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ORBITAL INTEGRALS AND A FAMILY OF GROUPS
ATTACHED TO A REAL REDUCTIVE GROUP (})

By Diana SHELSTAD

1. Introduction

In this paper we pursue one of the questions suggested by the formulations in
[71 (cf.[10])). Owur concern will be with transferring orbital integrals from one
group (of R-rational points on a connected reductive linear algebraic group defined
over R) to another. In [9] we considered ‘‘stable” orbital integrals and obtained a
transfer which will be our starting point. We recall some details. Suppose that f is a
Schwartz function on the group G, that T is a Cartan subgroup of G and that v is a regular
element in T. Then, following Langlands, we have defined

()= flgy°g "dg,

o JG/T

where dg is a G-invariant measure on G /T (whose normalization we ignore for the present)
and o ranges over the set 2 (T) [7] which we may identify simply as the quotient of the
imaginary Weyl group for T by the subgroup of those elements realized in G . . .recall that
any element of the imaginary Weyl group stabilizes T. Our interest in these stable orbital
integrals lies in the fact that the distributions f — @} (y) generate the characters attached to
L-packets of tempered irreducible representations of G (cf. [9]). :

Suppose that for each Cartan subgroup T we are given a function ®" on the regular
elements in T. Then a theorem of [9] provides necessary and sufficient conditions for the
existence of a Schwartz function f on G such that ®' =®}foreach T. On the other hand, if
we fix an L-group (=associate group [8]) for G then we are provided with a quasi-split
group G* and an inner twist  from G, the underlying algebraic group for G, to G*. The
map | determines embeddings of each Cartan subgroup (of G) in G*; these embeddings
induce an injection of the set t(G) of conjugacy classes of Cartan subgroups of G in
t(G*). Recall that t(G) is partially ordered (cf. [3]); the image of t(G) in t(G*) forms an
“initial segment” of ¢ (G*) [9]. We say that an element y’ of G* originates from the regular
element v of G if y’ is the image of ¥ under one of the embeddings in G* of the Cartan
subgroup containing v.

(*) Partially supported by the National Science Foundation under Grant MCS76-08218.
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2 D. SHELSTAD

Now combining this and the characterization theorem, we can effect a transfer of stable
orbital integrals from G to G* in the following sense: given a Schwartz function f on G there
is a Schwartz function f’ on G* such that ®}.(y")=®} (y) if y’ originates from the regular
element y in G, with ®}.(y')=0 if v does not originate in G.

We come then to our present problem. First, we replace @} by an “unstable” orbital
integral. If » assigns to each ® in 2(T) a value, either 1 or —1, then again following
Langlands, we set

we2(T)

= T %) f flgrg~1)dg,
G/T

forregularyin T. Global considerations (for example, the suitable grouping of some terms
on one side of the Trace Formula (cf. [5], § 5, for SL,) suggest that we consider those x
described in [7); we recall the appropriate definitions and observations in
Paragraphs 2,3. Briefly, as described in [7], 2 (T) can be embedded in a quotient of the
module generated by the coroots of T in G and « is a quasicharacter on this quotient . . . the
domain of « is thus larger than 2 (T). From now on we assume that x is of such type and
call @ a v-orbitalintegral. InParagraph 4 we will describe the invariance, smoothness and
“Jump” properties (which we find easier to work with than “‘germ expansions”) of x-orbital
integrals.

The triple (G, T, %) determines, via an L-group construction, a quasi-split group H
of same rank as G, but possibly of lower dimension [7]. We will recall the construction in
Paragraph 5, remarking now only the fact that T can be embedded in H and 2 (T) trans-
ferred to G; x is trivial on the image of 94(T). An imprecise version of a question
of Langlands asks whether the »-orbital integrals for G transfer to stable orbital integrals
on H. To proceed to a more careful formulation we observe that the L-group construc-
tion provides not only H but also some ancillary data, including a quasi-split group G*
and an inner twist { from G to G*. The data yield embeddings of the Cartan subgroups
of H in G* and a map from t(H) into t(G*); recalling the map of t(G) into t(G*)
determined by  we obtain then a notion of a Cartan subgroup of H originating in G.
For example, using the notation of [3] for ¢( ), we may have:

=

t (H) t (G*) t(G)

and obtain three conjugacy classes of Cartan subgroups in H originating in G (case G
nonsplit, noncompact form of type C,. . .H of type A; xA;). Suppose that T’ originates
from T (our given Cartan subgroup). Then the transfer of @} to T’ depends on the choice of
map from T’ to T. Thus we have to qualify our notion of an element y’ of H originating
from a regular element y of G. We will do this by choosing a set .# ={ iy T =T,
m=0,1, ..., N } of embeddings such that T is our given group Tand Ty, . . ., Ty forma
complete set of representatives for the conjugacy classes which originate in G (see
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ORBITAL INTEGRALS 3

Paragraph 6 for technical assumptions). We then say that y’ originates from yeT,, with
“respect to £ if ¥ is stably conjugate to i, ' (y); that is, if y' is obtained from i, (y) by
the action of an element of .o/ (T,,) (c¢f. [7], recalled also in Paragraph 2). Also attached to ¥
is a transfer of » to each of the Cartan subgroups Ty, ..., Ty (¢f. Paragraph 7).

We come then to the main problem, that of finding a factor A so that for each Schwartz
function fon G there is a Schwartz function f’ on H satisfying:

(1 <I>}, (Y)=A(y) @} (y) if y’ originates from the regular element y in G with respect to .
and

(2) @;.=0 on those Cartan subgroups of H which do not originate in G.

