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CENTRAL LIMIT THEOREM FOR SAMPLED SUMS
OF DEPENDENT RANDOM VARIABLES

NADINE GUILLOTIN-PLANTARD! AND CLEMENTINE PRIEUR2

Abstract. We prove a central limit theorem for linear triangular arrays under weak dependence
conditions. Our result is then applied to dependent random variables sampled by a Z-valued transient
random walk. This extends the results obtained by [N. Guillotin-Plantard and D. Schneider, Stoch.
Dynamics 3 (2003) 477-497]. An application to parametric estimation by random sampling is also
provided.
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1. INTRODUCTION

Let {&;}iez be a sequence of centered, non essentially constant and square integrable real valued random vari-
ables. Let {an, —kn < i < k,} be a triangular array of real numbers such that for all n € N, Zf;_kn az . > 0.

n,i
We are interested in the behaviour of linear triangular arrays of the form
Xn,i:an,ifia nzoala"wi:*kna"wkna (11)

where (kj,)n>1 is a nondecreasing sequence of positive integers satisfying lim &k, = co. We work under a weak
dependence condition introduced in [8]. We first prove a central limit theorem for linear triangular arrays of
type (1.1) (Thm. 3.1 of Sect. 3). Applying this result, we then prove a central limit theorem for the partial
sums of weakly dependent sequences sampled by a transient Z-valued random walk (Thm. 4.1 of Sect. 4). This
result extends the results obtained by Guillotin-Plantard and Schneider [11]. Peligrad and Utev [20] derive a
central limit theorem for triangular arrays of type (1.1) under mixing conditions. Unfortunately, mixing is a
rather restrictive condition, and many simple Markov chains are not mixing. For any y € R, let [y] denote the
integer part of y. It is known since a long time that the stationary Markov chain associated to the dynamical
system generated by the map T'(z) = 2z — [2z] on [0, 1] via the Perron-Frobenius operator is not a-mixing, in
the sense that a(o(T),o(T™)) does not tend to zero as n tends to infinity. Withers [27] proves triangular central
limit theorems under a so-called [-mixing condition, which generalizes the classical notions of mixing (such as
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strong mixing, absolute regularity, uniform mixing introduced respectively by Rosenblatt [22], Rozanov and
Volkonskii [23] and Ibragimov [13]). The idea of I-mixing requires the asymptotic decoupling of the “past” and
the “future”. The dependence setting used in the present paper (introduced in Dedecker et al., [8]) follows the
same idea. In Section 5 we give examples satisfying our dependence conditions. Coulon-Prieur and Doukhan [5]
proves a triangular central limit theorem under a weaker dependence condition. However, they assume that
the random variables &; are uniformly bounded. Their proof is a variation of the Lindeberg method developed
in Rio [21]. Also using a variation of this method, Bardet et al. [2] prove a triangular central limit theorem,
requiring moments of order 2 + §, § > 0. In Section 2, we introduce the dependence setting under which we
work in the sequel. Models for which we can compute bounds for our dependence coefficients are presented in
Section 5. Finally, we give an application to parametric estimation by random sampling in Section 6.

2. DEFINITIONS

In this section, we recall the definition of the dependence coefficients which we will use in the sequel. They
have first been introduced in [§].
On the Euclidean space R™, we define the metric

m

dy(z,y) =Y |z — yil. (2.1)

i=1

Let A = |U,,cn- Am where A, is the set of Lipschitz functions f : R™ — R with respect to the metric d;. If
f € Am, we denote by Lip(f) := sup,_, [f(x) — f(y)|/d1(x,y) the Lipschitz modulus of f. The set of functions

f € A such that Lip(f) <1 is denoted by A.

Definition 2.1. Let £ be a R™-valued random variable defined on a probability space (€2, 4,P), assumed to
be square integrable. For any o-algebra M of A, we define the f5-dependence coefficient

02(M., €) = sup{[E(f(€)|M) —E(f(€))ll2, f € A}. (2.2)

We now define the coefficient ) o for a sequence of o-algebras and a sequence of R-valued random variables.

Definition 2.2. Let (&;);cz be a sequence of square integrable random variables valued in R. Let (M;);ecz be
a sequence of o-algebras of A. For any k € N* U {oc} and n € N, we define

1 ) .
919,2(”) - 11213<Xk YSUP{QQ(M;), (fjm s 7£jz))7p+n <n<...< ]l}

and

O2(n) = 0o 2(n) = :;5 Or.2(n) .

