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LARGE POPULATION LIMIT AND TIME BEHAVIOUR OF A STOCHASTIC
PARTICLE MODEL DESCRIBING AN AGE-STRUCTURED POPULATION

VIET CHI TRAN!

Abstract. We study a continuous-time discrete population structured by a vector of ages. Individuals
reproduce asexually, age and die. The death rate takes interactions into account. Adapting the
approach of Fournier and Méléard, we show that in a large population limit, the microscopic process
converges to the measure-valued solution of an equation that generalizes the McKendrick-Von Foerster
and Gurtin-McCamy PDEs in demography. The large deviations associated with this convergence
are studied. The upper-bound is established via exponential tightness, the difficulty being that the
marginals of our measure-valued processes are not of bounded masses. The local minoration is proved
by linking the trajectories of the action functional’s domain to the solutions of perturbations of the
PDE obtained in the large population limit. The use of Girsanov theorem then leads us to regularize
these perturbations. As an application, we study the logistic age-structured population. In the super-
critical case, the deterministic approximation admits a non trivial stationary stable solution, whereas
the stochastic microscopic process gets extinct almost surely. We establish estimates of the time
during which the microscopic process stays in the neighborhood of the large population equilibrium by
generalizing the works of Freidlin and Ventzell to our measure-valued setting.
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1. INTRODUCTION AND MOTIVATIONS

Structured population models describe the dynamics of populations in which individuals differ according to
variables that affect their reproductive capacities and survivals. In this article, we are interested in a population
structured by ages. Age-structures are important to take into account the changes of behaviour of an individual
during its life as well as life histories. It is natural to consider many ages. Examples are the physical age (the
time since birth), the biological age (the intrinsic maturation stage of the individual), the age of an illness (the
time since infection), the stage of the illness (the clinical stage of the illness). To our knowledge, the literature
on the subject mostly considers structuration by the only physical age.

Our purpose is to study a microscopic stochastic population structured by a vector of ages that can grow
nonlinearly in time and which models the age-dependence of the birth and death rates as well as possible
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interactions between individuals (competition or cooperation), including competition of logistic type (for which
the death rate is linear in the size of the population).

Continuous time physical age-structured models that generalize the models of Malthus [33] and Verhulst’s
famous Logistic Equation [48], have made the object of an abundant literature based on the theory of par-
tial differential equations (PDEs) (see Sharpe and Lotka [45], McKendrick [35], Gurtin and MacCamy [22],
Marcati [34], Busenberg and Iannelli [6], Webb [51]).

Stochastic models generalizing the Galton-Watson process [19] have been studied by Bellman and
Harris [3,23], Athreya and Ney (2] Chap. IV). These models consider non Markovian processes, called age-
structured branching processes, structured by the physical age and in which the lifelength of an individual does
not follow an exponential law. Each particle, at its death, is replaced by a random number of daughters with a
law that does not depend on the age of the mother nor on the state of the population.

The assumptions of birth at the parent’s death and of non dependence between the reproduction law and
the age of the parent are biologically restrictive. Kendall [30], Crump and Mode [9,10], Jagers [26] and Doney
[13] have studied birth and death processes in which a particle can give birth many times during its life, with
a rate that depends on its age.

In the preceding models, the particles alive at the same time are independent, which is also a biologically
restrictive assumption. Wang [50], Solomon [46] consider birth and death processes in which lifelengths are
independent, but where the birth rate of a particle depends on the state of the population. Oelschlidger [39],
Jagers and Klebaner [27], generalize their works to take interactions in the birth and death rates into account.
However, these rates remain bounded, which excludes interactions of logistic type.

We present, here an individual-centered model which takes age-structure into account. We follow the works
of Fournier and Méléard [17] and Champagnat et al. [7,8]. Our paper is drawn on more general models of trait
and age-structured population from [47] to which we refer for examples, more details and full proofs.

Individuals are characterized by their ages with values in R‘j_. Each component of this vector is an age be-
longing to R, which can increase nonlinearly in time. Let n € N* the set of positive integers (the interpretation
of n is given below). We describe the population by a measure belonging to M%(Ri) (the set of point measures
on R? with atoms weighted by 1/n) included in Mp(R%) (the set of finite measures on R%):

N©
n 1 - n mn mn
Z = - 25%(”, where NJ' =n(Z]',1) = n/Rd Z{'(da) (1.1)
i=1 4

is the number of individuals living at time ¢.

An individual of ages a € Rff_ in the population Z € M F(Ri) reproduces asexually, ages and dies:

1. Tt gives birth to a new individual of ages zero with rate b(a) € R.

2. Let U : RSIF X R‘i — R be an interaction kernel, d. € N* being the number of interactions taken into
account. For a, a € R‘j_, U(a,«) models the action of an individual of ages o on an individual of ages a.
The death rate of our individual is modelled by d(a, ZU(a)), with d : R x R% — R and where ZU(a) =
fRi Ula,a)Z(da),

. .. . d
3. Our individual ages with the speed v(a) € RY.

We introduce in Section 2 a pathwise description of our microscopic process, using Poisson point measures
and the flow of an equation describing the aging phenomenon.

The parameter n € N* in (1.1) is related to the large population limit that will interest us in this work, and
which corresponds to n — 4o00. The underlying idea is to let the number of individuals grow proportionally to
n while their masses and the intensity of their interactions are renormalized by 1/n. This can be understood
as a constraint in ressources: if we increase the size of the population, we have to decrease the biomass of
individuals to keep the system alive. In Section 3, we prove the convergence in law in D := D(R;, M F(R‘j_)) of
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the sequence (Z")nen- to the solution ¢ € C(Ry, Mp(RL)) of: V(f : (a,s) — fs(a)) € CLHRL x Ry, Ry),

ot =teonfoh+ [ [ [p@ver@+ Zo@ + 1000 - @i sU@a)| e@nas 2

This convergence result is an adaptation of results due to Fournier and Méléard [17] and Champagnat et al.
[7] for populations without age structure. The densities m(a, t) of the measures {; € M F(Ri), when they exist,
correspond to the notion of number density, and describe the distribution in age of a population consisting in
a “continuum” of individuals. We will see that absolute continuity with respect to the Lebesgue measure holds
only for a scalar age (d = 1) and in this case, the densities solve the system: Va € Ry, Vt € R,

%—T(a,t) = f% (v(a)m(a,t)) —d (a, /]1h U(a, a)m(a,t)da) m(a,t) (1.3)
v(0)m(0,¢) :/R m(a,t)b(a)da, m(a,0)=mg(a). (1.4)

These equations generalize the PDEs introduced by McKendrick [35], Von Foerster [16] and Gurtin MacCamy [22].
This is considered in Section 3.3. Equations (1.2) and (1.3)—(1.4) are macroscopic deterministic approximations
describing the ecology at the scale of the population. Individual trajectories are lost, as well as stochasticity
since an averaging phenomenon occurs.

Let T > 0, and let us consider the evolution problem on the compact time interval [0, T]. We use the notation
Dy :=D([0, T], Mp(R%)). Exponential deviations are considered in Section 4 for the general model. The large
deviation upper-bound is proved by establishing exponential tightness. The main difficulty lies in the fact that
M F(Ri) is not compact. Our proof of the local lower bound relies on the use of a Riesz theorem in Orlicz
spaces. This allows us to establish the links between the trajectories in the domain of the rate function and
solutions of PDEs obtained by perturbing (1.2). Regularizing the perturbations and using a Girsanov theorem
allow us to conclude.

These precise results on the convergence of the microscopic process to the solution of (1.2) allow us to study
carefully the similarities and dissemblance between the stochastic process and its large population limit. In
Section 5, from the exponential deviations of Section 4 and from the central limit theorem proved in [47], we know
that on the compact time interval [0, 7], the microscopic process behaves like its deterministic approximation
up to a small probability set. Their large time behaviors can however be radically different. We present in the
following an example to illustrate this.

In the logistic age-structured population, represented by Z € M p(R ), individuals are characterized by their
scalar physical age a € Ry growing with speed 1, give birth with rate b(a) (continuous and upper bounded by
b) and die with rate d(a) + 1(Z,1). The term d is the natural death rate (assumed continuous and bounded
above and below by positive constants d and d), and 1(Z, 1) is the logistic competition term of intensity 7 > 0.
The system (1.3)—(1.4) becomes:

O 0,1y = = O 0, 1) — (d(a) + nMy) (a1
+oo +oo
m(0,t) :/ b(a)m(a,t)da, m(a,0) =mg(a), M;= / m(a,t)da. (1.5)
0 0
If Ry := 0+°° b(a)e™ Jod(e)daqg > 1, we are in a super-critical case and there exists a globally stable stationary

solution to (1.5) that we denote by m(a) (see [6,22,51]). Tt is interesting to notice that the microscopic process
Z™ has a different long time behaviour. It follows its deterministic approximation on compact time intervals but
leaves almost surely the neighborhood of Mm(a)da to drive the population to extinction (see Fig. 1 and Props. 5.4
and 5.5 in Sect. 5).
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FIGURE 1. Time behaviors of the microscopic process and of its large population approxima-
tion. For sufficiently large n, the behaviour of the stochastic microscopic population Z™ follows
the one of its deterministic approximation £ on compact time intervals. In the long time, how-
ever, Z" leaves the neighborhood of the stationary stable solution of £ and the population gets
extinct.

For various applications, including the studies of evolution problems for trait and age structured populations
(see [37,47]), it is interesting to establish estimates for the time of exit from a neighborhood of the stable
equilibrium of (1.5) which gives us information on the time of extinction. This can be obtained by using large
deviations techniques and by adapting the results of Freidlin and Ventzell to our measure-valued processes. We
show that this exit time is exponential in n (Props. 5.6 and 5.11).

Notation. For two metric spaces E and F, Cy(E, F) (resp. D(E, F), Co(E,R), CL(E, F), Ck(E,R), By(E, F))
is the set of continuous bounded functions from E to F' embedded with the uniform convergence norm (resp.
of cadlag functions from F to F embedded with the Skorohod distance, of real continuous functions with limit
0 at infinity, of differentiable and bounded functions with bounded partial derivatives, of continuous functions
with compact support, of bounded measurable functions).

The space of finite measures on Ri is denoted by M F(Ri). It can be embedded with the weak or vague
convergence topology. By default, we will consider the weak convergence topology. We will write (M F(Ri), w)
or (Mp(R%),v) to precise it when necessary.

We will consider the total variation norm and the L'-Vaserstein distance on M p(R%):

Vi, v € Mp(RY), v - pllpy = sup fu— [ gavl. (1.6)
fCRER) |[/RY R}
[flle <1
Wi (p, v) = inf {/ (la —a| A1) dn(a, a)} = sup fdp— / fdv (1.7)
(RS)? f1— Lip(RL) |/RL R}

[flloc <1

the infimum being taken on the set of measures 7 € Mp((R%)?) with marginals p and v (see Rachev [41],
Villani [49] Th. 7.12 and Rem. 7.5).
For m € Mp(R%) and f € By(R$), we write (m, f) or (m, f(a)) for [q f(a)m(da).
+

C is a constant that can change from line to line.
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2. MICROSCOPIC PROCESS
We now precise the individual dynamic of our model and describe the path of Z™ by a SDE.

2.1. Aging phenomenon

The aging phenomenon is deterministic, and we describe it thanks to the flow of an ordinary differential
equation (ODE). The ages of an individual aged ag € R at time ¢y € R, satisfy:

d
Vit > to, d—j =u(alt)), alty) = ao, (2.1)
where v(a) = (vi(a), -+ ,va(a)) € R% is the vector of aging velocities. The ith component v;(a) of v(a) is

the speed of aging of the ith age. Constant components correspond to ages which increase linearly in time.
Non constant speeds of aging modelize ages which are measured on physiological criteria and which evolve non
linearly in time.
Assumption 1. v € C}(R%,R%) and 30 > 0, Vi € [1,d], Va € R%, 0 < v;(a) < 5(1 + a;).

This is a technical assumption, under which the following result holds:

Proposition 2.1. Under Assumption 1:
(i) The system (2.1) admits for every to € Ry, ag € Ri a unique solution, defining a C'-flow:

A ¢ (tto,a0) € Ry x Ry x RY = A(t, 9, a9) € R™. (2.2)

Each component of this flow is increasing in t.

(ii) Vti,ta ER4, a € Ri — A(ty,t2,a) € R? defines a C'-diffeomorphism from Ri on its image.

(i) When d =1, ¥(ao,to) € R:,t € Ry — A(t, to, a0) € R defines a C'-diffeomorphism from Ry on its image.
Proposition 2.1 is a consequence of classical ODE results (see for instance [52], Chap. 10). The following PDE
(2.3), which often appears in the sequel, is solved by using the flow (2.2):

Proposition 2.2. Under Assumption 1, for T'> 0 and ¢ € CI(RSIF,RJF), the following transport equation with
condition at time T': Ya € R‘j_, vt e Ry,

L a.0) +(@)Vaf(a) =0, f(aT)=ola). (2.3

admits a unique solution [ € CI(REI|r x Ry) given by Va € R‘j_, vVt € Ry, f(a,t) = ¢(A(T,t,a)), where A is the
flow defined in (2.2).

The proof is given in [15] (Chap. 3). A simple and important example is the following:
Example 2.3. For the physical age, with aging velocity 1, the solution (2.2) of equation (2.1) is A(¢,tg, ap) =
agp + (t — tp) and we can easily check that f(a,t) = ¢(a + T —t) solves (2.3).

The other assumptions, concerning the birth and death rates are the following:

Assumption 2. We assume that b, d and U are continuous and that:

(i) Ib > 0, Va € R, |b(a)| < b.

(i) 3U > 0, Va,a € RY, |U(a, )| < U.

(iti) 3Lq > 0, d > 0, Yu,v € R, Va € RY, |d(a,u) — d(a,v)| < Lqglu — v|, and d(a,u) < d(1+ |ul).
(iv) 3d € Cp(RL, R, ), Va € RY, Vu € R, d(a,u) > d(a), and Vto € Ry, Vag € R,

+oo
/ d(A(t, to, ap))dt = +oo.

to
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The function d in (iv) can be interpreted as a natural death rate, and Point (iv) can be linked to the survival
probability, which is the probability that an individual of ages ag at time ty is still alive at time t¢:

II(tg, ap, t) =E [exp (— td(A(u,to,ao), ZuU(x,A(u,to,ao)))du)} .

to

Under Point (iv), lim;—, 4o (%o, ao, t) = 0.

