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Abstract. We consider a model for random walks on random environments (RWRE) with a random subset of 74 as the vertices,
and uniform transition probabilities on 2d points (the closest in each of the coordinate directions). We prove that the velocity of
such random walks is almost surely zero, give partial characterization of transience and recurrence in the different dimensions
and prove a Central Limit Theorem (CLT) for such random walks, under a condition on the distance between coordinate nearest
neighbors.

Résumé. Nous considérons un modele de marches aléatoires en milieu aléatoire ayant pour sommets un sous-ensemble aléatoire de
74 et une probabilité de transition uniforme sur 2d points (les plus proches voisins dans chacune des directions des coordonnées).
Nous prouvons que la vitesse de ce type de marches est presque sirement zéro, donnons une caractérisation partielle de transience et
récurrence dans les différentes dimensions et prouvons un théoreme central limite (CLT) pour de telles marches sous une condition
concernant la distance entre plus proches voisins.

MSC: 60K37; 60K35
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1. Introduction
1.1. Background

Random walks on random environments is the object of intensive mathematical research for more than 3 decades.
It deals with models from condensed matter physics, physical chemistry, and many other fields of research. The
common subject of all models is the investigation of particles movement in inhomogeneous media. It turns out that
the randomness of the media (i.e., the environment) is responsible for some unexpected results, especially in large
scale behavior. In the general case, the random walk takes place in a countable graph (V, E), but the most investigated
models deals with the graph of the d-dimensional integer lattice, i.e., 74 . For some of the results on those models see
[7,14,21] and [26]. The definition of RWRE involves two steps: First the environment is randomly chosen according
to some given distribution, then the random walk, which takes place on this fixed environment, is a Markov chain
with transition probabilities that depend on the environment. We note that the environment is kept fixed and does not
evolve during the random walk, and that the random walk, given the environment, is not necessarily reversible. The
questions on RWRE come in two major flavors: Quenched, in which the walk is distributed according to a given typical
environment, and annealed, in which the distribution of the walk is taken according to an average on the environments.
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There are two main differences between the quenched and the annealed laws: First the quenched is Markovian, while
the annealed distribution is usually not. Second, in most models there is some additional assumption of translation
invariance of the environments, which implies that the annealed law is translation invariance, while the quenched law
is not.

In contrast to most of the models for RWRE on Z¢, this work deals with non-nearest neighbor random walks.
In our case this is most expressed in the estimation of E[|X,|]. Unlike nearest neighbor models we don’t have an
a priori estimation on the distance made in one step. Nonetheless using an ergodic theorem by Nevo and Stein we
managed to bound the above and therefore to show that the estimation E[|X,,|] < c(w)+/n still holds. The subject of
non nearest neighbor random walks has not been systematically studied. For results on long range percolation see [2].
For literature on the subject in the one dimensional case see [6,8] and [10]. For some results on bounded non-nearest
neighbors see [15]. For some results that are valid in that general case see [25]. For recurrence and transience criteria
CLT and more for random walks on random point processes, with transition probabilities between every two points
decaying in their distance, see [9] and the references therein. Our model also has the property that the random walk is
reversible. For some of the results on this topic see [4,5,18] and [23].

1.2. The model

We start by defining the random environment of the model which will be a random subset of Z¢, the d-dimensional
lattice of integers (we also refer to such random environment as a random point process). Denote £2 = {0, I}Zd and
let B be the Borel o-algebra (with respect to the product topology) on £2. For every x € Z4 let 6, : £ — £2 be
the shift along the vector x, i.e., for every y € 7% and every w € §2 we have 6, (w)(y) = w(x + y). In addition let
E=E() ={=xe; }ld:] , where e; is a unit vector along the ith principal axes.

Throughout this paper we assume that Q is a probability measure on §2 satisfying the following:

Assumption 1.1.
1. Q is stationary and ergodic with respect to each of the translations {0, }le.

2. Q(P(w) =9) < 1, where P(w) = {x € Z¢: w(x) = 1}.

Let 20 = {w € 2: w(0) = 1}. It follows from Assumption 1.1 that Q(£29) > 0 and therefore we can define a new
probability measure P on £2¢ as the conditional probability of QO on £2p, i.e.:

Q(B N $20)
P(B)=Q(B|§20) = —————, VB ¢e'B. 1.1
(B) = Q(B|$20) 0(20) € (1.1)

We denote by Ep and Ep the expectation with respect to Q and P respectively.

Claim 1.2. For Q almost every € §2, every v € Z@ and every vector e € & there are infinitely many k € N such that
v+ ke € P(w).

Proof. Denote £2, = {w € §2: v € P(w)} and notice that 1o, € L'(£2,B, Q). Since 6, is measure preserving and
ergodic with respect to Q, by Birkhoff’s Ergodic Theorem

n—1

.1 k
lim = 08, =Eplle,]=Q(2,) = 0(20) >0, Qas.
n—-oon —0

Consequently, there exist Q almost surely infinitely many integers such that 95 1o, =1, and therefore infinitely many
k € N such that v + ke € P(w). O

The following function measures the distance of “coordinate nearest neighbors” from the origin in an environment:
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Fig. 1. An example for coordinate nearest neighbors.

Definition 1.3. For every e € £ we define f,: 2 — NT by
fe(w) = min{k > 0: 95(0))(0) =w(ke) = 1}. (1.2)
Note that f, and f_, have the same distribution with respect to Q.

For every v € Z? define N,(w) to be the set of the 2d “coordinate nearest neighbors” in w of v, one for each
direction (see Fig. 1). More precisely Ny(w) = Ueeg{v + fe(6y(w))e}. By Claim 1.2 f,(6,(w)) is Q almost surely
well defined and therefore N, () is Q almost surely a set of 2d points in Z?.

We now turn to define the random walk on environments. Fix some w € §2¢ such that |N,(w)| = 2d for every
v € P(w). The random walk on the environment w is defined on the probability space ((ZHN, G, P,), where G is the
o -algebra generated by cylinder functions, as the Markov chain taking values in P (w) with initial condition

Po(Xo=0)=1, (1.3)
and transition probability

O’ u ¢Nv(a)),
Pw(Xn-H = M|Xn =v)= { %’ u € Ny(w). (1.4)

The distribution of the random walk according to this measure is called the quenched law of the random walk, and
the corresponding expectation is denoted by E,,.

Finally, since for each G € G, the map w — P, (G) is B measurable, we may define the probability measure
P=P® P, on (2 x (ZHN,B x G) by

P(B x G) =/ P,(G)P(dw), VBe'B,VGeg.
B

The marginal of P on (Z%)N, denoted by P, is called the annealed law of the random walk and its expectation is
denoted by E.

In the proof of the high dimensional Central Limit Theorem we will assume in addition to Assumption 1.1 the
following:

Assumption 1.4.

3. There exists g9 > 0 such that E p[ f32+8°] < 00 for every coordinate direction e € £.
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1.3. Examples

Before turning to state and prove theorems regarding the model we give a few examples for distributions of points in
7?* which satisfy the above conditions.

Example 1.5 (Bernoulli percolation). The first obvious example for point process which satisfies the above conditions
is the Bernoulli vertex percolation. Fix some 0 < p < 1 and declare every point v € Z% to be in the environment
independently with probability p.

Example 1.6 (Infinite component of supercritical percolation). Fix some d > 2 and denote by p.(Z%) the critical
value for Bernoulli edge percolation on 72. For every p.(Z%) < p <1 there exists with probability one a unique
infinite component in Z¢, which we denote by C*° = C*®(w). We can now define the environment by P(w) = C*®(w),
i.e., the points in the environment are exactly the points of the unique infinite cluster of the percolation process.

Example 1.7. We denote by {rp}nen and {p,}neN two sequences of positive numbers, the first satisfies lim,_, oo 1y =
oo and the second satisfies limy,_, o0 pn = 0 and p, < 1 for every n € N. We define the environment by the following
procedure: For every v € Z@ and nN delete the ball of radius r, centered at v with probability p,. If the sequence p,
converge fast enough to zero and the sequence r, converge slow enough to infinity, this procedure yields a random
point process that satisfy the model assumptions.

Example 1.8 (Random interlacement). Fix some d > 3. In [24] Sznitman introduced the model of random interlace-
ment in Z2. Informally this is the union of traces of simple random walks in Z¢ . The random interlacement in 72 is a
distribution on points in Z¢ which satisfies the above conditions (see [24], Theorem 2.1).

