ESAIM: PS ESAIM: Probability and Statistics
August 2007, Vol. 11, p. 365-380 WWW.edpSCiences.org/ Ps
DOI: 10.1051/ps:2007024

PROBABILITY DENSITY FOR A HYPERBOLIC SPDE
WITH TIME DEPENDENT COEFFICIENTS*

MARTA SANZ-SOLE! AND IVAN TORRECILLA-TARANTINO!

Abstract. We prove the existence and smoothness of density for the solution of a hyperbolic SPDE
with free term coefficients depending on time, under hypoelliptic non degeneracy conditions. The
result extends those proved in Cattiaux and Mesnager, PTRF 123 (2002) 453-483 [2] to an infinite
dimensional setting.
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INTRODUCTION

The initial developments of Malliavin Calculus provided a probabilistic proof of Hormander’s theorem for
hypoelliptic operators in square form. As an application, the existence and smoothness of the density for the
solution of diffusion processes with coefficients depending only on the spatial variable were obtained (see [5]).
There have been several attempts to extend this result to diffusions with coefficients depending on two variables,
time and space. The first results in this direction, [3,11], apply to pretty smooth coefficients (see the cases
termed in Section 2 as smooth, factorable and regular Holder). More recently, Cattiaux and Mesnager [2] solved
the problem for hypoelliptic coefficients under less restrictive smoothness conditions on the coefficients.

The classical application of Malliavin Calculus mentioned before has been extended in [8] to the two-parameter
It6 equation — a wave equation in reduced form. Rules of two-parameter It6 calculus differ from those of the
classical one. As a consequence, the analogue of Hormander’s condition is formulated in terms of the covariant
derivative instead of the Lie brackets. In view of the results of [2], a natural question is whether one could also
extend the results from [8] to coefficients of the equation depending on the two-dimensional time parameter.
This article is devoted to study this problem. Combining the techniques of [8] with those of [2], we prove in
Theorem 1.1 such an extension.

When studying the inverse of the Malliavin matrix corresponding to homogeneous diffusion processes, one

needs estimates of the type
s s
P{/ Yidt < ae“,/ a2dt > be”} < eP,
0 0

Keywords and phrases. Malliavin calculus. Stochastic partial differential equations. Two-parameter processes.

* Supported by the grant BMF 2003-01345 from the Direccion General de Investigacion, Ministerio de Ciencia y Tecnologia,
Spain.

I Facultat de Matematiques, Universitat de Barcelona, Gran Via 585, 08007 Barcelona, Spain;

marta.sanz@ub.edu; itorrecilla®@ub.edu
© EDP Sciences, SMAI 2007

Article published by EDP Sciences and available at http://www.esaim-ps.org or http://dx.doi.org/10.1051/ps:2007024



http://www.edpsciences.org
http://www.esaim-ps.org
http://dx.doi.org/10.1051/ps:2007024

366 M. SANZ-SOLE AND I. TORRECILLA-TARANTINO

for small ¢ and bounded stopping time S. Here Y; = Yy + M; + V;, t > 0, is a continuous semimartingale
with martingale and bounded variation components, M; and V;, respectively; it is assumed that the quadratic
variation of M; is of the form f(f a?ds (see for instance [6,10] for different proofs of this result).

When dealing with non-homogeneous diffusions with somehow rough coefficients, such result does not sulffice.
Actually, the crucial steps of the proofs of Theorem 2.6 and Proposition 3.2 in [2] consist of establishing alternate
suitable extensions using a new approach an novel ideas. Setting these ideas in an abstract framework, we prove
in Section 2 more sophisticated versions of Stroock-Norris type estimates which are shown to be useful for
two-parameter processes.

The paper is organized as follows. In Section 1, we introduce the notation, the different hypothesis we are
going to consider along the paper, and we state the main result. Section 2 is devoted to the extension of
Stroock-Norris estimates. With these tools, we prove in Section 3 the main result.