Definition 2.3. Let (&;);cz be a sequence of square integrable random variables valued in R. Let (M,;);ez be
a sequence of o-algebras of A. The sequence (&;);cz is said to be fa-weakly dependent with respect to (M;)ez

Remark 2.1. Replacing the || - |2 norm in (2.2) by the || - || norm, we get the 6; dependence coefficient first
introduced by Doukhan and Louhichi [10]. This weaker coefficient is the one used in [5].
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3. CENTRAL LIMIT THEOREM FOR TRIANGULAR ARRAYS OF DEPENDENT RANDOM
VARIABLES

Let {X,:, n €N, —k, <i <k,} be a triangular array of type (1.1). We are interested in the asymptotic

behaviour of the following sum
kn

kn
Yp = Z Xn,i = Z Qp g &

i=—kn i=—kn

Let (M;);cz be the sequence of g-algebras of A defined by

In the sequel, the dependence coefficients are defined with respect to the sequence of o-algebras (M;);cz. We
denote by o2 the variance of ¥,,.

Theorem 3.1. Assume that the following conditions are satisfied:

-1
(A1) () liminfo_ 4o (zf;_k ag) o2 >0,

n

(43) limpy— oo 0,1 MaAX_p, <i<k, |an,i| = 0.
(A2) {€2}icz is an uniformly integrable family.
(As) 65(-) is bounded above by a non-negative function g(-) such that
x+— x3/2 g(x) is non-increasing,
320 2%%g(2%) < oo for some € €]0,1].

Then, as n tends to infinity, 0,13, converges in distribution to N'(0,1).

Remark 3.1. Theorem 2.2 (¢) in [20] yields a central limit theorem for strongly mixing linear triangular arrays
of type (1.1). They assume that {|&;|>*°} is uniformly integrable for a certain § > 0. Such an assumption is also
required for Theorem 2.1 in [27] for [-mixing arrays. In [5], the random variables &; are assumed to be uniformly
bounded. The proof of Theorem 2.2 (c) in [20] relies on a variation on Theorem 4.1 in [25] (see Theorem B
in [20]). The proof of Theorem 3.1, which is postponed to the Appendix, also makes use of a variation on
Theorem 4.1 in [25] (see also [26]).

Remark 3.2. If 65(n) = O (n~%) for some positive a, condition (As) holds for a > 3/2.

4. CENTRAL LIMIT THEOREM FOR THE SUM OF DEPENDENT RANDOM VARIABLES
SAMPLED BY A TRANSIENT RANDOM WALK

4.1. The main result

Let (E,&, p) be a probability space, and T': E — E a bijective bimeasurable transformation preserving the
probability p. We define the stationary sequence ((;)icz = (T%)icz from (E, i) to E. Let (X;);>1 be a sequence
of independent and identically distributed random variables defined on a probability space (€2, .4, P) with values
in Z and

Snzz:Xi,nzl, Sy = 0.
i=1

For f € L'(u) and w € Q, we are interested in the sampled ergodic sum

n—1
Z JoCsy(w)-
k=0
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By applying Birkhoff’s ergodic theorem to the skew-product:

U : OxFEF—-QxFE
(w,z) — (ow, T¥x)

where o is the shift on the path space = ZN, we obtain that for every function f € L!(u), the sampled
ergodic sum converges P ® p-almost surely. A natural question is to know if the random walk is universally
representative for L, p > 1 in the following sense: there exists a subset €2y of {2 of probability one such that
for every w € Qg, for every dynamical system (E, &, u, T), for every f € LP, p > 1, the sampled ergodic average
converges p-almost surely. The answer can be found in [16] if the X;’s are square integrable: the random walk is
universally representative for LP, p > 1 if and only if the expectation of X; is not equal to 0 which corresponds
to the case where the random walk is transient. In that case, it seems natural to study the fluctuations of the
sampled ergodic averages around the limit. From Lacey’s theorem [15], for any H € (0, 1), there exists some
function f € L?(P ® u) such that the finite-dimensional distributions of the process

[nt]—1

1

2 revtan
k=0

converge to the finite dimensional distributions of a self-similar process. Unfortunately, this convergence on
the product space does not imply the convergence in distribution for a given path of the random walk. A first
answer to this question is given in [11] where the technique of martingale differences is used. Let us recall that
this method consists (under convenient conditions) of decomposing the function f as the sum of a function
g generating a sequence of martingale differences and a cocycle h — h o T. In the standard case, the central
limit theorem for the ergodic sum is deduced from central limit theorems for the sums of martingale differences,
the term corresponding to the cocycle being negligeable in probability. In [11], only functions f generating a
sequence of martingale differences are considered. In this section, in which we prove a central limit theorem
for O5-weakly dependent random variables sampled by a transient random walk, this argument does not hold
anymore. We apply Theorem 3.1 of Section 3.

