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SURFACES OF GENERAL TYPE
WITH p,=1 AND (K, K)=1. I

By Anprer N. TODOROV

Introduction

The aim of this article is to describe all surfaces with p,=1 and (K, K)=1. The first
examples of such surfaces were constructed by Kunev in [Ku]. Here we give the following
description of all surfaces with p,=1 and (K, K)=1: every such surface is a complete
intersection of two quasi-homogeneous polynomials in P*(1, 2, 2, 3, 3). This fact was
conjectured by M. Reid and I learned it from I. Dolgacev. From this description it follows
that the moduli space of surfaces with p,=1 and (K, K)=1 consists of one
component. These surfices are interesting because they are simply connected and the local
Torelli theorem is not true for some of them. Thus surfaces with p,=1 and (K, K)=1 that
are canonical Galois coverings of P2 give counter examples to a conjecture of P. Griffiths,
which states that the local Torelli theorem is true for all simply-connected surfaces of general
type with p,21. Even more the auther recently proved that these surfaces give counter
examples to global Torelli theorem. We give a complete description of all Galois coverings
of P? with p,=1 and (K, K)=1. For surfaces with p,=1 and (K, K)=1 that are not a
canonical Galois coverings of P2 the local Torelli theorem is true.

The auther wants to express his gratitute to his sudent and friend V. Kunev for many
valuable conversations during the preparation of this article. This resulted in
improvements of some of the proofs. Part of these results were reported in the
Mathematische Arbeitstagung 1978 in Bonn. The auther wants to express his gratitude to
the organizers of this conference for the extremely stimulating atmosphere created during the
conference.

1. A description of all surfaces with p,=1 and (K, K)=1

We need some definitions in order to formulate Theorem 1.

DeriniTION 1. — An weighted projective space of type (wo, w;, ..., w,), where w; are
positive integers, is defined as Proj C (wy, ..., w,), where C(w,, ..., w,) is the polynomial
ring with the following graduation, deg x;=w;. ' '
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2 A. N. TODOROV

DerFiniTION 2. — We will say that f(xq, ..., x,)= Zakx" is a quasi-homogeneous
k

polynomial of type (wo, ..., w,) of deg miffk=(k,, ..., k,) and kowo+... +kqw,=m.

DerFmniTionN 3. — An weighted complete intersection in P*(w,, ..., w,) we will call a
variety V, whose ideal in the graded ring C(x,, ..., x,)is generated by a regular sequence of
quasi-homogeneous polynomials f; , ..., f;, , where d; is the degree of f, .

THEOREM 1. — Every surface with an ample canonical class, p,=1 and (K, K)=1is a
complete intersection of type (6, 6) in P*(1; 2, 2, 3, 3).

Proof. — First I will give the reason for choosing P*(1, 2, 2, 3, 3) as a space of embedding
surfaces with p,=1 and (K, K)=1. First I will recall some facts proved by V. Kunev for
surfaces with p,=1 and (K, K)=1:

THEOREM (see [Ku]). — Let S be a minimal model of a surface with p,=1 and
(K,K)=1. Then (a) the complete linear system | 2K | gives a holomorphic map
fixg| : S = P2, (b) the complete linear system |3 K| gives a holomorphic birational map.

Bombieri proved in [Bom] the following lemma: Let S be a minimal model of a surface with
p,=1and (K, K)=1, then the general element of | 2K, | is irreducible and nonsingular.

From the definition we know that dim H°(S, Q2)=1. Let H°(S, Q2) be generated by
So. From Riemann-Roch we get that dimH®(S, O(2K;))=3. Let H°(S, O(2Kj)) be
generated by 53, s;, s,. From Kunev’s theorem and Bombieri’s jemma, it follows that we
can choose s; and s, in the following way; let C, and C, be the divisors of s, and s ;, then we
may suppose that C, and C, are nonsingular curves intersecting each other
transversally. From Riemann-Roch theorem it follows that dim H° (S, O (3K))=5. Let
H°(S,0(3 Ks )) be generated by s3, 551, 5055, 53, 4. From Kunev’s theorem it follows
that we can choose the divisors of s 3 and 54, C5 and Cy, so that C; intersects C 4 transversally
and both of them intersect C; and C, transversally. The theorem of Kunev gives us a hope
that S can be embedded in P*(1, 2, 2, 3, 3), i.e. in ProjC(sy, sy, $3, S3, S4), Where
degsy,=1, degs, =2, degs, =2, degs;=3 and degs,=3.

Remark. — From now on all curves C; will be fixed, where C; is the divisor of s; for alli>0
and C; are nonsingular and have the properties described above.

In order to prove Theorem 1, we need the following construction:

THE CONSTRUCTION OF X 4. — From the fact C; €| 2K | and the results of Wawrik [W] we
can construct a Z, cyclic covering p, : X; — S ramified over C;. Let me denote by |H 1 I
the complete linear system | PTKs | . Letp,:X,—>X,beaZ,covering of X, ramified over
prC,. LetmedenotebyH,=p%H,. Itisclearthat(p,p,)*C;belongsto|3H,|and we
can construct a cyclic Z5 covering p; : X3 — X, ramified over (p,p)*C;. Again I will

denoteby Hy=p*;H,. Wesecimmediately that(p;p, p;)* C,belongsto |3 H; |so that we
can construct a cyclic Z; covering p, : X4 — X; ramified over (p;p,p;)*C,. From the
fact that all C; are nonsingular and transect each other transversally, we conclude that all X,
are nonsingular surfaces, i=1, 2, 3, 4. If we can prove that X, can be embedded as a
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- SURFACES OF GENERAL TYPE WITH p,=1 AND K, K)=1 3

complete intersection of type (6, 6) in P* Theorem 1 will be proved, because
P*4(1. 2. 2, 3,3)=P*/G, where G is a group which acts in the following way

(9, (xo Xy X2 :X3:X4)=(XoGo:X191:X292:X393:%X404)

gi=exp(2‘n‘,b,~/w,-), 0§b,~<w,-.

The equivalence of these two definitions is provedin[D]. Thus our aim is to prove that X 4 is
a complete intersection of type (6, 6) in P4.

Lemma 1. — (a) dimH°(X,, O(H,))=2, (b) |H,| does not have fixed components,
(o) (Hy, Hy)=2. ’

Proof. — The proof is based on the following remark: Z,=(1, s) acts on H°(X,, O(H,))
andso H°(X,, O(H,)=H°(OH,)* @ H°(O(H,))", where H° (O (H,))* is the invariant
and H°(O(H,)” is the anti-invariant subspace. It is a well-known fact that
H°(OH,)* =pTH°(O(K;)) and thus dimH°(O(H,))* =1. Now we must compute
dimH°(O(H,))~. Notice that O(H,)=p¥ O(K;) and it follows that the cocycle defining
O(H,) is of the form f;;=p%¥(g;;). Let U; be a covering of X; by polycylinders. If
feH®(O(H,))™ thenitfollows that f*= — fand f{= — f;, where f;=f;;, . Indeed, from the
definition of f it follows that f;= f;; f;and so from f};= f;;it follows that fi= — f;. Nowlet
U; contains the branch locus of p;, C;. Itis a well-known fact that we can choose the local
coordinate system (x;, y;) in U; in such a manner that x{=x; and y}= —y;, where y; is the
local equation of Cj in U;. Now let

(11) fi(xi’ yi)=zamnx;ny? and f‘g:Z(—l)"amnx?y?v
1.2 fi=—fi iff fi=) amx"y?"*',  where m and n>0.
So

(1.3) fi=~f ifffi=yi9i(xi»y1'2)-

From (1.3) it follows that if f*= — f then (f)=C] + D, where D is an effective divisor on
X;. If we can prove that C| is rationally equivalent to H,, then from (1, 3) it will follows
that dim H°(O(H,))" =1.

