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REPRESENTATIONS OF SOLVABLE LIE ALGEBRAS.
II. TWISTED GROUP RINGS

By J. C. Mc CONNELL

Introduction

This paper may be regarded as either an introduction to or a continuation of [4]. In [4]
it was shown that the simple algebras which arise in the representation theory of solvable
Lie algebras could be viewed as algebras of differential operators in which the multipli-
cation is altered by a Lie 2-cocycle. In this paper we show that these cocycle twisted
algebras of differential operators may also be viewed as (cocycle free) twisted group
rings.

We first recall the main result of [4]. Let g be a completely solvable Lie algebra over
a field k of characteristic zero and P be a prime ideal of U= U (g), the universal
enveloping algebra of g. Let

E=EB(U/P)={u+P :u+P#Pand[g u]+Peku+P forall geg}.
U/P has a simple quotient ring (U/P); with respect to E. It was shown in [4] that
(U/P)s = (KS ®x KG) #,U(a),

where K is the centre of (U/P);, KS is a commutative polynomial algebra,
KS = K[y, ..., V], n = 0; KG is the group algebra of a free abelian group of finite
rank m, m 2 0,

KG = K[gl, 8;19 cevs 8ms g;l],

a is a subalgebra of the abelian Lie algebra ) kd/dy;+kg; 0/0g; such that the ring of
i,J
formal differential operators (KS ®x KG) # U (a) is simple, (see Theorem 2.2); ¢ is
a Lie 2-cocycle, ¢ € Z2 (a, KS ® KG) and (KS ®¢ KG) #, U (a) is the corresponding
“twisted ring of differential operators.”” (See Theorem 2.1 and Remark.) The key
result of this paper is that, under the conditions stated, the Lie cohomology group
H? (a, KS ® KG) is isomorphic to a subgroup of H? (a, K). From this it follows readily
that such a simple algebra (KS ® KG) #, U (a) may be “turned upside down’’ and
viewed as a twisted group ring, (A, ®x U (W)) # KG, where A, is a Weyl algebra with

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE 21



158 J. C. MC CONNELL

centre K, U (W) is the enveloping algebra of an abelian Lie algebra W and G is a finitely
generated free abelian group of automorphisms of the coefficient ring A, ® U (W).
Each element of G preserves the filtration on A, ® U (W) and induces the identity auto-
morphism on the associated graded algebra and (A, ® U (W)) # KG may be regarded
as an algebra & (V, 3, G) constructed from a finite dimensional vector space V, an
alternating bilinear form 6 on V and a finitely generated subgroup G of the dual space V*.

It is shown that each such simple algebra & (V, 8, G) may be expressed as a
(KS ® KG) #,U (a) and as a (U (g)/P);. Thus there are bijections between the iso-
morphism classes of simple algebras,

{U@/MPk}, {(KS®KG)#,U(a)} and {H(V,3,G)}.

It is also shown that a simple algebra & (V, 8, G) is a subalgebra of A, ® A,, where
n = rank §/2, m = rank G and A}, is the localisation of A,, at the powers of the element
X{ X X

A necessary and sufficient condition for & (V, 8, G) to be simple is that V3 n V¢ = 0,
where V? is the orthogonal complement of V with respect to & and V¢ = n Ker A, (A € G).
The proof of this is elementary and is much easier than the proof of the corresponding
theorem of [4] which gave sufficient conditions for (KS ® KG) #, U (a) to be simple.
(See Theorems 2.2 and 4.7.)

Finally we consider when two simple algebras
d1=M(V,S,G) and d2=‘d(wa‘Y9H)

are isomorphic. We conjecture that these algebras are isomorphic if and only if there
exists a vector space isomorphism ¢ : V— W such that (i) ¢ is compatible with & and y
and (ii) the dual map ¢* induces an isomorphism H— G. If such a ¢ exists then
o, = o, Conversely, if &, = o/, then we show that there exists an isomorphism ¢
such that (ii) holds but we are unable to show that ¢ also satisfies (i) except in a special
case. However we do have four integer valued isomorphism invariants associated with
with & (V, 8, G), (or with a primitive ideal P of the universal enveloping algebra of a
completely solvable Lie algebra g) and if the conjecture is true then there is yet another
integer valued isomorphism invariant. It is well known that if g is nilpotent then P
determines a single integer n, where U/P = A, and 2 n is the dimension of the orbit of g*
associated with P, [6] (4.2.1).

We are indebted to L. Avramov and A. Rosenberg, (participants in the Leeds Ring
Theory Year), for their help with the cohomological questions considered in Sections 3.

1. Notation

k is a field of characteristic zero. An algebra is an associative k-algebra with 1 and
homomorphisms preserve 1. If A is an algebra, Der A is the Lie algebra of k-derivations
of A and Aut A the group of k-algebra automorphisms of A. End A = End, A and if
A is commutative, Diff A is the subalgebra of End A generated by Der A and the multi-
plications by elements of A.
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REPRESENTATIONS OF SOLVABLE LIE ALGEBRAS 159

If g is a Lie algebra and M a g-module, then C? (g, M) is the k-space of p-cochains,
Z* (g, M) the space of p-cocycles and HP? (g, M) the corresponding cohomology group.
In particular C? (g, k) is the space of alternating bilinear forms on g. M x g denotes
the split extension of M by g and if ¢ € Z? (g, M), M x, g denotes the extension corres-
ponding to o. (See [1], Chapter 13 Section 8 and Chapter 14 Section 5.)

If A is an algebra and G a subgroup of Aut A then A # k G denotes the corresponding
twisted group ring which as a k-space is A ®, k G, where k G is the group algebra of G
over k, and multiplication is defined by

(a,®g1)(a,®g;) =0a,8,(a,) g 8.

We will denote a ® g by ag as usual. A # k G is also a free right A-module with the
elements of G as a free basis. A # k G has the universal property that if B is an algebra
and ¢ is a homomorphism of A to B and \ a group homomorphism of G into the group
of units of B such that

V(@@ =0(@)V (),
for all ae A, g € G, then there exists a unique (k-algebra) homomorphism of A # kG
to B which extends ¢ and V.
If V is a vector space and d an alternating bilinear form on V then a basis for V adapted

to 8 is a basis
Xis Vis v vvs Xiy Vi» S5 v vs St
such that 8 (x;, y;) = A;; (where A;; is the Kronecker delta) and
8(xp x7) = 8(x; 57) = 8(yi ¥;) = 8(ys 5;) = (s, 5) = 0.

If A, is a Weyl algebra with its usual filtration and U (W) the enveloping algebra of
an abelian Lie algebra W with its usual filtration then A, ® U (W) is a filtered algebra
by

F, (A, @ UW) = 3 F.(4) @F,-,(UW)).

Thus if A, = k [xy, y1, o) Xp Y] (With [x;, y;]1 = A;)), UMW) =k [sy, ..., 5]and V
denotes the subspace of A, ® U (W) spanned by { x;, ¥y, ..., Xu Vu» S15 .-, 5, } then

Fo(A,@UW))=kl1 and F;(A,@UW)=k10V.

