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MULTIDIMENSIONAL LIMIT THEOREMS FOR SMOOTHED EXTREME
VALUE ESTIMATES OF POINT PROCESSES BOUNDARIES

Lubpovic MENNETEAU!

Abstract. In this paper, we give sufficient conditions to establish central limit theorems and moderate
deviation principle for a class of support estimates of empirical and Poisson point processes. The
considered estimates are obtained by smoothing some bias corrected extreme values of the point process.
We show how the smoothing permits to obtain Gaussian asymptotic limits and therefore pointwise
confidence intervals. Some unidimensional and multidimensional examples are provided.
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INTRODUCTION

The problem of estimating a set S given a sequence of finite sets .S,, of random points drawn from its
interior arises in classification [15], clustering problems [21], discriminant analysis [2], outliers detection [6],
image analysis [25] and in econometrics [4]. In many cases, the unknown support can be written

S={(z,y):x€B;0<y< f(2)}, (1)

where f is an unknown function and E an arbitrary set (typically a subset of R?). Then, the problem reduces
to estimating f.

In econometrics, the data consist of pairs (X;,Y;) where X; represents the input, possibly multidimensional
(labor, energy or capital), used to produce an output Y; in a given firm. In such a framework, the value f(x) can
be interpreted as the maximum level of output which is attainable for the level of input x. Then, economical
considerations suggest to suppose that f is increasing and concave and an adapted estimator, called the DEA
(Data Envelopment Analysis) has been developed and studied. Its asymptotic distribution is established by [10].

In the case where we do not assume that f is monotone, Geffroy [9] proposed an estimator of f which is
a kind of histogram based on the extreme values of the sample. Geffroy’s estimator has been improved in
several directions. On one hand, piecewise polynomials estimators were introduced and their optimality in an
asymptotic minimax sense was proved under different regularity conditions on f (see [17,20,25-27,33]).

On the other hand, regularization and bias correction of Geffroy’s estimate have been considered using
different way of smoothing (see [8,11,12]). In [13], the multivariate central limit theorem has been obtained for
a general class of estimates of this type including all the above. For technical reason (the maxima on disjoint
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cell of Poisson processes are independent) the results obtained in [8,11,12] and [13] were only given when S, is
generated by a Poisson point process. This paper encompasses the results obtained in [13] of several manners.
Central limit theorems but also moderate deviation principles are investigated for a wider class of estimators
than in [13]. Moreover, we show that our results hold in the context of Poisson process but also when S, is
generated by an empirical point process.

In the next section, the general class of estimators is given. Section 2 contains our main results and provides
some examples of possible bias reduction. Some applications, including kernel and projection estimators are
provided in Section 3. The proofs are given in Section 4.

1. THE BOUNDARY ESTIMATE

Let f: (E,€) — (RT,B(R")) be a measurable function on a probability space (E,&,v), where B (R") is the
Borel o-algebra on RT. Consider the set

S={(z,y) e ExR,0<y < f(x)}.
Our aim is to estimate S from a sequence of S-valued random vectors
Sn = {(Xnis Yn,i), 1 <i < Np(5)},
with associated counting process
N,={N,(D):De&@B(R")}, n>1,

of mean measure
neclg(xy) v(de) dy, (2)
where ¢ > 0. Two cases are considered below:
(P) N, is a Poisson point process,
(E) N,, is an (n-sample) empirical point process.
Let ky,, T oo and denote by {I,,: 1 <r < k,} a measurable partition of E. For all 1 <r <k, set

Unr = V(In,r); Dn,r == {(l’,y) NS In,r; 0 S Y S f(l')} and Nn,r == Nn(Dn,r)

We also introduce
Y;’T =max{Y,; : (Xn,i,Yni) € Dy},

if Dy, # 0 and Y, = 0 otherwise (in the sequel, we use the convention 0 x co = 0) and

fn,r:V»;j« / [ d,
In,r

denotes the mean value of f on I, ..
In that context, f can be estimated using Geffroy estimator

kn

Fol2) = 11, (@)Y, (3)

r=1

But several improvements of ?n can be considered. First, it is well-known that Y, estimates f, , with a

negative bias which reveals to be of the order (nczfnﬁr)_l. Hence, to reduce this bias we can introduce unbiased
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versions of ( 3):

kn
P @) = > 1n,, @) (Y, + (navn) ).
r=1

where ¢,, is a convenient estimator of ¢. Now, the non random conterpoint of f; is the step function

kn

fa@) =15, (2) fr

r=1

and if f is regular, it is clear that smoothed version of (5) can lead to more efficient estimation of f.
Therefore, we will consider estimators of f of the form

kn
T @380) = > vaskin @) (Yo, + (00 (2) var) ™) (x € B),
r=1

275

(6)

where Ky, , 1 2 — R is a weighting function determining the nature of the smoothing introduced in the estimate.
In the next section, some general conditions are imposed on &y, and ¢, in order to obtain a central limit and

a moderate deviation principle for ﬁ
2. MAIN RESULTS
In the following, we consider the v-essential infimum and supremum of f on F,
m=sup{a>0:v({f<a})=0} and M =inf{a>0:v({f > a}) =0}
and, for all 1 <r < k,,, we denote by

My, =sup{a > 0:v({f <a}NnlI,,) =0},
M, ,=imf{a>0:v{f>a}NL,,) =0},

respectively the v-essential infimum, supremum of f on I, (in most of applications, E is a subset of RY, v
is absolutely continuous with respect to Lebesgue measure and f is continuous, hence all ess-inf and ess-sup

considered below are just classical inf and sup). For all 2 € E, we set

ko ko 1/2
fn (l‘) = Z Un,r ’in,r(x) fn,r; ’in(x) = (Z Hi7r(x)>
r=1 r=1

Wy () = K (@) [Bn(x)  and v, =min{y,,, 1 <r <k,}.
In the sequel, (,),~, denotes a sequence of positive real numbers such that (e,,),~, =1 or &, | 0.
The following assumptions will be needed below: B

(H.1) ky, T oo and (nvy,)” " max (log (n),e,') — 0 as n — oco.

(H.2) 0 <m < M < 400 and

Op 1= lgfg]{% Vn,r(Mn,r - mn,r) =0 (1/71) asn — oo.

There exists F' C E such that:
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(H.3) For each {z1,...,z,} C F, there exists a covariance matrix X, .. ) = [0(2i, 7j)]1<i j<p in R? such that
forall 1 <14, 5 <p,

kn
anyr(zi)wnyr(xj) — o (x;,x;) asn — oo.
r=1
(H4) For all z € F,
e/ max |w,.,(x)] — 0asn — oco.
1<r<kn,

(H.5) For all z € F,
e 2k (2) 7V fn (2) — f ()] — 0 as n — oco.
(H.6) For all z € F,

kn
gl/? Z |wn, ()] (nén)2 =o0(l) asn — oc.
r=1

(C.1) For all € F, and any n > 0,

kn
Z Wn,r ()
r=1

n—oo

limsup ¢, log P <5,11/ 2

o (@) — cil‘ > 77) = —o0.

(C.2) For all € F, and any n > 0,

limsupe, logP (|6, (x) — ¢| > n) = —o0.
n—oo
Before proceeding, let us comment on the assumptions. (H.1)—(H.4) are devoted to the control of the condition-
ally centered estimator ﬁl —E (ﬁl | Nn). Assumption (H.1) imposes that the number of terms of the partition
goes to infinity not to quikly so that the mean number of points in each D, , goes to infinity. (H.2) requires
the unknown function f to be bounded away from 0. It also imposes that the mean number of points in D,, ,
above m,, , converges to 0. Note that (H.1) and (H.2) force the v-essential oscillation of f on I,, . to converge
uniformly to 0: d,, — 0 as n — oo. (H.3) is devoted to the multivariate aspects of the limit theorems. (H.4)
imposes to the weight functions k,, ,»(x) in the linear combination (6) to be approximatively of the same order.
This is a natural condition to obtain an asymptotic gaussian behavior. These assumptions are easy to verify
in practice since they involve either f or k,, without mixing these two quantities. Assumptions (H.5) and
(H.6) are devoted to the control of the residual conditional bias term E (ﬁl | Nn) — f. (H.5) is natural since it
implies that the non random part of the bias f,, — f vanishes. (H.6) control of the residual conditional bias term
E (ﬁ | Nn> — fn. These two assumptions involve both the unknown function f and the weight functions &, ,
and (H.6) can be looked at as a stronger version of (H.2). Condition (C.1) imposes the speed of convergence
of ¢, to the unknown parameter ¢ to cancel the bias terms (nczfnﬁr)fl. It appears as a minimal condition

needed to estimate ¢ in the debiasing procedure without affecting the limit properties of ﬁl in terms of central
limit theorem and moderate deviation principle. Assumption (C.2) allows to replace ¢ by its estimator in the

asymptotic variance of fn
2.1. Central limit theorem

Our first result states the multivariate central limit theorem for fn:
Theorem 2.1. Assume that (H.1) — (H.6) hold for (¢,,),~, =1, that (C.1) holds for ¢1 , and that (C.2) holds
for €s.. Then, for all {z1,...,x,} C F,

~

(k@) 182 (@5) (Fo (@5 200) = £ () 1S5S pp = N (0, (0,)
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where 5 denotes the convergence in distribution and N (07 E(zl,mzp)) 18 the centered gaussian law in RP, with

covariance matriv Xz, . .z,)-

This result can be used to obtain explicit asymptotic Y% confidence interval for f(x) of the form:
T (@,200) = 2yt () (0820 ()7, Fu (,10) + 2000 (@) (W2 (2)) 7'

where z, is the (y + 1)/2th quantile of the N (0, 1) distribution.