1. NOTATIONS, ASSUMPTIONS AND THE MAIN RESULT

Consider the stochastic differential equation on R™

XZ:$O+/
R

where z = (s,t) € [0,5] x [0,T], 0 < 5,T < oo, zyp € R™, R, = [0,5] x [0,¢] and W, = (W},....Wd) is a
d-dimensional Brownian sheet (see [1]).
Set £ ={(s,t) € Rgr: st# 0}. We assume that the coefficients of (1) satisfy the conditions

d
> Ay(r, X)) AW} + Ag(r, X, ) dr| (1)
=1

z

(h1) A;: Rgp x R™ — R™, 0 <[ < d, are y-Holder continuous in ¢, for some « € ]0, 1], measurable with
respect to s, and infinitely differentiable with respect to the spatial variable. Moreover,

K, = A (6, - 2
vi= sup sup max A (@, y)ll, < oo (2)

where the notation || - ||y refers to the usual Holder norm.
h2) for any multi-index @ = (a1, ..., am), |@] > 0, and 0 <[ < d, the partial derivatives 0£A; with respect
(a3
to x € R™ exist and

K := su su ma. max |[0Z2A; (0, T, - < 00 3
ogegsoggwsmls%nog%dH aAi (0,7 )l ’ ®)

(h3) for a fixed z = (s,t) € &, the vector fields A;’s, 1 < < d satisfy the restricted Hormander’s condition
stated as follows:
The vector space spanned by the vector fields Aj,..., Ag, AYA;, 1 <i,j <d, AY (AjVAk)7 1<
i,k <d,..., AZ ( .. (Aivn,lAin> . ..), 1<41,...,ip <d,..., at the point (0,¢, ) has full rank.

Here, the notation Aiv A; denotes the covariant derivative of the vector field A; along A;.

Assumption (h2) implies that the coefficients of the equation are Lipschitz functions and have linear growth
in the spatial variable, uniformly in the time variables. By the usual method of Picard’s iterates, one can
prove existence and uniqueness of solution for the equation (1) and moreover, the solution has almost surely
continuous paths (see Lem. 3.1 in [8]).
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Condition (h3) clearly implies the following. There exist N := N(zo,t) € N, and positive real numbers
en = cn(mo,t), so = so(t), R := R(t) such that for any v € S™ 1

Z Z <U7V(0at7y)>2 > CN, (4)

k=0VeX,

for any (0,y) € [0, 0] X B(wo, R), where $g = {A4;, 1 <1<d}, Sy ={AYV, 1<1<d, Ve, 1}, k>1.
We consider different combinations of regularity of the coefficients and non degeneracy conditions of the
underlying differential operator, as follows.

(1) Elliptic case: (hl) and (h2) holds. Moreover, the vector space spanned by the vector fields Ay, ..., Aq
at the point (0,¢,xo) has full rank.

(2) Smooth case: (hl) to (h3) hold. In addition, for each 0 <[ < d, the functions 2 A;’s are C} in s, for
all multi-index @,

Ky{:= sup su max max |[099%A. (6. T < 0. 5
! ogegsogrgTOS\aéngjgdH A )Hoo (5)

(3) Factorable case: A4; (0,7,z) = fi(0) A (r,z), 0 <1 < d, with f; measurable, & > [f;| > ¢ > 0. The
functions A;’s, 0 < | < d, satisfy the analogue of hypothesis (h1)-(h3) for coefficients which do not
depend on 6.

(4) Regular Holder case: (hl) to (h3) hold. In addition, for any multi-index @, the functions 9ZA;,
0 <j <d, are {8 (@)-Holder continuous in the argument s, for some g (a) € } %, 1 [ Moreover,

= )z . _
o 1= A SO0, o G2 202 108 (7 ) < ©

(5) Irregular Holder case: The same assumptions as in the preceding case, except that here 5 (@) € }0, %} .

The main result of this paper is the next theorem, stating the existence and smoothness of density for the
probability law of the solution of (1) at any fixed point z € €.

Theorem 1.1. Let X = {X., z € Rgr} be the solution of (1). Each one of the set of assumptions termed
before as elliptic, smooth, factorable, reqular Hélder and irregular Holder, imply that the random vector X, for
fized z € €, has an infinitely differentiable density with respect to the Lebesgue measure.

Remark 1.2. In the formulation of assumptions (h1)-(h3) and of the different scenaries, the roles of the time
components s and ¢t might be exchanged.

2. STROOCK-NORRIS TYPE LEMMAS FOR CONTINUOUS SEMIMARTINGALES DEPENDING
ON A PARAMETER

In this section, we prove two extensions of the Stroock-Norris estimates. The difference between them stands
on the order of Holder continuity of the involved processes. We notice that Lemma 2.1 could provide as a
by-product an alternate proof of Norris Lemma [6].
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Lemma 2.1. Let (Yi5(N),s € [0,5]) be a real continuous semimartingale depending on a parameter A > 0, with
decomposition

Y (A) = Yo (A) + Ms (M) + Vs (V) (7)

where My (N), Vs (X) denote a local martingale and a bounded variation process, respectively, satisfying
m s ) . . s )
M, (\) = Z/O W (A) dM, <MJ,Mk>s — /O ©7Fdn,
j=1

= [ e, 0an

Assume that:

(i) For each A > 0, \I/% (A), ©,(N) and @{;k, 1 < 4,k < m, are adapted continuous processes, indexed by
1 € [0,5], bounded by some constant K, uniformly in n, \.