2.2. Stochastic differential equation

We introduce a SDE driven by a Poisson point measure, for which existence and uniqueness of the solution
are stated. The solution is a Markov process, with a generator that corresponds to the dynamics described
previously. We follow in this the approach of [7,8,17].

Let us introduce the following map m = (w1, -+ , 7, -+ ) from U, o MB(RE) in (RE)Y that will be useful
to extract a particular individual from the population where the particles are ranked in the lexicographical order
of R‘i: Vn, N € N*,

N
1
ﬂ(ﬁzl(sai)(ala"'aaNaoa"'aov"')' (24)

Definition 2.4. On the probability space (2, F,P), we consider:

1. a sequence (Z§)nen+ of random variables with Vn € N*, Z € M7%(R%) and sup,,cy- E ((Z7,1)) < +00;

2. a Poisson point measure Q(ds, di,df) on Ry x & where £ := N* x R of intensity ds ® n(di) ® df (where ds
and df are Lebesgue measures on Ry and n(di) is the counting measure on N*) independent from (Z7)nen+.
We denote by (F;)icr, the canonical filtration associated with Zg and Q. For t € Ry, Z}' is described by:

NW,
1 1/t
Zy = - ;%(t,o,m(zg;)) + E/o /gl{igN;L} {6A(t,s,0)1{0§9<m1(s,Z;L7 )}

= OA(t,s,mi(zn ) L{ma(s, 20 i)<O<ma(s, 20 ,i)}} Q(ds, di,db), (2.5)
where N is defined in (1.1), where A is the flow defined in (2.2), and where:
mi (Sa Zg i) = b(ﬂ-i(Zg, ))7 m2(57 zy, Z) =nmy (57 zy, Z) + d(ﬂ-i(Zg, ), Zy" U(Tri(Z;l )))

Let T3 = 0. Assume that the size N* of the population at time ¢ € Ry is finite. Under Assumptions 2, there
exists a positive constant C' (say b+ d) such that the global jump rate at time ¢t € Ry is upper bounded by
CN{* (14 N ), which is finite. Hence, it is possible to define the sequence of jump times (T7*)ken- of Z™ almost
surely. Since it forms an increasing sequence, T := limy_, 1 oo T} is well defined. It is proved in [47] (Sects. 2.2,
2.3 and 3.1) that:

Theorem 2.5 (existence and uniqueness of the solutions of (2.5)). Under Assumptions 1, 2 and Point 1
of Definition 2.4, T = +oo P-a.s. and SDE (2.5) admits for every n € N* a unique pathwise solution
(ZP)icr, €D.

Since N{* and (Z[', |a|) are unbounded, we introduce the following stopping times: let N € R,

v =nf{t >0, N> N}, (§=inf{t>0, N'>N or(Z [a]) = N}. (2.6)
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FIGURE 2. The interpretation is that the state of the population at time ¢ is obtained by
considering the initial particles with their ages at times ¢ (for example, A(¢,0, ag) for the blue
thin-line particle), by adding the particles born between s = 0 and s = ¢ with their age at
time ¢ (A(t, s1,0) and A(t, s2,0) for the particles in thick orange and black dot lines) and by
suppressing the particles which have died before time ¢ (A(t, s3,a) for the particle in black

dot-line).

2.3. Moment and martingale properties

We give some moment and martingale properties that will be useful in the sequel.

Lemma 2.6. Let F € C'(R,R), (f : (a,8) — fs(a)) € CL(RE x R4, R). Vt € Ry, Vn € N*,

R 1) = P2 )+ [ (2009 2 Pz

+/Ot/51{iswﬁ} KF <<Z?7 fs) + fST(LO)> ~F

» [s)) d

(<Zl~’,, fs>)) Lio<o<mi(s,zr i)y

351

s 2 Z‘;ni .
+ (F ((Z:la f&> - W) - F (<Zg,a f6>)) 1{m1(s,ZLZ}7 ) <0<ma(s,Z7 i)} Q(ds,dz,dtg).

Proof. Integrating f;(a) with respect to (2.5) gives:

1 t
(Zi", fr) = th (t,0,m(Zy))) + E/ /gl{igNg:} [ft (A(t,5,0)) Lio<o<my(s,z0 i)}
0

- ft (A(tv S, Wi(Zg,))) l{ml(s,Z;’L 1) <O<ma(s, 21 7i)}} Q(dsa div d@).

Since Ya € Ri, V0 <s<t,

9 fu

fe(A(t, s,a)) = fs(a) —|—/ (%(A(u,s,a)) +v(A(u, 8,a))Vafu(Au, s,a))) du,
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we deduce:

1 t
(Z, fo) = Zfo mi(Zg)) +ﬁ/ /gl{igNg:} |:fs (0) Lgo<o<ma(s,zn i)} (2.8)
0
- fs (’/Tz( )) l{ml(s Zn ,i)<0<ma(s, 27 7,)}:| Q(dsa dZa da) + Ty + T3+ T3,

where:

1 [t Ng' o, § ) )
:E/o ; (E(A(&O’M(ZO))) +U(A(s,O,m(ZO)))Vafs(A(s,O,m(ZO)))) ds

I L (0f. .
7E/o /gl{iSNg*}/s (m(A(u,s,O))Jrv(A(u,s,O)) Vafu(A(u,s,O))) du1{059<ml(s7zgi,i)}Q(ds,dz,dO)

1 t t o "

[ [ty [ (G s m (200 + oA Z20) VA (22 1) )
n Jo Je -7 Js \ Ou
1{m2(5,Z§L 1) <O0<mgz(s, 21 @}Q(dsv di, de)'

It is possible to apply Fubini’s theorem to 7% and T5 and by (2.5) we recognize:

t
dfu
T +To+ T3 :/ / <i(a) + ’u(a)Vafu(a)> Z(da)| du. (2.9)
0 |J/rd ou
From (2.8), (2.9), and applying It&’s formula with jump terms, we obtain (2.7). O
Proposition 2.7. Under Assumptions 1 and 2,
(1) if 3¢ > 1, sup,,en- E ((Z§,1)7) < 400, then:
Yn e N*, lim 735 =400, P—as, and VT >0, sup E[ sup (Z]',1)? | < 4o0; (2.10)
N—+o0 n€EN* t€[0,T]

(i) if 3¢ > 1, m > 1, sup,, cn- E ((Z7,1)™) < 400 and sup,,cn- E ((Z5, |a|?)™) < 400, then:

VneN*, lim (y=+oc0, P—as., and VYT >0, sup E[ sup (Z],]a]")™ | < 4o0; (2.11)
N—+o0 neN* t€[0,7]

(iii) let n € N*. If E ((Z§,1)?) < 400 and E ((Z{', |a])) < 400 then: Vf € C}(RY x Ry, R),
M = (20, i) = (25 fo)

//Rd{ VWalfs(a)+ %J;S(a)—I—fS(O)b(a)—fs(a)d(a,ZgU(a))} Z"(da) ds, (2.12)

is a square integrable cadlag martingale starting from 0, with predictable quadratic variation:

(M™7y, / /Rd a) + f2(a)d(a, Z'U(a))] Z!(da) ds. (2.13)
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Proof. Point (i) is a direct adaptation of the proof of Lemma 5.2 in [17]. Let us consider Point (ii). Let N > 0,
n € N* and (% be the stopping time introduced in (2.6). For this proof, we will consider the norm 1 on R%:

Va = (a1, -aq) € Ri, la| = 2?21 a;. This choice is made since it simplifies the calculations. It is not restrictive

q
since the norms in R? are equivalent. The function f : a € Ri — lal? = (Zle ai> € R, is differentiable and

Vi € [1,d], 8f/0a; = gla]?"t. The map F : x € Ry — 2™ € R, is also differentiable and F’(x) = ma™ 1.
Applying Lemma 2.6 and neglecting the non positive terms gives:

IACH
E( sup <Z::,|a|q>m>§E<<ZS,|a|Q>m>+mq@E</ <Z;z|a|q1<d+|a|>><zs,|a|Q>mlds),
ue| 0

0,tA¢T]
by using the fact that 0 < Zle vi(a) < v(d+ |a|) (Assumption 1). Since:
(22 1al"™Y) < (22, (lal v 1)777) <(Z2, (Jal v 1)7) < (Z3,1) + (22, |al?), (2.14)
we have:
(Z8|al"")(Z3 al )™~ <(Z8 028, Ja|)™ 0 + (28, |al)™ < (22, )™ + 2(Z8, |a|®)™,

and hence by the moment assumptions, (2.10) and by the Fubini’s theorem:

u€[0,tACR] u€[0,TACY]

E ( sup (Z7, |a|q>m> < E({Z§,|a|D)™) + mqudTE ( sup  (Z], 1>m>

0,sAC%]

¢
+mq17(2d+1)/ E sup  (Z],|a|")™ | ds
0 uE|

: (Sup E((sz,|a|Q>M>+mquTO<m,T>) M CHDT — D(g,T),  (2.15)
neN*

by Gronwall’s lemma, and where C'(m,T') is an upper bound of sup,,cy- E (supte[O’TﬁZt"7 1)’”). As D(q,T)
does not depend on N, we deduce that:

. no_ _

NLHJI:oo (y =40, P—as. (2.16)
Assume indeed that (2.16) is not satisfied. For ¢ = 1, there exists M > 0 and Aj; C Q with P(Apr) > 0 such
that Vw € Ay, imy— 400 (R (w) < M. Then, for T > M, E (SU-ptE[O,T/\(]’@MZZLv |a|)m) > P(Apn)N™, which can

not be upper bounded independently of N. Hence, (2.16) is satisfied. Letting N tend to infinity in (2.15) gives
(2.11) by Fatou’s lemma.
Point (iii) is obtained by using the compensated Poisson point measure @ of Q. We have:

M, S = 5/ /Sl{iSN;L’} <f5(0)1{0§9<m1(s,Z;: A T fs(”i(Zs,))l{ml(s,Z;Q,i)SBSTm(s,Z;L 71')}) Q(ds,dz,d@).
0

Showing that it is a square integrable martingale and computing its quadratic variation is standard (see [47]). O
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The infinitesimal generator of (2.5) corresponds to the description of the introduction:
Theorem 2.8. Forn € N*, Z" € D is a Markov process of infinitesimal generator defined by: Vf € C} (R‘j_, R),
VF € C}(R,R),

LFY(Z5) = SE(EZ) o = [ oVl @)F (5. 25 da)

E RE
+n/
R

(7 (z+20) - 1 <Z(;>> o)z + (7 (25 = La.) = B (2)) e, Z300)| 230w,
where VZ € Mp(RL), Fy(Z) = F((Z, )).

d
+

Proof. The proof consists in proving that we can take the derivative under the expectation (see [47]). O

We conclude this part with the consideration of exponential moments, which will be useful in the section
dealing with exponential deviations.

Assumption 3. We assume that:

- 1+n
1. YA > 0, sup,en- E (e*%001)) < 400, and I €]0, 1], sup,,cy- E ([I]Ri |a|Z{f(da)} > < +o00.
2. Jip € [1,d.], Ing € N*, Uy € R%, Vn > ng, Vu € R%, Va € RY, VA > 0,

[y > Ug] = [(€¥" = 1)b(a) + (7" = 1)d(a,u) < 0],
(d. is the number of interactions).
8. U > 0, Va,a € Ri, Ui, (a,a) > U, for the index iy of Point 2.

Since Va € R%, b(a) < b, Point 2 is for instance satisfied if lim|,|— 400 d(a,u) = +oo (this happens for the
logistic model).

Proposition 2.9. Under Assumptions 1, 2, 3:
(i) VA > 0, Vt € [0,T],

sup E (eA <Ztn’1>) < sup E (e)‘ (23,1)) + NMTeM < 400, (2.17)
neN* neN*

where M := Uy /U with the constants Uy and U of Assumption 3.
(ii) Let p(x) = e® —ax — 1. We consider the martingale (]\ﬂl’f)telk+ defined in (2.12). Then, the process defined

f_=n,f
=t

fort €0,T], n € N* and f € Cp(RL x [0,T],R) by A = eM:” ,
+ ¢

with: = /O t /]R " |:p (f © S)) ba) — p (—f (a 5)) d(a, Z;U(a))] Z(da)ds, (2.18)

n n

s a martingale.

Sketch of proof. We refer to [47] for a complete proof. For Point (i), the idea is that under Assumptions 3, the

(& Einreh

drift of the semi-martingale te[o,7] is non-negative only for measures that have a mass bounded by

M. For Point (i), applying It6’s formula to A7/ localized by the stopping time 7% (2.6) yields that A™/ is
a local martingale. From Assumptions 3 and Point (i) of Proposition 3.2, limy_, 4o 7h = 400 P-a.s. Using
Fatou’s lemma, we show that A™7 is a real martingale. O
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3. CONVERGENCE TO THE WEAK MEASURE SOLUTION OF A PDE IN THE LARGE
POPULATION LIMIT

We study the limit of (Z"),en+ when n — +o00, under the following assumptions:

Assumption 4. We assume that (Z§)nen- converges in law in (Mp(RL),w) to the deterministic measure
& € Mp(RL) and that the following moment conditions are satisfied:

I €)0,1, sup E ((Z},1)°1") < +o0, and  sup E ((Z{,|a])'T") < +oc.
neN* neN*

In this section, we prove the convergence of the sequence (Z™),en+ to the solution of (1.2) by a tightness-
uniqueness argument.

3.1. Tightness of the sequence (Z™),en~

Proposition 3.1. Under Assumptions 1, 2, 4, (Z")nen~ is tight on D(Ry, (M p(RL),w)). Its limit values are
continuous measure-valued processes satisfying (1.2).

Proof. The proof is inspired by the proof of Theorem 5.3 in [17], and a detailed proof stands in [47], The-
orem 3.2.2. We begin with establishing the tightness of the laws of (Z™),en+ considered as processes of
DRy, (Mp(RL),v)), where Mp(R%) is embedded with the topology of vague convergence. For this pur-
pose, we use a criterium due to Roelly (43], Th. 2.1): it is sufficient to prove that for f € C}(R%,R)NCo(R%, R),
which is dense in Co(R%, R), the sequence (Z™/ = (Z", f))nen- is tight in D(Ry,R). Thanks to Proposition 2.7
and Assumptions 4, we can prove that Aldous and Rebolledo criteria [1,29] are satisfied, which is a sufficient
condition for (Z™f),en- to be tight.

Notice that the particular choice of f = 1 implies the tightness of the sequence ((Z",1)),en+ in D(R4, Ry)
with the same arguments.

