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Abstract. We consider a general multidimensional affine recursion with corresponding Markov operator P and a unique P-
stationary measure. We show spectral gap properties on Holder spaces for the corresponding Fourier operators and we deduce
convergence to stable laws for the Birkhoff sums along the recursion. The parameters of the stable laws are expressed in terms of
basic quantities depending essentially on the matricial multiplicative part of P. Spectral gap properties of P and homogeneity at
infinity of the P-stationary measure play an important role in the proofs.

Résumé. Nous considérons une relation de récurrence affine multidimensionelle a coefficients aléatoires et nous supposons que
I’opérateur de Markov P associé a une unique probabilité stationnaire. Nous montrons la propriété de trou spectral pour les
opérateurs de Fourier correspondants sur certains espaces de fonctions Holdériennes, et nous en déduisons la convergence vers des
lois stables pour les sommes de Birkhoff le long des trajectoires. Les parametres des lois stables obtenues s’expriment a I’aide de
quantités dépendant essentiellement de la partie multiplicative de P. La preuve est basée sur les propriétés spectrales de I’opérateur
de Markov associé et I’homogénéité a I'infini de la mesure stationnaire.

MSC: Primary 60B20; secondary 60E07; 60F05
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1. Introduction and main results

We consider the vector space V = R? endowed with the scalar product (x, y) = Zle x;y; and the norm |x| =
(Z?:1 [xi |2)1/2. We denote by H =V x G the affine group of V, with G = GL(d, R), i.e. the set of maps & of the
form hx = gx +b (b€ V,g € G). Let u be a probability measure on H and x € V. We denote by PP the product
measure u®Y on £2 = HY and we consider the recurrence relation with random coefficients:

0 =X, X, =MyX,_+Qn (n=1), ey

where (Q,, M,) € H are i.i.d. random variables with generic copy (Q, M) and with law . Let & be the projection
of ;1 on G, i.e. the law of M, and let [supp /1] be the closed subsemigroup generated by the support of . We will
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denote by P the corresponding Markov operator on Cj(V'), the space of continuous bounded functions on V:

Pw(x)sz(gX+b)du(h), @ € Cp(V).

We observe that if M, = Id (resp. Q, = 0), then X;, is an additive (resp. multiplicative) random walk on V (resp.
VA {0}) (cf. [12,23,36]). Basic aspects of these special processes continue to hold in the general case of X;;, and
give a heuristic guide for the study of the affine random walk X;;. On the other hand, independently of any density
condition for u, the conjunction of these two different processes give rise to new properties, in particular spectral gap
properties for P (cf. [5,21]) and homogeneity at infinity for the P-stationary measure (cf. [6,17,22]).

For a positive Radon measure p on V we denote p P the new measure obtained from p by the dual action of P.
Our hypothesis will imply that the above recursion (1) has a unique stationary measure n which satisfies nP = n and
has an unbounded support. The probability measure 7 is the limit distribution of X;;. A remarkable property of  is its
“homogeneity at infinity,” a property which was first observed in [31] for the tails of 7, extended to the general case
in [34] and further developed in [1,6,13], under special conditions. See [17] for a survey of [34] as well for a precise
description of the homogeneity property of n, proved in a special case in [6] and in a generic case in [22].

In this paper we are interested in the limit behavior of the sum Sy = >"}_ X}, conveniently normalized. For d = 1
this question is connected with the slow diffusion behavior of a simple random walk on Z in a random medium (see
[33,41]). The similar problem for a finitely supported random walk on Z in a random medium is connected to the
study of a recurrence relation of the form (1) (see [14,26]). More generally, the Eq. (1) is of fundamental interest for
the study of generalized autoregressive processes (cf. [4,31]). In particular Eq. (1) is a basic model in collective risk
theory ([13]); in the context of extreme value theory, the corresponding convergence problem for normalized sample
autocorrelations of a GARCH model is considered in [37].

For d = 1, and under aperiodicity conditions, the limit behavior of S, is described in [21]. For d > 1, it turns
out that, in the generic case considered below, the limits are stable laws of general type and that the multiplicative
part of the recursion plays a dominant role in the asymptotics. For d > 1, in the case where M,, takes values in the
similarity group of V, the limit behavior of S; is described in [5]; the homogeneity at infinity result of [6] plays an
essential role in the proof, and [5] contains a detailed description of the limit laws which turned out to be semi-stable
in the sense of P. Lévy (see [36], p. 204). For other situations where stable laws appear naturally in limits theorems
in sums of non i.i.d. random variables we refer to ([36], pp. 321-323) and [2]. Here we consider relation (1) in the
case where [supp fi] is “large,” a case which is generic and opposite to the case of [5]. We will need the detailed
information on the stationary law n of P given in [22] and summarised in Theorem 2.4 below; also as in [5,21], a
basic role will be played by the spectral properties of the Fourier operators P, (v € R) defined by P,¢ = P(X,¢),
where X, (x) = ¢'"*). Furthermore, the homogeneity at infinity of 5 plays an essential role and implies that the
dominant eigenvalue of P, has an asymptotic expansion at 0 in terms of fractional powers of |v|. These properties
allow us to develop a detailed analysis and to prove limit theorems. More generally, it turns out that, in the context
of random walks associated with nonabelian semigroup actions, spectral gap properties are valid in certain functional
spaces for large classes of random walks. Usually, such properties are studied in the context of the so called “Doeblin
condition” (see [1,9] for example). Here instead, our study is based on the Ionescu-Tulcea and Marinescu theorem
([28]). This allows us to get spectral gap properties without density condition on u or f. See [7,8,10,11,15,16,19]
for different classes of situations where analogous ideas are used. Here V can be considered as a boundary (see [12])
for the random walk on H defined by u, and we will use spectral gap properties for P, (v € V) in Banach spaces of
Holder functions with slow growth at infinity. In [8] and [11] the relevant spaces are L2-spaces, while in [7,10,16],
they are of mixed type. This type of analysis is not restricted to homogeneous spaces of Lie groups as shown in [38]
for certain classes of Lipschitz maps instead of affine maps. Here we follow the general line of [5,21]. With respect
to these papers, new arguments are needed for the analysis of relation (1), in the generic case considered below (see
[22]).

The asymptotics of products of random matrices (see [3,18,23]) will play an important role, and we need to give
corresponding notations. We say that a semigroup I" C G is strongly irreducible if no finite union of proper subspaces
of V is I'-invariant. Also we say that g € G is proximal if g has a dominant eigenvalue A(g) € R which is the unique
eigenvalue of g such that |A(g)| =1lim,— |g”|1/” where |g| = sup{|gx|: |x| = 1}. We say that I" satisfies condition
i-p if I" is strongly irreducible and contains a proximal element y . It is proved in [39] that condition i-p for I" and its
Zariski closure Zc(I") are equivalent. Since Zc(I™) is a closed Lie subgroup of G with a finite number of connected
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components, condition i-p can be checked in examples (see Section 5 for some examples). Under this condition, the
limit set L(I") € P?~! is the unique I"-minimal subset of the projective space P?~! and L(I") is the closure of the set
of attracting fixed points of the proximal elements in I”.

For s > 0, we denote

K(s) = lim (EIM,---M;")"",

lim
n—>oo
Soo = sup{s >0;k(s) < oo}.

For g € G, we write v(g) = sup(|g]|, |g_1 ). If Edogv(M)) < 400, we know that the Lyapunov exponent
_ .1
L(ix) = lim —E(log|M,,-~-M1|)
n—oon

is well defined, L(i) = «'(04) if 500 > 0. If condition i-p is satisfied and 5o, > 0, then log« (s) is strictly convex on
[0, s00), hence if lim,_, ;. (s) > 1, there exists a unique « € (0, so0) With k(o) = 1.
Our hypothesis here is the following condition C (see [22]):

C1 [supp i] satisfies condition i-p,

Cy 500 >0, L(1) <0, limg—s k(s) > 1,

C3 E((M)* +10]|*t%) < 0o for some § > 0,
C4 supp u has no fixed pointin V.

Condition C will be assumed in our results (compare with condition (H) of [5]), except if the contrary is specified.
We observe that condition i-p for [supp p] is valid on an open dense set in weak topology of measures p on G. It
follows that condition C is open in the weak topology of probability measures on H. Conditions C; and C3 are used
to prove homogeneity at infinity of 7, a property which depends on the spectral gap properties of twisted convolution
operators defined by [t on the projective space of V (cf. [22]). Condition C; plays the basic role in the homogeneity
at infinity of 7.

A real number 7 € R defines a dilation on V which is denoted by v — ¢.v, and we extend this notation to the action
of R on measures on V. A Radon measure p on V is said to be a-homogeneous if for any t > 0, f.p =% p.

Let P be the Markov operator on V defined by

Fww=/m@mmm,ﬂwequ

We observe that P can be interpreted as the linearisation of P at infinity. We denote by £° the s-homogeneous measure

on R* defined by £°(dt) = tﬂfl . It is proved in Theorem C of [22] that if d > 1 and condition C is valid, there exists

¢ > 0 and a probability measure o, on the unit sphere S¢~! such that the following vague convergence is valid on
VA {0}:
lim 17%(t.n) =coy @ L% = A. 2)

t—04

Here A is defined by the above convergence, is «-homogeneous, and we have AP = A. We observe that the equation
AP = A is a limiting form of the stationarity equation 7P = 7. The proof is based on the general renewal theorem
of [32] and on the spectral gap property of the operator on the projective space defined by twisted convolution with &
(see [20,22]).