ProposiTiON 1.1. — The branch locus of C1 is rationally equivalent to H,.
Proof. — See [W].
QED.

Proposition 1.1 proves (a) of Lemma 1.
QED.

|H;| does not have fixed components because Cje|H,| and it is a nonsingular
curve. Thus (b) is proved.

On S we have (K¢, C;)=(K, 2Ks)=2 and on X, we have
(ptKs, ptCy)=deg(py) x(Ks, Cy)=4=(H,, 2C})=(H,, 2H,). '

So we obtain that (H,, H,)=2.
QED.
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4 A. N. TODOROV

LemMMA 2. — dimH°(O(H,))=3. We can choose C, in such a manner that the linear
system |H2| gives a holomorphic map X, — P2, (H,, H,)=4.

Proof. — We know that Z,=(1, s) acts on X, and X,/s=X, and so we can repeat the
arguments of Lemma 1 and conclude that H°(O(H,)=H°(O(H,)* +H°(OH,))",
where H® (O (H,))* =p#* (H®(O(H,)) and H® (O (H,))™ is generated by f, where (f)=C} is
the branch locus of p,. - From all these facts and Lemma 1 we get that dim H° (O (H,))=3.

) If | H, | has base points, these points can be at most two because of (H;, H,)=2. Let
these two pointsbe P, and P,. From Kunev’s theorem it follows that we can choose C,ina
such a manner that C, does not contain the images of P; and P, on S. Now our result
follows from the decomposition

H°(O(H,)=H°(O(H,)* @H°(O(H,))"=p3H°(O(H)+C/,

where (f)=C) the branch locus of p, and (p2p1)*C,=2C3.

(c¢) The proof of (H,, H,)=4 is the same as the proof of (H,, H,)=2.

QED.

LemMa 3. — (@) dimH® (X3, O (H3))=4, (b) the complete system |H 3 | gives a holomorphic
mapgs : X3 Y g P3,Y is a hypersurface of degree 6, X 5 is a double covering of Y ramified
over ‘a curve rationally equivalent to 6H, H is the hypersurface section on
Y. (¢) (H;, Hy)=12.

Proof. — The proof is based on several steps.

Step 1. — dimH® (O (H,))=4.

Proof. — Z3=(1, s, s?) acts on X3 and thus on H°(O(H;)). From here it follows that

H®(O(H;))=H°(O(H;)* ® H°(O(H3)*® H° (O (H3)*,

where H® (O (H,))" is the invariant subspace and H° (O (H ;))® and H® (O (H,))** are eigen

subspaces with eigen values € and €2, where £3=1 and &#0. From

H°(O(H;)" =p%H°(O(H,)) follows that dim H°(O (H;))* =3 (this is Lemma 2).
ProposiTioN 3.1. — dimH°(O(H;))*=1 and dimH° (O (H 5)F =0.

Proof. — Let U, be a covering of X;. Let f and g be elements of H°(O(H3))* and
H°(O(H,)* respectively. Let me denote by f; and g;, f |y, and gl,,. H U;nC3#0,
where C} is the branch locus of p 5, then we can choose the coordinates in U; in the following
manner: x;=Xx;and y{=g¢ y;, where y; is the local equation of C3in U;. Repeating the same
arguments as in Lemma 1 we get

(3.2 fi=ef, and gi=e?g; if f*=ef and g*=e?g.
Let
(33) fi=2‘,amnx?ly;l ’ and gi=zbmnx;ny?'

From (3.2) and (3.3) we obtain:

(.49 fi=ef, iff fi=y;fi(xi,y?) and g,=e?g, iff g;=y?gi(x;, y}).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



SURFACES OF GENERAL TYPE WITH p,=1 AND (K, K)=1 5

From (3.4) it follows that if f and g are elements of H®(O(H,))* and H®(O(H,)*
respectively, then (f)=C5+D and (9)=2C3+D,. Proposition 3.1 follows from the fact
that Cj is rationally equivalent to H;. For the proof of this fact, see [W].

Q.ED.

Remark. — Notice that we have proved that H® (O (H3))=p% H® (O (H,))+ C y, where C is
the complex number field and (y)=Cj3.

Step 2. — (H;, H3)=12.
Proof. — The proof is the same as the proof for (H,, H,)=2.

QED.
Step 3. — degg;(X;) is one of the following numbers: 2, 3, 4, 6 and 12.

Proof. — 1t follows from Lemma 2 and the remark after Step 1 that the complete linear
system |H3| gives a holomorphic mapg; : X3 - Y g P3. Now Step 3 follows from the
following formula: (H 3, H;)=degg; x (H, H),, where (H, H)y is the selfintersection number
of the hyperplane section on Y.

QED.

Step4. — Let x4, x,, x5 and x, be sections of H® (O (H 3)), which are linearly independent
and generate H° (O (H;)). Then all monomials formed from x,, x,, x5 and x4 and having
degree 4 are linearly independent in H° (O (4 H;)). We suppose that degx;=1 for all i.

Proof. — The proof is based on several propositions.
ProposiTiON 3.2 :

H°(O@4H;)=p3H°(O(H,)+x,pf H°(OBH,)+xip3 H°(O(2H))),
where x4 is such that (x4)=C3%, the branch locus of p;.

Proof. — From the way we constructed X ; we know that Z; acts on X3;. From here it
follows that Z  acts on H® (O (H;)). From this action we get the following decomposition

H°(O(4H;)=H°(O(4Hs)" +H®(O(4Hy)*+H® (O (4 Hy))f,

where H® (O (4 H,))" is the invariant subspace, H (O (4 H 3))® and H® (O (4 H;))*" are eigen
subspaces with eigen values € and 2. Repeating the same arguments as in Step 1, we get
{ feH°(O(4Hy)* iff flu,. =filxi, y)=yi fi(xi, y?),

3.5) .
geH®(O(@Hy)y" iff |y, =g:(xi, y)=ygi(xi, y?).

where (x;, y;) is a local coordinate system in U; such that x{=x; yndyj=y;, y; is the local

equation of C5 in U;. From (3.5) and the fact that Cj is rationally equivalent to H; we
obtain:

3.6) {f'EHO(O(4H3))‘E iff f=x,f',  where (x,)=C3 and f'epfH°(O(3H,),
geH®(O(4H,)" iff g=xig’, where ¢'ep}H°(O(2H)).

4° SERIE — TOME 13 — 1980 — N°1



6 A. N. TODOROV

ProrosiTION 3.2. — Follows from (3.6) and the fact H°(O (4 H3))* =p3¥H°(O (4 H),)).
QED.

