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MODERATE DEVIATIONS FOR TWO SAMPLE T-STATISTICS

HoNcyYUuAN Cao!

Abstract. Let Xi,..., X,,, be a random sample from a population with mean p; and variance 0%, and
Y1,...,Yn, be a random sample from another population with mean p2 and variance o2 independent

of {X;,1 <i < mni}. Consider the two sample t-statistic T = XV Gu_ma)  hjs paper shows that

52/n +32/n
Vsi/n1+s5/n2
InP(T > z) ~ —2%/2 for any = := x(n1,ns) satisfying £ — oo, = o(n1 + n2)*/? as ny,ny — oo
provided 0 < ¢1 < n1/n2 < ¢z < oo. If, in addition, E|X1|3 < o0, E|Y1|3 < oo, then }139;)2(;”)) — 1 holds

uniformly in z € (0,0((n1 + n2)1/6)).
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1. INTRODUCTION AND MAIN RESULTS

Let {X, X,,,n > 1} be a sequence of independent non-degenerate real-valued random variables on the
probability space (€2, 3, P). Put

Sp=>_ Xi Bl= Zn:EXf, V2= ZR:X}
i=1 i=1

In classical limit theorems, moment conditions and other related conditions are sufficient and usually necessary
(see Petrov 1995 [3]). For instance, for independent and identically distributed (i.i.d) random variables, the
central limit theorem holds if and only if EX2I(|X| < z) is slowly varying as z — co. On the other hand, limit
theorems for self-normalized sums S, /V;, put those classical limit theorems on a new perspective. Shao (1997)
[5] showed that no moment conditions are needed for the self-normalized large deviation result

Sn
Va/n
and that the tail probability of S, /V,, is Gaussian like when X is in the domain of attraction of the normal

law and sub-Gaussian like when X is in the domain of attraction of a stable law. Giné et al. (1997) [1] proved
that the tails of S,,/V,, are uniformly sub-Gaussian when the sequence is stochastically bounded whereas Shao

Keywords and phrases. Two sample t-statistic, asymptotic distribution, moderate deviation.

1 Department of Statistics and Operations Research, University of North Carolina-Chapel Hill, Chapel Hill, NC 27599, USA;

hycao@email.unc.edu
© EDP Sciences, SMAI 2007

http://www.edpsciences.org/ps or http://dx.doi.org/10.1051/ps:2007020



http://www.edpsciences.org/ps
http://dx.doi.org/10.1051/ps:2007020

MODERATE DEVIATIONS FOR TWO SAMPLE T-STATISTICS 265

(1999) [6] found that a Cramér type result for self-normalized sums holds only under a finite third moment
condition. What’s more, some finer results were obtained on the self-normalized limit theorems for independent
but not necessarily identically distributed random variables. Jing et al. (2003) [2] obtained a Cramér-type large
deviation result for general independent random variables with zero means and finite variances. They showed
that

P(Sy/Vy > 2) = (1 — ®(x)) <1 +0(1)(1+2)°B,? zn:E|Xi|3> (1.1)

for 0 <z < B, /(3 E|X;[®)'/3, where O(1) is bounded by an absolute constant. Some refinements of this
result may be found in [4].The above result is useful because it not only supplies the relative error but also a
Berry-Esseen rate of convergence. Besides, Jing, Shao and Wang proved that the exponential moment condition
needed for the normalized sum can be remarkably reduced to only the finite moment condition of low order, and
hence such a large deviation have applications to a variety of fields, and in particular, to statistics. From the
statistics point of view, self-normalization is more fit to do inferences because the parameters involved in many
classical limit theorems are usually unknown, one has to use some statistics to estimate them first and then apply
the estimators in the classical limit theorems. This commonly used practice is indeed the self-normalization.

The main purpose of this paper is to study the moderate deviation for the two-sample t-statistics. We will
show that the main result of Jing et al. (2003) [2] holds for the two-sample t-statistics.