2.2. Moderate deviation principle

We will now establish a family of large deviation principles for ﬁl which is sometimes referenced in the
litterature as a moderate deviation principle. Recall that a sequence of random variable (W), -, is said to
follow the large deviation principle in RP with speed &,, | 0 and good rate function I : RP — [0, oo_], whenever,
for every set A € B (RP),

—inf {I(u) tu € ;1} < liminfe, logP (W, € A)

n—oo

< limsupe, logP (W, € A) < —inf {I(u): u € A},

n—00

where A (resp. A) denotes the interior (resp. closure) of A in RP. This will denoted by (W,,) € LDP (g,,1) in
the sequel. We refer to [7] for general informations about large deviation theory.

Theorem 2.2. Assume that (H.1)~(H.6) hold for some €, | 0, that (C.1) holds for ¢1, and that (C.2) holds
for €2 Then, for all {x1,...,x,} C F such that X, .. . ) is regular,

{g}/%n ()" e (2;) (fn (25, C1m) — f(xj)> 1< gp} € LDP (20, Iz, . 2)))

where

. —1t, v—1
cue€RP— 2 uE(xh___xp)u.

I

w1, )

Let us mention some applications of Theorem 2.2. First, it entails that for all s > 0 and all z € F,
P (571/271 ‘/@n (ac)fl/c\g,n (x) (ﬁL (z,C1n) — f (ac)) ‘ > s) ~ exp (—2_132 s;l)
(here w,, ~ v, means that logu,/logv, — 1 as n — oc). This fact and the Borel-Cantelli Lemma can be used
to prove that under (H.1)-(H.6) with &, = log (n) ", we have, for all z € F,
-1

lim sup ((2 log (n))"/? ke, (x)) NnCa.n (@)

n—oo

o~

fn (30,/0\1,71) —f (x)‘ <1a.s.

Moreover, it is well known that moderate deviation principle is a key tool to prove laws of the iterated logarithm
(see e.g. [5] Th. 1-4-1). In terms of confidence intervals, Theorem 2.2 can also be useful to compute the
logarithmic asymptotic level of confidence intervals with asymptotic level 0. More precisely, for fixed x € E and
t > 0, consider the interval

L, (z,t) = [fn (@,C1,0) — t5;1/2“n($) (nC2,n (I))_l 3 fn (,C1,n) + tET_ll/QK/n(x) (ncz,n (x))_l}
where €, = 0(1). Then, Theorem 2.1 entails that

P(f(x) ¢ L, (x,t)) — 0asn — oco.
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Now, if conditions of Theorem 2.2 hold for (£,,) we readily obtain that

limsup e, logP (f (z) & I, (2, 1)) = —271¢2.

n—oo

In other words, (I, (z,t)),s, is a sequence of confidence intervals for f (z) with logarithmic level 27'¢? and

speed (,,) (see [29] Def. 1).
Finally, in estimation theory, Theorem 2.2 can be used to compute the Kallenberg efficiency of f,, (see [22,23]).

2.3. Estimation of ¢

At this stage, we present two estimates of f which belong to our general class (6) with some particular
estimations of c.
The first example has been previously introduced and studied in term of central limit theorem in case (P) in [13]
and is defined by

kn
floc (z) = > kna @Y, (1+ Nyt
r=1

It is readily seen that f}f’c can be written as in (6) with the localized estimator of ¢:

—1

kﬂ,
Gy (z) = 3 (2) 1= kpRn(z) <n Z Fon,r () Nn_i I/anT;T> ,
r=1

where

krn
Fn(@) =k, "> kng (@)
r=1
Now, as c¢ is constant, it may appear interesting to use a more global estimation of it. To this aim, we consider

the global estimator
-1

kn
~glo _ * -1
0=k, ng I/annm Nnm ,
r=1

leading to
krn
frgzlo (z) = fn (xfc%lo) = Z ("'@n,r(a@) +En(x)Nn_,i) Vn,v'Yn*,r-
r=1

The following corollary shows that Theorems 2.1 and 2.2 can be applied to ﬂoc and f,gllo.

Corollary 2.1. Theorems 2.1 and 2.2 hold when ¢, 1 € {EIT?C;E%lO} and 2 = C2°.

Remark 2.1. For the limit theorems considered here, f}f’c and ﬁ%lo are equivalent. Nethertheless, it can be
shown that ¢8!° is a better estimator of ¢ than ¢l°¢ and therefore ﬁ%lo may be prefered to f,°°. On the other
hand, if the intensity (2) of the point process is not totally uniform, it is clear that f,°¢, which is based on a
local estimation of ¢, is more robust than ﬁ%lo.

3. APPLICATIONS

We first introduce a general class of kernel estimators which will be shown to satisfy our main results given
in Theorems 2.1 and 2.2. Then, we focus on the particular cases of Parzen-Rosenblatt and Dirichlet kernels.
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3.1. General kernel estimates

Here, in order to smooth (4), a sequence K, : E x E — R, of general smoothing kernels is introduced.
Conditions on this sequence will be imposed later. The general integrated kernel estimate is defined by

(x;¢n) /K (z,t) f2 (t:C) v (dt)

= i: </I K, (z,t) V(d?f)) (Yn*m + (”Enl/n,r)fl) . -

It appears that (7) is a particular case of (6) with k. ( Vor I v (dt). In the case where the

calculation of this mean value is computationally expansive, it can be approx1mated by K, (x,xy,) for some
Zn,r € In r, leading to the simplified estimate

Ful@; @) ZVM (%, ) (YJ,,. + (ngnl/n,r)il); (8)

which is still a particular case of (6) with k() = Ky (@, T ).
In order to introduce the assumptions needed on K,, we set, for all x € F,

| (I) = Ssup {Kn(xat) - Kn(xa 5): (S7t) € Iy X In,r}H

) =kn

Z/ (@28) (£ (5) = F0) v d0) v (d5)]

n,r

and

/th v (dt) — f (2)].

For the sake of simplicity, assume that, for all n > 1, the partitions {I,,, : 1 <r <k, } are such that v, , = kot
for all r < k,,. We also set

A, = max (M, , —my,)
r<kn

and, for all function g : F — R, we note

1/p
lal, = < / |g<t>|”v<dt>) and gl = suplg ()] (1€ ).

In this context, the general assumptions (H.1) — (H.6) can be expressed as:
(H.1) k,, T oo and n™ 'k, max (log (n),e,') — 0 as n — oo.

(H.2) 0 <m < M < +o0 and nk, A, — 0 as n — oo.

(K.1) For all n > 1, [ . |Ky(z,t)| v (de) v (dt) < oo

(K.2) For all (z1,22) € F X F,

k n

> T (ﬂh)/} (K (2, )| v (dt) = o (| Kn(zr, - )lly [EKnlz2, - )lly) asn — oo

r=1 n,r

(K.3) For all (z1,22) € F x F,

(Eo(r, ) Ko, )y (Kn(@r, g 1Koz, )™ = olar,@s) asn — .
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(K.4) For all z € F,

(enkn) 2K (@, 3" K, )] — 0asn — oo,
(K.5) For all z € F,

el Pk V2| Kz, )yt max (W, (2); E, (2)) — 0asn — oo.
(K.6) For all z € F,

ek, 3 | Kz, )5 P 1Kz, )2 A — 0asn — oo
(K.7)Forall z € F,

kn,
ek V2| Kz, )5 (Z/ )Kn(z,zn,r))y(dt)> — 0asn — oo.

In the following, we set

va () = nky, V2| Kz, )57
and

Ear,.ap) = [0(2i ) l1<ij<p-

The results established in Section 2 yield:

Theorem 3.1. ) If (H.1), (H.2) and (K.1)~(K.6) hold with (e,),>, =1, then, for all ¢1, (resp. Ca,) such
that (C.1) (resp. (C.2)) hold and all (z1,...xp) C F,

{/0\2@ (%’)Un (IJ) (]/C;L (IjQ/C\l,n) - f( )) 1<j< p} - N (O E(m »»»»» )) : (9)

b) If, moreover, (K.7) holds with (en),~, =1, then for all {z1,...,x,} C F,

{Em () vn (z5) (fn (zj3C1,n) — f(%‘)) 1<y SP} N (0,31, 2)) - (10)

Theorem 3.2. a) For all €, | 0 such that (H.1), (H.2) and (K.1)<(X.6) hold, for all ¢, (resp. ¢,) such
that (C.1) (resp. (C.2)) hold and all (x1,...xp) C F such that ¥, ... ., is regular,

.....