ProrosiTioN 3.3:
H°(O(4H,)=(p,p)*H*(O(4K;s)+y2(p2p1)* H*(O(3Ky))
+y1(p2p)*H (OB K)+y2 1 (p2p)*H®(O(2Ky)),
where (y,)=C}, (the branch locus of p,) and y 1 =(p,)*z,, (2,)=C1, the branch locus of p,.
Proof. — Z, acts on X, and so it acts on H°(O(4H,)). Thus we have
H°(O(@H,)=H°(O@H,)*+H°(O@H,)".
We know that
H°(O@4H,)* =p3H°(O(4H,)).
Repeating the same arguments as in Proposition 4.1 we will get that

H°(O(@4H,) =y,p3H°(O(3H))),
where (y,)=C3. So we get

3.7 H°(O(4H,)=piH’(O(4H,)+y,p3 H°(O(3H))).

We know that X, is a double covering of S ramified over C;. Z,actson X;. From this
action we get

(3.8 H°(O@4H,)=p3H°(O@4H,)"+H°(O(@4H,) .
Repeating the arguments of Remark 2 we obtain:

(3.9 H°(O(4H,)" =ptH°(O(4Ky)),
(3.10) H°(O(4H,)” =z, pt H’(O(3Ky)),

where (z,)=C/ the branch locus of p, and z, e H° (O (H,)).
Repeating the same discussion for H° (O (3 H,)) we get that

(3.11) H°(O(3H,)=p*H°(O(3K{)+z, pt H*(O(2Ky)).
Combining (3.8), (3.9) and (3.10) we get

(3.12) H°(O(4H,)=p*H°(O(4K{))+z, pt H (O (3Ky)).
Putting (3.11) and (3.12) in (3.7) leads us to

(3.13) H°(O(4H)=(p,p1)*H°(O(4K;s))+p2(z1)(p,p1)* H*(O(3Ky))
+y2(p2p1)* H*(O(2Ks)) +y, p% (z,) H° (O (2Ky)).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



SURFACES OF GENERAL TYPE WITH p,=1 AND (K, K)=1 7

(3.13) Proves Proposition 3.3 if we take into account that y, =p%(z,).
QED.

Remark. — We can choose x, x5, x3 and x, (a basis of H° (X3, O (H3))) in a such way

that x3=(p3p2p1)*(51), X3=(P3P2P1)*(s2), X3=(P3P2P1)* (o) and x3=(p3 P2 p1)* (s3),
Where (SO)=KS’ (Sl)=C1, (32)=C2 and (53)=C3.

Proof. — In Lemma 1 we proved that H°(O(H,)=pfH°(O(K))+Cz,, where
(z;)=C1, the branch locus of p;. From the fact that X is a double covering of S ramified
over C, it follows that p*(s,)=z?. In Lemma 2 we proved that

H°(O(H,)=p$H°(O(H)+Cy,,
where (y,)=C}, the branch locus of p,. From the fact that X, is a double covering of X,
ramified over p¥(C,), it follows that (p, p;)*(s;)=y3. In Lemma 3 we proved that
H®(O(H4)=p$H®(O(H,)+Cx,,

where (x,)=Cj5. From the fact that X; is a cyclic Z; covering of X, ramified over
(p2p1)*(C,)itfollowsthat(p;p,p.)*(s;)=x3. Combiningall these facts we conclude that

H°(OMH,)=(p3p,p1)*H°(O(K)+C(p2p1)*(z1)+CpF(y2)+Cxy.

Now taking into acount that H®(O(K;))=Cs, and denoting by x;=(p3p)*(zy),
X,=p%(¥2), X3=(p3p2p1)*(so) We can state that H° (O (H,)) is generated by x,, x,, x3
and x,.

Q.E.D.
ProrosiTiION 3.4:
(@ H°(OBH,)=(p,p)*H°(OBK;)+y,(p2p)*H°(O(2Ky))
+y1(p2p1)*H (OQKy)) y1 y2(p2p1)* HO(O(Ky)).

y1 and y, have the same meaning as in Proposition 3.4.

(b) H°(OQ2H,)=(p2p1)*H°(O2Kg)+y1(p2p1)*H°(O(Ky))
+y2(p2p)*H(O(K)+Cyyy,.

Proof. — Repeat the proof of Proposition 3.3.
QED.

ProposiTioN 3.5. — H?(O(4Ky)) is generated by s§, s351,535,,5053, 5054, 53,52 and
$185. The s; are chosen in the way pointed out on Paragraph 1.

Proof. — From the exact sequence
0-0(3K;)Z30(4Ky) » O (4Ky)|, » 0
we get the following inclusion
0-H°(O(3Kq)) 23 HO (O (4K)).

4° SERIE — TOME 13 — 1980 — N°1



8 A. N. TODOROV

From this inclusion it follows that s§,s3s,,535,,5053, 5 54 are linearly independent. Let
me denote the vector space spanned by these linearly independent vectors by V,. The
subspace V, has dimension 5. Let me denote the subspace spanned by s, s and s, s, by
V,. We will show that dimV,=3. If dimV,<3 then we will have
a;si+a,s?i+azs;s,=0. From thisequation we geta;s?=s,(a,s,+ass;). From the
last equation it follows that C, is contained in C,. This is impossible. IfV,;nV,=0,
then Proposition 3.5 will be proved. Suppose that V; nV,#® and let veV; "V, and
v#0. Thus

v=bys;+b,s,+bss;s,=50(C1S3+C250S1+C383+C4S0S2+C554).
From this formula we obtain:
(3.14) bys?+b,s2+bss;s,=0 on K.

Notice that it is impossible. Indeed, let U be a neighborhood of a point on Kg. Let
Sy |U =f, and s, |U = f,. From the definition of s, and s, and Kunev’s theorem it follows
that we can find a point P e Ky n U such that f; (P)#0and f,(P)#0. This fact contradicts

(3.14). Proposition 3.5 is thus proved.
QED.

The end of the proof of Step 4. — Let me denote by P3=p;p,p,. Combining
Propositions 3.2,3.3 and 3.4 and taking into account the remark after Proposition 3.3, we
will obtain the following formula
(3.15) H°(O(4H3)=P3H°(O(4K)+x, PYH’(O(3Ks))+x, PYH?(O(3Kj))

+x1 X, PYHO(O(2Kg))+x4x; P H(O(2Kg)) +x4x, PH® (O (2Kj))
+x,PYH(O(3K))+x4x1 x, PHO (O (Ky)) +x3 P H (O (Ky))
+x2x; PFH°(O(Kg))+x2x, P¥H°(O(Kg))+x%x;x,C.

Note that this is a decomposition into a direct sum. From (3.15) we come 10:

ProPOSITION 3.6. — The basis of H® (X5, O (3 H;)) consists of all monomials of degree 4
formed of x 1, x,, x5 and x4 plus x{ P3(s4), x;P3(54), x3P(s,) and x4, P3(s,).

StEP 5. — degg;(X3)=6, i.e. g3(X;) is a hypersurface of degree 6 in P3.