Let X1,...,X,, be a sample of i.i.d. random variables with mean u; and variance o? and Yi,...,Y,, be
another sample of i.i.d. random variables with mean jy and variance o3, independent of X7, ..., X,,,. Consider
the two sample t-statistic

X -V (-
T— (11— p2)

\V/82/n1 + s2/no ’

where
ni n2
)_(:ZXi, Y:ZYi
=1 i=1
2 1 o X XQ 2 1 S Y, YQ
Slinl—lg (Xi )752*712_1;(1 )"

This statistic is frequently used to construct confidence interval and do hypothesis testing for the difference
between two means. There are several premises underlying the use of two sample t-test. It is assumed that
the data has been derived from populations with normal distribution. Based on the fact that s; — o; a.s. for
1 = 1,2, with moderate violation of the assumption, quite often statisticians recommend to use the two sample
t-test provided the samples are not too small and the samples are of equal or nearly equal size.

The aim of this paper is to give a theoretical justification for the use of two-sample t-statistics when the pop-
ulations are not normally distributed. The main results are moderate deviations for the two-sample t-statistic.

Theorem 1.1. Assume that there are 0 < ¢1 < ¢ < 00 such that
1 <ni/ng < co. (1.2)
Then for any = = x(n1,n9) satisfying x — oo, = o((ny + ny)'/?)
InP(T>x)~ —ac2/2 (1.3)
as ny,ng — 00, where a, ~ b, means lim,,_, o, a, /b, = 1.
Theorem 1.2. Let n =nq + na. Assume that E|X;1|> < oo, E|Y1|> < 0o and (1.2) is satisfied. Then

P(T > x)

T o0 ~ 1+0()(1 4 z)3n~1/2¢° (1.4)
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for 0 <z <n'8/d, where d® = (E| X, —p1|> + E|Y1— u2|?) /(02 4+ 03)%/? and O(1) is a finite constant depending
only on ¢y and co. In particular, we have
P(T > x)
- = 7 1.
1—d(x) - (15)

uniformly in x € (0,0(n'/%)).
It is well-known that when o1 = 03, one can use the pooled two-sample t-statistic T* defined by

T — X*Y*(M*M)’
Vs*2(1/ny + 1/ny)

where
g2 (m—1st+(ng—)s3

- ny+ng —2

‘We have similar results for T*.

Theorem 1.3. Assume that (1.2) is satisfied. Then for any x := x(n1,n2) satisfying r — oo, x = o((n1 +
n2)1/2)

InP(T* > x) ~ —2%/2
as ni,ng — OQ.
Theorem 1.4. Assume E|X:|*> < oo and E|Y1|? < co. Assume also (1.2) is satisfied. Then

P(T* > z)

T e - 1+0(1)(1 +z)3n12g° (1.6)

for 0 <z <n'/8/d, where d® = (E| X, — 1>+ E|Y1— u2|?) /(02 4+ 03)%/? and O(1) is a finite constant depending
only on ¢y and co. In particular, we have

—1 (1.7)

uniformly in x € (0,0(n'/%)).

Remark 1.1. We remark that it is not necessary to assume finite variances of X; and Y; in Theorem 1.1.
Theorem 1.1 remains valid when both X; and Y7 are in the domain of attraction of a normal law. See the proof
of Theorem 1.1.

2. PROOFS

Our proofs are based on self-normalized large and moderate deviations for independent random variables.
We restate them below for easy reference.

Proposition 2.1 (5], Th. 3.1, Rem. 4.2). Assume that {X,,,n > 1} is a sequence of i.i.d. random variables
with E(X1) = 0 and E(X?) < co. Then there exist 0 < eg < 1 and ng such that for any 1/eq < x < egy/n and
n > ng

P(S,, > 2V,,) < exp(—z?/4). (2.1)

Next proposition is an extension of Theorem 3.1 of Shao (1997) [5].
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Proposition 2.2. Let {X;,1 < i <mni} and {Y;,1 < i < na} be two independent sequences of i.i.d. random
variables with zero means. Let an 1 and a2 be two sequences of real numbers. Assume that the following
conditions are satisfied:
(i) both X1 and Y1 are in the domain of attraction of a normal law;
(ii) an1 — a1 and an2 — az as n — oo, where ay # 0, az # 0;
(ii) ni/n — by and na/n — ba as n — oo, where 0 < by < 00,0 < by < 0.