By Prohorov theorem, it is possible to extract from (Z™),en+ a subsequence (Z ¢("))neN* that converges in law
in D(R, (MF(R‘_f_), v)) to a limiting process Z. Since we also proved the tightness of ((Z", 1))pen=, it is possible
to choose this subsequence such that ((Z¢(™1)),en+ converges in law to (Z,1) in D(R,, R, ). By construction,
the jumps of (Z™),en+ are of order 1/n which entails that the limit process Z is almost surely continuous.
Using Theorem 3 in Méléard and Roelly [36], (Z¢(™),en- also converges in law in D(R, (M p(R%),w)), where
M F(Ri) is embedded with the topology of weak convergence. Applying Prohorov theorem again, we deduce
that the sequence (Z"),en- is tight in D(Ry, (Mp(RL), w)).

To identify the limit, we have to prove that P-a.s., V[f : (a,t) — fi(a)] € C;(Ri x Ry, R), Vit € Ry,
U, (Z) = 0, where:

t
(2 = f) = o) = [ [ [0V + S @)+ 70.0a) ~ (e 2.0())| Zitao)ds.
0 Jrd S
This is obtained by a direct adaptation of the proof of [17,47]. O

In order to prove that the whole sequence (Z™),en+ converges, we will show that it admits a unique limit
value. This is related to the uniqueness of the solution of (1.2).

3.2. Existence and uniqueness of the solution of (1.2)

Existence of the solutions of (1.2) is a consequence of Proposition 3.1, since the limit values of (Z"),en+ are
solutions. Proposition 3.2 deals with the uniqueness problem.

Proposition 3.2. Let &, € MF(Ri) be a deterministic initial condition. Let (£} )ier, . (& )icr, be two solutions
of (1.2) in C(Ry, Mp(RL)) starting from &. Under Assumptions 1, 2, 4, we have: Vt € Ry, &} (da) = & (da).
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Proof. The solutions of (1.2) are continuous with bounded masses on finite time intervals: V¢t > 0, (&,1) <

(€0, 1) + fot b(&s, 1) ds < (&, 1) exp (bt) < +o0. For T' > 0, we can define Ar := sup;c(o (& +&7,1) < +00. Let
¢ € C}(RY,R) such that [|¢|l < 1. For t € [0,T], we can define Va € R%, Vs € Ry, f(a,s) = ¢(A(t,s,a)). By

Proposition 2.2: Vi € {1,2}, V¢ € [0,T],
€h0) = [ oaw0.angda) + [ [ oAl 5.0)b@) — (A 5,00, U (@) €da) ds.
Hence: Vt € (0,71,

1 g2 !
I &¢H§A[

+

/R (0(A(t, 5,0))b(a) — ¢(A(t, 5,a))d(a, §:U a))) (&5 (da) — &2 (da))

d
+

$(A(t,5,a)) (d(a,&U(a)) — d(a, U (a))) &2 (da)

d
]R+

t
1ds§C(T)/ 162 = Ellrv ds, (3.1)
0

where C(T) = b+d(14+ A7)+ Ar Ly U. By taking the sup in ¢ and by noticing that every function ¢ € Cy(R%, R)
is the limit for the bounded pointwise convergence of a sequence of functions of C} (Ri, R):

t
WGMHMG*@MvS@ﬂAH%*ﬁMWM

The result is given by Gronwall lemma, and by the fact that T is arbitrary. O

Corollary 3.3. Under Assumptions 1, 2, 4 and for every initial condition &y € MF(Ri), equation (1.2) admits
a unique solution (&)icr, € C(Ry, Mp(RL)) to which the sequence (Z™)nen+ of D converges in probability.

3.3. Absolute continuity of the solutions of (1.2)

Let us now study the existence of densities for the measures &;(da) with respect to the Lebesgue measure
of Ri. If they exist, they define a weak solution of (1.5) which generalizes the McKendrick and Von Foerster
equations that are classical in demography. In the case of a scalar age we have the propagation of the absolute
continuity for positive times (Prop. 3.4). However, when many ages are taken into account, densities do not
exist any more (Rem. 3.5).

Proposition 3.4. In the case d = 1: under Assumptions 1, 2, 4, if {o(da) = mo(a)da is absolutely continuous
with respect to the Lebesque measure on Ry, then, for every t € Ry, &(da) also admits a density mq(a).

Proof. Let t € Ry and let ¢ € C}(Ri,R;) non-negative. For f defined by Vs € Ry,Va € Ry, f(a,s) =
d(A(t, s,a)), where A is defined in (2.2), we have:

t
o) < [ oawo.6tda)+ [ [ o5 0)ba)e (da)ds (32)
R, o Jr,

since ¢ is non-negative. Let us consider the first term. By Point (ii) of Proposition 2.1, the map a — A(t, 0, a)
defines a C!-diffeomorphism from R into [A(t,0,0), +o0o[. Let us denote by A~1(¢, ) the inverse diffeomorphism
and by JA7(t,a) its Jacobian matrix. Using the change of variable associated with a — A(t,0, a):

+oo

?(A(t,0,a))mp(a)da :/ d()mo (A7t a))|JAT (t, )| dev. (3.3)

Ry A(t,0,0)
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For the second term, we consider the change of variable given by the C!-diffeomorphism s — A(t,s,0). We
denote by A=1(t, «) its inverse diffeomorphism and by JA~1(¢, «) its Jacobian matrix:

t A(t,0,0)
|| etatsonpe.daas = | B WA (€ (da) o (34)
0o Jry 0 R,

From (3.3) and (3.4), we deduce that:

+oo
0< ¢(a)ée(da) §/ ¢(a)H (a, t)da, where: (3.5)
Ry 0

H(aa t) :1A(t,070)§a mO(A_l(t7 a))"]A_l(ta Oé)l + 1&§A(t,0,0) / ( |JA (t @ |€A 1(t,a) (da’)

Ry

The function H is non-negative and integrable, since the right hand side of (3.5) equals the right hand side
of (3.2), which is finite. Since every (&:(da)+H (a,t)da)-a.e. non-negative bounded function can be approximated
in L'(Ry, & (da) + H(a, t)da) by a sequence of functions of C (R, Ry ) (see Rudin [44], p. 69, & (da)+ H (a,t)da
being a finite measure), we deduce from (3.5) that the measure & (da), dominated by a measure that is absolutely
continuous with respect to the Lebesgue measure, is itself absolutely continuous. U

Remark 3.5. In the case where d > 1, the map t € Ry — A(¢,0,0) € Ri does not define a bijection any more,
and the ages of individuals born after s = 0 at time ¢ belong to the set {A(t,s,0) € R%, s € [0,¢]}, which is
a one-dimensional variety of Ri. Thus, the measures & can not be absolutely continuous with respect to the
Lebesgue measure on R‘i.

The following Proposition linking (1.2) and (1.3, 1.4) is proved in Section 3.2.4 of [47]:

Proposition 3.6. For d = 1 and under the Assumptions of Proposition 3.4, the weak function solution (a,t)
m(a,t) of (1.2) is well defined. If this solution belongs to C}(R%,Ry) and if Vt € Ry, %fﬂh m(a,t)da =
fR+ Sit(a,t)da, then it is the classical solution of (1.3, 1.4).

Proof. We replace &;(da) in (1.2) by m(a, s)da and differentiate with respect to time. V¢ € R,

% . fla)ym(a,t)da = /]R+ lv(a)%(a) + £(0)b(a) — f(a)d <a, /]R+ U(a,a)m(a,t)da>

Let us first consider test functions f € Cé xR, R) bounded with compact support in R%. In particular
f(0) = 0. By Fubini theorem and by an integration by parts formula for the aging term: V¢t € R,

m(a,t)da. (3.6)

| F@u@mia.tida = fam@mla 0%~ [ a5 @a@me) da (37)

+8a Ry

Since for every t € Ry, the measure & (da) = m(a,t)da is a finite measure, lim,_. - m(a,t) = 0 and the bracket
in the right hand side equals to zero. From (3.6) and (3.7), we obtain that da-almost surely on R* , and V¢t € R,

%m(a,t) + % (v(a)m(a,t)) = —d <a, /]R+ Ula, a)m(a,t)da) m(a,t). (3.8)
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Let us now consider test functions f € C}(Ry,R) with arbitrary support. From (3.7) and (3.6): Vt € R,

Aigmww+%wmmmwﬂﬂ@m=—mmwm@w

“,
Ry

We simplify (3.9) with (3.8) and: V¢ € Ry, f(0)v(0)m(0,t) = fR+ f(0)b(a)m(a,t)da. This gives the boundary
condition in (1.4). O

F(0)b(a) — f(a)d <a,/R U(a,a)m(a,t)da)] m(a,t)da. (3.9)

4. EXPONENTIAL DEVIATIONS

In this section, we set T' > 0 and study the exponential deviations associated with the convergence of (Z™),,cn-
to the solution ¢ of (1.2) in Dy (Cor. 3.3). More precisely, we look for estimates of (1/n)logP(Z™ € B), for any
Borel set B C Dy, when n — 4o00. Applications will be considered in Section 5.

A first difficulty arises from the fact that M F(R‘j_) is not compact. The mass of the microscopic process is
not necessarily bounded. The exponential tightness of (Z_”A%)neN* on D7 is classical and can be established
by adapting techniques from Dawson and Gértner [11] and Graham and Méléard [21]. The relaxation of the
localization by (y; relies on exponential deviation inequalities proved in Lemmas 4.6 and 4.7.

The lower bound issue is treated in Section 4.3. A second difficulty comes from the fact that the events
describing the dynamics are of different natures (births, deaths) and that they are associated with nonlinear
rates. Following the approach of Léonard [32], Kipnis and Léonard [31], we base our proof on the use of a
Riesz theorem in Orlicz spaces, which gives us a representation of the trajectories in the domain of the action
functional as solutions of perturbations of PDE (1.2) and on a Girsanov theorem. A key point in the proof is
the use of a density theorem due to Ekeland Temam [14], Bishop Phelps [5] and Israel [24].

Notation. We define E := R% x {0,1}. With each function f € B(RL x [0,7],R), we can associate a map
¥(f) defined on E x [0,T] by: V(a,u,t) € E x [0,T],

() (a,u,t) = f(0,8)Ly—o — f(a,t)1y—1. (4.1)
For ¢t € [0,T] and z € Dr, let us introduce the following positive finite measure on E:
m? " (da, du) = [b(a)do(du) + d(a, z_U(a))d1(du)] z_ (da). (4.2)
The Laplace transform p of the standard centered Poisson law and its Legendre transform are:
(y+Dlogly+1) -y ify>—1,
plz) =e"—xz—1, p*(y)= 1 ify=-1, (4.3)
+o00 ify < -1,

*

p* is non-negative and vanishes only at y = 0. The functions p and p* are convex conjugated. For a € {p, p*}
and z € Dy, we define the following Orlicz norm on the space of real Borel functions on F x R :

T
gl =iﬁ{m>a/‘/a(ﬁ@ﬁﬁgn@WMAmms1}. m
0 E R

The set of functions with finite Orlicz norms are denoted by L#* and L +*. The closure E**(E x Ry) of the
space of Borel bounded functions for the norm ||.||, . is strictly included in L”* (see [31] Sect. 3, for instance)
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and admits a topological dual which can be identified with L? »* thanks to the following representation theorem:

Theorem 4.1 (Riesz theorem in Orlicz spaces). (See Rao et Ren [42], p. 93 and following or Kipnis and
Léonard [31]) For every continuous linear form £ on EP*(E x R,), there exists a function h € LP* such that:

Vg € EP*(E x Ry), / / a,u, 8)h(a,u, s)m>7 (da, du)ds.

4.1. Main result
The main result of this section is enounced in Theorem 4.3.

Assumption 5. We assume that Assumptions 3 are satisfied and that:
1. The sequence (Z{ )nen+ is deterministic and converges in (MF(Ri), w) to a measure .
2. 3C) > 0, (¢, 1+ |a|) < Cy and Ing € N*, ¥n > ng, (Z1,1+ |a]) < Cp.

The Assumption of Point 1 is made for simplification. It can be weakened by assuming that (Z7')nen-
converges in law in (Mp(R%), w) to &.
We now define the action functional that appears in our deviation result.

Definition 4.2. For § € Mp(R%) and z € Dr, let us define ZZ (2) by:

1 If’T f =
A S I OR  (F By (O N ()

400, else,

where (7' (f, z) and ¢’ (f, z) are defined for (f : (a,s) — fs(a)) € CLH(RE x [0,T],R) by:

) =Cer )~ o i)~ [ V (Ve + @) wtdn - [ vs dmzﬂd

:/O /EP(Tﬁ(f)(a,u,S))m?T(dmdu) ds. o)

Theorem 4.3. Under Assumptions 1, 2, 5,
i) Let z € Dp such that L (z) < 4+o00. There exists h* € LP* such that z is the solution of: V(f : (a,s) —
o

fs(a)) € CL(RL x Ry, R), Vt € [0,T],
Ofs i
aj; > ds+/0 [E(Hfﬁ)w(f)dmgf ds. (4.7)

We then have the following non-variational representation of the action functional:

t
(oo 1) =G0 S + | < Vst

T
:/ /p* (h*(a,u, s)) m>" (da, du) ds. (4.8)
o JE

(i) Let:
&={2€Dr | I, () < +oo, and h* € L*(Ex[0,T],R)}. (4.9)
The sequence (Z™)nen+ of Dp satisfies the following deviation inequalities: ¥YB Borel set of D,

— inf IgT (2) < Egir;of—logp(zn € B) <limsup — logIP’(Z" € B) < — inf IT( ), (4.10)
2€BN® n—+00 z€B

with the convention inf ) = +oo.
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Remark 4.4. (4.7) corresponds to a perturbation of the birth and death rates of (1.2) by factors (1+h*(a,0, s))
and (1 + h*(a,1,s)) which are different (and hence the introduction of the mark u € {0,1}). We will prove in
Proposition 4.12 (Point 4) that these factors are nonnegative.

The upper bound of (4.10) is a large deviation upper bound. The lower bound is local, the infimum being
taken on BN ® and not B. In the proof of the lower bound, we will be lead to regularize h* by approximating
it with a sequence (hy,,)men+ of perturbations with particular forms, differentiable and bounded. With each
hm, we can associate the solution z"™ of the evolution equation (4.7) perturbed by h,,. The convergence of z™
to z when h* is bounded is proved in Proposition 4.16, the general case is still open. In the works which have
inspired us [31,32] the similar difficulty is encountered, but under a different form: the problem is a uniqueness
problem for the perturbed equation (4.7) and not a convergence problem.