Proof. — From Step 4 we see that Y =g (X3) cannot be a hypersurface of degree less or
equal to 6. From Step 3 it follows that deg Y is either 6 or 12. Suppose that
degY=12. From this fact it follows that all monomials of degree 6 formed of x,, x,, x;
and x, are linearly independent in H® (X5, O (6 H;)). Itis clear that we have the following
inclusion; P% : H°(S, O(6K)) c H°(X3, O(6H3)). From this inclusion and the fact that

_all monomials of degree 6 formed of x,, x,, x5 and x, are linearly independent it follows
that s$, 5051 53,505,253, 5651,565,,5353,535%,5353,535,5,,5%,53,53,52s,and s, s3 are
linearly independent vectors in H°(S, O(6Ky)) and spanned a vector subspace V of
dimension 14. (Formally the proof of the fact that dim V =14 follows from the remark on
Paragraph 7 and the above inclusion.) We have the following standart exact sequence

0 H(0(3K{)) =5 H®(O(6Ks)) > HO (O (6Ky)]c,).

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



SURFACES OF GENERAL TYPE WITH p,=1 AND (K, K)=1 9

From this exact sequence it follows that if v#0 and veV, then r(v)#0, so
Vs, @H°(OBK)=0. From this fact we obtain that

dimH°(0O(6Kg))=dim V+dim H°(O (3Ky))=19.

From Kodaira vanishing theorem for surfaces of general type, i. e. dim Hi(S, O(nK))=0iti
and n are greater then 0, and Riemann-Roch theorem, we get that
dimH°(O(6Kg))=17. This contradiction proves Proposition 3.6. o

; ED.

Step 6. — Suppose that K is an ample divisor. Then Y is a nonsingular variety.

Proof. — Mumford proved that Proj(@H°(S, O(nKy))) is a nonsingular model of a
surface of general type S if K is an ample divisor. Kg is the canonical class of S.  From this
result it follows that:

ProposiTioN 3.7. — Proj(@H° (X3, O(nH,))) is a nonsingular model of X 5.

Proof. — From Lemma 3 it follows that q(X,)=Y is a surface of degree 6 in P3. If
X;. LetmedenotebyR; thering @ H®(X;, O(nH,))and by R the canonical ring of S, i.e.
R=H°(S, O(nKg)). We must prove that for any maximal ideal m in R, the local ring
R, misregular. NoticethatR; =R[X]/(X*—s,),s0 m’'=m N Risamaximalideal in Rifm
is maximal one in R;. For the proof of this fact look at Zariski and Samuel book
Commutative Algebra. Iftheideal m’ does not contain the ideal (s,) then R(m.) ~R, my- For
the proof of this see Zariski and Samuel (the sign A means the completion in the m-adic
topology). Now it is a standart fact from the local algebra that if the completion of a local
ring is a regular one then the local ring is also regular. So in this case Proposition 3.7 is
proved. Now suppose that (s;)=m’. It is clear that we have the following isomorphism:
R my =R [X1/(X*>—s,). TheringR,,, [X]/(X*—s,)isregulariff s, #0modm'?,i.e. s, is
a local parameter in R;,,. The last condition is fulfilled because the divisor of s;, Cy,is a
nonsingular curve. So from here Proposition 6.1 follows. The criterium we used is
proved in Serre book Local Algebra in Springer Lecture Notes. If we repeat the same
arguments for the rings R;=H°(X;, O(nH;)), i=2, 3 and 4 we will get that Proj(R;) is a
nonsingular model of X;.

Q.ED.

ProrosiTION 3.8. — Y is a nonsingular hypersurface in P3.

Proof. — First we will prove that Z, =(1, s) acts on X3 and X;/s=Y,i.e.g3 : X3 > Yis
the natural map X; — X3/s. Let me denote by K (X3) the field of rational functions on X
and by K(Y) the field of rational functions on Y. We have the natural inclusion:
K(Y) s K(X3). From Step 5, i.e. degg;=2, we get that deg(K(X3) : K(Y))=2. So
K(X3) is a Galois extension of K(Y) with a Galois group G=Z,, i.e.
K(Y)=K(X;)°. From the fact that K(Y) is the quotion field of the subring R’ g R,
generated by x;, x,, x5 and x,, it follows that K(Y)nR3=R’. From this fact we get
immediately that R"=R$. That G acts on R follows from the following theorem: Every
birational automorphism is a biregular one on the minimal model of a surface of general
type. From the definition of R’ it follows that Proj(R’)=Y =g3(X3). Now it is clear that
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Y =X;/s and since Y is a factor of a nonsingular surface X ; by the action of a group Z,, it
follows that Y is a normal hypersurfacein P3. This fact leads us to conclude that Y can have
at most isolated singular points. These singular points can be ordinary double points
because Y =X3/Z , and their number is equal to the number of the fixed points by the action
of Z,. Let me denote the fixed points by the action of Z, by p;. To obtain a nonsingular
model Y of Y, we first blow X ; at all fixed points p; and obtain a surface X ;. It is easy to see
that the involution s can be lifted to an involution s on X5. Let p be the canonical map
p:X;-X;. LetE;=p!(p,) thens |El, =id. Thisimplies that the quotient space ¥ of X 5
by the involution s is nonsingular. Moreover, the morphism p induces a morphism
p : X5 — Y which gives a resolution of singularities of Y. From this whole discussion it
follows that we have a map g5 : X3 — Y, where X; and Y are nonsingular varieties and
Y=X,/Z,. These facts shows us that the ramification divisor of g ; consists of the disjoint
union of nonsingular curves. Now let me compute the canonical class of X;. We will use
the following lemma proved in [M] on p. 110.

LemMa. — Let f: X" — Y" be a regular dominating map of smooth r-dimensional varieties
with a branch locus B. Then for all rational r-forms w on Y:

(3.16) (f*w)=B+ 17" ((w).
From this formula we immediately get
(3.17) Ky, =5K;.

Note that Ky, =2H. Let the branch locus of g5 be C+ Y E;. Itis a standart fact that
Ky, =p*K,+ Y E{. From formula (3.16) we obtain:

(3.18) 5H;+ Y E{=2H;+C+ ) E;.

From (3. 18) we deduce that C is rationally equivalent to 3H;. Let R be the ramification
divisorofg,. From the fact that X5 is a double covering of Y ramified over R, it follows that
g3 (R)=2C~6H;, where ~ means rationally equivelent. Thus we get

(3.19) R~6H.

Next we will prove that Y is a nonsingular surface. If we prove that Z, acts without isolated
fixed points, then Y will automatically be nonsingular. Let me denote by n the number of
fixed points on X3. The proof of the fact that Y is a nonsingular surface is based on the
following formula, connecting the topological Euler characteristics of X and Y, where X is a
Z, cyclic covering of X ramified over R:

(3.20) xX)=nx(Y)—(n—-1)x(R),

where are the topological Euler characteristics.
Using (3.20) it is very easy to compute y (X;) and we will get that

(3.21) % (X5) = 504.
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Notice that
(3.21) x(X3)=x(X3)+n,

where n is the number of fixed points of the action of Z, on Xj.
From (3.20) we obtain:

(3.23) x(X3)=2x(Y)—x(R),

where R is the ramification divisor of g;.

Let uscompute x (Y)and y (R). Because Y has only ordinary double points, then from the
results of Briescorn it follows that the minimal nonsingular model Y of Y is diffeomorphictoa
nonsingular hypersurface of degree 6 in P3. Let Z be a hypersurface of degree 6 in
P3.  Then from the well known formula: 12(p,—gq+1)=(K;, K;)+x(Z) we can conclude
that

(3.29) x(Z)=108.