(it) For eachn € [0,5], 1 < j <m, Y,(X), Yo (N), W (X), @, (N) as functions of \, are 3-Hélder continuous,
with % < B < 1, uniformly in 7.

Set (M (X)), =[5 Yo (A)dn, where

T = 3 W) () o1k ®)

jk=1

Fiz v > % Then, for any p > 3 + 2v, positive constants ay, oz, p > 2, and € small enough, there exists a

constant C' such that

P{/ Yf(u)dugalsp,/ Tu(u)du2a25}§05p.
0 0

Proof. Fix n > 1 and set siz%,i:O,...,n. For each : =0,...,n — 2, we define

s , Sit1 Q€
D= [ Vi aer, [T ez 2

i

D, = / Yf(u)dugals”, / Tu(u)duza—y5 .
0 (1-4)s 2

s s n—1
{/ Y2 (u)du < aqe”, / T, (u)du > 0425} C U D,. 9)
0 0 =0

Chebyshev’s inequality and the boundedness of ¥/, ©9F 1 < j k < m, yield for all p’ > 1,

* 213 .N\P _—p
P{D, .} <P / Yo (w)du> 2254 < 2m*K°s\" € "
(1,i)5 2 (0% np

n

We also define

Then

/
p

Taking n = [¢7¥] (where [-] denotes the integer part) and v > 1, we have Egp, < 2P c=DP for any £ < g =
2% . Therefore,

P{D, 1} < Ce"", (10)
forallp” = (v —-1)p' > 2.
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We now study the terms P(D;), for all i = 0,...,n — 2. Setting

Sit+2 Si+1
Fl{/ Yf(u)dugalsp,/ Tu(u)d’uz%},

2n

k3

we clearly have D; C F;.
By Ito’s formula, for u € ]s;, s;42], it holds that

Y2() =Y2 (A +2Z/ )dMJ+2/uY,,()\)cI>n(A)dn+/uTn()\)dn. (11)

k3 k3

Set A = u in (11). By integrating with respect to the u variable and applying Fubini’s theorem and a stochastic
Fubini theorem, we obtain

Sit+2
/ Y2 (w) du > Capyy + Ausy + M, (12)

i

c, — /s(/sT()du)dn,
A = / (/ﬁ Y, (u d)dn,
M, = 22/ (/n Yn(u)wg(u)du)dﬁg.

We devote the remaining of the proof to show the inclusion

where, for any s > s;,

5i<u<sit2 16

2.2
: Q28 o142 Q38" 344
F; C{ sup  [My| = —— ", M), < 256 ¢ ”} (13)
for some v > 0. Then, applying the martingale exponential inequality,

2.2
Q25 1420 Q25" 3+tav L
P su M,y > — , (M < —=c <2 ——=c ,
{si§u§27,+2 | | 16 ( >5i+2 256 } < 2exp ( 5

and this will finish the proof.
The above inclusion is obtained by proving a lower bound for Cs,,,, and upper bounds for |.As% +2| and
(M)
Lower bound for Cs,,,. Clearly, on Fj, the triangular inequality and the Holder continuity of Y, (-) (with
constant Kg), imply

Si+2 Si+2 Si+2 Si+42
Cowz [ ([Tt man)an [ ([T @1, ol ) an
Si n Si n
Sit1 Si+2 Sit2 3
> / (si+2 —n) Ty (n)dn — / </ Kglu—n dU) dn
Sq Si n

Si+42
(Sit2 — 5i+1)/ Ty () dnp — Kg (si42 — 50)"+

>7,

Sit2”

Y

Qo SE (23)B+2
o2 PTpsrr

Y
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Taking n = [e7"] and v > 0, yields

QoS8
2n2

+2
(23)6 @25 142w

Ko nft2 = 2

— KCp(4se”)+2,

1

for any ¢ < €9. Choose v > 0 such that v > 1, so that v (8 + 2) > 142v. Thus, taking e; = (W) e ,
we have that for all € < €1 Aegg, on Fj,

Carry > %5”2". (14)