More generally, if 1 is a probability measure such that the above convergence (2) is valid, we will say that 7 is
a-homogeneous at infinity. A probability n on V is said to be stable if for every integer n there exists a similarity &,
of the form A, (x) = a,x + b, (a, > 0, b, € V) such that the nth convolution power of 7 is the push forward of n by
hy,. Ifa, =nl/®, we say that 7 is a-stable.

Due to Theorem C of [22], if supp i has no invariant convex cone in V, then A is symmetric and oy ® £¢ is the
unique Radon measure defined by the following conditions:

0y is a probability measure on sé-1,

(00 ®L*)P =04 ® L%, 1.(00 ®L%) =1"(0q ®€*), foralls>0.
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See [22] for more detail. In Section 5 below we give information on o, and examples of the typical situations which
can occur. In any case A gives zero measure to any affine subspace, the projection of o,, on the projective space P4~!
is uniquely defined by the above condition and its support is equal to the limit set L([supp jt]) in P41,

We will write g* for the transposed map of g € G, ii* for the push-forward of it by g — g*. Also for x € V, we
write x* for the linear form x*(y) = (x, y). The exponential ¢'™*¥) will be denoted by X, (y) and the characteristic
function of a probability measure 7 on V will be defined by

#(0) = /V X () d(y).

Coming back to the affine situation, we will write
m:/xdn(x), my =k’ (a_).

The calculation of the limit law of S;; will involve considering the companion recursion:
Wo =0, Wa ZM:(Wn—l +v), (3

where v € V \ {0} is a fixed vector. We will denote by 7, the corresponding transition operator, i.e.

Ty (@) (x) =/<p(g*(x +v)) dia(g).
Then as above, the unique stationary measure 7, of T, satisfies the weak convergence on V \ {0}:

lim t~%(t.ny) = A, #0, “4)

t—04

and n,, A, satisfy

Nw = 1.1y, Ay =t.A, fort e R¥, A P = Ay, Ap=t*A, fort >0,

where, as above, P, is associated with wr.
In order to state our first main result, we need to define a kind of Fourier transform A of A. If o € (0, 2], we define
A as follows:

AQy) = /(Xy(x) —1)dA), if0<a<l,

T(v) — ) I
A(y)—/(Xy(x) 1 11+|<x’y>|2>dA(x), ifa=1,

/T(y):/(Xy(x)— 1—ilx, y))dA@), ifl<a<2,

~

A(y)=—if(y,x)2doz(x), ifa=2.

The function exp(/T) is the Fourier transform of the limit law of the normalized sum of n-distributed i.i.d. random
variables and A satisfies

/T(ty):t“;f(y) fort > 0, P. A=A, and Re/T(y)<Ofory7EO.

We will use also the function A! defined by Al y) = X(y)l[l,o@ (]y]), where ¥ = y/|y| denotes the projection of
yeV\{0}onS? !,
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The Fourier transform of the limit law of S} for o € (0, 2] will be shown to be equal to eC«() = @, (v) where the
function Cy(v) is defined by

amg Ay (A) ifae(0,1)U(,2];
Ca(v) {m A (A )+l]/(U) ifa:l, (5)
with
y+uv,x (v, x) {y, x)
_ _ 4AG) d (). 6
= //[1+|<y+v O T+ P 1+|<y,x>|2} A dn ) ©

(See the proof of Proposition 2.6.) We have that for r > 0

Co(tv) =1Co(v) ifa#1, and C(tv) =tCi(v) +i{v, B(1)),

— X
where B(t) = f(1+\zx|2 e
measure which belongs to an «-stable convolution semigroup (see [27,29,40]).
If o > 2, the following covariance form g of n will enter in the formulas below,

)dA(x). Hence e« is the Fourier transform of an infinitely divisible probability

q(x,y>=/<x,s —m)(y € — m)dn(®).

We will write z = [E(M) for the averaged operator of M if o > 1. One sees easily that the operator EM on V exists
and has spectral radius less than « (o) = 1, hence in particular / — z* is invertible.
We have the following limit theorem for the partial sums S;,.

Theorem 1.1. Assume that the probability measure ;. on H =V x G satisfies condition C above. Then if dimV > 1,
we have for any x € 'V,

M Ifa>2, ﬁ (S;; — nm) converges in law to the normal law on V with the Fourier transform

®@y4 (v) =exp(—q(v,v)/2—q(v, (I — z*)ilz*v)).
Q) Ifae€(0,2),lett, =n""* and

0, a e (0,1);
d, = nét,), a=1;
nty,m, «a€(1,2),

with §(t) = [y, 1+|t Tnr dn(x) fort > 0.

Then (1, S;; — dn) converges in law to the a-stable law with the Fourier transform @, (v) = exp(Cq (v)), with Cy ()
given above.
Furthermore if « = 1, then for some constant K, > 0,

)

K., |t||log|t]], t|<4i
e ]| log |z]| fOV||_%
K, |t], Jor|t| > 5.

(3) If e =2, then

(S;; — nm) converges in law to the normal law with Fourier transform

1
Jnlogn
1
Dr(v) = exp(Cz(v)), where Cy(v) = ~7 /((v, w))2 + 2(v, w)nv(w*) dop(w).

(4) In all cases, the limit laws are fully nondegenerate.
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The proof of Theorem 1.1 is based on the method of characteristic functions. The characteristic function of S;; can
be expressed in terms of iterates of the Fourier operator P, defined above. This operator acts as a bounded operator
on a certain Banach space By ., (defined below) of unbounded functions on V and has “nice” spectral properties on
Bg ¢,5.. Moreover Py = P and the spectral properties of P, allow to control the perturbation P, of P as well as its
dominant eigenvalue k(v). Theorem 1.1 follows from the asymptotic expansion of k(v) at v = 0, which is based on
the homogeneity at infinity of  and 7,. The spectral properties of P, follow from a theorem of Ionescu-Tulcea and
Marinescu based on certain functional inequalities proved below which are consequences of the condition L(jz) < 0.

We denote by r(U) the spectral radius of a bounded linear operator U. The spectral properties of P, are described
by the:

Theorem 1.2. Ifv € V, the operator P, on By ., defined by P, f = P (X, f) has the following properties:

(1) Py is a bounded operator with spectral radius at most 1,
Q) Ifv#0,r(Py) <1,
(3) If v =0 and m is the projection on C1 defined by mop = n(¢)1, we have for any ¢ € By ¢ 5.

Pop = mop + Qo,

where Qmy=m0Q =0and r(Q) < 1.
(4) If v is small, P, has a unique eigenvalue k(v) with |k(v)| = r(Py). Furthermore there exists a one dimensional
projection w, and a bounded operator Q,, such that Q,m, = 1,9, =0, r(Q,) < |k(v)| and

Py =k()myp + Qup, forany ¢ € By ¢ ;..

Furthermore k(v), w,, Qy depend continuously on v.

These spectral properties will allow us to reduce the study of the iterated operator P, to the study of its dominant
eigenvalue k" (v); hence k(v) plays here the role of a characteristic function for the convolution operator P defined by
won Cp(V).

The asymptotic behavior of k(v) at v = 0 is given by the

Theorem 1.3. Let v € V \ {0} and let Cy(v) be given by (5).
(1) If0<a <1, then
. k(tv) —1
lim ——

tO[

=Cy(v).

t—04
2) Ifa =1, then
k(tv) — 1 —1i(v, §(2))
m

li = .
=0y ‘ 1
3) Ifl <a <?2,then
. k(tv) —1—1i{v,tm)
i S = G
@) If « =2, then
k(tv) — 1 —1i(v, ¢t
im V) M 1m) o o).
1—0 2| log |t]|
(5) Ifa > 2, then
k(tv) — 1 —1{v,tm
m < > = C2+(U),

t—0 2
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with
1 s\~ 1 _x
Cor () = -39, v) - q(v. (I —z*) 2*).

As in [21] and [5], the proof of Theorem 1.3 is based on an intertwining relation between the families of operators
and T, and on the homogeneity at infinity of n, n, proved in [22]; this relation allows us to express k(v) in terms

of the stationary measure 7 and an eigenfunctional for T,.

Remark 1.4.

(a)

(b)

©)

(d)

(e)

We may observe that, if we add stronger moment conditions (of order greater than 4), part 1 of Theorem 1.1, i.e.
convergence to a normal law, follows from the main result of [25], which is valid also for more general Lipschitz
maps of 'V into itself.

For a € [0, 2], the limit law of S;; is a multidimensional a-stable law (see e.g. [27,29,36]) where a-stability holds
with respect to the action of the dilation group RY . In particular the limit law is infinitely divisible and belongs to
a convolution semigroup of R?. This remarkable fact follows from the homogeneity of A, with respect to v, hence
from the formula for Cy (V).

It follows from Theorem 2.4 below that the negative definite function C, satisfies Re Cy(v) < 0 for v nonzero.
In Section 5, we obtain more detailed information on the function Cy. In particular, the function Cy depends
continuously on p in a natural weak topology which guarantees continuity of moments of order o.. Also, given [1,
the magnitude of Cy is closely related to the magnitude of the moment of order o for Q. It follows that, for the
stable limiting laws of the theorem, various situations occur, as in the case of sums of n-distributed i.i.d. random
variables on V: symmetric, nonsymmetric, supported on a proper convex cone.

The fact that the stability group here is R”_, if o belongs to [0, 2] instead of a more complex one as in [5], is a
consequence of the following property depending on condition i-p and d > 2 (see [23,24]): the closed subsemi-
group of R’} generated by the moduli of the dominant eigenvalues for the proximal elements in [supp i] is equal
to R% . This can be compared with the situation of [5] where semi-stable laws in the sense of [36], p. 204, appear
as limits. As already mentioned condition C is generically satisfied by ., and like in the case a > 2 of the main
theorem in [5], our limit theorem is essentially not changed under perturbation of (. This open the possibility of
getting convergence to stable laws in natural multidimensional stochastic systems.

