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Abstract. The purpose of the present paper is to establish explicit upper and lower bounds on moderate deviation probabilities
for a rather general class of geometric functionals enjoying the stabilization property, under Poisson input and the assumption of
a certain control over the growth of the moments of the functional and its radius of stabilization. Our proof techniques rely on
cumulant expansions and cluster measures. In addition, we establish a new criterion for the limiting variance to be non-degenerate.
Moreover, our main result provides a new central limit theorem, which, though stated under strong moment assumptions, does not
require bounded support of the intensity of the Poisson input. We apply our results to three groups of examples: random packing
models, geometric functionals based on Euclidean nearest neighbors and the sphere of influence graphs.

Résumé. L’objectif de cet article est d’établir une majoration et une minoration explicite pour les probabilités des déviations
modérées d’une classe assez générale de fonctionnelles géométriques possédant une propriété de stabilisation pour des données
de Poisson et sous I’hypothese d’un contrdle de la croissance des moments de la fonctionnelle et de son rayon de stabilisation.
Les techniques utilisées dans les preuves reposent sur des développements de cumulants et des mesures de clusters. En outre, nous
proposons un nouveau critére pour que la variance limite soit non-dégénérée. De plus, notre résultat principal fournit un nouveau
théoreme central limite, qui, bien que formulé sous une hypothese assez forte sur les moments, ne nécessite pas que 1’intensité
des données de Poisson ait un support borné. Nous appliquons nos résultats a trois groupes d’exemples: les modeles de pavages
aléatoires, les fonctionnelles géométriques dépendantes des voisins les plus proches en distance euclidienne et les graphes des
spheres d’influence.
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1. Introduction, main results
1.1. Introduction
Stabilization is an important concept expressing in natural geometric terms mixing properties of a broad class of func-

tionals of point processes arising in geometric probability, see [3,27,28]. Even though these processes are presumably
also tractable using more traditional mixing concepts, stabilization-based techniques proved extremely convenient in
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studying the asymptotic behavior of large random geometric systems. This is due to the geometric nature of these
methods which makes them compatible with many stochastic geometric set-ups in which the target functionals arise.
In particular, stabilization is often helpful in establishing a direct connection between the microscopic (local) and
macroscopic properties of the processes studied, see ibidem for further details. Stabilization has been successfully
used to establish laws of large numbers for many functionals [24,28,29] and it has also been employed in a general
setting to establish Gaussian limits for re-normalized functionals as well as re-normalized spatial point measures [3,
22,25-27]. The functionals to which the afore-mentioned theory applies include those defined by percolation models
[22], random graphs in computational geometry [3,27], random packing models [2,28], and the germ—grain models
[3]. Large deviation principles for stabilizing functionals have also been established, see [34]. Finally, the correspond-
ing moderate deviation principle, interpolating between the central limit theorem and law of large numbers, has been
obtained in [1] and [13], for a rather limited sub-class of the above examples though, namely for empirical functionals
of random sequential packing, nearest neighbor graphs and germ—grain models.

In this paper, we use stabilization combined with cumulant expansion techniques in the spirit of [3] to prove
moderate deviation bounds for three groups of geometric functionals: random sequential packing along with birth—
growth models, functionals based on nearest neighbors and sphere of influence graphs. In each case, we consider a
much more general class of geometric functionals, based on a newly introduced concept of confinement. In particular,
in the birth—growth models, we lift the unnatural lower bound on grain sizes. Moreover, our deviation probability
estimates are much more explicit than those established in [1]. In addition, we derive moderate deviation principles in
the t-topology, which is stronger than the weak topology, which is used in [1].

We assume Poisson input with a density, which is assumed to be bounded and integrable, but need not have bounded
support. This fact adds to existing central limit theorems, which, to the best of our knowledge, all require the latter
assumption: see Remark 1.13. In particular, bounded support is not needed in the first group of applications, random
packing models. On the other hand, in the other two groups, nearest neighbors and sphere of influence graphs, bounded
support is required in order to ensure stabilization.

On the other hand though, for the applications considered in [1], our approach provides a much narrower range of
scaling regimes to which moderate deviation results apply. In particular, our results in the current form do not seem
to provide moderate deviation principles in the full range. However, in [1], it is assumed that the random measures
associated to the functionals and the Poisson point process can be suitably coupled with their exponential (Gibbs)
modifications. In the present paper, we assume no such structure; as a result, the application of our main results is much
more straightforward. Moreover, future refinements might actually yield full range moderate deviation principles in
some cases: see Remark 1.14.

However, it is well known that many natural multidimensional stochastic systems exhibiting various types of expo-
nential mixing often satisfy the Gaussian moderate deviation principle only up to a certain point beyond the CLT scale,
whereafter the Gaussian behavior breaks down and gets replaced by phenomena of a different nature. As a spectacular
example, consider the phase separation, condensation and droplet creation as established for many statistical mechan-
ical models in phase transition regime, see the seminal monograph [11] as well as the survey [5]. Consequently, we
believe that the Gaussian moderate deviation principle may well be violated by geometric stabilizing functionals for
ranges far enough from the CLT regime. Even though we are definitely not in a position to claim that the ranges of
Gaussian behavior for deviation probabilities established in this paper are optimal, we should most likely not hope to
get a full range Gaussian moderate deviation principle at the level of generality considered here.

1.2. Terminology and notation

We begin with some common notation. First, denote N = {1,2,3,...} and Nyg = {0, 1,2, ...}. Next, for a set A,
denote by |A| its cardinality. Throughout this paper, fix d € N. For x € R, denote by | x|| its Euclidean norm and,
furthermore, for A € R?, denote by dist(x, A) the Euclidean distance from x to A. Next, denote by 0 the origin in R,
Unless specified otherwise, the expression ‘measurable’ will mean ‘Borel-measurable’ when applied to subsets of
R¢. For a measurable set A € R, denote by vol(K) its Lebesgue measure. Throughout this paper, the letter £2 will
denote a measurable subset of R, which will be called a domain. Next, the letter ¥ will denote a probability density
function on R?, vanishing on R¥ \ £2. Abusing the notation slightly, ¥ will sometimes also denote the corresponding
probability measure, i.e., k (x) dx. In particular, ‘k-almost everywhere’ will mean ‘for « (x) dx-almost all x’.
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Furthermore, we let (f, u) denote the integral with respect to a signed finite variation Borel measure w of a u-
integrable function f. For a measurable set W C R?, we write B(W) for the collection of bounded measurable
f: W — R. Finally, we shall assume that 0/0 = 0 (and a/0 = +o0 for a > 0 and —oo for a < 0). The essential
supremum of f* with respect to a measure p will be denoted by esssup,, 4y f(x). In particular, for a non-negative
function g, esssup, . 4, f (x) will denote the essential supremum of f with respect to the Lebesgue measure restricted
to the set {x; g(x) > 0}.

Next, we introduce marked points. Let (M, Faq, Pay) be a probability space (mark space). Marked points will be
the elements of RY := R? x M and will be usually denoted by a breve accent. We shall use the following convention:
if a letter with a breve accent denotes a marked point and the same letter without the accent appears in the same
context, both will refer to the same location. More formally, when X € R? and x appear in the same context, we shall
always assume that X = (x, ) for some t € M. Similarly, for a set X C R4, X in the same context will denote the set
{x; @t e M) (x,1) € X }. A subset A C R will be called measurable if it is measurable with respect to the product
of the Borel o-algebra on R and the o -algebra F .

Common Conventions. Let z € RY and a € R. Forx—(x,t)e]l%d,puti+zu:= (x +z,1) and ax := (ax,1). For a
set X C R4, putX—i—z ={+z % € X} and \X = {AX; X € X}. For sets A C R? and B € R, define AN B :=
ANBxM)and A\ B:=A\ (B x M).

We shall often integrate over IRY. For that purpose, we extend the meaning of differential to integration with respect
to the product of the Lebesgue measure and P 5. More formally, we define:

/V f(i)di:f Ef(x,T)dx, (1.1)
R4 R4

where T is a generic random mark with distribution P p4.

For x € R? and r > 0, B,(x) denotes the closed Euclidean ball of radius r centered at x. A set X C RY will
be called configuration if it is locally finite with respect to the product of the Euclidean topology on R4 and the
indiscrete topology on M, i.e., if for each x € Rd the set X’ N B, (x) is finite for some r > 0 (recall from the Common
Conventions that X N B, (x) is interpreted as xn (B, (x) x M)). A conﬁgurat1on which is also a subset of £ :=
£2 x M will be called a configuration on §2. We shall keep the meaning of 2 throughout the paper.

On the set of all configurations, we shall consider the standard o -algebra defined as the smallest o-algebra, such
that the map X |2\? N A| is measurable for all measurable sets A C RY, Thus, a subset of the set of all configurations
will be called measurable if it is measurable with respect to the latter o -algebra.

Now we turn to our main object, geometric functionals and the associated random measures. We first refine the
definition of a geometric functional from [3,29].

Definition 1.1. A geometric functional defined on a measurable class C of configurations is a measurable map defined
for all pairs (X, X), where X € C and X € X. If the class C is not specified, we shall take the class of all finite
configurations. Another example of a class that we shall frequently consider are all configurations on a domain §2.

Although the main object of our paper will be real-valued functionals, we shall also need [0, co]-valued as well as
even set-valued functionals.
Now we turn to stabilization, which plays an essential role in all that follows.

9

Definition 1.2. A geometric functional & stabilizes at X with respect to a configuration X C 2 inside a domain $2, if
there exists a finite p > 0, such that:

E(F, D) =£(¥, XN B,(x)) (1.2)

for all finite configurations 5) C Q2 with 37 N By(x) = xXn B, (x). In other words, the interaction between X and a
point set is unaffected by changes outside B, (x). In particular, for r > p, £(X, X N B,(x)) does not depend on r. If

(1.2) holds, we shall say that & stabilizes at X within radius p with respect to X inside 2. If §2 is not specified, we
shall take 2 =R9.
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We shall say that & is stabilizing with respect to configuration X if it stabilizes with respect to X at each ¥ € X
(all inside a domain $2).

A radius of stabilization for a geometric functional § inside $2_is a [0, ool-valued geometric functional R defined
on configurations on $2, such that for all suitable Xandall ¥ € X, & stabilizes at X within radius R(X, X ), provided
that R(x, X) is finite.

Geometric functionals, which are initially defined on finite configurations, can be extended to all configurations
(i.e., locally finite sets) with respect to which they stabilize. More precisely, if a geometric functional & stabilizes at X
with respect to configuration X', we can define:

E(X, X) ::rgngog(i,é?ﬁB,(x)). (1.3)

Clearly, the extended functional stabilizes within the same radius.

Among others, this extension allows us to consider geometric functionals on Poisson point processes. For a locally
integrable function f:R? — [0, 00), denote by 75_," a Poisson point process with intensity f ® Paq (sometimes,
we shall abuse the notation slightly and identify f with the corresponding measure f(x)dx). By locally integrable
function, we mean that f € LloC (Rd ), 1.e., for each x € R9, there exists some neighborhood U, such that f € L! ).
Remark 1.1. It would also be desirable extend the results to the case when the Poisson input is replaced by bi-
nomial (i.e., a point process consisting of independent and identically distributed random points) — so-called de-
Poissonization. However, this is beyond the scope of the present paper. In particular, the crucial construction (3.16)
seems not to work. Instead, one can either attempt to find a more sophisticated construction or refer to suitable con-
vergence of binomial point processes to Poisson. In this context, coupling can be used to advantage: see Lemma 4.2
of [27] and Lemma 3.2 of [24].

Throughout this paper, the letter £ will be reserved for geometric functionals (but we shall also consider geometric
functionals denoted by other letters). For a geometric functional denoted by &, define its scaled versions by:

£.(F X) =&x 211 X)

(recalling that the A!'/¢ scaling only modifies the spatial component, not the mark). Our principal objects of interest
are the following random point measures on R?:

o= Y BEPuds A0, (1.4)

XEP

or, equivalently,

o) i= [ FO08GE P Pac(@),

along with u, := u; — Eu,, the centered versions of w,. Thus, in u; and [1;, we shall always refer to an R-valued
geometric functional denoted by £ and a probability density function on R? denoted by «, which will be suppressed
in the notation.

Throughout this paper, unless specified otherwise, the letter R will denote a radius of stabilization for a geometric
functional denoted by &. Moreover, for A > 0, denote by R, a non-negative geometric functional defined on locally
finite sets, such that A~V/4 R 5 1s a radius of stabilization for &, inside a domain denoted by 2, or, equivalently, such that
the functional (¥, X) > Ry (A~'/4%, A=1/4 XY is a radius of stabilization for & inside A1/ £2. Of course, if £2 = R9,
one can simply put R; (x, X) := R(Al/di, )Ll/d/'\v,’).

In most of our results, we restrict attention to translation invariant functionals.

Definition 1.3. A geometric functional § is translation invariant if § (X + z, X +2) =G, X) forall x € R9, ail finite
configurations X C R? and all 7 € RY.
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Remark 1.2. Though most of our main results are formulated under the assumption of translation invariance, the
latter is not crucial. In particular, it is not required in our key Lemma 3.1. However, our main results are derived by
combining Lemma 3.1 with (1.7), which is known to hold under either translation invariance or more complicated
assumptions (see [25]). Anyway, translation invariance is the case in all our applications.

1.3. Known results

From [25] (see also earlier papers [3,29]), we know that under relatively mild assumptions (compared to those stated in
Section 1.5), the one and two point correlation functions for & (¥, 75,\K) converge in the large X limit, which establishes
the corresponding asymptotics for integrals E( f, u,) and 0)% [f]:= Var({f, uy)) (we shall always take o[ f] > 0).
Moreover, under additional assumption that « has bounded support, it is known that the limit of the re-normalized
measures A~'/2/1, is a generalized mean zero Gaussian field in the sense that the finite-dimensional distributions of
A~120; over f e B(RY) converge to those of a Gaussian field (for test functions, we may take all f € B(RY), but
only the ones with support coinciding with the support of « really matter).

To state the results in formal terms, we introduce various assumptions. The first one will be imposed on the den-
sity «.

Assumption D (Density). « is bounded and Lebesgue-almost everywhere continuous.

Next, we list two assumptions imposed on a family (g;)x>, of geometric functionals either taking values in R or
in [0, oo].

Assumption M(p, ) (pth Moment).

limsupesssupE|gx(i,75AK)|p < o0.
A—00  k(x)dx

Assumption M1(p, k) (pth Moment with One additional point). (g,),. satisfies Assumption M(p, k) and

limsup  esssup ]E|g,\()?,75,\,(u{)7})|p < 00.
A—=00 Kk (x)dXx®«(y)dy

Now recall our conventions on R and R, from the preceding subsection. In most of our results, we shall need
that R satisfies Assumption M1(p, k) for some ¢. This is analogous, but not entirely equivalent to the power-law
stabilization of order q as defined in [23,25,30].

Below we state an assumption formally imposed on R, a radius of stabilization for £. Throughout this subsection,
let T denote a generic random mark with distribution P, independent of all other random objects we consider.

Assumption FH(t) (Finiteness with respect to Homogeneous process). R is translation invariant and P(R((0, T),
P:) < 00) = 1. Here, T denotes a positive real number, not a function. Notice that if R is not a priori translation
invariant, it can always be replaced by an appropriate translation invariant radius of stabilization.

Remark 1.3. Under translation invariance, Assumption FH(t) is essentially equivalent to what is called t-
homogeneous stabilization in [23,25]. More precisely, a translation invariant geometric functional & is t-homoge-
neously stabilizing if:

P(R((0, T), P;) < 00) = P(R((0, T), P, U{i}) < 00) =1 (1.5)

forall X € RY. However, if the latter only holds for almost all X, say, for all X € R4 \ ({0}) outside a set N C R4 \ ({0}
of Lebesgue measure zero, one can modify £((0, 1), 22) t0 £((0, 1), X \ N) and R((0,1), /\v’) to R((0,1), X \ N), keeping
translation invariance. Replacing X with a marked Poisson point process P > & and R have then only been modified
on a null event.
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Once relaxed to the ‘almost everywhere’ condition, the additional point X can now be left out. This is because for
each r > 0, a Poisson point process can be represented as a union of a set LVINJ and a Poisson point process on the
complement of Er (0) := B, (0) x M, where N is a Poisson random variable and where for each n € Ny, Z;{n, » denotes
a set of n independent points in B, (0). Saying that the first probability in (1.5) equals one is equivalent to saying that
P(R((0,T), Z/u{,” U (751 \ B, (0))) <o0) =1 forallr > 0 and all n € Ny, while for the second probability, this reduces
to the statement that the latter holds for all r > 0 and all n € N. Therefore, the second probability in (1.5) is in fact
redundant. To summarize, any statement on the distributions of the random measures p; which holds under (1.5) still
holds under Assumption FH(7) only.