{e¥/ %2 (@) v (25) (Fa (@55800) = [ (2)) 11 < < p} €LDP (e Toy, ) (11)
with

1(11,‘“,11,) cu € RP— 27 1 tuE_

u.
(T1500052p)

b) If, moreover, (K.7) holds, then

{ 1723, o (z5) v (x5) (fn (xj;¢1m) — f (acj)) 1< < p} € LDP (gn,I(zlwzp)) i (12)

Some illustrations of this result are now provided.

Remark 3.1. In all the applications below involving fn, Zn,r will be defined as the center of I, ..
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3.2. Parzen kernel estimates

Here, we take E = [0,1]? (d € N*), v is the Lebesgue measure on E and {Ir: 1 <r <k,}is an equidistant
partition of E such that I, , = H?Zl
Up,r = kit forall 1 <r < k,.

The multivariate Parzen kernel estimate is defined by

JIn,r; where the J,, , ; are intervals of [0, 1] of length k:,fl/d, leading to

KrILDR (l‘,t) - h;dK (hW:l (:L' 7t)) )

where K : R — R is a Parzen-Rosenblatt kernel such that K € L2 (Rd), and (h,,) is a sequence of positive
real numbers tending to zero (see e.g. [18]).
In a first time, we will assume that there exists o € (0, 1] such that:
(PR.1a) f is a-Lipschitz,
(PR.1b) K is uniformly continuous except on a finite set D C R? and [g, [Jul/g. K (v) du < oo.

Denote by I, the identity matrix of RP. We are now in position to prove a central limit theorem and a
moderate deviation principle for f,.

Corollary 3.1. Assume that (PR.1) holds and

(i) n"tkylog(n)=o0(1), (ii) hlk, — oo and (iii) nk,/2h0T42? =0 (1).

.....

The best rate of convergence is obtained for h, = n~ & and kn = na%du%, where u, — oo arbitrarily slowly.

o
: .
In this case, vy, = natdy, .

Corollary 3.2. Assume that (PR.1) holds and for some &, — 0,
(i) n 'k,max (log(n),e,') =0(1), (i) hlkye, — oo and (iii) nk;YV2patdl22 — (1), (13)

Then, (11) holds for F = (0,1)%, v, = nhd2knt? and Sler,zy) = K3 I,.
In particular, if ( 13) holds for e, = log (n)_l, then for all, x € F,

limsup (2log (n)) /> nhY 2k, /28y, (2) | fu (2, E10) — f (2)] < | KI5 as.

n—oo

Remark 3.2. a) Corollary 3.1 shows that, when f is «a-lipschitzian, the speed of convergence of j/”;L can be
chosen arbitrarily close to the minimax speed n~ 3+ (see [17]).

b) In the case of Poisson point process with d = 1, fn with Parzen Rosenblatt kernel has been studied in [12].
In particular [12] Theorem 6-2, gives a central limit theorem for fn with optimal rate v,, = na¥572 u, 1. Hence,

from asymptotical point of view, f, is better than f,.

Since our approach involves regularization of Geffroy’s estimates it is natural to study the case where f is
more regular than just a-lipschitzian. In the following, for simplicity, we take E = [0, 1] and we only deal with
the central limit theorem. Assume that:

(PR.2a) fisin C?(E)
(PR.2Db), There exists a finite set D such that

K is C'on D¢, K’ € L' (R) and /uQK(u) du < co. (14)
R
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Corollary 3.3. a) If (PR.2) holds and
1)n “kplog(n)=o , (11) hpk, — oo, (1i1) nk, =0 and (iv) nk,, =0 ,
i) n kL 1), (i) hnk iii) nk; /4pl/4 1) and (iv) nk;, */2n>/? 1

then, (9) is true for F =(0,1), v, = nha! %k Y? and Sar,ezy) = =||K|3 I,
The choices of h,, = n~°7 and k, = n®"u2, where u, — oo arbztmmly slowly, lead to v, =n
b) If moreover, K is even, 1-Lipschitzian and C* on D¢ with K" € L* (R), then, under (i)—(iv) and
(v) nkn 2 hyt? = o(1), (10) is true for F', v, and X, .. 5.y defined as above.

The choices of hy, =n~%" and k,, = n4/7u%, where u,, — oo arbitrarily slowly, lead to v, =n

10/17u;1.
4/7, 1
/Tyt

3.3. Projection estimates: Dirichlet kernels

Let f € L? (E,v) and (e;);en be an orthonormal basis of L? (E,v). The expansion of f on this basis is

(o)
x) = Zajej(x), rekl,
=0

where each a; = [, e;(t v (dt) can be estimated by
kn
aj7kfn = Z (/ ( v (dt)> ( nrt (n/c\nun,,-)_1> ) 1<j <bn.
r=1 \/dnr
This leads to an estimation of f(z) via:
R In kn
Inlz;cn) = en €5 (T Z (/ KP(z t)v (dt)) (Y;’T + (n/c\nym,«)_l) , (15)
§=0 r=1 \/In.r

where (I,,) is a sequence of integers tending to infinity and K2 the Dirichlet’s kernel associated to the orthonor-

mal basis (e;);en defined by
In

KD (z,t) = Z ej(x)e;(t), (z,t) € B2 (16)

j=0
It appears that (15) is a particular case of (7t) with K,, = K2. Of course, the, sometimes easier to handle,
estimate

Ful2:3) Zl/n P K (2, x,) (Y;,r + (nEnz/n,T)_l) , (17)

can also be defined. Below, we focus on the trigonometric basis on E = [0, 1], v is the Lebesgue measure on F,
and for all 1 <r < k,, I,, , are disjoint intervals of [0, 1] of length k,,! (and therefore v,, , = 1/ky,)
This basis is defined for z € [0,1] by

eo(z) =1, egj1(x) = 212 cos (2j7x), eoj(x) = 21/ %sin (2j7x), j > 1.

It is easily seen in that case that the Dirichlet kernel is

sin (1 +1,) 7 (z — 1))
sin (7 (x — t))
141, ifx=t.

KP(z,t) =

n

for x # ¢ (18)
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Besides, we assume that:f is in C? ([0,1]), £(0) = f(1) and f’(0) = f/(1). In particular,

Corollary 3.4. a) Assume that
(i) n Ykylog(n) =o0(1), (i) k; M log(l,) = o(1), (i) nk; 2172 =0(1),

(iv) nk;°/21Y2log(I,) =0(1) and (v) nl;Y*k;*log (ln)l/2 =o(l).
Then (9) holds for F = [0,1], v, = n(lnkn) "2 and Sy, 4, = Ip.

In particular, the choices of I, = n'%/?" and k,, = n'*/?*"1log (n )2/7 u2, where u, — oo arbitrarily slowly, lead
to vy, = n5/%log (n) T ul.

b) If (i)-(iii) and (iv’) nkn ?13/% log (In) = o(1) are true, then (10) holds for F, v, and ¥, ... .,y defined as
above.
The choices of 1, = n®% and k, = n'*/*log(n )2/5 2 where u, — oo arbitrarily slowly, lead to

Uy s
vn = n'2/2log (n) P u .

Remark 3.3. a) From the asymptotical point of view, fn is still better than fn Nevertheless, since when f is
C?, the minimax speed of convergence is n~2/3 (see [17]), the above estimates are suboptimal.

b) In the case of Poisson point process, fn with the trigonometric Dirichlet kernel has been introduced by Girard

and Jacob [11]. In that context, they get a pointwise central limit theorem (see [11] Cor. 3) but their result is
not sharp and Corollary 3.4 (b) constitutes a significant improvement since, instead of n'%/2%log (n)fl/ > u, !,

they obtain an “optimal” speed of convergence of n?/5log (n)~*/° (loglog (n))° (¢ > 0).

3.4. Concluding remarks

In terms of applications, we have presented examples of 1ntegrated smoothed kernel estimates fn and of
discrete smoothed kernel estimates fn In all the cases considered, fn is strictly better than fn from asymptotical
point of view (i.e. (K.7) is not implied by the other assumptions of Ths. 3.1 and 3.2). When f € C?, Parzen
kernel leads to better speed of convergence than trigonometric Dirichlet kernel but it does not reach the minimax
speed.

Of course, other kernels are allowed, in particular wavelet kernels can be treated in the framework of Theo-
rems 3.1 and 3.2. This is part of our future work. More generaly, the following problem should be of interest:
given a class of function F, and assuming that f € F, what is the best estimate of type ( 7) and in which case
could we raise the minimax speed of convergence?

