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ON POINTWISE ADAPTIVE CURVE ESTIMATION BASED
ON INHOMOGENEOUS DATA

STEPHANE GATFFAS!

Abstract. We want to recover a signal based on noisy inhomogeneous data (the amount of data can
vary strongly on the estimation domain). We model the data using nonparametric regression with
random design, and we focus on the estimation of the regression at a fixed point x¢ with little, or
much data. We propose a method which adapts both to the local amount of data (the design density
is unknown) and to the local smoothness of the regression function. The procedure consists of a local
polynomial estimator with a Lepski type data-driven bandwidth selector, see for instance Lepski et al.
[15]. We assess this procedure in the minimax setup, over a class of function with local smoothness
s > 0 of Holder type. We quantify the amount of data at xo in terms of a local property on the design
density called regular variation, which allows situations with strong variations in the concentration of
the observations. Moreover, the optimality of the procedure is proved within this framework.
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1. INTRODUCTION

1.1. The model
We observe n pairs of random variables (X;,Y;) € R x R independent and identically distributed satisfying

Vi = f(Xi) + &, (1.1)

where f : [0,1] — R is the unknown signal to be recovered, the variables (§;) are centered Gaussian with known
variance 02 and independent of the design Xi,...,X,. The variables X; are distributed with respect to an
unknown density u. We want to recover f at a fixed point xg.

The classical way of considering the nonparametric regression model is to take deterministic X; = i/n: in
this model with an equispaced design, the observations are homogeneously distributed over the unit interval. If
we take random X;, we can model cases with inhomogeneous observations as the design distribution is “far”
from the uniform law. In particular, in order to include situations with little or much data in the model, we
allow the density p to be degenerate (vanishing or exploding) at xg. In this problem, we are interested in the
adaptive estimation of f at xg, both adaptive to the smoothness of f and to the inhomogeneity of the data.
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1.2. Motivations

The adaptive estimation of the regression is a well-developed problem. Several adaptive procedures can be
applied for the reconstruction of a signal with unknown smoothness: nonlinear wavelet estimation (thresholding),
model selection, kernel estimation with a variable bandwidth (the Lepski method), and so on. Recent results
dealing with the adaptive estimation of the regression function when the design is not equispaced or random
include Antoniadis et al. [1], Baraud [2], Brown and Cai [4], Wong and Zheng [21], Maxim [17], Delouille et al.
[7], Kerkyacharian and Picard [12], among others.

Here, we focus on a slightly different problem: our aim is to recover the signal locally, based on data which
can be eventually very inhomogeneous. More precisely, we want to handle simultaneously situations where
the observations are very concentrated at the estimation point, or conversely, very deficient, with the aim to
illustrate the consequences of inhomogeneity on the accuracy of estimation within the theory. The minimax
rates associated to this estimation problem are computed in Gaiffas [10], under several types of behaviours for
the design density. The estimator proposed therein adapts to the inhomogeneity of the data, but not to the
smoothness of the regression. Therefore, the results presented here extend Gaiffas [10], since the procedure
constructed in the next section has both properties of smoothness adaptation, and “design adaptation”.

1.3. Organisation of the paper

In the next section, we construct the adaptive estimator, and we assess this estimator in Section 3. First, we
give an upper bound in Theorem 1 which is stated conditionally on the design. Then, we propose in Section 3.2
a way of quantifying the local inhomogeneity of the data with an appropriate assumption on the local behaviour
of the design density. Under this assumption, we provide another upper bound in Theorem 2. In Section 4, we
discuss the optimality of the estimator, and we prove in Theorem 3 that the convergence rate from Theorem 2 is
optimal. Section 5 is devoted to the proofs and some well-known analytic facts are briefly recalled in appendix.

2. CONSTRUCTION OF THE ADAPTIVE PROCEDURE

The procedure described here is a local polynomial estimator with an adaptive data-driven selection of the
bandwidth (the design density and the smoothness are both unknown). For any A C [0,1], we define the
empirical sample measure

ISESED SENCT)

where 14 is the indicator of A, and if i, (A) > 0, we introduce the pseudo-inner product

1 _
(f,9)a = ﬁn(A)/Afgdun, (2.1)

and ||g||a :== (g, g)lA/Q the corresponding pseudo-norm.

2.1. Local polynomial estimation

We fix K € N and an interval I C [0, 1], which is a smoothing parameter that we call bandwidth. The idea is
to look for the polynomial f; of order K which is the closest to the data in the least square sense, with respect
to the localised design-adapted norm || - ||;:

Fr = agmin Y — I/, (22)
geEVK

where Vi is the set of all real polynomials of order at most K. We can rewrite (2.2) in a variational form, in
which we look for f; € Vi such that for any ¢ € Vi,

<f_'17 ¢>I = <Y7 ¢>I; (23)
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where it suffices to consider only the power functions ¢,(-) = (- — x0)?, 0 < p < K. The coefficients vector
0 € RE+1 of the polynomial f7 is therefore solution, when it makes sense, of the linear system

X0 =Y,

where for 0 < p,q < K:
(XD)pg == (Pp, &g)r  and (Y1), :=(Y, ¢p)r. (2.4)

The parameter f(zo) is then estimated by fr(zo). This linear method of estimation, called local polynomial
estimator is well-known, see for instance Stone [19], Fan and Gijbels [8,9] and Tsybakov [20] among many
others.

In this paper, we work with a slightly modified version of the local polynomial estimator, which is convenient
in situations with little or much data. When the smallest eigenvalue of the non-negative matrix X; is too small,
we add a correcting term allowing to bound it from below: we introduce

X=X+ (nﬂn(I))_1/2IdK+1lﬂ§7
where Idg 1 is the identity matrix in RE+! and
Qr = {AX71) > (nn (1)) 2}, (2.5)

where A(M) stands for the smallest eigenvalue of a matrix M. The quantity (nfi,(I ))~1/2 comes from the
variance of fr, and this particular choice preserves the convergence rate of the method. Then, when f(I) > 0,
we consider the solution 6; of the linear system

X0=Yy, (2.6)

and denote by f[ € Vi the polynomial with coefficients 51. When fi,,(I) = 0, we take simply j/”\[ = 0.

The local polynomial estimator is convenient when dealing with a random design, as shown in Fan and
Gijbels [9], since its pointwise error has a very tractable decomposition. Conditionally on the design, we can
decompose the pointwise error |f[(:c0) — f(zo)| between a bias term of order |I|* (|I| standing for the length
of I) when f is s-Holder and a variance term of order (nfi, (I))~'/2, for a general design, in a non-asymptotic
way (see Lemma 3 below). Since the optimal bandwidth I makes the balance between the bias and the variance
of f[, it depends on the local smoothness of f wvia the bias term. Therefore, an adaptive technique is required
when the smoothness is unknown, which is the case in practical situations.