In the sequel, the random walk (S),),>0 is assumed to be transient. In particular, for every x € Z, the Green
function

+oo
G(0,2) = > P(S = x)
k=0

is finite. For example, it is the case if the random variable X is assumed with finite absolute mean and nonzero
mean. It is also possible to choose the random variables (X;);>; symmetric and for every x € R,

P(n_l/“S’n <x) —— Fy(x),

n—-+oo

where F, is the distribution function of a stable law with index a € (0,1). Stone [24] has proved a local limit
theorem for this kind of random walks from which the transience can be deduced. The expectation with respect
to the measure p (resp. with respect to P, P ® p) will be denoted in the sequel by E,, (resp. by Ep, E).

For every function f € L?(p) such that E,(f) = 0, we define

o*(f) =2 G(0,2)Eu(ffoT") —Eu(f?).

TEL

Let us now state our main result whose proof is deferred to Section 4.3.
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Theorem 4.1. Let f be a function in L*(u) such that E,(f) = 0. Assume that the sequence (&)pez =
(f o T™)gez satisfies assumption (As) of Theorem 3.1. Assume that Y ., G(0,2)E,|ff o T%| is finite.
If 02(f) is positive, then for P-almost every w € €,

T€EZ

n—-+oo

1 n
Tn Z foT%@) 5 N(0,0%(f)) in distribution.
k=0

Remark 4.1. In the particular case where (f o T%),cz is a sequence of martingale differences, we recognize
Theorem 3.2 of [11]. Indeed, assumptions are satisfied using orthogonality of the f o T%’s and then, o?(f) =
(2G(0,0) — D)E.(f?).

Remark 4.2. The stationarity assumption can be relaxed to a stationarity assumption of order 2 on the
sequence (&;);cy, if we assume furthermore that the latter sequence is uniformly integrable.

4.2. Computation of the variance

The random walk (S),)n>0 is defined as in the previous section. The local time of the random walk is then
defined for every x € Z by

=0

The self-intersection local time is defined for every x € Z by

n

a(n,x) = Z 1(s,-5,=x}

4,5=0

and can be rewritten using the definition of the local time as

a(n,z) =Y Naly +a) Nu(y).
y€eZ

Let f be a function in L () such that E,(f) = 0. For every w € Q,

zn: foTS) =" N, (x)(w)f o T",
k=0

TEL

In order to apply results of Theorem 3.1, we need to study, for any fixed w € §2, the asymptotic behaviour of
the variance of this sum, namely

2
Ui(f) =E,

n
3 foTsi)
k=0




304 N. GUILLOTIN-PLANTARD AND C. PRIEUR

The variable w will be omitted in the next calculations. We have

2

2f) = Eu|Y Nu()foT*

TE€Z

S Nu(@)Na)Eu(f 0T f)

x,YyeZ

= Y Nt INaWEL(S T )

y,2€Z

= Y o, 2)Eu(foT* f).

Z€EZ

We are now able to prove the following proposition:
Proposition 4.1. If ", G(0,z)E, |f foT?| is finite, then

o2(f) Pas.

n n—+00

a*(f)-

Proof of Proposition 4.1. We first prove the following result: if (b(z)).ez is a sequence of positive reals such
that > ., G(0,z)b(x) is finite, then

% S an(0,2)0(r) 225 93 G(0,2)b(x) — b(0). (4.1)
x€EZL TEZL

For every 0 < m < n, we denote by W,, ,, the random variable
n
= 2. 2 Lsios,=bla).
i,j=m TEZ
Then, due to the positivity of the b(x)’s, for every k, m,n such that 0 < k < m < n,
LL}un S;vvkﬂn +’vahna

that is (Wi n)m,n>0 is a subadditive sequence. Then,

Ep(Won) = — zn: ZP(& — S =x)b(z), by Fubini theorem
1,j=0x€Z
= (00 + 2303 SRS = 2)b(a))
i=1 j=0 z€Z
= (- 10pO) + 2303 SRS, = 2)b(a)).
i=1 j=1 €7

Now, using that

im S OSP(S; = 2)b(x) =Y G(0,2)b(x) — b(0),
j=1z€Z TEL
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we conclude that

. Ep(Won)
1 — = -2 .
m - b(0) EGZG(O,JU)I)(I) < 0o

So the sequence (W, n)m,n>0 satisfies all the conditions of Theorem 5 in [14]. Hence

WO,n P-a.s.

