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A GRAPH-BASED ESTIMATOR OF THE NUMBER OF CLUSTERS

GERARD Biau!, BENoOIT CADRE! AND BRUNO PELLETIER'

Abstract. Assessing the number of clusters of a statistical population is one of the essential issues
of unsupervised learning. Given n independent observations Xi,..., X, drawn from an unknown
multivariate probability density f, we propose a new approach to estimate the number of connected
components, or clusters, of the t-level set L£(t) = {z : f(z) > t}. The basic idea is to form a rough
skeleton of the set L£(t) using any preliminary estimator of f, and to count the number of connected
components of the resulting graph. Under mild analytic conditions on f, and using tools from differ-
ential geometry, we establish the consistency of our method.
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INTRODUCTION

Clustering is the problem of identifying groupings of similar points that are relatively isolated from each
other, or in other words to partition the data into dissimilar groups of similar items. This unsupervised learning
paradigm is perhaps one of the most widely used statistical techniques for exploratory data analysis. Across all
disciplines, from social sciences over biology to computer science, practitioners try to get a first intuition about
their data by identifying meaningful groups of observations. We refer the reader to Duda, Hart and Stork [9],
Chapter 10, and Hastie, Tibshirani and Friedman [12], Chapter 14, for a general background on the question.

A major challenge in cluster analysis is to assess the number of clusters, say k. Practically speaking, the
identification of k is essential for effective and efficient data partitioning, and it should be seen as a step
preliminary to any clustering algorithm. For instance, popular clustering algorithms such as k-means or Gaussian
mixture modeling may generate bad results if initial partitions are not properly chosen.

Contrary to data analysis methods such as regression or classification, there are many ways to define clustering
— even the question “What is clustering?” is difficult to answer in all generality (von Luxburg and Ben-David
[14]). Thus, in order to make precise statements about k, a formal definition of cluster is needed. In the
present paper, we will use the definition proposed by Hartigan [11]: given a R%valued random variable X with
probability density f and a positive level ¢, a ¢-cluster is defined as a connected component (i.e., a maximal
connected subset) of the t-level set

L(t)={z e RY: f(x) >t}
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The advantage of this definition is that it is geometrically easy to understand. The level ¢ should not be
considered here as a smoothing parameter to be assigned in an optimum way: it just indicates the resolution
level chosen for the practical clustering problem at hand. Thus, in this context, the number of connected
components of L(t), say k(t), is considered as the “true” number of clusters of the underlying distribution.

In the present paper, our purpose is to estimate the positive integer k(t), given a random sample X7, ..., X,
drawn from f. A rough analysis suggests first to estimate the level sets of the probability density f (Polonik
[16], Tsybakov [18], Cadre [3]), and then to evaluate the number of connected components of the resulting
set estimate. However, this does not seem to be a promising strategy, especially because it requires assessing
the level sets, which is, in the present context, a superfluous operation. (Note however that estimating the
clusters can provide valuable information to group the data, see Cuevas, Febrero and Fraiman [7]). Therefore,
we propose a different approach, which bypass the estimation of the level sets, and which is computationally
simple. The basic idea is to form a rough skeleton of the level set £(t) using any preliminary estimator of
f, and to count the number of connected components of the resulting graph. Practically speaking, the latter
operation can be performed efficiently using for example a tree search algorithm such as Depth-First Search
(Cormen, Leiserson and Rivest [5]). Our approach is close in spirit to that of Cuevas, Febrero and Fraiman
[6], who analyse a simple algorithm to count the number of connected components of the Devroye-Wise [8]
estimate of £(t). We also refer the reader to Duda, Hart and Stork [9], Section 10.12, for an account on related
graph-theoretic methods for clustering purposes.

The paper is organized as follows. In Section 1, we introduce notation and define k,(t), our graph-based
estimator of the number of clusters. The convergence of k&, (t) towards k(¢) is studied in Section 2. Technical
lemmas necessary to the proof of the results are postponed to the Appendix.