Definition 1.4. A family (g3)>1, of geomemc functionals enjoys k -almost exponential decay if there exist a > 0 and
b > 0, such that esssup,.( 4z P(1g1 (X, PM)| > 1) <ae”” forall t > 0. If this is satisfied for g, = Ry, where, by our

convention, A~ V4 R, is a radius of stabilization for &, we shall say that & is k-almost exponentially stabilizing inside
the upscaled domain £2. If 2 is not specified, we shall take 2 = R?.

Next, we list three further assumptions imposed on &. Recall that &, (¥, X y=¢eMVdx, 2/ dx).

Assumption CWLLN(p, k) (Convergence in the sense of WLLN). « satisfies Assumption D, & is translation in-
variant and the family (§,);>0 satisfies Assumption M1(p’, k) for some p’ > p. Moreover, there exists a radius of
stabilization R for & satisfying Assumption FH(k (x)) for k-almost all x € RY.

Assumption CV (k) (Convergence of Variance). « satisfies Assumption D and & is translation invariant. Moreover,
there exists a radius of stabilization R for & satisfying Assumption FH(k (x)) for k-almost all x € R?. Finally, there
exist p,q > 0 with 2/p +d/q < 1, such that the family (§)),>¢ satisfies Assumption M1(p, k) and such that there
exists a family (R)))>», of appropriate radii of stabilization satisfying Assumption M(q, k).

Assumption CCLT (k) (Convergence in the sense of multivariate CLT). « satisfies Assumption D and has bounded
support, and & is translation invariant. Moreover, there exists a radius of stabilization R for & satisfying Assump-
tion FH(k (x)) for «-almost all x € RY. Finally, there exists a family (R;);~ 2o Of appropriate radii of stabilization,
such that either (&,);>0 satisfies Assumption M1(p, k) for some p > 2 and (R;));>», enjoys almost uniform ex-
ponential decay for k, or such that (§));0 satisfies Assumption M1(p, k) for some p > 3 and (R))y>, satisfies
Assumption M(q, k) for some g > d(150 + 6/ p).

Now we are ready to list the following known results:
e Take p =1 or p = 2. If & satisfies Assumption CWLLN(p, ), we have for all f € B(R?):

(fs )

W f FOOE[E(O.T), Peo) Je () dx, (1.6)

where T is a generic random mark with distribution P, independent of Py (x)-
e If & satisfies Assumption CV (k), there exists a measurable function V : [0, oo) — [0, o0), depending on & but not
on «, such that for all f € B(R?), the variance o} 2[ f1= Var({f, uy)) satisfies:

2
lim G*T[f] — o2 f

A—00

]:= /Rd FEEV (1 (x))re (x) dx 1.7)
(like for 0 [ f], we shall always take o'[ ] > 0). The function V is defined by:
V(0) = E[£(0,T),P;)’]
+t /Rd{E[g((o, ), P U{(z. TN ((z, T'), Pr U {0, )] = [E&(0, T), P:) ] }dz (1.8)

for v > 0; for convenience, we set V (0) :=0. Similagly as before, T and T' are generic random marks with distri-
bution P54, independent of each other as well as of P;.
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o If & satisfies Assumption CCLT («), the finite-dimensional distributions of A2

A — oo to those of a generalized mean-zero Gaussian field with covariance kernel

[, converge in distribution as

(fi. f2) > /R A AV ()0 dr. (19)

The above results capture the weak law of large numbers and the Gaussian limit behavior of the re-normalized
measures A~ /21, For a special case (special mainly with respect to test functions), which is actually a good starting
point, they are all proved in [3] (Theorem 2.1). For the general case (in fact, much more general that we consider),
see [23] (Theorems 2.1-2.3), noting that we may relax the supremum over A > 1 along with the supremum over the
measure-theoretic support of « stated in the conditions given ibidem to limsup,_, ., and the x-essential supremum.
Furthermore, we can relax tT-homogeneous stabilization to Assumption FH(7): see Remark 1.3. The convergence of
the variance (1.7) and the central limit theorem are also proved in [25] (Theorems 2.1 and 2.2, but see also the remarks
below Theorem 2.3).

The above-mentioned central limit theorem is based on Theorems 2.3 and 2.5 of [30], where also the curious
condition g > d(150 4+ 6/ p) arises from. The latter results also provide explicit univariate bounds. An extension to
multivariate bounds is derived in [26]. Under a different set-up, a multivatiate CLT is also proved in [22].

As to Theorem 2.2 of [23] and its counterpart, Theorem 2.1 of [25], it is worth mentioning that a factor d has been
accidentally dropped from their statement, so that there should be ¢ > dp/(p — 2) rather than ¢ > p/(p — 2), just like
in Assumption CV(k): see Lemma 5.2 of [23] and Lemma 4.2 of [25].

1.4. Non-degeneracy of the limiting variance

In view of (1.7), it is important to distinguish between degenerate and non-degenerate limiting variance, i.e., o[ f] =0
and o[ f] > 0. This issue is heavily discussed in [3,27,28]. A further fruitful general result is derived in [26]. However,
the verification of the conditions guaranteeing non-degeneracy given in the latter paper might be somewhat involved.
Therefore, we take one step forward and establish a new criterion for the non-degeneracy, which seems to be easier to
verify. Moreover, the result of [26] is not supported by an example where earlier results do not apply. We here provide
one: see Example 2.2.

Like the earlier result from [27], Theorem 2.2 of [26] is based on the add-one cost of the total mass functional.
The total mass functional of a geometric functional £ is defined by H (z\v,’ )= Zx x &(X, X ), while its add-one cost

is defined by A(X, X):=HWX) - HX \ {x}), provided that X € X. Notice that A is also a geometric functional.
Extending it by our convention from Section 1.2, we have A(X, X) = H(X U{X}) — HX) for ¥ ¢ X. The name
‘add-one cost’ is due to the latter case.

In order to derive non-degeneracy, a new concept of stabilization, called external stabilization, is introduced in
[26]. We here rewrite the corresponding definition for marked configurations and, in addition, introduce the concept
of basic external stabilization.

Definition 1.5. Let p > 0. A configuration X is said to be basically p-externally stable at a point X € RY with respect
to a geometric functional § if

EEYUE) =5V \ X)) (1.10)
for all finite Y with Y N B,(¥) = X N B,(X) and all 7 € Y\ B,(¥).

The configuration X is said to be p-externally stable ar X with respect to & if the following three conditions hold:
first, X is p-externally stable at X with respect to &. Second, & stabilizes at X within radius p with respect to X . Third,

EF,VUEFE)) — (3, V\IF) =&, (X N B,(H) UF)) —£(F, (X N By()) \ {#)) (1.11)

for all finite Y with Y N B,(X) = X N B,(¥) and all § € Y N B, ().
We shall say that X is externally stable at X with respect to & if it is p-externally stable at X for some finite p.

Remark 1.4. If/'\v,’ is p-externally stable at X with respect to &, then A stabilizes at X within radius p.
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Remark 1.5. Ifé? is p-externally stable and r > p, then X is also r-externally stable.
Remark 1.6. If/'\v,’ is p-externally stable at X and yn B,(¥) = xn B, (%), then Y is also p-externally stable at X.

Remark 1.7. Condition (1.11) holds provided that & stabilizes at y with respect to X U (X} and to X U {X} within
radius p — ||y — x||. On the other hand, condition (1.10) cannot be simply derived from the usual radius of stabilization.
Therefore it is referred to as basic external stabilization.

In view of the preceding remark, the following construction of the external radius of stabilization is now immediate.

Proposition 1.1. Let & be a geometric functional with radius of stabilization R. Take p > 0, X € R9 and a configura-
tion X. If X is basically p-externally stable at X with respect to &, it is also r-externally stable at X with respect to &,
where:

ri=p+max{R(¥, X U{X}), R(}, X \ {¥}); § € (X U{X}) N B, (D))

In particular, if X is s basically p-externally stable at X with respect to & and & stabilizes with respect to Xu {x} and
X \{X}arall y € (X U{X}) N B, (%), then X is externally stable at X with respect to &.

In the rest of this subsection as well as in Section 3.5, we fix a translation invariant geometric functional &,
let H be the total mass functional of & and let A be its add-one cost. We also recall the convention &; (X, X ) =
£ AW4x, A1/ x); set also AA()?,/'%) = A (W4x, 214 x). Let R denote a radius of stabilization for & and let
A~V4R, be a radius of stabilization for &,. Finally, let 7 denote a generic random mark with distribution P4,
independent of all other random variables.

Now we state the version of Theorem 2.2 of [26] for marked configurations. One can easily check that the proof
given ibidem still carries through.

Theorem 1.1. Suppose that § is translation invariant and that there exists p > 0, such that with stricily pos-
itive probability, the marked homogeneous Poisson process Py is p-externally stable at (0,T) and A((0,T),
PiNB »(0)) # 0. Next, take a probability density function « on R? and a function f € B(R?), which is Lebesgue-
almost everywhere continuous. Suppose that fk is not Lebesgue-almost everywhere zero. Let X be a random variable
with density k. Suppose that for some s > 2, we have:

Yo f@EERPLU{X. D) - Y f@EER P\ {X. D)) <o (112)

P U{(X,T)) P&, T))

limsupE

A— 00

In addition, suppose either that f is an indicator function of a measurable subset of R¢ with vanishing boundary (i.e.,
the Lebesgue measure of the boundary equals zero) or that for all K > 0 and k-almost all x, we have:

/B (0)E|s(&, Pe) U0, T)}) — £, Pegy)| d¥ < oo. (1.13)

Then liminf) _ o (TA [f1/A>0.

As already mentioned, the verification of the conditions required in the preceding result might be somewhat in-
volved. In particular, this holds for the moment conditions (1.12) and (1.13). The main goal of this subsection is to
show that these conditions can be simply replaced by Assumption CV(x) introduced in Section 1.3, taking « to be
the uniform density on a suitable domain and restricting attention to the case f = 1. Observe first that in this case, the
moment condition (1.13) can be left out, while the moment condition (1.12) reduces to:

limsup E|A; ((X, T), Pauc)[* < o0. (1.14)

A—00
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Considering only the case f =1 is not a big restriction: under Assumption CV(x), formula (1.7) allows us to derive
the limiting variance from the function V; notice that for each t > 0, V (7) is precisely the limiting variance for f =1,
taking « to be a suitable uniform density (see also Remark 1.8).

For convenience, we list two additional assumptions imposed on a family (g3 )21, of geometric functionals. Below
we show that they are essentially equivalent to Assumptions M and M1; moreover, with proper parameters and one
additional assumption, they are also equivalent to Assumption CV (x).

Assumption MH(p, 7, $2) (pth Moment with respect to Homogeneous process restricted to S2).

limsup esssup E|gs (X, Prc N 9)|p < 00.
A—00 1(xef2)dx

Assumption MH1 (p, 7, 2) (pth Moment with respect to Homogeneous process restricted to §2 with One additional
point). (g3);.>x, satisfies Assumption MH(p, T, £2) and

limsup  esssup ]E|gk(i, (Pre N2)U {)7})|p < 0.
A—00 1(x,yef2)dx®dy

Remark 1.8. Letting v := vol(2), 2% := (zv)~V/42, gr.(¥*, X*) := gu((zv)/95*, (tv)/1X*), where % =
A*/(tv), the family (g))a>», satisfies Assumption MH(p, 7, £2) if and only if the family (g;:*)k*i’% satisfies As-
sumption M(p, ), taking « to be the uniform density on £2* and Ajj := tvA¢. This is true because:

8. (F, Prr N 2) = g ooy ((T0) V955, Pr o N (x0)V92%) = g3 (8%, (z0) T/ Prsjy N 27)

2 gi* ()\é*, ﬁx*f N Q*) = gik* ()\CI*, 75)»*/(),

where X* ;= (rv)*l/d)? and where 2 denotes equivalence in distribution. Similarly, the family (g));>», satisfies
Assumption MH1(p, 7, £2) if and only if the family (g}.);> i satisfies Assumption M1(p, k). Notice also that the
family (&), satisfies Assumption MH(p, 7, §2), respectively Assumption MH1(p, 7, £2), if and only if it satisfies
Assumption M(p, k), respectively Assumption M1(p, k).

Moreover, keeping the relationship between )\ and \*, A~V/4R, is a radius of stabilization for &, inside
domain £2 if and only if (A*)_l/def* is a radius of stabilization for &+ inside 2%, where R;f*()?*,)? ) =
Ry ((xv)d5*, (tv)/4X*). As a result, if the family (£,);-0 satisfies Assumption MH1(p, 7, £2) and if there ex-
ists a radius R of stabilization for & satisfying Assumption FH(7) and a suitable family (Rj);>y, of scaled radii of
stabilization satisfying Assumption MH(p, t, §2), where 2/p 4+ d/q < 1, then & satisfies Assumption CV (x).

As mentioned above, the main goal of this subsection is to show that the moment condition (1.14) can be replaced
by Assumption CV(x). In addition, we also simplify the condition on non-vanishing A. In order to do this, we state
the following definition.

Definition 1.6. A predicate P defined on pairs (t, X ), where t € M and X isa finite configuration, is said to
hold for notably many pairs (¢, X) if there exists n € Ny and a Ppq(dt) ® dX; ® - -+ ® dX,-nonnull set, such that
P, {X1,...,X,}) holds for all (t,X1,...,X,) in that set.

Remark 1.9. In particular, for P(t, X) 1o hold for notably many pairs (t, X), it suffices that P(t, D) holds on a
P a4 (dt)-nonnull set.

Now we are ready to formulate our result on non-degeneracy. We defer the proof to Section 3.5.
Theorem 1.2. Let & be translation invariant, let 0 < T < 0o and suppose that there exists a radius of stabilization R

for & satisfying Assumption FH(t). Let §2 be a domain with 0 < vol(§2) < oo and with vol(d52) = 0. Take p,q > 0
with2/p+d/q <1 and Lo > 0. Suppose that the family (§));.», satisfies Assumption MH1(p, T, §2) and that there
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exists a family (Ry)y>», satisfying Assumption MH(q, t, §2), such that for each X > Ao, A~V4R, is a radius of
stabilization for &,. Finally, suppose that for notably many pairs (t, X), A((0,1), X) # 0 and X is externally stable
at (0, t) with respect to &. With 'V as in (1.8), we then have V (t) > 0.

1.5. Estimates on deviation probabilities

Starting from the known results it is natural to investigate the asymptotics of deviation probabilities on a scale larger
than that of the central limit theorem. To this end we consider a fixed test-function f € B(R?) and strive to get precise
information on bounds of the relative error

PULI 22 ellas DAL =—0) (1.15)

1—®(x/onlf])] O (—x/onlf])

where, as in the preceding Section 1.3, O’)?[ f1] denotes the variance and where, as usual,

Br) = —— /x e 2 adr

V21 )

is the distribution function of the standard normal. In particular, we are interested in conditions under which the
relative error (1.15) converges to 1 uniformly in the interval 0 < x < F(A), where F'()) is a nondecreasing function
such that F'(A) — oo. Of course F (1) will depend not only on A but also on other characteristics of our models, in
particular their dimensionality. For the sake of readability, the dependence on other quantities is suppressed in all of
our notation.

Since we will refine the cumulant expansion method of [3] to establish more precise rates of growth on the cu-
mulants, in both their scale parameter and their order, we will be able to apply a powerful and general lemma on
deviation probabilities due to Rudzkis, Saulis and Statulevicius [32], whose version specialized for our purposes is
stated as Lemma 3.8 in the sequel for the convenience of the reader.

Before formulating the results, we list the following two key assumptions imposed on a family (g;)>x, of geo-
metric functionals:

Assumption MGP(a, ), @ > 0 (Moment Growth with additional Points). There exist A > 0 and q > 0, such that for
all x> hg, all k e Nand all r < gk,

esssup  E|gn (%1, Pac Ulxr, .. x)) e en) diy < AF(R)® (L16)
Kk (x1) dX| ®--Qk (x,) dX,

(recall that esssup r ) 4, § (x) denotes the essential supremum of g with respect to the Lebesgue measure restricted to
the set {x; f(x) > 0}).

Assumption MGl(«, k), > 0 (Moment Growth with respect to Integral). There exists A > 0, such that for all
A>Apandallk e N,

/ﬂ;dE|gx(i,73M)le(x)diSA"(k!)“. (1.17)

Remark 1.10. Clearly, Assumption MGl(«, k) is weaker than Assumption MGP(«, k).

Remark 1.11. If there exists a family (R;)y>x, according to our convention from Section 1.2, satisfying Assump-
tion MGl(a, «) for some o > 0, then & is almost surely stabilizing with respect to Py for all A > Ag. As a result, the
random measures |1, are almost surely defined.