If 0 is an automorphism of A, ® U (W) such that 6 preserves the filtration and induces
the identity automorphism on the associated graded algebra then there exists a unique
A eV* such that for veV, 0(v) = v+A (v). Conversely, if A € V* then there exists
a unique automorphism 0 of A, ® U (W) defined by 6 (v) = v+ A (v), v € V, and 0 preserves
the filtration and induces the identity automorphism on the associated graded algebra.

The following notation is standard throughout the paper. kS will denote a commutative
polynomial algebra over k with n = 0 generators, kS = k [y, ..., ¥,], and £k G will
denote the group algebra over k of a free abelian group of finite rank m, m = 0,
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160 J. C. MC CONNELL

kG=k[g,g"  ...8mg.'] cdenotes the abelian Lie subalgebra of Der (k G ® k S),
c= 21 kd[oy,+ ‘Zl kg;0/0g;.
i= j=

This situation may be described more intrinsically as follows. The unitsin kS ® k G
are just the units in k G, i. e. are scalar multiples of the elements of G. Consider k£ S
with its usual graded algebra structure, (induced by the degreein y,, ..., y,) and let Gr, (kS)
denote the pth subspace in this grading. Then c is the subspace of Der (kS ® k G)

such that,

(i) if cec and h is a unit in kS ® k G, then, c (h) e kh
and

(ii) c(Gr,(kS)) = Gr,_, (kS) for p=1.
c=c, ®c,, where ¢; =) kd/dy; and ¢, = ) kg;0/dg;. For f=1, 2, n, denotes
i J

the projection of ¢ = ¢; @ ¢, onto ¢,;. If ge G, A ec* is defined by c(g) =4,(c) g
for all cec.

A subspace a of c is said to satisfy condition (Sim) when the following two conditions
hold :

() 7 (@) = ¢,
(i) if g, he G with g # A then A, |a # A, | a. (See Theorems 2.2 and 3.2.)

(Note that ¢, (respectively c¢,) as defined above corresponds to ¢, (respectively c;)
as defined in [4] Section 5.)

anc, will be denoted by a%, i.e. a® = Ker (r, | a).
2. A Simplicity Theorem

The following theorem is [4] (Theorem 2.8).

THEOREM 2.1. — Let A be a commutative algebra, g a Lie algebra, 8 a Lie algebra
homomorphism of g into Der A and o a Lie 2-cocycle, c € Z> (g, A). Let I = I be the
ideal of U = U (A x,g) generated by

& ={1y—1,,a.b—ab : a, beA},

where a.b denotes the pfoduct of aand b in U and ab their product in A.

(1) If x is a homomorphism of U into an algebra B then | A is an algebra homomorphism
from A to B if and only if I < Kery. :

(2) IfV is the canonical homomorphism from U to UJI then \ | A x,, g is a monomorphism
and if g4, ..., 8, IS a basis for g and we identify A x,g with its image under \ then U/[I
is a free left A-module with the standard monomials in g, ..., g, as a free basis. m
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REPRESENTATIONS OF SOLVABLE LIE ALGEBRAS 161

Remark. — A #,U (g) has the universal property that if B is an algebra, and 0 is a
Lie algebra homomorphism of A x, g into B such that 6 | A is an algebra homomorphism
then 6 may be extended to an algebra homomorphism of A #, U (g) into B.

THEOREM 2.2. — Let a be a subspace of ¢ and c€Z*(a, kS® kG). Then
(kS ® kG) #, U (a) is a simple algebra if and only if a satisfies condition (Sim).

[Thus the simplicity of (kS ® k G) #, U (a) depends on the action. of a and not on
the choice of ¢.]

Proof. — If m, (a) # c, then there exists 0 # y € Y ky, such that a (y) = O for all ae a.

Thus y is a central non unit in (kS @ k G) #, U (a). If there exists g, he G with g # h
and A, |a = A, | athen 1—gh™'is a central nonunit in (k S ® k G) #, U (a). Thus (Sim)
is a necessary condition for (kS ® k G) #, U (a) to be simple. That (Sim) is also
sufficient was proved in [4], Section 5, Theorems 5.2 and 5.3.

However in Theorem 4.7 we will give another proof of this, which is entirely elementary

for the case o = 0 and the same proof can be used when ¢ # 0 modulo Theorems 3.1
and 3.2. =

DEFINITION 2.3. — Let A be an algebra and g a Lie subalgebra of Der A. If, for

alla,, a, € A, g (a;) = g (a,) for all g € g implies that a, — a, € k then we say that g separates
the points of A modulo k.

THEOREM 2.4. — Let a be a subspace of ¢. Then a satisfies (Sim) if and only if a separates
the points of kS ® k G modulo k.

Proof. — If a does not separate points modulo k then, as in the proof of Theorem 2.2,
(kS ® k G) # U (a) contains central nonunits and so a does not satisfy condition (Sim),
by Theorem 2.2. Conversely, if a separates points modulo k then a must satisfy condi-
tions (i) and (ii) of (Sim). =

3. Cohomology

THEOREM 3.1. — Let A be a commutative algebra, g a Lie algebra and 0 a Lie algebra
homomorphism of g into Der A. Let o, 1€ Z* (g, A). If o, 1 are cohomologous cocycles
then there exists an isomorphism

¢ : A#,U@®@—~A#.U(®
which extends the identity map of A to A.

Proof. — Since o, t are cohomologous there is a Lie algebra isomorphism
¢ : Ax,g— Ax, g which extends the identity map on A. ¢ may be extended uniquely
to an algebra isomorphism (again denoted by ¢) of U (A x,g) — U (Ax,g). Consider
the following diagram where I, \ are as in Theorem 2.1,

‘l’ﬂ
0-L,>U(Ax,8)>A#,U(g—0
i le Ve i
0-I,->UAx.8)>A#,.U(@-0"
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162 J. C. MC CONNELL

Since ¢ : I,— I, ¢ induces an isomorphism of A #,U (g) — A #,U(g) which we
denote by ¢’. Since VY, ¥, and ¢ induce the identity map on A, ¢’ also has this pro-
perty. =

The rest of this section is devoted to the proof of the following

THEOREM 3.2. — Let a be a subspace of ¢ which satisfies condition (Sim). Let
S=anc, Then for p >0, there is an isomorphism of Lie cohomology groups,

H”(a, kS ® kG) = H?(aC, k).

a

LeMMA 3.3 (Rees). — Let R be a commutative ring and x € R a non zerodivisor on R.
Let M be an R-module with x M = 0 and N an R-module such that x is a non zerodivisor
on N.

(0 Extf(M, N) = E;l(M, NxN)  for p21,
=0 for p=0.
(2) If the map N— N given by nv> xn is surjective (as well as injective) then
ExtE (M, N) =0 for p = 0.
Proof (1) is the Rees Reduction Theorem [7] and (1) implies (2). =

The following lemma is a dual version of the Rees Reduction Theorem for the case
when the map N — N given by n xn is surjective instead of injective. (Compare the
concept of a cosequence as introduced by Matlis [3].)