Upper bound for ‘AS | Jensen’s inequality implies

Si+2 Si+2
|As,L| < 2K / ( / 1Y, (u)] du> dn.
Sq n

Since A — Y, (A) is f-Hélder continuous (Hélder constant Kj;), we obtain

P mrane [ ([ s [ ([ s}

k3

Sit2 Si+2 Si+2 8
< [ G v lan+ K5 [ ( [ el du) an
n

Si Si

i+2

Sit2
< / (siv2 — 1) [¥ ()] i+ Kl (5142 — 52)°F2.

k3

But,

Si+2 Si+t+2 9 % Sit2 9 %
/ (Siv2 —n) Yy (n)]dn < {/ (si42 — ) dﬂ} {/ Y," (n) dn}
S; Si Si

Thus, on F;, we have

3 B+2
25\? 1 » 2s
sl <2k (= Tes 4K (2 .
FRE ((n) cndeh 4 ﬁ<n> )

As before, taking n = [¢7¥], v > 0, one obtains
25
n

for any € < g9. Choose v such that v3 > 1 and p > 2+ v. Then m (p,v,8) = {£ + Z} A {v (24 8)} > 1+ 2v.
Thus, taking

M)

2s

B+2
anFef + K (_) < (45)Fan2eFHE 4 Ky (4s) 12 (042
n

< ((43)% ar? + K (4s)ﬁ+2> cCFHHNE(5+2))

1
m(p,v,B)—1—20
(&%)

321C (4% sTays + K’645+25ﬁ+1)
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on F;, we obtain for all € < &} A ey,

o] < S22, (15)

Upper bound for <M>sq,+2' Clearly,

siv2 / o ( / W W) (u) du> < /n i Yy (u) W (u) du) Ok dn.

7,k=1

Jensen’s inequality implies

< K (si2 =) [V ()] + KKy (si42 — )7

/ Y, () W () du
n

Thus,

(M)

Si+2

Sit2 P
<O (Sig2 — 81)2/ Y2 () dn + C (sita — 5:) 2,
Si

and on Fj,

96\ 2 9\ 26+3
<./\/l>‘S ia < <—S> a1’ + Cq (-S) .
K n n

Proceeding as before, we may choose v > 0 such that v(28 — 1) > 3, then p > 3 + 2v, and find £/ such that on
F;, for all e < &Y,

2.2
(M), < D27 cs+ay, (16)
sit2 7256

The set F; N {supsigug&+2 M| < %51"’2”} is empty. In fact, on this set, by (12), (14), (15) and (16), we

obtain

Sit2
Qe > / Y2 (u)du > Co,\y — [y | = M| > %5”2”. (17)

i

Hence, taking 3 > %, v > T‘il, p> (34 2v), e < &, with

1
~ . Q28 p-1-2v / "
Ep ‘= min _8a y€0,€1,€1,€1 ¢
1

(17) cannot be satisfied.
Consequently, for any ¢ < &,

8i<u<sito 1 s;<u<sito 16

2
F, = F; ﬂ{ sup M| > ai;zsl””} C { sup | My| > — 423 glt2v M), < 052586 €3+4”}.

Thus, we obtain (13), and this ends the proof of the lemma. O
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The next lemma applies to the more irregular situation where 8 €]0, %]

Lemma 2.2. Consider a continuous semimartingale (Ys(X),0 < s < S), with decomposition given in (7) and
satisfying the assumption (i) of Lemma 2.1. Fiz 3 €]0, %] and assume that:

(ii’) For each n € [0,5], 1 < j <m, Yo(N), \I/Z,()\), ®,,(N), as functions of \, are B-Holder continuous in X,
uniformly in 7.

(111°) For all 3 < 3, there exists versions of ‘I/%(n) and @%’k, 1 < 4,k < m, respectively, which are (3'-Hélder
continuous on [0, s].

Furthermore, for all p > 2

p
B’

E (|9 Ol + 07 Ol ) < 6, < .