The theorem gives the convergence of normalized 1-marginals of S;;. A natural question is the existence of a
functional limit theorem, i.e. the convergence towards a stable stochastic process with continuous time (cf. [36,
40]).

We note that closely related limit theorems for S; have been obtained recently in the reference [9], under a stronger

hypothesis than here. In [9], it dominates a density on G and [supp ft] has no invariant convex cone, hence the
limiting law is symmetric. Furthermore o = 2 is excluded and the case o = 1 is treated under symmetry restrictions.
The method is based on a renewal theorem of [1] for a Markov chain which satisfies Harris condition.

2.

Homogeneity at infinity of u-stationary measures

The following proposition gives the existence and elementary properties of the stationary law of X in our context.
The first part is well known.

Proposition 2.1. Assume that u satisfies condition C. Let

n—1

R, = Qi +ZM1'-~Mka+1-
k=1

Then R, converges a.e. to

oo
R=0Q1+Y M- M Qs
k=1
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and the law of X;. converges to the law n of R. Furthermore, n has no atom, gives measure zero to every affine
subspace and E(|R|?) = f Ix|?dn(x) < 00 if 6 < a.

Proof. The proofs of convergence are based on known arguments (see [4,31]), hence we give only a sketch in our
setting. If s < o, we have by definition of « (s):

E(|My - Mi*) = E(|Mg -+ MiI*) < C(k(s) + )"

for some C > 0, any integer k > 0 and 0 < € < k() — «(s). Also E(|Qx[*) = E(1Q1]*) < E(|Q1]%)*/* < oo. It
follows if m > n,

m—1

E(IRn — Rnl*) < C(E(1Q1 |“))s/a Z(K(S) + e)k < 00.

k=n

Hence limy, y— 00 E(|Ry — Ry|*) = 0. The convergence a.e. of R, to R follows. The same calculation shows
E(RI’) <ocifa <l and @ <a.If o > 1 and 6 € [1, @[, we use Minkowski inequality in 17 (£2) and the inde-
pendence of My --- My_1, Qk to get that:

oo 0
E(IRI’) < CE(|Q1|° [ + 3 (k®) +e¢) "/9] <00,
k=1

if € satisfies k(0) +€ < 1.

The fact that n has no atom is proved as follows.

Let A C V be the set of atoms of . Then A is countable and ) ., n({x}) < 1. It follows that, for every € > 0,
the set {x € A; n(x) > €} is finite; in particular, sup,.4 n({x}) = ¢ is attained. Let Ag = {x € A; n(x) = c}. Since
nP =n,wehave hAg = Ag if h € supp . Then the barycenter of A is a supp w-invariant point, which is excluded
by condition Cy.

Assume now that there exists an affine subspace W of positive dimension such that n(W) > 0, and let WV be the set
of affine subspaces of minimum dimension r with n(W) > 0. If r = 0, the contradiction follows from above. If » > 0,
we observe that for any W, W' € W with W £ W', we have n(W N W’) = 0 since dim(W N W’) < dim W. Then
as above supy cyy n(W) = ¢’ is attained. If Wy ={W € W: n(W) = ¢’}, we have hWy =W, for any h € supp u.
Let I be the closed subgroup of H generated by supp i, hence KWy = W, for any h € I'. Then the subset [ of
I", which leaves invariant any W € W), is a finite index subgroup of I". Since L(ix) < 0, [supp f¢] has an element
g with |g| < 1. Assume & € [supp p] has linear part g and observe that & has a unique fixed point x € V which is
attracting. Since I has finite index in I", we can find p € N such that #” € . Then for any y € W with W € W),
we have

lim AP"y =x.
n—oo

Since Py € W, we get x € W, hence

X € ﬂ W #@.

weWy

It follows that I" leaves invariant the nontrivial affine subspace ﬂWEWO w. If dimﬂWEW0 W = 0, we have
constructed a point invariant under I", which contradicts conditions Cy4. If dim mWeWo W > 0, the direc-
tion of this affine subspace is a proper suppjii-invariant linear subspace, which contradicts condition i-p for

sSupp K. O

For « (s) we have the following proposition (see [20]):
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Proposition 2.2. Assume [supp 1] satisfies conditions i-p. Then logk (s) is strictly convex on [0, sso[. If S0o = 00,
we have:

I 1
lim og(s) = lim —sup{10g|g|: g€ [supp;l]”}
n

§—>00 Ky n— 00
1 —n
= lim —sup{logr(g): g € [supp i] }
n—-oon

In particular, the condition k (s) < 1 on 10, ool is equivalent to r(g) < 1 on [supp it], and if lims_, s« (s) > 1 there
exists a unique o € 10, Soo] such that k() = 1.

Remark 2.3. Regularity properties of k (s), not used here, are proved in [20]. In particular, k (s) is analytic on [0, sxol.

It is known (see [20,22]) that since & satisfies condition i-p and x (s) < oo, there exists a unique probability measure
vs on P4~1 such that the s-homogeneous Radon measure v; ® €5 on P4~ x R* = (V \ {0})/{£]d]} satisfies

(vs ®Zs)f_’ =K (s)vy ® L7,

where, by abuse of notation, P is the Markov operator defined by i on (V \ {0})/{£Id}. If x € P~ corresponds to

x € V, we denote |gx| = |‘|€;Cx“ and we consider the operator ps(it) on P?=1 defined by

ps () (@) (x) = / p(g-D)lgxl" di(g),

where X > g - X is the projective map defined by g € G. Then vy is the unique probability measure on P?~! such
that o5 (f1)vs = K (s)vs. Furthermore, supp vy is equal to the limit set of [supp ] and vg gives zero measure to
any projective subspace (see [20,22]). In the corresponding situation for the unit sphere, either there exists a unique
probability measure o, on the unit sphere which satisfies the above equation or there exist two such measures with
disjoint supports which are extremal and symmetric to each other (see [22], Theorem 2.17), if [supp 1] preserves a
convex cone. The following consequence of the general renewal theorem of [32] and of the spectral gap property of
the operator py(ft) is proved in [22], Theorem C, and plays an essential role here.

Theorem 2.4. If d > 1 and condition C holds, we have the following weak convergence:
lim 1% (t.n) = c(0a ® £*) = A,
t—04
where ¢ > 0, 0, is a probability measure on S*=1 which has projection vq, on P4~ and A satisfies t.A =t* A if t > 0,

AP = A. The above convergence is valid for any function f with a A-negligible set of discontinuities and such that
for some € >0

sup(|x| =] log [x]|'**| £ (x)]) < oo. (7
x#0
In particular there exists A > 0 such that for k large enough,

1
X2*’“7‘5;7{er; x| > 28} < A2~*e, (8)

Also A(W) =0 for any proper affine subspace W C V.
In the special case of the recurrence relation
Wy =M;(Wy—1+v) (n>1),

the corresponding measure on H is denoted by . The corresponding transition operator on V is denoted by T,.
Then we have the
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Proposition 2.5. Assume condition C holds true for (. Then condition C is satisfied by the measure W} on H, if

v#0.

The sequence

n

Zk = Z M- M}
k=1

converges P-a.e. to

o

Z*=ZMT...M;:’
k=1

where Z is defined by the P-a.e. convergent series Y po.; My -+ M.
The law n, of Z*v is the unique W}-stationary measure and n, satisfies

/ |x|9 dny(x) <oco for6 €0, «f, / |x|%dny (x) = oo.

For any t € R*, we have ny;y =t.ny. If o > 1, for all x € V the map v — 0, (x*) is a linear form.
The Radon measure

Ay = lim t7%(t.ny)
t%0+

is a-homogeneous, satisfies Ay, =t* A, fort >0, AyPo= Ay, A_yis symmetric of A,.
The function Cy(v) satisfies for v # 0, Re Cy (v) < 0 and for t > 0,

Cotv) =19Co(v) ifa#1, and Ci(tv)=1Ci(v) +ilv, B(1)),

where B(t) = f(1+’|;‘x|2 — 1;?;‘2)dA(x).

Proof. We observe that |M*| = |M|, hence

tim (5(]34; -+~ 7)) "

n—o0

= lim (E(1M1 - M, %)) " = (s).

One verifies easily that condition i-p for [supp ft], which is valid, remains valid for [supp it]* = [supp p*]. If
supp it* had a fixed point x € V, then g*(x + v) = x for any g € supp ji. Since v is nonzero, we have x # 0. Also
this implies g]"(g;)’lx = x for any g1, g2 € supp [, hence x is invariant under the subgroup generated by supp t.
This contradicts irreducibility of [supp i].

As in the proof of Proposition 2.1, one sees that the condition

lim (E(|M3-- M*" )" = k@) <1

n—oo

for 6 < o implies the convergence

n o0
nll)rrolo];Ml M; _I;Ml Mf=7*.

Since the map g — g* is continuous, this gives the convergence of Z,, = 2221 Mp---MytoZ = Z,fil My ---M;.
The second assertion on 1, follows from inequality (8) of Theorem 2.4 applied to ), since Proposition 2.5 implies
that condition C for u and u are equivalent.
The third assertion on linearity of 1, with respect to v follows from the relations

Z*(tv) =1 Z*(v), Z* (v + w) = Z*(v) + Z*(w).
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The last assertions follow from Theorem 2.4, the relation n,, = .1, for t € R* and the definition of C (v). O
We recall that the characteristic function 177, of the measure 7, is defined by 7, (x) = n,(Xy) and w* = (w, -). In the

proof of Theorem 1.3, we shall need the following formula for the quantity C, (v). We denote by C. (v) the following
quantity:

[ (X () = Dify(x) dA), 0<a<1:
— D) (x) — %X e
Coy = | (B = DR =i dAw).  ifa=1; )

f((XU(x)— Dy (x) —i{v, x)) dA(x), ifl <a<?2;
—1 [ (v, w)? +2(v, wyny(w*) dor(w), ifa=2.