LeMMA 3.4. — Let R be a commutative ring and x € R a non zerodivisor on R. Let
M be an R-module such that x M = 0 and N an R-module such that x N = N. Then
Jor p 20,

Extf (M, N) = Extg r. (M, Annyx),
where Annyx = {neN :xn =0}.

Proof. — By ([1], p. 348, Case 4 or p. 118, Case 4) with I’ = R/R x and A = R, there
is an edge homomorphism 0 in a spectral sequence,

0 :  Extgg,(M, Homg (R/R x, N)) - Extg (M, N)
and by [1] (p. 349 or p. 118, Proposition 4.1.4) 0 is an isomorphism if
Extf(R/Rx, N)=0 for q>0.
Since x is a non zerodivisor on R,
0-Rx->R->R/Rx-0

is an R-projective resolution of x(R/R x) and so Ext§ (R/R x, N) = Oforq > 1. Applying
Homg (—, N) to this exact sequence, we obtain
Homg (R, N)— Homg (R x, N) — Extz (R/R x, N) - 0,
R n R

N———N
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REPRESENTATIONS OF SOLVABLE LIE ALGEBRAS 163

where A is defined by n+> xn. Since x N = N, A is surjective and Ext} (R/R x, N) = 0.
Thus 0 is an isomorphism. Since R/R x is generated by 1+ R xand x.(1+ R x) = O0+R x,
Homg (R/R x, N) = Annyx. =

Proof of Theorem 3.2. — Let a’ be a subspace of a such that a = a’ @ a®. Let
ceCP(a% k). o may be extended to an element of CP(a, k) by requiring that
o (Xg, ..., x,) = 0 if there exists an i, 1 < i < p, such that x;ea’. The canonical
embedding k— k1 < kS ® kG enables us to regard o e C?(a, k) as an element of
CP(a, kS ® k G) and clearly c € Z? (a, k S ® k G). We now show that such a ¢ cannot
be a coboundary. For each x € a%, the image of x (viewed as an operator on k S ® k G)
is contained in Y kS ® kg. For each feC?’"!(a, kS® kG) and xy, ..., x,€aS,

g¥1

8f ety s Xp) = D=1 T X (f(xgs s Xy < X))

andso 8 f(xy, ..., Xx,) € kS®kg. Thuso # 8f Hence theinduced homomorphism
of g#1
H” (a% k) = C?(a%, k) » H”(a, kS® KG)

is injective. It remains to show that this homomorphism is surjective.

Let U be the universal enveloping algebra of a, so U is a commutative polynomial
algebra. By [1], Chapter 13, Section 8,

HP(a, kS ® kG) = Extf(k, kS ® kG).
For ge G, kS ® kg is an a-submodule of kS ® kG and
kS®kG= & kS®kg.

geG
Since k is a finitely generated U-module and U is noetherian, k has a projective resolution
by finitely generated free U-modules. If F is a finitely generated free module then

Homy(F, kS® kG) = @ Homy(F, kS ® kg).

geG

Thus
Extf(k, kS® kG) = @ Ext{(k, kS ® kg).

geG
The action of U of k£ S ® kg is induced by the action of a on k¥ S ® kg which is given by :
for aea and fekS,

a(f@g =a(f)®g+f®a@)=(@(NH+r(a)f)®¢g.

We show first that if g # 1 then Ext}(k, kS ® kg) = 0 for p =2 0. If g # 15 then,
since a satisfies (Sim), there exists a, € a with A, (a;) # 0. Choose a basis { x; } for a
with x; = a;. Then there exist ¢,, ..., ¢,, p€k with p =X (a;) # 0 such that

5 (f@g) = ((2 cia/ayi+u1)f>®g,

i=1
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164 J. C. MC CONNELL

where I = 1, The map kS— kS given by f— () ¢;0/0y;+ pI) f is bijective. (It
i

is clearly injective and is easily seen to be surjective by induction on the degree of f)
Thus, if g # 14, then for p = 0,

Extf (k, kS ® kg) =0
by Lemma 3.3 (ii).

We now consider Ext} (k, kS @ k 15) and we will identify the U-modules kS ® k14
and kS by the map f® 15+ f for fekS. Since a satisfies (Sim), we may choose a
basis x;, ..., x, for a such that for fekS :

x;.f = 0f |0y, for 1Zign,
=0 for n+1Zigt

(Thus x,44, ..., X, are a basis for a®) Since k has characteristic zero, x,.kS = k S
and Annggx, =k [y ..., »,]- So by Lemma 3.4,

Ext} (k, kS) = Ext], (k, k[yzs - - s Yu))
where U; = U/Ux, = k[x,, ..., x,]. By induction on n, we obtain

Extfj(k, kS) = Ext{,_(k, k),
where
U,=U/Uxi+...+Ux, Zk[Xy41, - s X
Thus
H’(a, kS ® kG) = Ext{j(k, kS ® kG) = Ext]_(k, k) = H? (aS, k).

Since these isomorphisms are all k-vector space isomorphisms the theorem is proved. m

Remark. — In the case when rank G =0 and so kS® kG =k [y, ..., y,] and
a= )Y koJoy, this theorem is classical, (Lemma of Poincaré). See [2] (Theorem 2.2
i=1
and following remark).

NOTE 3.5. — Let a be a subspace of ¢ with dim a > 0. In this case the converse
of Theorem 3.2 is also true, i. e. the monomorphism C” (a®, k) — HP” (a, k S ® k£ G),
p = 1, is an isomorphism for all p = 1 only if a satisfies (Sim). (This is easily seen by
reversing the steps of the proof of Theorem 3.2.) Thus there are three equivalent condi-
tions to (Sim), namely the simplicity of an algebra, Theorem 2.2; the separating points
condition, Theorem 2.4; and, when dim a > 0, the minimality of some cohomology
groups. Yet another condition was given in [4] which briefly is as follows.

C; = .Zl kgja/agj
j=

may be viewed as the space of diagonal matrices on kg,+...+kg, by
Ai1g:10/0gi+...+A,8,0/08, — diagonal matrix (A, ..., A,).
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It was shown in [4] Section 5, that condition (ii) of (Sim) is equivalent to the condition
that the algebraic hull of &, (a) in ¢, is ¢,, [Where the algebraic hull of =, (a) is the usual
algebraic hull of a space of diagonal matrices].

4. Twisted Group Rings

In this section we construct the algebras & (V, 8, G) mentioned in the introduction.
Let V be a finite-dimensional vector space and & an alternating bilinear form on V. Let

Vi={veV :8(v,v)=0forallv’eV}.