It is worth to point out two special cases. First, observe that if the functionals |g; | are uniformly bounded, then
the corresponding family satisfies Assumptions MGP(0, ) and MGI(0, k). When this is true for g, = R, we shall
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say that & is uniformly stabilizing inside the upscaled domain S2. The second special case is when the family enjoys
k-almost exponential decay (Definition 1.4). In this case, we can estimate:

. o0 . k!
E|gk(x,PM)|k:f0 k"' P(|ga (R, P | > 1) dr < ‘;—k. (1.18)

As aresult, the family (g;)>5, satisfies Assumption MGI(1, «).
Now we state our central assumption, which is imposed on and will be used exclusively for &:

Assumption G(y, k) (General conditions for our main results). « satisfies Assumption D and there exist a, § > 0,
Ao > 0 and a family (R;))>5, according to our convention from Section 1.2, satisfying Assumption MGI(B, k) along
with at least one of the following two conditions fulfilled:

o (&)5>x, satisfies Assumption MGl(o, k) and 1 + o + Bd = y.
o (£)a>x satisfies Assumption MGP(o, ) and max{a, 1} + Bd =y .

The following result concerns deviation probabilities.

Theorem 1.3. Suppose that & satisfies Assumption G(y, k) and take f € B(R?Y). Let o_[ f] := liminf, 00 A71/? x
o.lf].

(1) Suppose that, in addition, c_[ ] > 0. Then, for all . >, and 0 < x < Cla_[f])\(lﬂ’)/(“rzy), we have:

P((f, ) = x) 1 x3
)logm‘ < Cz(kl/(”“y) + A(2+3y)/(1+2y)03[f])’ (1.19)

'10 P((f, ) = —x)
O (=x/onlf]

1 x3
= 2()\1/(2+4)/) + )»(2“'37)/(”27)03[]‘])’ (1.20)

where Ay only depends on f, k, & and R, whereas C| and C; only depend on the ratio || f||oc/0—[ f] along with
k,& and R.
(2) Suppose that 0 < o[ f] < 312, Then, for all x > 0, we have:

N\ e
,Csx‘/(””,Cs(T) }) (1.21)

x2
o, [f]
where C3—Cg¢ only depend on f, k, & and R.

Remark 1.12. The second part of the theorem above is especially useful for degenerate cases, i.e., o[ f]=0. As an
example, one can consider the total number of edges in the Voronoi graph: see Section 8.2 of [27].

Remark 1.13. In particular, under Assumption G(y, k) and provided that o_[ f] > 0, Theorem 1.3 provides a central
limit theorem. Comparing to Assumption CCLT(k), none of them implies the others. Assumption G(y, k) roughly
include much stronger moments conditions, but do not require boundedness of the support of «. Similarly, to the
best of our knowledge, none of the existing central limit theorems has been proved under conditions weaker than
Assumption G(y, «). Thus, Theorem 1.3 also adds to existing CLT'’s.

Remark 1.14. At least in certain cases, there appears scope for improvement. Some related results indicate that
if & satisfies Assumption MGI(0, k) and R satisfies Assumption MGP(0, k) (i.e., both are almost surely uniformly
bounded), Theorem 1.3 should actually hold for y = 0 (full range large deviation principles, see next subsection)
rather than y = 1. Results leading to full range large deviation principles are derived in [14] for sums of locally
dependent random variables (provided that the random variables as well as the vertex degrees in the dependence
graph are uniformly bounded), in [16] for germ—grain models and in [17] for a more general case, where germs are
affine subspaces instead of points. Notice that in the latter case, the corresponding geometric functional is even not
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stabilizing in the sense of the present paper. However, it is uniformly stabilizing if we replace balls by direct sums of
(d — k)-dimensional balls and k-dimensional subspaces. This is due to different behavior of the variance.

Indeed, clever modification and application of Lemma 1 of [14] might relax the expression max{c, 1} 4+ Bd in
Assumption G(y, k) to some continuous function ¥ (a, B) with ¥(0,0) =0 and limy g o (o + Bd — ¥ (a, B)) = 0.
Details may appear in forthcoming work.

1.6. Moderate deviation principles

It is natural to investigate the asymptotics of (i13), on intermediate scales between those appearing in Gaussian and
law of large numbers behavior. This leads us to moderate deviation principles (MDPs). In this paper we are able to
deduce moderate deviation principles from Theorem 1.3 for a typically partial intermediate regime for stabilizing &
(for the full scale, we have to assume o = 8 = 0; see Theorem 1.4 below for a formal statement). We remark that in
[1], moderate deviation principles were obtained for an essentially smaller set of examples, including the prototypical
random sequential packing and some spatial birth-and-growth models as well as for empirical functionals of nearest
neighbor graphs, but they were obtained on every intermediate scale.

We say that a family of probability measures (v,); on 7, which is a measurable as well as a topological space,
obeys a large deviation principle (LDP) with speed a; and good rate function 7(-): 7 — [0, oo] as L — Xg if

e [ is lower semi-continuous and has compact level sets Ny :={x € T: I(x) < L}, for every L € [0, 00).
e For every measurable set I, we have:

1 1
— inf I (x) <liminf — log vy (I") <limsup — log v, (I") < — inf I (x), (1.22)
xe]g A=Ay d) A—=io G xel

o J—
where [ denotes the topological interior of I" and I" denotes its closure.

Notice that we do not assume that the measures are Borel. In other words, open sets are not necessarily measurable.
Similarly we will say that a family of 7 -valued random variables (¥;), obeys a large deviation principle with
speed a; and good rate function 7(-):7 — [0, co] if the sequence of their distributions does. Formally a moderate
deviation principle is nothing but an LDP. However, we will speak about a moderate deviation principle for a sequence
of random variables whenever the scaling of the corresponding random variables is between that of an ordinary Law
of Large Numbers and that of a Central Limit Theorem.
Take y > 0 (arising from Assumption G(y, «)) and consider A € (0, 00), L — o0. Let (ay),~0 be such that

lim @, =00 and Lm —2 0. (1.23)

A—00 A—o0 A1/ (2+4y) -

Under these assumptions, we first state the following MDP for fi,:

Theorem 1.4. Suppose that & satisfies Assumptions G(y, k) and CV(k), and take f € BRY). Then, for each (a;)=0
satifying (1.23), the family of random variables (a, -1 2(f, i)y, satisfies on R the moderate deviation principle
with speed a% and good rate function

2

where o is as in (1.7) and where possible division by zero is handled according to our convention at the end of
Section 1.2.

The next result is a MDP on the level of measures. Denote by Meas(R?) the real vector space of finite signed
measures on R?. Equip Meas(R¢) with the t-fopology generated by the sets:

Ufys:={v € Meas(R?);

(f, v)—x} <6},
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where f € B(R?), x € R and § > 0. It is well known that since the collection of linear functionals {v > (f, v); f €
B(R%)} is separating in Meas(RR?), this topology makes Meas(R¢) into a locally convex, Hausdorff topological vector
space, whose topological dual is the preceding collection, hereafter identified with B(R?). With this notation we
establish the following measure-level MDP for [1):

Theorem 1.5. Suppose that & satisfies Assumptions G(y, k) and CV(k). Then for any family (a;);>o satisfying
(1.23), the family (a, 12008 satisfies the MDP on Meas(R?), endowed with the t-topology, with speed a)% and
the convex, good rate function given by

1) =1 2[d—v} (1.25)
=37 Vie))e () dx '

ifve Meas(R?) is absolutely continuous with respect to V (k (x))x (x) dx, and by I (v) := +00 otherwise. Again, o is
asin (1.7).

Remark 1.15. Theorem 1.5 provides a MDP with respect to the t-topology, which is based on measurable bounded
test functions. Therefore, this result has a stronger nature than the corresponding Theorem 2.2 of [1], which is stated
in the weak topology, based on continuous bounded test functions.

2. Applications

We here provide three groups of applications of our deviation bounds and moderate deviation principles: models
related to random sequential packing, functionals related to k nearest neighbors and sphere of influence graphs. These
applications have been considered in detail in the context of central limit theorems [3,27,30] and in the context of
laws of large numbers in [28,29]. In the context of moderate deviation principles, packing and nearest neighbors were
considered in [1]. For all groups of applications, we establish results of a relatively universal nature: to the best of
our knowledge, they are more general than those stated in the literature. We show where our large deviation results
improve and generalize over [1].

To set up the framework under which our results are stated, we here introduce a new concept, which we shall
call confinement. Similarly as in stabilization, the idea is that the value of a functional at X depends only on some
‘neighborhood’ of x. The concept of stabilization is based on metric neighborhoods, while the concept of confinement
is entirely based on sets. In precise terms, it goes as follows.

Definition 2.1. Let h be a set-valued geometric functional, such that h(x X) - Xfor all X and all X € X. A geo-
metric functional & is confined to h if €(x, X) E(X, h(x, X))for all X and all X € X.

Remark 2.1. Let § be confined to h. Then any radius of stabilization for h is also a radius of stabilization for §.
Similarly, if X is basically p-externally stable at X with respect to h, it is also basically p-externally stable at X with
respect to & .

Remark 2.2. Let hy and hj are set-valued geometric functlonals such that hy(x, X ) - hz(x X ) cX for all relevant
X and X. Suppose that h is stable in the sense that h| (X, y) hy(x, X) if h(x, X) CYCX. Then any geometric
functional confined to h is also confined to h».

Now we are ready to focus on each group of applications separately.
2.1. Random sequential packing and related models
The following prototypical random sequential packing/adsorption (RSA) model arises in diverse disciplines, including
physical, chemical, and biological processes. See [28] for a discussion of the many applications, the many references,

and also a discussion of previous mathematical analysis. In one dimension, this model is often referred to as the Rényi
car parking model [31].
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Consider a finite set X C R? and to each x € X attach a ball with some fixed diameter o centered at x. Moreover,
to all points in X attach i.i.d. uniform time marks taking values in some finite time interval, say, [0, 1]. This establishes
a chronological order on the points of X'. As usual, denote by X the configuration of points of X" along with their time
marks. Declare the first point in the chronological ordering accepted and proceed recursively, each time accepting the
next point if the ball it carries does not overlap the previously accepted (packed) balls and rejecting it otherwise. The
functional & (¥, X) is defined to be 1 if the ball centered at x has been accepted and O otherwise. This defines the
prototypical random sequential packing/adsorption (RSA) process.

One can also consider infinite periods of packing, i.e., input point processes on R =R x [0, 00). Take a Poisson
point process with density « (x) dx ® dt, where « is a probability density function with bounded support. Then, clearly,
only finitely many points can be accepted, so that all points that appear after a certain time are rejected. Moreover,
almost surely, there is actually no more available space for packing. This is called jamming: see [20]. This setting
allows to define the random measures ; in just the same way as in (1.4), although the measure on the mark space is
infinite. However, the latter fact prevents us from applying our results directly. Although one might use truncation of
time, jamming will not be considered in this paper.

The RSA model can be extended in numerous other ways: see [25,28]. In particular, the decision whether to accept
or reject a particle can depend on additional characteristics attached to the particle (e.g., mass), it can depend on time
(in particular, after a certain time, a particle may be desorbed) and it can even be random. As an example, we consider
the spatial birth—growth model: the balls attached to subsequent independently time-marked points, i.e., particles,
are allowed to have their initial radii bounded random i.i.d. rather than fixed. Moreover, at the moment of its birth
each particle begins to grow radially with constant speed v until it hits another particle or reaches a certain maximal
admissible size p — in both these cases it stops growing. In analogy to the basic RSA, a particle is accepted if it does
not overlap any previously accepted one and is rejected otherwise.

The mark of a point now consists of the time stamp plus the initial radius of the corresponding ball. The functional
of interest is again given by & (¥, X) =1if the particle centered at x has been accepted and 0 otherwise. This model,
going also under the name of the Johnson—Mehl growth process in the particular case where the initial radii are 0, has
attracted a lot of interest in the literature, see [3,28] and the references therein.

Let X be a configuration of marked particles, where a random mark consists of a pair (¢, s), where 7 is the time
stamp and where s is some additional feature of the point. As suggested in [28], consider an oriented graph with vertex
set X, where an edge from X to y exists if the particle x has arrived before y and if || x — y|| < p. Given X € X, denote
by Agl(x, X) the set of all particles in X from which X can be reached by a directed path in this graph, along with X
itself.

Some thought shows that the functional £ considered in the basic RSA model as well as in the spatial birth—growth
model is confined to the functional Ag‘ according to Definition 2.1. Moreover, this is true for all examples considered
in [28]: the key point is that particles are only influenced by the configuration at their arrival, but not by the particles
arriving later.

Now let £ be any geometric functional confined to Ag‘. Denoting D (X, X ) :=sup{||y — x||}; y € X}, observe that
the functional:

R(¥, X) = D(¥, An(¥, X)) + p

is a radius of stabilization for A}? and, according to Remark 2.1, also for &. Moreover, letting R; (X, X ) =
ROy, Al/jlf), observe that A ~1/4 R, is a radius of stabilization for &.

Now let Py be a marked Poisson process with bounded intensity f; for the random marks (i.e., the probability
measure [P ), assume that the time stamp is continuously distributed (without loss of generality, we may then assume
that it is uniform over [0, 1]). Percolation estimates (Section 4 of [28]) then yield the bound:

P(D(x, AR(¥, Py)) = 1) <ae™” 2.1)

for all ¥ € R? and all ¢ > 0, where the constants a > 0 and b > 0 depend only on || f|| and p. As a result, & is x-almost
exponentially stabilizing for any bounded density «.
This puts us into the position to formulate the following result:
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Theorem 2.1. Let p > 0 and let & be a geometric functional on marked points, where the marks along with P r4 are
as described above. Suppose that & is confined to Ag‘ and that « satisfies Assumption D. Take Ao > 0.

(1) If the family (§))3>,, satisfies Assumption M1(p, «) for some p > 2, then & satisfies Assumption CV (k). Conse-
quently, (1.7) holds.

(2) Let 0 < © < oo. Suppose that the family (&), satisfies Assumption MH1(p, T, §2) for some pr> 2 and
some convex domain §2 with 0 < vol(.Q) < 00. Next, suppose that for notably many triples (t,s, X ), we have
£(0,1,s), X) #0andt > max{t’; (x',t',s") € X} Then, with V as in (1.8), we have V(1) > 0.

(3) Leta = 0. If & satisfies Assumption MGl(«, k), then it satisfies Assumption G(1 +« +d, k); if § satisfies Assump-
tion MGP(«, ), it satisfies Assumption G(max{«, 1} 4+ d, k). Consequently, the conclusions of Theorems 1.3, 1.4
and 1.5 hold with suitable y .

Proof.

(1) From the exponential bound (2.1), it follows that the family (R ), satisfies Assumption M(q, «) for all g > 0.
Similarly, R satisfies Assumption FH(7) for all 7 > 0. As a result, £ satisfies Assumption CV (k).

(2) Again from bound (2.1), it follows that the family (R ), 3, satisfies Assumption MH(q, 7, £2) for all ¢ > 0. Thus,
by Theorem 1.2, it sufﬁces to show that A((O, t,s), X ) # 0 and that X is externally stable at (0, ¢, s) with respect
to & provided that Xi is finite, £((0,1,s), X) #0,t >max{t’; (x',t,s) € X} and, 1n addition, w1thout loss of
generality, (0,1, s) ¢ X. Since the time stamp ¢ is the largest of all, we have Am(x X )= A‘“(x XU {(0,2,5)}).

As & is confined to Ag‘, we also have &(x, X) = &(X, XU {(0,¢,5)}) for all x € X, so that A((0,¢,s), X) =

£@0,1,s), )E) # 0. Moreover, letting r := max,_y [x|| + p, observe that X is r-externally stable at (0, ¢, s) with
respect to &. This proves the desired assertion.
(3) It suffices to observe that «-uniform exponential decay of the family (R;,); 2, implies Assumption MGI(d, «). [J

Now we return to our two examples, the RSA and the spatial birth—growth model. As £ is then bounded, the family
(&)1, satisfies Assumptions M1(p, ) and MH1(p, 7, §2) for all p > 0, all 0 < T < oo and all suitable domains £2.
Since the first particle is always accepted, we have £((0, s,?), @) = 1 # 0. As a result, the limiting variance is non-
degenerate, i.e., V(t) > 0 for all T > 0. Finally, the family (£;),>, satisfies Assumption MGP(0, «) and therefore
Assumption G(d + 1). Thus, the conclusions of Theorems 1.3, 1.4 and 1.5 hold with y =d + 1.

Compared to the results in [1], there are three general novelties: first, we provide more explicit bounds in Theo-
rem 1.3. Second, we consider a much more general class of geometric functionals. Third, we consider a broader class
of intensities «: in particular, they need not have bounded support (in contrast to Theorem 2.2 where bounded support
is required because the density has to be bounded away from zero). Thus, in the basic RSA model, our present results
add to existing central limit theorems [2,3,12,28], weak laws of large numbers [7,28,29] and large deviations [1,34]
for random packing functionals.

Regarding the spatial birth—growth model, note that the paper [1] only succeeds to treat this model under an
unnatural positive lower bound for initial particle sizes, which excludes for instance the crucial Johnson—-Mehl set-up.
Here this condition is no longer required. Our present results add to existing central limit theorems [3,6,25,28] as well
as to the large deviation principle [34].

