 155

Proof. — As (94,) and (#,) are different filtrations, there exists t,>0 such that
9,¥ #,. Consequently, there is a r.v. h which belongs to L?(#, ), and is orthogonal to
L*(%,). '

- Define the process H,=h1, ., . and the filtration (#,) generated by (%,) and the
process H. It is clear that 4 .= .

Moreover, H is a (#,) martingale, which is obviously purely discontinuous. Indeed, all
we have to show is that for any bounded #-predictable process (Z,),,,, one has:

EU stHs]=0.
0

But, EU zsst] =E[Z, h=0,as 6(Z, )%, S%,.
. ,

g =

The properties (i) and (iii) are obviously satisfied. [

Anopen question. — Inlemma (7.2), we exhibited a discontinuous (#,) martingale. So, in
relation with, and in the setting of, proposition (7. 1), it is natural to ask whether there exists
an example of a continuous martingale M which has the representation property w.r.t.(%,),
but not w.r.t. (¥4,), and at the same time, all (¢,) martingales are continuous ?

Here is an example which illustrates lemma (7.2): take for (&) the natural filtration of a
real-valued Brownian motion (B,),,,, with B;=0, and for (¥4,) the natural filtration of
(|B.], t20). Let t,>0. Then, h=sgn(B,) is independant of (|B,|, t20), and in
consequence, orthogonal to L?(%,). As in lemma (7.2), (#,) denotes the filtration

t
generated by %, and H,=sgn(B, )], .,. Finally, take M,=J sgn(B;)dB;,. This
. 0

process is a (#,) Brownian motion, which has the representation property w.r.t. (¥,);
moreover, as M and | B| have the same natural filtration, M is adapted to (¥,), and even has
the representation property w.r.t. (¢,). Nonetheless, as a consequence of the lemma, M
does not have the representation property w.r.t. ().

A slight change in the presentation of this example provides us with a continuous (#,)
martingale N, which has the representation property w.r.t. (¥,), but not w.r.t. (# (N),):
this is the case for the (#,) martingale

t
Nt= f [1(s<lo) +(2+Sgn (Bto )) l(zogs)] sgn (Bs)st
(V]

as # (N),=s#,, with the notations of the previous example.

t
D. Lane [21] has also given some examples of martingales M{ = f f(B,)dB, with f
0

continuous, such that M7 has the representation property w.r.t. (#,) [a necessary and
sufficient condition for this to happen is that the Lebesgue measure of { x/f(x)=0 } is 0], but
the natural filtration of M/ supports discontinuous martingales [this is the case, for instance,
if f(x)=xAa, a>0].

We now give another characterization of pure continuous martingales, the proof of which
relies mainly on lemma (7.2).
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TueoreM (7.3). — Let (X,) be a continuous local martingale such that X,=0, and
(X,X>,=00a.s. Then,Xispureiff: for any X-continuous, and X-adapted change of time
T=(t,),50, such that 1,1 o, as t 1 0o, the local martingale T (X) is extremal.

Proof. — (i) The condition is obviously necessary from Proposition (5. 16), and the fact
that a pure martingale is extremal,

(ii) Conversely, suppose that the condition holds, but that X is not pure. Note
T,=inf{s/{X>;>t} (t20), and B,=X, the D. D. S. Brownian motion attached to X.

Then, as X is supposed to be non-pure, we have the strict inclusion

M B)oF M (X),, (=M (X))

From lemma (7.2) above, there exists a filtration (#,),, such that
(@) Vi, MPB)SH SMX),;
(b) L*(# ,, P) is separable;
(c) P does not have the representation property w.r.t. (#,).

From Dellacherie and Stricker [36], there exists a continuous, strictly increasing process
(0¢);30 such that: 6,=0, o,2t, and, for every t:#,=.4#(c), Then, the part (iii) of
Theorem (6.2) tells us that if A,=inf{s/o,>t} (:20), the martingale BA-=X(‘A,) is not
extremal.

Moreover, from lemma (5.9), the process (1, ),», is @ X-adapted change of time; it is also
X-continuous, as (A,) is continuous, with A;=0, and A,=oP a.e., and (1,) is X-
continuous. ‘

Finally, we have obtained a contradiction with our hypothesis. Thus, X is pure.

Remark. — Theorem (7.3) opens a possibility of defining the notion of purity for right-
continuous local martingales. Indeed, by analogy with the continuous case, we may define
a pure right-continuous local martingale (X,), with X, =0, as a martingale which satisfies the
condition stated in Theorem (7.3).