Proposition 2.6. The formula 6a (v) = Cq(v) with the definition (5) is valid.

Proof. We start as in the proof of Proposition 5.19 in [5]. By definition of A, we have

JAG +v) = Ay) dny (). ifa e (0,1)U(1,2];

Calv) = {f(A(y +v) = A dny(y) +iy (), ifa=1,

where y (v) is given by (6). We follow the argument in [5], but we use in an essential way the information of [22] (see
Theorems 2.6, 2.17), and in particular Theorem 2.4 above.
We define for s < o the Radon measure A by

Ag=co; QL°,

where ¢ is given by Theorem 2.4 and oy is a probability measure on S?~!, depending continuously on s in weak
topology, such that

Asf_) =K(s)Ay, and lim o5 =o0q,
s

and o, given by Theorem 2.4. The existence and continuity of oy for s < « follow from the discussion of stationary
measures given before Theorem 2.4, which is based on ([22], Theorem 2.17). Hence we have the weak convergence:

51_1517 As =Ny =A.
We define also /TS fors <a,s #1,

Ag(y) = /(Xy(x) —1)dAg(x), if0O<s<l,

Ag(y) = /(Xy(x) —1—i(x,y))dAs(x), ifl<s<2.
Then /TS depends continuously on (s, y) in [0, ] x V \ {0} and A ¢ satisfies:

PoA(x) = / A, (¢"x)di(g) = k() Ag(x), and Ag(tx) =1 A (x), fort > 0.
For s < o, we define

Cw = [ (A +0) = L.09) )

and we observe that by dominated convergence,

Jim Cs(v) = /(/T(y +v) — A(y)) dny ().



330 Z. Gao, Y. Guivarc’h and E. Le Page

Hence limy_.q_ Cy(v) = Co(v) if & # 1, while limy—o_ Cs(v) = Co(v) — iy (v) if @ = 1. On the other hand, Z}v =
Yroo Mg -+ Mjv satisfies Ziv = M (Z*v + v), where

00
=ZM;’<...M;:
k=1

and M} is a copy of M* independent of Z. It follows:

E(A(23v)) = E[ [z d/l(g)}
= k()E(A(Z*v +v)),
hence
&) =E(A,(270 +v)) - E(A,(270)) = (% - 1)1&( (2*).
By Proposition 2.2, the function log « (s) is convex, hence « (s) has a left derivative «’(a_) at s =

L —k(s)
Mmy = lim ——.
s—o- o — S

In order to get the value of ax (v), we need to evaluate lim;_,, (o — s)E(/TS (Z*v)).
For this purpose we will use Theorem 2.4, we write

Fyo(t) = / | (%) dny (x)
x|>t

and we observe that | Fy ,(f)| < supzcgd-1 IZS(X)l is bounded by K < 400 on [0, «] by definition of /Ts. Also for
t>0:

4 Fy (1) = / Ko@) dn’ ()
|x|=1

with !, =1 (t~'.1»). Hence, using the convergence of 1., to A, for t — 400 given by Theorem 2.4 and the fact that
A is bounded by K < +oo with A,-negligible discontinuities, we get for ¢ large,

1 Fo () = 8y (A7) + c5(0),
where A! s(x) = A )1y, o0) (1x). and ¢, (t) = o(1) as t — 400 uniformly in s € [0, «]. We note that uniformity of

o(l) is Vahd since the function A (x) is continuous and bounded on [0, o] % S9! hence A ;(x) is bounded by the
A, -integrable function K11 o) (|x]). By definition of Fj ,:

E(A(z /Iyl As(3)dny (y) = /(/ sts‘ldt>/Ts(§)dnu(y)
\%4 0<t<|y|
= /oost,v(t)t“‘ dr.
0

Let p be a positive increasing function on [0, «¢) such that

lim p(s) =400, lim (o —s)p°(s) =0, lim o “(s)=1.
S—>0_ S—>0_ S—>0_—
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One can take for example p(s) = (@ — s)~'/@®_ Then to compute the required limit, we decompose the integral of
F; ,(t) according to the function p(s) and use the asymptotic expansions of Fj ,(¢):

~ (s)
(@ = 9)E(As(27)) = (@ _s)/p SFop(r ™ de
0

o0

0
+ (o — s)/ sAU(Ai)t_O“H_1 dr + (a — s)/ cs (Ot gy,
0(s) p(s)

Notice that the limits of the first and third terms are zero. Indeed, by the properties of p(s):

lim
S—>o_—

p(s)
(« —s)/ sFy ()~ lde
0

< lim (a —s5)p°(s) SUP‘Fs,v(I)| =0.
S—>o_ t>0

To compute the limit of the third term, let € > 0 and observe that, using the above remark, there exists so = so(€) < o
close to « such that |cg(#)| < € for t > p(sp), hence using again the properties of p(s):

lim
S—>0

o0
(o — s)/ (Ot dr| <€ lim p*7%(s) =e.
p(s) S—>o_

Since € was arbitrary, we obtain that the limit above is in fact zero. As a result, using again the properties of p(s),

lim Cs(v) = lim (L — 1>E(/Ts(z*v))

s—a—\ k(s)
S ~
=mg lim (o — ) sAU(A;)f"‘H*] dr
s—>a_ 0(s)
=m, lim sAv(/Tbl.) lim p‘y_a(s)zamaAv(/Tl),
S—>0— S—>o_—

since, as above, limg_,o Zi = A' and Zi is uniformly bounded by a A,-integrable function. The statement fol-
lows. O

3. Spectral gap properties of Fourier operators, eigenfunctions and eigenvalues

We follow closely the method of [5,21] and we recall the corresponding functional space notations.
On continuous functions on V we introduce the semi-norm

Fles = sup If) = fO)
STy = YE A+ xR+ [yD*

and the two norms

(flo =sup 1L

ENTIG I fllg.en =1f1o + [fler-

Notice that the conditions A 4+ ¢ < 6 (always assumed) and [ f],» < oo imply | f|s < oo. Define the Banach spaces

Co={f:1flg <oo}, Bo,ex = {f: I fllg,e. <00}

and on them we consider the action of the transition operator P:

PF(x) =E(f(Mx + Q) = / F(hx) duh),
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where (Q, M) is a random variable distributed according to ;. We consider also the Fourier operator P, defined by
Py f(x) = P(X, [)(x) =E[X,(Mx + Q) f (Mx + Q)]

where v € V. Notice that Pp = P. We will prove later (Theorem 3.4) that the operators P, are bounded on By .
for appropriately chosen parameters 6, ¢, A. Also, for v small, they have a unique dominant eigenvalue k(v) with
lk(v)] < 1if v #0, k(0) =1 and the rest of the spectrum of P, is contained in a disk of center O and radius less
than |k(v)|. For an operator A we denote by o (A) its spectrum and by r(A) its spectral radius. These properties are
based on the estimations below and [28,30]. The following simple but basic fact was observed in [19]. For reader’s
convenience, we give its proof.

Proposition 3.1. We have
Py f (1) =E(Xu(S7) £ (X3)).
Proof. If n = 1, then the formula above coincide with definition of P,. By induction, we have
Pl f(x) = P(X, P} f)(x) =E[X,(Mx + Q) (P f)(Mx + 0)]
=E[X,(Mx + 0)X(5,57¢) £ (X,779)]

=E[X(5))/ (X2)]- =

The following proposition gives the basic estimations which allow the use of [28]. Similar estimations were used
in [34,35] for different purposes.

Proposition 3.2. There exists D = D(6) < 0o such that forany v € V,n € N, 0 < a we have

|P} f|, < DIflo. (10)

If2 4+ ¢ <a,e < 1,0 < 2A, there exist constants C1, Co» >0, p € [0, 1) depending on 6, ¢, A such that for any n € N,
.f € BG,S,)M Ve V7

[P} fles = C1o"[flea + Calvl I flo (11
Proof. Notice that
X=X +,(x —y), (12)

where IT,, = M,M,_1 --- M. Writing X,, = Xg, by Proposition 3.1 we have

|f (X3 .(1+|Xﬁl)9}
A+1XD7 (14 [x)?

(1 + Xl + |an|>9}
(1+]x]?

<37 FIeE(1 + (X, | + [1T,1)
<31 £l (1 +EIX, ) + C(c(0) +€)"),

7200l <5

< |f|9E|:

where 0 < €’ <1 —«(0) and C is a constant. If we set D = 37(1 + sup,, E|X,|® + C) < oo, the first inequality (10)
follows.
Now we turn to the proof of (11). By Proposition 3.1, we have

Py f ) = PP =E[X () (£ (X5) = f (X2)) ] + E[(A(Sy) = Xo(82)) S (Xn)]-
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Without loss of generality, assume that x| > |y|. Let

_ B SHKXG) — FI
lx = yI° (0 + XD+ [yh*

_ EI&(S,) — X (S) f (X))l
lx = yI°(1 + [xDA(1 + [yD*

Ji(x, y)

Ja(x, y)
The first step is to estimate J;(x, y).