Then rank & = dim V—dim V® is even, equal to 2 / say where / = 0. With this notation
we have

LeMMA 4.1. — Consider V as an abelian Lie algebra, k as a trivial V-module and &
as an element of Z? (V, K). Then

k#,U(V)=A®UV),

where A, is a Weyl algebra and U (V®) is the universal enveloping algebra of the abelian
Lie algebra V°.

Proof. — Choose a basis for V adapted to & and use Theorem 2.1 (2). =

k #5 U (V) will be denoted by U (V) and should be regarded as the algebra containing V
as a subspace and generated by the elements of V subject to the relations : for all v, v" €V,
' —v'v =98 (v, V).

As noted in Section 1, if A € V* then there corresponds a unique automorphism 6,
of U; (V) defined by 6, (v) = v+A (v), veV. Let ® : V*— Aut U; (V) be given by
A—6,. If A peV*then 6,,, = 6,0, so ®is a group monomorphism of the additive
group V* into Aut Uy (V). If G is a subgroup of ® (V*) then the inverse image of G
under ® will be denoted by G and if H is a subgroup of V* then ® (H) will be denoted
by H. If G is a finitely generated subgroup of V* then G is a torsionfree group (since k
has characteristic zero) and hence is a free abelian group of finite rank.

We note in passing that if A € V* then 6, = exp d,, (exponential d,), where d, is the
unique derivation of Uy (V) such that

dx

Us (V)= U (V)
T 1

V——k

is commutative. d, is locally nilpotent and exp d, is defined, (since k has characteristic
zero), and is an automorphism of U (V) which coincides with 6, since they agree on V,

Thus given a finite dimensional vector space V, an alternating bilinear form 3 on V
and a finitely generated subgroup G of V* we can form the twisted group ring
U; (V) # k£ G and we will denote this algebra by & (V, 8, G). Conversely an algebra
(A, ® UW)) # k G, where G is finitely generated and each element of G preserves
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166 J. C. MC CONNELL

the filtration and induces the identity automorphism on the associated graded algebra,
is an & (V, 3, G), where

!
V=W+ Y kx;+ky;
i=1

and for v, v eV, 8 (v, v) = [v, v'].

Two specialisations of &/ = &/ (V, 8, G) are the following. If G = 0 and § is non-
singular on V then & = A, where 2p =dim V. If § =0 and m = rank G = dim V
and G spans V* then & =~ A/. To see this let g, ..., g, be a set of generators of G,
let A, ..., A, be the corresponding elements of V* which are a basis for V*, and let
vy, ..., U, be a dual basis for V with &, (v)) = A;;. So [g;, v;] = A;; g; and

o = k[gl’ gl—l’ <o 8ms g;l’ Vg5 « v vm]'

Set x; = g; and y; = g7 ' v;, With the notation as defined in Section 1 we have

THEOREM 4.2. — Let a be a subspace of ¢ which satisfies (Sim) and let
c€Z?(a, kS ® k G). Then there exists a finite dimensional vector space V, an alternating
bilinear form & on V and a finitely generated subgroup G of V* such that

(kS®KkG) #, U(a) = #(V, 3, G).

Proof. — By Theorems 3.1 and 3.2 we may assume that oceC?(a, k). Also if
1€ C?(a, k) then o and t determine isomorphic algebras if o |a® = t|a®. Thus if a’
is a subspace of a such that a = a’ ® a® then we may assume that a’ is c-orthogonal
toa. Let rank (o |a®) be 2 r and let W be the subspace of a® which is the c-orthogonal
complement of a®. Let V be the subspace S@® a of (kS ® k G) #, U(a), where S
denotes the space of homogeneous elements of degree one of k S. & € C? (V, k) is defined
by

8 (v, v') =[v, V'], v, v eV.

By (Sim), m, (a’) = ¢, and so the subalgebra generated by S and a’ is A,, where » is the
Krull dimension of k S. By Theorem 2.1 (2), the subalgebra generated by a®is A, ® U (W)
and the subalgebra generated by V is A,,, ® U (W) and so is U; (V).

For aca and geG, [a, g] = A, (a) g or equivalently ga = (a—XA, (@) g. A, ca*
and A, may be extended to an element of V* by setting A, (S) = 0. Thus for ve V and
ge@G,

go=@w-2,()g or gug l=v-21,(v)

Thus each g € G determines an automorphism of U (V) given by u+> gug ™' and if g, he G
with g 5 h, then A, | a # X, | a by (Sim) and so g and 4 determine distinct automorphisms
of U; (V). Since

kS®kG)#,U(@)=2kG®kS® U(a),
as vector spaces, (kS ® k G) #, U (a) is a free right U; (V)-module with the elements
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of G as a free basis. Thus
kS®KkG)#,U(a)= #(V, 3, G),

where G = { —A, : ge G } is a subgroup of V*.
o (V, 8, G) satisfies the following universal property.

THEOREM 4.3. — Let o (V, 8, G) be as above. Let B be an algebra, 5, : V— B be a
k-module map and ¥ : G — (Units of B) be a group homomorphism such that

(1) [X (v)a X (U’)] =39 (v, v,)’ v, v'e Vs

() Y Q) x @ =@ @+2 @) ¥ Q).

Then there exists a unique homomorphism ' : o/ (V, 8, G) — B such that ¥’ | V=g
and for Le G, %' (8) =V (V).

Proof. — By the remark following Theorem 2.1 and (i), ¥, can be extended to an algebra
homomorphism of U; (V) to B. By (ii) and the universal property of a twisted group
ring, there is an algebra homomorphism %’ as required. m

LeMMA 4.4. — Consider an algebra & (V, 3, G). If G spans V* then for each
resl (V,d, G) with r¢ k there exists L€ G such that exp d, (r) # r and there exists
g€ G such that gr # rg.

Proof. — Let 0 # A € G, denote exp d, by g, set V' = Ker A and choose v € V so that
V=V ®kv. As k-modules,
Us(V) = U (V) ® k[0]-
For reU;(V), grg ' =expd (r). Ifr= Y r,®v', where r,e Uy (V'),i=0, ..., s,
i=0
and r; # 0 then, since
exp d, (v') = (v +1 (),
the coefficient of v*"! in exp d,(r)—r is sA(v)r, So if exp d,(r)=r then,
A@r,#0, s=0 and re Uy (V). Thus if r commutes with g for all g€ G, then

re() Us(Ker &) = U; () Ker)),
A I8

by a Poincaré-Birkhoff-Witt argument. Since G spans V*, U, ([ Kerd) =k =
A

NOTATION 4.5. — Let V be a finite-dimensional vector space, d an alternating bilinear
form on V and G a subgroup of V*. Set V¢ = () Ker A, (A € G). V® denotes the 3-ortho-

A
gonal complement of V and (VS)® the subspace of V¢ which is 3-orthogonal to VC.