1. NOTATION AND ASSUMPTIONS

Let f be a probability density function on R?. As explained earlier, for any ¢ > 0 in the range of f, we let the
t-level set be defined as L(t) = {x € R?: f(z) > t}, and denote by k(¢) the number of connected components
of L(t). Recall that, in our framework, the integer k(¢) is considered as the “true” number of clusters of the
statistical population associated with f, in the sense of Hartigan’s definition [11]. In all of the following, k(t)
will be assumed finite.

Let D,, = {X1,...,X,} be an i.i.d. sample drawn from f. In addition to the data set D, it will also be
supposed that at our disposal is an estimator f,, of f, based on D,,, and obtained by an arbitrary method, e.g.,
a kernel density estimator, but many other choices are possible.

We now proceed to define the estimator of k(t) by constructing a graph as follows. First, set J,(¢t) = {i =
1,...,n: fo(X;) > t}. Next, given a sequence (r,,) of (strictly) positive real numbers, consider the sample items
falling in J,(t), and introduce the Card J,(t) x Card J,(t) matrix S,, = [s;;] with binary entries

71 0 otherwise,

where ||| is the Euclidean norm on R%. The matrix S,, induces a graph, G, (t), the nodes of which are the points
in Jy(t), and where an edge joins node ¢ and node j if and only if s;; = 1, or, equivalently, || X; — X;|| < ry.
This algorithm produces a skeleton of the set J,(t), where two elements = and 2’ of J,(t) are in the same
cluster if and only if there exists a chain x, x1, ..., x, 2’ in J,(¢) such that x is connected to x1, z1 to z3, and
so on for the whole chain. Our proposal is to estimate k(t) by k,(t), the number of connected components of
the graph G, (t), sometimes called e-nearest neighbor graph. As explained in the introduction, the evaluation
of ky(t) does not require to estimate the whole set £(t). Moreover, its computation can be performed efficiently
in O(VG,(t)+ EG,(t)) operations (e.g., via the Depth-First Search algorithm, see Cormen, Leiserson and Rivest
[5]), where VG, (¢) (resp. EG,(t)) denotes the number of vertices (resp. edges) of the graph G, (t).
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Our main result states that k&, (t) is a consistent estimator of k(t). To prove this, and denoting by {f € A}
the set {x € R?: f(x) € A} for any Borel set A C R, we shall need the following assumptions.

Assumption 1
(a) The probability density f is of class C! on a neighborhood of {f = t}.
(b) For each x € {f = t}, the gradient of f at z is non-zero.
Assumption 2
With probability 1, the estimator f,, is of class C'.

Note that Assumption 1 (b) is equivalent to the fact that the differential df, of f at x is surjective at every
x € {f = t}. Furthermore, Assumption 1 implies that {f = ¢t} has Lebesgue mass 0 and that each connected
component of £(t) has positive Lebesgue mass, i.e., we have (i) A({f = t}) = 0, and (i) A(C;(t)) > 0, where
A is the Lebesgue measure on R, and where the C; are the connected components of £(t). At last, under
Assumption 1, the set {f = t} is a submanifold of R? of codimension 1 by the implicit function theorem.
Finally, observe that Assumption 2 is not restrictive, and holds for example if f, is of kernel type with a
continuously differentiable kernel.

In the following, V stands for the gradient and ||.||» denotes the supremum norm over R

2. MAIN RESULT

Theorem 2.1. Suppose that Assumption 1 and Assumption 2 hold. Let (e,) be a sequence of positive real
numbers such that e, — 0 and &, = o(ry,). Let V be a neighborhood of {f =t} such that infy ||V f|| > 0. Then
there exist two positive constants Cy and Co such that:

P(kn(t) # k(1)) < Cyr, exp(—Cynrd) + 2P(|Ifn = flloo > €n) + P <i{/1f IV fall < %ir‘}f ||Vf|> .

As an example, consider the case where f, is a kernel estimator of f, i.e., for z € R?,

ul) = n—,lﬂéff(”shf),

where the kernel K is a probability density on R¢, and the smoothing parameter h, vanishes as n — oo.
For simplicity, assume that K is the Gaussian kernel and that f is a C' probability density with bounded
gradient. Let h,, be such that h,, = o(e,,) and nhfﬂ‘l /logn — co. Using Bernstein inequality, one easily derives
exponential bounds for the two terms above involving f, and Vf, (see, e.g., Prakasa Rao [17]). Moreover,
assuming that h, < €2, together with the condition nrd /logn — oo, we obtain the result

1
P(kn(t) # k(1) = O(=):
Since k,(t) and k(t) are integers, the Borel-Cantelli lemma shows that, with probability 1, k,(t) = k(¢) for all
n large enough.