Then for any sequence of positive numbers {Ty,,n > 1} with x, — 0o and x, = o(y/n) as n — oo

an,l Z;n:ll X’L + an,Q Z;ﬂ:zl }/:L > 1
1/2 = -
2 n 2 2 n 2
(an,l Y1 Xitag 02 Y; )

lim x;Q In P
n—oo

Proof. The proof follows the same lines of that of Theorem 3.1 in [5] except that we define I(z) and z, in (4.3)
in [5] as follows
l(2) = af i B(XTI{|X1| < 2}) + a3 b B(Y?I{IV1] < 2})

, I(s) _ 2 .
2n, = inf S:S>b+1’s—2§?}’ where b =inf{z > 1:1(z) >0,.

and

The details are omitted here. O

Let {X;,i > 1} be independent random variables. Assume EX; = 0 and 0 < EX? < oo. For convenience,
we introduce

(1+2)% & 2
Ang = —p5 > EXPIxi B, /(e +
n =1

(1+2)° ¢ 5
TZEWH I{1x:1< B0 /(142)}
=1

n

for x > 0.

Proposition 2.3 (2], Th. 2.1). There is an absolute constant A(> 1) such that

P(Sn = aVy) _ LA P(Sn < —aVi) _ L0MA

=00 , and () , (2.2)
for all x > 0 satisfying
x2 max EXZ-2 < BTQL (2.3)
1<i<n
and
Az < (1+1)2/A, (2.4)

where |O(1)] < A.
Proposition 2.4 (2], Th. 2.3). Let 0 < § <1 and set

n
5
Los =Y E[Xi***, dys = By/L,/ .
=1

Then
P(S,/Vo > 1) 1+ 2\
SRy — o) 1+0(1) ( s ) (2.5)
and
P(S,/V, < —x) 1+2\2"
(=) 1+0(1) < » ) (2.6)
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for 0 < x < d, s, where O(1) is bounded by an absolute constant. In particular, if d, s — 00 as n — oo, we

have

P(S, > xV,) P(S, < —zV,)
I o =

uniformly in 0 < x < o(dys).

The main idea of the proofs is to first get rid of X and Y in the denominator of 7' and then to apply the

moderate deviations, Propositions 2.3 and 2.4. Without loss of generality, we assume that p; = pe = 0. If we
can prove theorems under 0 means, let X' = X — 1, Y/ =Y — ps, the results hold for T = /2)(%3/,
V S1 [n1+s5? /n2

Yet here, 5/12 =s? 5122 = s and T = T'. So the result is true for 7. Further, we define

V12:§:Xi2a VY22:§:YL'2'
i=1 i=1

We prove Theorem 1.1 first.

Proof of Theorem 1.1. The first step is to get rid of X and Y in the denominator of 7. Notice that

ni

2 = ! D (X - X)?

ny —1
1 i=1

1 - 2 v 2

i=1

- 1 2 ’IllXQ
L (e

and similarly,

1 nyY?2
2 2
= — ‘/ 1 — .
%2 ng —1 2 ( V3 )

Let

Set

/5% /m1 +§%/n2.

Then we can see for any £ > 0 and 0 < ¢ < 1/2

P(T>x)<P(T>x)<P(T>xV1-

™

X? Yy?
)+P<"§/2 >€)+P<n2—25>. (2.8)
1

From Proposition 2.1, we can get for 1/(cZ min(n1,n2)) < e < &3

72
r <n%/)§ > 5> < 2exp (—eny/4) (2.9)
i



MODERATE DEVIATIONS FOR TWO SAMPLE T-STATISTICS 269

and

2
P (n‘ng > 5) < 2exp (—ena/4) (2.10)
D)

with n1 and no large enough.
To apply Proposition 2.3, we first verify that conditions (2.3) and (2.4) are satisfied. Because of (1.2), without
loss of generality, assume

ny =bin, no =bon, by +by =1 with by > 0 and by > 0.