2.2. Nearest neighbors

Let X be a locally finite pomt configuration in R?. Take ¥ € X and k € N. We define the set of k nearest neighbors of
x in X to be the set of all ¥ y € X \ {x}, such that ||z — x|| < ||y — x| for strlctly less than & points Z € X \ {x}. Thus, if
X consists of a point X, a point y with ||y — x| = 1, two more points Z, w with ||z — x|| = ||lw — x|| = 2 and possibly
some more points with the distance to x strictly larger than 2, the set of two nearest neighbors of X in X actually
consists of three points: y, Z and w.

Let k € N. Define the two set-valued geometric functional NN = and NN¥ as follows: let NNK-— (x, X ) be the set
consisting of X and the set of k nearest points of X in X; let NN¥(#, X) be the union of NNK~ (¥, X) plus the set of
ally e X, such that ¥ is among the k nearest neighbors of ¥ in X. We shall consider geometric functionals confined to
NN~ or NNF according to Definition 2.1. Notice that by Remark 2.2, any geometric functional confined to NN~
is also confined to NNK.
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Fix a domain £2 € R?. The construction of a radius of stabilization for NN¥ inside £2 is well-known. Following
[25], consider a collection Cy, ..., Cy of infinite open cones with angular radius 1t/12 and apex at 0, with union
R\ {0}. Let C; * be the open cone concentric to C; and with angular radius /6. For a configuration XCR=02xM
and X € X, define RF-2 A(x, X ) to be the distance from x to its kth nearest pomt inxnN (C; * 4 x) if such a point exists
and this distance is less than dlam((C +x) N £2); otherwise, set RK-$2.1 (%, X) =diam((C; +x) N £2).

Let R%9 (X, X) := max; RK-2. (%, X). From elementary geometry (see [25]), it follows that if Xc@,ieX
and ||y — x|| > R (x, X) then neither y € NN*— (x, X) nor X € NNK-— (, X) As a result, R®% is a radius of
stabilization inside 2 for NN* as well as for any geometric functional confined to NN,

If 0 < T < oo, then the homogeneous Poisson process P, almost surely contains infinitely many points in every
cone C;. Therefore, for £2 = RY, R*2 satisfies Assumption FH(7).

Now assume that £2 is bounded and convex with vol(§2) > 0. Take A > 0 and let « be a probability density function
vanishing outside £2, but with inf,c k (x) > 0. We will show that R~*? enjoys super-exponential tail decay. Basically,
we follow [25], but it turns out that one has to be a bit more careful. Take x € Qandi= 1,...,s. It is easy to see
that if RK-$1(%, 75,\K) > p, then there are less than k points in 75)« N B,(x)N(C l+ + x), but also at least one point
y € 2N (C; +x) with ||y — x|| > p. By convexity, there also exists a point z € £2 N (C; 4+ x) with ||z — x| = p/2.
Setting  := sin {5, we have By, /2(z) € B, (x) N (Ci+ + x).

The continuation of the argument in [25] works provided that By,/2(z) € £2, but this is not necessarily true.
However, letting D := diam(£2), we have 2" := {(1 — )z+ w;w e R} C Raswellas 2 C Bpp/2(z2) € Bp(x)N
(C+ + x). Therefore, the set 2’ x M contains less than k pomts in PM Since vol(£2') = ( )d vol(£2) and 2’ C £2,

the probability that £2” x M contains less than k points in P, is bounded from above by:
k-1

d 1 d
Zl[xm(ﬂ> VO](Q)} exp|:—)»m<£> Vol(.Q)},
1 2D 2D

where m = inf ¢ « (x). This is also an upper bound on P(RF$2:1 (%, 75M) > p). Consequently, there exist @ > 0 and

b > 0 depending only on £2, k and k, such that ]P’(Rk S (X, ?E;L,() >p) <ae —bap? forall p >0,all A > 0Oandall X € Q.

Recalling that &, (X, 2?) e\Vdx Al/dX) observe that if & is confined to NN¥, then &) is also confined to NN,
Therefore, R*% is a radius of stabilization for &, inside £2, so that we can set R; (X, X) = A1/d Rk.$2 (x, X). Then we
have P(R; (X, Piy) > p) < ae_”"d, with a and b uniform in X, A and p. Consequently,

o oo
v 23 j .= v 23 . i—1 —bp?
E(Rmx,m))’:/o jo’ IP(Rux,PM)w)dpsajfo p! e dp

. L
:ﬂ/ pild=teb g = r(i)st(j!)‘/" (2.2)
0

d bildd" \d

for some B depending only on a and b. Thus, the family (R;);~o satisfies Assumption MGI(1/d, k) (and, since
Ry (%,)) < R, (x, X) for Y D X, even Assumption MGP(1/d, «)). This puts us into the position to formulate the
following result:

Theorem 2.2. Let k € N and let £ be a geometric functional confined to NN*. Take a convex bounded domain $2 and
Kk satisfying Assumption D and with inf,co k(x) > 0. Let Lo > 0 and let the cones C; be as above.

(1) If the family (§))x>),, satisfies Assumption M1(p, «) for some p > 2, then & satisfies Assumption CV (k). Conse-
quently, (1.7) holds.

(2) Let 0 < T < oo. Suppose that the family ()~ satisfies Assumption MHI1(p, T, §2) for some p > 2. Next,
suppose that notably many pairs (t, X ) satisfy the following two conditions: first, A((0, 1), X ) # 0 (recalling the
definition of the add-one cost from Section 1.4); second, there exists p > 0, such that for each cone C;, each of
the sets X N Ci N B, (0) and (2? N Ci) \ By/y(0) contains at least k points; here, n = sin 5. Then, with V as in
(1.8), we have V (1) > 0.

(3) Let 0 < T < 00. Suppose that & is confined to NN~ and that the family (&)~ 1o Satisfies Assump-

tion MHI1(p, t, §2) for some p > 2. Next, suppose that notably many pairs (t, X) satisfy the following two
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conditions: first, £((0, 1), 2?) #+ 0; second, there exists p > 0, such that xn B,(0) = @ and such that each inter-
section X N Bpﬁ(O) N C; contains at least k + 1 points. Then we have V (t) > 0.

(4) Let o = 0. If & satisfies Assumption MGl(«), then it satisfies Assumption G(2 + «); if & satisfies Assump-
tion MGP(«), it satisfies Assumption G(max{w, 1} + 1). Consequently, the conclusions of Theorems 1.3, 1.4
and 1.5 hold with suitable y .

Proof.

(1) From (2.2), it follows that the family (Rj),>», satisfies Assumption M(qg, «) for all ¢ > 0. As a result, £ satisfies
Assumption CV (k).

(2) Similarly as before, we find that the family (R;)y>, satisfies Assumption MH(q, 7, £2) for all g > 0. By The-
orem 1.2, it remains to show that for each ¢t € M, any finite configuration X c R4 \ {(0,7)} satisfying the
specified conditions is externally stable at (0, ¢) with respect to &. First, take a finite configuration 37 with
j) NB,0) = xn B, (0) and observe first that no point in )7 \ B, (0) is among the k nearest neighbors of (0, t)
in YU {(0, 1)}; similarly, (0, #) is not among the k nearest neighbors of any point in y \ B, (0). Therefore, X is
basically p-externally stable at (0, #) with respect to &.

Next, let x € B,(0), y € C; \ B,/;(0) and take u on the axis of C;, inside C;. Then the angle between y
and u is smaller than 7/12. By elementary geometry, the angle between y and y — x is also smaller than 1w /12,
for ||x||/llyll < n. Consequently, the angle between y — x and u is smaller than 7t/6. As a result, we have C; \
Byy(0) C (C;" +x) forall x € C; N B, (0). Thus, taking ¥ € (X' N B, (0)) U{(0, )}, each of the sets (C;" +x)NX
contains at least k points, so that & stabilizes with respect to X and X' U {(0,1)} atall X € (z\? N B,(0)) U{(0,1)}.
By Proposition 1.1, X is externally stable at (0, #) with respect to £. This proves the desired assertion.

(3) Set A:=B [(0) \ B,(0). Similarly as in the precedmg point, it suffices to show that for each pair (z, X )
satisfying the specified conditions, we have A((0, t), X ) # 0 and X is externally stable at (0, t) with respect
to €. First, by elementary geometry, we have diam(C; N A) = p. Therefore, (0,7) ¢ NNk~ 5, XU {(0,1)}) for
all y € (C; N A) x M and therefore for all y € A x M. However, this is also true if y ¢ Bpﬁ(O) x M and

therefore for all vy e X. Since & is confined to NN%= we then have (¥, X U{0,)}) = @, X). As a result,
A0, ) =50, 1), X)#£0. .

Now take a finite configuration ) with ) N B Y ﬁ(O) =XNBAB o ﬁ(O). Similarly as above, we find that for all
£e Y\ B, 5(0), we have (0,1) ¢ NNK~ (5, Y U {(0,1))). Therefore, X is basically pv/3-externally stable at

(0, 1) with respect to £. Moreover, since C; N AN X contains at least k + 1 points and since diam(C; N A) = p for
all i, we have NNF = (3, X U{(0,1)}) By(y) x Mforally e XN Bpﬁ(O) = X N A. Therefore, & stabilizes at

y within radius p with respect to X as well as to X U {(0,1)}. By Proposition 1.1, X is externally stable at (0, 7)
with respect to £. This proves the desired assertion.

(4) This follows immediately from the fact that the family (R)),~0 satisfies Assumption MGI(1/d, x). O

Theorem 2.2 adds to the existing results on non-degeneracy of the limiting variance (see [27]), central limit theo-
rems (see Chapter 4 of [21] as well as [3]) and, of course, large deviation results. For the latter, observe that the paper
[1] was only able to deal with the empirical functionals of nearest neighbors graphs, where & (x, X) is the indicator
of the event that the total edge length exceeds a certain threshold, or of some event involving the degree of the graph
at x and possibly also the edge length, such as ‘the total length of edges incident to x exceeds a certain multiplicity of
the graph degree of x’ etc. No marks have been considered in [1]. Our result includes a broader class of intensities «
and a much more general collection of geometric functionals. The following example serves as a classical one.

Example 2.1. Define &(x, X) to be the sum of the distances from x to its k nearest neighbors (there are no marks).
Then & is obviously confined to NN* = . Recalling that §2 is a bounded convex domain with vol(§2) > 0, that info k >
0 and that k vanishes outside §2, a similar argument as the one used for the radius of stabilization shows that
the family (&)),>», satisfies Assumption MGP(1/d, ), as well as Assumptions M1(p, k) and MH1(p, T, £2) for
all p,t > 0. Therefore, & satisfies Assumption CV (k) and, more importantly, Assumption G(2, k). This means that
the range where moderate deviation results apply is independent of the dimension. Finally, it is obvious that for all
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non-empty configurations X, we have £(0, X') # 0. As a result, the limiting variance is non-degenerate, i.e., V(t) > 0
forall T > 0.

With a little extra effort, one can prove the same results for the ‘undirected’ case, that is, for the sum of all
distances from x to the points in NN (x, X) (this is twice the total edge length of the undirected k nearest neighbors
graph). However, for the non-degeneracy of the limiting variance, one has to refer to part (2) rather than to part (3) of
Theorem 2.2. This requires a bit more involved argument, which we shall not provide here because the non-degeneracy
is proved explicitly in [26]; it can also be deduced from the earlier paper [27].

Curiously, the paper [26] provides no explicit application of its general result on non-degeneracy of the limiting
variance, i.e., Theorem 2.2 ibidem. For the k nearest neighbors, the limiting variance is computed explicitly. Therefore,
we give another example, where we prove non-degeneracy, but the construction from the earlier paper [27] does not
work.

Example 2.2. Define &(x, X) := exp(— ZyeNNk(x’X) ly — x|I). Turning first to large deviations, observe that & is
bounded. Therefore, taking §2 and k as before, & satisfies Assumption CV (k) as well as Assumption G(2, k). Thus,
we obtain just the same range of moderate deviation results as in the previous example.

Now we turn to the limiting variance. Consider first a configuration X containing some point y # 0 and no point
in By (0) \ {y}. Letting Ay := B, ;5(0)\ B, (0), assume also that each intersection X 0 C; N Ay contains at least
two points. Then y is the nearest neighbor of 0. Moreover, similarly as in the proof of Theorem 2.2(3), we find that 0
is not the nearest neighbor of any point in X . Therefore, we have A(0, X) =e~ IVl — (1 —e=IVg(y, X).

Now take a finite configuration X , which satisfies the condition from the preceding paragraph. If, in addition, || y|| <
log?2, then, clearly, A(0, X) > 0. Moreover, taking r := ||y ||«/§/ sin %, assume that each of the sets (X N C;) \ B (0)
is non-empty. One can easily check that notably many configurations X satisfy this condition. From Theorem 2.2(2),
it then follows that V(t) > 0 for all T > 0.

In [27], the argument used to show non-degeneracy of the limiting variance requires, among others, that A is
stabilizing. A relatively simple construction of a radius of stabilization for A, much similar to the above-mentioned
construction of radius of stabilization for &, is provided for the total edge length of the nearest neighbor graph
(considered also in Example 2.1) in the plane (d = 2); a much more complicated construction is used for the number
of components. Here, we demonstrate that the construction used in [27] for the total edge length does not work here.

In [27], the radius of stabilization at the origin is obtained by means of six disjoint equilateral triangles, such that
the origin is a vertex of each triangle. If this construction works for some geometric functional, one can also take a
covering of R? \ {0} by a family of open angles. Clearly, one can assume that their measures are at most 7/6. Now
take any family C1, ..., C,, of open cones with angular radii at most n/3,k >2,a > 1+ V3/3 and define R® (x, X)
to be a times the minimal p, such that any set X N (C] + x) contains at least k points. Below we show that for any
7 > 0, the probability that R® is not a radius of stabilization for A is strictly positive.

Take a configuration X containing a point y € C{, no point in By (0) \ {y}, some point z € Cy with ||z||/|y| >
a~/3, no point in B);—y|(2) \ {y} and no point in Ba\lyll«/g(o) \ B\Iyllﬁ(o)' Defining A, as before, assume also that
each of the sets X N Ay N C; contains at least k + 1 points. Some thought shows that such a configuration occurs
with non-zero probability in any homogeneous Poisson point process Pr.

Letting Y ;=X NB iy ﬁ(O), observe that for any point in ), there exists another point in the same set within

distance ||y||. Moreover, since a > 1 + +/3/3 and since X N (Ba”y”\@(O) \ BIIyH«/g(O)) = O, there exists no point in
X\ Ba\lyllﬁ(o) within distance ||y||. Therefore, the nearest neighbor in X U {0} of any point in Y also lies in ). As

a result, NN'(y, X) D NN!(y, )). Moreover, the inclusion is proper because y is the nearest neighbor of z in X.
Therefore, NN!(y, X) < NN!(y, V). Since A0, X) =~ Wl — (1 —e~WW&(y, X) and analogously for Y, we have
A0, X) > A(0,)). Therefore, A does not stabilize at 0 within radius a||y||\/§, nor does it stabilize within radius
R2(0, X) because R2(0, X) < al|y||V/3.

Thus, we can conclude that the construction from [27] does not work in this case. However, this does not mean
that A does not stabilize. In fact, it almost surely stabilizes at 0 with respect to Pr: examining the proof of Theo-
rem 2.2(2) and using the basic properties of homogeneous Poisson point processes, we find that it provides an explicit
construction of an external radius of stabilization, which is almost surely finite. By Remark 1.4, this is also a radius
of stabilization for A.
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2.3. Sphere of Influence Graphs

Given a locally finite set X CRY, the sphere of influence graph SIG(X ) is a graph with vertex set X constructed as
follows: for each X € X, let B (x, X ) be a ball around x with radius equal to min, ye X\{x}{Hy x|} (in particular, the

ball is degenerate if two points with different marks share the same location). Then B(X, X) is called the sphere of
influence of x. Draw an edge between X and y iff the balls B(x, X ) and B(y, X ) overlap. The collection of such edges
is the sphere of influence graph (SIG) on X and is denoted by SIG(X).

In [27], non-degeneracy of the limiting variance and central limit theorems are derived for a variety of functionals,
i.e., the total number of edges, the total edge length, the number of vertices of fixed degree and, most remarkably, for
the number of components. Except for the latter functional, these results are extended in [3] to random measures.

Here we shall only consider functionals confined to the functional NSIG, where NSIG(x, X') denotes the set of
points which are adjacent to X in SIG(X) (including x). Notice that the total number of edges, the total edge length
and the number of vertices of fixed degree can all be expressed in terms of suitable functionals £ confined to NSIG,
while for the number of components, this seems not to be possible.