The local minoration that we obtain is still a useful result, that we will use in Section 5. It provides an
information as soon as BN & # (), in which case, the lower bound of (4.10) is not —oo. This is the case when
B contains the solution of (1.2) which corresponds to a zero perturbation for instance.

4.2. Exponential tightness and large deviation upper bound

We prove the exponential tightness of the laws of (Z"),en- on Dr. The large deviation upper bound is then
a generalization of Theorem 4.4.2 and Lemma 4.4.5 of Dembo and Zeitouni [12], obtained by replacing the limits
with lim sup.

Recall that the continuity modulus for y € D([0, T],R) and ¢ €]0, 1] is defined by:

"(y,8) = inf tio1,ti h tio1,ti]) = -
(v 9) ‘%?l} 1<ig§f§{tl}w(y,[z 1t where w(y, [ti—1, 1) s,tes[xi,ti[lyé bel,
and where the infimum is considered on the subdivisions 0 = to < t1-++ < tcaraqy;y = 1 such that Vi €

[1,card{t;}], t; — ti—1 > 4.
Proposition 4.5. Under Assumptions 1, 2, 5:
1) Let (¢r)ren+ be a countable dense famaily o ,R), and let us set o9 = 1. > 0, > 0,
) L b ble d family of C}(R%,R dl 1. VL > 0, VN OHIC%VN
closed subset of Dr, dng € N*, ¥n > ng:
n 1 e L2 —e L) . /
IP’( "her & /CL,N) < S (1—e L2 and such that: Vr € N, lim  sup w'((z,¢,),0) = 0. (4.11)

—0 zekt

(i) VL > 0, 3K2 compact subset of (Mp(RL),w),

lim sup 1 log (P (3t €[0,T), Z] ¢ K})) < —L. (4.12)

n——+too N
(i1i) As a consequence of (i) and (i), the sequence of laws of (Z™)nen+ is exponentially tight on Dr: VL >
0, 3Ky C D7 compact, limsup,, ., ., %logP(Z" ¢ Ki) < —L.

The measure-valued process Z7, .. has marginals of masses bounded by N > 0. The proof of Point (i) is

an adaption of the proof in [11] (see [47] for a detailed proof). It relies on the proof of the following estimate,
obtained by an adaptation of techniques used in [20,21]: Ve > 0, VN > 0, Ve > 0, V6 > 0, Vn € N, Vo € C} (Ri),

T
B( sup [(Zhy ) — (Zhgy 9} >4 < 8(—+1) o e+ 20nS.(N.9) (1.13)
|t—s|<6 N N 1)

where Sc(N, @) = [p(cll@lloc)N(b+ d(1+ N))]V [c(02N||Vap|lso + N|¢lloo(b + d(1+ N)))]. The upper bound
in (4.13) depends on N, and we can not take the limit in N — +oo0.
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The end of Proposition 4.5 makes the object of the end of this section. We generalize an argument used by
Dawson Gértner [11] in the case of continuous probability-valued processes. We prove that there exists N > 0
such that the probability P (¢} < T) is exponentially small. Then, the exponential tightness of the laws of
((Ztn/\gg})te[O,T])nEN* implies the exponential tightness of the laws of ((Z}"):e[o0,17])nen:-

We set ¢g = 1 and introduce a denumberable family 8 = (¢, ),en such that for every r € N*, ¢, is constant
outside a compact set of Ri, polynomial on this compact set, and bounded up and below by positive constants,
and such that for every ¢ € Co(R%,R;) there exists a sub-sequence (¢y())ren Of (¢r)ren that converges
uniformly to ¢ (see [47] for the existence of this sequence).

In order to establish (4.12), we will need the following lemma which shows that quantities such as
SUPse(o,7] (Z7, ¢) for useful choices of ¢ remain bounded up to a set of exponentially small probability:

Lemma 4.6. Under Assumptions 1, 2, 5,

(i) VL > 0,3IN = N(T,L,Co) > 0,3ng € N*,Vn > ng, P(r% >T) < e "L and P((% >T) < e "L,
Cy being defined in Point 2 of Assumptions 3.

(ii) Vo € &, VL > 0, 3C = C(¢,T, L, Co) > 0, 3ng € N*, Yn > ng, P (Supte[O,T] (ZP. ) > C) <enl,

The proof of Lemma 4.6 is based on the following Lemma 4.7, where we establish a sufficient condition (4.14)
to obtain the announced upper bounds.

Lemma 4.7. Under Assumptions 1, 2, 5, let us consider Cy and ng defined in Assumptions 5 and ¢ €
Ci(RL,R) satisfying 3C(¢) > 0, Ya € RL, |p(a)| < C(¢)(1 + |a]). If there exists v = v(¢,T,Co) > 0 such that
YVt € [0,T], Vn > ng, P-a.s.:

/ P(g)dm?" T+ (Z] vVag) — 2P 0) < — /E p (¢ (¢) e ) dm{ T, (4.14)

then: VL > 0, 3C = C(¢,T, L,Cy) > 0, Vn > nyg,

P < sup (Z{', ¢) > C’) <e "k (4.15)

t€[0,T]

Proof of Lemma 4.7. We are inspired by techniques from [11] for continuous probability-valued processes, and
consider the semi-martingale (e="(Z]", ))ic(0,r)- By Point 2 of Assumptions 5, 2CoC/(¢) + (o — Z{', ¢) > 0 for
sufficiently large n. Then:

P ( sup (Z7, ¢) > T (L 4 2CoC(¢) + (o, ¢>)>

te[0,T)

= P(Hte 0,77, e "(Z", ¢) > e'T—1) (L+2COC(¢)+<50,¢>))

< P ( sup e YN(Z, ) — (Zi, ¢) > L+ 2CoC(¢) + (&0 — ZS,(;ﬁ)) since 7T > 1
te[0,T]
t t n
< P ( sup M;""? —|—/ e "NZY, vV — yd)ds +/ / e 5 Y(¢)dmZ" T ds > L) : (4.16)
t€[0,7] 0 0o JE

where:

t t
MPTE = N = (7500 [ (28 0Vus = o s = [ [ p(oretam? T
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is a local martingale starting from 0 (Point (iii) of Prop. 2.7). By the Assumption (4.14):
t t .
[ @2 96 —a0jeas+ / [ v am s < - e { / 0 (1 (¢) ) dm? ’T} ds
0

1
/ / )e ¢ dmZ Tas =: —EE;W’M’.

Thus:

P ( sup (Z1',¢) > T (L +2C,C(¢) + (&o, ¢>)> < P < sup MmO _mmrne s nL) < el
te[0,T te[0,T

by the Doob inequality and Point (ii) of Proposition 2.9. O

To prove that the assertions of Lemma 4.6 hold, we will prove that the condition (4.14) of Lemma 4.7 is
satisfied for proper choices of functions ¢.

Proof of Lemma 4.6. We begin with establishing a sufficient condition (Inequality (4.18)) for (4.14) to be sat-
isfied. We obtain the results announced in Lemma 4.6 thanks to Lemma 4.7, by proving that this sufficient
condition is satisfied for proper choices of functions ¢.

Let t € [0,T] and n € N*. In the case where (Z]",1) = 0, the two members of (4.14) are zero. Assume that
(ZP,1) > 0. Let ¢ € C'(RL,R4) be a positive function and let v > 0.

o (W(o)e™) +v(d) = e (exp (¥ (d)e ) —v () e — 1) +1(¢)

+o0 ke—(k—l)'yt too p ekt
= ;W(@] Tzfﬂ(@;o[?b(@] HE+1)

Since for every k € N, 1/2F <1/(k+ 1) < 1, we have:

—k’yt

Ayt k
5l5ve| < pergonca

1 k
2 (k+1) — K

e (@]
summing over k gives:

¥(9) exp <%ﬁw(¢>)) <ep (v (@)e™) +1(e) < Y(d)exp (7Y (9))
Since ¢ is non-negative:

/E [0 (¥ (@) e7™) +w(9)] dmy" T < [ 90 o0 (¢779(0) W) 2 (). (4.17)

A sufficient condition for (4.14) to be satisfied is that there exists v > 0 such that:

(2096 =0+ | o0 exp (7716(0)) b) 27 (da) < 0. (4.18)

We now prove Point (i) of Lemma 4.6. Since P(7p <T) = P (supte[O,T] (Z,1) > N) , it is sufficient, by
Lemma 4.7, to prove that (4.14) is satisfied for ¢ = 1. This is fulfilled since (4.18) holds for ¢ = 1 and 7 > eb.
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We proceed in a similar way to establish the deviation inequality for (};,. For ¢ defined by: Va € R%, ¢(a) =

1+ al = 14 /32%, a2, (4.18) becomes:
2 3 'L
[ (e +2 vil@)as o jap) Zp(da) <0
RY

By Assumptions 1 and since (Zle az) < C(d )2:z L a2, we have Zz 1 m < 20 (\/ )+ |a|) . Then,
(4.18) is satisfied for v > eb + /C(d)20. By Lemma 4.7:

lim sup — logIP(CN <7T) 7hmsup logP | sup (Z]',1) > N or sup / la|Z](da) > N
n—-+o0o n—+oo T t€[0,7] te(0,7] JRE

<hmsup logP | sup (Z]',1+a]) > N | < —L.
n—+oo T te[0,7]

This concludes the proof of Point (i).
Let us now consider Point (ii). Let ¢ € & The condition (4.18) is satisfied if: Va € R%,
v(a)Vag(a) = y(a) + ¢(0) exp (4(0)) b(a) < 0,

which is satisfied as soon as:

(v(a)Vag(a) + ¢(0) exp (6(0)) b(a)) | - (4.19)

1
v > sup |—
acR¢ ¢(a)

By the definition of K, since the function ¢ is polynomial on a compact set and constant outside this set, it is
possible to choose « satisfying (4.19) as the right member is bounded by a constant independent from a € Ri:

Zf=1(1 + ai) gf (a)

L < C < +oo.

|a|1ir{1+oo P(a)

Lemma 4.7 holds and concludes the proof. O
We can now conclude the proof of the exponential tightness of the laws of (Z™),cn-.

Proof of Points (it) and (iii) of Proposition 4.5. We begin with the proof of (ii). Let us introduce the following
sets for C > 0 and ¢ € Cp(RL, R, ):

Ks(C) ={z € Mp(RL) | (2,¢) < C}.

Let us prove that the set K7 := adh [N, oy Ko, (Cr)], with Cy := C(¢,, T, 7LV L,Cy) of Lemma 4.6 (ii), is
compact in (Mp(R%), w) and that (4.12) is satisfied.

Let (2m)men+ be a sequence of (), oy Kg, (Cr). For every given 7 € N, ({21, 7)) men+ is a non-negative real
sequence upper bounded by C. and hence relatively compact.

By a diagonal procedure, we can extract from (z,,)men+ a subsequence, again denoted by (2, )men+, such
that for every r € N, ((zm, ¢r))men- converges to a limit £(¢,). Let g € Co(R%,R;). By choice of &, there exists
a subsequence (¢y(r))ren of (¢r)ren that converges uniformly to g. The sequence (£(¢y(,)))ren is then a Cauchy
sequence in R and we can define the limit £(g) = lim, o £(¢y(,)), which does not depend on the choice of
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the subsequence (¢y())ren. With a non-positive function g € Co(R$,R_), we associate ((g) := —{(—g). With
g € Co(R4,R), we associate £(g) = £([g]+) — £([g]—), where [.] and [.]_ denote the positive and negative parts.

If /(1) # 0, we can prove that the map g € Co(R%,R) — £(g)/¢(1) € R is well-defined, linear, continuous, of
norm 1 and non-negative. Thanks to the Riesz representation Theorem (see Rudin [44], Th. 6.19 p. 130), there
exists a unique probability measure v, such that Vg € Cg (R‘j_, R), £(g) = £(1) fRi g(a)v(da). By construction, for

every g € Co(RL,R), ((2m, g))men- converges to (((1)v,g). Since ((zm,1))men- converges to £(1) = ({(1)v, 1),
(2m)men~= converges weakly to £(1)v (see [36]).

If £(1) = 0, then Vg € Co(R%,R), ({2m,g))men~ converges to 0 and ({2, 1))men- also converges to 0. This
implies that (z,,)men+ converges weakly to the null measure.

The set (), ey Ko, (Cr) is hence relatively compact in (Mp(R%), w), and its adherence K? is compact in
(Mp(RY),w). Finally:

P(3tel0,T), 28 ¢ K3) <> P(Fte0,T], Z ¢ Ko, (C(¢r, T,7LV L, Cy)))

reN
—nL —nL
—wrl | —nL _ € V(2 —e"Y)
reN*

by Point (ii) of Lemma 4.6. This yields (4.12).

We can now conclude the proof of the exponential tightness. Let N = N(T', L, Cy) be the positive constant
given in Point (i) of Lemma 4.6. Consider the sets ’Ci,N and K% given by Proposition 4.5. Let us define:

Krp = ICLNH{ZE]D)T such that V¢ € [0,T7], 2 € K2 }. (4.21)

From Jakubowski [28] (Th. 1.7 and Lem. 3.3), the set K, is relatively compact in Dp. Since:

P(2" ¢ Kp) <P (Zihy ¢ Khn) +P (3 €10,T], Zihgy ¢ K3) +P (R <T)

we have:

limsup — log]P’(Z ¢ K1) < max <hmsup 10gP< e ¢ K1 N)

n—-+o0o n—-+o0o

lim sup — logIP’ (Ht €[0,T], Zijen ¢ IC%) lim sup — logP((:N < T)) —L,

n—-+oo n—-+00

This concludes the proof. O

4.3. Lower bound of Theorem 4.3

The proof of the lower bound relies on a change of probability and on the use of Girsanov theorem. We
follow the work of Léonard [32], Kipnis Léonard [31], and thanks to a Riesz theorem, use the links between the
trajectories in the domain of the action functional and some evolution equations obtained by perturbation of
(1.2). We prove a local minoration for the neighborhood of trajectories associated to bounded perturbations.
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4.3.1. Representation of the paths of the action functional
Proposition 4.8. Under Assumptions 1, 2 and for z € Dy such that I§T0 (z) < +oo0:
(i) there exists a function h* € LP"* satisfying V(f : (a,s) — fs(a)) € C}(RY x [0,T],R):

/ / U(f)(a,u, s)h*(a,u, s)m>" (da, du) ds, (4.22)

where (T(f,z) has been defined in (4.6).
(ii) Thus:

T, / [ ) = o) amz " as, (4.23)

(i1i) and z is the solution of equation (4.7), which is a modified version of PDE (1.2) corresponding to pertur-
bations in the jump rates of the original process.

