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ENTROPIC CONDITIONS AND HEDGING

SAMUEL NJou!

Abstract. In many markets, especially in energy markets, electricity markets for instance, the deten-
tion of the physical asset is quite difficult. This is also the case for crude oil as treated by Davis (2000).
So one can identify a good proxy which is an asset (financial or physical) (one)whose the spot price is
significantly correlated with the spot price of the underlying (e.g. electicity or crude oil). Generally,
the market could become incomplete. We explicit exact hedging strategies for exponential utilities
when the risk premium is bounded. Our result is based upon backward stochastic differential equation
(BSDE) and a good choice of admissible strategies which allows us to solve our hedging problem.
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INTRODUCTION

The issue of the hedge of an European option admits in the situation of incomplete markets many answers
by optimization’s programs. We aim to study this question and exhibit optimal strategies for exponential
utilities. On the subject, the research for the elaboration of an exact solution is still open. We intend to solve
the problem when the risk premium is bounded. From an economical view, we consider an agent who sells
an option quantified by an Fp-measurable contingent claim almost surely finite H; with Fp the information
available up to the date T', T' being the maturity of the option. The agent constitutes a portfolio with an initial
wealth and invests in the asset of correlated spot price and in a numéraire. The agent can also decide not to
sell. It seems natural to introduce an utility function U, which quantifies the preferences of the investor. Here,

Uy(2) = — exp(—2)

with 7 a strictly positive constant. Consequently our agent maximizes its terminal net wealth by the bias of U,.

Our presentation of hedging by exponential utility is based upon [4]. We use duality methods and elaborate a
good setting for the solving of our optimization problem. First the originality of our work is to introduce several
sets of probability and admissible strategies that resume the difficulties and are useful to better overcome them.
Hence, we succeed to well define and characterize the optimal hedging strategy. We have tried here to give a
complete setting when the risk premium is bounded. To characterize the optimal solution, we use backward
stochastic differential equations.
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By taking the definition of admissible strategies in [4] rather than the one in [8], we give complete proofs of
results of [8]. The document is organized as follows. First, the Section 1 will recall some general results about
the risk neutral pricing in a general financial model; also we will establish a martingale representation theorem
when one changes the probability measure. We also focus on admissible strategies’s space and no arbitrage
opportunities. Our setting deals with cross hedging, see also [4]. But the cross hedging problem can be viewed
as a constraint on hedging portfolio and henceforth enter in the framework regarded in [8]. Our Section 2 is
devoted to the characterization of dual problem. We point out the set of martingale measures which allows us to
elaborate the dual problem. The Section 3 is concerned by the resolution of the dual problem using backward
stochastic differential equations. Indeed, we do verify that the optimal solution is in the set of measure we
have previously defined. The Section 4 solves thoroughly the problem of optimal hedging. We look also at the
indifference price when the correlation is perfect. In Section 5 we conclude.

1. PRELIMINARIES

We consider a financial market with two risky assets and a riskless asset, namely a bond. We make the
assumption that one of the risky asset cannot be detained in a financial portfolio. Let S and S9 be the spot
prices processes of the risky assets and let S° = 1 be the one of the asset without risk. We consider that the
physical stock of price S¢ cannot be exchanged in the market, though it is taken as the underlying of contingent
claims.

We recall the definition of a martingale measure:

Definition 1.1. A probability measure Q is a martingale measure if Q is equivalent to P on Fr and the process
S9 is a local martingale under Q. Let M. be the set of martingale measures.

1.1. Duality concept

Let V. % be the terminal value of a trading self-financing portfolio process of values V®?, with z being the
initial wealth of the investor. One of our goal on this work is to prove a duality result on the form

sup B[ exp (< (V77— #1))] = —exo (4 suwp (590 - o - Zn@im)) )

0 € A(z) Qe M.

with h(Q|P) denoting the relative entropy of Q with respect to P we will precise in the following section. Then
the resulting strategy will be optimal for an exponential utility criterion. We notice that the case H = 0 recovers
a pure investment problem. Beyond the dual problem, we see that one has to minimize the relative entropy
minus a penalizing term depending on H. The greatest task perhaps will then be to construct the martingale
measure Q which allows to get out the optimal trading strategy. Indeed it is necessary to prove that Qisina
subset of M.. We will also give in the Section 2 some conditions on H for the solving of the dual problem in
our approach. First of all we recall results obtained.