First, we turn to stabilization. A construction of a radius of stabilization is given in [27] and is also used in [3].
However, the results ibidem do not entirely fit the concept of stabilization and external stabilization used here. In
particular, they do not include a domain £2. Therefore, we here refine the construction in a similar way as in the case
of nearest neighbors. First, we rewrite the stabilization result from p. 1030 of [27].

Proposition 2.1. Let X CR? bea finite configuration. Take X € X, 0 > 0 and an open cone C in RY with angular
radius 7/12 and apex at x. Assume that the intersection (X \{XhNB (x) is non-empty and that there also exists a
marked point y € xn (C\ B3p(x)). Letr = ||y — x||. Then no point in xn (C\ By (x)) is adjacent to X in SIG(X)

Moreover, for any finite configuration )} with y N By, (x) = xn B>, (x), we have NSIG(x, y) NC = NSIG(x, X) NncC.

Proof. Take 7 € X N (C \ B,(x)) and let 7/ := x + ”Zf—xu(z — x). Since y, 7 € C, we have ||z — y|| < 2nr, where
1 = sin {5 (but not necessarily ||z’ — y|| <r/2, as estimated in display (7.4) of [27]). Therefore, ||z — y|| < llz = 2’| +
Iz =yl < llz—x|| — (1 =2n)r, so that B(Z, .)E') does not overlap with B(j_2p), (¥). Since (1 —2n)r > 3(1—2n)p > p,
it does not overlap with B(x, X ) either. 5 5 5
Finally, if X' N By, (¥) = Y N By, (X), then any two points in X’ N B, (X) = Y N B, (¥) are adjacent in SIG(X) if and
only if they are adjacent in SIG()’). Combined with the above, this proves the result. O

This allows us to construct a radius of stabilization inside a domain 2 € R? in a similar way as in the case of
nearest neighbors. Consider a collection Cy, ..., C of infinite open cones with angular radius 7/24 and apex at 0,
with union R \ {0}. Let Cf be the open cone concentric to C; and with angular radius 7/12. Take a configuration
XCR=2xMand ¥ eX. Suppose that X contains at least one more point and denote by p the distance from

x to the nearest neighbor of X in X (which equals zero if there is another marked point at the same location). Next,
suppose that the set (X' N (C;r +x)) \ B3, (x) is non-empty and denote by r the distance from x to its nearest neighbor
in (PE' N (Ci+ +x))\ B3, (x). Set R (x, QE) := 2r if this construction works and 2r < diam((C; + x) N £2); otherwise,
set R2 (X, X) := diam((C; + x) N £2). Let R2 (X, X) := max; R (¥, X). Proposition 2.1 and some thought show
that R¥? is a radius of stabilization inside £2 for the functional NSIG.

If 0 < © < oo, then the homogeneous Poisson process P, almost surely contains a point in every cone C; arbitrarily
far from the origin. Therefore, for £2 = R4, R¥ satisfies Assumption FH(7).

Now assume that £2 is bounded and convex with vol(§2) > 0. Take A > 0 and let k be a probability density function
Vamshlng outside §2, but with infyeg k (x) > 0. Again, we will show that R $2 enjoys super-exponential tail decay. Take
fef2andi= 1,...,s. Itis easy to see that if RS (R, PAK) > u, then, first, either the set (B, /9(x) N (CJr +x)) x M
or the set ((By/2 (x) \ By/3(x)) N (C+ + x))) X M contains no point in PAK, and, second there is at least one point
inye 2N (C; +x) with |y — x|| > u. Now let 0 < 6 < 1. By convexity, there also exists a point zg € £2 N (C; + X)
with ||zg — x|| = Ou. Setting & := sin 24, we have Bygy (29) € (Bo(14e)u(x) \ Bg(] —ou(x)) N (C+ + x), where B (x)
denotes the open ball of radius » centered at x.

Letting D := diam(£2), we have £y := {(1 — feu )26 + 28y e 2} C 2 as well as 29 C Boeu(z0) C

(Bo(14eyu(x) \ Bg(l,e)u x) N (C;r +x).In part1cu1ar, routine calculatlon shows that £21,11 C By 9(x) and £25/5 C
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Byj2(x) \ Bys3(x). Therefore, either £21,11 x M or §£22/5 x M contains no points in Pe. Since vol(£2y) =
(9%)‘{ vol(£2) and £2yp C £2, the probability that 29 x M contains no point in Pic is bounded from above by
exp[—km(e%)d vol(£2)], where m = inf, ¢ « (x). Consequently,

d d
P(RZ (¥, Poy) > 1) < exp[—,\m (181—”D> vol(.Q)] + exp[—xm(i‘g—;) vol(.Q)i| < et 2.3)

where b =m(e/(11 D))d vol(£2). Thus, the radius of stabilization satisfies IP(R'Q (x, 75)«) >u) < 2se’“”d.

Recalling that &, (X, )E) = E(Al/d)?, )»l/d)é), observe that if & is confined to NSIG, then &, is also confined to
NSIG. Therefore, R¥ is a radius of stabilization for &, inside §2, so that we can set R), (¥, X y:=AVdRS (%, X ). Then
we have P(R; (X, 75,\,() >u) < 2se’b”d. Similarly as in (2.2), it follows that the family (R)),~0 satisfies Assump-
tion MGP(1/d, ). This puts us into the position to formulate the following result:

Theorem 2.3. Let k € N and let & be a geometric functional confined to NSIG. Take a convex bounded domain S2
and k satisfying Assumption D and with inf,co k(x) > 0. Let Lo > 0 and let the cones C; be as above.

(1) If the family (§))x>),, satisfies Assumption M1(p, «) for some p > 2, then & satisfies Assumption CV (k). Conse-
quently, (1.7) holds.

(2) Let 0 < © < oo and suppose that the family (&§))x>, satisfies Assumption MH1(p, T, §2) for some p > 2. Next,
suppose that notably many pairs (t, X) satisfy the following two conditions: first, A((0,1), X) # 0; second,
there exist p > 0 and r > 4p, such that none of the sets xn Ci N B,(0), xn Ci N (B, (0) \ B4, (0)) and xXn
(Ci \ Ba(r4)(0)) is empty. Then, with V as in (1.8), we have V(t) > 0.

(3) Let o > 0. If & satisfies Assumption MGl(«), then it satisfies Assumption G2 + «); if & satisfies Assump-
tion MGP(«), it satisfies Assumption G(max{a, 1} 4+ 1). Consequently, the conclusions of Theorems 1.3, 1.4
and 1.5 hold with suitable y .

Proof. Parts (1) and (3) follow exactly in the same way as parts (1) and (4) of Theorem 2.2. Now we turn to part (2).
Clearly, the family (R))3-, satisfies Assumption MH(qg, 7, §2) for all g > 0. By Theorem 1.2, it remains to show
that for each t € M, any finite configuration X c R4 \ {(0, 1)} satisfying the specified conditions is externally stable
at (0, r) with respect to é

First, we claim that X’ is basically (r 4 p)-externally stable at (0, 7) with respect to NSIG. Take a finite configuration
Y with Y N B,4,(0)= xn Br1p(0)and Z € y \ B;4,(0). What we have to show is that inserting a marked point at
the origin into )’ does not affect the set of marked points adjacent to 7 in the sphere of influence graph.

Inserting (0, ¢) into Y can affect the set of points adjacent to Z in two ways: either it can make a new edge between
(0,7) and Z, or it can make some other point X no longer adjacent to Z. The latter can happen if X is adjacent to
Z in SIG(ji) and 0 € B(x, )). Therefore, it suffices to show that 0 € B(x,)) for no ¥ € ) \ B, (0), that no point
feYNB (0) is adjacent to Z in SIG())) and that (0, ¢) is not adjacent to Z in SIGO/ U {0, n}).

Take x € y \ B, (0). Recall that x € C; for some i and that y NC;NB (0) xn Ci N B, (0) contains at least one
point, say, y. By elementary geometry, ||x — y|| < ||x||. Therefore, 0 ¢ B(x, y).

Now take x € )7 N (B, (0) \ {0}). Again, choose i with x € C;. In addition, choose v € R4 \ {0}, such that the
angle between x and v equals w/4. Clearly, v ¢ C;, but v € C; for some j. There exists w € yn C; N By(0).
Then w # X, but the angle between w and x is less than 1/3, so that ||w — x|| < p. In other words, the intersection
(5) \ {X}) N B,(x) is non-empty. Now choose k, such that z € Cg, and choose y € yNncyn (B, (0) \ B4, (0)). By
elementary geometry, we have Cy \ By4,(0) C C,j 4+ x, sothat y € (C;r +x) \ B3,(x). Observe that z € C,:r + x, but
also ||z — x| = |zl = x|l > 7 > |ly — x||, so that z € (C,j' + x) \ Bjjy—x (x). By Proposition 2.1, X and 7 are not
adjacent in SIG(;)V)).

Finally, take X = (0,1') € YU{,1)}. Again, let z € Ck. As none of the sets 8% \ {X, (0,1)}) N B,(0) and yn
Ci N (Br(0) \ B4,(0)) is empty, the conditions of Proposition 2.1 are fulfilled, so that X and Z are adjacent neither in
SIG(37) nor in SIG(37 U{(0,)}). Thus, we conclude that X is basically (r + p)-externally stable at (0, t) with respect
to NSIG.
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By Proposition 1.1 and confinement, it remains to show that NSIG stabilizes with respect to X and XU {(0,1)}
atall ¥ € (X U {(0,1)}) N B,4,(0). Clearly, for all such X, the intersection (X" \ {X}) N B,,(X) is non-empty. Take
i =1,2,...,s and recall that there exists y € xn (Ci\ Ba(r+)(0)). However, we then have y € (Cl.Jr +2X)\ B3(r4-p) (X).
By Proposition 2.1, we then have NSIG(x, yn (Ci+ +x) = NSIG(*, X) N (Cl-+ + x) and NSIG(x, YU {(0,HhH N
(C;" +x) = NSIG(#, X U {(0,)}) N (C;F + x) for all Y with Y N Byjy—xj(x) = X N Byjjy—_x| (x). Since this can be
deduced foralli =1, ..., s, NSIG stabilizes at X with respect to X and X U {(0,1)}. As aresult, Xis externally stable
at (0, t) with respect to &. The proof is now completed by Theorem 1.2. [l

Theorem 2.3 adds to the existing results on non-degeneracy of the limiting variance (see [27]), central limit theo-
rems (see Chapter 4 of [21] as well as [3]) and, of course, large deviation results. The sphere of influence graphs were
not considered in [1].

Example 2.3 (Total number of edges). Define &(x, X) to be half the degree of x in SIG(X) (assume that there are no
marks). Then (1, ;) is precisely the total number of edges in SIG(X).

First, we turn to moment bounds. Take a bounded convex domain $2 with vol(§2) > 0 and a probability density
function k with infgo k > 0, but vanishing outside §2. From the construction of the radius of stabilization, it follows
that for all X C §2, we have:

|62 (x, X)| = [E(x, X)| < | X N Brae ) ()] = Y LR (x, X) = |ly — x]l).
yeX

Let k € N. Applying Lemma 3.12 with a = k and b = 2k combined with (2.3) (notice that b in Lemma 3.12 is different
from b in (2.3)), we find that for some A1 and A, not depending on k, we have:

k\1/k b d V@0 bAlly—x|4/ 2k
(E|&.(x, Puo)|) §A1k{[k/Rd e PHly=xl K(y)dy} +AfRd e M=/ )K(y)dy}

< Axk*. 2.4)

Combining this estimate with the observation &, (x, X U Y)| < |&(x, X)| 4 |Y| and Stirling’s formula, we find that
the family (&)))>0 satisfies Assumption MGP(2, k). By part (3) of Theorem 2.3, it then satisfies Assumption G(3, k).
Again, the range where moderate deviation results apply is independent of the dimension.

Although non-degeneracy of the limiting variance is already proved in [27], we here demonstrate that it also follows
from part (2) of Theorem 2.3: choose any p > 0 and r > 4p. Letting ¢ = cos {5, observe that if X N B, ;2 (0) is empty,
but each of the sets X N C; N (B,(0) \ By/2¢)(0)) contains at least two points, then 0 is the nearest neighbor of no
point in X. Therefore, insertion of the origin cannot remove any edges in SIG, but it adds at least the edge between
0 and its nearest neighbor in X, so that A(0, X') # 0. Clearly, this condition along with non-emptiness of the sets
XNCiN(B(0)\ Bsp(0)) and X N (C; \ Ba(r+p)(0)) is fulfilled for notably many configurations X .

Next, from (2.4) and again the fact that |&, (x, X U)Y)| < & (x, X)| + |V, it follows that the family (§,), 0 Satisfies
Assumption MH1(p, T, 2) for all p, T > 0. By part (2) of Theorem 2.3, V(t) > 0 for all T > 0.

3. Proofs of the results
3.1. Moment measures and Palm distributions

For a random measure . taking values in the space of Borel measures over R, define its kth moment measure M* (1)
as the one characterized by:

(i@ ® fi, M ) =E[(f1, 1) -+ (fr: )] (3.1

forall fi,..., fi € BRY), where fi ®---® fi: (R — Ris givenby fi ® - ® fi(v1, ..., v) = fi(v1) - fi(vk)
(formula (5.4.3) on p. 133 of [8]); the kth moment measure exists if the mixed moments in the right-hand side of (3.1)
exist for all f1,..., fi € B(RY).
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It will be helpful to consider products of R¢ and R4 indexed by arbitrary finite sets: for a finite index set L
consisting of distinct elements iy, ..., i;, denote by (RHHL (resp. (RHLY the product of / copies of R4 (resp. R9). Thus,
for functions f; :RY - R,i € L, e fi (R?)L — R is the counterpart of the function fi®--® fi: R — R.

In the special case where all functions are equal, define f ® . = f®---® f and its counterpart f ®L . ®i e -
———

l
For a random measure @ on R, let ME () be the measure on (RHYL | which is the counterpart of M! (w, ie.,

(Ricp fis ME(W) =El[ L (fis 1t

For the random measures Wthh are the subject of the present paper, write M¥ := M*(u;) for k € N and M; L.
ML () for a finite set L. These moment measures can be expressed in terms of singular measures, see (3.5). That
formula, also stated in [8], p. 143, is a special case of the Palm disintegration formula for a product of k copies of Pic.
First, recall the Palm formula for 75,\,(: for each functional G, such that the integral and the expectation below exist,
we have:

E[ G(i,ﬁxx)ﬁxk(di)z)\f EG (¥, P U {¥))x (x) d¥ (3.2)
R4 R4

(for the unmarked case, see [9], pp. 280-281; the extension to marked Poisson processes can be achived by condi-
tioning on the marks; see Section 6.4 of [8]). To generalize this disintegration formula to k-fold integrals, we need
smgular measures. First, recall (1.1) and for a measurable function g: R4 — R, define the singular differential d[g]v
of a (Rd )¥-valued variable as being characterized by the relation:

/, F(1, 02, ..., 9 dlg] (@1, ..., Tr) =ﬁ F(X, %, ..., %)g(x)d¥

(Rd)k R4

for all measurable F : (R9)F — R. Next, for ¥ = (¥, ..., ¥¢) running over (RY)¥, put:
diglv:= Y diglig, --- dlgliL,,

where ¥y := (U1)1eL; by Y. Ly L,<L» We shall denote the sum of all unordered partitions of a set L. Below we

prove the following assertion, which generalizes the disintegration formula (3.2) to the k-fold integral (see also p. 83
of [18]):

Proposition 3.1. For each functional G, such that the integral and the expectation below exist, we have:

E/ G(v, PAK)'PAK (dvy) - - 75)« (dog) = /V EG(lj, 'ﬁ)m Jfo, ..., ﬁk}) d[ik10, 3.3)
(Rd (R )k

where UV = (U1, ..., Ug).

Proof. As a first step, we prove (3.3) for the case where G (v, X ) vanishes if any two components v; and v; are
equal. This can be proved by induction. For k = 1, this is merely the formula (3.2). For the induction step from k to
k + 1, use (3.2) with f Jrdyk G, PAK)PM (dvy) - - PM (dvy) in place of G (v, PAK) and notice that the integration over
Posc U{vis1} commdes w1th the integration over Py .