N
Thus A is to be a function on the regular elements of U T,.. On each Cartan
m=0

subgroup T,, we fix a system of positive imaginary roots. We may consider, at least
formally,

l"[ (eu/Z_e—a/Z) l—[ |ea/2_e~a/2|

o positive o positive
imaginary not imaginary
not from H not from H

(the conditions on o are made precise in Paragraph 7).

This expression can be interpreted as a function A,, on T,, if half the sum of the positive
imaginary roots “not from H lifts to a character on T,,. That will be the major part of our

assumption (8.1). In prescribing a candidate for A we insert parameters €, . . ., €y, €ach
equal to 1 or —1; thus our candidate will be the function Af=Aj (g, . - ., &) defined by
{8,,, A, m=0, ..., N}. The existence (for some choice of &g, . . ., &y) of a “transfer of

orbital integrals” in the sense of the last paragraph is then independent of our choice of .# and
the systems of positive imaginary roots. In Theorem 8.3 we show that v’ — A (y) D% (y)is
well-defined (although, in general, neither Ag nor @ alone transfers to H in this way).

Our main result, Theorem 10.2, is a set of necessary and sufficient conditions on the
choices for g, . . ., &y in order that AB=Ag(eo, . . ., &y) provide a transfer of orbital
integrals. Suppose that the classes of T,, and T, are adjacent in the lattice ¢t (H). Then we
attach to the pair (m, n) a signature g, (m, n) obtained from values of x and a signature
€, (m, n) obtained by evaluating some determinants. Our conditions are:

EmEn=¢,(m, n)e, (m, n).

In Paragraph 11 we begin a study of the consistency of these equations as the pair (m, n)
varies. After some remarks, suggesting a general procedure, and two examples we can
conclude that if the derived group of G is isogenous to a product of groups each of rank at
most two, then there is indeed a choice of g, . . ., gy for which A& (go, . . ., &) provides a
transfer of orbital integrals.

The author gratefully acknowledges the suggestions and advice of R. P. Langlands.

NortaTION. — We continue with the notation of [9], except that now o denotes complex
conjugation and we further generalize the notion of Cayley transform (cf. Paragraph 3). By

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



4 D. SHELSTAD

the character module of a torus we will mean the group of rational characters, with
multiplication written additively; roots will be rational characters, rather than linear
functionals on the Lie algebra (as in [9] and the present section).

2. The set 2(T)

Let T be a maximal torus in G, defined over R. We recall from [7] that

o (T)={geG :ad g /T is defined over R},

and 2(T)=G\ & (T) /T. If M is the centralizer in G of the maximal R-split torus in T
then &/(T)=G.Norm(M,T) [9]. Hence we may as well regard %(T) as
QM, TNQM, T), Q(M, T) being the Weyl group of T in M (. . .the “imaginary Weyl
group of T”) and Q(M, T) the subgroup of Q(M, T) consisting of those elements which can
be realized in M.

We need to recall some facts from [7]. We will use o to denote the non-trivial element of
the Galois group of C over R and H* ( ) to denote the cohomology of { 1, ¢ >. Ifge.o/(T)
thenc (g~ !)geTsothatg —» (1 - 1, 6 — o (g~ ') g) yields a map of ./ (T) into the 1-cocycles
for T. This map induces a bijection between 2 (T) and those elements of H! (T) which are
annihilated by the natural map of H!(T) into H*(G). Such elements of H!(T) lie in a
subgroup & (T) obtained as follows. Let G~ be the simply-connected covering group of the
derived group of G, n the natural homomorphism of G~ into G and T~ the inverse image
of T under n. Then &(T) is the image of H* (T") under the homomorphism into H'(T)
induced by .

To continue with [7], we denote the character module of T by L(T) and set
L™ (T)=Hom(L(T), Z). In the usual manner we identify L™ (T") with the submodule
{ E7) of L7 (T) generated by the set & of coroots for T in G. Tate-Nakayama duality
then establishes a canonical isomorphism between & (T) and the image under the natural
homomorphism of H™!({E" ) into H™ (L™ (T)) or, just as well, between & (T) and the
quotient of {A"€{(E Y : oA =—A"} by

Z(M)={Le(E ): L =op —p ,somep in L7 (T)}.

Hence 2 (T) is identified as a collection of cosets of & (T)in ( £~ ; we shall call this the T-N
identification.

As for realizing T-N explicitly we will need only an (unpublished) observation of
Langlands; we state it as a proposition as we will use it in several places. Recall that aroot o
is imaginary if and only if ca= —a or, equivalently, o = —a . Assume now that a is
imaginary; ®,, the Weyl reflection with respect to o, lies in Q(M, T). In the case a is
compact (cf. [9]) o, lies in Q(M, T).

ProPOSITION 2.1. — In the case o is noncompact the image under T—N of QM, T) o,
is o +.2 (7).

4° SERIE — TOME 12 — 1979 — ~° 1



ORBITAL INTEGRALS 5

The proof is straightforward. Indeed, fix a homomorphism (over R) of SL, in G as

in [9]. Then the image of |:

0 -1
earlier. It is now a matter of reviewing the T — N identification explicitly (cf. [6]); we omit
the details.

] is a 1-cocycle of T attached to w, in the manner

3. Characters on 2 (T)

Following [7] we will consider a quasicharacter x on { 2 ), trivial on £ (T). Note that
the restriction of x (as quasicharacter on (Z ) /%2 (T)) to 2 (T) takes only the values
+1. We will often refer to x as a “character on 2 (T)” [although, in general, the domain is
larger and % is not determined by its restriction to 2 (T)].