T, y) <E(lF(X2) = £(XN)]/(1x =y + 1) (1 + 1y1)7))
IXE — X5 (141 X5D* (1 + |X,’;|)A>
e — v (1 + [x A1+ [y

[T, 1° (1 + X | + [ Tux DM (141 X | + IUnyI)A>
(1+ xD*(L+[yD*

< [f]a,k]E<

< [f]a,;\]E<
< s B (141X, + 1,1)*)
< 32A[f]£,A(E|Hn|8 + ]E|Hn|2)“+8 + (]Elnn|2A+a)8/(2/\+8) (E|Xn|2x+a)2k/(2)»+8)).
Proposition 2.2 allows us to choose €; > 0 and a constant A such that
max{/c(s), k(M + 8)} +e <1,
and for all n € N,
E|T, 7 < Aj(k@r+ &) + )", BT, |° < A1 (k(e) + )"

Now setting

p=max{k(e) + 1,62 +2) +er, (€2 +e) + 1))
and
c =3% <2A1 + (A4 sup(E|Xn|2HS)2A/(2A+8)>,
n
we have

TG, ) = Cip"[f e 13)
Now we are going to estimate J,(x, y). Observe that
[ 1] <20x[|yl° and Sy — Sy = Zu(x — ),

where Z, = Y ;_ My --- M;. Using these facts, we get

|1Za1° (1 + 1X31)° }
(I + XD+ [yD*

1 Zn|* (14 1 Xn] + [Ty - Iyl)e}
(L+ XD+ [yD*

<230 FI0E[IZal (1 + X l® + 11T17)].

Ja(x,y) SQIUISIerE[

§2Iv|e|floE[
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To finish our proof, the left thing is to prove the uniform boundedness of the expectation in the last expression. For
s < «a, by the properties of « (s), there exists €; > 0 and a constant Ay > 1 such that

k(s)+e <1 and E|M,]" < Ag(k(s) +¢)".
Then if s < min{1, «},

n n
E|Z,[ <14 ) BTl < A Y (k(s) +e)",

m=1 m=0

and if s € [1, @),

EIZ,l" < (1 + Z(Elﬂmls)'“) < (As AT +es)’”/s> .

m=1 m=0

Therefore for s < «,

supE|Z,|* < occ.
n

Also we have that sup, E|X,|? < oo for g < . Now noticing that 6 + ¢ < « and applying the Hélder inequality, we
obtain that

SupE[| Z, (1 41X 1? + |11, |%)] < 0.
n

We set Cy =2 -3% sup, E[|Z,|*(1 + | X,|? 4 |I1,|?)] and thus
Ja(x, ) < Cavl*| flo. (14)

Finally combining (13) and (14) we obtain that

[P0 F1o =50 (1 () + 1alx, 1) < C1p" e + Calvl| flo. -

Proposition 3.3. Assume that 2A + € < «. Then, for any v # 0, the equation P, f =zf, |z| =1, f € Bg.» implies
f =0. In particular, r (P,) < 1.

If supp it consists of similarities, this is Lemma 3.14 in [5]; in view of its role here we give the proof.

Proof of Proposition 3.3. Assume that P, f = zf for some nonzero f € By . Then the function f is bounded.
Indeed for every n

|fo] =" f)| < P"(1f1) (),
hence

)] = lim P"(I£1)x) = n(l£1)-
Next observe that since f is continuous, on the support of 7 the function | f| is equal to its maximum and without
loss of generality we may assume that this maximum is 1. For every n and x € supp 7, noticing that z" f(x) =

E[e!-Sa) £ (X3)] and using a convexity argument, we can show that

2 f(x) =S F(XE),  Pae.
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Hence for every x, y € supp,

S Giw zuy—xy _ LX)

=L 2 15
o F(Xa) (4

where Z, =Y} _, M --- M;. By the Holder inequality and since | f| = 1, we have
XX
limsupE I ';,) - 1‘
n—>oo f(XI‘l)
. A A
< [fleaTimsupE[[ X5 — X3 ["(1 4+ |X3[)" (1 + [ Xa])"]
n—o0

= [f1es limsupE[|M, - My (x — )| (1+ | X2 )" (1 + | X2])*]

n— oo

<[fenlx — yIf limsup[E|M,, - - - My [P +6]7/ 4+

n— oo

hmsup[E(l + |Xﬁ’))\+s/2(1 + |Xr);’))»+s/2]2)n/(2)u+s).

n—o0

By our assumption, the first limit is zero and the second one is finite. Hence

, X3 ‘
1 E —1
e L F )

Therefore for P a.e. trajectory w there exists a sequence {ny} = {ny(w)} such that

FG)

im =
ng— 00 f(Xryzk)

By Proposition 2.5, lim,_, o Z,(w) = Z(w) exists a.s. Hence letting k — oo we obtain that there is §2g such that
P(£29) = 1 and for w € £29,

SO _ 0. 2@)y) _ 2 @x—y).

f»)

We are going to prove that this leads to a contradiction whenever v # 0. We choose x;,y; € suppn, j=1,...,d
with x; — y; spanning V as a vector space. Such points exist because the support of 7, as a set invariant under the
action of supp i, is not contained in some proper affine subspace of V. Let 1, be the law of W(w) = Z*(w)v. Then
for every j the support of 7, is contained in the union of affine hyperplanes | J,.,{H; + ns;v;}, where H; is some
hyperplane orthogonal to v; = x; — y; and s; is appropriately chosen constants. Taking intersection of all such sets
defined for every j we conclude that supp 7, is contained in some discrete set of points, hence supp n, is discrete.
This contradicts Proposition 2.1.

For the last assertion we observe that in view of Theorem of ITonescu Tulcea and Marinescu [28], if z belongs to
the spectrum of P, and |z| = 1 then z is an eigenvalue of P,,. O

The following theorem corresponds to items 1-3 of Theorem 1.2 and is our basic tool for the study of P,.

Theorem 3.4. Assume 0, ¢, A satisfy 0 <e < 1,27+ ¢ <, 8 <2A. Then P, has the following properties:

(1) Py is a bounded operator on By . ) with spectral radius r (P,) < 1;
(2) Ifv#0,r(Py) <1;
3) Ifv=0, P = Py satisfies P1=1,nP =n.

The operator Q on By ., defined by Qf = Pf — n(f)1 has spectral radius less than 1 and n(Q f) = 0. In other
words, P is the direct sum of the Identity on C1 and of an operator on Kex n with spectral radius strictly less than 1.
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Proof. Proposition 3.2 implies that P, is a power-bounded operator on By ., hence assertion 1 follows. Since
bounded subsets of (Bg ¢ 1, || - llo..1) are relatively compact in (Cy, | - |9), the inequality in part 2 of Proposition 3.2
shows that we can apply the theorem of Ionescu-Tulcea and Marinescu (see [28]) to P,. In particular, if for some
veV,r(Py) =1, there exists f € By, and z € C, |z] =1, f # 0 such that P, f = zf. If v # 0, this contradicts
Proposition 3.3, hence assertion 2 follows.

If v =0, part 2 of Proposition 3.2 gives: [P"0 f]. 1 < p1[f]e for some ng € N, p1 € [0, 1[. We show that f —
[f1e.» defines a norm equivalent to f — | f|p on the subspace Kern = {f € By ,; n(f) = 0}. Since n(f) =0, if
f € Rern, the condition [ f] » = 0 implies f = 0. Hence f — [f], is a norm on Ker n, which satisfies [ f]¢ 1 <
[l fllo.e.x- Since ¢ < 1 we have

| £ = FO] < [flealx = yI°(L+ 16" (1+ 1y 1)
< AL e (L IxPFE) (L4 1p1).
Since A + & < 6 < a, we have 1 + |x|**¢ <2(1 + |x|?) and [ |y|*** dn(y) = D < cc. Hence, using n(f) = 0:
| f)] <81+ D)[flea(l+ Ix[?),
ie. | flo <8(1 4+ D)[fle.1- The equivalence of norms follows.
We can write By ., = C1®Ker 5. Since P1 =1 and nP = n, the subspaces C1 and Ker 1 are closed P-invariant

subspaces of Bg ¢ 5. Since Q1 =0, Q can be identified with its restriction to Ker 5. Then the inequality [Q"0 f1,, <
p1l f1e., and the equivalence of norms observed above imply

r(@)<p,  r(@=<p’"<1. O

The study of Py, for ¢ small and v fixed is based on a theorem of Keller and Liverani [30], Proposition 3.2 and the
following easy lemma.

Lemma 3.5. I[fA+2¢ <0 <, § <e¢, there exists C > 0 such that for any y € [A +2¢,0] and v,w € V:
|(Py = Pu) f], < Clo—wl’ll fllg.e.s-
Proof. We observe that
|(Py— Py) f(x)] < / | R — R || (hx) | dpa(h)
< 2o = wl’ [ 1hl’| £ ) FO)|duh + 210 = wl’| 7O [ 1hxt du)
< 2o = wPl e [ 1l (14 ) dieh) + 200 = wPlflo [ el e, 16)
Therefore if we take C = sup, {2 [[|hx[*T(1 + |hx])* + |hx|°1dp(h) /(1 + |x])*+3¢}, then

|(Py = Pu) f|,, = sup|(Py — Pu) f(x)/(1+1x])"| < Clo—wl’| fllg.e.s. 0

In view of Theorem 3.4 and Lemma 3.5, we may use the perturbation theorem of [30] for the family P;,, hence as
in [5,21] we have the following

Proposition 3.6. Assume ¢ <1, A +2¢ <0 <2A <2A+ e <o, ve V. Then there exists tnp > 0,5 >0, p <1 -4
such that for every t € R with |t| < ty:

(a) The spectrum of Py, acting on By ¢ ) is contained in G ={z € C; |z] < p}U{z€C; |z — 1| < §}.
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(b) The set o (Pyy) N{z € C; |z — 1| < 8} consists of exactly one eigenvalue k(tv), the corresponding eigenspace is
one dimensional and lim; o k(tv) = 1.