2.2. Adaptive bandwidth selection

The adaptive procedure described here is based on a method introduced by Lepski [14], see also Lepski
et al. [15], and Lepski and Spokoiny [16]. If a family of linear estimators can be “well-sorted” by their respective
variances (e.g. kernel estimators in the white noise model, see Lepski and Spokoiny [16]), the Lepski procedure
selects the largest bandwidth such that the corresponding estimator does not differ “significantly” from estima-
tors with a smaller bandwidth. Following this principle, we construct a method which adapts to the unknown
smoothness, and additionally to the original Lepski method, to the distribution of the data (the design density
is unknown), in particular in cases with little or much data. Bandwidth selection procedures in local polynomial
estimation can be found in Fan and Gijbels [8], Goldenshluger and Nemirovski [11] or Spokoiny [18].

The idea of the adaptive procedure is the following: when f] is close to f (that is, when I is well-chosen),
we have in view of (2.3)

(fr—Fr g = —fr, ) y= (Y —f, )=, )1,
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for any J C I, ¢ € Vi, where the right-hand side is a noise term. Then, in order to “remove” this noise, we
select the largest I such that this noise term remains smaller than an appropriate threshold, for any J C I and
¢ = ¢p, 0 < p < K. The bandwidth is selected in a fixed set of intervals G,, called grid (which is a tuning
parameter of the procedure that we describe below) as follows:

~

I, = argmax{ﬁn(f) V] €Gn,J C I, Ym e {0,..., K},

IeG,
(Fs = Frs bm)al < IomllTull, D}, (2.7)
where
[ 2logn\1/2 log(njin (1)) /2
To(I,J) '*“Knpn(l)) +DCK(W) } (2.8)

with Cg =14+ (K + 1)1/2 and D > 0 is specified later on. The estimator is then given by
Falz0) := 7, (20)- (2.9)

The threshold choice (2.8) can be understood in the following way: since the variance of f[ is of order
(nfin(I))~'/2, we see that the two terms in T}, (I,J) are ratios between a penalizing log term and the variance
of the estimators compared by the rule (2.7). The penalization term is linked with the number of comparisons
necessary for selecting the bandwidth.

Within the procedure, we have mainly two choices of grid. The first one is the following: we sort the (X;,Y;)
into (X(4),Y(;)) such that X¢;y < X(;41). Then, we consider j such that zo € [X(;), X(j41)] (if necessary, we
take X gy = 0 and X(,,41) = 1) and for some a > 1 we introduce

o, (+1)] log, (n—3)]
Gn= | { X s1-wn Xgran)] }- (2.10)
p=0 q=0

The selection of the bandwidth within this grid is fast, since its cardinality is O((logn)?). Another example of
grid is given by

Gni=|J {[%*|X<p>*fﬂo|,ﬂfo+|X<q>*xOH}’ (2.11)
1<p<gsn
where the cardinality is O(n?), which increases rapidly with the sample size.

Remark. The estimator fn(:co) only depends on K and on the grid G,, (which are parameters chosen by the
statistician). It does not depend within its construction on g nor the smoothness of f. In this sense, this
estimator is both smoothness-adaptive and design-adaptive.

3. ASSESSMENT OF THE PROCEDURE: UPPER BOUNDS

3.1. Conditionally on the design

When no assumption is made on the local behaviour of the design density p, we can work conditionally on
the design. The procedure is assessed in the following way: first, we consider an ideal oracle interval given by

I; ;== argmax {ﬁn(I) | osc f(I) < 0( —
I1C[0,1],zo€l

(3.1)

where osc f(I) is the local oscillation of f in I, defined by

osc f(I):= inf sup|f(y) = P(y)l, (32)

PeVk yel
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where we recall that Vi is the set of all real polynomials with order at most K. The local oscillation is a
common way of measuring the smoothness of a function.
The interval I} , which is not necessarily unique, makes the balance between the bias and the log n-penalised

variance of f[ Therefore, it can be understood as an ideal adaptive bandwidth, see Lepski and Spokoiny [16]
and Spokoiny [18]. The logn term in (3.1) is the payment for adaptation, see Section 4.1. We use the word
“oracle” since this interval depends on f directly. This oracle interval is used to define

R, = 0'(

log n ))1/2’ (3.3)

Nfln (I:; f
which is a random normalisation (it depends on the local amount of data) assessing the adaptive procedure in
Theorem 1 below. We introduce also

) 2logn \1/2
I = I I < ’ 4
g = ongmas (1) | ose () < o (2285) ) +

which is an oracle interval in the grid, and we define the matrices
A= diag(H(bollfl, ceey H(bKH;l) and E; := A[X[A[. (35)

We denote by X,, the sigma-algebra generated by X, ..., X, by E? L the expectation with respect to the joint
law P} | of the observations (1.1) and by A(M) the smallest eigenvalue of a matrix M. We recall that Q; is
defined by (2.5).

Theorem 1. When ||f|s < +oo, we have on Qf N {nin(Ipy) > 2} for anyp > 0, n > K +1 and
D > 4(p+1)/2 (see (2.8)):

B}, {|Fa(@o) — f(@o)lP|Xn} < CRE ([AMBL )77+ (Ifllse V 1P],

where C' is a constant depending on p, K, a.

Remark. The fact that Theorem 1 is stated over Q7 N {nfin(I, ¢) > 2} put some constraints between f,
n and [i,. Indeed, on this set, we have that roughly, the local oscillation of f cannot be too large when the
local amount of data is too small. In the next section, we show that for n large enough, this event has a large
probability under appropriate assumptions on the design density and the smoothness of f.

Remark. The upper bound in Theorem 1 is non-asymptotic since it holds for any n > K+1. Whenn < K+1,
X is degenerate and €y is empty for any I, since X; = FrF/, where F; is the matrix of size n x (K + 1) with
entries (Fr)im = (X; —x0)™ for 0<i<nand 0 < m < K.

3.2. How to quantify the local inhomogeneity of the data?

In this section, we propose a way of modeling situations where the amount of data is large or little at the
estimation point zg. The idea is simple: we allow the design density u to be vanishing or exploding at x¢ with a
power function behaviour type, which is quantified by a coefficient 3 called index of regular variation. Regular
variation is a well-known notion, commonly used for quantifying the asymptotic behaviour of probability queues.
It is also intimately linked with the theory of extreme values. On regular variation, we refer to Bingham et al.