By remarking that Wy, = =3 ., a(n,z)b(x), (4.1) follows. For every x € Z, the function f foT% can be
decomposed as

[ foT*=(f foT")lis sor=soy — (—f foT")lis for=<o}-
By applying the above result to both positive terms of the right-hand side, Proposition 4.1 follows. O
Remark 4.3. Let us consider the simple random walk with P(X; = 1) = p and P(X; = —1) = ¢ with p > q.
Then, for x > 0,
G(0,2)=(p— )7,

G0,5)=(p— )" (f—’)

q
E|h hoT?* < 400, a simple calculation gives

and for x < —1,
If we assume that )
o?(h—hoT) =2 Z [2G(0,2) — G(0,z + 1) — G(0,2 — 1)]E,(h ho T") — 2K, (h*®) + 2E,(h hoT)

z€EZ

p—1_ (p—q) (q)“' .
=2l "® (B + 2B, (hhoT) —2-L—L DY B, (h hoT?).
5 u(h?) + 2K, ( ) o ;21 » u( )

4.3. Proof of Theorem 4.1

Let us define M,, = max |Sg|. First note that
0<k<n

S foT% = 3" Ny(x)foT"
k=0

2| <M,

We want to apply Theorem 3.1 to the triangular array

N, (7 )
{Xn,i: :}f_z)foT’, n €N, —M, SiSMn}- (4.2)

The family {( fo Ti)Q}. is uniformly integrable since f belongs to L?(x) and since the sequence ((;),cy is

i€Z
stationary. It remains to prove that assumption (A4;) of Theorem 3.1 is satisfied for the triangular array defined

by (4.3).

Proof of (A1) (i). First, by Proposition 3.1. in [11], Zij\i’:Mn az ; = a(n,0)/n converges P-almost surely to
2G(0,0) — 1 as n goes to infinity. Then, by Proposition 4.1, we know that o2 (f)/n converges to o?(f), which
is assumed to be positive. Hence (A1)(¢) is satisfied. O
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Proof of (A1) (ii). Now, by Proposition 3.2. in [11], we know that for every p > 0,

1 1
| = <= max Ny(i) = o (n”"3 ) P—al ly.
_MySiEa, Jan.i NG rax (i) =o(n almost surely.
So 0, (f) v/n max_r, <i<n, |an.i| tends to zero P—almost surely and assumption (A;)(i4) is satisfied. O
M,

Hence Theorem 3.1 applied to ) ,~" M, Oni foT?, Proposition 4.1 and Slutsky lemma yield the result.

5. EXAMPLES

In this section, we present examples for which we can compute upper bounds for #3(n) for any n > 1. We
refer to chapter 3 in [8] and references therein for more details.

5.1. Example 1: causal functions of stationary sequences

Let (E,&,Q) be a probability space. Let (g;)icz be a stationary sequence of random variables with values
in a measurable space S. Assume that there exists a real valued function H defined on a subset of SV,
such that H(eg,e_1,6_2,...,) is defined almost surely. The stationary sequence (&,)ncz defined by &, =
H(en,en—1,En—2,...) is called a causal function of (&;);cz.

Assume that there exists a stationary sequence (g;');cz distributed as (g;)icz and independent of (&;);<o.
Define & = H(e,',en—1',en—2',...). Clearly, & is independent of My = o(§;, ¢ < 0) and distributed as &,.
Let (02(2))i>0 be a non increasing sequence such that

IE (1§ = &1 [ Mo)lly < 02(2). (5.1)

Then the coefficient 8, of the sequence (&,)n>0 satisfies
(1) < (). (5.2)

Let us consider the particular case where the sequence of innovations (g;);ez is absolutely regular in the sense of
Rozanov and Volkonskii [23]. Then, according to Theorem 4.4.7 in [3], if E is rich enough, there exists (£});ez
distributed as (g;);ez and independent of (£;);<o such that

1
Q(e; # €} for some i > k| Fo) = 3 Qs — Qe |l »

where €, = (g, €k41,-..), Fo = o(g;, i < 0), and || - ||, is the variation norm. In particular if the sequence
(€4)iez is independent and identically distributed, it suffices to take ¢} = ¢; for ¢ > 0 and &} — &/ for ¢ < 0,
where (¢//);ez is an independent copy of (¢;)icz.