1.4. Main results

Our main goal is to study the behavior of random walks in this model. The results are summarized in the following
theorems:

(1) Law of Large Numbers. For P almost every w € §29, the limiting velocity of the random walk exists and equals
zero. More precisely:

Theorem 1.9. Let ($2,°B, Q) be a d-dimensional discrete point process satisfying Assumption 1.1, then

Xn
p({ lim X0 =0}) -y
n—oo n

(2) Recurrence transience classification. We give a partial classification of recurrence-transience for random walks
on discrete point processes. The precise statements are:

Proposition 1.10. Any one dimensional random walk on a discrete point process satisfying Assumption 1.1 is P
almost surely recurrent.

Theorem 1.11. Let (£2,B, Q) be a two dimensional discrete point process satisfying Assumption 1.1 and assume
there exists a constant C > 0 such that

> c
Zk-P(fe[zk)gﬁ, Vi € {1,2},V¥N €N, (1.5)
k=N

which in particular holds whenever fe, has a second moment for i € {1, 2}. Then the random walk is P almost surely
recurrent.

Theorem 1.12. Fix d > 3 and let ($2,°B, Q) be a d-dimensional discrete point process satisfying Assumption 1.1.
Then the random walk is P almost surely transient.
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(3) Central Limit Theorems. We prove that one-dimensional random walks on discrete point processes satisfy a
Central Limit Theorem. We also prove that in dimension d > 2, under the additional Assumption 1.4, the random
walks on a discrete point process satisfy a Central Limit Theorem.

Theorem 1.13. Let (£2, B, Q) be a one-dimensional discrete point process satisfying Assumption 1.1. Then Ep[ f1] <
oo and for P almost every o € §2y

. Xn D

lim — =

n—oo /n

N(0,E3LA1), (1.6)

where N (0, a2) denotes the normal distribution with zero expectation and variance a?, and the limit is in distribution.

Remark 1.14. Note that for one-dimensional random walks on discrete point processes CLT holds even without the
assumption that the variance of f is finite. In particular the diffusion constant is given by the square of Ep[ f1].

Theorem 1.15. Fix d > 2 and let ($2,°B, Q) be a d-dimensional discrete point process satisfying Assumptions 1.1
and 1.4, then for P almost every w € §2¢

nll>n<}o7 _N(O D), 1.7
where N (0, D) is a d-dimensional normal distribution with zero expectation and covariance matrix D that depends
only on d and the distribution of P. As before the limit is in distribution.

Structure of the paper. Section 2 collects some facts about the Markov chain on environments and some ergodic
results related to it. It is based on previously known material. In Section 3 we deal with the proof of Law of Large
Numbers and in Section 4 with the one dimensional Central Limit Theorem. The recurrence transience classification
is discussed in Section 5. The novel parts of the high dimensional Central Limit Theorem proof (asymptotic behavior
of the random walk, construction of the corrector and sublinear bounds on the corrector) appear in Sections 6—8. The
actual proof of the high dimensional Central Limit Theorem is carried out in Section 9. Finally Section 10 contains
further discussion, some open questions and conjectures.

2. The induced shift and the environment seen from the random walk

The content of this section is a standard textbook material. The form in which it appears here is taken from Section 3
of [3]. Even though it had all been known before, [3] is the best existing source for our purpose.
Fix some e € £. Since by Claim 1.2 f, is Q almost surely finite we can define the induced shift o, : 29 — £2¢ by

0.(0) =6/ w

Theorem 2.1. For every e € &, the induced shift o, : 20 — $2¢ is measure preserving and ergodic with respect to P.

The proof of Theorem 2.1 can be found in [3] (Theorem 3.2).

Our next goal is to prove that the Markov chain on environments (i.e., the Markov chain given by the environment
viewed from the particle) is ergodic. Let & = .Qg and define B to be the product o -algebra on Z. The space Z is a
space of two-sided sequences (..., w_1, wp, w1, ...), the trajectories of the Markov chain on environments. Let u be
the measure on (&, 8B) such that for any B € B2+ (coordinates between —n and n),

;L((a)_,,, ..., y) € B) = /B Pdw_p) A(w—p,do_4+1) - -+ Alwp—1, dwy),

where A: 29 x B — [0, 1] is the Markov kernel defined by

Alw, 4) = — Z LixeNop@)ligrwea) = 57 Zﬂ{oe(w)eA} 2.1

xeZd eef
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Note that the sum is finite since for Q almost every w € §2 there are exactly 2d elements in No(w). Because P is
preserved by A (see Theorem 2.1), the finite dimensional measures are consistent, and therefore by Kolmogorov’s
theorem p exists and is unique. One can see from the definition of w that {6, (w)}x>0 has the same law under IP (the

aglnealed law) as (wq, w1, ...) has under w. Let T:EZ — 5 be the shift defined by (Ta))n = wy+1. The definition of
T implies that it is measure preserving. In fact the following also holds:

Proposition 2.2. T is ergodic with respect to |L.
As before, a proof can be found in section 3 of [3] (Proposition 3.5).

Theorem 2.3. Let f € L' (829, B, P). Then for P almost every w € 2

n—1

1
lim — Z fo0x,(w)=Ep[f]l, Py, almostsurely.

Similarly, if f:§2 x 2 — R is measurable with E[ f (w, Ox,w)] < 00, then

n—1

Zf(eka» 9Xk+10)) ZE[f(ws 9X160)]
k=0

. 1
lim —
n—-oon

for P almost every w and P,, almost every trajectory of (Xi)k>0-

Proof. Recall that {0y, (w)}k>0 has the same law under P as (wp, w1, ...) has under w. Hence, if g(...,w_1, wo,
wi,...) = f(wp) then

ln—l D 1n—l
lim — Z lim - Tk,
2 ot = lim ) g

The latter limit exists by Birkhoff’s Ergodic Theorem (we have already seen that T is ergodic) and equals E,[g] =
Ep[f] almost surely. The second part follows from the first. ]

3. Law of Large Numbers

This section is devoted to the proof of Theorem 1.9, the Law of Large Numbers for random walks on discrete point
processes.

Proof of Theorem 1.9. Using linearity, it is enough to prove that

X, .
IP({ lim =* e:O}):l, Veck.
n—oo n

Fix some e € £ and define

n—1
S(k):max{nzO: Zf(cre’”(a))) <k}.

m=0

Because f, is positive, if Ep[ f,] = 0o, then

. 1 n—1
Jim - ; fe(ok (@) =00, Pas.
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and therefore

.Sk
lim — =

k—oo k

0, P as.

However, since S(k) = ZI;;(I) 1o, (9(}[ (w)), by Birkhoff’s Ergodic Theorem and Assumption 1.1

S(k) 1 & ,
klinéo = klinéo p ;190 (0! (@) = 0(20) >0, P as.
j=

Thus Ep[ f.] < co. Applying Birkhoff Ergodic Theorem once more we get

n—1
Jim + > fe(ok(@) =Eplfl <oo, Pas.
n—oon o
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3.1)

The stationarity of P with respect to o, implies that P(f_.(w) =k) = P(f, (‘7;] (w)) =k) = P(fe(w) =k), and

therefore

EP[fe] = EP[ffe]'

Let g, : £2 x £2 — Z be defined by:

fE(a))v if(,()/:O'e(a)),
ge(w, ') = { —fee(®), ifo =0_.(0),
0, otherwise.

Observing that g, is measurable and recalling (3.2) we get that

1 1
Ep[Ew(ge(@,0x,0))] =Ep [ﬁfe(a)) - gf—e(w)} =0.
Thus for P almost every w € §29 and P,, almost every random walk { X} }>0, we have by Theorem 2.3

. Xp-e
lim

n—oo n

R
ZnE)HgO; Z(Xk — Xj—1)-e

k=1

n—1

1
= lim gge(eka, 0x,11©) = Ep[Ew(ge(@. 0x,0))] =0.

4. One dimensional Central Limit Theorem

(3.2)

This section is devoted to the proof of Theorem 1.13 — Central Limit Theorem of one-dimensional random walks on
discrete point processes. The basic observation of the proof is the fact that random walk on discrete point processes
in one dimension is in fact a simple random walk on Z with stretched edges. Combining this with the fact that

Ep[f1] < oo implies the result. We turn to make this into a more precise argument:

Proof of Theorem 1.13. Denote ¢ = 1. Given an environment w € §29 and a random walk {Xy}x>0, we define the

simple one-dimensional random walk {Y% };>0 associated with {Xy}x>0 by:

koo Xj=Xjo
Y, = {Zj=1 IX;—=Xj1l” k=1,
k=0.

s
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Since {Y}k>0 is a simple one dimensional random walk on Z, it follows from the Central Limit Theorem that for P
almost every w € £2g

lim — - Y, =N(, ). 4.1)

Given an environment w € §2p and n € Z let p,, = p, (w) be the nth point in P(w) (with respect to 0). More precisely
denote

YUy felokw),  n>0,
pn == 0, n= 0, (42)
it felokw), n<O.