(¢) If myy is the spectral projection on the above eigenspace of Py, there exists an operator Qy, with r(Qyy) < p,
Ty Qpy = QT =0 andfor everyn € N, fe B@,s,k,

Pl f =k @v)mn (f) + Q5 ().

Furthermore k(tv), 7y, Qs depends continuously on t.
(d) For any z in the complement of G:

l=P) " fllgps < DU fllosen
for some constant D independent of t.
This statement allows us to complete the proof of Theorem 1.2. For ¢ small define the function g;, = 74, (1). Hence

Prygry = k(tv)gro.

Then for any function f in By ., we define &, (f) € C by 71, (f) = En (f) &rv-
We will be able to get the asymptotic expression of k(tv) for r small through the use of a new family of operators
T;,» on By . ) defined by

Ty f(x) = / Ao+ 0) f (8% (x + v)) du(h).

Then T, = To,», Tyny = 1y, Where 1, is the stationary measure for the Markov chain W,,. It turns out that the analogues
of Theorem 3.4, Proposition 3.6, are valid for the family 7; ,. Therefore, for small values of ¢, the spectrum of T; ,
in some neighborhood of 1 consists of only one point k*(¢, v) which satisfies |k* (¢, v)| = r(T;,,). We denote by
thv the dual operator on IEB;\ e of T; . One observes that for any v € V, the function X, belongs to By ., and
1 X llg.e.5 < 14 2|v|®. It follows that for any £ € IB%;’M,

Ew) =€)
plays the role of a Fourier transform for £ and
[E@)| = (14 210F) 1 llg.e.0-

The following relation between Py, and T; , plays an essential role in the calculation of the asymptotic expansion for
k(tv).

Proposition 3.7. Foranyt eR,ve V\{0},£€By _,,
Pry(Eot)=(T,E)ot.
Proof. As in [21], the proof is based on the definitions of X, T; , and the fact that the map x — 7x commute with

x — gx for g € G. However, in view of its role here, we give it explicitly. Since x — gx (g € G) and x — tx
commute:

Tro (X)) = / X5+ 0) X (85 + 1)) da ()
- / Ao (5 + V)Xo gy (v + v) A () = / Xograny (v + v) dua(h):
Pu@on)(x) = / / Hro(gx + b)Xy (1 (gx + b)) dE() du(h)

= / / Xy (1 (g + ) dE(y) da(h) = (T, (X)) = T, E (1), 0



338 Z. Gao, Y. Guivarc’h and E. Le Page

As in [21], this proposition allows us to construct an eigenfunction of P, from an eigenfunctional n; , of T; ,,
hence in Section 4 it will lead to the expansion of k(zv) at t = 0, using the following result (see [21], Corollary 2):

Corollary 3.8. Assume 1, € By , ; satisfies

T[Tvnt,v = k*(t, U)nt,vv nt,v(l) =1.

If e < 1/2, there exists t3 > 0 such that if |t| < t3, the function

wtv:n/t,\vot

is the unique normalized eigenfunction of Py, (with value 1 at 0) acting on By . ) and corresponding to the eigenvalue
k(tv), i.e.

Pry(Yry) = k)Y,  ¥r(0) =1.

Moreover k(tv) = k*(t, v) and
(k(tv) — W) = 0¥ (Xw — 1))-

Remark 3.9. In particular, using assertion c of Proposition 3.6, we see that limy 0 ||+, — 1]lg.¢.0 = 0. Since n defines
an element of By ¢ 5., we have lim; o n(Y; ) = 1.

4. Asymptotic expansion of eigenvalues in terms of tails and the proof of Theorem 1.1

Using the techniques of [30,35] and the above results, we deduce from Proposition 3.6 the following result (see [5],
Proposition 3.18):

Proposition 4.1. Assume additionally that A + 3¢ < 0, 21 + 3¢ < «o. Then the identity embedding of By ¢, into
Bo ¢ o+ is continuous and the decomposition P, = k(tv)m;, + Qyy coincide on both spaces. Moreover, there exist
constants D > 0 and t; > 0 such that for |t| < t1, we have if |v| < 1:

@) 1Py — P) fllo.ente < DItIFN fllo.e.s
(i) [[k(tv)wy — 70) fllo.e.n+e < DItI°N fllo.e.05
(i) [|(wry — 7o) fllo.e.nte < DItIN fllo,e.15
1v) Qo — D fllo.er < DItIEN fllo,e.ns
(v) llgro — Ulg,en < DJt]%;
(vi) |k(tv) — 1| < D[t]*;
(vii) &y is a bounded functional on By . ) with norm at most D|t|°.

The following theorem is a consequence of Propositions 3.8, 4.1 and the homogeneity at infinity of stationary
measures, given by Theorem 2.4. It is a detailed form of Theorem 1.3.

Theorem 4.2.
@ If0<a <1, then

. k(rv)—1
lim —— =C,
—0, @ «(®)
with

Calv) = f(xv(m 1)) dAG).
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() Ifa =1, then

o k(tv) — 1 —1{v,8())
lim

t—04 t

=C1(v)

with

(v, x)
1+ |x)?

Ci(v)= /V ((Xv(x) —)ip(x) —1i )dA(x)

and §(t) = [, ﬁ dn(x). Furthermore there exists a constant K, with K, = c| +4A/log2 + f|x|>1 x|/ +

|x |2) dA(x) (A is given in Theorem 2.4) such that

K, |t||logt]|, |t] <1/2,
|5(t)|§{l(*|t|, It > 1/2.

© Ifl<a<?2,

. k(tv)—1—1i(v,tm)
lim

t—04 1%

= Coz(v)s
where
Cy(v) = /((Xv(x) — l)ﬁ]}(x) — i(v,x))dA(x).

d) fa=2,

k(tv) — 1 —i(v, tm)
m
1—0 t2|log |t]|

=2C2(v),
where
1
Co(v) =~ / ((v, w)? +2(v, w)n, (w*)) doa (w)

is a quadratic form.
(e) If o > 2, then

11—
lim k(tv) = (v, tm) =Ca4+(v)

t—0

with
1 _
Cor () = =54 (. 0) = q(v. (1 = 27)'<").

The proof is based on estimations of Py, ¥y, 1, which are valid here, as in [5], Theorem 5.1; these estimations
are formal consequences of the homogeneity statements in Theorem 2.4, Corollary 3.8, which in turn correspond to
relations (2.2), (2.3) and Lemma 3.23 of [5].

To prove our Theorem 4.2, we need further properties of the stationary measure 7. In particular, essential use is
made of the homogeneity at infinity of 5 stated in Theorem 2.4. Also Lemmas 4.4, 4.5, 4.6 are used in the proof. The
comparisons stated in these lemmas are based on the general Lemma 4.3, will allow to estimate expressions of the
form f v f(t, x)dn(x) for [¢| small. We denote by /; the interval [—1, 1]. For the proof of the lemmas below, see [5],
Section 4.
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Lemma 4.3. Let [ be any continuous function on 11 x V satisfying

D5 glt"*P1x|P,  for |tx| > 1;

Dy 1747 x|, for |tx] <1, an

\f(t,X)If{

where B <a,y +8>a and § > 0. Then

1imi/ F(t,x)dn(x) =0.
%4

t—0 |t]*

Now we present some properties of the eigenfunction v, . To do this, we will need some further hypotheses on the
parameters 6, ¢, A and from now on, we will assume additionally that

ifl<a<?2, thenl+A+4+e>a,
ifoa=2, thenA+2e>1,
ifaa>2, thenA=1.

It is easy to prove that there exists 6, ¢, A satisfying all the assumptions in our theorems and the conditions above.

Lemma 4.4. There exists D" such that
o (x) = My (ex)| < D[t |x[°,  for |tx| > 1;
[ Vo (x) = (tx)| < D"|t|%|ex|7, for x| <1,

for t =min{l, A + &}.

Corollary 4.5. Ifa <2, then

o _
lim —— /V (X (1) = 1) (10 (0) = T (120) d ) = 0.

t—0 |t]*
We will need also the speed of convergence of 1 () to 1.

Lemma 4.6. Assume v is fixed. Then there exists D" > 0 and t3 > 0 such that for |t| < t3, we have
|1 _ U(wtv)| < D///|t|min{1,k+8}.

As an example of how to use the above estimations and the basic Theorem 2.4, let us consider in more detail the
cases @ < 1 and o = 1. For the cases « €1, 2], « > 2 we refer to [5], Section 5.

Proof of Theorem 4.2. Case o < 1. We use the expression of v, k(tv) given by Corollary 3.8 and write for ¢t > 0,
1 1
,_a(k(”)) — () = = (A (220) = 1)y (x) A (x)

1 ~
= [ (@0 - DR anw

tOl

1 —~
+ o /(Xv(tx) — 1) (Vi (x) — 70 (1)) Ay (x).

We observe that the function f, = (X, — 1)7, satisfies the regularity and growth conditions of Theorem 2.4 since
fv(x) is bounded and | f, (x)| <2|x| for |x| < 1. Hence the first term converges to

/ (X (0) — 1) () dA).