1.2. Our results

Let B be a random variable almost surely finite. Let A,(x) and A(x) be two spaces of admissible strategies
we define latter in the section. We set

v(z,B):= sup E 7677(‘/;,9,3)}
0 A(x)

V(z,B) = % In [—v(z, B)]

My = {Q < P| V¥ Q-integrable and h(Q|P) < 400} .
Then we establish that:
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o IfE(Be®) < oo and if § € Ay(z), then

%lnE {exp (—’y (V;f’e — B))} = Qseli\rx)lg {EQ [—V;’e + B} - %h(QIP)}

e and if there are € A(z) and Q € M,’ defined in the following section such that
1 z,é _ Q o l A
SInE [exp (77 (VT B))} =~ +E%(B) - ~h(QIP)

then X
ag_ ev (i’ -8))

P Eexp (f'y (Vf’é — B))’

1
V(z,B) = —x+ sup {EQ (B) — —h((@|]P’)}

Qe M., Y

1 0

= —IE [exp (77 (VT’ — B))} .
v
The optimal strategy is
A B mye Zél)
R

with the assumption that the risk premium process m; is bounded, (X?,2) being the solution of a
quadratic BSDE we elaborate in Section 3; the process of is defined in Section 1.4.

1.3. Some reminders about BSDEs

We recall some facts about backward stochastic differential equations and optimization problems. Let H%d
be the space of R%valued progressively measurable processes ¢ such that:

T
/|mww]<m,
0

and HY (RQ) be the space of progressively measurable R2-valued processes ¢ such that:

E

ess sup |G < oo.
Qx[0,T

1. We assume that the mapping f (also called further a generator) from Q x [0, 7] x R x R? into R is such
that f(w,t,0,0) belongs to H%l. Moreover, we set the condition: f is uniformly Lipschitz in (y, z), that
is there is a constant A > 0 such that

£ty ®,20) = £ty =) <A (Jy® = @) + |20 - 22))

for all (y(i),z(i)) € RxR% i=1,2. Also we impose to f to verify f(t,0,0) € H%’l.

2. Then, by a well known result the BSDE

(%) — dye = f(t,ys, ze)dt — 2,dWy, yr = ¢
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with ¢ € L*(Q, F,P) admits a unique solution (y, z) in H;o’l X ’H%Q.
We recall also the so-called comparison theorem:
3. Suppose that the pair (f(l), d)(z)), 1 = 1, 2 satisfies the condition in 1.. We assume also that

FO(ty,2) > FP(t,y,2), V(y,2) € R x R?,

oM > ¢,

Let (y®,2®), i = 1,2 denote the solutions of the BSDE (x) with the parameters (f,¢) to be replaced
by the pair (f(i), qb(i)), 1 = 1,2 respectively. Then we get

Vt, yt(l) > y,§2) P —a.s. and

¢(1) > ¢(2), ¢(i) c LQ(P), i=1,2.
4. We enounce some results of [14] about quadratic generators and BSDE. That is f to satisfy

V(ty,z) €[0,T)xRxR® |f(t,y,2)] < A+ Xalyl + As(|y])l|=]1?

with A1, A2 constants and A3 to be a continuous increasing nonnegative function. Let ¢ in L°°(P). Then
() has a unique solution (y, z) in Hy* 1y H%’Q with ¢ continuous mapping. In this case, the comparison
principle gives

Yt €]0,T] yt(l) > yt(Q) P—as.,
the assumptions on (f (i), qb(i)), i = 1,2 being the same as previously, with the supplementary condition:
oD e L=®(P), i=1,2.