For every a € R\{0} and P almost every w € 29 we have

1 Lav/n]
Jdim —=piogm =a- lim ——= ;O fe(ofw) =a-EpLf]

In fact the last argument also holds trivially for a =0, i.e., for every a € R

. 1
Jim oy =@ Erlf) @3

Using (4.1) and (4.3) we get that for P almost every o € £29 and every ¢ > 0

Py, Y,

. Py, : a L -
lim P,( 22 <4 ) < lim P =a,—F/=> 3 Po\ = =
nroo “’(ﬁ —a) = oo “’(ﬁ =T Erlfd +8> " ”(ﬁ ~ Erlfe] +8>
. 1 Yn —a
< lim P, L@/ )Ty = +Fo Vi S Eplfad

=g+
-~ \Eplf.] ’

where @ is the standard normal cumulative distribution function. A similar argument gives that

. Py, a
lim P, “<al>Pd| —— —¢ for every € > 0.
o0 “’(ﬁ— )‘ (Ep[fe] ) Y

Observing that X,, = py, and recalling that ¢ > 0 was arbitrary we get

(G =) =*(g17)

Iim Py,| =<a|=® , 4.4

Jim o 72 < Erlfe] @
as required. (]

5. Transience and recurrence

Before continuing to deal with the Central Limit Theorem in higher dimensions, we turn to a discussion on transience-
recurrence of random walks on discrete point processes.
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5.1. One-dimensional case

Here we wish to prove the recursive behavior of the one-dimensional random walk on discrete point processes (Propo-
sition 1.10). This follows from the same coupling introduced in order to prove the CLT.

Proof of Proposition 1.10. Using the notation from the previous section, since Y, is a one-dimensional simple ran-
dom walk, it is recurrent P almost surely. Therefore we have #{n: ¥, = 0} = co P almost surely, but since X,, = py,
and po = 0 this implies #{n: X, = 0} = oo, P almost surely. Thus the random walk is recurrent. (]

5.2. Two-dimensional case

In this section we deal with the two-dimensional case. The proof is based on the correspondence of random walks to
electrical networks. Recall that an electrical network is given by a triple G = (V, E, ¢), where (V, E) is an unoriented
graph and c: E — (0, 00) is a conductance field. We start by recalling the Nash—Williams criterion for recurrence of
random walks:

Theorem 5.1 (Nash—Williams criterion). A set of edges I1 is called a cutset for an infinite network G = (V, E, ¢)
if there exists some vertex a € V such that every infinite simple path from a to infinity must include an edge in I1. If
{I1,} is a sequence of pairwise disjoint finite cutsets in a locally finite infinite graph G, each of which separates a € V
from infinity and )", (3 . 1, c(e))~! = oo, then the random walk induced by the conductances c is recurrent.

For a proof of the Nash—Williams criterion and some background on the subject see [12] and [17]. The following
definition will be used in the proof:

Definition 5.2. Let (S}, %, 13) be a probability space. We say that a random variable X : 2 — [0, 00) has a Cauchy
tail if there exists a positive constant C such that P(X > n) < %for everyn € N.

Note that if E [X] < oo, then X has a Cauchy tail.
In order to prove Theorem 1.11 we will need the following lemmas taken from [2].

Lemma 5.3 ([2], Lemma 4.1). Let {f;}7°, be identically distributed (not necessarily independent) positive random

variables, on a probability space (5, % F), that have a Cauchy tail. Then, for every € > 0, there exist K > 0 and
N € N such that for every n > N

~f1<
P(—Zf,->l(logn) < €.
n
i=1

Lemma 5.4 ([2], Lemma 4.2). Let A, be a sequence of events such that I5(A,,) > 1 — € for all sufficiently large n,
and let {a,};° | be a sequence such that Yoo jan=00.Then Y 2 | ay1a, = 0o with probability of at least 1 — ¢.

We also need the following definition:

Definition 5.5. Assume G = (V, E) is a graph such that V C Z? and E is a set of edges, each of them is parallel to
some axis, but may connect non-nearest neighbors in Z2. For an edge e € E we denote by et, e~ € V the end points
of e € E. In order for this to be well defined we assume that if (et —e™) - e; # 0 then (e* —e™) - ¢; > 0. Note that by
the assumption on the edges in e the value of e™ — e~ is non-zero in exactly one coordinate.

Proof of Theorem 1.11. The idea of the proof is to construct for every w € §2 an electrical network which satisfy
the Nash—Williams criterion and induce the same law on the random walk as the law of the random walk on w, P-
a.s. Since P is a marginal of Q it is enough to construct a network which satisfy the criterion for Q almost every
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(Vi(w), Er(w))

Fig. 2. Construction of the network in two dimensions.

w € £2. For every w € §2, we define the corresponding network with conductances G(w) = (V (), E(w), c(w)) via
the following three steps (see Fig. 2 for an illustration):

Step 1. Define G (w) = (Vi(w), E1(w), c1(w)) to be the network induced from w with all conductances equal to 1.
More precisely we define

Vi(w) =P(w),
Ei(@)={{x,y}e Vi x Vi: ye {x £ fo,(®e1,x £ fo,(w)er}},
ci(w)(e)=1, Vee€kE].

Note that the continuous time random walk induced by the network G1(w) (cf. [12,17]) is indeed the random walk
introduced in (1.4) when 0 € P(w).

Step 2. Define Ga(w) to be the network generated from G (w) by “cutting” every edge of length k into k edges
of length 1, giving conductance k to each part. A small technical problem with “cutting” the edges is that vertical
and horizontal edges may cross each other in a point that doesn’t belong to P(w). In order to avoid this we give the
following formal definition which is a bit cumbersome:

Va(w) = V; (@) ¥ V3 (0) C Z* x {0, 1},

Ex (@) = Ey () ¥ E3 (w),
where

Vi(@)={(x,i): Je€ Ej(0),30 <k < |e" — e [isuch that (eT —e™) -¢; #0,x =e™ +ke;}
and

. + _ -
El(w) = {{(v,i), (w, )}: Je € E1(w),30 <k < |et — e~ |1 such that }

(et —e7)-ei A0, v=e +ke;,w=e" + (k+ 1)e;
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We also define the conductance ¢’(w)(e) of an edge e € E’(w) to be k, given that the length (i.e., et — e~ |1) of the
original edge it was part of was k.

Step 3. Define G (w) to be the graph obtained from G;(w) by identifying two vertices if they are of the form (v, 1)
and (v, 2) for some v € P(w). Note that by a standard analysis of conductances, see, e.g., [12], it is clear that the
random walk on the new network is transient if and only if the original random walk is transient. Thus we turn to
prove the recurrence of the random walk on the new graph. This is done using the Nash—Williams criterion. Let I7,, be
the set of edges exiting the box [—n, n]* x {1, 2} in the graph G (w). The sets IT,, define a sequence of pairwise disjoint
cutsets in the network G(w), i.e., a set of edges that any infinite simple path starting at the origin must cross. Next we
wish to estimate the conductances in the network G. Fix some e € E such that (e™ —e™) - ¢; # 0 and note that the
distribution of c(e) is the same for all edges in direction e;. For w € £2 we denote by len,, (w) the length of the interval
containing the origin in direction e;, where in the case that the origin belongs to the point process we define len,, (@) to
be the length of the interval starting at the origin in direction e;. More precisely we define len,, (w) = f, (@) + g¢; (@),
where g, (w) = min{n < 0: w(ne;) = 1}. In addition for n € N we define [, (w) = Iy} (w) to be the length of the first
nth intervals starting at the origin in direction e;, i.e., [, (w) = g, (®) + Z’/’;(l) ¢ (oe]l. — 1(w)). Using the definition of
len,, we have the following estimate

Q(c(e) = k) = Q(the original edge that contained e in G1(w) is of length k)
= Q(lenei (w) = k).
By Birkhoff’s Ergodic Theorem the last term Q almost surely equals
n—1