Next, observe the following straightforward extension. Let L1, ..., L, be a partition of {1, ..., k}. We say that a
point ¥ = (¥1, ..., Ux) follows this partition if any two components v; and v; are equal if and only if the indices i and
j lie in the same set L,. Now take arbitrary G, and define GL,,M,LP(TJ, &) tobe G(v, X) if v follows Ly, ..., L, and

zero otherwise. Then we have:

zfv EGy,....L, (U, Pauc U1, ..., 0}) dlAc]VL, - dlAk]iL,
(

=f EG (¥, Puc U {¥1, ..., 0i}) dlAk]0L, - - dlAk 0L,
(
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Now write G =3, L,=1....k} GLi....L,> sum up over all non-trivial partitions of {I, ..., k} and the proof is com-
plete. (]

Now take a geometric functional £ and recall the definition (1.4) of its associated random measure ). From
Proposition 3.1, we deduce that the corresponding moment measures M = M* (115 can be expressed as:

/ F(v)MS(dv) = / _ F(u)m; (9)d[ac]d, (3.4)
Rk Rk
where v = (vy, ..., vg) and again v = (1, ..., U¢), and where the Radon—Nikodym derivative m,, is given by:
k
m; Uy, ..., Ug) I=E|:H$x(l7i,73m U{dr, . ..,5k})i|~ (3.5)
i=1

Analogously, we define m; on products indexed by arbitrary index sets, i.e., RE.
3.2. The method of cumulants
We will refine the method of cumulants and cluster measures as developed in [3] in the context of the central limit

theorem. We recall the formal definition of cumulants in the context specified for our purposes. For a random variable
Y with all moments, expanding the logarithm of the Laplace transform in a formal power series in ¢ gives

oo k 0 i
= =1

where cX(Y) denotes the kth cumulant of Y. As the series (3.6) is considered as formal, no additional condition on
convergence is required for the cumulants to exist. Defining differentiation, evaluation at zero, and the exponential
and the logarithmic function of a formal power series in the obvious way, one may also write:

k
)= &
drk

logEexp(tY).
=0
Similarly as mixed moments, one can also consider mixed cumulants. In the spirit of the above, one can define it by
means of formal power series of several variables:

ak

Y. Y)=—"
e W= 5

logEexp(t1Y1 + - 4+t Yy). 3.7

H=t=-=t;=0

In other words, the mixed cumulant of random variables Yi,..., Yy is the coefficient in the formal power series
expansion of loglE exp(#1 Y1 + - -- + tx Yx) at 1115 - - - . Notice also that K¥y=c,...,Y).
&‘f——/

To define the mixed cumulant of random variables Y7, ..., Yz, we do not even nee]zi all the moments to exist. All
we need is the existence of the expectations of the products ]_[i cr Yi» where L C {1, ..., k}. This is because one can
replace the exponential function exp(#1 Y7 + - - - +#; Yk ) by the polynomial g(¢, ..., %) = ZLQ{L_“,,(} E ]_[l-eL Y;t;: the
mixed cumulant c(Yy, ..., ¥;) is then also the coefficient in the formal power series expansion of log g(¢1, ..., f;) at
tity - ty.

In view of the above, mixed cumulants can be expressed in terms of mixed moments. This can be made explicit by
means of the following extension of the celebrated Faa di Bruno’s formula to functions of several variables:

ak a\Ll| 8|Lp|
e f(g )= Y P (g ) e £ (3.8)

3;1 e atk Li,o, L,,<{1,.‘.,k} l—IiELl atl I—[iELl, atl
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(see [15] and notice that although the result ibidem is stated for real functions, the extension to formal power series is
straightforward: once we know the chain and the product rule, Faa di Bruno’s formula is a matter of combinatorics,
no longer analysis). Combining (3.7) and (3.8), we obtain the formula for mixed cumulants:

(Y1, ...,V = > (—1)P‘(p—1)!E[]_[ Y,}---E[]_[ Yi] (3.9)

Ly, Lp={l,....k} ieL; ieL,

(see p. 12 of [33]). For a random measure w, its kth cumulant measure ck (w) is defined analogously as its kth moment
measure, i.e., (f1 ® --- ® fx, Ck(ﬂ)> =c({f1, ), .-, {fx, ). In particular, for equal functions, we have:

(FEF, F ) = ((f. ). (3.10)

In view of (3.9), cumulant measures can be expressed in terms of moment measures in the following way:

dw= Y = p-DMbw - MEr ), (3.11)
Ly, Lp={l,...k}

where the multiplication denotes the usual product of measures: for disjoint finite sets G and H, and for measurable
sets A € (R)Y and B € (RY)H, we have MN (A x B) = M(A)N(B), identifying (R))CVH = (R4 x (R))H (see
p- 30 of [19]).

Although we use the same notation for cumulants as well as for cumulant measures, this should not lead to a
confusion: for a real-valued random variable Y, ck(Y) denotes a cumulant, while for a random measure ., cF (i)
denotes a cumulant measure. Observe also that the first cumulant measure coincides with the expectation measure and
the second cumulant measure coincides with the covariance measure.

Throughout this subsection, £ will (as usual) denote a geometric functional and R its radius of stabilization. Recall
the random measures ) defined in (1.4) and the corresponding moment measures M )'f = MK (m). Similarly, consider
the cumulant measures cl)f =k (). Recalling the notation 1) = ujy — Ewy, observe that ck () = cﬁf for k > 2.
Analogously, define measures M f and c)% defined on product spaces indexed finite sets L.

Now we can state our result controlling the growth of (f®*, c])f), which is crucial to prove Theorem 1.3.

Lemma 3.1. If £ satisfies Assumption G(y, k), we have:
|(FE5, 5) < ACHI £ IS kD!

for all bounded measurable functions f : RY > R,allk=3,4,...and all ). > Lo, where the constant C and the lower
endpoint Ao only depend on k, & and R.

Before proving the preceding lemma, we need a couple of auxiliary results. Following [3], we decompose cumulant
measures into semi-cluster measures, i.e., cluster measures multiplied by moment measures. For non-empty disjoint
finite sets S and 7', define the cluster measure by:

S.T _ 5 ,8UT SasT
ust = M3V — mS M

(where multiplication again means product measure). The following result is a refinement of Lemma 5.1 of [3] in the
sense that we provide control over the number of summands.

Lemma 3.2. For each non-trivial partition G, H of a finite set K, the cumulant measure cf can be decomposed as:

_ Ly,....L
o= - pw
L],...‘L,,ﬁK

Li, .
where W)Ll is a sum of at most p terms of the form Uf’TMfl Mfz . ~-M){(’, where S C G and T C H are

non-empty and disjoint, and where SUT, Ky, ..., K, is a refinement of the partition Ly, ..., L.

Lp
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Proof. Starting from (3.11), we first note that each moment measure MAL" withS:=L;iNG#TandT :=L,NH #J
can be expressed as Uf T Mf M AT . Repeating the procedure, we may write:

L L LNG »,L1NH L,NG , L,NH Lq,...,
Mxl"'MAPZM)\I Mxl "'MAP Mxp + W, , (3.12)

.....

Ly . .
where the measures W, ? are as desired and where we set M f := 1. Now consider the measure:

T DI G VTR I et V7l Ul T G.13)

and take functions f; € B(RY),i € K. By Faa di Bruno’s formula (3.8), (&), fi. cf;G’H) matches the coefficient in
. . K:G,H .
the formal power series expansion of log g, at [, ti, where:

gf;G’H — Z<®fisMmeGMmeH>Hti-

LCK ‘ieL ieL

However, gf;G’H = gfgf, where gf = 1cz(Qicr fis Mf) [l;cz ti- Since G and H are both non-empty, the

coefficient at [[; g # in the formal power series expansion of both log gf and log g){{ vanishes; clearly, the same

is true for log g,((;G’H = log gf + log gf. Therefore, cf;G’H = 0. Combining this with (3.12) and (3.13), the result
follows. ]

Thus, in order to estimate the cumulants, it suffices to estimate semi-cluster measures. Recalling (3.4) and (3.5),
it makes sense, as the first step towards the latter estimation, to bound the differences mj (vsur) — m; (vs)m; (vr);
throughout this subsection, we shall denote:

vr = (Vi)ieL, U = (0)ier and Vi ={vi;iel}, Vi ={U;ieL)

for vectors v = (v;)icx € (RHK and ¥ = (¥;)icx € RY)K, where L C K (the letters v and V are fixed, while the
letters K and L can be arbitrary). Next, define the separation between two subsets A and B of a R? by:

sep(A, B) :==inf{|la — b|;a € A,b € B}.

Now recall the definition of &, along with the conventions on R and R, from Section 1.2; in particular, reyall th%t
)1 R a radius of stabilization for &, inside JQ' In addition, recall that « vanishes outside §2, so that P,, C 2
almost surely. For a finite set L, v = (U;);¢L € (Rd)L, i,j €L, x>0 and for a function v : [0, o0) — [0, 00), define:

i (@) = [Bl& @, P UV TV by ) = [B(¥ (2R (W5, Pre U VL)) 7]V (3.14)

Lemma 3.3. Let S and T be non-empty finite disjoint sets and let v : [0, 00) — [0, 00) be a non-increasing function.
Then for each v = vsur € (R?)SVT | we have:

[my (Bsur) — my (Bs)my (Or)| < |: [ a.iG@sor) + (Hax,i(ﬁs)) <1_[61A,i(17T))]

1eSUT ieS ieT
X [Z by, jy(Us) + Zb;\,j,w(ﬁT)}/f()»l/d(S), (3.15)
jes JjeT

where § = sep({v;; i € S}, {v); j € T}) denotes the separation with respect to the Euclidean metric.

Remark 3.1. This is a refinement of Lemma 5.2 of [3] in at least two directions: first, we state a more explicit upper
bound, and second, we allow for arbitrary decay of R (described in terms of V), not just exponential. Moreover, a
closer look reveals that the argument used for the proof of that result in fact needs stronger assumptions than just
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exponential stabilization (apart from moment bounds), as claimed ibidem. More precisely, in our notation, one has to
assume suitable stabilization of the functional (x, X indi (x, XU V) not &, for finite sets V with suitable cardinality.
This is due to a confusion between P;LK and 77)« uv (see below Eq. (5.4) ibidem). Moreover, in order to derive large
deviation results from appropriately corrected Lemma 5.2 of [3], one also needs certain control over the dependence
of the stabilization of (X, X ) > E(X, XU V) on the cardinality of V. These additional conditions can be tedious to
verify in actual applications. On the other hand, our argument, though much more extensive, works under more or
less standard conditions and leads to a neat result.

Proof of Lemma 3.3. Take independent Poisson point processes Prc and 731,( (both with intensity Ax x Pp4) and
define two new point processes:

P = (Prc 0 Bs2(Vs)) U (P \ Bsja(Vs)),
Pl = (75xx \ Bs/2(Vs)) U (751,( N Bs/2(Vs)),

where, as usual, B, (V) := UveV B, (v). Observe that 75)’“ and 75£K are independent Poisson point processes with
intensity Ak x Pp,. Setting:

Xi =& (Ui, Pae U Vsur), X, = &(v;, P, U ‘V/S)’ X! =& (v, 24 VT),
we may write:
my (Vsur) — my (Vs)my (V1) = E[(H Xi) (H Xi) - (1_[ X,/) (l_[ X,{/>]~
ieS ieT ieS ieT

Now observe that fori € S, X l/ agrees with X; if &, stabilizes at v; within radius less than §/2 with respect to 75;”( U \75.

Similarly, for i € T, X agrees with X; if &, stabilizes at ; within radius less than §/2 with respect to P U Vr.
Letting:

, oL s , Lo L g
g ::1<R,\(vj,73)LKUVS)2 5 ) I ::1<RA(U.,~,PAKUVT)2 3 )
we can estimate:
|m;. (Vsur) — ma (Ds)m;. (V7)) sE{[ [T 1xil+ (]‘[\X{|)(]‘[|X;’})][Zz; +21;’“.
1eSUT ieS ieT Jjes JjeT

Since v is non-increasing, we can estimate:

1/d 1/d
I AU nd I/< w(kva) . (3.16)

S z = v} a = ° v}
I T Y QR(B}, P U Vs)) ! T Y QR(B}, P U Vs))

A

The proof is now completed by application of Holder’s inequality. O

To estimate the semi-cluster measures, we now need to integrate the estimate (3.15). Before tackling this job, we
introduce some more notation. First, we extend the convention on the breve accents to the products (RHK and (Rd K.
if v and ¥ appear in the same context and if ¥ denotes a marked K -tuple (V;);cx € (I@d )X, then we shall assume that
v=()iek € RDHEK.

Now denote by AR = {(x,x,...,x); x € RY} the diagonal in (R?)*; similarly, for a finite set K, denote by Aff
the diagonal in (Rd)K. We also consider the marked diagonal Auf ={ve Rd; v E A(If}. Next, for v € (Rd)K \ Ak
denote by §(v) the maximal separation between the sets Vs and Vg, where (G, H) runs over all non-trivial partitions
of K (i.e., G and H are non-empty with union K). Finally, denote by w the volume of the unit ball in R?.

The estimation of suitable integrals in the right-hand side of (3.15) will be based on the following result.
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Lemma 3.4. Let K1, K>,..., K, be finite disjoint sets with union K. Put k; := |K;| and k := |K|. Take a
non-increasing function ¥ :[0,00) — [0, 00) with lim;_, o w(t) = 0 and with finite Riemann—Stieltjes integral

f t*=Dd q(—yr) (1), A > 0, a marked Poisson point process Py, anon- negative geometric functional g and i € K.
Then we have:

f B Puc U V)Y () [ T diwl i,
RHK\A =1

y 1/2
<AQ(k,«, W)[/Rd E(g(x, PAK))ZK(X)dJ?} )

where Q(k, k, ) = 2871kt [ (1 + el [loowt ) 1 d (=) (8).
Before proving Lemma 3.4, we need one more auxiliary result.

Lemma 3.5. Forall k € N and all u € R, we have:

Z PULAN Lo - - | Lp|uP ™t = (1 4 u)* k. (3.17)

Proof. Let f(y) =1/(u(u + 1 — uy)), g(x) = 1/(1 — x) and observe that the kth derivative of f(g(x)) at x =0
matches the right hand side of (3.17). Then apply Faa di Bruno’s formula (3.8). (|

Corollary 3.1. Forall k € N and a > 0, we have:

Z UL (IL2])* -+ (ILp]1)* < 28T (gpymaxten T, (3.18)

Remark 3.2. Clearly, the exponent max{a, 1} cannot be reduced.

Proof of Lemma 3.4. Let K’ := K \ {i}, K| := K1 \ {i} and K/ := K, for [ =2,3,...,r. Next, take independent
Poisson point processes 75)(”](), ey 75)(\? (all with intensity Ak x [Pp4). Applying (3.3), we may write:

,
J = / B Pac UV (28 () [l
RHK\AF I=1

_ s M 1/d - 5 ®Ki -
_E/(‘Rd)K\Avgg(vl,PM)w(k 8(v))<®(PM) )(dv)

=1

(where v = (V) . Id) x)- Next, we may asssume without loss of generality that  is left continuous, so that we can

Jje(
write ¥ (x) = f[o 00) 1(x < t)u(dr) for some positive measure . Plugging this into the preceding equation, we obtain:

- / E / 2 (5, BLY) / /1(a(u>srl/dt)(@(ﬁi’ﬁ)“f')(dﬁkoﬁﬁ)(da)u(dz)
[0.00) JRA (RHK

=1

(identifying v € (RY)X with (vg/, v;) € RHK "x R4 ). Now consider the graph with vertex set K, where vertices j
and [ are adjacent if [Jv; — /|| < A~ Y4¢. Observe that § (v) < A~ 1/4¢ if and only if this graph is connected. Therefore,
if 8(v) < A~1/4¢, then lvj —vill < N@)A~4 forall j € K, where N (v) := [{vj; j € K}| — 1. Next, estimating the
expression under the second integral sign by the Cauchy—Schwarz inequality, we find that:

J < JK/ VB(t)p(dr), (3.19)
[0,00)
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where:

A:E/Rd(g(ﬁi,75§,1()))275§,1()(d171):A-[RdE(g(i,PAK))ZK(x)d)Z,

- 2
B(t):E[ [/d (]_[ 1(llvj — vill gzv(v),\—l/dr)> (®(75§Q)®K/>(di}](/):| P (dy).
(R)K'

R [ J(@® jek I=1

(3.20)

To estimate B(z), let K{', K}, ..., K, be copies of the sets K{, K}, ..., K}, disjoint with K. Put K" :={i}uU KU
KjU...UK/, K:=KUK"and K, := K; U K}'. Then we may write:

B(t) = ]E/(Rd)g (1"[ (v —vill < N(vK)rl/dr)) ( [T 1o —vill < N(vmw”"r))

jek lek T

x (@(75;2)@@)(@).
=1

Noting that N (vk), N (vg+) < N(v) and disintegrating by (3.3), we obtain:

N 1A\ A0k 15 s - Al -
B(t)f/(Rd)k<]1;[€1(||v] vill < N(w)r t))d[)LK]vKl dDwelig

= X f ok (1"[ 1(llv; —vill < N(v)r”dt)> dlaxlir, -+ dDlis,

- J (R .
Li,...L,<K jek
d\p—1
<k > ((p=Dlkllocet?)
Li,...Lp=<K

(where 00 :=1). Noting that (p — 1)?~! < ple”~! and |I€| =2k — 1, application of Lemma 3.5 yields:

B(t) <Ak — 1)!(1 +e||K||ooa)td)2k_2.