1.4. The market model

Let (22, F,F,P) be a filtered probability space, equipped with F = (F;)o<¢<r the associated filtration we will
precise. Define .7-'tW =o( 51), WS(Q); 0 < s <t) to be a family of sub-o-algebras fields such that .7-'SW - ftW,
s < t. Let N denote the P-null subsets of .7_-%/1/. Then F; = o (ftW UN) is the augmented filtration of the
filtration genrated by the processes W) and W), The filtration F is said to satisfy usual conditions. We
notice that F = Fr. The processes W) and W2 are two F-adapted independent standard Brownian motions
under the probability measure P. F; represents the information available at time ¢; P is the physical probability
under which are modeled S¢ and S9. We assume that the processes S¢ and SY9 do satisfy in the time interval
[0, T, the stochastic differential equations:

dse = S¢ (ufdt +of (ptth(l) +4/1— pgth@)))
sy =S¢ (ufdt + deWt(l)) .

The model’s coefficients ¢, p9, o€, o9, and p are F-adapted and continuous. We add the following assumption
on g9Vt €[0,T] of # 0 dt-a.s..To ensure the conditions of integrability, we have:

T T
/ |uiS§|dt+/ loiSE|? dt < +oo, fori=e,g.
0 0

As the cross variation of the two processes is d(S°, S9); = piofo? Sy S7dt, py indicates the level of the correlation
between the prices S¢ and S9 during the interval [¢,¢ + dt]. We take the level of correlation to be strictly less
than one (Jps| <1, 0 <t <T).
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1.5. Martingale probabilities

Let Q be a probability measure equivalent to P on Fp. It is well known that there exists two F-adapted
processes m and v such that:

T
/ (mf + Vf) dt < 400 P-a.s. and
0

—— =exp / my dW, ™ — = / my dt —|—/ ve dW,; ™ — = / vidt | . (1.1)

By Girsanov theorem, the processes W) and W® are defined as follows:
dwt = awM — mydt and dWP = aw® — pdt (1.2)

are two independent standard Brownian motions under the probability Q.

As we have in our general model a Brownian filtration, we will use in the sequel only a previsible representation
property for a Q-local martingale adapted to the filtration (F;), where Q is a probability equivalent to P. The
change of Brownian motion induced by the change of probability doesn’t allow the use of the representation
property for martingales adapted to the filtration (F;). Nevertheless, we state the following decomposition
theorem of such local martingales:

Theorem 1.1. Let Q be a probability equivalent to P. Let W = (W(l), W(Q)) be a Q-standard brownian motion
issued from W = (W(l), W(Q)) by Girsanov theorem. Let N be a Q-local martingale process. Then N admits

a version such that there exists a R?-valued process h = (A, h®)) F-adapted, fOT ((B§”)2 + (E§2))2> dt < +o0
P-a.s.:

N; = No + /01t A aw ) 4 /Ot AP aw® 0<t<T.
Moreover, if N is a square integrable Q-matingale, then
E®(N,N)p < +oo.
The proof is in appendix.

A necesary and sufficient condition for the process SY to be a local martingale under Q is:

w4+ ofmy =0 (1.3)
and we get
dsy el
S—ft = oddw". (1.4)
pi
From now we suppose the equality (1.3) to be satisfied, i.e. m; := o 0<t<T.

t
The condition SY local martingale under @ fixes the value of m in (1.1). Consequently, the martingale
measures on Jr are parametrized by a process v. More precisely:

Let (& )o<t<t be the real process defined by the stochastic differential equation: d&f = &/'my th(l) +
vt th(Q)), § = 1. We have P-a.s.

t 1 t t 1 t
& =exp (/ deW§1)f—/ mider/ ,/deé@),_/ Vfds),Ogth.
0 2.Jo 0 2Jo
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T
Define then the set K of F-adapted and real processes v such that / vidt < 4ooP-as. and (£ )o<i<r is

0
a P-martingale. Therefore, given any v € K, we can define a probability measure P¥ equivalent to P by
dP” = &7.dP. We have the following characterization of the set M.:

M, ={P|vek}. (1.5)

The new probability measure

PY (A) = /Ag; dP, A belongs to Fr,

is such that P” is absolutely continuous on Fr with respect to P (P¥ < P). Moreover, since {4 > 0 P-a.s., then
the two measures are equivalent (P¥ ~ P).