If e o/ (T) then clearly
x (A )=x(@ 1)), A e(ED,

defines a character on 2 (T®); here, as usual, © acts on { £~ ) by the contragredient of the
adjoint action. On the other hand, we will often write % (®) for the value of x on the coset
QM, TN in 2(T). If o, e (T) and o, €.« (T*) then 0, 0, € & (T) and:

ProposiTiON 3. 1:
* (03 1) =% (1) %™ ().
Proof. — Note that
o(o7'o; o, 0;=0c(0; )0, 07 ' (6(0; ') ®,)0;.

Since the T — N identification respects the action of .7 (T) the assertion is now clear.

Suppose that o is an imaginary root of Tin G. Provided that there is a noncompact root
among the elements wa, o in the imaginary Weyl group of T [or, just as well, ® in Q, (G, T),
the elements realized in .o/ (T)], we can find se G such that o(s™!) s realizes the Weyl
reflection ®, [9]. Inthe case that a itselfis noncompact we have called sa Cayley transform
with respect to o [9]. It is convenient now to drop this requirement on o: thus, as long as o
is imaginary and o(s™!) s realizes , we will call s a Cayley transform with respect
to o. The assertions of Proposition 2.7 in [9] remain true; in particular, T, the image of T
under s, is defined over R.

PROPOSITION 3.2. — If u(o')=1 then
WA )=x(s"1A),  ATedE D,

defines a character on 2 (T,).

Here =, denotes the set of coroots for T, in G.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



6 D. SHELSTAD

Proof. — We have only to show that if p eL™(T,) and op —p €(E; ) then
w(op —p)=1. But

-1 ~

sThop —sT =00 (sT)s(sT ) —s T W =00, (5T ) —sT W,

which differs from o (s™'p)—s ' p~ by an integral multiple of o . Hence the proposition
is proved.

Finally, we include some simple computations needed in the next section.

ProposiTioN 3.3. — Suppose that o is a noncompact imaginary root for
which (o )=1. Then:
(1) ®“ =xn,

(1) ®(0o,)=x%(n), oo/ (T); and

(iti) if s is a Cayley transform with respect to o then »*(®)=x(s~ ' ws) for any we o (T,)
which normalizes T,.

Proof:

D)%) =% ) w0, 2" =2 )=x (A7), A eCE )

(i) % (00,) =% () ®x* (®) =% (o )% () =% (o) (cf. Props. 3.1, 2.1);

(iii) Proposition 4.6 of [9] and Proposition 3.1 show that it is enough to prove (iii) in the
case where o realizes the Weyl reflection with respect to an imaginary root f of T,.

Suppose that B is compact. Then w’(wg)=1. Proposition 4.6 of [9] shows that
either o,y or oz, is realized in G. Since %(w,:;0,)=x(w,p) (i) we obtain
w (0p) =% (0,1 5) =% (s~ @y ).

Supposé that B is noncompact. Again an argument as in Proposition 4.6 of [9] shows
that if ;- is realized in G then so is wg. Hence if oy is not realized in G we get

x (@0p) =% (B)=n (s~ B =n (0, 1) =% (s~ @ps).

On the other hand, if oy is realized in G we may argue as in the previous paragraph and the
proof is completed.

4. Definition and properties of @

We come then to orbital integrals. Fix a Schwartz function fon G. Asin [9],if Tisa
Cartan subgroup of G, dt a Haar measure on T, dg a Haar measure on G and vy a regular
element of T we set

@, (y, dt, dg)=J flgvg t)dg,

G/T

dg denoting the quotient measure arising from dt and dg. Recall that if €./ (T) then
@, (y®, (dt)°, dg) depends only on the class of w in 2(T). Hence we may define

D (y, dt, dg)= ) n(w) @s(y*, (d1)°, dg)

we2(T)

4° SERIE — TOME 12 — 1979 — N° 1



ORBITAL INTEGRALS 7
- (cf. [5]); recall that y*=wyw~!. It is clear that

@7 (v, adt, Pdg)=B/o Dy (y, dt, dg),  «, B>0.
ProposiTION 4. 1:

T, (d)°, dg)=n(0) @) (v, dt, dg), o (T).

Proof:
) ’ @\’ 0\0' — %0) ((0’) ’ o' ® o' ©
m@;m% (@) @ (v*)", (d1°)”, dg) —wreém) ey ¥(©'@ O (@i, dg)

=x(@) Y (@) 04", (@), dg),

w"ez(T)

as desired, since Proposition 3.1 shows that

@) 1
xo' o) %) =%().

Fix a system I* of positive roots for T in M; that is, a system of positive imaginary roots
for T. As in [9] we define

RT(Y)=Idet(AdY - I)n/m |1/2 1—1 (1 _a(‘y-l))»

ael*

and then set
Wi (y) =Y} (v, dt, dg)=R(y) @} (v, dt, dg).

ProrosiTiON 4.2. — W7} extends to a Schwartz function on

To={yeT:a(y)#1, acl*}.

Proof. — The assertion follows immediately from [2], for ¥%(y)= ) x(w) ¥7(y) where
. 0wez(T)
7(v)=Ry(y) ®,(y°) which can be written as cA(y) F,(y®) where c is a constant, A a

unitary character on T and F s is the function of Harish-Chandra [12]; here we are using
representatives o [for the classes in 2 (T)] which lie in Norm (M, T).

Thus, like the function ‘F,, ¥’ (and each derivative) “‘jumps” across each wall a=1,
ael*. We discuss these “jumps” following the usual procedure (cf. [2]): o will be a root
inI*, yo an element of T such that a(yo)=1 and B(y,)# 1 if B# +a, v, will denote
Yo exp ivH,, where H, is the coroot (as element of t, the Lie algebra of T) attached to a,
and D will be an invariant differential operator on T.