This general detinition of purity has been partially investigated in [37], and, at least in some
cases, the situation appears to be completely different from that of continuous martingales:
indeed, it is shown in [37] that if (M) is a purely discontinuous (& ,), P)local martingale such
that: -

(@ Moe=0; {M, M}, =o0;

(b) its jumps are identically equal to 1;

(c) its jump times are totally unpredictable,
then M is pure iff it is extremal.

Section (8)

We recall here some —now classical —results on (Girsanov’s) transformations of local
martingales under changes of probability, and show that the set of pure, resp.: extremal
martingale distributions is not left invariant under these transformations.
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Let (Q, #,(#,), P) be a usual filtered probability space. Consider Q, a second
probability on (Q, .#), supposed to be equivalent to P on .#;note L=dQ/dP,and (L,),,, a
right continuous version of (Ep(L/#,); t20).

The following result, due to Wong and van Schuppen [30], gives the canonical

decomposition of continuous P-martingales as Q-semi-martingales; it is an extension of an
older theorem of Girsanov [23], concerned only with Brownian motion: if X is a P local

continuous martingale, then X =X — J . (1/Ly)d <X, L) isaQ local continuous martingale.
0

[Girsanov’s theorem also states that if X is a (P, & ,) Brownian motion, Xisa(Q, #,)one;
but, this is also immediate from Paul Levy’s characterization of the Brownian motion, as
then: (X, X)»,=<(X, X),=t].

We call X the Girsanov transform of X (given the ordered pair (P, Q) of equivalent
probabilities). It may be worth to emphasize here that the Girsanov transform of X [given
the ordered pair (Q, P)] is X.

The following result has been obtained by many authors (for instance, Jacod-Memin [24],
Kunita [26], Yoeurp-Yor [31]), using different methods, and will be very useful in the sequel.

Lemma (8.1) (We use the previous notations). — X has the representation property w.r.t.
(Z,), P) iff X has the representation property w.r.t. (¥ ,), Q).
We specialize now to the case where (& ,) is the natural filtration of a real-valued Brownian
motion (B,) (under the probability P). As a consequence of lemma (8.1),
t
B,=B,- J (1/L,)d<{B, L) isa((#,), Q) Brownian motion, which has the representation
0

property w.r.t. (£,), Q).

But, Tsirel’son’s example [¢f. section (6)] — which is now looked at from the point of view of
Girsanov’s transform —shows that there exist some densities L such that

(8.2 M (B, F /l(B)w-

Indeed, take
1 1

(8.3 L (0)=exp {f b(s; B.(w))dB(w)— %j b?(s; B () dS}
0 0

where b is Tsirel’son’s drift, which is given by (6. 10).
Then, one has ‘

(8.4 B,=B,— Jt“b(s; B (0))ds,

0

so that (B,) appears to be a solution of (E,), for the given Brownian motion
(B,). (8.2) follows then from proposition (6. 13).

Take again for (t,),,, the process

t Bs
w= | e
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and
A,=inf{s/t,;>t}  (¢20).

Our previous arguments, and theorem (6.2), or theorem (6.4), show that the (#, , Q)
martingale )~(,=l~3A’ is extremal, but not pure.

On the other hand, X,=B, isa (&, , P) martingale, which is pure, by construction, and,
from (5.12), one has

Vi, MX)=F,=MEX),.

Moreover, X is the Girsanov transform of X, with respect to the ordered pair (P, Q) and the
filtration (/ (X),=# , ); this fact may be easier to visualize when observing the following
commutative diagram [the commutativity property 1is easily obtained from

Proposition (5. 1)]. Q. %) (P, #))
, Fy T

Girsanov's transform B
w.r.t.(F,)

oo}

Change of time
(A)

Change of time
(A,)

—e

Girsanov's transform

R e X —
BA wrt(Fp) X_BA'

X
(Q. #4) (P, #4)
Fig. 1

Therefore, not only does Tsirel’son’s construction provide us with an example of extremal,
but not pure continuous martingale, but it (with the help of Girsanov’s theorem) also shows
that:
(8.5) the set of pure martingales (or distributions) is not invariant under Girsanov’s
transforms.

Nonetheless, in the example we are after giving, X is extremal; worse things may happen, as
the following proposition shows.

ProOPOSITION (8. 6). — There exist a pure martingale X, and a Girsanov transform of X, which
is not even extremal.

Nota bene. — In (8.5) and Proposition (8.6), the Girsanov’s transforms are of course
relative to the natural filtration of the original pure martingale.