Proof. From the definition of ZZ , we have for every f € C}(R% x [0,T],R) and every s € R*:

20 = e - (L) 2o < hoe

Using the notation 7(z) = max(p(z), p(—z)) = p(|z|):

oy [ (5L [ (2w

Choosing i = [[Y(/)llp.c and & = ~[[6(/)l]p.z, we obtain [¢7(f,2)] < (1+ZE (2)) [[6(f)lp.z, from (4.4). The

map (f) — €T(f,z) is hence linear and continuous for the norm ||.|[,.. on ¥ (C}(R% x [0,T],R)) C By(E x
[0,7],R). By Hahn-Banach’s theorem, it is possible to extend this continuous linear form into a continuous
linear form on E#*(E x [0,T]). Thanks to Theorem 4.1, there exists a function h* € LP ** satisfying (4.22).
From (4.22) and (4.5), we deduce (4.23).

For Point (iii), the fact that z solves the perturbed PDE (4.7) is a consequence of (4.22) and (4.6). O

The function h* given by the previous proposition is not unique, since it is only characterized by the functions
of ¢ (C{(RL x [0,T],R)) C By(E x [0,T],R).
Lemma 4.9. We can choose h* such that for all (a,s) € Ri x [0,T], h*(a,0,s) depends only on s.

Proof. Let h* € LP"* be the perturbation given by Proposition 4.8. We are going to modify it on Rff_ x{0}x10,T].
Vf e CHRY x [0,T],R),

]Rd
fRd (a,0,s)b(a)zs(da)
f]Rd a)zs(da) .

| r0sm@ospazdads = [ [ 0.9k ba)z da)ds
0 ]Ri

with: h*(s) =
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(If f]Rd a)zs(da) = 0, the choice of h* on R% x {0} x [0, T is arbitrary). By the convexity of p* and by Jensen’s
mequahty, Vi > 0,

/oT /Ri 4 <EZ155)> b(a)zs(da)ds = /O ) /R . <fRd - f; o i(sa;:)(da)> b(a)z,(da)ds
= / T o m l /R G (@) b(a)zs(da)] b(a)zs(da)ds

/ /]Rd ( aos))b(a)zs(da)dS,

and the perturbation obtained by replacing h* with h* on Ri x {0} x [0, 7] is again a function of L*" 2. O

4.3.2. Non-variational formula for IgTO

In order to obtain a non-variational formula for the action functional, we are going to use () and approximate
the perturbations h* by perturbations of the form h,,, = e¥(fm) —1 with (f,)men- a sequence of Cl(REx[0,T],R).
The key result of this section is given in Proposition 4.12. To establish it, we will use the following lemma,
which is a particular case of a result due to Ekeland Temam [14], Bishop Phelps [5], Israel [24]:

Lemma 4.10. Let § be a closed subspace of a Banach space € and let € be the topological dual of €. Let
A be a convex continuous function from € to R and let ON(x) be its sub-differential in x € & defined by
ON(z)={le® | Vye € Alx)+ly) <Ax+y)}. Let by € € such that:

deeR,Vz e € Ax) > lo(x) +c, (4.24)

then: Ye > 0, 32’ € §, 3" € N (2'), Vo € §, |lo(x) — ' (z)| < el|z].
Definition 4.11. Vz € Dy, Vg € By(E x [0,T],R), Vh € B(E x [0,T),R), Vv € (L°(E x [0,T],R)Y,

/ / gla,u, s))m=" (da, du) ds (4.25)

* . z,T o z,T
7 .(h) = few(deupOTR){/ /hw fydmz* ds / /Ep(w(f))dms ds} (4.26)

T;.(0):=  sup  {{,g) ~Ty.(9)}. (4.27)
gEBL(EX[0,T],R)
By (4.5) and (4.23):
I¢,(2) = T, . (h7). (4.28)
The main result of this Section 4.3.2 provides a non-variational formula for the action functional IgTo (z) =
I‘Z,Z(hz), and an approximation result when we regularize h*:

Proposition 4.12. Under Assumptions 1, 2, for z € Dy such that IETO (2) < +o0, and for the associated
perturbation h* € LP % (see Prop. 4.8), there exists a sequence (R )men+ of Co(E x [0, T],R) such that:

(i) Vm € N*, 3fn, € CLRL x [0,T],R), hyp, = e¥m) — 1,

(ii) the sequence (hy)men+ converges to h* dm*Tds-a.e.,

(iii) Vm € N*, I} (hym) =T ps 2 (him),

(iv) h* € [—1, 400 dmZTds-a.e. and there exists f* € B(RL x [0, T],R) such that dm>Tds-a.e. on {h* > —1},
h*(a,u,s) = e?U ) (ews)
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(v) We have the following non-variational representation for the action functional:
T
25 T h) = [ [ (W) as
0o JE
T T
= [ [ty ) = i) dmiTas [ [ L pdmiTds (@29)
o JE o JE

A difficulty lies in the fact that I';  (h*) and f;z(hz dm?7ds) do not coincide a priori, since the sup in (4.26)
and (4.27) are taken on different sets. This is due to the particular formulation of our problem which leads us
to deal with births and deaths.

Before proving Proposition 4.12, we give a lemma for the functions of Definition 4.11.

Lemma 4.13. Under Assumptions 1, 2, for z € D,
(i) Tp,~ is convex continuous.
(it) Let f € Co(RE x [0, T],R). 0T, .(¥(f)) is a singleton {v} characterized by:

T
Vg € By(E x [0, T],R), (v,g9) = / / g (ew(f) - 1) dm?7T ds. (4.30)
o JE
(11i) We have: Yh € B(E x [0,T],R),
0% .(h) <T% (hdm2Tds) < Tpe . (R). (4.31)

Proof. The convexity of I, . is a direct consequence of the convexity of p. For the continuity, we can see by
dominated convergence that if g € By(E x [0,T],R) and if (g4)4en- is a sequence that converges uniformly to g
in By(E x [0,T],R), we have limy 400 'y - (94) =T 2(9)-

To characterize 9T, . (¢(f)), let g € By(E x [0,T],R),

Loz ((f) +e9) =Tp (W) _ /T/ (p(w(f)JrEg)—p(w(f)))dm%,TdS
0 E

3

:/T/ g [ew) _1} dm=7T ds.
0 E

This is obtained by taking the derivative under the integral. T', . is hence Gateau-differentiable in (f) and
its sub-differential in v (f) exists and is a singleton characterized by (4.30) (Ekeland Temam [14], Prop. 5.3
Chap. I).

The first inequality of (4.31) is a consequence of the inclusion 1(C} (R4 x [0,T],R)) C By(E x [0, T],R). The
second inequality is a consequence of the fact that V(a,u, s) € Ex|[0,T], Vg € By(Ex[0,T],R), h(a,u, s)g(a,u, s)—
p(g(a,u,s)) < p*(h(a,u, s)). 0

We can now prove Proposition 4.12.

lim
e—0 I e—0

Proof of Proposition 4.12. We have Ig)(z) = F;’Z(hz) < +o0 by assumption, but we do not know whether

f;ﬁz(hzdm?Tds) < +4o00. Since h* € LP*, we however know by (4.31) and by definition of the Orlicz norm
l|.lp+ .~ (4.4) that:

~ h* h*
. <7dijds> <T,. <7> <1. (4.32)
P22 pe 2 ’ (L (PR
By definition of I} _, and by (4.32), it is possible to write: Vg € By(E x [0,T],R),

T h? ra o= h* -
Fp,z(g)z/ /Zigdmj’ ds —T% . (Zidmj’ ds),
0 E ”h p*,z ’ Hh p*,z
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and the condition (4.24) is satisfied. Applying Lemma 4.10 with the closed sub-space F=
adh (¢ (cb (RY x [0,T],R))) of L=(E x [0,T],R) gives: Ym € N*, 3f,, € adh (C}(R% x [0,T],R)), Ty, €
arﬂvz(w(fm)) VQ € Cl(Rd [Oa T]vR)a

h? g
9)|z7 dmZ ™ ds — (Um, ¥(9))| < & (4.33)
P,z
By Point (ii) of Lemma 4.13 and setting hy, 1= [I1h* p*,z(ew(fm) —1):
}Nlm ||g||oo
- dmzTds| < ——>=—. (4.34)
( el T )

Since f, is bounded and since dmZ7Tds is a finite measure, T'p- .(h,) < +oo, implying by (4.31), that
I (hmdmZ7Tds) < +oo. From the definition of I'} _: Vg € By(E x [0,T],R),

T
9) > / / hing dm:Tds =T, (hndmTds) .
0o JE '

Applying the Lemma 4.10 and Point (ii) of Lemma 4.13, there exists a sequence (fp,)men- of adh(C} (Ri X

[0,7],R)), and a sequence of continuous and bounded perturbations (A, )men+ defined by h,, := e¥(fm) —1 such
that: Vm € N*, Vg € C(R% x [0,T],R),

llgllos
4m

) dmZTds <

Since each function f,, is the uniform limit of a sequence (fm p)pen+ of C} (Ri x [0,T],R), Ay, is the limit,
for the uniform norm and in L'(E x [0,7], dm>7*ds) (since the measure dm?7ds is finite) of the sequence
hmp = = e¥(fmp) — 1. Replacing hy, with Ay, p for sufficiently large p, we obtain the existence of a sequence
(fm)men~ of CL(RL x [0,T],R) satisfying:

) dm>T ds| < ”‘;’7'7‘1‘” (4.35)

From (4.34) and (4.35): Vm € N*, Vg € C}(R% x [0,T],R),
B — h7) dm?7T ds % 4.36
( ) dm o (4.36)

with:

/OT /E 0(g) (h — h*) dm>T ds = /OT /}Rd+ (0, 5) (efm<075> —1-1h*(0,0, s)) b(a)zs(da)ds

T
—/ /d g(a,s) (eff’"(“’s) —1-"nr*(a,1, s)) d(a,zsU(a))zs(da)ds. (4.37)
0o JrL
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For g € C)((R%)? x [0,T],R), which satisfies Vs € [0,7], g(0,s) = 0, we obtain the vague convergence of
the sequence of measures (A, dmz7ds)men to h* dm>Tds on (R%)? x {1} x [0, T]. Hence, there exists a sub-
sequence of (e~fm —1),,cn+ that converges to h*(., 1,.) zs(da)ds-a.e. on (R%)?x[0,T]. For g € C} (RLx[0,T],R),
and for the previous sub-sequence of (fp,)men+:

/OTg(O,S) VR

(ef’"(o’s) —1-—1r*(0,0, s)) b(a)zs(da)
d
g

< % (4.38)
m

- /Rd ) (e_fm(a’s) —1-"nr*a,1, s)) d(a, zsU(a))zs(da)] ds

+

If we prove that:
Vit € 10,7, (z:(da), 14—0) = 0, (4.39)
then, h*(0,0, s) will be the ds-a.e. limit of a sub-sequence of (e/m(®%) —1),,cy- and h* will be the dm?7 ds-a.e.

limit of a sub-sequence of (e¥/m) —1),,,cn-. Let us prove (4.39). For ¢ > 0, let ¢. € C}(R%,R) be a non-negative
function, bounded by 1, with ¢.(0) =1 and ¢.(a) =0 for |a| > e. For ¢t € [0,T] and f.(a,s) := ¢-(A(t,s,a)):

<Zta ¢€> = <Zta ft> - <§Oa f0> + /O be (A(ta S, 0))(1 + hz(aa 0, 8))b(a)zs(da)ds

d
]R+

—/O y o (A(t, s,a))(1 + h*(a,1,s))d(a, zsU(a))zs(da)ds.  (4.40)

Fors < tanda € R%, ¢.(A(t,s,a)) — 0 whene — 0. Since ¢-(A(L, s,0))(1+h*(a, 0, s))b(a) and ¢ (A(t, s, a))(1+
h*(a,1,s))d(a, zsU(a)) are dominated by (1 + h*(a,0, s))b(a) and (1 + h*(a, 1, s))d(a, zsU(a)) which are inte-
grable with respect to z5(da)ds, the right hand side of (4.40) converges to 0. The left hand side converges to
(2t, 1q=0). This proves (4.39) and thus Points (i) and (ii).

Since hy, = e¥Um) — 1, p*(hy) = eUm)ip(f) — e¥Um) 41 = hpp(frn) — (e¥Um) — () — 1):

Ty () = / /E oo (fun) — p ($(Fon))] AT ds

r z,T s — _T*
< s V /E B () dm T ds — T2 (6(f)) | = T (im)- (4.41)

© feci®x[o,1)
From (4.31) and (4.41), I'; _(hm) = fp*,z(hmdmj’Tds) =Ty - (hy,). This proves Point (iii).
Since (M, )men+ converges dmf’Tds—a.e. to h* and since Vm € N* h,, > —1 dm?Tds—a.e., then h* > —1
dm?Tds-a.e. As h* € LF* c LYE x [0,T],dm>Tds), h* < 400 dm?Tds-a.e. In the sequel, we have to
separate the cases h* = —1 and h* > —1 to take the logarithm of 1 4 hZ.