LemMA 4.3. — Ifu(o )= —1 then

lim D ¥} (v,)=lim D ¥} (,).

v]}0 vto

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



8 D. SHELSTAD

Proof. — If all the roots wa, ® an element of the imaginary Weyl group, are compact then
the result follows immediately from [2].

Suppose now that a is noncompact. By [2] again, (and an earlier paper cited in [2]), we
have only to show that under the assumption D*=D the jump for D, as defined in [9],
paragraph 4, is zero. Recall that D, introduced because of the awkward transformation
of Ry under the imaginary Weyl group, is the image of D under the automorphism induced

by H-oH+s(H)I, Hetf, where s=1/2 ) loga. Because %x(@)=—1 we have

ael”

% (w,)= —1 (Prop. 2.1) and so w, is not realized in G. Hence to compute
lim D W% (y,)—lim D W¥%(y,),
v]0 v10

we may replace ‘P by ¥ where
¥ (1)=R (1) X (#(3) ;(v) +% (3w,) By (v™)),

and 8, an element of Norm (M, T) satisfying da=a, ranges over a complete set of
representatives for the classes in 2(T) containing such an element (cf. [9], §4). But
%®*(8)=x%(8). To prove this, a simple argument shows that it is enough to consider the case
that d is a reflection; then the proof is immediate (¢f. Paragraph 3). Thus we have

% (80) =% (0) % (8) = (&) % (8) = —%(3).
Hence ¥ (y*)=(1—w, 1) (y) ¥(y). Since D*=D we obtain immediately that

lim D ¥%(y,)—lim D ¥%(y,)=0,
v]}0 v1o

as desired.

Finally, suppose that o is compact but that wa is noncompact. Then since
P () =x () ¥F (v),

[using the positive system (I*)* to define W ] the proof is easily completed.

We come then to the other possibility, namely x (x)=1. Wehave already observed that,
regardless of the value of x (o), if all wa are compact then

lim D ¥} (y,)=lim D ¥} (y,).

vio v10

For the remaining case we proceed in steps. Suppose first that o is noncompact and that sis
a Cayley transform with respect to o, standard in the sense of [9], Paragraph 2. Since
%(o")=1 the character »* is well-defined (Prop. 3.2). We claim that

(1) lim D W} (v,)—lim D ¥} (y,) =2 D* ¥ (y,).
vi0 v10

4° SERIE — TOME 12 — 1979 — N° 1



ORBITAL INTEGRALS 9

The notation is that of [9]. Thus we assume that the system 1™ is adapted to o (. . . if Bis
imaginary and (B, a>>0 Ahen BeI™); Ry, and hence W7, is defined relative to
I} ={B:s"'Bel*}; D and D* are defined relative to I" and I, respectively. For the
choice of Haar measure on T, we refer to [9].

To prove the claim we again recall the computations of [9], Paragraph 4. First, on the
left-hand side of (1) ¥} may be replaced by ¥ where ¥ (y)=) »(0)¥,(y*) with ® an
element of Norm (M, T) satisfying wa = +a, ranging over a complete set of representatives

for those classes in 2 (T) which contain such an element. Fix osuchthat ea=a. Thenby
Proposition 4.5 of [9] we have

lim D W% (y,)—lim D ¥%(y,) =id () D' ¥ (7o),

V|0 v10

where d (a)=2 if w, can be realized in G and d(2)=1 otherwise. If o, can be realized in G
then we obtain

. N % : A % . /\s sos ! ; /\s %
lim D75 (y,)—lim D W} (y,)=2i Z n(®) DY (v0)=2i D'V} (v),

Vo vto o =ao

since, by Proposition3.3,x*(sos~})=x(w). Ifw,isnotrealizedin G and wa=a then oo,
and o lie in distinct classes of 2 (T). However ® (0ow,)=%(0). We now argue again as
in [9]. First, we may assume that D*=D. Then it follows that the term on the left-hand
side of (1) coming from wo, equals that for ®. By applying Lemma 4.6 of [9] we obtain the
formula (1).

We continue with the assumption that o is noncompact but allow s to be any Cayley
transform with respect to «. Then s may be written as w,S,, where s, is a standard
transform (with respect to o) and woe o/ (T, ). We know that

w0 (@) OF (1*) =07 (1), VE(T e
Also, by definition,
Ry (v*)=Rq (1),  veT,,

and ]/)\s=(15\“‘)“’°. Hence

lim D W% (y,) —lim D W% (y,)=2i %" (0o) D W% (v5).

vl]0 vto

Now we come to the general case. Thus we will assume that o (s~ ') s realizes ®,, with o
possibly compact. Suppose that wa is noncompact. Then s may be written in the
form wo so ® where s, is a standard transform with respect to oo and woe «/(T,). But

=% ¥7(°), veT.

the “R-" function in the definition of ¥ being relative to (I7), a system adapted to wa. It
is then easy to check that

-~ % /}) K [, @
D W% (v,) =% () D7 (v3),

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



10 D. SHELSTAD

PP being defined relative to (I*)*. We have then
~ A /\ S
) lim DW¥7(v,) —lim D ¥} (y,) =2i% (@)% (wo) D*¥7 (v5),
v]o v1o
where terms on the right-hand side are defined relative to the positive system ((I*)*) =1,".