In our case, we introduce a new sequence of independent random variables {Z;} defined as below:

7. — X/ for 1 <i<ny
Tl Yo /e forng <i<n.
Then
1 [ o}/b? for 1<i<n 1
2 _ 1/01 <isng 1
b= { 03 /b3 for ny <i<n n2’ (2.11)
1
ZE|Z 2= 01/b2 + o3 /05) ~ —, (2.12)

where a =~ b means 0 < liminfa/b < limsupa/b < co. So as long as x = o((ny + n2)'/?), condition (2.3) is
satisfied.

Next, we turn to condition (2.4). Since n1Z;,1 < i < n; are independent having the same distribution as
X1, and noZ;,n1 < i < n are independent having the same distribution as Y7, we have

(I+2)° x)? (I+2)°
Ape = o ZEZ 1 zi|>B. /(14a)} T 55— B ZE|Z| I12,1<B.,. /(1+0)}
i=1 =1
3
o A+ap EX11{|X1\>01F/<1+@} A+ 2 BIX P < foTTenad j140))
— 2 1/2 E
EX? "1/ (EX2)3/2
3 3
(4@ BV i oo /1) 42 BV Ly, < sy foT 7o e/ (1))
2 1/2
EY; n2/ (EY2)3/2

o((1+x)?) (2.13)

by the fact that z = o((ny + n2)'/?) and that E&I{¢1>1y = o(1) and E|¢]*Ijj¢j<¢y = o(t) as t — oo for any
random variable £ with a finite second moment.
This proves that conditions (2.3) and (2.4) are satisfied. Hence by Proposition 2.3

InP(T > z) ~ —2%/2 (2.14)

for x — oo and = = o((n1 + ng)'/?). Combining (2.8), (2.9), (2.10) and (2.14) yields (1.3) by the arbitrariness
of €. g

Proof of Theorem 1.2. From Proposition 2.4, we get

P(T > z)

T o0 - 1+0(1)(1 +z)3n12g° (2.15)
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and
P(T>ax/1T—¢) —1/2
T oyi—g ~ 1+01)(1 +z)3n /24 (2.16)

for 0 <2 <n'/%/d and 0 < ¢ < 1/2. Choose £(x,n) properly, say, e(x,n) = (1 + x)//n.
Noting that when x — oo,

2
e % /2

1—®(z) ~ Jora’

we have
1—-®(zv/1—¢) g ®(x) — ®(zv/1—¢)
1—®(x) 1—®(x)
(e—xz(l—e)/2 _ e—x2/2)/x
e~ /2 /g
= 14+0(1)(e /2 1)
= 140(2®)=14+001)(1 +z)3n"Y2,

= 14+0(1)

For other z,

1-®@vize) _ | 20@)-2@vi-¢)
1= ®(z) 1— ()
= 1+0(1) /F \/%
= o [ L _erra
ovi=z oV/1— V27
— 1+0(1) (e /2 - 1)
= 140(2®)=1+01)1+z)°n" /2

13_’52/2 dt

because ez = O(1) and € = O(1)(1 + 2)n~'/2. Also note that by Proposition 2.1,

PmX?/V2>¢e) = P <%}%f > €n1>
< exp(—eny/4) = exp(—cbin/4)
= exp(—ebin/8) exp(—ebin/8)
o(n™)(1 — ®(x))

by noting that logn = o(en) and 22 = o(en). Similarly, we have
PnaV2/VE > €) = o(n~1)(1 - @())

thus,

P(niX2/V2>¢) = 0((1 + )21 - @(x))), (2.17)

P(noV?/VE > ¢) = o((1 +a)Pnl2(1 - (I)(x))> (2.18)
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and
1 - ®zyI—e)=(1— @(m))(l +O(1)(1+ x)Sn—W) (2.19)
hold, then taking into account of (2.8), the result of Theorem 1.2 follows. (]

The proofs of Theorems 1.3 and 1.4 are along the same line as that of Theorems 1.1 and 1.2, so the details
are omitted here.
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