On {h* > =1}, ¥(fm)(a,u, s) = log(hm(a, u, s)+1) converges dm?7T ds-a.e. to ¥(f*)(a,u, s) := log(h*(a,u, s)+
1). The sequence h*t(fm) — p(¢(fm)) thus converges to h*(f*) — p(1(f?)), and the latter is non-negative:

0<p*(h*) = e?UIp(f%) — eV 41
= (e¢(fz)+]_> w(fz)— (e’l/J(fZ) 7w(fz)71> :hzw(fz)*p(w(fz)) (442)

On {h* = —1}, ¢(fm) diverges to —oo and k%Y (fp,) — p(¥(fim)) = —e?Um) 41 converges to 1.
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Let us define the sequence ( fm)meN* by:

v

V(fm) =U(fm) (k= (o) —p(f))20, h=>—1} + V(i) L (f) <0, ho=—1}- (4.43)

The non-negative sequence (A1) ( fin)—p(¥(fm)))men- converges to [h=0(f2) — p(¥(f?))] Tipes 1yt 11y =
p*(h?). Thus, I'y- .(h*) < 4+00. Else, by Fatou lemma and (4.42):

T -
I* _(h?) = h* - dm?7Td
() feC;(R?EO,TLR){/O /( v = ) dms S}

zliminf/T/E(hzw(fm)— p((fm)) dmZTds>/ /Ehmmf (fm)—p(w(fm))) dm>Tds

m— 00 0 m— 00

= / / p*(h*)dmZTds =T e ,(h7) = +oo, (4.44)
o JE

which contradicts the assumption I'} _ (h*) < +oo. Integrating (4.42) gives the last equality of (4.29). Moreover
Point (iii) of Lemma 4.13 and (4.44) imply the first equality of (4.29). d

Remark 4.14. When h* is bounded, we can choose the functions h,, bounded by ||h*||s. Indeed, if we
regularize the functions f,, in the neighborhood of the points where ¥(f;) > log(||h*|lcc + 1), we obtain

a new sequence (hn, = e¥(fm) — Dmen- bounded by |[h7]|s and satisfying |h* — hp,| = ’ew(fz) —ev(m)| <
V) — ¥ Um)| = 17 — By,

4.3.3. Local lower bound

The proof of the local lower bound enounced in Theorem 4.3 relies on a change of probability, and on the use of
Girsanov theorem. Let P™ = L£(Z™). It is a probability law on Dp. Let z € Dp be such that IETO () < +00. Our
purpose is to construct a sequence of probability measures (P'™),cn+« on Dy that are absolutely continuous with
respect to (P™),en+ and which can be interpreted as a recentering on z. To achieve this, we use the perturbed
equation (4.7) satisfied by z. The use of the Girsanov theorem is allowed if h* has a particular form and proper
regularities. Since h* € L % is not a priori bounded or differentiable, we use regularized perturbations h,, of
the form given in Point 1 of Proposition 4.12. It is hence natural to introduce the sequence (2 ),,en+ of the
solutions of (4.7) perturbed by the h,, and to apply a recentering associated with these z". Unfortunately,
we can prove the convergence of (2" )men+ to z only in the case where h* is bounded. The case where h* is
unbounded remains open. Thus, we will be lead to introduce the additional assumption h* € L (E x [0,T],R).

The following result implies the lower bound of Theorem 4.3:

Proposition 4.15. Under Assumptions 1, 2, 5, for z € Dy such that I§T0 (2) < +o0 and h* € L>®(E x[0,T],R),

we have for any open subset O of Dy containing z:

lim 1nf —logP(Z" € 0O) > —IéTO (2), (4.45)

n—-+oo N

(in the case where T} (2) = +o00, the result is automatically satisfied).

First, we complete the approximation result of Proposition 4.12 by showing that every path z of the domain
of the action functional IgTO associated to a bounded h* can be approximated by a sequence of paths ("), en-

associated to perturbations h,, of the form h,, = e¥(fm) — 1 with f,, € C}(R? x [0,T],R).
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Proposition 4.16. Under Assumptions 1, 2, for z € Dy such that IgTO(z) < 400 and h* € LP* N L>(E x
[0, T],R), there exists a sequence (fm)men+ of C} (Ri x[0,T],R) such that the sequence defined by hy, = e¥m) -1
satisfies:

(i) (hm)men~ converges to h* dm?>Tds-a.e. and (4.36) is fulfilled.

(ii) For every m € N*, the evolution equation: Vf € C} (Ri x Ry, R),

t t
o 1) = leo o)+ [ (necoVutor G ass [ [ ep@irapuinamsTas (@)

admits a unique solution in y, which is denoted by z™ € C([0,T], Mp(R%)).
(i11) The sequence (z )mGN* converges to z € (C([0,T], MpRL), [|.l7v)), ||-ls0)-

(iv) We have T, fo S5 (hn¥(fm) — p(0(fm))) dm?"Tds = fOT Iz p*(hm)dm?z""Tds and:
mliri1ooI€0( ™) =1Ik(2). (4.47)

Proof. Point (i) is a consequence of Proposition 4.12. By Remark 4.14:
(2", 1) <{6o, 1) / / el 0:9b(a)2™(da) ds < (&, 1)elIn =+t
Rd

we can define Ar = max (supte[O,T] (21, 1), SUPe(o,7] (2, 1), m € N*) which exists and is finite and independent

from m.
Existence and uniqueness of the solution 2™ € C([0,T], Mp(R%)) of (4.46) is an adaptation of the results of
Section 3.2 (the birth and death rates are perturbed by continuous bounded factors and Assumptions 2 still hold).

Let t € [0,T7], ¢ € C} (R4, ) such that [|¢]cc <1 and f : (a,s) € RL x [0,T] — f(a,s) = ¢(A(t,s,a)) € R.

[(ze — 2", ¢)| =
where by (4.36):

(14 h*)(f deTdsf// (14 h) o(f)dm? T ds| < A+ B, (4.48)
E

G(f)dm3" ds| < —, (4.49)

and, by Remark 4.14 and computations similar to (3.1):

t
[ 0() [amz ™ — dm3™ 7] as gC(||hZ||oo,T)/ l2s — 2™ ovds.  (4.50)
0

We deduce from (4.48), (4.49), (4.50) that:
1 t
[{ze = 2", ) <— + C(||hz||oo,T)/ 25 = 2" lTvds.
0

Since every function ¢ € Cb(Ri,RJr) bounded by 1 can be written as the pointwise limit of a sequence of
Ct (R‘j_, Ry) bounded by 1, we obtain by taking the supremum in the left hand side:

1 t
sup |[zu = 2 l7v <+ C([|h*] o, )/ sup |[zu — 2" [[rvds, (4.51)
u€(0,t] 0 u€l0,s



372 V.C. TRAN
and by Gronwall Lemma: sup,c(o 1 |2t — 27" | 7v < C([|h*||o0, T') /m. Hence:

Ve >0, Img = mo(e,T) € N*, Vm > mg, sup |z — z"||rv < e, (4.52)
t€[0,T]

and (2™)men- converges to z in C([0, 7], (Mp(R%), [|.||7v)) uniformly in ¢ € [0,77].
By an adaptation of the proof of Point 3 of Proposition 4.12:

Lpe om (hn) = T o (han).- (4.53)

By (4.5), (4.23), (4.31) and (4.53) Z{ (2™) = T% w(hm) = Tpe zm(hm), which proves the first part of (iv).
Finally let us prove (4.47):

0< |28 (2™ —Ti(2)| <A+ B

/ / m)dmzTds — / / (h*)dm>Tds
dmz ’Tds—/ / m)dm?’ Tds|.

By (4.52): ¥m > mgy, B < f “(1hmlloo)(b 4+ d(1 4+ Ar) + LaUA7)|2zs — 2™ ||lrvds < C(||h?| s, T)e. Since
(hm)men= converges dm*?ds-a.e. to h*, and since these functions are bounded, we have by dominated con-
vergence that lim,, 1 Fp*7z(hm) =Tp . (h?) = Ig)(z), and lim,,—1o A = 0. This concludes the proof of
(4.47). O

Thanks to Propositions 4.12 and 4.16 and under the Assumptions of Proposition 4.15, we can restrict the
study of the local minoration to “regular” paths:

(4.54)

Assumption 6. We consider a path z belonging to the domain of the action functional IgTO and such that
h* = e — 1 with f* € C}(RY x R4, R). Then:

:/OT/E(hzlﬂ(fz) — p((f*))) dmZ " ds.

We construct the change of probability corresponding to a centering around a such path z.

Proposition 4.17. For a path z as in Assumption 6, the following SDE on [0,T]:

t
Dy =1 +/ /D?,l{z'sw} [(ef ) — 1) Ljo<o<mi (s, 27 i)}
o Je -
(mi(Z7 ),s A ;
(I ) Uz coomatezz | @Uds, did6)  (455)

admits a unique solution (Dy')icjo,r) which is a P"-exponential martingale:

Dy = exp<n (78 1) 7 i) //( OV + G2 @) 22 (da) s

—/Ot/Ew(fZ)dmfands— /0 /Ep(w(fZ))dmfn,TdSD. (4.56)
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Under the probability P'™ := D}, - P™, the compensator of the random measure Q is:

INCICABN

q(ds, di,d0) = 1p<npy | O ocoam,(s.z0 iy +e {ml(s,Z:;,i><9§m2(s,Z:,7i)}} dsn(di) 6.

Proof. We wish to perturb the birth and death rate of the particles, so that the new rates are multiplied by
1+h*(a,u,s) = e?F)(@ws) 4 10,1}, This is why we introduce SDE (4.55). For the proofs, we refer to Jacod
and Shiryaev [25], Theorems 3.24 p. 159 and 5.19 p. 181. O

Proposition 4.18. Under Assumptions 1, 2, 5, for z € Dy satisfying Assumption 6 and under (P™),en+ of
Proposition 4.17, the sequence (Z™)nen+ converges in probability to z.

Proof. Birth and death rates are perturbed by continuous bounded functions:
bla) — e O9p(a),  d(a, Z"U(a)) e~ @d(a, Z"U(a)). (4.57)

Assumptions 2 are still satisfied. We can then prove, with proofs similar to the ones of Section 3 (Cor. 3.3),
that Z™ converges weakly to z in P'™-probability. O

We are now able to prove the lower bound announced in (4.45).

Proof of Proposition 4.15. We have P"(0) = P"(O)EF" (104E~ /P'™(0)) (these terms may all be equal to
zero). By Jensen’s inequality and the definition of D

1 m 1 1
lim mf — 1og P™(0) > liminf — log P""(O) + lim inf EX (—70 —log Dg«) .

By Proposition 4.18, lim,,_, 4« log P"*(O) — 0, which implies: liminf,, %log P'™(0) = 0. From (4.56), from

Proposition 4.18, from the fact that z is continuous and that h* and f?* are continuous and bounded, we obtain
the following convergence in probability:

g - g [ (U(G)Vafj(a) +2) 22
[ [ Lo
[ woirmsas [ [ ooy ant a0,

by (4.22) and (4.29). Since: |LlogD2| < C(T,|f*) (1 +supte[O,T]<Zf,1>2), we obtain, by Point 2 of
Assumptions 3 and by Proposition 2.7:

lim — 1og D lim
n—oo N n—oo

“fii‘ipEPm(p:z?O) ) / / B> (f7) = p (¥(f))] dm>" ds = I{ (2).

This concludes the proof of Theorem 4.3. (]

5. APPLICATION TO PROBLEMS OF EXIT OF DOMAINS

We deduce from Theorem 4.3 some estimates on times of exit of domains. The computations that we present
are inspired by results obtained by Freidlin and Ventzell [18], Dembo and Zeitouni [12] (Sect. 5) in finite
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dimension, and Da Prato and Zabczyk [40] (Chap. 12). We adapt these works to the case of our measure-valued
processes.

This allows us to control the probability of exit of a tube around the deterministic solution (Sect. 5.1) and
to give estimates for the exit time of a neighborhood of an attractive domain of the stationary solution of the
deterministic limit solution in the particular case of logistic age-structured populations.

In the proofs, the distance W; appears naturally since the consideration of an age-structure leads us to
introduce functions f of C} (R‘j_, R) such that V,f is bounded. These functions are Lipschitz continuous. The
total variation norm arises since we do not know if the perturbations h* are Lipschitz continuous. However,
under the constraint that z € &, these perturbations remain bounded. The difficulty will be to deal with these
two distances. We have:

Vi, v € Mp(RE), Wilp,v) < |ln—vllzv. (5.1)

We denote by Bry (p,7) (resp. Bw, (i, 7)) the ||.||py-ball (resp. the Wi-ball) of radius » > 0, centered in
1€ Mp(R%). dp,r is the Skorohod distance on Dy (see. [4,25]).

5.1. Exit times from tubes and pits

Proposition 5.1. Let R > 0, 0 > 0 and let K(R) and K(R)s be the sets defined by:
K(R)={z€Dr, Il (2) <R} and K(R)s={z€Dy, 3 € K(R),dpr(z2)<d}.

Under Assumptions 1, 2, 5:
(i) VR > 0, V6 > 0, Ve > 0, Ing € N*, Vn > ng, P(Z" € K(R);5) > 1 — e ™(E2),
(ii) ¥z € &, ¥5 > 0, Ve > 0, Ing € N*, Yn > ng, P (dp. (2", 2) < 8) > e "Fo(+e],

Proof. For R >0, § > 0 and z € Dy, K(R)S is closed in Dy and {y € Dy | dpr(2,y) < 6} is open. The results
are then consequences of Theorem 4.3. O

Remark 5.2. Since {y|dpr(y,&) < 6} N& # 0, the lower bound of (4.10) provides information for the times
of exit from tubes centered on the solution £ of (1.2).

5.2. Exit times from the neighborhood of a stationary state of the Logistic age-structured
population

Recall the logistic population structured by a scalar age presented in the introduction. Let us introduce the
probability II(ay, az) that an individual of age a; lives until age as and the net reproduction rate Ry.

(a1, a2) = exp ( /:2 d(a)da> and Ryp= /0+00 b(a)T1(0, a)da. (5.2)

Assumption 7. In the following, we assume that Ry > 1. (Hence b > d since: b/d = fOJrOO be~da > Ry > 1.)

There exists a unique classical solution to PDE (1.5) that describes the large population limit of the mi-
croscopic process and we have an explicit expression (Prop. 5.3). Under Assumption 7, the behaviour of the
solution of (1.5) is moreover known: there exists a unique nontrivial stable stationary solution 7 (a) to which ev-
ery solution starting from a nonzero initial condition converges (Prop. 5.4). These are results due to [6,22,34,51].

The estimates given by Section 5.1 tell us that the microscopic stochastic process behaves as its deterministic
approximation on compact time intervals, and we prove in Proposition 5.5 that for sufficiently large 7" > 0 and
n, Z7 finds itself with “large probability” in a neighborhood of the stationary solution m(a)da.

However, the same Proposition 5.5 indicates that in the long time, and for a given integer n, (Z')icr,
does not converge to m(a)da, but to the null measure. The realizations of (Z}");ecr, almost surely leave the
neighborhood of m(a)da to drive the population to extinction.
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Proposition 5.3. Under Assumptions 1, 2, 4, if 3mg € CL(R4,Ry), &o(da) = mo(a)da:

(1) (Z")nen= converges in probability in D to the weak measure solution (§;)icr, of (1.5).