. 1
nlinolo - Z Liten, (0 w)=k}-
=0

Since /,, tends to infinity Q almost surely and g, (@) is finite Q almost surely this implies

Iy (w) In(@)—ge; (w)
n 1

. 1 .
Q(c(e) = k) = nli>n<}o w Z(:) ]]'{leﬂe, (ij)Zk} = nll)n(;lo % . ; . Z( ) ]]'{leﬂei (0jw)=k}7
J= J=—8¢; (@

which after rearrangement can be written as

n—1
n

- X;)k sl n=n°
p

Recalling that by Birkhoff’s Ergodic Theorem (applied to the induced shift) we also have P almost surely

—1

.y .15

i =Bl S = PO =b
J=

we get

k- P(fo =K)
Eplfal

From (5.1) and the assumption of Theorem 1.11, i.e., (1.5), it follows that c(e) has a Cauchy tail. Note that [T,
contains 4n + 2 edges at each level, i.e., in each of the sets {E’ (w)}i=1,2, all of them with the same distribution (by
(1.5) with a Cauchy tail), though they may be dependent. By Lemma 5.3, for every ¢ > O there exist K > 0and N € N
such that for every n > N, we have

Ocle) =k) = (5.1)

Q<Z c(e) < K(8n+4)log(8n + 4)> >1—e. (5.2)

ecll,
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Define A, to be the event in Eq. (5.2), and a, = (K (8n + 4) log(8n + 4))~!. Notice that Cn, o Zeeﬂn c(e)
satisfies Y00 | Cpg, ! >

> 02y 14, - ay. In addition the definition of {a,} implies that ) - \ a, = co. Combining

the last two facts together with (5.2) and Lemma 5.4 gives Q(Zg’; 1Cn, -1 = o0) > 1 — . Since ¢ is arbitrary, we
getthat Y °2, Cpy, ~! = 00, Q a.s. and therefore in particular P a.s. Thus by the Nash—Williams criterion, the random
walk is [P almost surely recurrent. (]

5.3. Higher dimensions (d > 3)

Here we prove the transience of random walks on discrete point processes in dimension 3 or higher. The idea of
the proof is to bound the heat kernel so that the Green function of the random walk will be finite. This is done
by first proving an appropriate discrete isoperimetric inequality for finite subsets of Z¢, and then using well known
connections between isoperimetric inequalities to heat kernel bounds (see [19]) to bound the heat kernel. In order to
state the isoperimetric inequality we need the following definition:

Definition 5.6. Let x = (x1, x2, ..., xq) be a pointin Z¢ . For 1 < j <d denote by IT/ : Z¢ — 7.4~ the projection on
all but the jth coordinate, namely

I (x) =TT (61, %2, . X)) = (X1, X2, ey X1y X1 - ey Xa)-
Lemma 5.7. There exists C = C(d) > 0 such that for every finite subset A of 7.¢

max {|17;(A)[} = € a7/, (5.3)

where | - | denotes the cardinality of the set.
Before turning to the proof we fix some notations.

Definition 5.8.

Denote by Q% the quadrant of points in Z¢ all of whose entries are positive.

e For a point x € Q¢ define its energy by £(x) = Z?:l Xj.

For a finite set A C Q% denote £(A) = Y oen ).

Given a finite set A C Q¢, 1 < j < d and some point y = (y1, y2, ..., Va—1) € Q=1 we define the y-fiber of A in
direction j

def
Ajy =1{xjt 1. Y200 Vi1 X0 V) oo oa Ya—1) € A}

Proof of Lemma 5.7. Assume |A| = n. Using translations, we can assume without loss of generality that A C Q<.
Next, for 1 < j <d we define S; 29" 5 29 the “squeezing operator in direction j.” The definition of Sj is a bit
complicated, however the idea is to mimic the operation of pushing the points inside each of the fibers of A in direction
J as close to the hyperplane x; = 0 as possible without any of them leaving the quadrant Q4. An illustration of S;
operation is illustrated in Fig. 3. More formally S; is defined by

Sj(A) = U {Ory2eymmeyy v

y=1,--,ya-1)€Q471
The operator S; satisfies the following properties:

The size of each fiber of S;(A) in direction j is the same as the corresponding one for A.
The size of S;(A) is the same as the size of A.

[ITH(S;(A))| < |IT'(A)| forevery 1 <i, j <d.

E(S;(A)) < &E(A), and equality holds if and only if S;(A) = A.

el
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A 81(A) s Si(A) = Sy(S1(A))

Fig. 3. The operator S;(A).

Indeed,

. This follows directly from the definition of S/ . Given y=01,..-,Yi-1) € Qd_l

[Ajyl

|Sj(A)jy] = |{(y17y27--~v)’j71,mvij-~~’)’dfl)}mzl =|Ajyl.
. Since the fibers in direction j of a set form a partition we get
[Sjc= 30 [Qi@inl= 32 14j,0=1Al
yeQd-! yeQd-!
. Fori = jnotethat y = (y1, ..., ya—1) € HJ(A) if and only if there exists some m € N such that (y1,...,y;—1,m,

Yj, ..., Yd—1) € A. This however is equivalent to the fact that (y1,...,yj—1, 1, yj,..., Ya—1) € S;(A) which again
is true if and only if y = (y1, ..., ya—1) € [T/ (S;(A)). Thus IT/(A) = IT/(S;(A)). Turning to the case i # j, the
proof follows from the fact that we can reduce the problem into two dimensions. Without loss of generality assume
thati =1 and j =2, then

[T (S;(A)| = [T (S2(4))]

= Z Lam>1 st (m,ys.....ya) €S2 (A)}
(2, ya)€Q4!

= > D Lams1 st mysys. S (A)

(3, 7)€QI"2 y2€Q

- > mgé“Sz(A)z,(yz ..... yol}

y2
(V350> Yd) Q2

(3, Ya)€Q™

< Z Z ]l{EImZI s.t. (m,y2,¥3,....,y4)EA}

(V30 ¥a)€QI~2 y2€Q

=) =|m' )

k]

where the third equality follows from the definition of S, (see Fig. 3).
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4. As before this follows from the fact that we can reduce the problem into two dimensions. By the definition of
energy (and some abuse of notation)

E(S;(A) = Z Z E(Ds ey Yjm 1 X, Yoo Ya=1))
yeQd—l  xeSj(A)},y
Y=15sYd—1)

= > > (e +x)

yeQd-1xeS;(A)j,

= Y (|Si),|ED) +E(Si(A)),y))

yEQdfl

< Y (IALEM +EA;Y)
yGQd*l

=E(A),

where the inequality follows from the fact that any fiber of S;(A) in direction j has the minimal energy when
compared to any other fiber in the quadrant Q¢ in direction j with the same number of point as S i (A). In particular
this holds when comparing fibers of S;(A) and A in direction j. Note that equality holds if and only if all the fibers
of A in direction j are exactly the ones of S;(A) which implies A = S;(A).

Let {a,,} be the periodic sequence 1,2,...,d,1,2,...,d,1,2,...,d,... and define the sequence of sets {A,,} by
the recursion formula Ag = A and A, 11 = Sq,, (Ay) for m > 0. Property (4) of the operators S; implies that £(A,,)
is a decreasing sequence of positive integers. Consequently, up to finite number of elements the sequence £(A,) is
constant. Recalling once more property (4) of S; we get that up to finite number of sets A,, is constant. Denote the
constant set of the sequence by A. The definition of the sequence A, and property (3) of S;(A) implies that

1. S;(A)=Aforevery 1 < j <d.
2. |ITV(A)| < |IT7 (A)| forevery 1 < j <d.

3. |Al=1Al.
The first property implies that the size of the boundary of A is exactly 2 Z - [T i (A)| (see Fig. 3). Using the fact
that the boundary of every set of size n in 74 is at least Cg - n@=Y/4 for some positive constant Cop = Co(d) (see
[11]), we get that there exists a positive constant C = C(d) and at least one ip € {1, 2, ..., d} such that |17"0(Z)| >
C- |A|(d D/d = ¢ .|A|@=D/d Thys by recalling property (2) of A, the statement holds. O

We now turn to define the isoperimetric profile of a graph. Let {p(x, ¥)}x yev be symmetric transition probabilities
for an irreducible Markov chain on a countable state space V. We think about this Markov chain as a random walk on a
weighted graph G = (V, E, C), with {x, y} € E ifand only if p(x, y) > 0. Forevery {x, y} € E define the conductance
of (x,y) by C(x,y) = p(x,y). For § C V, the “boundary size” of S is measured by [dS| =) ¢ cs P(s,5"). We

define ®g, the conductance of S, by &g : |‘BSS|| Finally, define the isoperimetric profile of the graph G, with vertices