4. PROOFS

4.1. Proofs of the results of Section 2

Let us first introduce some notations useful for the sequel. For all 1 < r < k,,, we define:
L )\n,r = NCVp y My r, An r = NCVn r Mn,r; Hn,r = NCVnp r fn,r;
—1/2 1/2 1/2

bn,r - bn,r (En) - (3,LL ( (nl/n,r) + IOg (V»;}))) ) bn == bn (En) - n}E};X bn,Ta
TSRKn

Bn,r = Bn,r (En) - {|Nn,r - ,Ufn,r| S bn,r,ufn,r}; Bn = Bn (En) = gc Bn,r;

© Zh, =ncvn, Y Bay =E(Zi | Nay)y 25, =2 — Bar,

ﬂn,r = Nni'% (Nn,r + ]-) En,r — Hn,r, Cn,r = Nni'% (Nn,r + ]-) ZrOL )

kn
O, (z) = Zr=1 Wnr (T) Gy
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Moreover B (n,p), P(A) and M (n; p1,...,pr) stand respectively for the binomial, Poisson and multinomial
distribution.
The proofs of the main results are built as follows. First, we use the fact that

ko lne (f,;’c - f) — O+ pu, (20)
where
kn
Pn = Z wn,rﬁn,r + K;Inc (fn - f) )
r=1

will be shown to be a remaining part which vanishes in terms of central limit theorem and of moderate deviation

principle (see Lem. 4.5 below). Therefore, to get the intended result for ]anoc, it will be sufficient to consider

the dominant part ©,, which, as a sum of conditionally independent and centered random variables, will be

studied thanks to general results of Section 5. In a second time, it will be proved that for all ¢,, such that (C.1)

holds, ﬁl( . ;¢p) and f,°° are equivalent in terms of central limit theorem and of moderate deviation principle.
The next lemma contains some useful technical results:

Lemma 4.1. Under assumptions (H.1) and (H.2):
a) For all1 <r <k, and all t € [0, M,_.],

. min(f,8) dv\ M
* < _ n,r )
P, <¥1 Nor) ( I,

n,r

In particular, for all t € [0,m,, ],

P (Y, <t|Nay) = ()"

n,r =
b) For all large n,

max 1, <2(ncé,)’ as.

1<r<kn,

(1 — (mnyrfni}-)Nnyr) - M;},.Nn,r (Nn,r - An,r)

¢) For all large n,

An,r
max (/ P(Zy,>s| Nny) ds) 1p, < 2(ncd,)’ as.
A

d) For all large n,

2
. < .S.
122);71 |Bn.r| 1B, <4(ncd,)” as

e) For all large n,

| ax |tonr — Enr —1|1p, <4 (ncén)2 +2 (bn + (mcnynfl) a.s.

f) For all n large enough, all 1 <r < k,, and s > 0:

P (|Z'2r| > s | Nn,r) 1p,, = (N;,lr (Bnr— 5))Nmr Lio,5,..] (s) 1p, .

_ A
+ (1 - (Mn}r (En,r + 5)) ) l[O,Aw,,r—En,r] (8) ]'B'n.,'r
+P(Zy, > s+ Enp | Noy) In, - B Ao 20,] (5) 1B,



EXTREME VALUE ESTIMATES OF POINT PROCESSES BOUNDARIES 285

g) For all n large enough, all 1 <r <k,, and | > 0:

o 1l
E (‘Zn,r‘ | Nnﬂ‘) 1Bn,7‘ = ()‘n,r - En,r)l 1Bn,r
Nn,,.!El

n,r

_ N ,r
+ 1! (/J/n,%“En,r) m

1p, .
A71,,7“_E‘n,7‘ N,
- / U™ (i M (B +9)) " ds1p,,
0

Ap,r—En r»
—|—/ 1P (Z:m' >s+E,, | Nn,r) dslp, ..
A

nr—Enr
Proof. a) Set
N'r—zi_,r (t) = Nu (Dnyr 0 (Inr X (8, M p])) -

Then
P(Yy, <t|Npy)=P (N5 (t)=0|Np,).

n,r —

But, as easily seen, conditionally to Ny, ,,

min fat) dv
NE, ()~ B (Nn L, min ) |

f[ fdv

Hence, we get the intended result.
b) For all u € [0,1] and « > 2, set @, (u) = (1 —u)® — (1 — au), then, the Taylor formula entails,

0 < o (1) < (o).

Hence, for all large n and all w € B,,,

_1\Nn,r —
max ‘(1 - (mnn'fn,i) ) - Nn,%«Nnﬂ“ (e = Anr)| (W)

1<r<k,

R ()
B 2

< max (Npy (W) iy (i — Anr)

1<r<kn

< (1+bp)? (ned,)?,
where we have used the facts that

lga;li" (Hn,r — Anyr) < nedp = 0(1) (21)

and for all w € By,

-1
25, M (s STt b

Finally, we get the intended result since, by (H.1),

by < (3 (em)™! ((nz/nsn)fl/2 + (nvy) ' log (Vrjl))>1/2 =o(l).
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c¢) Using (b), we get that for all large n and all w € B,,,

Mn,T
P(Y’" N,
| fax ncvy,, (/ (Y, >t|Nnyr) dt) (w)

Mo,

< 128&””0”71# (M —mp ) P (Y'r;:r > My | Nn,?") (w)

1\ Nn,r(w)

< ncé, 1;171%)](% (1 — (mm,«fn,}n) )

< ncd, max N;LNn,T (W) (e — Anr) + (1 + bn)2 (ncén)3
1<r<k, ’

< (14 by) (n€6,)” + (14 by) (nedy,)* .

d) Using (a), we get

Mn r
ncz/nyr/ P (Yn*m >t N,”) dt
0

=neny [ (1= )

= ttnrNor (Nor +1) 71 = (pnr = ) Nor (Nr +1) 7
+ A (N +1) 77 (1 _ (mn,rf,;i)N"”')

= i Nor (N 17 = 1 (e = Mr)* Ny (N + 1)1
s (1 ™) et ]

Hence, by (b), for all large n and all w € B,,

My . .
lg?]in ncy,”/o P (Ynm >t Nnyr) dt — pinr Npr (Npr +1) 7| (w)
< ((mcnyn)*l F(1—bp)(1+ bn)Q) (ncd,)?

<2 (ned,)?,

which, combined with (c¢) and the fact that

M,
En,r = TLCl/n’T/ P (Y,:’T >t | Nn,r) dta
0

gives the result.

)

_ _ _ —1 1 —1\—1
(X i = Bnr =115, = max |mr Ny + 17 = 1= o (14+ Ny p) ‘ 1z,
< max ‘(NH,T*NH,T) (Nn,r+1)_1 - (Nn,r+1)_1 = Bur (1+N7;71“)_1‘13n

1<r<k,

IN

(1—b,)" (bn + (ncz/nm)_l) +4 (ncby)?.
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f) By (21) and (e),

1. . . )\ o E — 1
2 B8, 22, One = B )

Hence, eventually,

i i )\nT*EnT ) 22
1;31;1,%“)1161%( : o () >0 (22)

and, for all large n, all 1 <r <k,, and s > O:
P(|Zy, = Bns| 25| Nox) 1,
= P (Z:L,T' 2 E’ﬂﬂ” +s | Nnﬂ“) ]'Bn +P (Z:;r 2 En,r - S | Nn,’r) ]-B
_ Np,r
= (tnr (Bny =) 1po,5,,1(5) 15,
_ Ny,
+ (1 = (M (Bnr +5)) ) Lo a0l (8) 1,

+P(Zy, > 5+ Eny) n, ,—En A —En,] () 1B,

n

g) Follows from the fact that, by (e), for all I > 1 and r < k,,
1 oo
B (125, Burl [ N0r) = [ 187 B (12— Bl > 5| M) ds
0
En,r N
= / Is'=1 (u;’lr (Eny—s)) " ds
0

Anr—En r
+ / [st1 (1 — (,u;lr (Epnr+ s))N) ds
0

Ap,r—En,r
/ Is'P (2. > s+ Eny | Noy)ds,
A

Jr
n,r—Enr
and that
Jol N N 1
/ i1 (u;} (Eny — s)) " ds = (H;;En,r) " lut=1(1— u)N du
0 0
= (1 B ) (N + D) T N, LB 0

We are now in position to prove all we need to study the dominant term ©,,:

Lemma 4.2. Under assumptions (H.1) and (H.2):
a) There exits a non negative real numbers n, — 0 such that, for alln > 1,

max |IE ((2

1<r<k oo | Npw) = 1|1, <y as.

b)

1/1
n—1 l ) <
r%lzalx 122;};}3 ((l) [Cnr] | N 1, <4as.

¢) For all (e,) such that (H.1) holds,

limsupe, logP (B;) = —oc.

n—oo
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Proof. a) Lemma 4.1 (g) for | = 2 entails

E (ZTOL?T | N’ﬂﬂ“) ]'B'n.,'r
-2 9 2 -2 9
= (Nn,r +1) Nn,ran,r + (()‘7177“ - En,?") - (Nn,r +1) Nn,r) 1p, .