3]
Definition 1 (regular variation). A function g : RT — RT is regularly varying at 0 if it is continuous on
(0,4+00), and if there is § € R such that

Yy >0, lim g(yh)/g(h) =y’ (3.6)
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We denote by RV(f) the set of all such functions. A function in RV(0) is slowly varying.

Remark. While a function g € RV(3) goes to 0 at 0 when 8 > 0, or to +00 when 8 < 0, a slowing varying
function (8 = 0) can go to 0, to +00 or to some positive constant. Indeed, a typical example of slowly varying
function is (log(1/h))?, which is slowly varying at 0 for any b € R. Some properties of regularly varying functions
are given in appendix.

The assumption on p is the following: we assume that there is ¥ > 0 and 8 > —1 such that for any
z, | — x| < vt

w(wo + ) = p(wo — ) and p(zo + ) € RV(B). (3.7)

This assumption means that p is symmetrical within a neighbourhood of xy, and varies regularly (on both

sides). Note that this assumption includes the classical case where p is positive and continuous at xg, and

that in this case, = 0. The local symmetry assumption is not necessary, but made in order to simplify the
presentation of the material.

3.3. Function class

In what follows, we use the notation Iy, := [xg — h, 2o + h]. For measuring the local smoothness, we consider
the class of signals with local oscillation bounded by a function in RV(s), for s > 0.

Definition 2. If w € RV(s) for some s > 0 and @, > 0, we introduce
Fs(w,Q) :=={f:R—=Rs.t. |[flloc <Q and Vh <, osc f(I) <w(h)},

where we recall that osc f(I) is the local oscillation of f around xzg, see (3.2).

This function class contains Holder balls. Indeed, the set of all the functions f, || f|lcc < @, such that for the
largest integer k < s:

|f® (@) = F P (@o)| < Llw — o™, Va, & — 20| <, (3.8)

where f(*) is the k-th derivative of f is included in Fj(w, Q) for w(h) = Lh*/k!, which is in particular s-regularly
varying. The parameter §, assumed to be small (eventually going to 0 with n, see Th. 2 below), is the length
of the interval in which the smoothness assumption is made: this assumption is local, since we are interested in
pointwise estimation. The parameter ) can be arbitrary large, but fixed. We need such a parameter since the
upper bound is stated uniformly over a collection of such classes (see Th. 2 below).

3.4. Minimax adaptive upper bound

In this section, we assess the adaptive procedure fn in the minimax adaptive framework under assump-
tion (3.7), which is an assumption quantifying the local amount the data. Throughout what follows, we use the
notation pu(I) := [; p(t)dt. We introduce hy(w, j1) as the smallest solution to

1 1/2
ogn ) (3.9)

w(h) = 0(

( ) n:u(Ih)
This quantity is well defined as n is large enough, since h +— w(h)?u(I},) is continuous and vanishing at 0. This
equation is the deterministic counterpart (among symmetrical intervals) of the bias-variance equation (3.1). We
introduce also

rn(w, 1) = w(hn(w, 1)), (3.10)

which is the minimax adaptive convergence rate over the classes F5(w, @), see Theorem 2 for the upper bound,
and Theorem 3 below for the lower bound. When w € RV(s) and p satisfies (3.7), we have in view of the
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properties (A.2) and (A.4) concerning regularly varying functions that h +— w(h)?u(I;) € RV(1+2s+3). Then,
using together (A.2) and (A.5), we can find a slowly varying function £, ,, such that

n(w, ) = (logn/n)¥/ 14248y (logn/n). (3.11)

The design effect on this rate (via the parameter ) is comparable to that of a dimensionality parameter, or to
the smoothing degree of an operator “blurring” the original signal f, when considering inverse problems. Note
that in the classical case, that is over a s-Holder ball (w(h) = h®) and when p is positive and continuous at
zo, (3.11) simplifies to
ro(w, 1) = (logn/n)*/(1+29),

which is the usual pointwise adaptive minimax rate, see Lepski [13] and Brown and Low [5].
Theorem 2. If

e L satisfies (3.7);

e w e RV(s) for some s € (0, K + 1];

e p,Q >0 and (,) is a positive sequence such that §, > phy,(w, 1), where p > 1 is a fized constant;

the adaptive estimator ﬁl(:co) defined by (2.9), with D > 4(p + 1/2)"/? and grid choice

Gp = U {[IEO*|Xi*930|,$0+|Xi*990|]} (3.12)
1<i<n
satisfies
sup B, {IF(@0) = F@0)l"} = O(ra(w, 1)?) (3.13)
fE€Fs, (w,Q)

for n large enough, where r,(w, ) is given by (3.10) and (3.11).

Remark. In this theorem, we assess the adaptive estimator constructed in Section 2 over classes with smooth-
ness s € (0, K + 1], where K is a tuning constant of the procedure. In the minimax framework considered here,
the assumption of knowing an upper bound for s is usual in the study of adaptive methods, and somehow, un-
avoidable. For instance, when considering adaptive wavelet methods, the “maximum smoothness” corresponds
to the number of vanishing moments of the mother wavelet.

Remark. The reason of considering the grid (3.12) in Theorem 2 is linked with the uniform control of the
smallest eigenvalue of E Lo s which is necessary for the proof of the upper bound since the method involves
the resolution of the linear system (2.6) (see Th. 1). We can prove this theorem with the grid (2.10), which
is more convenient in practice, with the extra assumption that A(E, ) > A for some A > 0, uniformly over
Fs(w,Q) for w € RV(s), 0 < s < K + 1. However, we have chosen to provide the upper bound under the only
assumption (3.7) on the design, which is used to quantify the local amount of data.

Remark. If there are 37, 3" > —1 such that p(zo +-) € RV(6) and pu(zo — -) € RV(87), the result stated
in Theorem 2 is the same. The convergence rate still satisfies (3.11), with 3 = min(3~, 3"), which means that
the side with the largest amount of data “dominates” (asymptotically) the other one.

3.5. Explicit examples of rates

In this section, we give some explicit rate examples, obtained by solving equation (3.9). Note that each
example below is indeed of the form (3.11), and that they are optimal, see Section 4 below.