V and conductances induced from the transition probabilities by:
®(u) =inf{ds: SCV,[S| <u}. (5.4)

Theorem 5.9 ([19], Theorem 2). Let G = (V, E) be a graph with countably many vertices and bounded degree.
Assume there exists 0 <y < % such that p(x,x) >y foreveryx € V. If

(1—y)? /4/8 4du
> 1 , 5.5
=T wtw G-

then

|p"(x, )| <e, (5.6)
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where p"(x,y) is the probability for the Markov chain starting at x to hit y after n steps.
Combining Lemma 5.7 and Theorem 5.9 we get the following bound on the heat kernel:

Proposition 5.10. Let p)} (x, y) be the probability that the random walk in the environment w moves from x to 'y in n
steps. Then there exists a positive constant K depending only on d, such that for every n € N and every x,y € P(w)

" K
Po(x,y) < e P a.s. 5.7

Proof. We separate the discussion to the case of even times (i.e., when n is even) and odd ones starting with the first.
Restricting the Markov chain only to those times, since pw (x,x) =55 d, we can apply Theorem 5.9 with y = ﬁ. In
order to get a good estimate on the heat kernel, i.e., p (x, y), we need to show an appropriate lower bound on & (u).
By Lemma 5.7 there exists a positive constant C = C(d) with the following property: For P almost every w € £29 and
every A C P(w) of size n at least one of the projections {/T’ (A)}f:1 satisfies 71 (A) > C - n@=D/4  Assume without
loss of generality that this holds for i = 1. Denote by A the “upper” boundary of A in the first direction, i.e.,

~

A= {(xl,xz,...,xd): (x2,...,x4) eI'Il(A),Jq =max{a: (a,x2,X3,...,X4) € A}}.

Thus |Z| = |171(A)| > Cnpd-D/d, By definition |0 A| equals ﬁ times the number of edges ¢ € E with one end point
in A and the other in A°. Since every element in A contributes at least one edge to the boundary we can conclude that
[0A] > ﬁ |A|. Consequently there exists a positive constant ¢y = co(d) such that

D) > (5.8)

ul /d

6d(2d—1)%-4%/4

Fix some positive constant K = K (d) > 1 satisfying < 1. From the definition of K and using (5.8), we

) c(2)~[€2/d
get for ¢ = nd%
4/e 4/e 4,,2/d)—-1 4,
1+(2d—1)/ _1+(2d—1)2/ -
CDZ(M) 4 c;

- 2d(2d — 1)? '42/ds—2/d

2
€
- 2d(2d — 1)% - 4%/4 - 1
= = n< —n.
c(% . K?2/d 3

The last term is smaller than n whenever n > 1. Thus> Theorem 5.9 gives that for P almost every w € £2) for every
x,y € P(w) and every n > 1

) R 20Pg
Y =—5 =S5
® nd/2 (zn)d/z

which gives the result for even times with K = 24/2K .
Turning to odd times we get that for P almost every w € §2p every n € N and every x, y € P(w)

d
K _ (/2K

n n K
2 +1(X }’) Z pa)(xvz)pi (Zvy)f Z pa)(x5z)(2n)d/2 = (zn)d/z —_ (2n+1)d/2’

ze€P(w) 7P (w)

2The fact that K > 1 ensures that this also holds for n = 1.
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which completes the proof. (]
Theorem 1.12 now follows immediately.

Proof of Theorem 1.12. Since our graph is connected, it is enough to show that Y oo p” (0, 0) is finite P almost
surely. This follows from Proposition 5.7 and the fact that d > 3. ]

6. Asymptotic behavior of the random walk

This section is devoted to understanding the asymptotic behavior of E[|| X}, ||]. This estimation is used in Section 9 to
prove the high dimensional Central Limit Theorem, and therefore throughout this section we also assume Assump-
tion 1.4. The proof closely follows [1] with one major change: In the current model, the distance made by the random
walk at each step is not bounded by 1 as in the percolation model. Nevertheless, using an ergodic theorem of Nevo
and Stein, see [20], we show that under Assumption 1.4, the same estimation for E[|| X}, ||] as in percolation holds.

Theorem 6.1. Assume Assumptions 1.1 and 1.4 hold. Then there exists a random variable c: 29 — [0, co] which is
finite almost surely such that for P almost every w € §2g

Eo [ Xall] < c(@)v/n, VneN. 6.1)
We start with some definitions:

Definition 6.2. Fix w € §2y. For n € N we denote p" (x,y) = P,(X, = y|Xo = x) and introduce the following func-
tions, with the understanding that 0 - 1og(0) = 0:

e The averaged two step probability g, : P(w) — R, is given by

1
gn(0) =2 (p"0,) + p"71(0,)). (6.2)

o Averaged two step distance M :N — R is defined by M (0) = 0 and

1
M) = SEo[IXall + Xl = D Iylign(y),  Vn>0. (6.3)
yeP(®)

o Averaged entropy Q :N — R is given by 0(0) =0 and

Qm)=— Y gu(»log(ga(y)), ¥n>0. (6.4)
yeP(®)

The following proposition gives some inequalities which are satisfied by the functions g,, M and Q. Those will
play a crucial rule in the proof of Theorem 6.1.

Proposition 6.3. There exist positive constants cy, ca depending only on d and random variables v3, v4: 29 — R
which are P almost surely finite and positive such that for every n € N

Q(n) = dzlog (n—1) —ci, (6.5)
M(n) > ¢ -e2™/4, (6.6)
Y0 Tpem@i (@@ +g)lx —ylI* < vs (6.7)

xeP(w) yeP(w)
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and

(M(n+1) = M(n))* <vs(Qn+1) — Q(n)). (6.8)
Remark 6.4. Note that we don’t have any estimation on the tail of c3(w) nor c4(w).
Proof of Proposition 6.3. For (6.5) first note that from the definition of Q(n)

Q)= inf )(—log(gn ) =- sup (log(gn())).

€P(w yeP(w

Proposition 5.7 implies that g, (y) < W for every y € P(w) and therefore

K d
Q) > —10g(m> =3 log(n — 1) —log(K), (6.9)

which gives (6.5) with ¢; =log(K).
Next we prove (6.6). For n > 0 let D,, = By»(0)\ By:-1(0), where B, (0) = {x € Z4: |x| <n}.In particular Do =
{0}. Given that 0 < a < 2 we can write

I . "
Z e—alvl < 5 Z Z e % < Ze—a-z e ond < Cz.z-a_d, (6.10)
n=0

yeP(w) n=0yeD,

where ¢22 = ¢2.2(d) > 0 depends only on d. Indeed, the first inequality is obvious, the second inequality follows from
the fact that the set of points in PP (w) with distance greater than 2"~! and less than 2" is bounded by the number of
points in Z¢ with those properties, which is less than a constant times 2"¢. The proof of the last inequality follows by
separating the series into two parts, up to some ng = fWT and starting from ng, and then bounding the second
one by a geometric series. More formal proof of this inequality can be found in the detailed version of this paper on
the Arxiv, see [22].

Since for every u > 0 and A € R the inequality u(log(u) + 1) > —e ™'~ holds, by taking A = a/||y|| + b witha <2
and u = g, (y) we get

—Qm)+aMm) +b= Y gu(y)(log(g.(») +alyll +b)

yeP(w)
- _ Z e-]—a”y“—h:_e—l—h Z e_a”y”. (611)
yeP(w) yeP ()

Note that we actually used the last inequality only for those y € P(w) such that g,(y) > 0, and for y € P(w) such
that g, (v) = 0 we used the fact that 0 > —e~1=@I¥lI=0, Combining (6.11) and (6.10) gives

—Q(m) +aMmn)+b>—e'"beyra7, (6.12)
Since for sufficiently large n we have
1
M =020+ 3 dO»am= 3 @O=1-ga027,
yeP(w),y#0 yeP(@),y#0

we can choose a = ﬁ and b =d - log M (n), which together with (6.12) gives

—Qn)+1+d-logM(n) > —e 'crp=—c23.