Application to causal linear processes:
In that case, &, = ijo a;en—j, where (a;);>0 is a sequence of real numbers. We can choose

1—1
02(i) > lleo — lla Y lagl + Y lagllleiy — €ijlla -
i>i =0

From Proposition 2.3 in [18], we obtain that

. i—1 ) B(o(er,k<0),0(ek,k>i—7)) ) 1/2
52(0) < lleo = eplls ol + 3 o (2 [ Q2,(w) " au,
=0

Jj=i
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where Q., is the generalized inverse of the tail function  — Q(|eg| > z). In that latter case, notice that
assumption (As) of Theorem 3.1 is satisfied if the sequence (|a;|);, decreases fast enough to zero and if

g0 is square integrable. If the particular case where the innovations are i.i.d., we can choose d2(i) = |leg —
eoll2 22 5i lajl < 2[leoll2 32,5 laj]- Hence (As) is satisfied as soon as |a;| = O (i7?), with b > 5/2.

5.2. Example 2: iterated random functions

Let (&)n>0 be a real valued stationary Markov chain, such that &, = F(§,-1,&,) for some measurable
function F' and some independent and identically distributed sequence (g;);>0 independent of &. Let &} be
a random variable distributed as & and independent of (&g, (€;)i>0). Define & = F(&:_1,e,). The sequence
(&5 )n>0 is distributed as (£,)n>0 and independent of &y. Let M; = 0(§;,0 < j < ). As in example 1, define the
sequence (02(7));>0 by (5.1). The coeflicient 65 of the sequence (&,),>0 satisfies the bound (5.2) of example 1.

Let u be the distribution of & and (£%),,>0 be the chain starting from £§ = z. With these notations, we can
choose d2(7) such that

02(i) 2 16 = & ll2 = <//III€Z” - fﬁ’lgu(dw)u(dy)>l/2~

For instance, if there exists a sequence (dz(7));>0 of positive numbers such that
€7 = €72 < d2(i)]x —yl,

then we can take d2(7) = da(7)||€o — &5 ||2- For example, in the usual case where ||F'(z,£0) — F(y, €0)ll2 < x|z —y]
for some £ < 1, we can take da (i) = K'.

An important example is &, = f(&,—1) + &, for some k-Lipschitz function f. If £ has a moment of order 2,
then d2(7) < &'[|€0 — &5l 2-

5.3. Example 3: dynamical systems on [0, 1]

Let I = [0,1], T be a map from I to I and define X; = T*. If y is invariant by T, the sequence (X;);>o of
random variables from (I, u) to I is strictly stationary.

For any finite measure v on I, we use the notations v(h) = [, h(x)v(dz). For any finite signed measure v
on I, let ||v|| = |v|() be the total variation of v. Denote by ||g||1,» the L*-norm with respect to the Lebesgue
measure A on I.

Covariance inequalities. In many interesting cases, one can prove that, for any BV function h and any k in
LI, p),
| Cov(h(Xo), k(Xn))| < anl|k(Xn)ll1(IRl[1.x + [[dR]]), (5.3)

for some nonincreasing sequence a,, tending to zero as n tends to infinity.

Spectral gap. Define the operator £ from L'(I,\) to L' (I, \) via the equality
1 1
/ L(h)(x)k(x)dA(z) = / h(z)(k o T)(z)d\(x) where h € L*(I,)\) and k € L>(I, \).
0 0

The operator L is called the Perron-Frobenius operator of T'. In many interesting cases, the spectral analysis
of £ in the Banach space of BV -functions equiped with the norm ||A||, = ||dh|| + |||l1,» can be done by using
the theorem of Tonescu-Tulcea and Marinescu (see [17] and [12]). Assume that 1 is a simple eigenvalue of £ and
that the rest of the spectrum is contained in a closed disk of radius strictly smaller than one. Then there exists
a unique 7-invariant absolutely continuous probability ;» whose density f,, is BV, and

L(h) = A(h) fu + 0" (h) - with  [[W"(h)[, < Kp"[[]l,. (5:4)
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for some 0 < p < 1 and K > 0. Assume moreover that:
I, = {f, # 0} is an interval, and there exists v > 0 such that f, >~ " on I,. (5.5)

Without loss of generality assume that I, = I (otherwise, take the restriction to I, in what follows). Define
now the Markov kernel associated to T' by

P(h)(z) = EUu)@) (5.6)

fu(z)

It is easy to check (see for instance [1]) that (Xo, X7,...,X,,) has the same distribution as (Y;,, Y,,—1,...,Y0)
where (Y;);>0 is a stationary Markov chain with invariant distribution p and transition kernel P. Since || f¢|oc <
1£9llo < 2[[fllullgllo, we infer that, taking C' = 2K~y ([|df,ll + 1),

P(h) = p(h) + gn  with [[gnllec < Cp"[|A]o. (5.7)

This estimate implies (5.3) with a, = Cp™ (see [7]).