Proof of the proposition. — Let (& ,) be the natural filtration of a real-valued Brownian
motion (B,),5,, and (B,),5, the Q-Brownian motion [formula (8.4)] obtained via the
Girsanov’s transform associated with the density L given by (8.3), and (6. 10).

As, for every t, #(B),c % ,(=.#(B),), but 4 (B), .4 (B),, we can exhibit, from
lemma (7.2), a filtration (5,) such that:

(a) for every t, # (B),c#,= .4 (B),;

(b) B does not have the representation property w.r.t. (#,), Q);

() LY(Q, #,, Q) is separable.

4° SERIE — TOME 13 — 1980 — N°1



ON EXTREMAL SOLUTIONS OF MARTINGALE PROBLEMS 159

Using (c), we can now apply the construction done before Theorem (6. 2), 1. e.: there exists a
continuous, strictly increasing process (t,), with 1,=0, t,=¢t, and #,=% (t),, for
every t. Note A,=inf{s/t,>t}.

Then, from Theorem (6. 2) (iii), X =B, is not extremal.

But, as #, 2 & ,, for every t, the (¥, , P) martingale X=B, is pure [and: # (X), =%, ,
from (5.14)].

Finally, X appears as a Girsanov’s transform of X, as the diagram in (Fig. 1) (which needs
no change, for we have kept the same notations) is still commutative. []

Remark (8.7). — Note that in the example right above (8.5), one has:
Ve, MX),=MX),.

As a consequence of lemma (8. 1), this can no longer be true in the example developed in the
proof of Proposition (8.6). Indeed, we have, in this case

Vi, MX),=F,,
and so
'/”(X)t,=9'—t;

on the other hand, we have shown in (6.3), that: ./ (X)t’ =4,.

Thus, the filtrations { # (X),} and { .# (f(),} differ. O

Conversely, let (Q, &, (%,), P) be a usual filtered probability space, Q~P on #,and X a
(# ., P) continuous martingale, with X, =0, and { X, X > ., = c0 a. e., which is pure, but such
that there exists a Girsanov transform of X [w.r. t. the ordered pair (P, Q), and the filtration
M (X),), say X, which is not pure. As (X, X) = (X, X, itis easy to see that the D.D.S.
Brownian motion attached to X (w.r.t. Q)is the Girsanov transform of the D.D.S. Brownian
motion attached to X (w.r.t. P), the Girsanov transform being relative to (P, Q), and the
filtration .# (X), =.# (B),, where 1,=inf{s/(X>,>t}. As X s not pure, we have

MPB) G MK) o S M (X)=M(B)oo.-

Thus, the filtration of B is strictly smaller than that of B, e.g.: we have a Tsirel’son-type
example.

We end this section by drawing a table in which we summarize some of the main results
obtained up to now: this table indicates whether or not certain martingale properties are left
stable under either Girsanov’s transforms or changes of time. Our presentation is probably
over concise, but we hope this will make no confusion, as the exact references in the text are
given.

Nonetheless, we precise that the Girsanov transforms (resp.: changes of time) of a
martingale X, considered here, are supposed to be relative to (A (X),) (resp.: to be
X-continuous, and X-adapted).
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Martingale properties

Representation
property w.r.t.
Transformations (F.) Extremality Purity
Girsanov’s transform. . . .. Stable Unstable Unstable
[Lemma (8.1)] [Proposition (8. 6)] [example (8.5)]
Change of time.. . ....... Stable Unstable Stable
[same proof as for [Theorem (7.3)] [Proposition (5.16)]

Theorem (6.1)]

Fig. 2

Section (9) .

This final section consists of several questions, which seem (to us!) to be the main open
problems concerning extremal continuous martingales.

Although some of the theorems in the second part of this paper appear to give — at least in
our opinion — a more precise view of the differences which exist between extremal, and pure
continuous martingales, the main question asked in [32] has not yet been answered. Let us
recall it here:

(B) If (X,),50 is a continuous local martingale, with X =0, and (X, X) ,, = oo a.e., whose
law is extremal among the laws of continuous local martingales, is { # (X), } (*) the natural
filtration of a real-valued Brownian motion (B,),,, with B,=0?

It is possible to ask a (seemingly) more general question, which involves only a real-valued
Brownian motion:

(S) if (%9,) is a usual filtration such that:

(a) L1 (Q, 9, P) is separable;
and

(b) there exists a(%,) real-valued Brownian motion (B, ), , with Bo =0, such that B has the
representation property w.r.t. (9,), is (4, )

Is (@,) the natural filtration of a real-valued Brownian motion?