We wish to give an (intrinsic) interpretation of x (®) %*® (w,) as a “x-signature” for s. We
continue to assume that o is an imaginary root, that % (o )=1 and that s is an element of G
such that s, = (s~ !)s realizes 0,. We write G, for the image of the appropriate real form
of SL, under one of the standard homomorphisms attached to a (¢f. [9]); G, is independent
of the choices made in defining such a homomorphism. Our first observation is that we may
modify s, by an element of G, to obtain a 1-cocycle for T trivial in G (... we are
considering the cohomology of just {1, o), as before). Indeed, suppose that o is
noncompact. Then s=wqs, where soeG, and o€/ (T,). We write @y as go
where g, € G and ®, normalizes T, and centralizes the maximal R-split torusin T,. Then
setting o, =54 ! 04 s, we have oy ! G, w; =G, and hence

Se=0(01 ") (s ") So1 =0 (01 ") 0y @1 ' T (s5) o1,

where o (07 ') o, is a 1-cocycle for T (and 1-coboundary for G) and ;! o (s !)so® is an
element of G,. Now suppose that a is compact but that oo is noncompact. Then we may
write s as mys,® where s5,€G,, is such that o(s;')s, realizes w,, and

o€/ (T, ). Decomposing w, as before we find that we may assume that wo=1. Then
ss=0(@ Ho.o 1o(ss?!)s, o,

where o(@ Yo is a 1-cocycle for T (and 1-coboundary for G) and
0 'o(s;")s,0€G,. This justifies our claim.

Suppose now that we decompose s, in two ways, say s, =w; t; =w, t,, where w,, w, G,
and t,, t, are 1-cocycles for T and 1-coboundaries for G.  We claim that the images of (the
cohomology classes of) t,. 1, under T-N differ by an element of Za and hence
% (t;)=x(t;). To prove the claim we have only to note that the classes of ¢, and ¢, differ by
an element of H' (T n G,); such an element maps under T-N into Z o .

It is now immediate that if s, € t; G, where ¢, is a 1-cocycle of T trivial in G then we may
define the “x-signature” ¢, (s) of s as (t,).

In (2) we wrote s as ®, 5o ® where wo is noncompact, so€G,, and woe ./ (T,). To
compute s, we may assume that ®, normalizes T,. Set ©,=s¢ Ywysow. Then
g, (5)=n(c(w;o)=x(w,)

in our usual notation. On the other hand
7 (@) % (o) =% (@) % (sg * @0 So) =% (®1).
Hence » (o) ®*°(0o)=¢,(s). We conclude:
LEMMA 4.4. — Suppose x (o )=1. Then:
(1) if all ®o are compact we have

lim D W5 (y,) =lim D W%(y,);

vi0 v10
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(il) if o (s~ ) s realizes w, then
A~ 2 /\ o
lim D W} (v,)~lim D ¥} (1) =2ie,(s) D' ¥ (vd).
v]}0 v1o
Here, we recall, the terms D, Y are defined relative to a system 1" of positive imaginary
roots adapted to o and the terms D¥, W¥ relative to I ={p:s™ ' Bel* }.

5. (T, »)-groups

To establish notation and introduce the groups of [7] we recall some more material
from [7] (and [8]). Owur data will be a connected reductive group G over R, a maximal
torus T in G, also defined over R, and a quasicharacter ®» on the module generated by the
coroots for T, trivial on the submodule % (T) (¢f. Paragraph 2).

We begin with an L-group *G for G. Thus fix a pair (G*, ), where G* is a group quasi-
split over R and \: G — G* is an isomorphism (over C) such that o (¢ "!) s is inner. In G*
fix a Borel subgroup B* over R and a maximal torus T* over R, contained in B*. To
abbreviate notation we use L for the character module for T* and L for its dual; £ = L will
be the set of simple roots for T* in B* and T~ the corresponding set of coroots. Fix a triple
(*G°,'B°, 'T?), where “G° is a connected reductive group over C, “B° is a Borel subgroup
of *G° and "T? is a maximal torus contained in “B°, such that the character module for “T°
is L™ and the set of simple roots for *T%in "Bis £~. Foreacha X fix aroot vector X, -
in the Lie algebra of “G°®. The element o acts on T*, L, L™ and “T°; we denote also by o
the action on “G° which extends that on “T and satisfies 6 X,-=X_,-,& €Z . The semi-
direct product of *G° by the Weil group of C/R, with 1 x ¢ acting by 6 and C* x 1 acting
trivially, defines an object in the category 4 (R) of [8]; this object will be our L-group “G.

Next, we use the pair (T, %) to construct another object “H in 4 (R). We denote by o
the action of o on T, L(T) and L™(T). Fix xeG* such that y,=adxoymapsT
to T*. Thus . induces an isomorphism of L™ (T) with L™ by which we transfer o, to L~;
by the same means we transfer » to a quasicharacter on {( £~ ); this new quasicharacter, x*, is
trivialon £={L"e(Z " ): A =p —orp ,somep €L’ }andsoisor-invariant. Let “H°
be the connected reductive subgroup of *G° generated by “T° and the 1-parameter
subgroups defined by those roots of “T? in “G° on which »*is trivial. Fix a Borel subgroup
of "H° containing “T° and let T be the set of simple roots for “T? in this group. Since »*
is oq-invariant the set of all roots of *T° in “"H° is preserved by 6;. We write 6 as a
product @ . oy, with © e Q(*H®, “T?), the Weyl group of “T° in "H°, and &} induced by an
automorphism of £,;. For each o € X, choose a root vector Y- in the Lie algebra of "H°:
we denote also by oy, that extension of o, to "H° satisfying 6, Y, =Y, .-, o €X;. The
semi-direct product of “H° by the Weil group of C/R, with 1 x ¢ acting by oy and C* x 1
acting trivially, defines an object “H in % (R); the isomorphism class of “H in 4 (R)
depends only on G, T and «.

We come then to the groups attached to G: we call a quasi-split group H over R a

(T, »)-group for G if the object "H described above is an L-group for H.
Up to isomorphism over R there is exactly one (T, x)-group for G.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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6. Cartan subgroups

We change notation slightly to write (To, %) for the fixed Cartan subgroup and
quasicharacter; H will now be a (T, %)-group for G. In this section we embed the Cartan
subgroups of Hin G*. . . and some of them in G. The basis for our discussion is a result
(unpublished) of Langlands.