Example. Let p be positive and continuous at zp. Over a s-Holder ball (see (3.8)), by solving (3.9) with
w(h) = h* we find back the usual pointwise minimax adaptive rate (see Lepski [14], Brown and Low [5])

(logn/n)*/ (1+29)



ON POINTWISE ADAPTIVE CURVE ESTIMATION BASED ON INHOMOGENEOUS DATA 351

If w(h) = h*(log(1/h))~*° (w € RV(s)), that is, we have locally more smoothness than in the s-Holder case, the
pointwise minimax adaptive rate over Fs(w, Q) is

n—s/(1+25).

If G is a continuous function, we denote by G~ its pseudo-inverse, defined by G (y) := inf{h > 0|G(h) = y}.
We need the following lemma, which is proved in Gaiffas [10].

Lemma 1. Let a € R and b > 0. If G(h) = h(log(1/h))?, we have
G (h) ~ b¥ b (log(1/h)) =" as h — 07,

Example. Let p be such that foh w(xg 4+ t)dt = hP*1(log(1/h))* for any h in a neighbourhood of 0 and
w(h) = h*(log(1/h))Y where 8 > —1, s > 0, a,y € R. If G(h) := h'*+2+8(log(1/h))?7+<, equation (3.9) can be
written as G(h) = t,, where t,, := 0?logn/n. Using Lemma 1 we obtain that

(n(logn)aflf'y(lJrﬁ)/S)_S/(1+28+ﬁ) (314)

is the pointwise minimax adaptive rate over Fs(w, Q). This rate has to be compared with the pointwise minimax
rate from Gaiffas [10]:

(n(log n)a*V(lJrﬁ)/s) —s/(1+2s+p)

)

where the only difference with (3.14) is « instead of a — 1 in the logarithmic exponent. This loss, often called
payment for adaptation in the literature, is unavoidable in view of Theorem 3 below. Over the set of functions
with bounded s-th derivative (s integer), since in this case w(h) = h®, the rate (3.14) becomes

(n(log n)afl) *5/(1+25+/3)7

again when g is such that foh w(xo + t)dt = hP+1(log(1/h))® for any h in a neighbourhood of 0.

4. MINIMAX ADAPTIVE OPTIMALITY OF THE ESTIMATOR

4.1. Payment for adaptation

When p satisfies (3.7) and if w € RV(s), we know from Gaiffas [10] that the minimax rate over Fs(w, Q) is
equal to

ns/ @By (1)), (4.1)

where £, , is a slowly varying function characterized by w and p. In Theorem 2, we proved that the adaptive
estimator converges with the rate (3.11) which is slower than (4.1) because of the extra logn term. The aim of
this section is to prove that this extra term in unavoidable.

In a model with homogeneous information (for instance white noise or regression with equidistant design),
we know that adaptive estimation to the unknown smoothness without loss of efficiency is not possible for
pointwise risks, even when we know that the unknown signal belongs to one of two Holder classes, see Lepski
[14], Brown and Low [5] and Lepski and Spokoiny [16]. This means that local adaptation cannot be achieved for
free: we have to pay an extra factor in the convergence rate, at least of order (log n)25/ (1+25) when estimating a
function with Holder smoothness s. The authors call this phenomenon payment for adaptation. Here, we intend
to generalize this result to inhomogeneous data.
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4.2. A minimax adaptive lower bound

First, let us denote by H (s, L) the Holder ball with smoothness s and radius L, see (3.8). Then, let L’ > L > 0
and s > s’ > 0, where s’ and s have the same integer part. We introduce A := H(s',L’) and B := H(s,L). We
denote by a, and b,, the minimax rates over A and B respectively, given by

Uy = n—s’/(1+23/+6)€/(1/n), b, = n—é’/(1+28+ﬁ)g(1/n)7
where ¢/ and /¢ are slowly varying, and by «, the adaptive rate over A, given by
an = (logn/n) =5 /240 ¢ (log n/n).

Theorem 3. If an estimator fn satisfies the two following upper bounds for some p > 1 (that is, it is asymp-
totically minimax over A and B):

limsup,, ?ugE?’M{(a;1|ﬁz(x0) - f(x0)|)p} < 400, (4.2)
€
limsup,, ?ugE?’#{(b;an(IO) - f(x0)|)p} < +o00, (4.3)
€
then: _
liminf,, JscugIE}L,u{(a;lUn(xo) — f(@o)))"} > 0. (4.4)
€

Note that (4.4) contradicts (4.2) since limy, a,, /o, = 0. The consequence is that there is no pointwise minimaz
adaptive estimator over two such classes A and B and that the best achievable rate is cu,.

5. PROOFS

5.1. Preparatory results and proof of Theorems 1 and 2

For the sake of simplicity, we denote by C' a positive constant that can vary from place to place, and which
can depend on the parameters K, D, p,o and (). We remove also some subscripts from the notations: we write
I instead of I, s (see (3.4)), I instead of I,, and I* instead of I, ;. We denote by |E| the cardinality of a set F
and we introduce

G,(I) :={J € Gy, such that J C I}.
We denote by X, the sigma-field generated by Xi,...,X,,. We recall that X; is defined by (2.4) and that
Qr = {\X1) > (njin(I))~/?} where A\(X;) is the smallest eigenvalue of X;. The following proposition is the
main tool for proving Theorems 1 and 2.

Proposition 1. Let I € G, be such that

2logn )1/2

osc f(I) < U(nﬁn(f)

(5.1)

where we recall that osc f(-) stands for the local oscillation of f, see (3.2). When || f|lec < +00, we have on
Qr N {nfn,(I) =2} for anyp >0 andn > K + 1:

E% | fa(zo) — f(z0)IP| X0}

C(nl:l)f(z))pp ()\(El)ip (oo v 1)p|Gn(I)|1/2( (logn)r/2

where A(Er) is the smallest eigenvalue of Er, see (3.5), and D is a constant from the threshold (2.8).
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Proof of Proposition 1. Let us introduce
T(Ia Jam) = {|<ff - J/C\Iv ¢m>J| < U||¢m||JTn(Ia J)}a
T(I, J) = ﬁogmgKT(I, J, m),
T(I):=Nyeg,nT(L,J).

By definition (2.7) of I, we have that on 7(I), the bandwidth I is selected if it maximises fi,(I). Thus, if we
introduce

T(I) := {ﬂn(I) < ﬁn(f)}a
we have T(I)¢ C T(I)¢. When || f|lc < 400, we have for any p > 0 and J C [0, 1]:

E}{1F5(@0)lP1X0} < O flloo V 1)P (nfin (J))P/2. (5.2)

This inequality shows that the estimator cannot be too large in expectation, its proof is given below. We
need the following lemma, which is of special importance, since it provides a control on the probability for a
bandwidth to be selected by the procedure.