Noting that (2k — 1)! < 4~ 1(k!)? and combining this with (3.19) and (3.20), the proof is complete. O

Lemma 3.6. Let K1, ..., K, be a partition of a non-empty finite set K. Put k; := |K;| and k := |K|. Take j € K| and
o, B > 0. Suppose that k satisfies Assumption D, that R satisfies Assumption MGI(B, k) and that & satisfies either
Assumption MGP(«, k) or Assumption MGl(«, k). Letting:

r r
Sy = / - (l_[ I1 ax,i(ﬁk,))bx,j,w(ﬁl(l)W(Xl/d5(v)) [ [dircli,.
®RHENAG 1T jek, I=1
there exists a non-increasing function ¥: [0, oo) — [0, 00), such that for all A > A,

Jig < ACKUD (k) - () (k)P under Assumption MGP(a, «), (3.21)
Dy < ACK k)AL ynder Assumption MGI(a, k). (3.22)

In both estimates, the constant C and the lower endpoint Ly only depend on «, & and R.
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Proof. Let L > Ao, where for 1y, we take the maximal corresponding lower endpoint from Assumption MGI(8, «)
imposed on R and Assumption MGP(«, k) or Assumption MGI(«, k), whichever imposed on &. If £ satisfies As-
sumption MGP(«, 1), one can estimate, using Jensen’s inequality:

o o S o ki1 k k
i (k) < [E|&0r, Pre U V[P P < A[(pk)! ] < Ap®aty®/b,

where p :=max{2, [1/q]}, and where A and g are as in Assumption MGP(«, k). As a result, we have:

k r
Ty = Alpl (ﬂ“‘f’)a) J e (B RGP 0 Vi) 1 2y (a0 [ e,
d

=1 =1

By the Cauchy—Schwarz inequality and Lemma 3.4, we can estimate:

k - 1/2
k _ka o 1/d ~ o
Ty < Afp (]_[(kz!) )[ /<Rd)K\A“§ ¥ (r 5(v))1_[d[?»/<]v1<1]

I=1 =1

- 1/2
" UWW E(v (2R (3, Poc U Vi) v (/15 0)) nawwm}
d

=1
k . A 1/4
< aAkphe (H(klz)“) Ok, k, x/f)[/ﬂéd E(y (2R.(%, Puc))) K(x)d}} ) (3.23)
=1

Choosing ¥ (t) := (1 + e||ic||oowdtd)_k, a straightforward calculation yields Q(k,x,¥) = 21k k. Writing
W)™ =% (4h Qellk lowa)'r'¢ and recalling that R satisfies Assumption MGI(B, x), we find that:

4k
/y E(y (2R, Pro))) 0 di < Y (4") (2¢llxllowa BY) [(41d)!]"
R =0 l

< (1 + 2¢lx [l owa BY) ¥ [(4ka)!]”
< (Y™ P4 (1 4 el [l sowa BY) ¥ (k1)

where B is the constant A in (1.17). Plugging this into (3.23) and applying k < 3¥/3, we obtain (3.21).
Now suppose that & satisfies Assumption MGI(«, «). Then we apply Jensen’s and Holder’s inequality to estimate:

oy = [l_[ 1_[/

r 1/(2k)
o3 ~, 2k ~ o
o Ea Pu UV Y (W) [ diwe ik,
seliek, Y RH\AT

=1

, 1/2
x [/ _E(Y(2R.(3j, Prc U VKI)))_Zl,/I()»l/dS(U))Ha[)»K]ﬁK,:| .
RHK\AF

=1
Now choose i as before and apply Lemma 3.4. The estimate (3.22) follows in more or less the same way that (3.21)
above. ([
Now we are ready to state and prove bounds on semi-cluster measures. Let Sep(G, H) be the set of all (G U H)-
tuples of points where the maximum is attained, i.e.:

GUH

Sep(G, H) := {v e (RY)”""; 8(v) =sep(Vg, Vi), (3.24)

recalling that § (v) denotes the maximum separation, precisely defined before Lemma 3.4.
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Lemma 3.7. Let G, H and S, T, K1, ..., K, be two non-trivial partitions of a finite set K with S C G and T C H.
Puts=|S|,t =|T|, ki =|Ki|, k= |K|. Take o, B > 0 and f € B(R?). Suppose that « satisfies Assumption D, that R
satisfies Assumption MGI(B, k), and that & satisfies either Assumption MGP(«, k) or Assumption MGl(«, k). Letting:

A :=/ KA mf o mf,
Sep(G,H)

where the product in the right hand side means the usual product of measures (like in (3.11)), we have:
Il < ACKIFIE (G 4+ DN ) (o) -+ - (ke )* (kD' P4 under Assumption MGP(a, &), (3.25)
| 5] < ACK| FIIK (k)Y1TOTPL under Assumption MGI(«, ) (3.26)

for all .. > \gy, where the constant C and the lower endpoint Ao only depend on k, & and R.

Proof. Applying (3.4), write:
I = / 1(v € Sep(G. H)) &K (v) Dy (i) di, (3.27)
()

where:

r

Dy (§) = [my (¥sur) — my (Bs)my ()] | [ k),
=1

36 = Ak isur Al ik, -~ Al 1ok, = Al ]ds Al o7 e Tk, - - - AL,

Observe that since sep(Vs, Vr) > sep(Vg, Vi) = 8(v) > 0 for all v € Sep(G, H), the product differential
d[)uc]vs d[AK]vT coincides with d[kk]vsur
By Lemma 3.3 and the fact that sep(Vs, Vr) > 8(v) for v € Sep(G, H), the quantity 1(v € Sep(G, H))|D; (V)|
can be bounded by a sum of 2(s 4 ¢) terms of the form (l—[leK a,)b w(kl/dS(v)) where either a; = a;_; (s) or
a; = ay, ;(Vr) or a; = ay ;(Vsur) or a; = a, i (vk,) forsome I =1,...,r, and where either b‘ = b jy(Vs) or b. =
by, ;v (V7). Bounding those terms by Lemma 3.6 and applying 2(s + 1) <2k < 2K, the result follows. (]

Proof of Lemma 3.1. Put K = {1, ..., k} and write:

<f®’<,c’;)=f(wkf®kdc /A fERdek + 3 / e dck, (3.28)

G,H=<K V3ep(G.H)

where the sum ranges over all unordered non-trivial partitions of K into two sets. For the first term, we directly apply
(3.11):

/f®’<dcf= Z (—1)1’—1(p—1)!/ f®Kd(Mf'---Mf").
AKX Ak

d Li,...Lpy=<K

However, only the partition into one single set gives a non-zero integral. Therefore,
/ oK dck = / e amk = f FEK ymy (V) d[Ak ]V
Aj Af AL
by (3.4). On the diagonal, d[Ax ]9 reduces to d[Ak]V, so that:

[ 7o et =i [ (rw) Bl P e as.
d
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Now recall that Assumption G(y, k) include that & satisfies either Assumption MGP(«, k) or the weaker Assump-
tion MGI(e, «) for some o < y. The latter one implies:

K K
/AKf@’ dcf

d

< AANFIE G < AR FIE KDY . (3.29)

Now we turn to the rest of the terms. We shall combine Lemmas 3.2 and 3.7, followed by Corollary 3.1. If £ satisfies
Assumption MGP(«, k), we can estimate:

K K
/ % dey
Sep(G,H)

<ACHIFIS D pHILA) (1Lal) - (11,11 (ke HP
Li,..Lp=<K

S Azk—lcf||f||léo(k‘)l+max{a,l}+ﬁa'
=121 IS R

where C; is the constant C from Lemma 3.7. Similarly, if £ satisfies Assumption MGI(«, k), we estimate:

/ FERAE | <aCTIf IS Y Uy
Sep(G.H)

< W2 F IS (k> HetAd
= 12O f IS kD
Plugging the latter bounds along with (3.29) into (3.28), we find that:
(2, k)] < A (2max{A, 2C1) [ FI1E, ().

This completes the proof. O
3.3. Proof of bounds on deviation probabilities (Theorem 1.3)

As mentioned in Section 1.5, the proof of the result will be based on the estimation of the cumulants, applying the
celebrated lemma of Rudzkis, Saulis and Statulevicius [32]. Consider a general random variable Y with finite absolute
moments of all orders and recall that c¥(Y) stands for the kth cumulant of Y. Below we state a simplified form of the
version of that lemma which appears as Lemma 2.3 on p. 18 of [33]:

Lemma 3.8. Let Y be a random variable as above, with EY = 0 and Var(Y) = 1, and with its cumulants satisfying:

(k!)l+)/

|ck(Y)|§F, k=3.4,... (3.30)

for some y >0 and A > 0. Then the large deviation relations:

PY>y) y+1
o0~ eXp(Ly(y))<1 OV ) (3.31)
PY<-y _ B y+1
o =exp(Ly( y))(l + 0y (y) 7y ) (3.32)
hold true in the interval 0 <y < A,,. Here:
1 ﬁ 1/(14+2y)
y = g<?A> ; (3.33)

60[1 + 10A§ exp(—(1 — y/A,)/A))]
Y(y) =
1—y/4,

: (3.34)
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the quantities 61 and 6, belong to [—1, 1] and the function L, (y), which is closely related to the Cramér—Petrov
series, satisfies:

yl?

|Ly(y)|s3Ay

(3.35)

forall y with |y| < A,,.
The following weaker form of the preceding result will be used to prove the first part of Theorem 1.3:

Corollary 3.2. Under the conditions of Lemma 3.8, there exist constants Co, C1 and Cy depending only on y, such
that for A > Cyoand 0 <y < ClAl/(1+2V), we can estimate:
P(Y =) 14y
log———— 1 <G5
1— <I>(y) AL/(1+2y)

P(Y <—y) 1+)°
lo <Cy .
d(—y) Al/(+2y)

(3.36)

(3.37)

Proof. The key observation is that v (y) from (3.34) is uniformly bounded in 0 <y < gA,, where g € [0, 1) is fixed.
Indeed, for such y, one can estimate ¥ (y) <c| + czA)z, exp(—c3 \/AT, ), where ¢y, ¢z and c3 depend only on ¢g. But
the right-hand side of the last estimate can be bounded uniformly in A,,.

Boundedness of i along with (3.31), (3.33) and (3.35) implies that there exist universal constants D1, D, and D3,
such that:

Dyy? D3y(1+y)\ P =y) Dyy? Ds3(1+y)
eXp<_A1/(1+2y>>(1 T A ) S T aqy) = P araen )\ A (3.38)
forall 0 < y < D; AV/(+20),

Now take A > (3D3)!7% and 0 < y < AY(1+2Y) /(3D3), so that D3(1 4 y)A~1/(1+2Y) < 2/3 By convexity of the
logarithmic function, we have:

D3(1+y) 3log3 D3(1+y)
- <1 T ARy ) ST avaEy (3.39)
An easy exercise shows that y < (2 + y3)/3, so that:
D3(1+y) D3y(1+y)\ _ log3 D3(5+ %)
Io <1+ Al/(1+2y)>5_10 (1 ~ A < > A (3.40)

The estimate (3.36) now follows from (3.38) and (3.40). Similarly, we obtain (3.37) and the proof is complete. O
For the second part of Theorem 1.3, we shall need another result, which is due to Bentkus and Rudzkis [4] and
appears as Lemma 2.4 on p. 19 of [33]. Like Lemma 3.8, we state it in a simplified form, which appears as a corollary

of the afore-mentioned result.

Lemma 3.9. Let Y be a random variable with EY = 0 and with its cumulants satisfying:
|f(n)| < ( (3.41)

for some y >0, H>0and A > 0. Then for all y > 0, we have:

KN\ H
D) Ak—2

1 2
P(Y > y) < exp(—zmin{yg, (Ay)l/““)}).
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Proof of Theorem 1.3. (1) Applying Lemma 3.1 along with (1.7) and (3.10) and recalling that o_[ f] > 0, we find
that for A large enough and k > 3, the cumulants of (f, ji3), i.e., the cumulants of (£, u1,), i.e., { f®X, c’){), satisfy:

lFCL Dl CF ISl
oklf1 T AEDR Gk

(k)Y (3.42)

for some constant C1 > 0 depending only on «, £ and R, where we recall from Section 1.3 that af[ f1] denotes the
variance of (f, fi;) (and of[ f1its (k/2)th power; similarly, ak[ f1=(o_[fD5). To apply Corollary 3.2, rewrite the
right-hand side of (3.42) as:

£ 112 (cl ||f||oo>"‘2 ) ( { S LI }cl ||f||oo>"‘2 .
fof Lo N Bt 13) bt 1,C e Gt kHItY,
o\ o) = NS e )

Thus, recalling that the first cumulant of the centered measure 1) equals zero whereas its higher order cumulants
coincide with those of u;, we can apply Corollary 3.2 to Y := (f, itx) /o[ f] with y = x /o, [ f] and with A taken to
be +/A multiplied by some constant depending only on «, &, R and the ratio || f||eo/0o_[f1. It follows that there exist
constants Ay, D1, Dy > 0, such that forall A > A andall 0 < x < D]U)L[f])nl/(2+4y),

P((f. i) > X) D, x )’
log 1 — S(/orlfD) | = AT [1 * (m[f]) ]

Applying (1.7) once again, we obtain that there exist constants A, D3, D4 > 0 such that forall A > Ap and all 0 < x <
D3o_[f]A(1+V>/(1+2V),

- 3
‘log P i) 20 | 4[ 1 x }

1—dW&x/oalfD| A1/ 2+4y) + )L(2+3y)/(1+2y)o.i[f] :
An analogous bound holds for the lower tail probabilities and part (1) follows.
(2) Taking C from Lemma 3.1, and letting Ds := 2Y*1C?| |12, and D¢ := 1/(C|| f|ls), we deduce that the
random variable Y := (f, i) ) satisfies (3.41) with:
H=Ds). and A= Dg. (3.43)
Next, if a)?[f] < DsA, then Y also satisfies (3.41) with:

o2l f]
DsA

H=07[f] and A=Ds (3.44)

Now take arbitrary 0 < ¢ < 1. Combining (3.43) and (3.44) with the inequality min{a, b} < a'~'b’, we find that (3.41)
is also satisfied with:

2 t
H=0c[f1(Ds»)!™" and A=D6<UAD—£JA€]>.

Plugging this into Lemma 3.9, we obtain:

~ ) 1 )C2 1/4y) O')?[f] t/(14+y)
]P)(:i:(f, ,l/L}L) Z)C) Soléltl;ll CXP[—ZHHH{W, (D6X) <D—5)\_> }i| (345)

An easy exercise in optimization shows that for all aj,a; > 0, b > 1 and ¢y, ¢ > 0, we have maxg<,<| min{a; 5!,
axb=} = minfa; b, ay, a1 g5/ T} Plugging this into (3.45), we obtain (1.21). 0
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3.4. Proof of moderate deviations
The results of Section 1.6 will follow from the following consequence of Theorem 1.3.

Lemma 3.10. Let 1) be defined as in Section 1 with & satisfying Assumptions G(y, k) and CV(x), let a, satisfy
(1.23) and take f € B(RY). Then, recalling (1.7), for o[ f] > 0 and t > 0, we have:

.1 —1,—1/2, ¢ - .1 —1,—1/2, ¢ - r
lim — logP(a; 'A~V2(f, i) > 1) = lim — logP(a; 'A~12(f, 1) =— , 3.46
[Jim p ogP(a; (f. ) = 1) Jim p ogP(a; (f ) >1) T (3.46)
while for o[ f1=0and t > 0, we have:
1 1
lim — logP(a; 'A~"2(f. fia) > t) = lim — logP(a; 'A™"2(f. fix) > 1) = —o0. (3.47)
)L—>ooa)\ )L—>ooa)\

Proof. Suppose first that o[ f] > 0. In this case, we plug x = ra; A'/? into (1.19) and make use of the fact that for all
y =0,

1
24+ /2my

Combining both and noting that o_[ f] = o[ f] by (1.7), we obtain the bound:

<e”(1-(y) <

N =

2312 2rta a2 1+ a3 /03[ f]
log P(a=" A= V2(f, in) = 1) + 21 | < <2+ ) c,- %
g (A fri) = ) 20_}%[](] =log ol f] A1/ 2+4y)

Dividing by a%, making use of (1.7) once again and applying condition (1.23), this implies (3.46) for ‘greater or
equal’. The corresponding result for the strict inequality follows by continuity.
In the case where o[ f] =0, plug x = ta; 112 into (1.21) to obtain:

log P(a=" =12 f, i) > 1 5 5 1/(2+2y) A 1/(4+2y)
U R )ﬁ_tzmin{Q 2 ,cs( , 4) ,cs<ﬁ) }
aj o; [f] (ta)>+%r (ta;) 4y
and the desired limiting behavior follows again from (1.7) and (1.23). This completes the proof. O

Proof of Theorem 1.4. We apply the preceding lemma along with Theorem 4.1.11 of [10], which allows us to derive
a LDP from the limiting behavior of probabilities for a basis of topology. For the latter, we choose all open intervals
(u1, uz), where at least one of the endpoints is finite and where none of the endpoints lies at the origin. Denote the
family of all such intervals by /. From Lemma 3.10, it follows that for each U = (41, u») €U,

| w3/ Qa2 f); uy <uz <0,
Ly :=— lim —210g]P’(a;1A_1/2(f,;l;L)€U)= 0; up <0 <uy,
hoody 2/Qa2f); 0 <up <us,

for all U € U, recalling our convention on division by zero from the end of Section 1.2. By Theorem 4.1.11 of [10],
the random variables a, - 2(f, j1y.) satisfy a weak LDP (MDP) as A — oo with speed a)% and rate function:

2
t
t— sup Ly = ———,
veld 20'2[f]
teU

which matches the function /¢ from (1.24). Here, weak LDP means that the lower bound in (1.22) holds for all mea-
surable sets I”, while the upper bound holds for all relatively compact measurable I". However, from Lemma 3.10, it
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follows that the family a, W27, ) is exponentially tight for speed a%, i.e., for each M < oo, there exists a mea-
surable relatively compact set K, such that limsup, _, o, a;z log IP’(a;])L_l/Z(f, i) ¢ K) <—M.By Lemma 1.2.18

of [10], the family a, =172 f, i) must then satisfy a full LDP with the same speed and the same good rate function.
This completes the proof. U

Now we turn to the proof of Theorem 1.5. We begin with the same argument based on Theorem 4.1.11 of [10],
which requires a certain limiting behavior of probabilities of sets from a basis of topology. The derivation of that
behavior requires a specific shape of the sets. Thus, we have to show that certain sets of that shape form a basis of

topology.