Then, for any p > (% + %) (1 + %), positive constants ay, az, p > 2 and € sufficiently small, there exists a

constant C' such that
P {/ Y2 (u)du < age”, / T, (u)du > ags} < CeP.
0 0

Proof. We follow the arguments of Proposition 3.2 in [2] in a more abstract presentation.
Fact 1. Fix 8/ < 3,e <sAl,a>2 (1 + % , p > 2. Condition (ii’) implies the existence of a positive constant
¢p such that

S
P {/ Y2 (u)du < aye®, sup |Ya (u)] > (1 + \/041)5} < cpeP.
0

0<u<s

This can be checked following the proof of Lemma 3.4 on [2] with (£, @71V )(z) := Y, (u).
As a consequence, taking p = ra, €” < s A1, with r > 0 and a as before, we reduce the problem to estimate
the probability of the set

S
B = { sup |V, (v)] < (1+/aq)e", / T, (u) du > ags} .
0<u<s 0
As in the previous Lemma 2.1, we consider the discretization of the interval [0, s] given by s; = %, 1=0,...,n,
with n = [57%}.
Fori=0,...,n—1, set

C; = {Hu € [siy8i41] + Tu(u) < e’ / T, (u)du > 0425} ,
0
D; = { sup Yy (u)| < (14 ar)e™, Ty (u) > ane?, Yu € [Si,5i+1]} .
8i<Su<sit1

Clearly, BN D§ C C;.
Fact 2. Condition (iii’) implies that for any p > 2, and £7 < 2%,

n—1
P (ﬂ Ci> < cpeP.
i=0

For the proof of this fact, we can follow the arguments of Lemma 3.7 in [2] with 37", (¢, @57 [X;, Z])*(z) :=
Y. (u).
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Let D = UZHOI D;, According to Fact 2, we have P (B N D°) < ¢pe? for any £r < 2—1&

Therefore, we have only to estimate P (B N D). Moreover, since
P(BND)<P(D)<nmax{P(D;)} <e 7max{P (D))},

it suffices to show that P (D;) < CpeP, for any p > 1, with some constant Cp, not depending on 3.
Recall the definition of T given by (8). Owning to assumptions (i) and (ii’),

sup Yo (W) = Tu W] < Clsisr — i)’ = C (—) < OsPeW, (18)
(u,\)€lsi,5i41]° n
_B
foralle <gyg=2"7.
For any ¢ =0,...,n — 1, set
F, = sup |V (u)] < 1+ /ag)e", inf T, (N > Q2.8 t
8i<u<sit1 (w,\)Elsi,5541]° 2

Using (18), we prove that D; C F; , for all £ < £1 A g9, for some e; > 0.
Indeed, the triangular inequality and the estimate (18) implies that, for any X € [s;, s;+1], on D;

N
Q|

Since 3’ < 3, we have % — % > 0. Choosing 1 = (ﬁ) B
and for any (u, \) € [s;, i41]°

Thus, we have now reduced the proof to estimate P {F;}.

We shall only consider the case i = 0. In fact, it will become clear from the proof that the arguments depend
only on the length of the interval [s;, $;41]-

We shall prove the existence of the argsup associated to Y. (A). This is done following the same arguments
as in [2], Proposition 3.2, that is, using Girsanov’s theorem. Our setting needs a more general version of this
theorem than the one used in [2]. For instance, we can apply Theorem 35 in [9], p. 132. With this, on a new
probability space, the semimartingale Y. ()) is transformed into a local martingale and then, by a standard time
change, into a Brownian motion, for which the argsup does exist. We only give a sketch of this procedure, since
it is very similar as in [2].

Applying a Girsanov transformation needs to work on the whole probability space 2, and not only on Fjp.
For this reason, we have to modify the process Y. (A), as follows. Define

| =z if |z|] <K,
o(z) = { +2K i |2 > 3K,
otherwise, |¢| is bounded by 2K and with derivative bounded by 1;
1 if |2] > e,

Ve(z) =

0 if |2 < 92¢%,
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e is even and non-decreasing on [0, 00). Set

5-'(*) =0 (2.(x)), (19)
U (%) = ¢ (W () e (Y. (%), 1 < j < m, (20)

T ) = [Tt - v (T ()] (21)

Consider a Brownian motion A/™+!, independent of (Ml, . ,Mm). Let

m—+1

Y.\ = Yo(\) + Z / (\) A} +/ @, (\) dn. (22)
0
This is the analogue of (3.12) in [2].
Observe that if w € Fyy for u < s1, then Y, (\,w) = Y, (), w) Hence Y. ()\) is a modification of Y. ()).
We define the modification of M, (\) by M, ()\) := Z;n'gl o ()\) dM J_with quadratic variation given by
(M.(N), = [, Ty () dn, where
mo 112
Z T (N T, (\) O3k + (\1/;” ) (\). (23)
G k=1

One can check that for all 7.