THEOREM 4.6. — Let V be a finite-dimensional vector space, b an alternating bilinear
form on V and G a finitely generated subgroup of V*. The following conditions are equi-
valent.
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i) & (7,08, G) = U; (V) # kG is a simple algebra.
() {reUV®) :expd, (r) =r for al ne G} = k.
(iii) G| V® spans (VO*,i.e. VS A V® = 0.
(@iv) U (V®) is the only non-zero ideal of U (V®) which is invariant under G.
V) & (V%,0,G| V) =U(V® #kH, where H= G|V®, is a simple subalgebra
of o (V, 3, G).

Proof. — (i) — (ii) — (iii) — (ii) — (@iv) — (@), (iv) — (v) — (iii), (i) — (ii) If there exists an
re U (V% with r ¢ k such that exp d, (r) = r for all Ae G then r is a central non unit
in & (V, 3, G) and so this algebra is not simple.

(i) — (iii). If r € V® then exp d, (r) = r+A (r).
(iii) — (ii) by Lemma 4.4.

(i) = (iv). Let I be a nonzero ideal of U (V®) which is invariant under G. If0 # rel
and r has minimal degree then I s exp d, (r)—r which is zero or has degree less than r.
Thus exp d, (r) = r for all Ae G and so Ink # 0.

(iv) — (i). We use a variation of a classical “minimal length of a relation>” argument.
(The particular case when V® = V may be deduced from [5], (Theorem 1.5 and the
remark on pp 260-261).) Note first thatif veV, 0 # ue U (V) and g = exp d, € G then

[v, ug] = vug—u(@+Ar(@) g = ([v, u]-A(V)uw)g

and if A (v) # O then [v, u]—\ (v) u # O since degree [v, ¥] < degree u. We show that
if J is a nonzero ideal of U, (V) # k G then J n U (V%) is a nonzero ideal of U (V%) which

is invariant under G. Among the non-zero elements of J, choose r = Y u;g; with
i=1

the property firstly that s = length r is minimal and secondly that degree u, is minimal.

Without loss of generality we may assume that g, = lg. Firstly u, € U (V?®), since

otherwise there exists 0 # v € V with degree [v, u;] < degree 4, and [v, r]eJ, which

contradicts the minimality of r. If length r = s > 1, suppose g; = exp d,, and choose

veV with v¢ Ker A,. Then

[v, r] = -iz ([o, w] =M () u) g #0,

since A, (v) # 0, and this contradicts the minimality of r. Thus J n U (V® # 0.

(iv) — (v). That & (V% 0, G|V® is simple follows from (iv) — (i) by supposing
that V = V%, It remains to show that & (V?, 0, G | V®) may be regarded as a subalgebra
of o (V, 8, G). Consider the canonical homomorphism G — G| V®. G |V? is finitely
generated and hence free abelian so the exact sequence

0->Ker->G->G|VP-0

splits and we may regard G| V°® as a subgroup of G. Thus & (V°, 0, G| V®) may be
identified with a subalgebra of & (V, 3,. G). (This.is the only.place.in the proof of the
Theorem where the assumption that G is finitely generated is used).
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(v) — (iii) is the particular case of (i) — (iii) corresponding to V=V m
We now give the alternative proof of part of Theorem 2.2.

THEOREM 4.7. Let a be a subspace of ¢ which satisfies (Sim) and c € Z* (a, k S ® k G).
Then (kS ® k G) #,U (a) is a simple algebra.

Proof. — Consider first the case when ¢ = 0.

Then by Theorem 4.2, (kS® kG) # U (a) = « (V, §, G), where V® = a® and so
ViA Ve =0

If o # 0 then by Theorem 4.2 again,
(kS®KkG)#,U(a) @ & (V, v, G),
where V' < V¥ = a®.S0 V' V® = 0. In either case apply Theorem 4.6 (iii). m
THEOREM 4.8. — Let o = &L (V, 8, G) be a simple algebra. Then

(i) There exists an abelian by abelian completely solvable Lie algebra g and a prime ideal P
of U = U(g) such that
o = (U/P)g.

(i) o = (kS ® k G) #, U (a), for a suitable choice of S, G, a = ¢ satisfying (Sim)
and c€Z*(a, kS ® k G).

Proof. — (i) Let dim (V€)® = g and dim V® =2 p+g4. Since « is simple, VE N V¥ =0
and we can choose a basis

X1s Vs oo Xpp Vs 15+ -5 8
for V adapted to § so that y,.y, ..., ¥,4+, is a basis for (V°)* and

X1s Y15 =+ o> xp’ yps yp+1s yp+29 RS ] yp+q
is a basis for VC.

Let g4, ..., gn be generators for G corresponding to linear forms A,, ..., A, € V*.
(Recall that G is free abelian of rank m.) Consider the Lie algebra g of dimension

21+t +m+1 defined as follows. g=kw+ ) kg;+V, i.e. g has a basis
i=1

i
W, 815+ vs Gms V1o - os Vpt+as Vptatts w3 Yo X1 oo os Xiy Sg5 + ooy Spy
and relations [x;, y;] = A;; w,
[g» v]=N(v)g  for veV,
and all other commutators of basis elements are zero.

W, g4, . »&m V1> - - -» Vp+4 SPan an abelian ideal h of g and g/his abelian. weCentre g
and if E denotes the subsemi-group of U generated by g,, ..., g, then

(Ufw—1))g = o,

by Theorem 4.3 and the simplicity of «/. (The Heisenberg algebra of dimension 2 /+1
is the subalgebra of g spanned by x;, y; and w, 1 < i </ and it is easy to see that gis a
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subalgebra of the Lie algebra which is the direct sum of the Heisenberg algebra of dimen-
sion 2741 and m copies of the two dimensional solvable Lie algebra. Compare
Theorem 4.9 below.)

() In o, set kS =k[yy, ..., Vpigs kG =k[g1, 81" ---; &m & '] and let a
be the space spanned by

X1s X2 e v o3 Xp3 Xptts o> Xpags Xpargat1s « s Xpp Vpagits +- o5 Vi Sps + v Spe
Then a < ¢ and x,, ..., x, spans an ¢; and
xp+q+1’ cees Xy .Vp+q+1’ e Y St v 8
G

spans a®. The 2-cocycle o € C? (a, k) is the restriction of 5 to a. m

In the next section we show that the integers p, ¢, 2 [+t and m = rank G are isomorphism
invariants for & = & (V, 3, G). & may be presented as (kS ® k G) #, U (a) and
conversely, (Theorems 4.2 and 4.8) and these integers appear in the two different presen-
tations as follows :

q=dim(V%? p =§(dim Vé—dim(V%?®, 2I+t=dimV (and 2! = rank3);

Krull dimension of kS is p+gq,
dim(anc,)=p, dima=2I]+t—p—gq,
dim a®=21+t-2p—2g [andif ceC?(a, k) then 21—2p—2q = rank(c|a%)].

THEOREM 4.9. — Let of = o (V, 8, G) be a simple algebra. If rank 6 = 21 and
rank G = m then o is a subalgebra of A, ® A,

Proof. — Choose a basis xy, ¥y, ..., X5, Vs §15 ..., S, for Vadaptedtod. Letg,,...,gn
be generators for G and suppose that

[gj’ xi] = A'ﬁgi, [gjs ,Vi] = Wi 8 and [gj’ Si] =V;i8j-
Let

Al = k[xl, Yl’ ceey X,, Yl] With [Xl’ Yj] = A“
and
A, =k[U, U{L ¥y, ..., U, U;L, V,]  with [U,V,]=4,U.