Stable laws and spectral gap properties for affine random walks 341

The use of Corollary 4.5 shows that the second term has limit zero, hence the result follows from Remark 3.9.
Case a = 1. Using Corollary 3.8, we see that

1 [k(tv) — 1 —i(v, 8())]
= (1@ (1Yo (Koo — D) = i{v, 8@))) +i(1 = n (W) (v, 8(1))]
=) [0 @) + 120 +I30)],
where

(v, x)

I =1" /V<77\v(tx)(Xtv(x) —1)— ifm

)dn(x),

Ta() = 17! fv (W0 () — 7 (1)) (Fro () — 1) d (),
Ti3(0) =it (1 = n (W) (v, 8(1)).
By Corollary 4.5,

lim Ji2(¢) =0. (18)

t—04

Next observe that the function fi(x) = 7, (x)(X,(x) — 1) —1i W.x) - satisfies the growth condition (7) in Theo-

1+x|?
rem 2.4. Indeed f; is bounded and for [x| <1,
- . {v,x)
| f100)] = (7 (x) = 1) (X (x) — 1) | + X”(x)_1_11+|x|2

<20v] x| 1% = Hlg e +4(10] - 1x])?
< 8o] - x|+ 4 (o] - [x1)?,
where in the last step, we use the estimation
1 = Tlge0 < 4l |™n0AFe),
which can be shown by direct calculation. Thus by Theorem 2.4, we have that

Jim iy (1) = A(f) = C1 (). (19)

Now the left thing is to evaluate the term J3(¢).
We first need to show the following properties of §(z):

K |tlogle]l, |r] <

HG] 5[

1.
2 (20)
2

with K, =c1 +4A/log2 + fx|>1 lx|/(1 + |x|*)dA(x), ci a constant and A given by Theorem 2.4. For |t| > 1/2,
(20) is obvious.
For |t] < 1/2, we write

50| s/v|rx|/(1+|tx|2)dn<x)

|tx| [tx| [tx|
=/ ———dn(x) + ———dn(x) + ——— dn(x).
lx|<1 1+ |rx] 1<lxl<1/1) 1+ |2x] lel>1/1 1+ |2x]
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The first integral is bounded by |¢|. By Theorem 2.4, the third one, divided by |¢|, converges to fl dA(x) as

x|>1 1+‘ |2
| tends to 0. Applying Theorem 2.4, we see that

[log, 71|

|1x|
/1 TH g e = > 2 (x> 2¢)

<lxl=i/le 1A+ Jex =0

[logy |]] 4
< Alt 2ktly=k =~ Alt||log |¢]].
< Alt| I;) < g3 |t[[log |¢]

(Here by convention, when |log, ||| is not an integer, the summands are for all k no larger than |log, |¢||.) Then (20)
follows. Combining (20) with Lemma 4.6 we obtain

lim J3(¢) =0. 21
t—04

By relations (18), (19) and (21), we have

. k(tv) —1—1(v,8()) _
Jm Il =G, -

Proof of Theorem 1.1. In view of the continuity theorem, it is enough to justify that the characteristic functions of
the normalized sums S; converge pointwise to a function which is continuous at zero and to show full nondegeneracy
of the corresponding law. The convergence follows easily from the asymptotic expansion of k(fv) at t = 0 given by
Theorem 4.2. Also if @ € [0, 2], using formula (5) for C, (v), the nondegeneracy proof is based on Re C, (v) < 0 for
v # 0 and is the same as in [5], since, using Theorem 2.4, supp A is not contained in a hyperplane and A, # 0 is
o-homogeneous. If o > 2, the argument is the same as in [5] and is based on the order 2 differentiability of (%),
since for t # 0 r(Psy) < 1, which follows from Theorem 3.4. The invertibility of I — z* follows from the fact that
r(z*) =r(z) < 1, which is itself a consequence of r(z) = lim,_ oo (B(IM|")/" < lim,_, oo (B(|M,, - - - M1 )/ =
k(1) <1. (Il

5. On the limit laws of the normalized Birkhoff sums

Here we use the results of [22] in order to give more precise formulas for C, (v) defined by (5). For a Radon measure
o we denote by p the push-forward of p by the symmetry x — —x. We recall from Section 2 that the p (f1)-stationary
probability measure o, on S~! was defined by A = co, ® £% with ¢ > 0. In order to write detailed formulas for A,
(v € V \ {0}) we need to distinguish two cases I and II. In case I, [supp jt] and [supp i1]* have no invariant convex
cone and we have A, = c*(v)o} ® £* where ¢*(v) > 0 if v # 0 and o is the unique pq (f1*)-stationary probability
measure on S~ !. In case I, there are two extremal p, (j1*)-stationary measures on Sd_l, a(; and ao’l/ , which are
symmetric of each other (hence o] = &) and which are supported by the two [supp f£]*-minimal subsets of se-1,
Then, using Theorem C of [22], we get that there exists two nonnegative functions ¢’(v), ¢”(v) such that

Ay = () (0], ® %) + " (v) (o ® L)
and c*(v) = ' (v) + ¢’ (v) > 0 for v £ 0.

Proposition 5.1. With the above notations we have, if « € (0, 1) U (1, 2):
In case I, A, (/Tl) =roc*(v), where rq = (0} ® Z“)(/Tl) <0, c*(v) > 0ifv#0, c*(v) is a-homogeneous, and
c*(—v)=c*(v).In pamcular the stable limit law for S, is symmetric.
In case Il, A (A )= (W)Y + (V)Y where vy = (0, ®£°‘)(A ), Reyy <0, c*(v) =’ (v) +/(—v) >0 if
v #0, and ¢’ (v) is a-homogeneous.
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Proof. In view of the above observations, it remains to study ¢*(v), o2, ¢/(v), ¢”(v). This follows from Proposi-
tion 2.5, in particular from the relations

v

Ap=tYA, fort>0and A_, = A,.

In case I, using A, = c*(v)(a ® £%) and the symmetry of Ay, A_y, we get that o is symmetric and ¢*(v) =
c*(—v). The symmetry of o} gives that roy = (0 ® Z"‘)(A ) is real and the condition Re Cy (v) < 0 gives r, < 0.
In case II, the symmetry of Ay, A_y gives:

' (—v) (g ® £%) + (V) (o ® £*) =’ (v)(64 ® £*) + " (v) (6, @ £7).

Since o, and o) = &, are supported by disjoint sets, we have ¢’(—v) = ¢’ (v). Also since Yy, = (0, ® E“)(A ), we
have (cr” ® Z"‘)(A )=(6,® (AN = V-
The homogeneity of c*(v) ¢’ (v) follows from the relation A,, =t*A, if t > 0. (I

Few informations on the constant ¢, which enters in the expression of C (v), seem to be available in the literature
for d > 1. See [13,21] for d = 1. Furthermore, in order to deal with estimation problems in extreme value analysis
of generalized GARCH models (see [37]), we need to have control on the function Cy(v). To go further, we use
the results of [22]; hence we complete the notations already introduced. For s € [0, so0) We denote by v} the unique
probability on P41 which satisfies

(v;k ®€S)_* = /c(s)(v;k ®€S)

and we write p(s) = f [(X, ¥)|® dvs(x) dv}(¥). We consider the function e; on PA=1 (or 41 given by

p(s)es (B) = / (2. 5[ dvr (),

so that vy (eg) = 1.

We know from [22], Theorem 2.6, that e is continuous, positive and that the function f; on V defined by f;(v) =
es(D)|v]° satisfies P f; = k(s) f;.

In case II, there exist two probability measures 65 (resp. 6;°) on S?=1, which are symmetric to each other and are
extremal solutions of the equation

(0; ® )P =k(s)(0; ®L*) (resp. (0 ® £°) P = (5)(6; ® £%)).

We denote these solutions by o, 1, o5, _(resp. o,

Define the function e, 4 on S~! by

0}). We define ¢4, c_ by coy = ¢4 0y + + C—0q,—.

p(s)es 4 (x) = /(56, )% dog(3),

where (x, y)4+ = sup({x, y),0). So that o5 4 (e5s,+) = 1, and the function f; + on V given by f; +(v) = e +(v)|v]*®
satisfies P fy + =k (s) fs 4.

We will use the quantities d = ¢y — c—,d*(v) = ¢'(v) — ¢/(—v). For 8 > 0 we will also consider the Banach
space Cy already introduced in Section 3, and the weak topology on its dual space, a space which consists of the
finite measures on V with finite moment of order . This topology will be called weak topology of order . With the
notations of Section 2, we consider the law 1’ of the random variable R — Q, where

oo
R=0Q+) MM-- My Q1.
k=1

This measure 1’ plays an important role in the discussion of C,(v), due to the following proposition, first part of
which extends previous results of [6,13].
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Proposition 5.2. With the above notations, we have for 0 <s < «:

(n=n)f) =1 —c®)nfs) (resp. (n—1")fo4) = (1 =k (®)n(fs.4)).
The function (a — s)n(fy) (resp. (@ — s)n(fs,+)) extends analytically to [0, o + 8] and

im (@ = s)n(f)=mg (n—n)(f) =c¢

(resp. tim (@ =s)nCfi) =mg" (1= 1) fu) =)

In particular, if T is a probabilityon V and u =1 @ it on H =V x G, then c (resp. cy) depends continuously on T
in the weak topology of order a.

Proof. We denote’s = max(s, 1), K1 = sup{es(v); s € [0, +8],0 € S?=1} and take € € (0, 1) suchthat 0 < s < o —e.
Since f;(v) = es(v)|v|®, Proposition 2.1 gives that f;(R) is dominated on [0, — €] by K;E(1 + |R|*™€) < 4o00.
Hence 1(fs) = E(fs(R)) defines a continuous function on [0, &). The same argument is valid for ' (f;) = E(fs; (R —
0)). With the notations of Section 2, we have R = Q + M R', where R is independent of (Q, M) and has the same
law as R. It follows n — ' = — P, hence on [0, &),

(n—n")(f)=n(f) —n(Pfo)=(1—«)n(f),
(a —)n(fy) = (n—n")(fy).

oa—s
1 —«(s)
Using the strict convexity of « (s) given by Proposition 2.2, we know that

oa—Ss

1
— and 1—«(s)#£0 fors#0,a,

lim =
s—a—1—x(s) mgy

hence lf;(ss) defines a continuous function on [0, @ + §]. On the other hand, we have (n — 7" )(fy) = E(fs(R) —

fs(R — Q)). But from above, we have p(s) fy(v) = [ [(v, y)|* dv}(y), hence
P £s) = f(v)] <o -0,
PO f:(R) — f;(R— Q)| <FIQF < max(e +35, 1)(1+[Q[**).