+2 (b Ane) " N 427 i (N + )7 (N +2) By = A ) 15

An,T_En,T
- 2/ sP(Z), > s+ Eny | Npy) dslp, .
A

nr—En r

Now, by Lemma 4.1 (c) and (e),

An,r—En,r
max 2s P (Z:; s >S5+ E,, | Nnﬂ«) ds 1p, ,
1sr<kn Jan v —En,» ’ ’

Ay
<2 121?1(@" (Apr — EnT)/A P (Z;';T > s N,”) ds 1p,,

n,r

< 8 (ned,)? eventually.

By Lemma 4.1 (d), for all large n,

max | (Np,» + 1)71 (Nop +2)Enp — Anr 1p,.
1<r<kn
= 12?’; (Nn,r + 1)72 Niyr (N +2) B + (e — Angr) — (Nngr + 1)72 Pl 1B, ,

<4 (ncén)2 + nedy, + (1 — bn)f2 (nmcun)f1 =0 (nén + (nl/nfl) .

Furthermore, since a2 — b2 = (a — b)> + 2 (a — b) b, and

—E. . — (N nt 1
127 Sk, Anyr = (Nor + 1) pinr| 13,
= N, )N, - - 1
122}1{% (Npr +1) nrBnr = (e = Anr)| 1B, ,

<4 (ncén)2 + ncd, eventually,
and we get that for all large n,

2
max

1p
1<r<kp

()\n,'r - En,r)2 - ((Nn,r + 1)71 Mn,r)

n,r

2
< (4 (ncén)2 + ncén) +2 (4 (ncén)2 + ncén) | max (Npr + 1)71 P

< (4 (ncén)2 + nc&n) (4 (ncén)2 + nedy, +2(1— bn)_1)2
=0 (nd,) .

n,r

(23)
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Now, (23)—(26) lead to

ymax B (G | Now) = Ny Zun [ 1s, = max (1+ N1y ‘E (232 | Nup) = (Nor + 1) i | 1,
<4 max |E(Z75 | Nug) = (Nor + 1) il | 15,
:o(naﬁ(nyn)*l) =o(1). (27)
And we get the result by (27) and the fact that,
[N =11, < (1=ba) ™ (24 ba) by = 0(1).
b) Lemma 4.1 (g) and (22) entail that, for all large n, all 1 <r < k,,, and all [ > 1,
£ ()72, - Bl M) 15,
< ((Nn,,. + 1) By + O = Eny) + (A — En)) 1p,. <A
¢) First we prove that, for all n large enough and all 1 <r < k,,
P (Bfw) <2 vy, exp (—E;I/2 (nun,,.)l/Q) . (28)

In case (E), Ny, ~ B (n, n_lun,,.), Bernstein Inequality yields, for large n,

2

n,r ,Ufn,r > n,r,ufn,r S z€exp | — : -
2Mn,7' + %bn,'r'ﬂn,r

<2 exp (—3715%,7-/%,7-) .

In case (P), Ny ~> P (tin,r), hence, using a classical inequality (see e.g. [31] p. 486), we get, for large n,

P ([N — pine| > bnrting) < exp (bnrfin,r — (14 bpr) pin,r10g (14 by, 1))
+exp (—bn,rftn,r — (1 = bpr) pin,r10g (1 — b))
< exp (=271 (1= bup) by, phin,r) +exp (=b5 o pin,r)
< 2exp (=37100 pinr) -

Hence we get the result since, by definition of b, ,,

e (=378, i) = v (=2 ) )

Now, by (28),
P(B;) < Z P (Bfm.) <2 exp (—551/2 (nl/n)l/2) :
r<kn
And, since nv,e,, — 00,

limsupe, logP (B;) < limsupe, log (2) — (nl/nsn)l/2 = —00. O

n—oo n—o0
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Corollary 4.1. a) Assume that (H.1)-(H.4) hold for (en),>, = 1. Then, for all {z1,...,xp} C F,
(On (%‘))133‘3;} o N (0’ E(rl,mzp)) :

b) Assume that (H.1)~(H.4) hold for some €, — 0. Then, for all {z1,...,x,} C F such that ¥, .. . ) is regular,

(40 a), 0Pt )

1<j<p

Proof. Take {x1,...,zp,} C F and set Wy = (wnr (25)),<,<, € RP. Since

(On (21))1<j<, = Zwmcm,

(a) follows by Lemma 4.2 and Theorem 5.1 and (b) holds by Lemma 4.2 and Theorem 5.2. O

The next lemma will be needed in the sequel:

Lemma 4.3. Let (M), o) ~ M (¢;p1,....pr) and (1), o ~ ®’P (¢pr).
r<k

Then, for all (a1, ...,ax) € (R*)k andn >0,
> ap My =n | <2P | a1, >
r<k r<k

Proof. Without loss of generality, we can assume that there exit ii.d. r.v. (¢;);5; and disjoint sets (A); <.«
such that p, =P ({1 € A,),

M,=4{i<¢:GeA} and I, =4{i <T1: ¢ € A},

where II ~ P (¢) is independent of (¢;);,. By independence of II and (M), o,

P> ar My>n| <PA <) P ar My=n| +P (D a1, =1

r<k r<k r<k
Hence, since P (IT > ¢) > 1/2 (see [1] Lemma 1), we get,
ZaTM >p| <PI>¢)” Z“TH >q| <2p Zarﬂ >n]. O
r<k r<k r<k

The next lemma is useful to prove Corollary 2.1 (see also [14] and [28] for other applications).

Lemma 4.4. a) Assume that (H.1) and (H.2) hold for some (en),,5,- Set (un,),<;, CR such that
(i) e/ (o)~ (nd,)* ul) =0 (1), (i) e, Pup =0(1)  and (i) () ulP) =o0(1),
with

En,
Up = Hmax |un T|a u(l : Z |u" 7“| and u(2) = Z Un,r
1<r<ky, _
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Zunr n,r n7_1) Zn)z_oo-

b) (H.1), (H.2), (H.4) and (H.6), imply that (C.1) holds for ¢°¢ and c&°.

Then, for all n > 0,

limsupey, logP ( 172

n—00

¢) (H.1) and (H.2) imply that (C.2) holds for 8.

Proof. a) By Lemma 4.2 (c) we just need to show that

limsup e, log P <€}/ 2

n—00

1p, > 77) = —00.

kn
> tny Nyt Zny — 1)
r=1

Now,
(Nn_nl“Zn,T - ) ]'B‘n. I Nn 71“Z7(; T ;iﬂn’r + Xn,Ta
with
Xn,r = (Nn,r (Nn,r + 1)_1 - 1) ]'B'n.,'r"
Hence
1/2 Zun'r 1an_ ) 1p,
kn kn
<)l Zw PNt Z8 g, + €2 (3 e N B + €52 (D tin X -
r=1 r=1

But, Lemma 4.1 (d) and by (i),

ki
el/? =0 ( V2 (nuy,)~ (msn)Q Z |“nr|> =o(1).

r=1

kn

—1
g Un,'r'Nn,rﬁn,r
r=1

Moreover, by Lemma 4.2 (b), the fact that, eventually,

max N, ‘ ‘ 1, < (1—"by)" (1 +m~ " max (M, — mnﬂ«)) <2,
1<r<k, 1<r<k,

and (conditional) Bernstein inequality, we get that there exists A > 0 such that, for all > 0,

k
P (5}/2
r=1

ZU”TNnTZTOH 1p, 27’|B )

-1

<2exp | —An? et <2 Z Up, TE Z° Nnﬂ«) erlen +2n 5;1/2un>

1
< 2exp (—An2 et ((mcm/nf2 uf) +2n E;I/2un) ) )

291
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1p, > 77)
lB'n, 2 n | Bn))

-1
< log(2) — An? lim inf ((mcnyn)_2 ug) +2n 5;1/2un> = —00,

n—oo

Therefore, by (ii) and (iii),

limsup e, logP <5}/2

n—oo

krn

E —1r70
u’ﬂﬂ” Nn,an,r

r=1

n—oo

kn
= limsupe, logE <]P’ (5}/2 Zun,r N, Zy7,
r=1

and our last task is to show that

Ekn
§ Un,r Xn,r

r=1

limsup ¢, log P <5,1/ 2

n—oo

> 77) = —00. (29)

al) First, we consider case (P).
For all large n and all r < k,,,

|Xn,r| < (1 - bn,r)71 M;}!‘ (|Nn,r - Nn,r| ]'Bn,'r' + 1)
S (1 - bn,'r‘)_l bn,'r‘ + ((1 - bn,r) Mn,'r')_l S an,r-

Hence, (Xn,r — E (Xn,r)), <, are independent, centered and eventually bounded by 4b,,. Moreover,
V (nr) < (1= ba) > 12E ((Nor = pine| +1)%)
Ly N\ 1/2 2
< (1 —=bny) Nn,?r <E ((Nn,r — finr) ) +1

-2 2 ( 1/2 2
< (1 - bnﬂ“) Mo (Mn,'r‘ + 1)
92 —-1/2 2 —1 —1
<(1-0b,) (1 + (menvy,) ) (menvy)” " <2 (menvy,)” eventually.