Remark 2.1. According to a referee, a challenging question is whether one can obtain similar results by
using only the connected components of the standard e-nearest and k-nearest neighbor graphs, for example by
adapting methods of Brito, Chavez, Quiroz and Yukich [2] and Penrose [15].

Proof of Theorem 2.1 uses the following lemma.

Lemma 2.1. Suppose that Assumption 1 holds. Then, for € > 0 small enough, we have

k(t —e) = k(t) = k(t + ¢).
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Proof. We only prove the equality k(t) = k(t + €), the other case being similar. On the one hand, for ¢ > 0
small enough, k(t) < k(t + ¢) since A({f = t}) = 0. On the other hand, the inequality k(t) > k(t +¢) for ¢ > 0
small enough is clear, since the gradient of f does not vanish on a neighborhood of {f = t}. O

From now on, we denote by ke (t) the number of connected components of the set
L,(t) ={zeR: f,(x) >t}

Lemma 2.2. Suppose that Assumption 1 and Assumption 2 hold. Then, for € > 0 small enough, the following
inclusion between probability events holds for all n > 1:

1 .
U =l < 2] 0 | 19202 98 1971 © [fn(0) = k00,

where V' is defined in Theorem 2.1.

Proof. On the one hand, using Lemma 2.1, we know that, for ¢ > 0 small enough and all n > 1,

(10 = flloo < 2] € [t = 1 = Flloo) = (e + I fu = Flloo)]
between probability events. On the other hand, using the triangle inequality, we may write

L{E+[1fn = Flloo) € Ln(t) € L{E = [1fn = Flloo)- (1)

For any u > 0, we denote by C;(u), j =1, ..., k(u), the connected components of the set £(u). Then, for ¢ small
enough, and after a possible re-arrangement of the indices, we have C;(t + || fn — flloo) C Cj(t = || fr — flloo), for
all j =1,...,k(t), on the event [|| fr — fllco < €]. Consequently, on the event [|| fr, — flloo < €], kn(t) > k(2).

Under Assumption 1, there exists a neighborhood U of {f = ¢} on which df is never zero. Without loss of
generality, one can assume that V' C U. Now ¢ can be chosen small enough for we have

E(t - an - f”oo)\ﬁ(t"' an - f”oo) -

on the event [|| fn— flloo < €]. Also, from equation (1), it follows that 9L, (t) C L(E—||frn—flloc) \LE+] fr.—fl0o)-
Suppose that &, (t) > k(t) on the event

1
(182 = 71w <] 0 [ 1950 2 5 im0

Then f,, must assume a local minimum at some point, say z, in V with f,(z) < ¢, which contradicts the fact
that infy |V f.|| > 0. Hence, k,(t) = k(t). O

We are now in a position to prove Theorem 2.1.

Proof. Consider a covering P, of L(t) composed of closed balls centered on points of £(t) and of radius 7, /2.
Recall that by recursing to a metric entropy argument (see for example Gyorfi, Kohler, Krzyzak and Walk [10]),
it may easily be shown that the minimal number of balls necessary to cover a given compact D of R? by balls
of radius 7 with centers in D is of order O(r~%). Thus, from now on, the covering P,, will be assumed to be
constructed in such a way that

Card (P,) < Cyr® (2)

for some positive constant C. Let us introduce the event

Qu(t)= |VAEP,: Y 1a(Xi)>1
1€ Jn (1)
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Finally, we denote by ¢ the smallest distance between two connected components of £(t) when k(t) > 2, and
let § = +o00 otherwise. Note that § > 0 by assumption.

Observe that, on the event ,(t), each element of P,, i.e., a ball of radius r, /2, contains at least one data

point X; with ¢ € J,(¢). Thus, as long as n is large enough such that (i) r, < /2, and (i) €, is small enough
for Lemma 2.1 to hold, we have

Q) [Ifa = Flloo < 0] € [knlt) = kn(0)].