Consider the vector space map,
Vo Y EXi+kY;+kV;  (i=1,..,Lj=1,...,m)
given by " '
x; = X+ :-2‘1 AV

yi— Y+ '21 WiV
J=

m
S§; — Z VﬁVj.
i=1 ‘
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By the universal property of &/, Theorem 4. 3, this map extends to an algebra homomorphism
o — A;® A, mapping g; > U; for 1 < j < m. Since & is simple this homomorphism
is a monomorphism. m

The class of simple subalgebras of A; ® A, each of which is the image of a simple

algebra & (V, 8, G) as in the proof of Theorem 4.9, may be described intrinsically as
follows.

In AI®A:n’ let Wl = Z kXi+kYi’ WZ = Z ij and W = W1+W2. Let 1‘1
i=1 ji=1

and 7, be the canonical projections of W onto W, and W, respectively. If we W, then
[w, U;] = A; (w) U;, where %;e W3. The map

w— Diag (A, (w), ..., A, (w))

is a linear transformation of W, into the space of diagonal matrices acting on
kU;+...+kU, and we identify W, with this space of diagonal matrices.

THEOREM 4.10. — Let V be a subspace of W. Then the subalgebra of A, ® A,, generated
by V and the units of A, ® A,, is a simple algebra if V satisfies

(i) m (V) = W, and

(ii) the algebraic hull of n, (V) = W,, [where n, (V) and W, are considered as spaces
of diagonal matrices].

Proof. — By [4], Remark before Theorem 5.3, the algebraic hull of m, (V) is W, if
and only if A, | 7, (V), ..., Ay | ®, (V) are linearly independent over the rational field Q.
If g is a unit in A; ® A}, then g is a monomial in U,, U7*, ..., U,, U,'. Let A,e W}
be defined by [w, g] = A, (w) g for we W,.

If g and 4 are units in A; ® A,, with g # A then A, |, (V), ..., A, | m, (V) are linearly
independent over Q if and only if A, | 7, (V) # A, | m, (V). If the latter condition holds
then the subalgebra generated by V and the units is of the form &/ (V, 8, G) and this is
a simple algebra since V2N VE=0. =

REMARK 4.11. — A, ® A/, ~ Diff (* S ® k G) = End (kS ® k G), where
kS=k[Y,,...,Y] and kG=k[U, U7, ..., U,, U;'].

The simple algebras of Theorem 4.10 are simple subalgebras of Diff (k S ® £ G) which
do not necessarily contain the multiplications by elements of kS ® kK G. Is there a
sense in which they are * dense subalgebras ** of Diff kS ® kK G?

5. Isomorphism Theorems

We now consider when two simple algebras of the form & = of (V, 8, G) are isomorphic.
If G =0 then & = A,, where 2n = dim V and A, = A, if and only if n = m, by [6]
(2.6, Proposition). If G # O then, unlike A,, & (V, 8, G) has units which do not belong
to k. So it is sufficient to consider the case when G # 0 and we examine how &7 (V, 3, G)
is built around its group of units.
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LEMMA 5.1. — Consider o = o (V, 8, G), where G # 0 and let V' be a subspace of V
such that V=Ve @ V'

(i) C, the centraliser in s/ of the group of units of o, is U; (VY) ® k G.

(ii) Let L be the Lie subalgebra of o defined by r e L <> [r, g] € kg for each unit g € .
Then L = C+V'.

(iii) D, the centre of C, is U((VS)®) ® k G.

(iv) Thefirst two terms of the upper central series of D as an L-module, are k and k+(V°)®.

Proof. — (i) Clearly U (V) ® k G < C since the units of & are just the scalar multiples
of the elements of G. Now & = U; (V) # k G = U; (VY ® U (V) ® k G, as k-modules

but not as algebras. Since G | V' spans (V)*, Cn Uy (V') = k by Lemma 4.4. Thus,
by a unique representation of elements argument,

C=U;(VH®k®kG = Uz (VO ® kG.
(i) Choose g4, ..., g € G, where g, corresponds to A; € V* such that the corresponding

elements of (V')*, A, ]V', ...» A | V', are a basis for (V')*. Let vy, ..., v, be a dual
basis for V' with A;(v;) = A;;. Then [g;, v;] = A;;g;. We show first that

{reA :[g,r]eC}=C+Cv;+...+Cu,.

This follows from

h i i1 h i-1 J
g cvf...v/...v]]=icgvl...oy " ... 0]

modulo elements of lower degree, for 1 < I <s. Also [g, ¢;v,+...+¢ 0] = ¢, g4
which belongs to kg; if and only if c,ek. Thus L = C+V’,

(iii) Let V, = (VS)® and let V, be a subspace of V¢ such that V¢ = V, ® V,. Then
8|V2 is non singular and U;(V,) = A,, where p = (1/2) dim V,. Thus

C=A,QQU(V)R®KG
and so the centre of C is. U (V,) ® k G.
(iv) As an L-module, D is a direct sum of L-submodules, D = ) U (V) ® kg. If

geG

g # lg then no nonzero element of U (V,) ® kg is annihilated by ad L. [Compare
the proof of (Theorem 4.6 (iv) = (i)).] Hence the upper central series for D, as an
L-module, is just the upper central series for U (V,) as an L-module and the assertion
follows at once since VENn Vi =0. =m

LEMMA 5.2. — Let a be a subspace of ¢ which satisfies (Sim) and c € Z* (a, k S ® k G).
Let S, denote the subspace k+ky,+ ...+ky, of kS. Then

M= {re(kS®kG) #,U(a) : [s, r]ek for seS, and [g, r]ekg for geG}
is the Lie algebra (kS ® k G) X 5 a [considered as a subspace of (kS ® k G) #, U (a)].
Proof. — Let L be as in Lemma 5.1. Then
M={reL :[s,r]ekforseS,;} =(kS®kG) x,a

by a similar argument to that used in Lemma 5.1 (ii). =
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The following theorem should be compared with Theorem 3.1.

THEOREM 5.3. — Let a and b be subspaces of ¢ each of which satisfies (Sim). Le
ceZ’(a, kS®kG) and 1€Z> (b, kS @ k G). Then there exists an isomorphism 0
of (kS® kG) # ,U(a) onto (kS ® k G) # U (b) which extends the identity map from
kS®kG tokS® kG ifand only if a =Db and ¢ and t are cohomologous cocycles in
Z>(a, kS ® k G).