Therefore, by Bernstein inequality, there exists A > 0

-1

kn kn
P (5}/2 Z Un,r (Xn,'r‘ -E (Xn,'r')) > 77) <2exp | —A 77257_11 <Z ui,rv (Xn,'r') + n€;1/24bnun>
r=1 r=1

—1
< 2exp <A n’e,? (2 (menwy) " ul® 4 4n b, 5;1/2un) > ,
and (ii) and (iii) entail

n—oo

kﬂ,
limsup &, log P (5,1/2 Z Un,r (Xn,r — E (Xn,r))
r=1

> n) = —o0. (30)

Moreover,
‘E ((un,r (Npr + 1)71 — 1)) ‘ =e #nr <exp(—mncy,) =0 (n_l) ,
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and, using (28), we get

‘E ((un,r (Np,r + 1)71 _ 1) lB%,r)‘ < i P (Bfw) =n"tO ((m/n)2 exp (75;1/2 (m/n)l/Q)) =0 (n_l) ,

thus,

E — —1
225 Bl =o(n7)

and

1/2

kn
Z Un, B Xn r =0 <5i/2n1 Z |un,r|> =0 (EiL/Qnilk'nUn) =0 (1) s
r=1

which combined with (30) give the intended result.
a2) In case (E), we will use a coupling argument.
For all n > 1, define a sequence of i.i.d. random vectors ((X’

Let N;,(S) ~ P (n), be independent of ((X, ;,Y; ;)

Y'riz)) with (X}, ;, Y, )i<n = (X, Yoi)i<n-

29 nz

> and consider the counting process

N, :De&®B(RY)—t{i <N/(S): (X,

n,’

Y, ;) €D},
It is not hard to see that N/, is a Poisson point process with intensity measure defined in (2). Now, set

N'rll,r - erz (Dn,T) ’ B;L,r = {‘N'r/z,r - Nn,r S bn,r,ufn,r} )
—1
X = (1= i (N7, +1) 7)1, and B, = 0 By,

Since
|XTL,7‘ - X{n,T| 1B,LI"WB (1 - b /j/n r ‘ - )

we have, for all large n,

1BnnB; <

kW,
/
Un,rXn,r
r=1

+ QZ || ﬂr_zi |erzr — Nur|- (31)

> n) = —oo0. (32)
1/2

n~ V240 < (n_lvglu%2)> =o(1),

By (al),

limsupey, logP (s}/ 2

n—oo

kW,
/
Un,r Xn,r
r=1

Moreover, since by Cauchy-Schwarz inequality and (iii),

we can define a sequence () such that
a, 1 oo, n_1/2u§3)an =o0(1) and ¢, := n1/25;1/2an e N.
Now, conditionally to N/, (S),

(|N7/z,r - Nnﬂ“)lg,«gkn ~ M (lNr/L(S) - nl ; nilﬂn,la ---anilﬂn,kn) s
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hence, Lemma 4.3 entails,

kn
< 1/2 Z [t 7|M7” Ny, — Nn,,.\ > 77) <2P (Z App 1y > 77) +P (n_1/25,}1/2 [N/ (S) —n| > an> , (33)
r=1
where
An,r = 5%/2 [Un, | ﬂ;}a and (Hn,rhgrgkn ~ ® P (¢n nilﬂnm) .
r<kn
Since N/ (S) is a sum of n i.i.d P (1) r.v. and o, T oo, we have
lim sup &, log P (n71/2€£/2 IN/(S) —n| > an) = —00 (34)

n—00

(for (En)n21 = 1, this follows by the central limit theorem, for &, | 0 such that ne,, — oo, it holds by [7]
Th. 3-7-1). Moreover, for all large n,

kn kn
(Zam wr >77> <exp (—n=, %) TE (exp (50220 e T, ))

r=1 r=1

kn
"75;3/2 ~1 +onn ! Z Hn,r (eXp (Eglugl |un,7‘| M;;‘) - 1))
r=1

= exp (
kn

< exp ( ne 3 Pust 4 20, n” ey Z |un,|> (35)
r=1

= exp( 553/2 - ( — 20y, nil/QuS))) < exp (—27177 5;3/211;1) ,

where (35) follows from the facts that

lgnzgli e b up e gyt =0 ((mfnsn)_l) =o0(1) and e'—1 <2t for small ¢ > 0.
) :
Consequently, Ky,
limsup e, log P Zam,« IL,,>n| <-27 Lylim inf €n ~1/2 ;1 —00,
n—oo r—1 n—0oo
which, combined with (33) and (34) lead to
kn

limsupe, logP <5}/2 Z el iy | N = Noe| > 77) = —o0. (36)

Finally, Lemma 4.2 (c¢) yields
limsup &, log P (Bf1 U B;f) = —09, (37)

n—oo

and (29) follows by (31), (32), (36) and (37).
b) Note that, if ¢, € {cio¢, 8}, we can write

1/2
En/ )

kn
D war (@)
r=1

- 71‘ _ 51/2

Zum (NorZ;, —1)

‘ n

where u, , (¥) = wp . () for ¢, =% and . () = k! ‘ngl W, s (:c)‘ for ¢, = c&l°.
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In both cases, conditions (i) and (ii) of (a) hold respectively by (H.6) and (H.4) and condition (iii) is true by
(H.1) since, here, ul? < 1. Hence, (a) shows that ¢l°¢ and ¢&l° satisfy (C.1).
¢) Using the facts that for @ > 0, b > 0, and n > 0,

la=b] >n=lab~t 1| > n(a+n) "
and that for all large n,

(Nt Ziw = 1) [ 1B, <260 <m(c+n) ",

Hence, by Lemma 4.2 (c),

limsup e, log P (|cf E§11°| > 7)) < limsupe, loglP (B;) = —o0. O

n—oo n—o0

Lemma 4.5. Assume that (H.1) — (H.6) hold. Then, for all x € F and any n > 0,

limsup £, log P (=12 s ()~ e (Fu (2.0) = £ (2)) = O (2)] 2 1) = —c0.
n—oo
Proof. Since
5,11/2 /iglnc (ﬁf’c — f) O, < 1/22|wnr| |Bn.r| 1B, + K., Ynelfn — f]
kn
< 262 (nc6,)* Y [wn | + X/ 2h7 0| fu — £
r=1

<27'n eventually by (H.5) and (H.6),
we get that for large n,

limsup &, log P (5}/ 2

n—00

K tne (f,lfc — f) —

! ) < limsupe, logP (Bf) = —occ. (38)

n—oo

@)t -2 m)
(Elr;)c)—l _ C_l} > 4_1776_1>
|/c;1 _C—1| > 4—1770—1) ,

Moreover, since

P (51/2/@_1710 ‘f fn

kn
> 27 77) (caiﬂ Zwm«
r=1

<P (5;/2
r=1

k
§ Wn,r
kn
1/2
P|e,
r=1

§ Wn,r
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Lemma 4.4 b), (C.1) and [7] Lemma 1-2-15 entail

limsupe,, logP <€i/2ﬁglnc ‘ﬂf’c — fn

n—oo

> 27177) = —00. (39)
Finally, since

IP’(E;/Q fi,_llnc (fn—f) -0, > n)
<P (E}L/Qnglnc‘ﬁloc — fn‘ > 2717]) +P (5,1/2

kine (£ = £) - @,

> 2*177),

we get the intended result by (38), (39) and [7] Lemma 1-2-15. O

Proof of Theorem 2.1. By Corollary 4.1 (a), Lemma 4.5 and [3] Theorem 4-1, we get that
{’@n (z;)" " ne (fn (zj,C1,0) = f (fﬂj)) 1< < p} =N (0,8 (1,.2,)) »
which, combined with the fact that, 3, Ee by (C.2), gives the intended result. O

Proof of Theorem 2.2. i) Corollary 4.1 (b), Lemma 4.5 and [7] Theorem 4-2-13, entail that the result hold for
/C\gm = C.
ii) In the general case, for all € F, set

D, =nk, " (Gan — ) (ﬁl - f) .
By (i) and [7] Theorem 4-2-13, we just have to show that for all x € F' and any n > 0,

lim sup €, log (]P’ (5711/2 |D,,| > 77)) = —00.

n—oo

To this aim, note that, for all § > 0,

P (5711/2 |Dy,| > 77) <P(éan —c| > dc)+P (E}L/Qmeglc

fn( . C1n) — f‘ > 775_1> .
Therefore, by (C.2), [7] Lemma 1-2-15, and (i),
limsup €, log (P (5}/2 | D, | > 77)) < 27152,
n—oo

and we conclude by letting ¢ | 0. O
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4.2. Proofs of the results of Section 3

Proofs of Theorems 3.1 and 3.2. a) For all z € F', we just verify (H.3)—(H.6) for x,, , =k f] v (dt).
By (K.2),

kn kn
; Enr (1) B (22) = ki, ; /Im /Im Ky (z1, 8)Kp (22, t)v (ds) v (dt)