Expanding maps: Let ([a;, ai+1[)1<i<n be a finite partition of [0,1]. We make the same assumptions on T
as in [4].
(1) For each 1 < j < N, the restriction T; of T to |a;, a;41][ is strictly monotonic and can be extented to a
function T; belonging to C?([a;,a;1]).
(2) Let I, be the set where (T)" is defined. There exists A > 0 and s > 1 such that inf ez, [(T™) (x)] > As™.
(3) The map T is topologically mixing: for any two nonempty open sets U, V| there exists ng > 1 such that
T="(U)NV £ for all n > no.
If T satisfies 1, 2 and 3, then (5.4) holds. Assume furthermore that (5.5) holds (see [19] for sufficient conditions).
Then, arguing as in example 4 in Section 7 of [7], we can prove that for the Markov chain (Y;);>0 and the
o-algebras M; = o (Y}, j < i), there exists a positive constant C such that 6, (i) < Cp'.

Remark 5.1. In examples 2 and 3, the sequences are indexed by N and not by Z. However, using existence
theorem of Kolmogorov (see Thm. 0.2.7 in [6]), if (X;);en is a stationary process indexed by N, there exists
a stationary sequence (Y;);ez indexed by Z such that for any k& < I € Z, both marginals (Vy,...,Y;) and
(Xo, ..., Xi—k) have the same distribution. Moreover, in examples 2 and 3, the sequences are Markovian, hence
03 (n) = 05 (n) for any n > 1. We then apply Theorem 4.1 to the sequence (Y;);cz. The limit variance can be
rewritten as

o*(f) =2 G(0,z) Cov(f(Xo), f(Xa))) — Var(f(Xo)).

T€EZ
6. APPLICATION TO PARAMETRIC ESTIMATION BY RANDOM SAMPLING

We investigate in this section the problem of parametric estimation by random sampling for second order
stationary processes. We assume that we observe a stationary process (;);en at random times S, n > 0, where
(Sn)n>0 is a non negative increasing random walk satisfying the assumptions of Section 4. In the case where
the marginal expectation of the process (&;);en, m, is unknown, Deniau et al. [9] estimate it using the sampled
empirical mean m,, = %Z?:l &s,. They measure the quality of this estimator by considering the following
quadratic criterion function:

a(S) = lim (nVarmy).

n—-+4oo

In the case where (Cov(&1,&nt1)),en I8 in 11, we have

+oo
a(S) = > Cov(és,,és),,,) < oo

k=—o0
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We then get Corollary 6.1 below, which gives the asymptotic behaviour of the estimate m,, after centering and
normalization.

Corollary 6.1. Let us keep the assumptions of Section 4 on the random walk (Sp)nen and on the process
(&)ien. Assume moreover that So = 0 and that (Sp41 — Sn)nen takes its values in N*. Then, for P-almost
every w € €,

Proof of Corollary 6.1. Corollary 6.1 can be deduced from Theorem 4.1 of Section 4 applied to f(z) =z —m.
We have indeed o2(f) = a(S). O

7. APPENDIX

This section is devoted to the proof of Theorem 3.1 of Section 3.

Proof of Theorem 3.1. Let us assume, without loss of generality, that o, = 1. In a first time, we state second
moment inequalities (see Lem. 7.1 below). O

Lemma 7.1. Assume that (1;)icz s centered and satisfies conditions (Az) and (As) of Theorem 3.1, then for

any reals —k, <a <b <k,
b b
Var (Z anﬂ-m) <C Z afm- ,
i=a 1=a

with C = sup;cz (En?) + 2+v/sup;ez (En?) 3012, 01,2(0).
Proof of Lemma 7.1.

b b b b
Var (Zamﬂ?j) = Zai,j Var(n;) + Z Z i An,; Cov(ng, n;)
Jj=a Jj=a

i=a j=aij#i
b b b

< > ar;Var(m)+ Y ar; Y |Cov(ni, )l
i=a ima =i

by remarking that [an ;| |an ;| < §(a? ;4 a2 ;).
Then for any j > ¢, using Cauchy-Schwarz inequality, we obtain that