Lemma 2. If I € G, satisfies (5.1), we have on Q; N {nji,(I) > 2}:
1A T (D) 1%} < [Gu(DI(K + 1) (nfin(1)) 775,

where D is a constant from the threshold T,,(I,J), see (2.8).

The proof of this lemma is given below. Together with (5.2), Lemma 2 entails

?,u{(|fn($o) - f($0)|)p1T(I)°|xn}
< CLEY, I Ful@o) 12 )" + 1 £I18] (P} AT (1)°]%,})
<O fllse V 1PIG (D)2 (i (1))P/2~ P16, (5.3)

1/2

The next lemma is a version of the bias-variance decomposition of the local polynomial estimator, which is
classical: see for instance Fan and Gijbels [8,9], Goldenshluger and Nemirovski [11], Spokoiny [18] and Tsybakov
[20], among others. We recall that the matrix Ey is defined in (3.5).

Lemma 3. If I is such that fi,(I) > 0 and xg € I, we have on Qr that

|f1(z0) — f(zo)| < CANEr) ™ (osc f(I) + o(nfin (1))~ |y1]), (5.4)

where vy s, conditionally on X,,, centered Gaussian with E;}u{vﬂfn} < 1.

The proof of this lemma is given below. For completing the proof of Proposition 1, we need also the following
inequality, which is proven below: if I € G, and J € G,,(I), we have on 7 (I, J) N Q;

~ 1/2

|fr(z0) — fi(z0)| < CA(E,) ™ (logn/(njin(J))) (5.5)

By the definition of f, we have
T() CcT(,1I),
and using (5.5) we obtain that on T(I) Ny,

o~

|F+(@0) = Fi(z0)| < CAEr) ™" (logn/ (niin(1))) .



354 S. GATFFAS

In view of lemma 3 and since I satisfies (5.1) we obtain:

| (o) — f(wo)| < OX(

)" (osc f(I) + o (njin (1)) 2 |71])
A 1/2

< CAE;
< CAB) ™ (VA + (logn)~2]) (logn/ (nfin(1))) /2,

and then, on T(I) N Qr, we have

| Fa(w0) — f(z0)| < CAER) (V2 + (logn) "2 |1]) (log n/ (njin(1))) 7.

Finally, using this inequality together with (5.3), Proposition 1 follows by integrating with respect to P M(|,’{n)
Proof of Theorem 1. Let j be such that xo € [X(;y, X(j4+1)], where X(;y < X(;11) for any 1 <i < n (eventually,

we take Xy := 0 and X(,,41) := 1). First, we consider the procedure tuned with geometrical grid (2.10). Let
I~ be the largest interval in G,, such that I~ C I*. Since osc f(I)%fi,(I) increases as I increases, we have

ose f(I7) < o (2logn/(njaa(I7))) "7,
thus fi, (I_) < fip (D, where we recall that I is given by (3.4). If p and q are such that

I = [X(j+1-[ar))> X(j+Lae)];

where a > 1 is the grid parameter, see (2.10), and if u, v are such that [X(,), X(,)] C I and i, ([X (), X()]) =
fn (1), we have

fin ([X (1 ar+1])s X (G4 ast1))])

fin ([X (j+1-[av])s X (41ae))]) <
<

thus fi, (I*) < a?fin(I7) < a®fin(I), and
fin(I7) /% < fin(D) < fin(I). (5.6)

Moreover, again for the grid choice (2.10), we have

1G(I)] < (log(njin(I))/loga)?, (5.7)

then, using Proposition 1, and since D > 4(p + 1)'/2, we obtain Theorem 1 when the grid is (2.10). When
we use the grid (2.11) in the procedure, we have |G, (I)| < (nji,(I))?, and fin(I) = ji,(I*), thus using again
Proposition 1, we conclude the proof of Theorem 1. (Il

In the following, we denote by P the projection onto the space Vi of all real polynomials of degree at most
K, with respect to for the inner product (-, -)1, see (2.1). As stated in Section 2.1, we have

fr=f1=P1Y (5.8)
on the event Q; = {A(X;) > (nfin(I))~'/?}. We denote respectively by (-, -) and by || - || the Euclidean
inner product and the Euclidean norm in RE+1. We denote by || - ||« the sup norm in RE+!. We define

€1 i — (1,0,,0) S RKJrl.
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Proof of Lemma 3. On j, we have f[ = fr since X; = X7, and \(X;) > (nﬁn(I))*l/2 > 0, thus X; and E;
are invertible (see (3.5)). By definition of osc f(I), we can find a polynomial P§ € Vk such that

sup |f () — Pf (z)] < osc f(I) +¢/v/n,

z€l
for any fixed € > 0. If we denote by §; € RE+! the coefficients vector of P5 then
|fr(wo) = f(x0)] < (A7 (01 = 0r), ex)| + osc f(I) +¢/v/n
=|(E; A]X](@[ —0r1), e1)| +osc f(I)+¢e/v/n.
In view of (2.3), we have on Q; for any m =0, ..., K:
(X1(8r = 00))m = (f1 = P§ , )

:<Y7P]§a¢m>1
:<f7PI€7¢Tn>I+<£a¢m>Ia

thus, X[(é} —0r) = Br+ Vi where By := (f — P§, ¢m )1 and Vi, = (€, ¢m )1, which correspond respectively
to bias and variance terms. We have

(E;'A;Br, e1)| < (K +1)2|EF | ArBr o,

and

[(ArB1)m| = lémll 7' (f = PF, ém)il <IIf = Pillr <oscf(I) +e/vn
for m € {0,..., K}. Since A(M)~! = | M || for any symmetrical and positive matrix M, and since [|A; ]| < 1
we have ||E_1H AX )™ < (nfin (1)Y? < n'/2, thus

(B} 'ArBr, en)] < (K +1)'Y2(|E; | ose f(I) +<).

Conditionally on X,,, the random vector V; is centered Gaussian with covariance matrix o2 (nfi,, (1)) ~'X;. Thus
E;IA 1V7 is again centered Gaussian, with covariance matrix

o*(njin(1)) ' Ef 'AIXrAET! = 0®(nfin (1)) " ET Y,
and <EI_1A 1V, e1) is then centered Gaussian with variance

o®(njin (1))~ er, Br'ex) < o*(njin (1)) BT
Now, since A(E;) = infj, =1 (z, E;z) < [|Ejei]] < (K 4 1)Y/2, we have |E;'|| < (K + 1)Y2|E; "2, and the
lemma follows. d
Proof of (5.2). If fin(J) = 0, we have f; = 0 by definition and the result is obvious, thus we assume fiy,(J) > 0.
Since A(X;) = (njin(J))"*/? > 0, X; and A are invertible and E; also is. Thus,
Filao) = (Ajlau e1) = <E}1AJXJ§J, e1) =(E;'A Y, er).