=k, <K (l‘1, ),K (1‘2, )>2

+k2i/ / K (w2,t) (Kn(21,8) — Kp(21,t)) v (dt) v (ds)

kn
=kn (Kn(z1, . ), Kn(22, . )y +knO <Z 1% (xl)/ | K (22, 1) v (dt)>
K

r=1 Inw
= kn [(Kn(z1, ), Kn(22, . )y + o (| Kn(z1, )l [Kn(z2, - )2)]-
Hence,
fin (2) = k2 | Kn(2, ), (1+0(1)), (40)
and (K.3) entails,
krn
an,r (1) Wn,r (2) = o(21,72) +0(1),

which is (H.3). Now, (40) entails for all large n,

€

P fwn e (@)] <2 (enkn) " K,y ke ma

< 2(enkn) P | Kulx, 3" 1K@, )p =o0(1) by (K4),

i.e. (H.4) holds. In order to show (H.5), note that using (40) again, Fubini Theorem (which holds by (K.1))
and the triangle inequality yield

1/2
e 2np, (x

fnrff()

=

n

= el Pppp, (2)71

kn/ K, (z,t) f(s)v(dt) v (ds) — f(x)
LI ,r XD r

<&/ *nrn ()7t (B0 () + Uy (2))

= O (=¥ 20k 2 Kn(e, 3" (Bn (@) + Wa (@) =0(1) by (K5).

=
Il

Finally, we show that (H.6) holds.

/ ,2)v (dt)

71.7

V2 (ng,) me ) =0 (e,ﬁ/?(nknlAn) 2K, (x Zk

= O (e, Ko, 3 1Kl )y Ai) =o(1) by (K.6).

)
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b) For all z € F, it is easy to see that

N~ _ n
o () fn(@) = ful(z)| < 4Mnk, 1/2 ([ K (2 ||2 (Z /" ) — Ky (2, p,0)) v (dt)>
—0(1) by (K.7),
which, combined with (a), gives the intended result by standard arguments. O

It is easy to see that, for all z € F,

En (z) < || Kn(z, )l An. (41)
Nevertheless, under regularity conditions, tighter bounds are possible for Z,, (x):

Lemma 4.6. Let E = [0,1]¢ (d € N*), v be the Lebesque measure on E and {I,,: 1 <r <k,} be a partition
of E such that I, , = H?Zl JIn,r; where the J, . ; are interval of [0,1] of length kn'/®. Assume that fisin
C? (E). Then,

En(z) =0 ((IK ||1+ZFM ) 2”)- (42)

Proof. Denote by ,, , the center of the cell I,, .. Since f is C?, the multivariate Taylor formula yields:

2
max max |f(8) = f (@nr) = (' (@nr) 8 = Tnp)ga| = O (Trgaéx Joax |5 - xn,rlle)
=0 (k;Q/d> :

Moreover,
/ (f' (Tnyr) 8 — Tnp)gads = 0.
Loy

Hence we get

max / (f(5) = f (zn,)) ds = O (k;<d+2>/d).

r<kn Ji, .

Now, the triangle inequality entails

kn
)Y / Ky ( / U6~ fan) ds) at
3 | E@n 0= s @
— 0 (1K ) 4 3 [ B )t =)
= O (I1Kale, )l 27 — Ko (@, 000)) () (@) ot = )

0<|Kn Ol n2/d+2rm/

It — Tnrllpa dt) . O

n,r
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Proof of Corollaries 3.1 and 3.2. We just verify the assumptions of Theorems 3.1 and 3.2 with K, = KE.
Set = € F' and note that, by our assumptions on f and K,

Au (@) =0 (k") Zl@) =0 (k") (by ().

1K (z, )|, = /hl( 7E)K(u)du =1+0(1), (43)

ol

1/2
and |Kn(a, )y = ha® (/( _E)K%u)du) = bt K, (1+0(1)). (14)

Moreover, for € > 0 such that
(t—e,t+e)CE,

we have

[ Eta-0) ¢ —f(x))dt‘

/,1 K (u) (f (z — hyu) — f (z)) du
h, (z—E)

< K (u Tz — hyu) — f(x))du
_/|u||w<ehn1 () (f (& = hnt) = f (=)
7le | o CE) K
=0 (hY). (45)

To verify (H.2), note that
nky A = O (nk, (VHe/D)

-0 <(nk;1/2hg+d/25}/2) (hlkinen) ) sg/d)

=o(l).
(K.2) follows from the fact that
kW,
> Tur (ml)/ [Kn(@2, )] dt < max Dy, (1)
r=1 Inr r=n

_ —a/d _
=0 (" () ™™") = 0 (h®) = o (1 Ku(@r, )y 1Koz, lla)
To check (K.3), observe that, for all fixed u € R, and all 1 # z2,

KK (u+h, (1 —22)) =0(1).
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Hence, by dominated convergence,

(Kn(wy, ) Kz, )y (1Ka(en, )y [ Kz, 2 )ll) 7
O( K(u)K(quh;l(:El:Eg))du)0(1).
R4

For (K.4), note that,
en P R K, Dy 1K, )l = e 2k Phy P K K g = 0 (1)
with (ii). (K.5) follows by (iii) since
nky 22 | Ka(e, )l max (W, (2); Za (@) = O (nk, V29262
Finally, (K.6) follows by (ii) and (iii) since
w2 K g 1By I Bn = (rmen) ™" (k)" O (k2054902612

O

Proof of Corollary 3.3. We just have to verify the assumptions of Theorem 3.1 with K,, = KF'® F = (0,1) and
Srzy) = 1Kl Iy

For h,,! (z —t) € D¢, denote by K/, (x,t) and K (x,t) the first and second derivative of K,, with respect to t.

Set for all z € (0,1),
Ry(z)={r<ky,:Dn(h,! (x—1In,)) #0}.
a) (K.1) holds trivialy and assumption (i) gives (H.1) . To show (H.2), note that since f is in C? (E), (ii) and (ii4)
yield
nky A, = 0 (nk;2) =0 ((nk,;?/‘*h}/‘*) (knhn)*l/“) = o0(1).

(K.2), (K.3) and (K.4) can be verified as in the proof of Corollary 3.1. We now consider (K.5). Observe that

krn
S Tur(@)= > Tur(@)+ Y Tur(2)
r=1 rERy, (x) r¢ Ry (x)
t
=1tR, (z) O (h,') + Z sup{ / K/ (z,u)du| : (s,t) € L, X Inyr}
r¢ R, (x) s
h, "z
<O(h / K], (z,u)|du= O (h, )+h;1/ |K' ()| dt
hat (z=1)
=0 (h,"). (46)
Hence, by (46, Lemma 4.6 and (43),
En (2) =0 (hy, 'k, %) (47)
Moreover, proceeding as in (45) and using Taylor formula with (14) we get,
V@ <K [ K@ dur el [ K (u)du
|u|<ehy' [u|>ehy*

=0 (h2). (48)
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Now, using (48) and (47) we obtain, by (iv),

nky V2| Ky (x, )|y max (W, (2); Z, (2)) = O (nk;l/th/Q max (h h_lkz;2)> =o0(1).

n’ n

Finally, the fact that, by (:i7),
nky Koz, Oy Y2 K, I An < nk, TR = 0(1),

yields (K.6).
b) Since K is 1-Lipschitzian,

2.

/ (K, (x,t) — K, (z, Tp,)) dt
r€R,(x) Inr

=R, () O ((hnkzn)_Q) -0 ((hnkn)_Q) : (49)

Now, take r ¢ R, (z). Using Taylor formula, we get that

max(zn, rit)
K, (z,t) — Ky (2,20 ,) — (t —2p ) K (2, 2p.0)] =271 u—Tp,) K’ (x,u)du
) B n ) B n

min(zp, rit)

< / [u— x| | K] (2,u)| du
I

n,r

<kt / K (2, u)| du,
I

n,r

which, combined with the fact that x,, , is the center of I,, ,, leads to

/ (K (0,1) — Ky (2,20,)) dt]| < / K (2,8) — Ko (2, 200) — (£ — 2) K (2,00 0 dt
- I

n,r

+ | K] (v, 2p,) / (t —xp,r)dt

In,r

<k / K (2, u)| du,
I

n,r

and finally entails that,

3 /1 (Ko (2,8) — K (2, 200)) dt gk;2/E|K;; (2, )| du

Tan(:”) mr

=0 ((haka)?), (50)
where we have used the fact that
/ |K! (z,u)|du = ;3/ |K” (h;1 (x — u))}du
E E
2

h
me K @la=0 ()
hy'(z—E)
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Now, by (44), (49), (50), we obtain that

nk, V2 K, )l — K (2,20,)) dt| =

In

0 (nk;l/Qh}/Q (hnknf ) -0 (nk;s/Qh;“/Q) ’

and (K.7) follows by (vi). O

Proof of Corollary 3.4. We verify the assumptions of Theorem 3.1 with K,, = K”. In what follows, the first
and second derivative of K, (x,t) with respect to t are denoted by K/, (z,t) and K}/ (z,t).
a) (K.1) holds trivialy. Assumptions (i) is (H.1). Since

k2 = (nl;l/‘lk;”‘l) (k,jlln)l/‘l

(H.2) follows by (ii) and (v). In order to verify (K.2)-(K.6) we will use the following well known facts (see

e.g. [32])