For once and for all we fix (in the notation of the last section):
(i) ¥, G*, B*, T* and hence "G°; {X,-} and hence "G;
(ii) an element x of G* such that \, =ad x oy maps T, to T*, and hence “H;

(iii) a Borel subgroup of “H° and hence the action of o on “T?; {Y,-} and hence the
action of o; on “H° and the object “H.

Recalling that L™ is the dual of the character module for T* we make the canonical
identification of T* with L™ ® C*. By construction, L™ is also the dual of the character
module for some torus in H defined over R (and containing a torus maximal among the
R-split toriin H). Thus we can identify T* (as complex torus) together with the action of oy
(induced from that of o, on L") as a maximal torus in H, defined over R. Recall that the
action of Q(G, T*) (respectively, Q(H, T*)) on L™ coincides with that of Q(*G°, *T°)
[respectively, Q(“H®, “T?)]. Hence Q(H, T*) is a subgroup of Q(G*, T*). We remark
that on T*, o=, oy, ®,€QH, T*); o5=0,0;, ©,€Q(G*, T*) and so cg=w;30y,
w3 €Q(G*, T*).

We come now to the embeddings. Let T’ be a maximal torus in H defined over R.  We
pick heH such that ad h maps T’ to T*. Composing ad h with the identity on T* (as map
over C, from a subgroup of H to G*) we obtain an embedding j(h) of T' in G*, defined
over C. According to Langlands (unpublished) there exists geG* such that
jlg, hy=adg 'oj(h) is defined over R. (The proof proceeds as follows. Choose an
element y =exp X, X et’, such that hy h~! e T* is regular in G* and lies in the derived group
of G*. Consider the natural projection of the simply-connected covering group (G*)~ onto
the derived group. There is an element v, in the preimage of Ay h~ ! whose conjugacy class
in (G*)~ is defined over R. By [11] this class contains an R-rational point, say y;. Let
g(hyh™')g~! be the image of y, in G*. Then ad g oj(h)is defined over R.) Ifbothj(g, h)
and j(g’, h') map T’ into G* over R then the action of j(g’, h')oj(g, h)~* on T, the image
of T under j(g, h), can be realized by an element of G*. Clearly this element lies
in &/ (T). Hence the image of T’ is determined up to conjugacy under G* (cf. [9]). It
follows easily that if T’ and U’ are conjugate in H under H then their images in G* are
conjugate under G*. We conclude then that the embeddings j( , ) induce a map from the
set ¢t (H) of conjugacy classes of Cartan subgroups of H to t(G*). This map preserves the
usual ordering (¢f. [9], §2) and, in fact, maps adjacent classes to adjacent classes. However
it need not be injective. On the other hand, our twist \y: G - G* induces an embedding of
t(G) in t(G*) (cf. [9]). Thus we have a map from a subset of ¢(H) into ¢(G) (preserving
adjacency). The domain is non-empty for, according to [7], the image contains the
conjugacy class of Ty, our fixed Cartan subgroup of G.

While the map above is canonical [given the data in (i), (ii), (iii)] we will need to examine the
correspondence of individual Cartan subgroups, where the choices will be of importance
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(temporarily). First, we will say that a Cartan subgroup T’ of H originates in G if its
conjugacy class lies in the domain of the map into ¢(G). Clearly, if T’ originates in G
then T’ is embedded in G, over R, by amap\y~'oadg’ oj(g’, h), g’, 9" € G*, he H; that is,
by a map of the form
i(g, )=Yoadg 'oidoadh, geG*, heH.

Moreover, i(g, h)=i(g’, h') if and only if g’ =w, g, h’ =w, h where both w,, w, realize some
element @ of Q(H, T*); both i(g, h) and i(g"’, h’') embed T’ in G (over R) if and only if
i(g"”, h)=adgyoi(g, h) for some g, €./ (T), T denoting the image of T' under i(g, h).

We now fix a set # ={iy, . . ., iy} of these embeddings i(g, h), denoting the domain of i,
by T,, and the range by T,, (T, remains our fixed torus). We assume:

(@) To, . .., Ty form a complete set of non-conjugate groups among the Cartan subgroups
of H originating in G;

(i) igisoftheformi(x, ), where x is the element fixed in (ii) at the beginning of this section
and

(i) if T,, is conjugate to T, then T,,=T,.

That (ii) is possible is indicated in [7] (the argument is similar to that we reported earlier); (iii) is
only for convenience.

We consider an embedding i,,: T, » T,,. Write L, for L(T,,), L,, for L™ (T,,), &, for the
roots of T,, in G, E,, for the coroots and &, for the module # (T,). Clearly i, induces
isomorphism between L(T.,) and L,, and between L™ (T,) and L,,. We claim that under
these maps the coroots for T, are embedded in Z,, and the roots in Z,,. Moreover these
embeddings commute with the action of ¢ and if o’ maps to a in &, and y' to vy in T,, then
o' (y)=0a(y). To obtain the embedding of the coroots we write i,, as i(g,, h,); then ad h,,
maps the coroots for T/, to the coroots for T* in H and ad g,, oy maps E,, to the coroots
for T*in G. Now we need only recall that a coroot for T* in G* (respectively, H) is a root
for “T° in *G° (respectively, “H®). For the correspondence of roots, if we identify L
with (L7)” then a root o of T* in H is identified with

- 2o, AT . o~
B R L A el ,
TS ©

where we use a positive definite bilinear form ¢ , > on L' ®Q invariant under
QCFG®, 'T%. But then o is also identified as a root of T* in G*. The rest

A

follows easily.