Note that as before ¢ 3 is a positive constant that depends only on d. Rearranging the last inequality we get that there
exists a constant ¢c) = ¢2(d) > 0 such that M (n) > ¢, - eQm/d
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Turning to the prove (6.7) we first note that the sum in (6.7) can be rewritten as

Y Ipem@ (@) +gM)Ix —yIP=2 Y gx) Y lx—yIP

x,yeP(w) xeP(w) yEN; ()
= 22 Z g (X) f2(0% )
ee€ xeP(w)
=2 (Eo[f} 00X ]+ E,[f7 005 1]). (6.13)
eck

In order to show the sum is finite, we use a Theorem by Nevo and Stein proved in [20], however before we can state
it some additional definitions are needed:

Given a countable group I define £!(I") = {u € 'R Zyer [u(y)| < oo}. Let (X, B, m) be a standard Lebesgue
probability space, and assume I” acts on X by measurable automorphisms preserving the probability measure m. This
action induces a representation of I" by isometries on the L”(X) spaces, 1 < p < oo, and this representation can
be extended to £1(I") by (uf)(x) = Zye[‘ w@)f(y~'x). Let By = {A € B: m(yA A A) =0Vy e I'} denote the
sub-o -algebra of invariant sets, and denote by E; the conditional expectation with respect to 8. We call a sequence
v, € £1(I") a pointwise ergodic sequence in L if, for any action of I" on a Lebesgue space X which preserves a
probability measure and for every f € L”(X), v, f(x) = E{[f(x)] for m almost every x € X, and in the norm of
LP(X). If I is finitely generated, let S be a finite generating symmetric set, i.e., S = S~ which doesn’t include
the identity element e. S induces a length function on I", given by |y| = |y|s = min{n: y = s152---5,,5; € S}, and
le] = 0. We can therefore define the following sequences:

Definition 6.5.

i) 1, = #S,) ! ZweSn w, where S, = {w: |w| = n}.
(i) 7, = 5(tn + Tus1).
(i) pn = 747 Dheo Th-
(iv) Bn= #B,)~! ZweB,, w, where B, = {w: |w| <n}.

We can now state the theorem:

Theorem 6.6 (Nevo and Stein [20]). Consider the free group F,,r >?2 and let S be a set of free generators and their
inverses. Then:

1. The sequence ,, is a pointwise ergodic sequence in L?, forall 1 < p < 0.

2. The sequence T, is a pointwise ergodic sequence in LP, for 1 < p < oo.

3. T, converges to an operator of conditional expectation with respect to an Fy.-invariant sub-o-algebra. By, con-
verges to the operator E| + "= E, where E is a projection disjoint from E;. Given f € LP(X), 1 < p < 00, the
convergence is pointwise almost everywhere, and in the LP norm.

Let F be the (free) group generated by the induced shifts, let {Y,} be a simple random walk onitand Sy ={v e F:
|v| = k}. Then,

Ey[f}o0%]=> "P(Y,=v)f} 00"

veF

= P(Y, €S f2o0Y
Z [#S) '; ¢
o0

=Y P(Y,eS)mo f,

k=0
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and therefore

Eo[f}00™ ]+ Ey[f2 00X ]=> P(YyeS)tho f7 + P(Yy1 € S0 f7
k=0

<D (PUweS)+PWu1€Si0)(wo f2+n10f72)
k=1

+ P(Yy € So) f?

r”18

2(P(Yy € SK) + P(Yo—1 € Sk_))Ty_y o f2 + P(Y, € So) 2.

~
Il
<N

By Assumption 1.4 there exists some 1 < p < oo such that fe2 € LP(£2p) for every coordinate direction e € £. Using

Theorem 6.6 and the ergodicity of P it follows that sup;{|z; o f62|} is bounded by some constant v3 | (@) which is
finite P almost surely, and therefore the sum in (6.13) is bounded by

2> (Eo[f} 00™ ]+ Eo[£2 06%1]) <4u3(@) Y (P(Yy € Sk)+ P(Yao1 € St1))
eck k=1

+2u3(w) P (Y, € So)
= 8uz(w).

Consequently, the original sequence is bounded by vz (w) = 8vs3.1(w) P almost surely.
Finally we turn to prove (6.8). By the definition of M (n)

Mmn+1)—Mn) = Z (8n+1(¥) — M) Iyl
yeP(w)

Using the discrete Gauss—Green formula, this sum can be written as

3 tpen@n (1= 1x0) (g () — ga). 6.14)
x,yEP(w)

Indeed, three different sum rearrangements (recalling all sums are finite and that | N, (w)| = 2d < oo for every point
x € P(w)) give

1
> (gn+1(y)—gn<y>)||y||=—@[2d S Iyllgn) +2d Y fxliga)
yeP(w)

yeP(w) xeP(w)

—2d Y ylgnti()—2d Y ||x||gn+1<x)]

yeP(w) x€P(w)

1
=—@[ D lylga Y Lyeniw)

yeP(w) x€P(w)

+ Y IxlIge®) D Lyen,w)

xeP(w) yeP(w)

= >0 Y LN gn(®)

yeP(w) x€P(w)
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-y xS ﬂyema))gn(y)}

xeP(w) yeP(w)

1
=—27 2 [Len@Iylzn®) = Lien @ ¥l )
x,yEP(w)

— TyeN (o) ly1lgn(x) + TyeN, () ”x”gn(x)]

1
=—27 2 Toemn (vl = Ix1) (e () = gn ().
x,yEP(w)

Using the last presentation for M (n + 1) — M (n) and the triangle inequality gives
1
M+ D=Mm| <= 7 Lyemonlx = yllen () = gn)].
x,yeP(w)
Applying Cauchy—Schwartz inequality to the r.h.s. we get

1 12
(M@ +1) = M@n)| < @( > Lyen @ (8n @) + g ) llx — y||2>
x,yEP(w)

( YL N()}M>”z
YENy(w .
x,y€P (@) gn(y) + gn(x)

The first sum in the r.h.s. is the same as (6.7) and therefore is bounded by some random variable v3 = v3(w) which
is positive and finite P almost surely. Thus

(gn(y) — gn(x»z)”_

|M(n+1)—M(n)|SU3(w)< Z LiyeN, ()} 20 (7) + & ()

x,yEP(w)

The fact that % < (u —v)(log(u) — log(v)) for every u, v > 0 yields
1/2
(M(n+1) = M(n)| <v3 (w)( Y N (8 () — &) (log(gn () — log(gn (x))))
x,yeP(w)
which by applying the discrete Gauss—Green formula the other way around equals
1/2
Vadui(w) <— > (log(ga () + 1) (gnr1(y) — gn(y))> .
yeP ()

Finally, since 1 — x 4+ log(x) <0 for all x > 0, the last term is bounded by

1/2
st(a»(— > (gn+1(y)—gn<y))log(gn<y>)+gn+1<y)1og(g"+l(y)))
yeP(@) 8n(y)

1/2

=u(Qh+1)—0m) ",

where vy = (V4dv3)2. O
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Proof of Theorem 6.1. Define R:N — R by

1 d
R(”)=E<Q(’1)— Elog(n— 1)+c1), (6.15)

forn > 1 and R(1) = 0. By (6.6) for sufficiently large n
M(n) > ¢y - e2W/d — ¢ . eRH (1 /DHA/Dlogn=1) _ (.o RO /7 (6.16)

with ¢5.1 some positive constant depending only on d. On the other hand by Proposition 6.3

n

M(n) = Z(M(k) — Mk —1))

k=1

<JVay (0w - 0k-1)"

k=1

<cs2y (0 — 0k — 1)

k=3

k—1 1/2
—c52fZ<R(k) Rk—1)+ = log(k 2)) .

k=3

Denote ¢s 3 = ¢52+/d. Since (a + b)l/2 <pl/2 4 the r.h.s. can be bounded by

a7
53 Ié [ % 10g1/2<i = ;> " loglljz(l((()k_—Rl()];(; - 2))}
_CS3Z 7 Uz(k 2) * 532 [1 g‘/z(llt;%c —1) log”z((lz(f;;)(k—z))]
) CS'SkXZ;R(k) [mg‘/z(kj(k ~1)  log"(k —11>/ - 2”}
““2 fl gm(z 2) " ”Z [1 gw(’iiﬁi 1og1/2<5<(f:>2k—2>>}

—1 R(n)
S S
CS3Z N\ 2) TS g Py — 1))

Where for the inequality we used the fact that R (k) is positive (due to (6.5)). Since 2k 5 < log( ) =log(1+ = 2) <

sz this can be bounded by

&3 g JkT +V2des RV =1 <csa- (14 Rm)Vn—2,

with ¢5.4 = ¢5.4(w). Combining all of the above we get that

cs1(d) - eV —1< M) < esa(@)(1+ R(m)vn =2,
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which implies that R(n) is a bounded function P almost surely. Thus one can find two random variables
¢5.5,C5.6: 8§20 — R, which are P almost surely finite and positive, such that

cs.54/n < M(n) < cs6+/n.