Lemma 3.11. Let F and V be pairwise dual finite-dimensional vector spaces, equipped with the usual topology, and
let Q be a positively semi-definite quadratic form on F. Let Uy be the family of all open subsets of the half-spaces
{veV;(f,v)> b}, where b > 0 and Q(f) =0, and denote by U the family of all sets of the form

{veVi(fo.v)>bo, (fi,v) <b1,{f2,v) <bz,....{(fa, V) <bu}, (3.48)

where either 0 < by//O(fo) < bi//O(f;) foralli =1,2,...,n,0orby <0 <b; foralli =1,2,...,n. Then the
SJamily Uy U U is a basis of the topology on V.

Proof. Define Fy:={f € F; Q(f) =0} and FOJ- ={veV;(f,v)=0forall fe Fy}. Now take u € V and its open
neighborhood W. We have to show that there exists U € Uy U U, such that x € U € W. We distinguish three cases.

Case I: | ¢ FOL. Then there exist f € Fy and a > 0, such that (f, u) > a, so that we can take U := W N {v €
Vilf,n) >a}l ely.

Case 2: u = 0. Then there exists € > 0 and elements fy, f1,..., fu, such that U := ﬂ:;o{v; (fi,v) <e}CW.
Clearly, 0 € U. Since we can write U = {v; (— fo, v) > —e} N [/_;{v; (fi, v) < &}, we also have U € U].

Case 3: 4 € FOL \ {0}. Recalling our convention on division by zero from the end of Section 1.2, it follows from
standard linear algebra and topology that the map f +— (f, u)/+~/ Q(f), defined on F\ Fy, is continuous, bounded and
attains its maximum, say, at fo. Since p 7 0, we have ( fy, i) > 0 (and remember that Q(fp) > 0).

There exist functions fi, f2,..., fp and § € (0, { fo, 1)), such that Uy :={v € V; (fo,v — u) > =8} N ﬂ;’zo{v €
Vi {(fi,v—pu) <38} € W.Now consider the sets:

n

Ug :={v€V;(fo,v—u)>—8}ﬂm{(f0+tf,-,v—,u) <8}.
i=1

Clearly, u € U ; for all ¢, ¢t > 0. Next, for each v € U, ;, we can estimate:

2¢e

1
<ﬁ,v—u>=;[(fo+tfi,v—u)—<fo,v—u)]<7-

Therefore, if ¢ < § and 2¢/t < §, then U, ; < Up.
Now we turn our attention to the question when U, ; € U. By (3.48), this will be surely true if:

(fot+itfi,u)+e - (fo. ) —e
VO(fo+tfi) VOo(fo)

Since (f, u)/+/Q(f) is maximal at fy, it follows from smoothness that there exist a, fo > 0, such that for all i =
1,2,...,n,

o+ifiw) _ (o) _ o
Voo 170~ Voo

for all 0 < ¢ < 1. Therefore, the condition (3.49) is satisfied if # < 7y and ar® < e/+/Q(fo). Collecting everything
together, we conclude after some calculation that if 0 < # < min{z, 5 )

8
VO’V ayof)
that U ; € Up € W and U, ; € U, so that the desired set U exists in this case, too. This completes the proof. U

(3.49)

}, then there exists € > 0, such
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Proof of Theorem 1.5. We split the argument into several steps.

Step 1: Derive a MDP for finite-dimensional restrictions of the measures. Denote by F the set of all finite-
dimensional subspaces of B(R?), fix F € F and consider the random measures ;, as linear functionals on F. Let
Uy UU, be the basis of the usual topology on F’, the dual of F, where Uy and U are defined as in Lemma 3.11, taking
the quadratic form Q := 2. For U ={veF';(fo,v)>bo, (fi,v) <bi,...,{fu,v) < by} €U, where the numbers
by, b1, ..., b, satisfy the conditions below (3.48), we have, by Lemma 3.10:

2
T _2 —1,—1/2 - i (max{by, 0}) .
Ly == lim a; P(a; 'A~?a,eU) = T

1/2

for U € Uy, we have Ly = oo. By Theorem 4.1.11 of [10], the random functionals a;l)»’ i € F’ satisfy a weak

LDP (MDP) as A — oo with speed a/% and rate function:

v sup Ly = sup <f’2v>2 .
Ueld feF 204[ f1]
veU

Finally, by Lemma 1.2.18 of [10], these random functionals satisfy a full LDP (MDP) with the same good rate function
because they are exponentially tight for speed a/%. To see this, take a basis f1, ..., f; of F witho[f;] <1 for all i and
consider the compact sets K := ('_;{v € F’; [{f;,v)| < M}. By Lemma 3.10, limsup,_, o a; “P(a; '»~"/?j1; ¢
K1) < —M?/2 and exponential tightness follows. This completes Step 1.

Step 2: Combine the MDP'’s for finite-dimensional restrictions into a MDP for entire random measures. We apply
a version of the Dawson—Girtner theorem for projective limits, namely Theorem 4.6.9 of [10], naturally embedding
Meas(R?) into (B(RY))', the algebraic dual of B(R), and identifying the projections of the functionals to finite-
dimensional spaces with their restrictions to finite-dimensional subspaces of B(R?). Thus we find that, as A — oo,
the random measures a)\_] A2 [, satisfy the MDP in (B (Rd))’ with speed a)% and the good rate function:

J(v):=sup sup (f v = su (f, v
" FeF felinF 20°[f] FeB(RY) 20211

Step 3: Compute the rate function. Take v € (B(R?))’ and distinguish five separate cases.

Case 1: v is unbounded with respect to the supremum norm on B(R?). Since the latter is stronger than the seminorm
o, we have J(v) = 400 in this case.

Case 2: v is bounded with respect to the supremum norm, but is not a measure. This means that there exists
a sequence of bounded functions f, with f, | O pointwise, such that the (f,, v) does not converge to 0. We may
assume that |(f,, v)| > 1 for all n. Denoting L? := {f:Rd — R; o[ f] < oo} and noting that B®RY) € L?, we find
that o[ f] — O by the dominated convergence theorem. Therefore J (v) = +o00.

Case 3: v is a measure, but is not absolutely continuous with respect to V (k (x))k (x) dx, where V is as in (1.8). In
this case, there exists a measurable set A with fA V(k(x))k(x)dx =0, but v(A) # 0. In other words, o[14] =0, but
(14, v) # 0, so that again J (v) = +o0.

Case 4: v K V(k(x))k (x)dx, but o[p] = oo, where p(x) := v(dx)/(V (k(x))x (x) dx). In this case, there exists
a sequence p1, p2, ... € L? which converges pointwise to p and satisfies pp, > 0 and |p{| < |p2| < ---. By the
monotone convergence theorem, we have o[p,] 1 0co; we may assume that o[p;] > 0. Then the functions g, :=
pn/az[,o,,] satisfy o[g,] = 1/o[p,] — 0 but (g,, v) > 1, so that again J (v) = +o0.

Case 5: v L V(k(x))k(x)dx and p(x) :=v(dx)/(V (k(x))« (x) dx) satisfies o [p] < oo. In this case we may write:

; (Jra £V (ke (x)) (x) dx)? (Jra F@) PV (ke (x) (x) dx)?
()= sup : = sup 3
reBry 2 Jpa FAOV (e (0))k (x) dx ferz 2 Jpa SRV (e ()i (x) dx

= %az[p] =1(v),

where the latter is defined in (1.25). The second equality holds because B(RY) is dense in L2; the third one is due to
the Cauchy—Schwarz inequality. This completes Step 3.
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Step 4: Restrict the MDP. To see that we may replace (13 (R%)) and J with Meas(R?) and I, we apply Lemma 4.1.5
of [10], noting that J agrees with I on Meas(R?) and is infinite outside Meas(R¢). This completes the proof. U

3.5. Proof of non-degeneracy of the limiting variance

Throughout this subsection, we stick to the conventions on &, H, A, R, &, A,, R) and §2 specified in Section 1.2.
Before proving Theorem 1.2, we need the following auxiliary result.

Lemma 3.12. Let f be a non-negative locally integrable function. Take 1 < a < b. Then there exists a universal
constant C, such that for every non-negative geometric functional g,

. aql/a — b (a—1)/a
=2 swrp) | ee(520)
xeP

ey

b—1 . 1/b )
X {b |:/ E(g(i,Pf))bf(x)di] +/: [E(g(ivpf))b]l/bf(x)d}é},
—da R4 kd

Proof. Let m be a non-negative measurable function on Rd, such that for each ¥ with m(x) =0, g(x, 75f) almost
surely vanishes. For each ¢ > 0, let M) = {%; m(¥) > t}. Write:

. \41l/e ¢ Py pm@ \al/a
J::[E(Zgoz,m)” =[E< ) 75’(;‘1’@)”0 dt)]

iePy $ePNM(0)
00 v 75 al/a
Uz e ]
0o . m(x)
XePrNM(1)

By Minkowski’s inequality for integrals and then by Jensen’s inequality, we can estimate:

o0 g()?,”ﬁf) al/a
JS/O [E< ) ED ” @

)?E'ﬁfﬂﬂvl([)
® N gE P\
<[l 2 pensor (SIE2) )] e
xePrnNM(1)

By the Palm formula (3.2), we can rewrite this estimate as:
o L gEPHY ]V
J§/ / ES(1+|PraM@)|) (| == ) (fodi| dr
o LImp m(x)
Applying Holder’s inequality, we obtain:
0 5 . B . B ¢ P\ byark 1/a
15/0 [/v(){IE(1+|7?fﬂM(t)\)(a Db/b=a) b a)/b{E<7g(x’ f)) } f(x)di} .
M

m(X)

Now set m(x) := [E(g(i,ﬁf))b]l/b. In addition, observe that |75f N M(t)| is Poisson with expectation I(¢) :=
fM(t) f(x)dx. If X ~ Pois(1), then for any n € N, we may express the nth moment of 1 + X in terms of a con-
tour integral:

| oM —D+z

n!
n_ _
E(l+ X) =5z pry dz.
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Choosing K to be the circle with radius 1/(1 + A) centered at the origin, we can estimate E(1+ X)" <n!(1+X)" f(A),
where f (1) = e*©"/*"V=D+1/G+) Noting that f is bounded in A > 0 and applying Stirling’s formula, we obtain that
there exists a universal constant A, such that E(1 + X)¥ < (Ay (1 4+ 1))¥ for all y > 0. Therefore,

_ (a—1)/a poo _ (a—1)/a poo
J < (M) / [(1 +1(r))“‘1(r)]‘/“dng<(‘;J> / [(10)"" +1(1)]dr.
0 0

b—a —a

Observe that:
/ I(t)dt=/ m(X) f(x)dx.
0 R4

For the rest, apply Young’s inequality:

o 1/a a—1 [ 1 [ l—a
(1) "dr < — o(t)dt + — (o)) “I(t)dt, (3.50)
0 a Jo alJo
where we choose ¢ (1) = min{1, (c/r)®~D/@=D}; ¢ > 0 will be chosen later. It is easy to see that:
o b—1
/ ¢@)dr = c. 3.51)
0 b—a

For the second term, we have:

o0 I—a m@) \"! (m(x))"
/ 10) 1(:)d¢=f / max{l, (-) }dtf(x)dxf/ (m()?)+—_>f(x)dx.
0 rd Jo C R4 be 1

Choosing ¢ := [f@d (m (X)) f(x)dx]'/?, combining with (3.51) and plugging into (3.50), we obtain:

Corollary 3.3. Let (g3)x>2, and (R);>x, be two families of non-negative geometric functionals. Define:

h(, X) =Y en (3. OL(REF. X) = A4y — x])).
&e/’\?
h (%, X) =) (¥ X\ EDL(RE G, &) = 2 |y — x])
5’62’?
(assuming X € .)E). Next, let0 <t < ooandlet p,s,q >0withs/p+d/q < 1. Suppose that the family (R})s> 5, sat-
isfies Assumption MH(q, t, §2). Then, if the family (g,);.> 5, satisfies Assumption MH(p, t, §2), the family (h) )y,

satisfies Assumption MH(s, T, §2); if the family (g))>5, satisfies Assumption MH1(p, t, §2), the family (hj)y>x,
satisfies Assumption MH1(s, 7, £2).

Proof. For arbitrary non-negative geometric functional n and any t, # > 0, set:

my (1) := esssup [E(n()‘é’ lﬁr N Q))u]l/u’
1(xef2)dx

mu+,f(77) = esssup [E(y](}é’ (’]5T U {5)}) n Q))u]l/u.
1(x,ye) d¥®dy
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Thus, we have to bound m; ;¢ (h;) and mg 5 (h, ). We shall apply Lemma 3.12. Observe that one can choose 0 <7 < g
and t > s witht/p +d/r = 1. To bound mj 3. (h, ), we first use Holder’s and Markov’s inequality to estimate:

[E(8.0, Pre N D1(R (3, PN 82) > A4y _x”))t]l/t

M p o (g2)(mg (14 RE)44/T
(1424 |y — x|)yad/r

v % > d
<mp e (@)[P(REG, Pre N $2) = 214y —x|)]Y" <

for almost all ¥, y € £2. By Lemma 3.12, we have:

(m p 22 (82)) (mg (1 + RE))2/” rd 1/t
o (L4 Ay —x|yaidir Y

+K / mp sz (g2)(mg (14 R))14/T
*Jo (14 AVd|y — x|)4d/r

mg (X, hy) < K1|:

At dy.

Substituting z = A'/4(y — x), observe that the both integrals converge uniformly in x and A, leading to the desired
bound on my ;. (h, ). Similarly, we can bound m; 3 (hy), using m;ryu(gx) instead of m p ;;(g;). This completes the
proof. (]

Proof of Theorem 1.2. First, observe that there exists p > 0, such that for notably many pairs (z, X ), A0, 1), X ) #
0, X is p-externally stable at (0,7) and X cC B,(0). This also means that with non-zero probability, A((0, T),
751 N B,(0)) # 0 and ”ﬁl N B,(0) is p-externally stable at (0, T'), where T is a generic random mark with distribution
P p¢, independent of 751 (see also Lemma 4.2 of [26]). However, from the latter, we can deduce that A((0, T), 751) #0
and 751 is p-externally stable at (0, T'): see Remarks 1.4 and 1.6.

Now let v := vol(£2) and 2% := (tv)~/482. Define « to be the uniform density on £2* (that is, k (x*) := T1(x* €
£2*)) and let f to be the indicator function of §2*. Then condition (1.13) need not be verified, while, by Remark 1.8,
the equivalent conditions (1.12) and (1.14) hold provided that the family (Aj)x~ 3, satisfies Assumption MH(s, 7, §2).
To verify the latter, first estimate (assuming that X € X ):

A X)| < [6E D)+ ) (|66, D))+ &G, X\ EYNUREG, X) = 2Y)ly - x|).
)76/%'

Clearly, there exists s > 2 with s/p +d/q < 1. Since p > s, the family (£3),, satisfies Assumption MH(s, 7, £2).
To verify the latter for the remaining sum, apply Corollary 3.3.

We have now verified all the conditions required for Theorem 1.1. To complete the proof, observe that & satisfies
Assumption CV (k) by Remark 1.8. Formula (1.7) applied to our choice of f and « yields V (t) = lim; _, of[ fl/x >
0 and the proof is complete. g
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