The map ® — i, o oi,, ! yields an embedding of Q(H, T,,) into Q(G, T,,) compatible, in
the obvious sense, with the map on roots. We will denote by Q, (G, T,,) the subgroup
of Q(G, T,,) consisting of those elements which commute with o; that is, those elements
which can be realized in &/ (T,,). The map above embeds Q,(H, T,,) in Q, (G, T,).

We continue with a set .# of embeddings satisfying (i)-(iii). If T'is any Cartan subgroup
of H (originating in G) an .#-embedding of T'in G will be a map of the form i,, oad h where h
is an element of &/ (T’) mapping T' to T,,. Also we will say that an element y" in T’
originates from a regular element y of G with respect to # if vy is the image of y’ under some
S#-embedding; vy’ is then regular in H.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE
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LEmMA 6. 1. — If'y originates from regular elements v, € T,, and y, € T, (with respect to %)
then T,,=T, and there exists ® in the image of Qo (H, T,,) in Qo (G, T,,) such that y,=v%.

Proof. — That T,,=T, follows from [9], Theorem 2.1 and the condition (iii) satisfied
by 4. The rest is immediate.

We remark that whether or not an element of H originates in G,,, is independent of the
choice for .#; however the collection of elements (if non-empty) from which it originates is
not.

7. Transferring x,

We have fixed # = {ip, ..., iy}. Itis now an easy matter to transfer %, to a character
A, on P(T,). Indeed, choose heH such that adh maps T, to T;. Then

h=ijoadhoi,' maps T,, to T, and E, to Z,. Thus we have immediately a quasi-
character x,, on { E, >. That %, is trivial on %, follows from:

ProposITION 7.1. — h maps £,, to Lo+ Ker xg.
Proof. — Let A €L,, be such that cA” —A e€{ZE,,>. Then
h(or =2 )=(c(hX)=hL ) +c(c(hh L (hX)=hA)).
But c(ﬂ)ﬁ‘ ! lies in the image of Q(H, Tp) in Q(G, T,). Hence the second term is a sum of
coroots for T, each coming from H. This forces the second term to lie in Ker %, because,
by choosing io=i(x, ), we have arranged that o €Z, come from H if and only if

o eKer x,. It follows now that the first term lies in ( 2 > and hence in %,. This
completes the proof.

We have to check that x,, is well-defined. Suppose that h is replaced by h’. Then:

PROPOSITION 7.2. — WA € hA +Ker %, _ € Ep>.
Proof: .
WA =h) +h(h™ A =A0).
Since h~! i’ lies in the image of Q(H, T,,) in Q(G, T,,) the assertion follows easily.
For future use we note:

ProrposiTiON 7. 3:
(i) a coroot o in E,, lies in the image of the coroots for T,, (that is, “‘comes from H”) if and
only if up (@) =1;

(i) if o lies in the image of Q(H, T,,) in Q(G, T,) then ny =%,

Proof. — The assertion in (i) is immediate since it is true for m=0 (cf. the proof of
Proposition 7.1).

For (i), let A € (&, >. Then oA —X lies in the span of the image in E,, of the coroots
for T,,. Hence, by (i), %% =%x,,.

4° SERIE — TOME 12 — 1979 — nN° 1



ORBITAL INTEGRALS 15

The converse of (ii) is false. To clarify this, extend & (%, shifted to (£~ ) in some way to
. a quasicharacter on L™. Identify this extension as an element of “T°...'H° is the
connected component of the identity in the centralizer in “G° of this element. The condition
%% =¥, is that the action of ® shifted to “T° be realized in the (full) centralizer of our element.

We have defined Q,(H, T,,) and Q, (G, T,,) (Paragraph 6); i,, induces an embedding of
QoH, T;)inQy (G, T,). If o, ®, licin the image then we have defined %,,(®,), %, (®,); by
Propositions 3.1 and 7.3, %, (0, ©) =%, (0,) %, (0,). Clearly also x,(0)=+1. We
will need further information.

Let T be a maximal torus, over R, in a connected reductive group G over R.  Let Qbe the
Weyl group of T in G and Q, the subgroup of Q consisting of those elements realized
in o (T). Let S be the maximal R-split torusin T and M be the centralizer of Sin G. The
imaginary Weyl group of T, denoted here by Q;, is the Weyl group of T in M; we have
Q,cQy. Let # be the restricted Weyl group attached to the pair (G, S). Restriction to S
defines a surjective homomorphism from Q, to #” (this follows easily from Theorem 2.1
of [9]); the kernelis Q,. We will classify the elements of Q, according to imagein #". First
we recall the structure of #°. According to [4], #” is generated by the reflections with respect
to certain (useful) roots of (G,S). To describe the reflections needed we assume
G simple. For convenience we exclude for the present the case that G is of type G,. Then
if & is a root of (G, S) the set of roots proportional to o is {+a}, {i1/2a, +a} or
{+a, +20} [4]. We assume that 1/2% is not a root. We call & of type (A), (B') or (C)
accordingly as:

(A) a coincides with some (real) root of (G, T);
(B) & is not a root of (G, T); 2a is not a root of (G, S), or
(C) ais not a root of (G, T); 2a is a root of (G, S).

Suppose that o is of type B’ and choose a root A of (G, T) whose restriction to S
isa. Then A#oA (o denotes complex conjugation) and A+c)A is not a root so
that (A, oA > =0. An argument on (A, A > shows that (A, oA ) is independent of the
choice of .. If (A, oA > >0 then comparison with the definitions of [4] shows that
cannot be useful in the sense of [4]. We call a of type B if o is of type B’ and (A, oA » =0
for each A.