Notice that R=C+ ) E,, where C is rationally equivalent to 6 H and E; is an exceptional
curve of the second type and as all E; are P! we get that  (E;)=2. From the adjunctional
formula on Y we get that 2p,(C)—2=(C, C+Ky)=(6H, 6 H+2H)=6 x6 x8=288. So
x(C)= —288:

(3.2 x(R)=x(C)+ Y x(E;)=—288+2n.
From (3.22), (3.23), (3.24) and (3.25) we get
(3.26) x(X3)+n=2x108+288 —2n.

Combining (3.21) and (3.26) we see that n=0, so thus proving Step 6 and Lemma 3.
QED.
LemMA 4. — Let X, be a Z, cyclic covering of X5 ramified over (ps p, p1)* (C,), where
C‘.,=(s,,,)e|3KS | Then: (a) dimH°(H,, O(H,)=5 and (H,, Hy)=36, (b) the complete
linear system |H4| gives a map g, : X, — P*, degg,=1 and g,(X,) is a nonsingular variety,
which is a complete intersection of type (6, 6).

Proof. — The proof of (a) is the same as proof of Lemma 3. Notice that we have
H° (O (H,))= p¥ H°(O (H;)) + C x5, where (xs)=Cj, the branch locus of p,: X, — Xj.

The proof of (b).
ProposiTION 4.1. — degg,=1.

Proof. — Let me consider the composition of maps X, Ax 3 2 Y and let me denote this
composition by g, i.e. q:X,—Y. Notice that g is given by the linear system
p¥H°(O(H;3)<H(X,, O(H,)). Letx,,x,,x;and x, be a basis for p¥ H° (O (H;)). From
condition (a) it follows that x, x,, X3, X, and x5 is a basis of H° (O (H,)), where (x5)=C}, the
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branch locus of p,. Suppose that x and yeX, and q(x)#q(y), then it follows that
ga(x)#g4(y). Now suppose that a point PeY, P¢ R (the ramification divisor of g5) and
P¢g5(D,) (the image of the ramification divisor of p,). From these two conditions, it
follows that (a) ¢5'(P)=(Q;, Q;) and Q;#Q,, (b) pi'(QY=(P;y, Py, Pyy),
pi'(Q2)=(Py;, Pyy, Py3), where Py;#Py; for 1<i, j<3 and P,#P,; for all 1<i,
j=3. Notethatq(P,;)=Pforallkandi. First we will prove that s, (Q;)#s,4(Q,). Iffor
all(Qy, Q,)=g5 ! (P)s,(Q,)=5,(Q,), then it will follows that s, is invariant under the action
of Z,(Z, actson X3 and X5/Z,=g3(X3)=q(X4)). On the other hand because H; = g% (H),
it follows that Z, acts on H® (X5, O (H,)) and thus

H®(O(H3))=H°(O(H;))* @ H°(O(Hy))".
From the fact that
(@) H°(O(H,))* =g¥H°(Y, O(H)) and (b)) H*(O(BH,)*

is generated by x,, x,, x5 and x, (this is Step 4 of Lemma 3) it follows that H° (O (3 H3))* is
generated by all monomials of degree 3 formed by x,, x,, x3 and x,. Now it is clear that
p¥(s4) eH°(O(3H;))*. Here we use the notations of remark after proposition 3.3. Next
we have to prove that x,(P,;)#x4(P,;) for all i and j. This follows from the formula
p¥(s4)=x3 and the fact that the Galois group Gal(X,/X;)=(1, s, s?) acts on x, in the
following manner: x5 =ex,. (This follows from the fact that (x,)=C, the branch locus
of p,) From this and the fact that, say P,;,=s(P;;) and P,;=s5(P;,)=5*(Py,)
we obtain x,(P,,)=gx,(P;;)=82x4(P,3), where €¢#1 and e*=1. Thus we get
that x, (P;;)#x,(Py;) for all i# j. The same holds true for P,;. Thus we have proved
that for general points x and y such that x#y, g, (x)#g4(y). Indeed we have two possi-
bilities (a) g (x) # g (y): then from the fact g, =(q, x,), we get that g, (x) £ g4 (), (b) g (x)=q();
then we have proved that for general points x and y, x4 (x) # x4 ().
QED.
PROPOSITION 4.2. — g,(X,) is a nonsingular surface in P*.

Proof. — The proof is based on the following sublemma:

SUBLEMMA. — Let x be any point on X, and let U be a neighborhood of x, then we can find
two sections s, and s, e H® (X, O (H,)) such that the curves (s,) and (s,) are nonsingular in U
and x€(s;) N (sy).

Proof. — We will consider two different cases: (a) x¢(xs)=Cj5. Let me consider
g(x)eY. For the definition of ¢, see Proposition 4.6, i.e. g=g;op,. From the Bertinni
theorem it follows that we can find two hyperplane sections H; and H, such that (1) H; and
H, are nonsingular curves (2) g(x)e H; n H,, (3) H; and H, transect R, the ramification
divisor, transversally. From condition (1) and (3) it follows that g5 (H,) and g5 (H,) are
nonsingular curves on X;. From the fact that p, is a local isomorphism around y, [this is
condition (a), i. e. x ¢ C} the branch locus of p,], it follows that p} (g% (H,)) and p% (g% (H,)) are
nonsingular curves in some neighborhood of x. For this case the sublemma is proved.

() xeC,. Let me consider again q(x)eY and p,(x). For p,(x) we have two
possibilities: (1) p,(x)¢R’~D,, where D, is the ramification divisor of p,. In a
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neighborhood of p, (x), g5 is a local isomorphism, so that g;(D,)=¢(C,) is a nonsingular
curve in some neighborhood of g(x). Now let H be a nonsingular hyperplane section of Y
such that H intersects g (C,) transversallyin g (x). From this review it follows that g* (H)isa
nonsingular curve transecting C transversally. C; and ¢* (H) are then nonsingular curves
in some neighborhood of x containing x.

(2) ps(x)eR’'nD,. In this case we have two possibilities (a) R’ and D, intersect each
other transversally, then in a neighborhood of g (x), g3 (D,) is a nonsingular curve. Now let
H be a nonsingular hyperplane section intersecting R and g5 (D,) transversally. Then g (H)
is a nonsingular curve such that g (H) intersects C, transversally in x. (b) Let D, and R’ be
tangent at p,(x). Now let H be a nonsingular hyperplane section of Y transversal to R at
q(x). Then g* (H) is a nonsingular curve in a neighborhood of x intersecting transversally

C,4. Thus ¢g*(H) and C} are the with the required properties. o
ED.

Remark. — We have proved even more, namely, that through any point x € X, we can find
two sections s; and s, of H® (X,, O (H,)) such that (s,) and (s,) are nonsingular curves meeting
in x transversally.