Proof. — Suppose 0 exists. By Lemma 5.2, 6 induces a Lie algebra isomorphism
(kS®kG)x,a —» (kS®kG)x.,b

which is the identity mapon kS ® k G. ForekS® kGandaea,[a,t] =[0(a),E].
Thus, viewed as elements of Der (kS ® £ G), a = 0 (a). Since b and a are subspaces
of ¢, this implies that b = a and that 0 induces the identity map from a to a in the following
diagram of Lie algebras, where the horizontal map are the obvious inclusions and projec-
tions :

0-kS®RkG—->(kS®kG)x,a—a—>0

I Ll

0-kS®kG-(kS®kG)x,a—>a=0.
Thus ¢ and 1 are cohomologous cocycles. =

DEerFINITION 5.4. — Let & (V, 8, G) and & (W, y, H) be simple algebras. These
algebras are said to be locally isomorphic if there exists a vector space isomorphism
¢ : V— W such that

® 3 (vy, v;) = 71 (¢ (1), @ (v)), for all vy, v,€V and
(i) the dual map ¢* : W* — V* restricts to an isomorphism of H onto G.

THEOREM 5.5. — If & (V, 8, G) and o (W, v, H) are simple algebras which are locally
isomorphic with respect to ¢ : V— W then there exists an algebra isomorphism
Vol (V, 08, G)— & (W, v, H) which extends ¢.

Proof. — For Le G let g(\) denote the corresponding element of G and similarly
for H.

Set V(g (W) = A ((¢*)"* (M) and ¥ (v) = ¢ (v), L€ G, veV. Then by the universal
property (Theorem 4.3) \ extends to an algebra homomorphism of & (V, 8, G) onto
o (W, v, H) and V is injective since & (V, 3, G) is a simple algebra. m

CONJECTURE 5.6. — If & (V, 8, G) and & (W, y, H) are simple algebras which are
isomorphic (as algebras) then they are locally isomorphic.

We will prove this conjecture in the case when VO = (VC)?, [i. e. when the centraliser
in &7 (V, 8, G) of its group of units is a commutative algebra] and go some way towards
answering it in the general case.

Let o = (V, 8, G), where G#0. By Lemma 5.1, C=U;(V®)®kG,
L=U;(V)®kG+V, D=U(V®®>) ® kG and k+(VS)?® are subsets of &/ which
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are independent of the presentation of o/ as & (V, §, G). Denote dim (V°)® by ¢ and
then dim V¢ = 2 p+¢ for some integer p 2 0. So C= A, ® D. If I is an ideal of
A, ® D which is generated by an ideal of codimension one of D then A, = C/I and the
Krull dimension of C/I is p by [8]. The subalgebra of s/ generated by the units is k G
and the Krull dimension of ¥ G is m = rank G. Also dim L/C = dim V’ is uniquely
determined by &/ so we have four integer valued isomorphism invariants for &, viz p, ¢, m
and dimV = dim V'+2 p+q.

Suppose now that i is an isomorphism of &7 (V, 8, G) onto & (W, v, H). We endeavour
to define a vector space isomorphism ¢ : V— W which satisfies the conditions stated
in the conjecture. Let V, = (V)? and V, be a subspace of V¢ such that V¢ =V, @ V,
and define W,; and W, similarly. The essential difficulty is that the only information
that we have on y (U; (V,)) is that % (Cy) = Cy, i.e. :

x(Us(V2) ® (U(W) ® kH) = U, (W,) @ (U(W,) ® kH).

By Lemma 5.1, x (V,) < k+W,. Let n be the projection of k+W; onto W; with
Ker n = k and define ¢ on V; by ¢ = ny. Extend ¢ to V¢ by ¢ (V,) = W, and ¢
is compatible with 8 |V, and y|W,. Let V€ be the 8-orthogonal complement of V,
inV. ThenV =V, @ V. Since no element of V, is orthogonal to V€, we may choose
a subspace V3 of V€ such that V, n V5 = 0, 8| V; = 0 and § is non singular on V; @ V3.
Finally let V, be the §-orthogonal complement of V;+V,+V; in V. So

V=V, eoV,®V;®V,.

Thus V;+V, is a complementary subspace V' to V¢ = V,+V, as in Lemma 5.1. Let
Ly, Ly, Cy, Gy beasin Lemma 5.1. ¢ (V3)is a subspace of Ly, such that Cy, 0 % (V3) = 0.
Let W’ be the subspace of W such that

W'+ Cy/Cy = % (V3)+Cw/Cy.
For veV;, choose w'e W’ such that x (v)+Cy = w'+Cy. Then, for
veVy,  8(vy, 0) =[x (), x @] = [x ), w] =71(0 (@), ).
Hence y | W’ is non singular. Hence there exists W; < W’ such that
W=WoW,®oW,;,

W, is y-orthogonal to W, and y | W; = 0. We now extend the domain of ¢ from V,;+V,
to V;+V,+V; by, for v;€V,;, let wy;eW; be the unique element such that
%X (03)+Cy = w3 +Cy, and define @ (v;) =w;5. So ¢ : Vi+V,+V; > W, +W,+W,
and ¢ is compatible with & and y by construction.

Let W, be the y-orthogonal complement of W,;+W,+W; in W. Define
o: V.- W, by ¢(vs) =w, where x(vy)+Cy = wy+Cy.

We now show that ¢ : V— W satisfies the second condition in Conjecture 5.6. Let Ae G
and g, be the corresponding element of G. Then x (g;) = ok, where o €k and h, e H
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corresponds to peH. Then, by the construction, we have that for all veV,
A () g = [&, v], so after applying 3 we have

A@ah, = [oh, x @] = [ah, ¢®)] = ple@)ah,

since ¥ (v)+Cy = ¢ 0)+Cy.. Thus A (V) = p(p () for all veV, i,e. A =pe or
¢o*p = A Thus ¢* : W* — V* induces an isomorphism ¢* : H— G. However we
are not able to prove that ¢ |V, is compatible with 8|V, and y | W,. This difficulty
becomes clearer when we write & (V, 8, G) in the form (kS ® £ G) # ,U(a) as in

p
Theorem 4.8 (ii) with V, = ) kx;+ky,. Then
i=1

)4
a= Z kxi+V3+V4,
i=1

V, is a% and
AV, 5,G) = (kS®kG)#,U(a),

where 6 = 8 |a and so 6 € C?(a, k). Similarly, since there exists ¢ : V— W which
satisfies condition (i) of conjecture 5.6,

AW, vy, H) = (kS®EkG) #,U(a),

where © = y|a. Thus if & (V, 3, G) and & (W, y, H) are isomorphic then they are
cocycle twisted variants of the same “untwisted algebra” (kS ® k£ G) # U (a), (but ¢
and 7 need not be cohomologous). The next theorem shows that the “untwisted algebra”’
is independent of the presentation.

THEOREM 5.7. — Let a and a’ be subspaces of ¢ and ¢’ respectively each of which satisfies
(Sim) and ce€Z*(a, kS® kG) and 1eZ* (@, kS’ @ k G').