Finally, we recall another question raised in [32]:

(B) If(Z,) is a local continuous martingale, such that d;{Z, Z ) ;(®) is equivalent to (ds),
and Z is extremal, then, is { M (Z),} the natural filtration of a real-valued Brownian motion ?

Remarks (9.1). — 1) The letters B and S are here respectively for “Brownian” and
“separable”.

2) Itis easy to see that, conversely, if the property concluding any of the questions (B), (B')
or (S) is satisfied, then the hypothesis made in the corresponding question is verified. []

(%) We denote, as usual, t,=inf{s/ (X >;>t} (t20).
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We note (Q), if the answer to question (Q) is always yes. We now prove
9.2 B)s = (8): <= (B):

e.g.: the 3 questions are ‘‘equivalent”.

(B);+ =(S)+. — From the construction preceding theorem (6. 2), hypothesis (S) implies the
existence of a continuous, extremal, martingale X, with X,=0, (X, X)), =wa.e., such
that: 4,= . (X), (where t,=inf{s/{(X);>t}).

(S)+ = (B)+. — We know that, if X is extremal, B,=X_ has the representation property
w.r.t.{#(X),}.

(S) =®B):. — As d,(Z, Z),(w) is equivalent to (ds), we can write

t
Z:=J z,dBs,
]

with z a (# (Z),) predictable process, and B a (.# (Z),) Brownian motion, which has the
representation property w.r.t. (# (Z),), as Z has it.

(B); =(S);+. — As (9,) satisfies (a), there exists a strictly increasing, continuous (¥%,)
adapted process (A,),», such that &, = .# (A),, for every t (Dellacherie and Stricker [36]). It

def [t
is then easy to show that, for every t=0, 4,=.# (Z),, where Z, = J A dPB; (see [38)).
0

Moreover, d,{Z, Z>(0) is equivalent to (ds), and Z is extremal, as B has the
representation property w.r.t. 4 (Z)(=%). [

Finally, we add two more questions to our list; it will turn out that (S), implies that the
answers to these last questions are positive, but we do not know anything about the converse.

The first question seems very tentative:

(G) If(B,),3, is areal-valued Brownian motion, with B, =0, defined on(Q, #, P),and Q ~P
on M (B),, does there exist a real-valued process (C,),5,, such that:

(@) Vt, 4 (B),=M(C),;

(b) C is a Brownian motion, with C,=0, under Q?

Recall that the density dQ/dP, on .# (B),, may be written as

9.3) exp{jwcp(s)st—ljw%zds},
0 2}o

with ¢ a (. (B),) predictable process.

For bounded ¢’s, whose support is contained in [0, T], for some T >0, we write (G,)
instead of (G).

The second question originates from filtering theory [look at the end of section (6), to see
how this question arises].

(I') If, on afiltered probability space (Q, F, (¥ ,), P),(B,),5, is areal-valued (¥ ,) Brownian
motion, with B, =0, and (h,) is a uniformly bounded (¥ ,) predictable process, with support
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contained in [0, T], for some T> 0, is the natural filtration of
def t
9.4) Y,=B,+J hyds
0

that of a real-valued Brownian motion (B,),,, with po=0?

Notation. — The letters G and I are here respectively for “Girsanov” and “Innovation™.

Here is the list of implications we have obtained between these questions and (S) for
instance

S): = (G):
©.5) I I
)= (Gy)+

t
(S)+ =(G),. — From lemma (8.1), the Q-Brownian motion <§,=B,— J o ds, t_20>
0

has the representation property w.r.t. (# (B),).

(G)+ =(Gy)+, obviously.

We make some remarks on (I'): Let h be the (./ (Y),) predictable projection of h. Then, we
may write (9.4) as

t
9.4) Y, =B+ J‘ h,ds,

0
where (B,) is a { # (Y),} Brownian motion.

def © «©
Under Q = exp [-— j ﬁsst—%J (hy)? ds].P, (Y,)is a { #(Y),} Brownian motion,
1] (1]

with Y,=0, and so, has the representation property w.r.t. (#(Y),, Q). (B,) is the
Girsanov transform of (Y,), for the ordered pair (Q, P), and so, from lemma (8.1):
(S)+ =(')+. From the definition of (G,), we also have (G,),. = ('), .

I+ =(Gy)+. — IfdQ/dPis given by (9. 3), with ¢ uniformly bounded, and with compact
support, we may write, under Q:

s

o
B,=B,+ J @, ds,
0

which is the equality (9.4), where Y has been changed in B, Bin B, and h=/ in ¢.
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