Now let me prove Proposition 4.2. The map g, is given by

X = (‘10 (X), ey q4(x))

Now we may suppose that in a neighborhood of x, g, #0 and ¢g; and g, have the properties
stated in the remark after the sublemma. From this remark it follows that q, /g, and q,/q,
are local coordinates in U. Let me denote these local coordinates by x and y. The map
Gay U —>C4=(ty, t,, t3, ty), where t,=x and t,=y, t3=q3/qo and t4=q,/qo. From the
fact that x and y are local coordinates in U it follows that gs3/qo=F(x, y)
and q,/q,=G(x, y), so the image of U in C*, i.e. g,(U) in C* is given by the following
equations: t3;=F(t;, t,) and t,=G(t, t;). From these two equations immediately
come to the conclusion that g, (X,) is a nonsingular variety. 0ED

ProPOSITION 4.3. — g,(X,) is a complete intersection of type (6, 6) in P*,

Proof. — From Lemma 3 it follows that q (X,)=Y is a surface of degree 6 in P3. If
X1, X2, X3 and x, is a basis of p§ H® (X5, O (H3))=¢* H° (Y, O (H)), then there is a relation of
degree 6 among x,, x,, X3, X4, i.€. hg (X1, X5, X3, X4)=0 in H*(X,, O(H,)). From here it
follows that g% (X ,) is contained in a hypersurface of degree 6 in P*. In Step 4 of lemma 3
we proved that H°(X;, O(3H,)) is generated by x,, x,, x3, x, and s,, i.e. from all
monomials of degree 3 formed from x,, x,, x3, x4 and (p3p,p1)*s4. Notice that the
branch locus of g;R’ is an element of [3H,|. It follows Lemma 3. Let (z)=R’, where
zeH°(O(3H,)), so that z=g(xy, x,, X3, X4, S4). On the band, we have R~6H and
g¥R)=2R’, so from R~6H it follows that R is given by the equation
f(xy, x2, x3, x4). From g¥R=2R’ we get

22=g% (%1, X2, X3, X4, Sa)=f (X1, X3, X3, X4).
From this equation we obtain a second relation of deg=6 in H°(X,, O(6 H,)) among
monomials of deg =6 formed from x, x,, x5, x4 and xs. From here we conclude that g, (X,)
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is contained in the intersection of two hypersurfaces of degree 6 in P*. From the fact that
(H4, Hy)= 36 we immediately understand that g4 (X,) is a complete intersection of type (6, 6)
in P4,

QE.D.

Theorem 1 is proved.
QED.

Remarks. — (1) From Theorem 1 it follows that the moduli space of all surfaces with p, =1
and (K, K)=1 consists of one component. (2) All surfaces with p,=1 and (K, K)=1 are

simply connected. (3) The moduli space of surfaces with p,=1 (K, K)=1 is a rational
variety.

2. Deformation theory of surfaces with p,=1 and (K, K)=1

THEOREM 2. — Let S be a surface with p,=1 and (K, K)=1 for which K is an ample
divisor. Then H?(S, ©5)=0 and dim H' (S, ®4)= 18, where O is the tangent bundle sheaf.

Proof. — From the Serre duality it follows that H2 (S, @¢)*=H°(S, QJ (K)). If we can
prove that H°(S, Qf (Ks)=0, then we will get that H?*(S, ®)=0. That
dim H' (S, ©¢)=18 follows directly from Riemann-Roch-Hirzebruch theorem and the fact
that for surfaces of general type we have H°(S, ®)=0. Our theorem then will be
proved. In Theorem 1 we have proved that a surface X can be constructed, which is a
complete intersection of type (6, 6) in P* and on X there ares a group G=Z¢ @ Z¢ insuch a
way that X/G=S. From this fact we can deduce that H(S, Q! (K¢))=H°(X, Q} (H))°.
Notice that we have proved that p*(Ki)=H, the hyperplane section of X. where
p:X - X/G=S. So if we prove that H°(X, Q! (H))=0, then Theorem 2 will be proved.

Lemma 2.1. — H°(X, Q} (H))=0.
Proof. — The proof will be given in several steps.
Srer 1. — H°(X, Q} (H))=H°(X, Q,L H) |x).
Proof. — We have the following exact sequence
2.2 0Oy = Ope |y = Npoy = 0.

We will take the dual of (2.2), multiply it by O, (H) and take into account that
Np:/x =0y (— 6 H) @ Oy (— 6 H), thus obtaining:

2.3 0 - Oy (—6 H) @ Ox (— 6 H) > Qpu (H) | — Q4 (H) - 0.

From (2.3) we get

(2.9 0-H(X, Q;. (H)|x) » H°(X, Q¢ (H)) » H' (X, Ox (—5H)).
ProrosiTioN 2.5. — H! (X, O(-5H))=0.
Proof. — This follows immediately from Mumford vanishing theorem. See [M].

Q.E.D.
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From (2.4) and (2.5) we get Step 1.
QED.
Step 2. — HO(X, Qp (H) |x)=0.
Proof. — From the Serre duality we get that HO (X, Q,:‘ (H) lx)* =H?(X, ©p. (6H)). We
must prove then that H2 (®p. (6 H) IX )=0. From the fact that X is a complete intersection in
P* we receive the following exact sequence

2.9 0-J;=0p(—6H) @ Op (—6H) » Op. = O — 0,

Jy the sheaf of ideals that deﬁ.ne Xin P*. Let us multiply (2.9) by ®@p. (6 H) then
(2.10) 0— Op: @ Op. = Op. (6) > Op. (6)|x — 0.

From (2.10) we obtain: ,

(2.11) H?(P*, ©p. (6) > H?(X, O (6)[x) » @ H3 (P4, ©,.).

From Bott's results we get that H? (P*, ®. (6))=H?(P*, ©p.)=0, see [B]. From here it
follows that H? (X, ©p. (6 H)) |x)=0.

QE.D.

From Step 1 and Step 2 we get that H® (X, Q} (H))=0 and, as we have seen, Theorem 2
follows from here.
QED.

3. Canonical Galois coverings of P?, that are surfaces with p,=1 and (K, K)=1

The aim of this chapter is to describe all surfaces with p,=1 and (K, K)=1 for which the
map fl Kg| : S — P? is a Galois covering with the following additional properties: (1) K is an
ample divisor (2) K is a nonsingular curve.

THEOREM 3. — Let S be a surface with p,=1 and (K, K)=1 with the properties described
above, i.e. Ky is an ample divisor, Ky is a nonsingular curve and fiy | :S - P? is a Galois
covering. Then:

(@) Gal(S/P*)=Z,® Z,;

(b) one of the involutions, say s,, restricted to Ky is the identity map.

Proof.” — Proof of (a).

ProrosiTioN 3.1. — deg fix =4

Proof. — Let p be a point outside the ramification divisor of fj . Let L, and L, be two
lines intersecting in p. By the definition of deg of a map we have

deg flxg =(f|;'(ls| (L), f|;l(ls| (L2)=(2Ks, 2Ks)=4.

QED.
PropoSITION 3.2. — Gal(S/P?) is either Z, or Z, x Z,.

Proof. — The order of Gal(S/P?) must be 4 because deg f| x| =4. There are only two
groups of order 4 and they are Z, x Z, and Z,.

Q.E.D.
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PrOPOSITION 3.3. — fixx restricted to the canonical divisor K is the canonical map
Ks - Pl ie. p,(Ks)=2 and so deg fix [xs=2-

Proof. — Let me consider the exact sequence

(3.4 002 » Q2 (Ks)> Q4 0.
Res is the Poincaré residue map. From (3.4) we have
3.5 0 - H°(Q¢) » H%(Q3 (Ks)) » H (Qg ) — H' () =0(g(S)=0).