(ii) For every t € Ry, & is absolutely continuous with respect to the Lebesgue measure on Ry. The family of
the densities (m(.,t))ier, is the unique classical solution of (1.5). It belongs to C*(R2,Ry) N L*(R%,Ry) and
its explicit expression is given by: VYa € Ry, Vt € Ry,

MO l/(a, t)

_ %;”H(aft,a) if a>t,
1+ M, fot 0+°° v(a, s)dads

B(t — a)I(a,0) if  a<t,

m(a,t) . with: v(a,t) = {

IT being defined in (5.2) and for g*™ the nth-convolution of the function g with itself:

B(t) = By * +§ ()], Bo(t)=1 /+°° bla+1t) mO(a)H(a a+t)da, g(a) = b(a)II(0,a)l
0 nzog , Do t>0 . M, s y g s a>0-

Proof. Existence and uniqueness of a weak function solution are particular cases of Corollary 3.3 and Proposi-
tion 3.4. The computations of [6,22,34,51] tell us that (1.5) admits a classical solution.

This provides regularity information and an explicit expression of the function solution of (1.2) in this
case. (|

Proposition 5.4. Under Assumptions 1, 2, 4, 7:
(i) The following equation: 1 = f0+°o e~ 19(a)I1(0, a)da, admits a unique solution Ay > 0.
(i1) The solution m(a,t) of (1.5) has the following long-time behaviour:

e Niag]
lim m(a,t) = +;e — (0,0)
t—too nfy e MeIl(0, a)da

=: m(a), (5.3)

the convergence being uniform in age on bounded intervals of R .
(iti) m is exponentially asymptotically stable and V& € Mp(RL), VR > 0,377 = Ti(R,&) > 0,Vt >

o~ o~

T, Wi (&, €) < R, where {(da) = m(a)da.

Proof. These assertions are proved in [6,34,51] and Proposition 5.6.4 of [47]. O

Proposition 5.5. Under Assumptions 1, 2, 4, if 3mg € CL(Ry,Ry), & (da) = mo(a)da:
(i) For alln e N*, P(It € Ry, (Z]',1) =0) = 1.
(ii) Ve > 0, V¢ > 0, 3T = T1(s) > 0, Ing = ni(e, Ti(s)) € N*, Vn > ny, POWL(Z]

17

o~

)>¢) <e.

Proof. Let n € N* be fixed. The idea in the proof of Point (i) is to dominate stochastically ((Z{*,1)):er, by the
following process (Y;")icr, with values in (1/n)N:

t 1 )
Y =(Z5,1) + /0 /5 Lignyr 3 (10§9<b(m(Z;L)) - lb(m(Z;L))§9<b(A7,(Z;L))+d+nY;L) Q(ds, di, df)
t 1 )
T /O /g " [1{Y9’L:0,i€[[17n]],96[0,1]}+1{i§nY;:}10§9<5—b(m(Z§;))} Q'(ds, di, df). (5.4)

Q is the Poisson point measure introduced in Definition 2.4 and @’ is an independent copy. The second term
of (5.4) implies that 0 is not an absorbing state for Y™ and, when Y;" > 0, completes the birth events so that
the birth rate is b. Let us prove that Y™ is positive recurrent. This process is irreducible. Its generator A is
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defined by: VF € C((1/n)N,R,), Vi € N,

= (p (52)- () ((59) () (102
e (r(2)-F0) s 59

If we choose for F' the Lyapounov function V™ : i/n — i/n, then Vi € N,

. . . . 7 _ 2
AV™ (i) = [b —d— 771} liso+1imo < —V" (i) + ((b 0 + 1) ; (5.6)
n n n n 4n

since b—d —ni/n < —1for i >n (b+1—d) /n, and

- : 5 2
(1o} 552
n(b+1—d) n n 477

The inequality (5.6) is of the form Vi € N, AV™ (L) < —cV™ (L) 4+ ¢/. A criterium of Meyn and Tweedie (38],

0<i<

n

Ths. 6.1 and 7.1) then entails that Y™ is positive recurrent.
A sufficient condition to prove Point (i) is that P (3t € Ry, Y =0) = 1. Let C > 1 and

7o =inf{t >0,Y,"=0o0r Y, =C/n}.

Since (Y;")ier, is positive recurrent, P¢ (Y” = 0) > 0 (under Pg/,,, Y™ starts from C/n).

TC

P(3teRy, V" =0)=P (Y =0)+P (Y, =C/nand It € Ry, Y/}  =0)
=P (Y =0)+P (Y =C/n)Pc/, (3t € Ry, Y =0), by the strong Markov property
=P (Y2 =0)+P (Y2, =C/n) [Pc/m (Y, =0)+Pcy, (Y, =C/nand 3t € Ry, Y/} =0)]
+oo
= (YT"C = 0) +P (YTZ = C’/n) Z]PC/n (YT"C = 0) Po/n (anc = C’/n)l , by recursion
£=0
=P (YTC = 0) +P (YTc = C’/n) —Poyn (YT”C — C’/n) =P (YTC = O)Jr]P’ (YTC = C/n) =1.
This concludes the proof. Point (ii) is a consequence of Proposition 5.1. O

In order to illustrate these Propositions, we have simulated the stochastic process Z" for different values of
n and have represented in Figure 3 the evolution of the sizes of the corresponding populations. For increasing
n, we can see that the fluctuations around the equilibrium value given by the deterministic approximation,
fR+ m(a)da, are of decreasing amplitudes, and that the extinction times are increasing. For n = 5 or n = 10,
these times are already very large and cannot be observed on simulations.

For numerous applications (see [37,47], Chap. 6 for instance), it is of great interest to evaluate the time
during which the microscopic process stays in the neighborhood of the stationary stable solution m(a)da of its
deterministic approximation. This is obtained in Propositions 5.6 and 5.11. We will prove that this time is
exponential in n. This explains why the extinction time in the simulations of Figure 3 increases so fast.

Assumption 8. Assume that the functions a — b(a) and a — d(a) are Lipschitz continuous from Ry to Ry,
with constants Ly and Lg.
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FIGURE 3. Simulation of a ngegistic age-structured population inder different renormalizations
(n=1,n=1.25n=>5,n=10).

We assume that the limit & of (Z] )nen in (Mp(Ry), w) is absolutely continuous with respect to the Lebesgue
measure, with a density mo € CY(Ry,Ry) N LY (R4, Ry).

Let 0 < v < <§, 1). We study the problem of exit from the domain Byy, (E, ) using the results of Theorem 4.3.
Results are stated in Propositions 5.6 and 5.11. Notice that for this choice of ~, this neighborhood does not
contain the null measure. The exit time of By, (§,7) is:

T = inf {t >0, | Z ¢ By, (€, 7)} . (5.7)
For R > 0 and & defined in (4.9):
1% :inf{IgTo(z) | T>0,2€DrN®, zg = £, 2 ¢ Bwl(g,'y)}, (5.8)
V(R) =inf {T2(2) | T >0, 2 € Dy, Wi(20,8) < R, 21 ¢ Bw, (€1}, (5.9)
V = lim V(R). (5.10)

When the set in (5.8) (resp. (5.9)) is empty, V (resp. V(R)) is infinite. The estimates given in the following
sections (Props. 5.6 and 5.11) are then automatically satisfied. Notice that V is well defined in R} U {+o00}:
(V(R))r>o0 is an increasing sequence when R | 0 and:

= 1 <V. 3.
v }lzlgbk(R) <V (5.11)
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Notation. Recall that ¢ is the solution of (1.2) starting from &y € Mp(R,.), which is the limit of Z{ for the weak

~

convergence. Until the end of this section, we will consider {y € B, (£, 7). We denote by " € C(Ry, Mp(Ry))
the solution of (1.2) starting from the initial condition py € Mp(R4).

For z € Dy such that IgTO(z) < +oo with T' > 0, there exists h* € L »* such that z is the solution of (4.7)
perturbed by h*. We denote by z#° the solution of (4.7) perturbed by h* and starting from o € Mp(Ry).

5.2.1. Upper bound of the exit time
Proposition 5.6. Let £ € By, (E, v). Under Assumptions 1, 2, 5, 7, 8:

1 _

limsup —logE(7") < V. (5.12)
n—-4oo 1

The following corollary, obtained by the Markov inequality, gives us an interpretation of this result: the exit

time 7™ is upper bounded by ¢™V+%) for any § > 0, up to an exponentially small probability.

Corollary 5.7. Let £ € Byy, (fA, v). Under Assumptions 1, 2, 5, 7, 8 : ¥§ >0, 3C > 0,

1 _
lim sup — log P (T” > e"(v+5)> < —C. (5.13)
n

n—-+oo

The proof of Proposition 5.6 relies on the following lemmas. Lemma 5.8, proved in the end of this section,
establishes a result of continuity with respect to the initial condition. Lemma 5.9 shows that z — IgTO (2)
vanishes only at &. Its proof stands in [20] page 490. Notice that the results given by these lemmas use the
total variation norm. Indeed, we do not know if the perturbations h* are Lipschitz continuous. However, under
the constraint that z € & in the definition of V' and in the lower bound of Theorem 4.3, these perturbations
remain bounded.

Lemma 5.8. Let T > 0, let z € Dy N & with initial condition zg € Mp(Ry).
(i) Ve > 0,38 > 0, Yo € Brv(20,9), subsejo r) 1260 — 2ellTv <e.
(it) The map po — I} (2#0) from (Mp(Ry),|.|lpv) into Ry is continuous at point po = zo.

Lemma 5.9. Let T > 0. We have IgTO (2) =0 if and only if z = &, the unique weak measure solution of (1.4)-
(1.3) starting from &.

Proof Proposition 5.6. Let z € D(Ry, Mp(R4)) such that zg = £, 3T >0, 21 ¢ By, (E, 7), (2t)tejo.1) € B. We
do this assumption since the upper bound (5.12) is based on the lower bound in (4.10). In order to establish
the Proposition 5.6, it is sufficient to prove that:

1
lim sup - logE (T") < Iz (2). (5.14)

n—-+o0o ¢

The left hand side does not depend on z. Taking the infimum in z in the right hand side gives (5.12) by (5.8).
In order to obtain (5.14), we establish an upper bound of the form:

Vn € N*, Vk € N*, P(T" > kC(z,T)) < (p(z,T))", (5.15)

where C(z,T') is a non-negative constant and p(z,7T') is a constant that belongs to ]0,1[. For this purpose,
we lower bound the probability P (7" < kC(z,T')) by the probability that (Z}'):cjo,xc (=) goes through the

neighborhood of 2z € Mp(R,) situated outside of By, (€, 7).

Step 1. We begin with bounding below the exit probability of By, (E, ~) when the initial condition is “near”
&, by using the path z.
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Let § := inf{Wi(21,y), ¥ € B, (£&,7)}. Since zr ¢ Byw,(€,7), § > 0. Let us consider the perturbed
evolution equation (4.7) satisfied by z starting from ¢ and let pg € Mp(R4).

By Point (i) of Lemma 5.8, Vd; €]0,4[, 32 > 0, [Huo —&llrv < 82| = 124 — zr|lrv < § — 61] . We deduce
by the triangular inequality: Vug € Bry (E, d2),

inf Wiz, y) >  inf  Wi(er,y) — |25 — zrllry > 8 — (6 — 1) = 61 > 0,
yEBw, (§7) yEBw, (§,7)

and thus 21" ¢ By, (€, 7).
By Point (ii) of Lemma 5.8:

Ve >0, 38 > 0, Yuo € Brv (€, 00), |Z0 (2#°) — () <e (5.16)

Assume that & € By (E, do A d2). We can lower bound the probability of exit of By, (E, ~) by the probability
that the path stays in a tube of radius §; around z%°: Ve > 0, Ing € N*, Vn > ng,

P(T" < T) 2 P(dor(27,2) < 61) 2 o (Fa4e) 5 o n(TGe2e), (5.17)
by Proposition 5.1 and by (5.16).

Step 2. We now consider an initial condition &y € By, (E, ) satisfying Assumption 8. By Proposition 3.4, the
marginals & of the solution of (1.2) are absolutely continuous with respect to the Lebesgue measure. By Point
(iii) of Proposition 5.4,

a7, = T1(50 AN (52,5,"}/) >0, ||§T1 — EHTV < g A O2. (518)

Let 03 = inficpo,1] (’y - Wl(&,g)) > 0 (the deterministic path ¢ remains in By, (£,7)). Since (Z}, Jnen-
converges in probability to &, € Bry (E, do A d2), we obtain from (5.17), and from the strong Markov property:

P(T" <T+T1) 2E (1rosnPry (T" < T)) > B(dpz, (27,€) < dg) e " 199 > G99 (519)
where the lower bound for P (dp 1, (2", ) < d3) is obtained by Proposition 5.1 and Lemma 5.9.

Step 3. We now establish (5.15). Let p:=1— o " (2)+39)

for 50 € BWl (é\’ ,Y)

and assume that for k¥ € N*, we have shown that

P(T" > k(T +T1)) <p". (5.20)

By the strong Markov property and since on {7" > k(T'+ T1)}, Z}\ 1, 1,y € Bwm, (E, 7) converges to i) €
BW1 (57 7)

P(T" > (k+ (T +T1)) <E (Pzp, (T > T+ 1) resgrsny) ) SpP(T" 2 KT + 1)) < pH0 (5.21)

By recursion, we obtain (5.20) for every k € N*.

Step 4. We deduce for & € By, (5, v):

o g ST o t)dt < mp TS KT 4+ T)) < n(Z¢ (2)+3¢) 5.22
= n —_— = 13 .
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by definition of p. Then limsup,, . = logE (7") < IgT(z) + 3e. The choice of ¢ > 0 is arbitrary and the
proposition is proved. O
Remark 5.10. In order to obtain the inequalities (5.19), the fact that we only have a local minoration in (4.10)
is not restrictive, since we consider deviations with respect to the path £, which belongs to ® (4.9).