T, (\) > %g

M)

(24)

This is the crucial fact ensuring the existence of a probability measure f’, equivalent to P, such that on each Fj,
dP P, (\) — 1 [5%, (N —
e 7/ 20 437, (n) - _/ 20 ez oy b

ML) =T 00+ [ B, 00

is a P local martingale, (see [9]). Thus, P-a.s., Y, (A) = Yo(\) + M, (), is a local martingale.
Set

and such that

A0 = (T, = [ T,

Then, there exists a P-Brownian motion B such that for all u, Y,(A) = Yy()) + Ba, (), that is, Yo ) (A) =
Yo(A) + B, P—a 5. , (see [4], p. 174, for details).

Let S; = “285 51> % se?tTH, Using (24), we can prove

U%E% <A,(N)< 2m2IC3u. (25)
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(26)

8u_  Hence,
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T .
2
851
= S1.

Consequently, 5= < Ty()) < -~

3+5 S
(e DX 1
< Tg, (A
16m2K3 < Tsi(M)
Set II; (M) := T, (A). The supremum of the absolute value of a linear Brownian motion on a deterministic time
(27)

<
— 2m2K3
interval is a.s. attained at a single time. Thus, for all A € [0, s1], f’—a.s., there exists an unique (random) time

m(w, ) = argsup ‘?n()\)|.
0<n<II1 ()

such that

(28)

Since P and P are equivalent and II; (A) < sq, (27) holds P-a.s.
The final step consists of proving some control on the modified process Y.(A), because we only have the

Y\

existence of the argsup for this process.
sup

-3+ 4
. Owing to (26),

Let ) = 3=
sup |7, (0] <
0<n<6, 0<n<I;(X)

The term supg<, <g, ‘7,7()\)| can be estimated in a similar manner as in [6]. We consider the Ité formula

8 <n<
for Y (X),
., ., 0 L 0 _ 0
Vo) =Vo+2 [T, 0040, 0 +2 [T, 0, 0dnt [T, () dn (29)

L. We have the following facts concerning Y. (\):

: / 2
Fix 7" >z +
Fact 3. There exists £ > 0 such that for all € < g
W <@+ fm)e’“’) < 2exp (——el)

P| sup |7,,
0<n<61

Fact 4. There exists ¢j > 0 such that for all € < &f
sup [T(0)] < (1+ fans’”') < e

P (3 Ae0,51],
0<n<6,

The processes Y, (A), A, (A) and T, (A), have jointly continuous sample paths in

for all p > 2.

For their proofs, we can follow Lemmas 3.21 and 3.22 of [2], respectively.
(u, \), a.s. Thus, for w € Fp, for all (u,\) € [0,51]%, Yu(\, w) = Yu(A,w).

Let us return to Y. (\)
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Consider the set

GOFOQ{VAE [0,s1], sup [Y,(N)| > (1+\/04_1)€T’}.

0<n<IT; (A)

As in [2], one checks that Gy = (. Consequently, with the result stated in Fact 4, we end the proof of the
lemma. O

3. PrROOF OF THEOREM 1.1

Proof. To simplify the notation, we omit the summation sign on repeated indices. Using the classical approach
going back to Malliavin —and also by Bismut, Tkeda and Watanabe, Stroock, Bouleau and Hirsch, etc.— (see for
instance [7]), the proof of the theorem consists of checking that

(i) XieD>, forall<i<m
(ii) detC;! € LP, for all p > 2, where C, is the m x m matrix whose entries are

ci = [ (DixDLxar,
R

z

Proving (i) is straightforward. Indeed, due to the condition (h2), one can proceed as in [8], Proposition 3.3.
To prove (ii), it suffices to show that for any p > 2 there exists £o(p) such that for every e < &¢ (p)

sup P {vTC’Zv < 5} <P (30)

lv]=1

(see e.g. [7]).
We next give some preparations for the proof of (30), valid in each one of the set of assumptions of Theo-
rem 1.1. Following similar arguments as in [8], pp. 585-586, we write

d
Ve =3 [ (g A X)) ar
1=1"R=
where v € R™, and for r € Rg 7, 5; (r,z), r =z, 1 <4i,7 <m, is the solution to

§§ (r,z) = 5; + 8,?/1? (u, Xu) §§“(r, u)dWé + 8,?146 (u, Xu) §§“(r, u)du. (31)

[r,z] [r,2]
Then, for any v € S™71, 0 <e < 1,0 < pu < 1, we have
P {v"C.v<e} <P(Ey) +P(B),

where

d S
Fo = {Z/ (0, A1 (0.8, X)) diy < w} ,
1=1"0

d s pt
B= {Z/ / (0, Ay (0, t, Xopt) — € (0,7, 8,8) Ay (1,7, X,y ) dnpdr > E} :
=1 70 Jt—el-n
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Combining results of [8] and the assumption (hl), we can obtain an upper bound like in (30) for P(B), as
follows. Applying Chebyshev and Cauchy-Schwarz inequalities yields