For any 0 < m < K, we have

((ATY )l < N6l ({F s dm)al + (€ dm)al)

[flloo + lémll €, dm) sl
= [ flloe + [Viml-

<|
<|



356 S. GAIFFAS

Conditionally on X,, the vector V; with entries (Vj,;0 < m < K) is centered Gaussian with variance

o? (n‘L_Ln(J))ilA]XJA], thus <E;1VJ , e1) is centered Gaussian with variance

_ —1 o — S — _ _ —1 _ o —
o (njin(1) " Her, ATXG X RGIAT er) < o2 (njin () AT PR PIX |
<o (K +1),

. - o o \_ _ 1/2 - 1o — -
since | X[| < K+1, [A7Y] < Tand | K| = AX) " < (njin (7)) % Moreover, B < A7 [I1X5 1A <
_ 1/2

(nfin(J)) ™", thus

~ _ 1/2

1Fr@o)l < (B + D)Y2( flloo v 1) (nin () (1 + olvs),
where v; is, conditionally on X%,, centered Gaussian with variance smaller than 1. Then, (5.2) follows by
integrating with respect to P} (-|X5). O

Proof of Lemma 2. Let 0 < m < K and J € G,,(I). In view of (2.3) and (5.8), we have on :

(f1=F1\ dm)s =Y — f1, dm)s
=(f = Fr. bm)s+ (&, dm)
={(f —Pif, bm)s +(Prf — f1, dm)s + (€, Sm)s
=(f=Prf, dm)s +Pr(f=Y), ¢m)s+ (£, om)s
=(f=Prf, dm)s — (P1&, dm) s + (&, dm)u

By the definition of osc f(I) we can find a polynomial P§ € Vi such that

sup| () — P (@) < osc £ (1) + &5,
x€

where e, := 0 DC (log 2)/(4n), with Cx = 14 (K +1)"/2. Thus, since J C I, Pf € Vi and P is an orthogonal
projection with respect to ( , ->I,

AL < If =Prfllsliomlls < lemllallf = Pr =Pr(f = Pz

< l@mllsllf = Prllz

< [@mlls(ose f(I) +en)

< lmlls[o(21ogn/ (njan(1))'? + e, (5.9)
where we used (5.1). Conditionally on %,,, B and C are centered Gaussian. Clearly, C is centered Gaussian
with variance 2||¢m||%/(nfin(I)). Since P has covariance matrix o?P;P} = ¢?P; (P is an orthogonal
projection), the variance of B is equal to

E7 {(P1&, ém)31Xn} < llomllTET {IP€]71%n}
= 6wl Tr (Var(Pr€|Xn)) / (nfin(J))
= 0°[|¢m |5 Tr(P1)/(nfin (),

where Tr(M) stands for the trace of a matrix M. Since Py is the projection onto Vi, it follows that Tr(Pr) <
K + 1, and that the variance of B is smaller than

| ¢m |5 (K + 1)/ (njin(J)).
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Then,
FuA(B+C2[Xn} < 0|l dmll5C% / (njin(J))- (5.10)
Since nfin(I) > 2 and jin(J) < 1, we have
e < 0DC [log(njin(I))/ (4njin(J))] >, (5.11)
Then, the definition of the threshold (2.8) together with (5.9) and (5.11) entail
{H(bmH;lK]?I - fb ¢m>J| > Tn(Ia J)}
[¢m 7B + C _ 1/2
D|1 n(L 2.
el > Plosm ] /2]
Since
K ~ ~
T(L,0)° = | {llemll s 1(Fr = fi, dm)al > Tull, D)},
m=0
we obtain using (5.10) and the fact that P{|N(0,1)| > z} < exp(—2?/2):
K
PATO XY < D0 D exp (= D log(nfin(1))/8)
JEG,(I) m=0
< [Gu(D)I(K + D) (1) 75,
which concludes the lemma. ]
Proof of (5.5). Let us define Hy := A ;X ;. On Q;, we have:
[Fr(o) = Ftwo)| = 1(Br = 0ol

< AT Br ~ 02)l

< B H (0r = 07)]

< (K + 1)2NEy)HEL (Or = 07)] -
Since on Qy, (1 — f7 ém)s/|émlls = H(6; — 65))m, and since J C I, we obtain on T (I, J):

|Fr(x0) = Fr(wo)| < CA(E) ™' Tu(I, )
< CA(Ey) " [logn/(njin(1))] 2,

thus (5.5). O

Let us denote by P} the joint probability of the variables [Xi;1 < @ < n] and let us recall the notation
p(I) = [, p(t)dt. We recall that I, = [xg — h,xzo + h] and that hy,(w, p) is defined by (3.9). We introduce

. logn \1/2
H,(w,pn) :==argmin{w(h) = o — , 5.12
(o) = argmin {w(h) > o (2575 ) ) (5.12)

which is an approximation of h,(w, 1) when p is unknown. In what follows, we omit the dependence upon w
and u to avoid overloaded notations. If 0 < € < 1, we introduce the event

Cne) ={(1 —e)h, < H, < (L +¢)h,},
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which has probability going to 1 very fast, see Lemma 4 below.

Proof of Theorem 2. For the grid choice (3.12), we have |G, (I)| < nfin,(I). We recall that f € Fs, (w,Q), see
Definition 2 and that by assumption, d,, > ph,, for some fixed p > 1. We consider ¢ € (0, p — 1], so that on
Cn(e), we have §,, > H,, and since f € Fj,_ (w, @), we have either

oscf(IHn)gw(Hn):a< log n ))1/2 or

( logn )1/2
O\ ——5 ~ < )
nin(Ig,) —1

which entails that in both cases

oscf(IHn) < a( 2logn ))1/2

niin (I,
Then, using Proposition 1 and since D > 4(p + 1/2)'/2, we have for any f € F5, (w,Q):

logn

m)m (A(Ery, )P+ (QV1)P) (5.13)

Fu{ 1 Falao) = f(@o) 120} < O

on Cy(e) N Qr,, N{nfin(Ix,) = 2}. Let us introduce

_ (1 + (—1)“)(() + 1)
a+b+1

€a,b = )
and the matrix E := AXA where X is the symmetrical matrix with entries (X), 4 1= €ptq,5 for 0 < p,g < K
and
o ~1/2 12 ~1/2

A= dlag[eo’ﬁ 1€o e ,eQKﬁ},
where we recall that § is the index of regular variation of u, see (3.7). E is the limit in probability of Ep,
as n — 4o0o. A and X are invertible thus E also is. Indeed, we have A(X) > 0, otherwise, defining p(¢) :=
(1,t,...,t%), we have

0=AX) = (x, Xx) = [ (B0,

-1

where x € RE+1 is non-zero vector, which leads to a contradiction, since t — x’ p(t) is a polynomial (x’ stands
for the transposition of x). The following lemma provides some approximations necessary for the proof of
Theorem 2, its proof is given below.