Now we construct our financial portfolio. We have an investor who starts with some initial endowment z
and invests it in the bond and in the proxy asset. Let (V;)o<i<r be the investor’s wealth process. It will be the
hedging portfolio when the investor holds an option. Then, in our model the portfolio is constructed upon the
assets of prices S9 and S° = 1. Thus, its value at time ¢ is

Vi = nSP + 0,57 = my + 0,57 ;

ne and 0, being respectively the quantities of assets of prices S° and S9 detained at time ¢ by the investor in
the portfolio. We make the assumption that the portfolio is self-financing; that is

t
V=V o [ 6.ds;
0
with 6 an element of

T
L(S9) = {9 F-adapted | / 02d(S9,89); < +ooP — a.s.}.
0

We will precise latter the space of admissible strategies. Define a contingent claim to be an Fpr-measurable
random variable.

To evaluate and hedge the contingent claim H by an exponential utility function, it is necessary to compute
the quantities

xz+p,0 x,0
v(x +p,H) =supE _e— (Vi -H)] ang v(x,0) = supE [—e_'VVT },
0 0
where p is the option’s price as x is the initial endowment when the investors plans not to sell the option.

Hence we must choose at the beginning the space of admissible strategies ©(z) = A(x), upon which a
supremum is attained.

1.6. The set of admissible strategies

The set of admissible strategies must allow:
e to avoid arbitrage opportunities on the financial market {S°,S9};
x,0 x,0
e to ensure the existence of Ee="V¢" and E |e~7(Vz '~ H) ;

e to guarantee the existence of admissible optimal solutions to the problems

(Pn) supE[—e—W(Vf'g—H)} and (Pp) SupE[_e—vvq’f"’]
0 0
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The concept of hedging strategies is introduced in order to allow the solution of the contingent claim valuation
problem. Letting

Ap(z) = {9 € L(S9): Jags € R, V' > ag, P-as.Vt, 0<t< T},

we assume that

M. # 0.
Henceforth, for § € Ay(x), V=9 is lower bounded. Moreover V¢ is a Q-local martingale for all Q element of
M.. Finally V*? is a Q-supermartingale according to Fatou’s lemma.

Proposition 1.1. There are no arbitrage opportunities on the financial market {S°,S9} when the strategies

are in Ap(x).
Proof. Indeed, assume that there are arbitrage opportunities for a hedging strategy 6 € Ap(x): that is there
exist z € Rand 0 € Ap(x):

2 <0and V&7 > 0P-as., PV >0) >0.

0 € Ay(x) implies V*? Q-supermartingale; E@ [VTQE’H} <z <O0;

i—%VTw’e > 0 P-a.s. implies E@ [V;f’e} > 0. Hence E© [V;f’e} =0;

V! > 0 Paus., PV > 0) > 0 implies E? [V?] = B2 [V771 0o ] > 0.

This is impossible. Hence there are no arbitrage opportunities on the market {S°, 59} for 0 € Ay(z). O
We choose a space of admissible strategies which contains the strategies 6 such that the wealth process Yol

is not necessarily lower bounded and which could guarantee the existence of an optimal solution in that space.
We then define the set:

Alz) = {9 € L(S%) | 3 (Bn)n € Ap(x) such that e 7V —H) O e”(VT'”’GH)}.

We get in particular V0 € A(z), exp —vy (V;f’e — H) € LY(P). We need et ¢ L*(P); this hypothesis holds
for instance when H is a bounded random variable.