P{B} < Ce ™ sup max E||A; (n,t, Xne) —&(n,7,8,t) Ay (n, T, X,],T)HQQ.
(n,7)€[0,5]x [t—et—r 1] 1SIS

Clearly,
E HAl (77, t, Xn,t) - 5 (7% TS, t) A (777 T, Xn,‘r)||2q <CE ||Al (7% t, Xn,t) -4 (7% T, Xn,t)||2q

+CE | A (.7, Xne) — A (n, 7, Xpr) |2
+ CE||A; (n,7, Xy 1) — € (n,7,8,8) Ay (0,7, X 1) ||

From (h1), we have
E || Ay (n,t, Xp0) = Ar (0,7, X0 || < K39t — 7207 (32)

By the mean value theorem in the spatial component and Lemma 3.1 in [8] applied to (1),
E || As (7, X)) = Ar (0,7, X, 1) |4 < CJt = 7] (33)
Finally, the Cauchy-Schwarz inequality and Lemma 3.1 in [8] applied to (31) yield

E || A (0,7, Xy.r) = € (0,78, 8) Ar (0,7, X o)
=E|[(In — & (n,7,5,1)) A (1,7, X )|
<Cl(s— )(t*T)|q~

Consequently,

P{B} < Ot0=20A2y=(2v+D)}g

If <3 A 2211 then (1 —2u) A (27 — (274 1)u) > 0. Thus, in this case,

P {B} S C(K, K’Yasa Ta d,p)Ep
for all p = {(1 —2u) A2y - 2y +1)n)}q > 2.

We devote the remaining of the section to estimate the term P(Ep).
For any k =0,1,...,N, v € S™ !, define

Ey = { Z / n,t,XW)>2 dn < 4€m(k)}
Ve

and E = ﬁ Ek, where the m(k) are positive constants to be fixed later.
As usually, for N > 1 we consider the decomposition Ey C (Eg NEf)U (E1NES)U---U(En_1NES)UE,
yielding
P(E)) <P(E) + Z (BN Ef,). (34)

We are going to estimate each term of this sum under the different set of assumptions of the theorem.
Assume (h3); we shall prove that P(E) < CeP, for any € > 0 small enough, where C' depends on ¢, p, m, K
and R.
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Consider the stopping time S with respect to the family of o-algebras {F, ., n > 0} (associated to the
Brownian sheet) defined as

Sinf{nEO: sup |X97-,—£L'0|ZR}/\S/\SO.

0<n; <t

We write P(E) <P(EN{S>c})+P(S<e’), withO<s< M= minNm(k).

For € small enough, the set EN{S > ¢°} is empty. In fact, assume S > £°; from (4) we have

N S
Z Z / (0, V (n,t, X,p.0))° dnp > enes.
0

k=0VeXy,

On the set F,
N S
DD I A EUNS M ESTLERIED
0

k=0VeXy

IN+D
Applying Chebychev, Burkholder-Davis-Gundy and Hoélder inequalities, Gronwall’s lemma and Lemma 3.1

in [8] to (1), yields P (S <¢°%) < C’epTlg, for all p’ > 2. Thus, taking p = % > 2, for all € < gg

1
Thus, for all € < g9 = (C—N) YTUEN {§>e}=0.

P(E)<P(S<e) <CeP,

where C' depends on p, t, m, K and R.
Assume N = 0. Then F = Ejy; therefore, for the elliptic case the proof is complete.

The smooth case

In addition to the results proved so far, we have to study P(Ex N Ef ), ¥ = 0,...,N — 1. Clearly,
Eir N E,‘;H C Uyex, B, where

s d_ s m(k+1)
_ 2 (k) v 2 de
B = {/ <’U5V(775taX77,t)> d77 S 4€m ’ Z/ <U7Al V(nataXn,t)> d77 > T } ’
0 =170

and I' = . Jnax 1card (k).