Lemma 4. If w € RV(s), s > 0 and p satisfies (3.7), we can find an event S, (¢) € X,, such that for any
e € (0,1/2],
$0(2) € {INBr,) ~ AB)| < 2} 0 {10 (T, ) u(T,) — 1] < £} N Ca(e) (5.14)
for n large enough, and
P {Sn(e)°} < Cexp (- Ds ), (5.15)
where r, = Ty (w, 1) is given by (3.10) and C, Dg are positive constants.
On 8, (¢), we have njfi,(Ix,) = (1 —e)npu(lp, ) — +oo as n — +o0, thus S, () C Qr, N {nfi,(Ig,) = 2} for

n large enough. Then, using together (5.13), (5.14) and (3.9), (3.10), and integrating with respect to P}, we
have uniformly for f € Fs, (w,Q):

]E?u“ﬁl(xo) — f(x0)|P1s, ()} < CO7h.
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On the complement S, (¢)¢, using together (5.2) and (5.15), , we obtain that uniformly for f € Fs, (w, Q):

E},{(r ' 1Fa(@0) = f(20)) 15,00}
<O P [(B%, {1 Fa(@o) 1) + Q7] (Pr{S4(e)°})

< CrpPn? 2 (PS, () D) = 0a(1),

1/2

which concludes the proof of Theorem 2. O

Proof of Lemma 4. The proof of the lemma is divided into several steps. We denote A,(e) := {|A\(Ex,) —
AE)| <€} and for a € N we introduce

1 =T\
B, a(e) := ‘ / di, —eq ‘gs}.
«(©) { (I, ) 1Hn< P ) s s

Step 1. Since Ey, and E are symmetrical,

N {IEn, —E)pg| <e/(K +1)%} € Ale),

0<p,q<K

where we used the fact that A(M) = inf, = (z, Mz) for any symmetrical matrix M. Then, if ; :=
min [ ; e(8+1)/((K +1)?(2K + 8+ 1))], we have

B ptq(e1) N Br2p(e1) N Bragler) C {|(Br, — E)pq| <e/(K +1)%}

for any 0 < p,q¢ < K and then
2K

(] Bnal(e1) C Anle).

a=0

Step 2. For a € N, h > 0 and € > 0, we define

Dyo(e h) := {‘M&h) /Ih ( 7hx0)adﬁn - ea,g‘ < 5}.

We show that, for any w € RV(s), s > 0 and 0 < €3 < 1/2 there exists 0 < €3 < 2 such that

Dy0(es, (1 —e2)hy,) N Dy o(es, (1 + e2)hy) C Cple2) (5.16)
for n large enough. In view of (5.12), we have
{H, < (1+e2)hn} = {nfin(I(14e5)n,)/ logn > *w((1 +e2)hy) 2}
We introduce e3 := min [e5 ; 1 — (1 —€3) (1 + £2) %], which is positive for e, small enough, and £, (h) :=
h~*w(h) which is slowly varying, since w € RV(s). Since (A.1) holds uniformly over each compact set in (0, 400),

we have for any y € [1/2,3/2]

(1 = ed)lw(hn) < Luyhn) < (1 + €3)lu(hn) (5.17)
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for n large enough, so (5.17) with y = 1 4+ ¢ (¢ < 1/2) entails together with (3.9) and since h — p(lp) is
increasing:

(1 —e3)np(I1teyn, )/ logn = (1 —e3) > (1 + £2) > 0*w(hy) >
= o2 ((1+€2)hn) (1 — £2) 2 (hn) 2
> 0?w((1 + e2)hn) 2.

Thus
{An(Tagenyn,) = (1 —e3)u((1 +e2)hn) } C {Hn < (1+€2)hn},
and similarly on the other side, we have for n large enough:

{Bn(enn,) < (14 )L~ £2)ha)} © {(1— £2)hn < H},

hence (5.16).
Step 3. We prove (5.14). Let us define €3 := £1/(2(1 +1)25%1) and let 3 be such that (1 +e3)%73/(1 —¢3) <
1+¢e9 and 0 < g3 < 9. Since h — [, (I;) is increasing, we have

Cn(es) C {iin(Ta—ciyn,) < fin(Le,) < fin(I1tesn,) }s
and using (5.16), we can find 0 < g4 < &3 such that
Dy, o(e4, (1 —e3)hyn) N Dy o(e4, (1 + €3)hn) C Cples).
In view of (A.1) and since £,,(h) := h=(F+1 (1) is slowly varying, we have for any 0 < e3 < 1/2:
(1 +e3)hn) < (14+e3)l,(hy) and €,((1 — e3)hy) = (1 — e3)0,(hn) (5.18)
as n is large enough, thus the previous embeddings entail

ﬂn (IHn)
ﬂn(Ihn)

In view of the previous embeddings, we have on Dy, ¢(g4, (1 — €3)hy) N Dy, 0(g4, (1 + €3)hy) N Dy o(e3, hn):

,u(Ilhn)‘ /,Hﬂ (- Zjo)adﬁn - /1 (- ;jo)adﬁn

< (Hn\/hn)aﬂn(jh7l) :L_l"ﬂ(IHn)
RS 1In,) | fin(In,,)
< (1 + Eg)a(l + 53)52 < (1 + 51)2K+152 = 51/2.

Dn,0(84, (1 — Eg)hn) n Dn70(54, (1 + E3)hn) n Dn,O(ES; hn) C { — 1‘ < 52}.