From (3.5) we get that the restriction of fj,x | on Ky is the canonical map. Note that K isa
nonsingular curve of genus 2 and so it is a hyperelliptic curve and so the canonical map has
degree 2.

QED.
ProrosiTiON 3.4. — Gal(S/P?)=2Z, x Z,.

Proof. — Suppose that Gal(S/P?)=2Z,.

SUBLEMMA. — Let s be the generator of Z,4, then s(Kg)=XKj.

Proof. — Notice that Z, actson H° (S, Q2). Which leads to the following possibilities: (a)
w'==+ w, (b) w*==+iw, where w is an element of H°(S, Q3)=Cw. From these two
possibilities and the fact that Ky is the divisor of w, we get what is necessary.

QED.
From this sublemma it follows that we can find 6 different points on K such thats(p;)=p;;
i=1,2, ..., 6 and p; are the Weierstrass points on the hyperelliptic curve of genus two

Ks. From the fact that s(p;)=p; we get a representation of Z, to the tangent space at
pi- This means that we have a map g:Z, » Aut(T, ). Let M be the matrix equal to
g(s). Notice that M*=E, M2#E and M3#E. If M=E or M?=E, it will mean thatina
neighborhood of p;, fixg Wwill have degree 1 or 2 and this contradicts proposition
3.1. Because M3#E and M*=E and from the Jordan decomposition of any linear
operator it follows that we can find a basisin T, ¢ for which M will be diagonal. The matrix
will be one of the following types

(1)((1) ?) (2><(1) fl> (3)((’; ?)
o2 o(3 ) w3 o)

All these matrixes correspond to the fact that we can choose the local coordinates (u, v)
around p;suchthat (1) u*=u, v =iv, Q) us=u,v°= —iv, B)u*=iu, v°=iv, @ u*=iu, v = —iv,
B u'=—u,v’=—iv, 6) u*=u,v=ivand (7) u*=iu, v°= —iv. It would be an easy exercise
to find the invariants, to see that if Z, acts as in cases (3), (4), (5), (6) and (7) then S/ Z,, will have
isolated singularities, but this is impossible because we know that fixg|:S—S8/Zy= P2 If
Z, acts asin cases (1) and (2), then we will see that the action of Z, restricted to a curve defined
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by v=0 in a neighborhood of p; is the identity. So from here we get that the map
Six 5| :S = 8/Z,iseither one to one or four to one set theoretically.  This contradicts the fact
that on K, which contains p;, the map S — S/Z, is set theoretically two to one. From here
we conclude that Gal(S/P3)=27Z, x Z,.

Q.ED.

PROPOSITION 3.5. — Let s be an element of Gal(S/ P?), then either s IK s=idorithas6 fixed
points.

Proof. — From the Hurwitz formula (see [H]) it follows that either s has 6 fixed points or s
has two fixed points or s is the identity, when we restrict s on K. Suppose that s has two
fixed points on Kg. From the Hurwitz formula it follows that Kg/s=C is an elliptic
curve. Lets, €Gal(S/P?)=Z, x Z, and such that sos, #id. Notice that if Y=S/s, then
Y/s;=P?,i.e. the composition map S = Y % P2 is f, | From the fact that i, | (K)=P!
it follows that g, (C)=g, (g, (Ks))=P'=C/s,. Themapg,:C — P! has degree 2 and from
here it follows that set theoretically, the map fj : Ks - P! hasdegree 4. This contradicts
proposition 3.3. So we have the following possibilities: either s IKs is the identity map or
le s is the canonical involution of the hyperelliptic curve.

Q.E.D.

Let s, and s, be elements of Gal (S/P?) such that s, os,#id. Such elements exist because
Gal(S/P?)=Z, x Z,. From proposition 3.7 it follows that s, ]K s Is either the identity or is
the canonical involution.

If both s, and s, restricted to K are the canonical involutions, then s, s, restricted to K
will be the identity map and s; s, #id on S. So it follows that one of the involutions of
Gal(S/P?) restricted to K is the identity map.

QED.

THEOREM 4 (due to Kunev). — Suppose that S is a surface withp,=1 and (K, K)=1 with (a)
an ample nonsingular canonical class, (b) S is a canonical Galois covering of P2.  Then local
Torelli theorem is not true for S.

Proof. — Griffiths proved the following criterion in [G] for proving the period map to be
local isomorphism: The period map is a local isomorphism iff the natural pairing

@.1 H' (Qg) @ H* (@) » H' (Q5 @ Q)

is surjective. We have the following exact sequence

4.2) 0- Q! 20! (Kg) - 04 (Ks) |, = 0
and
“.3) H' @) 25 HE (@ (Kq)) - H' (@ (Ky) | ) » H2 (S, Q) =0.

From (4.3) it follows that if H' (Q¢ (K)|x,)#0, then the local Torelli is not true.
ProposiTion 4.1. — H' (Q4 (Ks)[x,) #0.
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Proof. — From Theorem 3 condition (b) it follows that there exists s € Gal (S/P?) such that
slgg=id. From this fact it follows that s acts on Qg (Ks)|x,, 0 s acts on Qg |¢ and

Q¢ |k =9 |, +Qs1 |- where Q¢ [ =Qg and Qg | =Ng (the conormal bundle).
Thus
Qg |KS (Ks)=Qsl |Ks « NS/KS [because O (Ks )k =NS/KS].
=0 ® Ny @ N, ® Nyjx =0 ® Ny, @ O

From this decomposition we get that H'(Q¢ (Ks)|x,)=H'(Ox)=C?»%0. This is
because Ky is a nonsingular curve of genus two.
QED.
THEOREM 5. — Let S be a surface with the following properties: (a) p,(S)=1 and
(K, Kg)=1. (b) K is a nonsingular curve. (c) S is a canonical Galois covering of P2.
Suppose that seGal(S/P?)=Z, xZ,, such that s[KS =id and sxid (such an
automorphism exists according to Theorem 3).

Then S/s=Y is a K — 3 surface, which is a double covering of P2 and s has 9 fixed points
outside K. ’

Proof:
ProposITION 5.1. — s acts on H°(Q2) as the identity.

Proof. — Let w#0 and weH°(Q?). We must prove that w*=w. Let U be a
neighborhood of a point x on K5.  In U we can choose a local coordinate system (x, y) such
that x*=xand y*= —y. Notice that y is the local equation of K in U. From the fact that
the divisor of w is K, we obtain

wy=ydxAdy, so wi=—ydxAnd(—y)=ydxAdy.
Proposition 5.1 is thus proved.

v QED.
ProPoSITION 5.2. — s can have only isolated fixed points outside K.

Proof. — Suppose that s(p)=pand p¢ K. Let U, be a neighborhood of p. From(5.1)
it follows that s preserve w,i.e. w*=w. From this factit follows that the representation of Z,
in T, s must preserve the skewsymmetric form w. This representation must be a SL, (C)
representation. From this fact it follows that we can find a local coordinate system in
U, (x, y) such that x*= —x and y*=—y. So p must be an isolated fixed point.