Proof of Lemma 5.8. Let € > 0, § €]0,1] and pg € Brv(§0,d). We have supeo 7y (2 + 217, 1) < (26, 1) +

1)eET =: At independent of jy and 9.
Let ¢ € C} (R4, Ry) such that ||¢]lec < 1. Let ¢ € [0,7] and (f : (a,8) — dla+t—s)) € CL(Ry x Ry, R).
With a computation similar to (3.1):

(20 — 2%, 0)| < ¢la+t)z0(da) = [ dla+t)uo(da)

Ry Ry
t ¢
| [ Leom s vamiTas— [ uio - nam: T
0o JE 0o JE
t
< llzo = pollzy + (1¥¥lloc +1) [b+ d + 27 Az] / l2s — 2£° |7y ds. (5.23)
0

Taking the supremum in ¢ € C} (R4, Ry) bounded by 1 gives:

2ze — 2 |l7v <dexp ((||h* |l + 1) [0+ d +2nAr]| T), (5.24)

by Gronwall’s lemma and by choice of ug. Choosing § = min (1, se*(”hzHOQH)[EJ”HQWAT]T) , we have § €]0,1]

and can upper bound the right hand side of (5.24) by &, which proves Point (i).
Now let us consider Point (ii). For f# defined in Proposition 4.12 and using (4.29):

[T (2°) = Z2, (2)| <[R*e(f*) = p(b(f) Nl T (b + d + 27A7) sup lze = 2" [lzv- (5.25)
telo,
Thanks to Point (i), there exists ¢ > 0 such that for all ug € B(z0,9), (5.25) is upper bounded by e. O

5.2.2. Lower bound of the exit time

We now consider the probability P(7" > e”(Z*‘;)) for § > 0. We rely on the large deviation upper
bound (4.10). The skeleton of the proof looks like its counterpart in finite dimension (see [12], Sect. 5), but
the proofs of all the technical lemmas have to be changed, when dealing with our measure-valued processes.
Another difficulty is that V is possibly infinite.

Proposition 5.11. Let { € By, (E, v). Under Assumptions 2, 5, 8 :
1. If V. < +oo, then V6 > 0, lim, oo P (77 > e"Y79) = 1.
2. If V. = 400, then VYV > 0, lim,, 4 oo P (T" > e”V) =1

Let p €]0,v/2]. For such p, we define the following stopping times:
o, = inf {t >0, Z7 € B, (€ p)UBS, (&, 7)} . (5.26)

0, is the first time when (Z");cr, enters By, (E, p) or leaves By, (E, 7). The proof of Proposition 5.11 is based

o~

on the following lemmas, proved at the end of the section. The interesting case is when p < Wi (&,¢&), & €
By, (§,7)\ Bw, (&, p). The estimates of Lemmas 5.12, 5.13 and 5.14 are automatically satisfied if p > Wi (&, &).

Lemma 5.12. Let p €]0,7v/2[, lim¢ ;o limsup,,_,, o, = logP (0, > t) = —cc.
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Lemma 5.13. (i) lim,_olimsup,_,,,, + logP (ng € By, (5 'y)) < =V (where V is possibly equal to +00).
(i) We deduce that for p €]0,~/2], limy— 400 P (Z"p € By, (&, p)) =

g

Lemma 5.14. Let p €]0,~v/2[. Ve >0, IT(c,p) > 0,

hmsup logP sup  Wi(Z9, Z5) > p | < —c. (5.27)
n—too T te[0,T(c,p)]

Lemmas 5.12, 5.13 and 5.14 tell us that the following probabilities are exponentially small:

1. the probability that the path (Z7')scjo,4 remains in the set Byy, (E, ¥)\ Bw, (E, p) when t — +o0,
2. the probability that Z™ leaves this set by leaving Byy, (E, v),

3. the probability that Z™ “strongly” deviates from its initial condition Z§ in short time.

Notice that the use of W is fundamental in the proof of Lemma 5.14.

Proof of Proposition 5.11. Let 6 > 0 and let:

= 4 if V < 400,
V{V—i—& iV = o0, (5.28)
with an arbitrary V' > 0 as in the terms of the Proposition. By Lemma 5.13,
dp €]0,v/2], hmsup - log P (Z” € Byy, (€, 'y)) <V 46/4
n—-+4oo
and: dng € N*, Vn > ng,
P (z::p € BS, (&, 7)) < e (V=3/2) (5.29)
We define the following stopping times: 8y = 0 and Vk € N,
T =inf {t >0y, Z' € Bw, (5, p) U By, (5, 7)} , (5.30)
Opi1 = int {t > 7, 2P € By, (€, 2p)} , (5.31)

with the convention 0y 11 = +oo if Z' € By, (E, 7). T is the first time of exit from By, (E, ¥)\ Bw, (E, p) after

Ok, and if ZT. € By, (E, p), Oky1 is the first time of exit of By, (E, 2p). Notice that the exit time 7™ is one of
the 7, k£ € N.

Let ¢ € N* and Ty = T(V, p) as given by Lemma 5.14. The event {7" < ¢Ty} implies that there exists
k € [0, ¢] such that either 7™ = 73, or one of the ¢ first “excursions” [r;_1, %] for k € [1,¢] is of length upper
bounded by Tp. In this last case, one of the trajectories [1—1,0[ is covered in less than Tp. Thus:

q
Tn < qTO Z |: + P < I<1’1]§I<1q(9k — kal) < T0>:| +P(Tn = 7'0). (532)
- <

By Markov strong property and by (5.29), Ing > 0, Vn > ng, Vk € N*,
B(T" =7) =P Bz (T" =70)1rosm,, ) =P (Bzy (25, € By, (67)) 1rosm, ) <772, (5.33)

by noticing that for sufficiently large n, Z;' belongs to Bw, (E, 7).
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By choice of Tp, by the strong Markov property: Vn > ng, Vk € N*,

P (O — 7h1 < Tp) <P < sup Wi (2!, Z0) > p> < e n(V-0/2), (5.34)
t€[0,To)

By (5.32), (5.33), (5.34) : Vq € N*,
P(T" < qTv) <P(T" = ) + 2e"(V=0/2). (5.35)

Since {T" = 10} = {Z; € By, (E, v)}, then, for the choice of ¢ = [e”(f/"s)/To] +1

. 4
P (T" < e”W*‘S)) <P(T" < qTy) <P (Z" € BS, (€ 7)) e (5.36)
0

The right hand side of (5.36) tends to 0 when n — 400, as limP (Zf}p € By, (E, fy)) =0, by Lemma 5.13. O

Proof of Lemma 5.12. If & € By, (E, p), Lemma 5.12 is true. Assume that p < Wl(g, &). Then, & €
Bw, (§,7) \ Bw, (&, p). Let L > 0. Tt is sufficient to show that: 37 = T(L) > 0,

lim sup — 10gP (6, >T) < —L.

n—-+00

By Point (iii) of Proposition 5.4: V&, € By, (E ), HTl( ) >0, Vt> 1T, Wl( A ) < p/2.
Let T'> T. If the path (Z]);c[o,r) remains in Byy, (€, 7) \ Bw, (€, p), we have necessarlly Wi (Z5,€59) > p/2.
As (L(Z"))nen~ is exponentially tight, 3K (L,T) C Dy compact, Ing € N*, Vn > ng,

P(Z" ¢ K(L,T)) <e "k

The following set A(T') = adh {z € Dy, ¥t €[0,T], 2t € By, (E, ¥) \ Bw, (5, p)} NK(L,T) is compact, does not
contain & by choice of T and ¥z € A(T), Zf (2) > 0 (Lem. 5.9). Then:

1 1 1
lim sup — logIP’(Up > T') <max (hmsup logP (Z" € A(T)), limsup — logIP’(Z" ¢ K(L,T)))

n—-+oo n—-+oo n—-+o0o

< f 7 —-L ) <0.
_max( zelill(T) 50( ?); )

It remains to show that for sufficiently large T,

inf Z1(z)> L. 5.37
Lt T () (5:37)

Let z € A(T) starting from & € B, (£,7) \ Bw, (€, p) with T > Ty. Let ¢ € C'(R.,R) be bounded by 1,
te[0,T] and f : (a,s) € RZ — fy(a) = ¢p(a+t —s) € R. We have:

— &, 0) / /]R+ d(t —s) — dla+t—s)(da) —n(zs, 1)) (25 — & )(da)ds

- /0 [ otat = omit =& ) &) ds + /0 [E G(f)h7dm= T ds.
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For z € A(T) and by choice of v, sup,c(o r)((§t, 1) + (21, 1)) < 4(€,1)ePT := Ap, which is finite and does not
depend on & € By, (€,7) nor on z € A(T). We then deduce that:

t t
G = 0)| < (6 a4 2mAr) [ sup o= &g+ [ [ pelamz T s
0 0o JE

u€l0,s]

Taking the supremum in ¢ in the left hand side, by Gronwall’s inequality and by (5.1):

t€[0,T] t€[0,7]

T o
sup Wi(z4, &) < sup ||ze — & < h?|dm> T ds | elbtd+2nAn)T 5.38)
TV o 5 s

Since supyejo,m Wh(zt, &) > p/2:

z,T o
/ /| | dm? di 2/_) _ 1 _ o~ (b+d+2nAn)T
fo mytds 2 [y [pdm?T ds

and since p* is an increasing function on R :

dmZTds p 1 Fd
h* >p* [ E—— — (bt 2nAn)T )| 5.39
(/ /| T >_p (2(b+d+nAT)ATTe ) (5.39)

On the other hand, by Jensen’s inequality:

dm=Tds T, dm>Tds Zi(2)
fo JpdmZTds o JE fo [ dmZ*ds fo Sy dm&™ds

By (5.39) and (5.40), and for T' = Ti:

T1 Tl 1 -
* hz d %,Tld _ ITl / / d z, T d (b+d+2’r]AT1 )Tl
/0 /Ep (A7)dm; ™" ds < e (b+d+77AT1)AT1Tle

T T e—(b+d+277AT1 )T
inf dmZ"1ds =C5 >0, 5.41
z€ A(Th) / / (b + d + 77AT1 )ATl Tl ? ( )

by compactness of A(T}) with paths that do not vanish (by choice of v and since they remain in adh(Byy, (£,7)))-
Notice that the constant Co does not depend on the particular choice of the initial condition §, € Byy, (§,7) \

Bw, (£, p) nor on the path z € A(T).
Let now T" > 0 be such that 7" > JT; with J € N*. We have:

J T P )
) > Z/ /Ep*(hz)dm?Tds:Z/O /Ep*(th)dmf’T ds, (5.42)
j=1

(G-1)T
where Vt € [0,T1], 2] = Z(j—1)Ti++ 1 a path in A(Ty) which solves: Y (f : (a,s) — fs(a)) € CL (R4 x [0,T1], R),

Y/ 0fs  Ofs j j
(21, fo) =(zG-1ym fo) + /<zﬂ af f>d +/ / (1 + 17 ) (f)dmz"T ds,
0

which is an equation obtained by the perturbation of (1.2) with h* (a,u, s) = h*(a,u, (j—1)T1+s) for s € [0,Ty].
By (5.41) and by recursion Z/ (z) > JCs. This proves (5.37). O

Y




384 V.C. TRAN
Proof of Lemma 5.13. Consider Point (i). Let p €]0,v/2[ and R > 0 such that V(R) < +oc0. By Lemma 5.12:
3T, > 0, Ing € N*, Vn > ng, P (0, > Ts) < e Y(R) (5.43)

where V(R) is defined in (5.9). For T' > 0, we define:
AT) = {2 € D0, T, Mr(Ry)) | 3t €[0,T), 2 ¢ Bw,(€7) } (5.44)

which is closed since z — sup,¢jo 1 Wl(zt,g) is continuous. From (5.9): V& € Bw, (E, 2p), inf e a(,) I§T02 (2) >
V(2p). Using the large deviation upper bound (Th. 4.3) :

1711r3i1£ 1OgPZ”eBW1 E\Bow, E.0) (Z" € A(Ty)) < — zeiAn(sz)I&T‘f (z) < =V(2p). (5.45)

By (5.43) and (5.45) :

hmsup logP (Z" € By, (f ’Y))

n—+oco N

max (hm sup — logP (o, > T3),limsup — logIP’ (Z" e A(Tg))) <max (-=V(R),-V(2p)).

n—-+00 n—-+oo T
By (5.10), lim, o limsup,,_, , . + logP (ng € By, (€, 'y)) < —V(R), and letting R tend to 0, we obtain the

result of Point (i), since the left hand side does not depend on R.
Let us consider Point (ii). Let € > 0, p €]0,v/2[ and R > 0 satisfying V(R) < +oo and:

lim sup — logIP’(Z" € Byy, (€,7)) < —V(R) +

n—-+oo - 27
the existence of such R is given by (i)). Then Ing € N*, Vn > ng, P (Z? € BS E, 7)) < e mMR)t+ne and:
op Wi
3 —1_ 3 _ o n(¥(R)—¢)
P (22, € Bw,(E0) =1-P (22, € By, (6,7)) = 1 — e (U072,

Choosing ¢ < V(R) and letting n tend to +00 completes the proof. O

Proof of Lemma 5.14. Let T > 0 and ¢ > 0. By Lemma 4.6 (i), there exists N = N(¢,T) > 0 such that:

lim sup — 1ogP (ny<T)< (5.46)

n—-+4oo

Let ¢ € C} (R4, R) 1—Lipschitz continuous bounded by 1, ¢ € [0,7], and f(a,s) = ¢(a+t—s) € C} (R4 x Ry, R).

With the notation of Definition 2.4:
tACY,
/ /1{1<N” O 5)10<m1(s Zn i)
N(t)

- f(TrZ(Z:’,% 8)1m1(s,Z;L7 i) <O<ma(s,Z7 ,z):| Q(d87di7 da) < t<Zg7 1> + T7

(Ziney 0) — (25.9)] <

/R (é(a+ 1) — d(a)) Z5 (da)
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where N(t) is a Poisson random variable with parameter tN(b+ d +nN). We deduce:

N(t
SUp Wh(Z0 e, Z0) < 120, 1) + )
s€[0,t] n
p N(@) _p
d: P AN A <P(t{Z},1) > = Pl—=>Z].
o si‘&fﬂm( ey Zo)ze | < (< 0 >—2)+ ( n =2

Since:

1 -
limsup — log P (N(t) > %) < g log(tN (b + d + nN)),

n—-4oo N

which tends to —oco when ¢ — 0. Then: 375 €]0, T, Vt € [0, T5],

1
lim sup — log P (N(t) > %) < —c. (5.47)

n—+oo N

By Point 2 of Assumptions 5, Ing € N*, ¥n > ng, (Z},1) < Co + (€,1). Then, for Ty < p/(2(Co + ({0, 1))):
vt € [0,Ty], Vn > ng, P (£(Z,1) > £) =0.
Hence, for t € [0,T3 ATy AT:

1 1
limsup — logP [ sup Wh(Z;", Z§) > p | < max {lim sup — logP({y < T),
n—+4oo N s€[0,t] n—+oo N

1 1
limsup — logP (t(ZS, 1) > g) , limsup — log P (./\/(t) > %)} < —c. (5.48)

n—-+oo M n—+4oo N
This concludes the proof of Proposition 5.11. O
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