Consequently, using Lemma 2.2, we deduce that

) {1~ fl < 210 [ 1V 52l 2 500191

c [kn(t) - fcn(t)} N [i%n(t) - k(t)}
C [kn(t) = k(1)].

Therefore,

P(knt) = 60) 2 B (901 1 = Fle < 2] 0 [ 195211 > 39 191 )
= B(2,(0) ~ (901 (11 — Tl > 2] U (61950l < 3981917 )

. 1.
> B(,(0) ~ (1 Sl > 20) ~ (w1901 < i1 191 3)
Now we proceed to bound from below the term P(£2,,(¢)). We have:

P(QL(1) SPEAEP,: Y 1a(Xi)=0and [|fn — flloo < &n) + (Il fn = flloc > €n)
1€ (t)

< Card (Py) sup P(Vi € Ju(t) : X; € A° and || fn, — fllooc < n) + P fr — flloo > €n)- (4)
AePy

Set J,(t) ={i=1,...,n: f(X;) > t+e,}. Ontheevent [|| fn— flloo < &n], we have J,,(t) C J, (). Consequently,
for all A € Pp,

P(Vi € J,(t) : X; € A° and || fr, — flloo < €n) < P(Vi € J,(t) : X; € A°). (5)
But, by definition of .J,, (t),
P(Vi € Ju(t) : X; € A°)
=P(Vi=1,....,n: (f(X;) >t+e, and X; € A°) or (f(X;) <t+ey))
= W= v ey na) u(tr <t re)]”

— {1—u(Aﬁ{th+5n})ra

where p denotes the probability distribution associated with f.
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Since €, = o(ry), it follows from Proposition A.2 that there exists a positive constant Cs, independent of n
and A, such that
p(AN{f > t+en}) > Cory. (7)
Thus, we deduce from (2) and (4)—(7) that

P(Q5(1)) < Cur (1 — Cort) + B — fllo > &a).
Using the inequality 1 — u < exp(—u) for u € R, we can now conclude from (3) that
P(kn(t) = k(t)) > 1 — Cir),* exp(—Canrt)

1
=21 fle > 20) B (w1950 < 31 1971

as desired. 0

APPENDIX: GEOMETRICAL RESULTS

Let us start with some definitions. For general references, we refer the reader to Bredon [1], Chavel [4],
and Kobayashi and Nomizu [13]. Let (M, o) be a smooth and closed (i.e., compact and without boundary)
submanifold of R?. Let T, M be the tangent space to M at p, and let T'M be the tangent bundle of M. For all
p € M, T,M may be considered as a subspace of R? via the canonical identification of Tde with R itself. Via
this identification, the normal space 1T}, M L to M at p is the orthogonal complement of T,M in R¢. The normal
bundle of M in R is defined by TM+ = UpeMTle, with bundle projection map 7 : TM+ — M defined by
7(p,v) = p, i.e., each element < p,v > of T M+~ is mapped on p by 7.

Now let 6 : TM+ — R be given by §(p,v) = p+v. Also let TM}* = {(p,v) € TM* : ||v|| < €}. Then
the tubular neighborhood theorem (see e.g., Bredon [1], p. 93) states that there exists an ¢ > 0 such that
0 : TM} — R? is a diffeomorphism onto the neighborhood V(M,¢) = {z € R? : dist(z, M) < £} of M in R,
which is called a tubular neighborhood of radius € of M in R<.

Proposition A.1. Let D be a connected domain of R? with smooth boundary OD. Then there exists p > 0 such
that, for all v < p and all x € D, there exists a point y € D such that
r
B(y7 5) C B(x,r)ND.
Proof. By the tubular neighborhood theorem, there exists a o > 0 such that the set
V(OD,rg) = {x € RY : dist(z, dD) < 7o}
is diffeomorphic to the subset

TODE = {< p,v >€ TID* : ||v| < ¢}

of the normal bundle 79D+ of dD. Thus each z € V(9D, ry) projects uniquely onto 9D, and may be expressed
as