Hence f;(R) — fs(R — Q) is dominated on [0, « + §] by the P-integrable function max(1, & 4 8)(1 + |Q|“+5). It
follows that (n — n")(fs) is well defined as an analytical function on [0, @ + 8] and gives the required extension of
(o —s)n(fs) to [0, o +6].

Next we are going to prove the formula

lim (o = $)n(fy) =c.

The proof is similar to the calculation of the limit of a(v) in the proof of Proposition 2.5, hence we give only a
sketch.
Denote H(t) = fes(ﬁ)l[,yoo)(|v|)dn(v) for s € [0, o], t € (0, 00). Then we will get that

[v]
r/(fs):/es(ﬁ)|v|sdn(v):fv(/0 st_ldl)es(ﬁ)dn(v)
=/Oosts_1Hs(t)dt.
0

Observe that for s € [0, ], t € (0, 00), |Hy(¢)| < K1 < co. If we denote ' = t"‘(t_l.n), then

1 Hy (1) = / 111,00 (10])es (3) dn’ ().
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By Theorem 2.4, the equicontinuity of the family es(v), and the fact that e (v) is bounded by K| with A-negligible
discontinuities, we get for ¢ large,

tYH, (1) = cog (es)0% (1, 00) + (1) = ca_laa(es) + €5 (1),
where €5(t) = o(1) as t — oo uniformly in s € [0, «]. As before, we take a function p(s) on [0, ), which satisfies

lim p(s) = +o0, lim (o —$)p*(s) =0, lim p* “(s)=1.
S—>o_— S—>0_ S—>0_

Now we decompose the integral (o — s)n(fs):

(s)
@—9)nf) = (@) /p SHo(0r* ) dr
0

oo

9]
+ (@ — s)/ st eq ™ oy (e) dt + (o — s)/ e (Ot~ =1dr,
pe) p(5)

The first term and the third term tend to zero, and the second term tends to c. So we get that lim_, o— (@ — s)n(fs) =c.
The same proof gives the corresponding formula limg_,o— (o — $)n(fs,4+) = c4+.
In order to show the last assertion, we use the formula myc = (7 — ') (f,) and we observe that (n — ') (fy) = n(7)
with T(v) = f(fa (v) — fo(v —q))dz(g). We note the following four properties of 7, n:

2| < K, / g1 dz ().

o
’

|T(v) — (V)| < 2K max(e, D|v — 0

oo
/|v|6dn(v)§C/|q|€dt(q) WithC=E(1+Z|M1~~Mk|€> < 00,
k=1

if lim 7, =7, then lim 5, =7n.
n—oo n—oo
In the last property the limits are taken in weak topology and 7, is the stationary measure corresponding to .

The continuity of ¢ depending on t follows since if 7, converges to t in the weak topology of order «, then if
T,(v) = f (fu(v) — fo(v—¢q))dr,(q), the first two properties above imply the dominated convergence of 7, to T, and
the last one gives the convergence of 71, (7,) to n(7).

The proofs of the first two formulae are based on the definition of 7. The third formula follows from Proposition 2.1.

For the last property, we know that, because of the third property, the sequence 7, is relatively compact in the weak
topology. If P, is the convolution operator on V corresponding to i, = 7, ® [, and if the subsequence n,, converges
weakly to n!, then Ny Pn, converges weakly to n'P. Hence n' P =n', n' =n and 1, converges weakly to 7. The
analogous result for ¢ follows from a corresponding argument. ]

The formula Cy (v) = amy Ay (/T 1) can be made more explicit as follows

Proposition 5.3. With the above notations, for o € (0,2), a # 1, we have:

In case I Cy(v) = —mawp(a)cc*(v) cos 5.
In case II: Cy(v) = —mygy #p(a)(cc*(v) cos Gt — idd* (v) sin &F). In particular, Cy (v) is real if and only if
Cy =C—.

Proof. We use the classical formula (see [27]):

/00 el — 1 rid—aow)
0

T dx=—— %2 if0<a<1,1>0.
xotl o
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If t < 0, the value of the corresponding integral is the complex conjugate of the above integral; for 1 < « < 2, the

same result is valid for the integral fO ‘”a—1+11zx dx instead of the left hand side of the formula.

In case I, the definition of Av(/T 1) gives for 0 <« < 1:
Av(xl) =cc*(v) /(XV (tx) — 1)1(0,00) ) 111,00 (t’) dog (%) dojy (y) de (¢) de” (t’).
We note that «£% (1, co) = 1 and by the symmetry property of o, o,

p(@) =2/<i,i)1 dog (¥) dog (3).

Then we get:
[e'9) 1t (x,y)
aA —cc (v)/dcra(x) doy (y)/ T dr
N Gl Pt ()2 4 e7/?) / (%, 7)Y dog (¥) dogs ()
o
I'l—a)

=————"cc*(v) p(a) cos E.
o 2

The stated formula follows and remains valid for 1 < o < 2.

In case 11, the calculation is similar, using the definitions of ¢, d, ¢*(v), d*(v).

Incasel, Cy(v) = amaAv(/Tl) is real, as the above formula shows.

In case II, the formula gives that C, (v) is real if and only if dd*(v) = 0 for any v # 0, i.e. (cx — c_)(c'(v) —
' (=v))=0.

If v € supp(0},), the convex cone generated by supp(oy,) is invariant under supp(u}). It follows that the mea-
sures 7y, A, are supported by this cone, hence ¢’(v) > 0, ¢/(—v) =0, and ¢’(v) — ¢/(—v) > 0. Then the condition
(cy —c_)(c'(v) — ' (—v)) =0 for any v # 0 is equivalent to ¢ = c_. |

For t > 0, we consider the automorphism u; of H defined by u;(h) = (tb, g) where h = (b, g), and we write u; (1)
for the push-forward of u by u;.
If u satisfies condition C and 7 is the corresponding stationary measure we denote:

A = lim 2, AW = Al ().
x—04

and we write c(t), c4 (1), c—(t), Cy (v, t) for the quantities ¢, ¢, c—, Cy(v) associated with u, (). Furthermore, let 7
be a probability on V such that [ |g|**® dro(g) < oo,

7 = (1 — 1)1 + 1o, =T QL (te[osl])

and denote also by ci, e, ct, C(; (v) the quantities cy, c—, ¢, Cy(v) associated with ;. We see that u, satisfies con-

dition C, since ft satisfies condition i-p and d > 1. In the following corollary we gather some consequence of the
above propositions, which give information on the above quantities.

Corollary 5.4. Fort € R*, we have A(t) =t.A. Ift > 0, then c(t) =t%c, c+(t) =t%cy, Coy (v, 1) = t*Cq (V).
If the law of Q is symmetric, then c; = c_ and Cy(v) is real.
Furthermore ¢!, c'_, c', Cl(v) depend continuously on t. In particular, if supp ji preserves the proper convex
cone C C 'V and 19(C) = 1, then the values ofcg_ — ¢t for t €10, 1] fill the interval [—cg_, 03_]. Ifa <1 and suppu

preserves the proper convex cone X, C V, then the limiting law of n='/* S is supported on X.

Proof. The assertions for A(t),c(t), ¢4 (1), c—(r) follow directly from the definitions. The formula Cy(v) =
amg Ay (AY) implies Cy (v, 1) = 1% Cy (v). If the law of Q is symmetric, the formula R = Q + Z,fil My - My Qi1
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implies the symmetry of the law 5 of R, hence A = lim,_,o, x~*(x.n) is also symmetric; it follows that c; = c_ and
Cgy(v) is real.

Since 7; depends continuously on ¢ in the weak topology of order «, Proposition 5.2 implies that ¢’, cﬂr, Ch(v)
depend continuously on ¢ € [0, 1]. If to(C) = 1 and ¢t = 0, then supp(7p ® i) preserves C, hence 03_ >0,c2 =0and

cg - >0, ci —cl = —cg < 0. Then the continuity of ¢/, — c__ implies that all values in the interval [—cg, cg] are
taken by ¢/, — ¢’ If supp u preserves the cone X and x € X, we have X;' € X, hence by convexity n1/esxy ¢ x.
Then, if @ < 1, the limiting law of n~!/%S¥ given by Theorem 1.1 is supported by X. O

In order to illustrate Theorem 1.1, we consider, as in [17], the following example where d = 2, i = pdy, + p’8;7, and

0<p<lh=p(8 S ' =[() ). b]withe ¢ Qu, p>0,0<i’ <1<, bz0.Then sog = 00, logk (s)

is convex on [0, o[ and if p is sufficiently small, L(iz) = «’(0) < 0. Since &’ is proximal and % is an irrational
similarity, condition i-p is satisfied by [supp ji]. Since 6 ¢ Qm, the limit set of [supp ji] is equal to S and we are
in case I of Proposition 5.1. If o € [0, 2] with o # 1, we get that the limit law of the normalized Birkhoff sum is
symmetric and has Fourier transform e®"«<" «" () where ¢ > 0, ry <0 and ¢*(v) = [v|%c* (D) is positive for v # 0.

If @ = 1, the corresponding limit law is of Cauchy type, with Fourier transform e“"1"! [vle® @), where cmr; < 0,
c*(v) > 0.
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