Recalling the definition of M (n), this yields the result. O

7. Corrector — Construction and harmonicity

In this section, we adapt the construction of the corrector presented in [3] to our model. The corrector, originated in a
paper by Kipnis and Varadhan (see [16]) gives a decomposition of random variables into a martingale and a part which
is 0(4/n). In our case, as in [3], this is used to construct a graph deformation (perturbation of the graph embedding in
RR4) such that the resulting graph is harmonic, i.e., the location of each vertex is the averaged location of its neighbors
and such that the change in location of each point x € 74 is o(||x|2).

Since the proofs are very similar to the ones in [3] we only state most of the theorems. A more detailed version of
this section (including proofs) can be found in the Arxiv version [22].

We start with the following observation concerning the Markov chain “on environments.”

Lemma 7.1. For every bounded measurable function f: 2o — R and every x € Z? we have

Ep[(f 00)LxeNo@)] =Epr[fL{—xeNo@)])- (7.1)

As a consequence, P is reversible and, in particular, stationary w.r.t. the Markov kernel A defined in (2.1).
Proof. Multiplying (7.1) by P(£29) gives

Eolf ob:loylixeny )] =Eolfloyl{—xeNy@))]- (7.2)

The last equality holds since Lixenyw)ley, = (L{—xeNygw)} 1) © Ox and therefore f o Oyl lixeny(w)) =
(floyl{—xeNy(w)}) © k. Thus taking expectation w.r.t. Q and recalling it is shift invariant gives (7.2).
For a measurable function f:$2 — R define Af: £y — R by

1
(AN@) =753 (Lirenyie) f 0x0)). (1.3)

xeZd
Using (7.1) we deduce that for any bounded measurable functions f, g: 2 — R,

1
Ep[f - (Ap)] =57 3" Ep[f - (2000 eny)]

xezd

1
=27 Z Eplf 0 0_x1{—xeNy(w)) - &l

xezd

1
=57 2 Eplf oblpenow) - 81=Ep[(A1) -g] (7.4)

—xeZd

which is the definition of reversibility. Taking f = 1 and noticing that Af = 1, we get that Ep[Ag] = Ep[g] for every
bounded measurable function g: £2 — R, i.e., P is stationary with respect to the Markov kernel A. (]

7.1. The Kipnis—Varadhan construction

We can now adapt the construction of the corrector to the present situation. Let L> = L?(£2y, B, P) be the space of
all Borel-measurable square integrable functions on £2y. We use the notation L? both for R-valued functions as well
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as for R%-valued functions. We equip L> with the inner product (f, g) = Ep[ fg], when for vector valued functions
on §2 we interpret “fg” as the scalar product of f and g. Let A be the operator defined by (7.3), and expand the
definition to vector valued functions by letting A act like a scalar, i.e., independently on each component. From (7.4)
we get that

(f. Ag)=(Af. g). (7.5)

and so A is self adjoint. In addition, for every f € L? we have

1 1
(£ A0] = 55 D2 [ LxeNo@n f o 0| = 52 D [ Lireotn TixeNo(n f 0 05|

xeZd xezd

which by the Cauchy—Schwarz inequality can be bounded by

1
2 (fLixeNo@)) fLxeNo@ ) ?  (LixeNo@)} f © Oxs LixeNo@)) f © 0x)/?
xezd
1 172
=2 (f FLixeno@) " (L Liveno@) £ 0 0x) 2,
xezZd

and by (7.1) equals

1

1
3 2= Flixenom ' (fs FLxeng@))/? < % DU flixenon) = ().

xeZd xeZd

Thus || A|[;2 < 1. In particular, A is self adjoint and sp(A) € [—1, 1].
Let V : 29 — R be the local drift at the origin, i.e.,

1
Viw)=— D xXlreNp)- (7.6)

xezZd

If the second moment of f, exists for every e € £, then

1 1
V.V)= ; (Ve V-e)= QEP[(V )] = ﬁEP[fg + f2,] < oo,

and therefore V e L2. Thus for each ¢ > 0 we can define v/, : 29 — R? as the solution in L? of
14+e—My.=V. a7

Remark 7.2. This is well defined since the spectrum of A, denoted by sp(A), is contained in the interval [—1, 1], and
therefore sp(1 + ¢ + A) C [&,2 + ¢€]. In particular since € > O the operator 1 + ¢ — A has a bounded inverse.

The following theorem is the main result concerning the corrector:
Theorem 7.3. There is a function x : Z¢ x 20 — R? such that for every x € 7,

im L xepo) (Ve 06 = Vi) = X (x. ). in L?, (7.8)

Moreover, the following properties hold:

e (Shift invariance) For P almost every w € $2g
X, @) = x(y, @) = x(x — y,0y(w)), (7.9)

forall x,y € P(w).
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e (Harmonicity) For P almost every w € §2y, the function
x> x(x,w) +x, (7.10)

is harmonic with respect to the transition probability given in (1.4).
e (Square integrability) There exists a constant C < 0o such that

I[x &+, ) = x @ ) ]LixeP @) Miyeno@) 000 |, < C. (7.11)
forallx,yeZ.

The proof of Theorem 7.3 follows the same lines as the one in [3] without any major changes, and therefore we
omit it. The following lemma summarizes few of the intermediate steps in the proof of Theorem 7.3 which will be
needed in order to prove the high dimensional CLT.

Lemma 7.4. Let . be defined as in (7.7), i.e., the solution of (1 + & — A)ye = V. Then

lime|| |13 =0. (7.12)
el0

For every x € 7¢ define

G () = 1oy () - Lxeny@) (@) - (Ve 0 0 (@) — P (@)). (7.13)
Then
lim [GEV oy — G ob,|,=0, Vx,yeZ’ (7.14)
e1,6210

The corrector is now defined by

n—1

def
X 0) S Y Gy (@), (7.15)
k=0
where (xo, X1, ..., X,) is any “coordinate nearest neighbor” path in P(w) from 0 to x and G y(w) = limg o G)(Cs) o

Oy (w) in the L? sense.

Remark 7.5. The fact that all the limits in the above lemma exist and that the corrector is well defined are all part of
the proof of Theorem 7.3.

8. Essential sublinearity of the corrector

Fix e € £ and define the random sequence n{ (w) inductively by n{(w) = f.(w) and n; = ng (o.(w)), where o, is

the induced translation defined by o, = Hef @ The numbers ny, are well-defined and finite P almost surely. Let x be
the corrector from Theorem 7.3. The first goal of this section is to prove the following theorem:

Theorem 8.1. For P almost all w € §2

im x (ni(w)e, w) _

k— 00 k

0. (8.1)

The proof of this theorem is based on the following properties of x (n,‘;(a))e, w):
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Proposition 8.2.

1. Epllx (nf(@)e. )] < cc.
2. Eplx(n§(@)e. )] =0.

Proof. Using the definition of the corrector (7.15), it follows that
X(n(lZ (w)e, a)) = GO,n‘l’(a))e(w)- (8.2)

By (7.14), and since Go,ni(w)e(a)) is the ¢ | O limit of G® in L?, it follows that Go,nf(w)e(w) e L%, Since P

n{(w)e
is a probability measure, it is in particular a finite measure, and therefore for every 1 <r < 2 it is also true that
GO,n‘I(w)e(a)) e L". Taking r = 1 gives

Epl) (i @e. ) ] = Er[| Gogne(@)]] < oo, 53)

For (2), observe that by Definition 7.13 and Theorem 2.1, for every ¢ > 0,
©) _ n{(@)
Ep[Gewye] = Ep[T2oLing @peenon (Ve 00 — V)]

n§(w)
=Ep [ﬂﬂoﬂ{nq(w)eezvo(w)}% Y Ep[120Lin¢ (@)eeNo(w)) Vel

=Ep [(1901{n§(w)eezvo(w)}1/fs) 0oe] — Ep[LeyLint (@)eeNo@)¥el =0.
Thus by the definition of x and the fact that it is in L'

B (15 @)e, )] = EplGo o =HmEr[G,,] =0. .