-1

Then, putting all the previous embeddings together, we obtain

Dn70(€4, (1 — E3)hn) n Dn,0(547 (1 + Eg)hn)
N Dn,0(547 hn) N Dn,a(sl/Qa hn) C Bn,a(sl);

and finally, (5.14) follows if we choose

Sn(s) = Dn,0(547 (]- - ES)hn) N Dn,0(547 (]. + Ej)hn) N Dn’0(€4, hn)

N (] Dnales hn).
0<a<2K
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Step 4. We prove (5.15). We show that if u satisfies (3.7), we have for any positive sequence (7y,) going to 0
and any a € Nye > 0:
g2

PPl < 200 (- sy

nu(hn)), (5.19)

when n is large enough. We define @; := (%)alxigw and Z; := Q; — E}{Q:}. In view of (3.7), we can
find N such that n > N entails v, < v and
1 (71)0( +1£ f’y" tOtJrﬁe ( )

”{Q}*

N( L,)*

where for h < v, £,(h) := h Pu(zo + h) = h’ﬁ,u(aco — h) is slowly varying. Then, in view of (A.4):

2 fo " tﬁeu )dt ’)’ngﬁJrlgu(’Yn) 7

nL-{-oo N( L) {Q } Ca,f;

which entails that for n large enough:

Dn,a(e,7)¢ C {m } (5.20)

Note that El{Z;} = 0, |Z;| < 2, Yi EN{Z?} < nEj{Q?} < nu(l,,) and that the [Z; ; 1 < i < n] are
independent. Thus, using Bernstein inequality to the sum of the Z; we obtain (5.19).
Now, using together (3.9), (3.10) and (5.19), we obtain (5.15), which concludes the proof of Lemma 4. O

5.2. Preparatory results and proof of Theorem 3

The proof of Theorem 3 is similar to the proof of Theorem 3 in Brown and Low [5]. It is based on the next
theorem which can be found in Cai et al. [6]. This result is a general constrained risk inequality which is useful
for several statistical problems, for instance superefficiency, adaptation and so on.

Let p > 1 and ¢ be such that 1/p+1/¢ = 1 and X be a real random variable having distribution Py with
density fg. The parameter 6 can take two values 6; or #;. We want to estimate 6 based on X. The risk of an
estimator § based on X is given by

Rp(6,0) :=Eo{|6(X) — 0]}
We define s(z) := fo,(x)/ fo, (z) and A := |03 — 91|. Let

I, = I(601,02) = (Eo, {s"(X)})"/".

Theorem 4 (Cai, Low and Zhao [6]). If 6 is such that R,(9,01) < P and if A > el,, we have:
pel,
Ry(6,6) > (A — el > A (1= 50,

The next proposition is a generalization of a result by Brown and Low [5] for the random design model, when
the data is inhomogeneous. Of course, in the classical case with p continuous at xo and such that u(xg) > 0,
the result is barely the same as in Brown and Low [5] with the same rates. This proposition is a lower bound for
a superefficient estimator which implies directly the adaptive lower bound stated in Theorem 3. Let us recall
that a,, is the minimax rate over A and that «,, is the minimax adaptive rate over A, see Section 4.2.

Proposition 2. If an estimator fn based on (1.1) is asymptotically minimazx over A, that is:

limsup,, supE w{(ay Y fu (o) f(aco)|)p} < o0,
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and if this estimator is superefficient at a function fo € A, in the sense that for some ~v > 0:

limsup,, }107M{(a;1n7|fn(aco) - fo(x0)|)p} < 00, (5.21)

then we can find another function f1 € A such that
liminf, B}, { (| fn(z0) — fi(zo)|)"} > 0.

Proof of Proposition 2. Since limsup,, E;ﬁo’#{(a;lnﬂﬁl(mo) — fo(m0)|)p} = C < 400, there is N such that for
any n > N: N
o d (1 fn(@o) = folzo)])"} < 2Cahn 7.
Let k' = |s’| be the largest integer smaller than s’. Let g be k" times differentiable with support included in
[—1,1], and such that g(0) > 0 and for any |z] < &, [¢%)(z) — g*)(0)| < &!|=|* ~*. Such a function clearly
exists. We define -
fie) = folw) + Lpilg (=),
n
where p,, is the smallest solution to
/ blogn \1/2
L = o Z7E5)
np(ln)/
where b := 2(p — 1)v/9%, goo := sup, |g(x)|. We clearly have f; € A. Let P2, P} be the joint laws of the
observations (1.1) when respective = fo = fi. sufficient statistic for is given n =
b ions (1.1) wh pectively f = fo, f = fi. A suffici istic for {Pg, P} is given by T,
log (dPg /dP}), and
v
T (1aw) N (;?",vn) under Pg,
N (?n,vn> under P7,

where, by definition of p,:

on = 2o = filliagn = 25 [ (@)~ fle)*u(o)da
<nL?pY I, )% /o® = 2(p — 1)ylogn.

Since
T, = exp (valg — 1)/2) < 17,
taking 6 := f,(20), 02 := f1(z0), 01 := fo(zo) and £ := a,, within Theorem 4 entails

Ry(6,02) > (L'p}l 9(0) — 2Cann~"n")" = Cpi?,
since lim,, a,,/ pfl/ — 0, and the proposition follows.
O

Proof of Theorem 3. Since B C A, equations (4.2) and (4.3) entail that fn is superefficient at any function
fo € B. More precisely, f, satisfies (5.21) with

(s =sN(B+1)

21+2¢ 4+ 0)(1+2s+ ) =0

’)/ =
for any fy € B. The conclusion follows from Proposition 2. (]
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APPENDIX A. SOME FACTS ON REGULAR VARIATION

We recall briefly some properties of regularly varying functions. The results stated in this section can be
found in Bingham [3]. In all the following, let £ be a slowly varying function. An important fact is that the
property

lim 4(yh)/l(h) =1 Al
Jim £(yh)/6(h) (A.1)

actually holds uniformly for y in any compact set of (0, +00). If R; € RV(a1) and Rs € RV(az), we have
R1 X Ry € RV(a1 + ag) and R1(R2(+)) € RV(a1 X aw). (A.2)

If R € RV(v) with v € R — {0}, we have

if
R(h) — ; =0, (A.3)
400 ify <0,
as h — 0F. If v > —1, we have:
h
/ PU@)AE ~ (1 ++)" Be(h) as b — 0%, (A4)
0

and h — foh t7(t)dt is regularly varying with index 1+ ~. This result is known as the Karamata theorem. Let
us define (R is continuous)

R~ (y) = inf{h > 0 such that R(h) > y},
which is the generalized inverse of R. If R € RV(y) for some y > 0, there exists R~ € RV(1/v) such that

R(R™(h)) ~ R~ (R(h)) ~h as h — 0F, (A.5)
and R~ is unique up to an asymptotic equivalence. Moreover, one version of R~ is R.
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