IE (n; E (n;|M))]
[[nill2 1B (M)l
[[nillz 01,.2(5 — 7).

| Cov(ni,n;)]

IAINA

As (1;)iez is centered, and as (1?);cz is uniformly integrable, we deduce that
b b
Var (Z anyjnj) < C’Z ai’j,
Jj=a j=a

with C' = sup;cz (En?) + 2v/supsez (En?) 3,2, 61,2(1) which is finite from assumptions (A2) and (As). O
First, for any M > 0, we define:

. R—R
M e e ou(@) = (A M)V (—M).
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Using the moment inequalities stated in Lemma 7.1, we can now use a classical truncation argument to reduce
the problem to the study of a triangular array {Z,, ;, —kn <14 <k,, i € N} with assumptions:

® Z,i=0n,igni(&) with g, ; Lipschitz satisfying Lip(gy:) < 1;
o max_y, <i<k, |Zn,i| < 0n with lime, 6, = 0;
e limsup, . Zf;fh a, ; < oo and

e Var (Zf;_kn Zm) =1,

with gni(2) = e, fjan| (@) — E(@c,/jan.1(&)) where (en)n>1 is a sequence of positive numbers such that
lime, €, = 0 and such that

o kn
Var< Z an,ign,i(fi)> 400 Var( Z aﬂﬂ@.) -1

i=—ky i=—kn

Remark that the g, ;’s satisfy |gn,i(z)| < ||+ \/sup;cz (EE?), and it implies that the triangular array {gn,i(&),
—kpn < i < kp, n €N} is square uniformly integrable by assumption (As) of Theorem 3.1.

We then take @, ; = an,i/\/Var (Zf;_kn anyignﬂ-(fi)).

Let us prove now that the truncated array satisfies the central limit theorem:

kn
S Zpi —— N(0,1). (7.1)
n—-+00

iz_kn
The proof is a variation on the proof of Theorem 4.1 in [25]. Let

di(X,Y) = |Ee"™* — Ee'™|.
To prove Theorem 3.1, it is enough to prove that for all ¢,

kn
dt <z;€ Zn,i,77> m 0,

with 7 the standard normal distribution. We first need some simple properties of the distance d;. Let
X, X1, X5,Y1,Y5 be random variables with zero means and finite second moments. We assume that the random

variables Y7, Y> are independent. We define A;(X) = d; (X ,MVEX 2). We have then the following inequalities:

Lemma 7.2 (Lem. 4.3 in [25]).

2
A(X) < ZpPEIX
A1 +Y2) < A (Yh) + Ai(Ya),

t2
d(X1+ Xo, X1) < 5 (EX3 + (EXIEXD)V?)

t2
d¢(na,nb) < §|a2 — bQ|.
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We next need the following lemma:

Lemma 7.3. Let 0 < ¢ < 1. There exists some positive constant C(g) such that for all a € Z, for all v € N*,
Ay (Z‘Hv Zm) is bounded by

i=a+1
a+v . . a+v
C(e) |t|3h2/€ Z E(|Zn,i|3)+t2 ple=1/2 Z 23J/29(2js) Z d%,i 7
1=a+1 j :29>ht/e 1=a+1

where h is an arbitrary positive natural number and with g introduced in Assumption (As) of Theorem 3.1.

Before proving Lemma 7.3, we achieve the proof of Theorem 3.1. By Lemma 7.3, we have

kn kn kn krn
i 3 ) - ( 3 g w1 3wz van 3 a).
i=—kn i=—kn " =
with 0(h) = hED/2 LY 2%/2(20%).
Now, using assumption (As), we get 6(h) Fa—— 0.
On the other hand we have . i
> E(|Znl*) <60 D Var(Zy). (7.2)
i=—ky, i=—kn,

Then, arguing as for the proof of Lemma 7.1, using assumptions (Az) and (As) of Theorem 3.1 and the fact that
the gy ;’s are 1-Lipschitz, we get the existence of a finite constant C' such that for any reals —k, <a <b < k,,

b b
Var (Z Zn> <c )y al, (7.3)

Hence the right hand term of (7.2) is bounded by C' 4, 21-27 ko az ;, which tends to zero as n tends to infinity.
Consequently

h>1 n—-+o0o

kn kn
inf (hQ/E > E(Zuil’) +6(h) Y ai) i O

i=—knp i=—knp

It achieves the proof of Theorem 3.1.