1Kn(z, M =1+ lny 1Kz, = 1 +1)"2, [|Ka(z, ), = O (log (1)), (51)
(Kn(x1, ), Kp(x2, . )y = Ky(x1,22) = 0(l) for xy # o, (52)

/ K! (@, 8)]dt = O (I 1og (1)) | (53)

/0 (K (2.8)]dt = O (210g (1)) (54)

Since f is C2, and taking into account of f(0) = f(1) and f/(0) = f’(1), a double integration by parts yields
that there exists a bounded sequence (aj)j>1, such that

/Of(t)ej(t)dt:ajj‘ / £ () e; () dt

Hence, using Cauchy Schwarz inequality, we get

Uy () = ZO‘J] /f” ej (t)dt e; (x)

J>ln

=0 Zj—‘* (/ f7 () e; (t dt)

>y >
=0 (1,73/2) . (55)

= O (1), the Taylor formula gives

1/2

Since max j ! He’-H
o J illg

 Inax L (x) < e Z lej(x)|sup{e;(t) —ej(s): (s,t) € Iy X Iny}

=0 k:;le =0 (k,'17) (56)
j=0
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By (53), we get

kn kn t
ZFW () = Zsup{ / K] (x,u)du|: (s,t) € I, X In,,}
r=1 r=1 S

g/o K (2, 0)] du = O (In log (in))

Therefore, Lemma 4.6 entails
En (2) = O (k%L log (1)) - (57)
To verify (K.2), observe that by (51), (56) and (ii),
kn
> Tus (931)/ (K (w2, )| dt < [[Kn(z2, ), max Ly (21)
1 I

<r<kn

n,r

: _ 0 (12 log ()
=o(ln) =o(|[Kn(z1, - )|s [[Kn(z2, -)l5) -

(K.3) follows by (51) and (52). (K.4) holds by (51) and (ii).
In order to check (K.5), observe that (51), (55, (57), (iii) and (iv) yield

k2 K, g max (W (@)5 2 (2) = O (ks 20,12 ma (1,2 k2l log (1) ) ) = 0 (1),

Finally, (51) and (v) give (K.6).
b) It is readily seen that (iv’) implies (iv). Moreover, since

1/2 1/2
8 o ()% = ket (k212 ) T (k2 g (1))

we get that (iv’) and (iii) imply (v). Therefore (K.2)—(K.6) holds by a). To verify (K.7), note that, by Taylor
formula, and since z,, , is the center of I,, ,, we get
max(zy,r;t)
/ / (u—xnr) K] (z,u)du | dt
I min(z, »;t)

g/ (/ = 2| | K (:U,u)|du> dt
I, I,

gk;?/ K (2, 1)) du.
I, r

=271

/1 | (Ky (z,t) — Ky (2, 2p,,)) dt

This and (54) entails

kn
Z /1 (Kp (x,t) — Ky (x,20,,)) dt

r=1

< k;2/1 ‘K;; (:U,t)’dt.
0

=0 (k:;QZ,QL log (ln)) ,

which, combined with (iv’) gives the result. O
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5. APPENDIX: LIMIT THEOREMS FOR CONDITIONALLY INDEPENDENT RANDOM SUM

This part is devoted to provide general results about the central limit property and the moderate deviations
principle of a sequence of random R? valued vectors which have been used in our proofs (see also [14] and [28]).
Consider a triangular array (Cnm)r <k, of real valued random variables defined on a common probability space
(Q, A, P) and set, for n > 1, B

kW,
= E Wn,r(n,ra
r=1

where (Wn7,«)r<kn C RP. In the following, for all u € RP, we set

kn
2
W, (u) = (Wi, t)ga and 0y, (u) = Z Wi () G-

r=1
In order to state central limit theorem and moderate deviations principle for (6,,) we consider a sequence
(én),>; C RT such that (g,),~; =1 or &, | 0 and we assume:
(A1) kp, — 0and en P, (u) — 0 where wy, (u) := max, <,

n—oo n—00 =

o (W]

(A.2) There exists a covariance matrix ¥ in R? such that for all u € RP,

kﬂ,
waw (u) T tuYu = o* (u).
r=1

(A.3) For all n > 1, (C”7T)7~<kn are independent conditionally to a sigma field 5,, C A.
For all n > 1, there exists a set B,, € B,, such that:
(A.4) limsupey, loglP (BE) = —oc.

n—00

(A.5) For all r < ky,, E(Cpr | Bn) 1B, =0 a.s.

(A.6) For some sequence 1, | 0, &nax |E (¢, | By) — 1] 1p, <y as.

(A.7) For some real K7 > 0, limsup  ax E (|Cn | B ) 1p, < K7 as.

n—oo
1/
(A.8) For some real Kg > 0, limsup max max (l!)l/lE |Cnyr|l | By, 1p, < Kg a.s.
oo >3 1<r<k, ‘!

We are now in position to express the main results of this section:

Theorem 5.1. If assumptions (A.1)~(A.7) hold with e, = 1, then 0, > N (0,3%).
Proof. For all u in RP, set
krn’ b b
<Zw Gr | B )) and 7, (u) := Z [wp, (u)|3E (|§n7,«|3 | Bn) .
r=1

By the Berry Esseen Theorem (see [30] Th. 5.4) we get for an universal constant C;:

zlelg |IP’ (0’;1 (u) 0, (u) < x| Bn) — (I>(x)| 1, <CiE (053 (u) 7 (u) | Bn) 1
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where ® denotes the standard normal distribution function. Now, by (A.2) and (A.6),

kn kn
02 (u) o (| 15, <|Y wd, (W) = 0 ()| + 1 Y wd, (u) = o(1).
r=1 r=1
In particular, for some real sequence 7, | 0,
on (u)1p, € [(1 =)o (u)lp,, (1 +m)o (u)lp,]. (58)

Moreover, by (A.7),
7o () 1p, < wy (u) K7 Y wy o (u)

Hence, for some Cs all n > 1 and all z € R,

and o, ! (u) 0, (u) > N (0,1), since

P (o, (u) 0 (u) < 2) — @ (2)|<|P (0, (u) O (u) < 23 By) — <I>(:c By,)| +P(B;)
<E(|P (0" (w)bn(uw) <z |B ) \1B)+P(B;)
< Cow,, (u) +P(BE) =o(1) ( 2) and (A.4).
Moreover, by (58), o, (u) Lo (u) and we get the result by [3] Theorems 4-1 and 7-7. O

In order to deal with moderate deviation principle we assume that ¥ is regular and we define
[:seRP 27 tg 01,

Theorem 5.2. Assume that ¥ is reqular and (A.1)—(A.8) hold for e, | 0. Then, (5711/2 Hn) € LDP (g,,1).

Proof. Using the conditional independance of ((y,r), , and (A.5), we get that

E(exp( ~1/2 (4 )an) |Bn) =1p.+ [ (1+27% w2, () (L+ Ty (w) 1,

r<kn

where

Do () = (G, 1Ba) ~ 1423 ()7 (552w, () E (| Ba) | s,

1>3
Now, for all large n, (A.6) and (A.8) lead to
‘I—Q

maxc [, (u)] < o+ 2K3) Ky &2, ()
" 1>3

< M+ 4K € 2w, (1) i= v, (u) = 0 (1).
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Hence,

E (exp (5;1/2% (u) 137L)) >E [1p: + H (1+ 2_15;111127,0 (w) (1= (w)) | 15,

r<kn

>P(By) [[ (L+27" o, (w) (1= (w)

E (exp (5,200 (w) 15, ) ) <E (g + | [T (14277 w2, (w) (14 70 (W) | 15,

r<kn
<PBy)+ [[ (1+27" e wp, () (1 +m (w)
r<kn
and, therefore,
ln1(u) <e,logE (exp (5;1/24% (u) 1Bn)) <o (u) (59)
with
Ini(u) =enlogP(By,) + Z ey log (1+ 2*15;171)%,7. (w) (1 = vn (u)))
r<kn
and

Iz (u) = ealog | P(By) + [ (1427 e wp, (w) (147 ()

r<kn
Now, using (59) and Taylor expension we get,

lim €, logE (eXp (5;1/29,I (u) 1Bn>) =27y X,

n—00

hence, by the Gartner-Ellis Theorem (see [7] Th. 2-3-6), (a}/ 20,1 Bn) € LDP (2, 1).
n>1
Finally, since, for all n > 0,

limsup e, log P (5}/2 16 — 0nlB,||ge > n) < limsupe, logP (By) = —o0,
we get the intended result by [7] Theorem 4-2-21. O
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