Proof of Theorem 8.1. Define g: 2 — R? by g(w) = x (n§(w)e, ), and let o, be the induced shift in direction e.
Then

k—1

x(nf(@e, ) =) gool(w). (8.4)

i=0

By Proposition 8.2 we have that g € L! and Ep[g] = 0. Since Theorem 2.1 ensures o, is P preserving and ergodic,
the claim follows from Birkhoft’s Ergodic Theorem. (]

Next we turn to discuss general sublinearity of the corrector. The following theorem states a weaker notion of
sublinearity satisfied by the corrector. This notion though weaker than the one obtained for points along coordinate
direction is enough in order to prove high dimensional CLT.

Theorem 8.3. For every ¢ > 0 and P almost every w € §2g

lim sup

m S 1) D Ageawizen <& (8.5

xeP(w),|x|<n

The proof of Theorem 8.3 follows the same lines as the one in [3] (Theorem 5.4) without major changes, and
therefore we omit it from this version.

9. High dimensional Central Limit Theorem

Here we finally prove the high dimensional CLT, starting with the following lemma:
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Lemma 9.1. Fix w € 29 and let x — x (x, w) be the corrector as defined in Theorem 7.3. Given a path of a random
walk {Xn}zozo on P(w) with transition probabilities (1.4) let

M =X, + x(Xp, @), ¥n=0. ©.1)

Then {M,(lw)},,zo isan Lz-martingale w.rit. the filtration {o (Xo, X1, ..., Xy)In=0. Moreover, conditioned on Xy, = x,

the increments {M ,E‘i)ko -M /E(L,O)}kZO have the same law as {M lge"w)}kzo.

Proof. Since X, is bounded, x (X, w) is bounded and so M,(,w) is square integrable with respect to P,. By Theo-
rem 7.3 the map x — x + x (x, w) is harmonic with respect to the transition probabilities in (1.4), and therefore

Eo[M“\lo0(X,)] =M, VYn=0,P,as. 9.2)

By the definition of M,(Zw) it is o ({Xy}}_,)-measurable, and therefore {M,(l“’)} is a martingale. The stated relation

between the laws of {M ,E‘i)ko - M ;Eff)}kzo and {M ,Eexw)}kzo is implied by the shift invariance proved in Theorem 7.3

and the fact that {M,(Lw)},,zo is a simple random walk on the deformed graph. ]

Theorem 9.2 (CLT of the modified random walk). Fix d > 2 and assume P satisfies Assumptions 1.1 and 1.4. For
w € $20 let { X, }n>0 be a random walk with transition probabilities (1.4) and {M,ﬁ“’)}nzo as in (9.1). Then for P almost
every o € §20 we have

lim M N(0, D) 9.3)

n—oo \/n - T .
where the convergence is in distribution and N (0, D) is a d-dimensional multivariate normal distribution with co-
variance matrix D which depends on d and the distribution P, given by D; j = E[cov(M l(w) -ei, M l(w) -ej)].

Proof. Let
1 n—1
(w) _ (w)
Vo) =~ ;Ew[pk 1{min,-,_,|<D,§"’)>,~,_,-|zsﬁ}|X0’Xl""’Xk]’

where D,Ew) is the covariance matrix for M ,Eﬁ)l -M ,Ew). By the Lindeberg—Feller Central Limit Theorem (see, e.g.,
[13], Theorem 4.5), it is enough to show that

1. lim, V,,(w) (0) = D in P, probability.
2. limy— oo V' (¢) = 0'in P, probability for every & > 0.

Both conditions are implied from Theorem 2.3. Indeed, one can write V,,(w) (0) as
1 n—1
V0= I;)ho 0 Ox, (),

where

_ (@)
hg (w) = Ey[ D) L nin |(D§”’)),~,_,-|2K}]‘

Therefore by Theorem 2.3 we have for P almost every o € £2o

lim V,)(0) =E[ho(w)] = D.
n—oo
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Turning to the second limit, for every K € R and ¢ > 0 it holds that e,/n > K for sufficiently large n, and therefore
feyn = Sk . Consequently, by the Dominated Convergence Theorem

lim sup Vn(“’) (&) < E[Dgw)]l

n—o0

. —> 0, Pas.
{min; ; \(D}”>>i,j\zK}] Koo ’

where in order to apply the Dominated Convergence Theorem, we used the fact that M l(w) el ]
Finally we turn to prove the high dimensional Central Limit Theorem

Proof of Theorem 1.15. Due to Theorem 9.2 it is enough to prove that for P almost every w € 29

Iim ———

n—00 ﬁ

0, P,-in probability. 949

This will follow once we show that for some random variable C = C(w) which is P almost surely finite and positive

limsup P, (| x (Xp, )| > e/n) < Ce'/l, Ve>0,Pas. 9.5)
n—>oo

Separating the event in (9.5) we can bound its probability by

Vn x/’_l).

Po(|x (Xn. )| > ev/n) < Pw(nxnn > W) + Pw(x<xn,w) >ev/n I1Xull < g
3 &

Thus it is enough to deal with each term on the r.h.s. separately. For the first term note that by Theorem 6.1 and the
Markov inequality, there exists a random variable ¢ = c¢(w), which is P almost surely finite and positive, so that

1 Eolll Xn ]
Pw[||Xn|| > mﬁ} < el/d% <ce/?, Pas. (9.6)

Moving to deal with the second term, by Proposition 5.7 we can write

Jn
Pw(X(Xn,a)) > ev/n, | Xall < od | = Z Py (0, )Ly (x )| > e/mxel—/a/e Ve, Jiajel/d])
xeP(w)
K
= nd/2 Z Ly v0)>e/m)
x€P(w)
lx|<y/n/el/d

2 1\ 1
=K cl/d + ﬁ (2/n/el/d + 1)d Z Ly (x.)> 61414 Jia/e}s

xeP(w)
lx|<y/n/et/d
which by Theorem 8.3 yields that
lim sup Pw<)((X,,, ) > e/n, | Xl < ]L’Z) <2dggl/d
n—00 el/
as required. (]

10. Some conjectures and questions

While we have full classification of transience-recurrence of random walks on discrete point processes in dimensions
d =1 and d > 3, we only have a partial classification in dimension 2. We therefore give the following two conjectures:
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Conjecture 10.1. There are transient two dimensional random walks on discrete point processes.

Conjecture 10.2. The condition given in Theorem 1.11, for recurrence of two-dimensional random walk on discrete
point process, i.e., the existence of a constant C > 0 such that

o0

Sk PUe=h _C

E(/,) =N ie{l,2}, NeN (10.1)

k=N

is not necessary.

In Theorem 1.15 we gave conditions for the random walk on discrete point processes to satisfy a Central Limit
Theorem. However, we didn’t give any example for a random walk without a Central Limit Theorem. We therefore
give the following conjecture:

Conjecture 10.3. There are random walks on discrete point processes in high dimensions that don’t satisfy a Central
Limit Theorem.

In the proof of Theorem 1.15 we used the additional assumption that there exists g > 0 such that Ep| f82+£°] < 00
for every e € £. The assumption that the second moments are finite, is fundamental in our CLT proof in order to build
the corrector, and seems to be necessary for the CLT to hold. On the other hand, existence of such gy > 0 though
needed in our proof, was used only in order to bound (6.7). We therefore give the following conjecture:

Conjecture 10.4. Theorem 1.15 is true even with the weaker assumption that only the second moments are finite.

Even if the theorem is true with the weaker assumption that only the second moment of the distances between
points is finite, we can still ask the following question:

Question 10.5. Can one find examples for random walks on discrete point processes that satisfy a Central Limit
Theorem in high dimensions but don’t have all of their second moments finite?

We also have the following conjecture about the Central Limit Theorem:

Conjecture 10.6. Theorem 1.15 can be strengthened as follows: Let (82, B, Q) be a d-dimensional discrete point
process satisfying Assumptions 1.1 and 1.4. Then for P almost every w € §2¢ the random walk satisfies an invariance
principle (i.e., converges to Brownian motion under appropriate scaling).

Our model describes non nearest neighbors random walk on random subset of Z¢ with uniform transition proba-
bilities. We suggest the following generalization of the model:

Question 10.7. Fix a € R. We look on the same model for the environments with transition probabilities as follows:
for w € 29

0, u & Ny(w),

u—v|% ueNy(w), (10.2)

Py(Xpy1 =ulXy=v)= { L”
Z ()

where Z(v) is normalization constant (the case o« = 0 is the uniform distribution case). Which of the theorems proved
in this paper can be generalized to the extended model?
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