=0,...,

Moreover, B C B' U B2, with

S d S
B' = { [ @vaex,pramzeoy [
0 = Jo Jo

t

v 2 Eﬁm(kJrl)
<U5Al (7777—7 X'r],T) V(nataX'r],t)> d77d7' Z # )

819m(k+1)

d S t 2
B*:= {Z/ / (v, 40,7, X0 ) ¥V (0,1, X)) dipdr < ——,
=1

0o Jo
d s m(k+1
2 45 ( + )
Z/O <U7A1VV (nat;Xn,t)> d’f] > f} ,
=1

where ¢ is an arbitrary positive real constant.
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Let us estimate P(B2). Firstly, one easily checks that B2 ¢ B2 with

' 3 ) t \v4 2 Eﬁm(k-{-l)
B2 = Z/ / <U7{Al (nat;Xn t) _Al (n,T,X.,]T)} V(nataX'r]t)> d?’]dT > )
=1 0 t—e(@—=1)m(k+1) ’ s , 1"

Applying Chebyshev’s and the Cauchy-Schwarz inequalities, yields
P(B) < e ™ sup e (B A (0,1, X) = A (1,7 X )[R OV (ot XM}
n€lo,s]
reftme(@-nmein) 4] SIS

We have E H@;-EV (n, t,X,],t)||4q < K*4. Moreover, owing to (32) and (33),
E HAl (7% t, Xn,t) - Al (777 T, X77J)||4q < 24(171 (K’%q“ - 7_|4q’Y +C (Kv Sv Ta Q) |t - T|2q) :

Thus, P(B?) < Cel@@0-D7=DA@=2)}am(k+1) Taking 9 > (% + 1>V27 weobtain {(2(¢ —1)y—1)A (¥ —2)} >

0. Hence, P(B?) < CeP, forall p={(2(9 — 1)y — 1) A (9 —2)} gm(k + 1) > 2.

It remains to study the term P(B?). For fixed ¢, consider the one-parameter semimartingale (X ;, s € [0, 5])
with respect to the filtration {F,, n > 0}.

An application of the It6 formula yields

(0, V (s,t,Xs1)) = (v,V (0,t,20)) +/ (v,0"V (n,t, X)) dn
0
d S t
1D 3) N RCFMUES ML TNS ) R
=170 70

s t
+// v,AO(n,T,X,,,T)VV(n,t,Xn,t)>dndT

/ / v, 07OV n,t,Xn,t)A{ (77,7',X,7,T)A§c (77,T,Xm7—)>d77d7'. (35)

We can now use the arguments of [8]. More precisely, we apply Lemma 4.2 in [8] to the continuous semimartingale
Ys = (v, V(s,t, X5 +)), which decomposition follows from (35). This finishes the proof in the regular case.

The estimate of P(Fp) in the factorable case can be obtained using the same method as for the regular
case. We skip the details of the proof to avoid repetitions.

The regular Holder case

Under this set of assumptions, the expression (35) does not make sense, because the vector fields V(n, t, z) are
not differentiable with respect to the variable . Instead, we consider the process ((v, V(X t, Xy +),n € [0, s]),
where V € 3, k=0,...,N —1,and A >0, t € [0,T], are fixed, and apply the It6 formula. We obtain

d s t
(U,V(A,t,Xs,t»:(U,V(A,t,xo)>+2/ / <v,Al (n,T,XW)VV()\,t,X,,7t)>deN

// UAO (.7, Xyr)Y ()\,t,Xm)>d77dT

+3 / / <v DOV (M1, X,y 1) Al (1,7, X,p.1) Al (n,T,Xn,T)>dndT. (36)
0 0
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Set
Yi(N) =@, VAt Xsr)), Yo(A) = (v, V (At z0)),

U (A) = (0,07V (M t, X)) s M —/ / (0,7, Xp)dW,
t d )
b = / ZAg (7’77_7 XU,T) A;g (nﬂTa Xn,T) dTa
01—

t
D, (\) = /O <U, Ao (7, X)) V (Mt X,],t)> dr

1

t
+ 5/0 <v,3f31fv (Nt X)) A (0,7, X0 2) AF (7, Xn,r)>dr,

and a; =4, ag = 111
These processes satisfy the assumptions of Lemma 2.1. Fix v > Qﬁ 7, then 3 4 2v < p. Set m(0) = p and

m(k) = W’ k =0,...,N. With Lemma 2.1, we obtain the desired estimate for P(B') and we finish the

proof.

The irregular Holder case

We apply Lemma 2.2 to the same processes as we did in the regular Hélder case. Notice that the assumptions
of this lemma are satisfied. Fix p > (1—21 + %) (1 + %) Set m(0) = p and m(k) = ﬁ, k=0,...,N. Then,

for € small enough we obtain the suitable estimate for P(B'), and therefore the proof is complete. (I
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