QLD

Let me blow up all isolated fixed points of s. We will denote by S’ the modified S. Let
p:S’ — S be the morphism that blows down all exceptional curves of the first kind. Itisa
well known fact that Kg =p(Kg)+ Y P{. See [H]. We can continue the action of s on
S’. An easy calculation shows that s |, =id and §'/s=Y is a nonsingular variety. These
are standart facts. From Proposition 5.1 we get that H° (S, Q)¢ =H°(Y, Q2)=C, so that
p,(Y)=1. Weknow thats |Ks' =id. LetxbeapointonKg. InaneighborhoodofxeU,
w IU =udu Adv, where u is the local equation of Ky in U and u*= —u and v°=v. Arround
q(x) the local coordinates are u? and v, ¢:S' > S'/s=Y. So wy |,y =du’A dvis a globally
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defined form on Y such that g* (w,)=w. Notice that the divisor of wy is zero. From the
fact that q(S')=0 it follows that q(Y)=0, so from the classification theory of algebraic
surfaces it follows that Y is a K —3 surface. See [S].

Now let me calculate the number of the fixed points of s. The following formula is true

(5.3 x(8)=2x(Y)—x(D),
where y is the topological Euler characteristics and D is the ramification divisor of g.

It is a well known fact that the Euler characteristics of a K—3 surface x(Y)=24,
see [S]. From the Noether formula: 12( p,—q+1)=(Kg, Kg)+x(S) we get that
% (S)=23. Now let me denote by n the number of blown up points on S. We get

(5.4) 1(S)=23+n,  x(Y)=24.
Notice that D=Ks+ Y P}, x(Ks)=—2and x(P{)=2. So
i=1

(5.5) (D)= —2+2n.
Now from (5.3), (5.4) and (5.5) we get that 3n=27 so n=9.

Q.ED.

4. Examples and the description of surfaces with p,=1 and (K, K)=1
that are canonical Galois coverings of P2

THEOREM 6. — Let S P*(1, 2, 2, 3, 3) which is complete intersection of type (6, 6) with
the following properties: (a) the equations that define S contain s, in even degrees, (b) K is a
nonsingular curve. (degs,=1), where P*(1, 2, 2, 3, 3)S P*(so, S1, 52, 53, S4). ThenSisa
canonical Galois covering of P2.  The ramification divisor of fix 5| consists of two nonsingular
curves of degree 3 in P2 meeting in 9 distinct points and a line.

Proof. — Theorem 1 shows that p,(S)=1and (Kg, Kg)=1. Letpisanautomorphism of
P4(1,2,2,3,3) and B(so, Sy, S, S3, S4)=(—So, S1, S2, S3, S4). From condition (a) it
follows that B is an involution on S and Ble =id. Itis not difficult to prove that the fixed
points of B outside K are the points (sq, sy, 5, 0, 0) on S. These points are exactly the
intersection points of the curves (s;)=C; and (s,)=C,. We are supposing that we have
chosen s, s,, s3 and s, exactly in the same way as in theorem 1, i.e. (s;)=C,, (s;)=C,,
(s3)=Cj; and (s4) =C, are nonsingular curves intersecting each other transversally. From
the fact that C; for i=3 and 4 birrationally equivalent to 3 Kg we get that the number of the
fixed points of p outside K isequal to9. Now let me denote by Y=S/B. From Theorem 5
we know that Y is a K —3 surface.

PROPOSITION 6. 1. — Y is a double covering of P2 ramified over two cubic curves meeting each
other in 9 distinct points.

Proof. — It is a well-known fact that if C is a nonsingular curve on a K — 3 surface, then the
complete linear system |C| gives a holomorphic map if p,(C)=1. See(S],
Chapter 10. Let me denote by C the image of Kg on Y. Because K is fixed by the
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involution B, it follows that C is isomorphic to K, so that p,(C)=2. By the theorem
mentioned above the complete linear system |C| gives a holomorphic map. From
Riemann-Roch theorem it follows that we have a holomorphic map f| c Y= P2. Because
Yisa K —3surface and the map f|¢| has degree 2, the ramification divisor of f|¢| is rationally
equivalent to 6L, L is a line in P2. For the proof of this see [W]. Now I claim that the
branch locus of Jic) consists of the images of C; and C, inY. Let me denote these two
images by D; and D,. From the definition of B it follows that § leaves C; and C,
invariant. Let me compute the number of the fixed points of the action of § on D; and
D,. We have 9 points that are the fixed points of B outside Ky and these 9 points are
C3n C,. On the other hand B IK s =id, so that Ky n C; (i=3 and 4) are fixed points on C;
and C,. From (C;, Ks)=(3Kg, Kg)=3 for i=3 and 4, we get that the number of fixed
points of B on C; and C,isequal to 9+3=12. Of course we have 12 fixed points on each of
C;, i=3 and 4. From the adjunctional formula we get that p,(C;)=7 for i=3
and 4. From the Hurwitz formula it follows that p,(D;)=1 for i=3 and 4. We need to
compute (C, C;) on Y. Let me denote by p the natural map p:S—S/B=Y. From
the formula (p* D3, p*C)=(3Kj, 2K )=deg p. (D3, C)=2. (D3, C)=6 we get

(C, D;)=(C, D,)=3. From these calculations we get that the degree of the line bundle
Oy, (C) restricted to both elliptic curves Dy and Dy is 3. So fl q| restricted to Dy and D, gives
one to one map, i.e. fic;:D; £ P? for i=3 and 4. This a standart fact about elliptic
curves. See [H]. From this discussion we conclude that the images of D; and D, are
contained in the ramification divisor of Y — P2. From the fact that the ramification divisor
is rationally equivalent to 6 L, we get what is necessary.

QED.
Theorem 6 follows from Proposition 6.1 and Propositions (3.1) and (3. 3).
QED.
Remark. — From Theorem 6 we get an explicit description of all Galois (canonical)

coverings of P? in terms of the equations of S in P*(so, 54, 55, 53, 85)=P*(1, 2, 2, 3, 3),i.e.
these are all surfaces in P*(1, 2, 2, 3, 3) that are complete intersections of type (6, 6) and the
equations that define S must contain s, in even degree.

This is one way of describing the canonical Galois coverings of P2.  The other way is the
following one and it is due to H. Clemens. Let Y be a double covering of P2, ramified over
two elliptic curves meeting in 9 different points. Let Y’ be the surface obtained by blowing
up all9 double pointson Y. LetE,, ..., E, be the exceptional curves of the second type on
Y’. LetCbethe praimage of the line L that does not contain any of the intersection points of
the ramification divisor. Itis not very difficult to prove that C+E; + . . . + E, is divisible by
two in H,(Y’, Z). Indeed, it is not difficult to see that 3C~2D;+E,+...+Eg or
C~2D3;—2C+E;+...+Eg and so C+E;+...+Eg~2D3;—2C+2(E;+...+E,).
Now let me define S’ as a double covering of Y' ramified over C+E;+...+E,.
It is not very difficult to prove that the minimal model of S’, S is a surface with
py,=1and (Kg, Kg)=1. From here we can compute the number of moduli of all canonical
Galois coverings of P2. First one can prove that if Y is a K —3 surface which contains
9 exceptional curves of the second type and a curve of genus two not intersecting these
9 projective lines, then the curve of genus two plus the 9 lines are divisible by two in the second
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homology group. Thus repeating the second construction of Galois coverings
of P2. Note that the number of moduli of K —3 surfaces with the above properties is
equal to 10. Two more moduli are obtained from the choice of C. So the number of the
moduli of all canonical Galois coverings of P2 is 12.
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