Proof of Lemma 7.3. Let h € N*. Let 0 < € < 1. In the following, C' denotes some constant which may vary
from line to line. Let x. be a positive constant greater than 1 which will be precised further. Let v < k. h/¢.

We have )
a+v 2 a+v 3 2 / a+v
) “003 ) 221413 1,2/ 3
a (3 2] <3| 3z <2erue e 3wz 7.4
i=a+1 i=a+1 i=a+1

since |z|? is a convex function.
Let now v > k. h'/¢. Without loss of generality, assume that a = 0. Let d. = (1 — &2 + 2¢)/2. Define then

m=[], B={ueN : 27 (v—[v*]) <um <2 v},
(u+1)m

v
A=<ueN :0<u<w, Z d%,ig(m/v)az:d%,i
i=1

i=um+1
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Following [26] we prove that, for 0 < e < 1, AN B is not void for v greater than x.. We have indeed

_ _ pi=eY))2 )
|ANB|=|B|-[AnB| > |B| - [4] > T(l — =09 /2) -5
where A denotes the complementary of the set A. We can find . large enough so that |A N B| be positive. [

Let u € AN B. We start from the following simple identity

Q = Z Zn,i
(ut+1)m v
= Z Zn i + Z Zn,i + Z Zn,i
i=um-+1 i=(u+1)m+1
By Lemma 7.2,
2
A(Q, Q1 +Qs) = du(Q,Q - Q2) < - (EQE + (EQ3EQY)?) (7.6)

Using (7.6) and (7.3), we get
d(Q, Q1+ Qs) < Ct? /2N "2 . (7.7)

i=1
Now, given the random variables ()1 and ()3, we define two independent random variables g; and g3 such that
the distribution of g; coincides with that of @Q;, i = 1,3. We have

@@ +Qagi+90) = [E(ED — (e — 1) ~ B(ei*® — E(e" — 1)

IN

o, [ (6 1~ e - 1) [ ),

2015 Zoily © 11 (0 ety [imail) 85 (m + 1)
C 202 (ZLl pi) 9(v°),

by (7.3), Definition 2.2 and Assumption (As) of Theorem 3.1. Hence

IN A

di(Q1 + Q3,91 + g3) < C2f( Z (7.8)

where f(v) = v3/? g(v®) is non-increasing by assumption (Asz) of Theorem 3.1.
We also have by Lemma 7.2

At(g1 + 93) < Ai(g1) + Ai(gs)- (7.9)
Finally, still by Lemma 7.2, and using Definition 2.2, we have
& (WEQ VE(@ Ta?) < = [BQ) —E (41 +a)?)
< L IBQ}) + 2(@:02) + 2E(Q:03) + 2E(Q1s)
< Ct2( (e=D=/2 4 f () )Zan (7.10)
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Combining (7.7)-(7.10), we get the following recurrent inequality:

Ay Zni) S A (S Zn) + At (S ymss Zn)
o2 (0(571)6/2 + f(v)) Z;jzl &%,i

for v > k. h/e > k..
We then need the following lemma, which is a variation on Lemma 1.2. in [26].

Lemma 7.4. For every € € |0,1[, denote 6. = (1 — &2 + 2¢)/2. Let a non-decreasing sequence of non-negative
numbers a(n) be specified, such that there exist non-increasing sequences of non-negative numbers (k), (k)
and a sequence of naturals T'(k), satisfying conditions

T(k) < (k + [K*])/2,

alk) < max, (a(T(s) +7(s)

for any k > ko with an arbitrary ko € N*. Then

for any n > ko, where one can take ng = 2¢ with ¢ > (2 —6.)/(1 — d¢).

Proof of Lemma 7.4. The proof follows essentially the same lines as the proof of Lemma 1.2. in [26] and therefore
is omitted here. O

We now apply Lemma 7.4 above with
* ko = ke hY/e,
* for k > ko, T'(k) = max {ugmyg, k — ugmi — my} where ug and my, are defined from k as v and m from
v (see the proof of AN B not void),
* ¢ <In(ke)/In(2) (we may need to enlarge k),
* for s > ko, v(s) = C t? (512 4 f(s)),

I+i
Ay (Zj:’LlJrl Zn,j)
* for s > ko, a(s) =sup max .

R ST

Applying Lemma 7.4 yields the statement of Lemma 7.3.
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