Suppose now that ais of type C. Choose a root A of (G, T) whose restriction to Sis a and
aroot p whose restrictionis 2a. If (A, oA > >0then {pu, p> =3¢\, A ). Since we have
excluded systems of type G, we conclude that (A, oA > <0, and moreover that A+ oA is a
root of T.

The reflections m,, x of type A, Bor C, generate #".  We call @ € Q, of type A (respectively,
B, C) if its image in #" is a reflection of type A (respectively, B, C).

We return to the tori T,, in H and T,, in G. Let S,, be the maximal R-split torus in T,
and S,, the maximal R-split torusin T,,. Then i, maps S;,to S,, and induces an embedding
of the set of roots of (H, S,,) in the set of roots of (G, S,,) [since each root of S,,
(respectively, S,,) is the restriction of a root of T,, (respectively, T,)]. Let #",, be the
restricted Weyl group attached to (H, S,,) and #',, be the group for (G, S,). Then i,
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induces an embedding of #7,,in # ,,; the image of the reflection with respect to a root of S, is
the reflection with respect to its image in the roots of S,, and also

Qo (H, T,) > Q0 (G, T,)

! !
Wy —— W

is commutative.
We come then to computing x,, as a character on the image of Q, (H, T,,) in Q, (G, T,,).

ProposiTION 7 . 4. — If o lies in the image of the imaginary Weyl group of T,, then »,,(®)=1.

Proof. — Let w=0, ...0, where a;, ..., a are imaginary roots of T, coming
from H. Then

. .
U (©) =% (@) % (@, - - 0,) = U (@, . . . Oy,)

since %, (0, ) =1 if ot; is compact, %, (@, ) =%y, (a;)=1if o, is noncompact and, in either case,

Py _

% ' =%,. Induction now completes the argument.

We conclude from this proposition that %, () depends only on the image of ®
in #,. Assume now that G is simple. If G is of type G, then direct computation shows
that «,, (0)=1 for all  in the image of Q, (H, T,,) in Q, (G, T,,). Suppose that G is not of
type G,; then neither is any simple factor (of the simply-connected covering of the derived
group) of H. If &’ is a root of S,, of type A and a is its image in G then 2 o is not a root (by
an argument as in [13], §1.1); 1/2a may be a root. If 1/2a is not a root then o is of
type A; if 1/20 is a root then 1/2a is of type C. If a’ is of type B then 1/2a is not a
root. Also & cannot be of type A; hence ais of type Bor C. If & is of type C then so also
is a.

LEmMMA 7.5:

(i) If o is the image of an element of Q,(H, T,,) of type A or C then x,,(®)=1, and
(i) if o is the image of an element of type B then x,,(®)=1 if ® is also of type B; otherwise
A (@)= —1.

Proof. — In case (i) there is a real root A such that o, has the same image in #",,
as . Hence %, (0)=x,,(®;)=1 since w, can be realized in G.

In case (ii), suppose that ® has image «; in #,, and that A is a root of T,, such that
{A,0A>»=0 and the restriction of A, to S,, is ®. Then ® has the same image in %,
as 0, 0,. Ifa is of type B then {+A, oA} are the only roots of T, in the plane
determined by A, cA. Hence o, ,, can be realized in G and % (w)=1. The only other
possible type for a is C; then

W), W), = 0y, — 5 D + 6,
and
Am ((’Jl mck)=%m (O*)X—cl)=um ((}"—c}")v)= -1

4° SERIE — TOME 12 — 1979 — N° 1



ORBITAL INTEGRALS 17

by Proposition 2.1, since A — o) is not from H and must be noncompact (by an examination
of the root systems of tvpe C,). This completes the argument.

8. A factor and an assumption

Again we consider one of the embeddings i,,: T,, —» T,.. We fix, for once and for all, a
positive system for the imaginary roots of T,, in G and use the induced system for the
imaginary roots of T,, in H. Recalling the “R”-function of Paragraph 4 we set

R.M)= [] (A-a@™Y) I1 |(0€(Y))1/2—(a(y))_1/2‘,‘

o imaginary a not imaginary
a>0 a>0

for yeT,, o denoting a root of T,, in G, and
R.(v)= JI (-0’0 T[] [@&)?=@@)"]
o' imaginary a’ not imaginary

o' >0 1 >0

for y'eT,,, o’ denoting a root of T,, in H; the second product in each expression is to be
interpreted as in Paragraph 4. Next we set

1 1
o 7,
= Yy o« and =5y o
o imaginary o imaginary
a>0 a'>0

1,€L,®Q and v, eL(T,)®Q. Using i, we transfer 1,, to L,,®Q, again writing 1,,. Our
assumption will be

m—u,€L,,.

(8.1) and
lo—to—h(tm—U) <o),

for some he H such that h= igoadhoi, ! maps T, to T,.
As before, &, is the set of roots of T,,. Clearly(8.1)isindependent of the choice of hand
the positive systems for imaginary roots. The second part of the assumption is a
consequence of the first in all but a few cases. Those cases where (8. 1) fails will be dealt with
in another paper.

On transferring R, to T,, (without change in notation) we may define a function A,, on the
regular elements of T,, by

(tm—1m) () R (¥)

Bal)=""

LemMa 8.2. — If o is in the image of QyH,T,) in Qy(G,T,) then
A, (Yw) =%m (0)) Am ('Y)’ Y& (Tm)reg'
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Proof. — Suppose that o is the image of @’. Then

o £(O)
An(y®)= c@) An(Y),
where g (—) denotes the signature with respect to imaginary roots; that is, € (@) =(— 1)” where
n is the number of positive imaginary roots o of T,, in G for which wa is negative, and ¢ (')
is similarly defined relative to the imaginary roots