T = Pg + Uz€p,,

where e, denotes the unit-norm section of TOD+ pointing inwards D, i.e., ep is the unit normal vector field to
0D directed towards the interior of D.
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Set r < /2. Clearly, for all x € D such that B(x,r) C D, we have
r
B(:L', 5) C B(z,r).
Now we examine those cases for which B(z,r) N'D¢ # (). In this configuration, we have
B(z,r) C V(0D,19),

since, for all y € B(z,r),

dist(y, D) < dist(y, x) + dist(x, D) < ry.
Set & = py + vzep,, and consider the ball B(y,r/2) centered at y = p, + (v +r/2)e,, and of radius r/2. This
ball is clearly contained in B(z,r). Now, suppose that B(y,r/2) is not included in D. Then, there exists a
point g € 9D such that

r
dist(q,y) < 5
But
dist(q, y) > dist(y, dD)
r
= 5 —+ Ve
r
2 5;
hence a contradiction. O

Proposition A.2. Suppose that the probability density f satisfies Assumption 1. Letr,, — 0 and let e, = o(ry,).
Then there exists a constant C' > 0 such that, for all n large enough, and for all x € {f > t},

(B, m) N{f > t+e,}) > Cre,

where . denotes the probability distribution associated with f.

Proof. Observe first that, since f satisfies Assumption 1, there exists an open neighborhood of { f = ¢} on which
df is surjective. Consequently, from the implicit function theorem, there exists €y > 0 such that, for all € < g,
{f =t +¢} is a submanifold of R? of codimension 1.

Consequently, for all n large enough such that ¢,, < g, and for all x € {f >t + €,}, the result follows from
Proposition A.1. Thus there remains to examine those cases for which z € {t < f <t + ¢, }. For this purpose,
we first prove that, for all n large enough, B(x,r,) has a non-empty intersection with {f > t + ¢,} for all
Ie{t§f<t+5n}-

For all ¢ < &g, denote by r(¢) > 0 the maximal radius of a tubular neighborhood of {f = ¢ + €}, the
existence of which follows from the tubular neighborhood theorem, i.e., r(¢) is the largest number such that
{x € R? : dist(x, {f = t +€})} is a tubular neighborhood of {f =t +¢}. Set p = info<.<, 7(¢). Note that
p > 0. Since €, — 0, for all n large enough, we have

{f=t}cV{f=t+en}n)

Also, observe that in this case, {f =t+e,} C V({f =1t},p). Thus, each x € {f =t +¢,} may be expressed as
T = Py + Ugep,, where p, € {f =t} and where v, = dist(z, {f = t}). Expanding f at p, yields

f(p:c + Uxepz) = f(p:c) + Depwf(p:c + gepz)vx

i.e.,
t+en=t+De, f(ps+Eep,)va
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for some £ > 0, and where D, f(y) denotes the directional derivative of f at y in the direction u. Since df is
surjective for all x in {t < f < ep}, it follows that there exists a constant C' > 0 such that

sup  dist(q, {f =t}) < Cen. (8)
qe{f=t+en}

Consequently, since &, = o(ry,), for all n large enough, the ball B(x,r,) has a non-empty intersection with
{f2t+eptforallze {t< f<t+e,}

Now, for all n large enough, each z € {t < f < t + ¢,} may be expressed as ¢ = p, — vyep,, where
pe € {f =t+e,}, and where v, > 0. Also, for all n large enough, the two following assertions hold:

(i) B(z,mn) CV({f=t+en},p);
(i1) B(x,rn) N{f >t +en} #0.

Let y = py + [(rn — v)/2]ep,, and consider the ball B(y, (r, — v,)/2). Clearly,

B(y7 %) C B(x,ry).

Suppose that B(y, (1, —vg)/2) is not included in {f > ¢t + €, }. Then, there exists some point ¢ € {f =t +¢,}
such that

dist(q,y) <~
But
dist(q,y) > dist(y,{f =t+¢n})
 Th— Vg
2 K
hence a contradiction. Consequently,
Tn — Vg
B(y, " 5=) € Bla.ra) N{f 2t + 20}, (9)

From (9) and (8), it follows that

(B, rn) N{f > t+en}) > wq(rn — Csn)d ,

where wg = A(B(0,1)). Finally, the result follows from the fact that &, = o(ry,). O
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