(i) Consider the following diagram
0-kS ®kG - (kS ®kG)x,a —-a -0
| (R
0-kS®kG - (kS'®kG)x,a " >a" -0

If there exist an algebra isomorphism o and Lie algebra isomorphisms B, n such that this
diagram is commutative, (where the horizontal map are the canonical inclusions and projec-
tions), then there exists an algebra isomorphism

B': (kS®KkG)#,U(a)— (kS ® kG') #,U(a)
which extends B.

(ii) If there is an algebra isomorphism
0: (kSkG)#,U(a)»(kS'®@kG)#,U(a)
then there exists an algebra isomorphism o and Lie algebra isomorphisms B,
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M. such that
0-kS ®kG - (kS ®kG)xa -a -0

| |

0-kS®kG' > (kS'®kG')xa">a" -0
is commutative and hence there is an isomorphism

B: (kS®KkG)#U(a)> (kS ®kG') # U(a)

which extends .

Proof. — (i) follows immediately from the universal property of (k S ® k G) #, U (a),
see Theorem 2.1 and the remark which follows it. Note also that a |k S is a filtered
algebra isomorphism from k£ S to k S’ since the terms of the usual filtration of k S are
precisely the terms of the upper central series of k S ® k G as a (k S ® k G) x ; a-module
[compare Lemma 5.1 (iv)].

(ii) Denote G’ by H where necessary. Consider (kS ® kG) #,U(a). Let b be
a subspace of a such that a = b @ a®. Without loss of generality we may suppose that
o € C? (a, k) and that b is c-orthogonal to a. Similarly, let a’ = b’ @ (a’) and suppose
that T € C? (a’, k) and b’ is t-orthogonal to a’. Let S and S’ be the spaces of homogenous
elements of degree one of k£ S and k S’ respectively. (kS ® k G) #, U (a) = « (V, d, G),
where V=S @ a and § is defined by 8 (a, s) = [a, s], a€a and s€eS, 8|S =0 and
8|a =o0. Similarly

(kS'®kG') #.U(a) = (W, v, H),

where W = S’ @ a. Define 8, € C2 (V, k) by requiring that 8, coincides with S on S @ b
and a%is §;-orthogonal to V. Similarly define y, € C* (W, k) by requiring that y, coincides
with v on S’ @ b’ and (a’)" is y,-orthogonal to W. Then

kS®KkG)#U(a)= A (V,0,,G) and (kS'®kG)#U@)=L(W,y,, H).

Since & (V, 3, G) @ o (W, y, H), there is a vector space isomorphism ¢ : V— W
which satisfies (ii) of Conjecture 5.6 and ¢ is compatible with & and y except possibly
from V, = a® to W, = (a)". Thus ¢ satisfies both (i) and (ii) of Conjecture 5.6 with
respect to 8, and y;. Recall that ¢ : V; — W, and also that ¢ : V, — W, may be chosen
arbitrarily subject to being compatible with § and y. Thus we may suppose that @ restricts
to a vector space isomorphism from Sto S’. SinceV=S ® aand W = S’ @ a’, ¢ induces
a vector space isomorphism & : a—a’ by £ (@)+S' = ¢ (@)+S’, aea. The required
maps o, B and n are now defined by «|S = ¢, a |k G is induced by (p*)~*, B is the
extension of o defined by B(a) =& (a), aca, and N =& =

Theorem 5.7 is unsatisfactory since one would like to prove that if there is an
algebra isomorphism 0 as in 5.7 (ii), then there exist o, p and n which make the diagram
in 5.7 (i) commutative. However, this is equivalent to an affirmative answer to Conjec-
ture 5.6.
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ExamPLE 5.8, — Let rank G = 2 and
kG=k[g, g ', h,h"'] and a=kgd/dg+kho/oh.
Set a, = g d/0g and a, = h0/oh. Then

H?(a, kG) @ H?(a, k) = C*(a, k),
by Theorem 3.2.

C*(a, k)= k via oro(aq, a,), ceC?(a, k).

Define 1eC?(a, k) by t(ay, a;) = 1. It is easy to see that kG #_,U(@) = kG #,.U(a)
if c #0. By [4], Example 5.8 or by Theorem 5.9 below, k G #,U(a) is not isomorphic
to k G # U (a) and so the 2-cocycle twisted variants of k G # U (a) fall into exactly
two isomorphism classes.

THEOREM 5.9. — If o (V, 8, G) and o/ (W, v, H) are simple algebras which are iso-
morphic and & | VC = 0, or equivalently the centraliser of the group of units of «/ (V, 8, G)
is a commutative algebra, then of (V, 8, G) and of (W, v, H) are locally isomorphic.

Proof. — Let y be an isomorphism. It is sufficient to show that the map ¢ : V—> W
which was constructed earlier is compatible with & and y. Let v, v" € V,.

Then y (v) = @ W)+r, x (v') = ¢ (v')+r’ for some r, r' € Cy,. Now 8 (v, v') = [v, v'],
so, after applying y, we have

8(v, v) =[x (v), 1 ()]
=[o@)+r, () +r]
= [o @), 9] +[r, 0]+ [0 (), ],
since Cy, is commutative.

Now

[e®), o] =7(e ), 9(v))ek

and
[r, o))+ [o ), r']e ;1 U(Vy) ® kg.

So [r, o (v)]+[0 (v), r'] = 0 and ¢ satisfies the required property. m

ExXAMPLE 5.10. — We now consider the algebras & (V, 0, G) in the special case when
dimV =1 and rank G = 2. Let v be a basis of V. If A;, A, € V* then A, and A, are
linearly independent over Q if and only if A, (v) and A, (v) are linearly independent over Q.
Let Ay, Ay, By LM, € V¥ have the property that A; and A, (respectively p, and p,) are
linearly independent over Q and denote the subgroup of V* generated by {7»1, A, } and
{n1 ny } by Gy and G, respectively. By Theorem 5.9, & (V, 0, G,) = & (V, 0, G,)

if and only if there exists 0 # p € k and a 2 x 2 unimodular matrix A1 zZ) with integer

Z3y 24
(Z1 Zz) <M> B p(pl).
Z3 Zg) \M; Ko
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Thus if k is R or C then there are infinitely many non isomorphic simple algebras
& (V, 0, G) with dim V =1 and rank G = 2.

ReMARK 5.11. — If Conjecture 5.6 is false then there are simple algebras <7 (V, 8, G)
and & (W, v, H) which are isomorphic but not locally isomorphic. Let

V=V1+V2+V3+V4

be a decomposition of V as considered earlier withdimV,=2p>0. Set V'=V,;+V,+V,.
Then

d(v’ 89 G) = UG (VZ) ® M(VI9 89 G | V’)
= A,®@(V, 5, G|V).

By a similar decomposition,
d(ws v, H)gAp®d(Wl, Ys le/)

Now & (V', 6, G | V) and & (W, v, H | W’) cannot be locally isomorphic by the
hypothesis, and so are not isomorphic by Theorem 5.9. But

A,@A(V,8,G|V)ZA, @4 (W, v, HW)!
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