The set of admissible strategies for a given initial wealth x is A(z). It contains A(xz) as well as some
strategies 6 such that V®? is non necessarily lower bounded.

2. FORMULATION OF THE DUAL PROBLEM

Let h(Q|P) be the relative entropy of a probability measure Q with respect to P;

dQ dQ .

400 otherwise.

Let B be a random variable.
We denote by EQ (+) the expectation operator with respect to the probability measure Q.
Let us define
MP = {Q <« P|h(QIP) < +o0 and E? (B) < +o0} .



204 S. NJOH

We will show the following lemma which will be useful to formulate the dual problem of supy E (Ve o-H)].

Lemma 2.1. For B random variable almost surely finite,

In(Ee?) = QZ“}ZB {E%(B) - L(Q|P)}. (2.1)

Moreover if Q € MP®, we get In(Ee?) = EQ (B) — h(Q|P) if and only if

dQ GB

B _

E(Be ) < ooand—dP = FeB’

Proof. If we take Q € M?PB, then E? (B) — h(Q|P) = EQ [m (—dgfdp)] Hence, by Jensen’s inequality, we have,

for Q € M5B,

eB

E? (B) — h(Q|P) = E© [m <d@/dp)] —InE (eBI{%M}) < In(Ee”),

where I4(w) is the characteristic function of the set A; that is 4(w) =1 if w belongs to A, or 0 otherwise.

But, since x — Inz is stictly concave, there is equality only if ﬁ = constant Q-a.s.

Hence (é% = eeBB a.s., and there is uniqueness if the supremum is attained. It is the case if B is almost surely
finite.

To show the equality: In(Ee®) = sup {EQ (B) — h(Q|P)}, let us introduce the sequence of probability
QeMB
measures Q,, defined by
dQ, _  e"Iypi<ny
AP E(e”I{p<n})

Since |B| < o0 a.s., Qy, is well defined for a sufficiently large n and Q,, € ME.
We obtain E%* (B) — h(Q,[P) = nE (e®I{|5/<n).-
By monotone convergence theorem, we have the equality; whence the desired result. (Il

We recall that 0 <t < T,

t 1 [t t 1t
& =exp (/ ms del) — —/ m?ds —|—/ Vs dWS(Q) — —/ v? ds) .
0 2 Jo 0 2Jo

We recall also the characterization of the set of equivalent martingale measures M.. Indeed, we have in view
to formulate the dual problem whose the optimal solution is in a subset of M, under certain conditions we will
precise in the sequel. Then

dpv
dP

M, = {P”| = ¢4, v F — adapted such that

T
/ (mf 4+ v}) dt + oo a.s. and £ P — martingale } .
0

m (4 /Tm aw® 1 Tm2dt+/TydW<2>1/Ty2dt
dP B 0 ‘ ¢ 2 0 k 0 ‘ ¢ 2 0 k .

We get
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Under the martingale measure P”,

P IR Y A R N
In = medW, 7 + = my dt + v AW, 4 = v dt. (2.2)

dpv
dP

We define the process M; := & = E < |ft) which will be frequently used in the proofs throughout this

section and in the following.
We define now the set

T
M. = {Q =P EP”/ (m7 +v7) dt < +oo}
0

and we assume that

M. # 0.
The subset M, of M, is the space upon which we want to find the solution of the dual problem that remains
to define. First we characterize M.’ by showing notably that it is the set of probabilities with finite entropy.
We have the following theorem:

Theorem 2.1. A characterization of the set M, is
M. ={Q =P | h(P’|P) < +o0}.

Moreover we have, for all ¥ € M./,

1 » T
h(P*|P) = 51&3@ /O (mi + 1) dt. (2.3)

T , .
Proof. TfP* € M./, E¥ / (mf +v7) dt < +o00. Hence the processes / ms dW Y and / vs AW are mar-
0 0 0
tingales under the martingale measure P”.

But, according to (2.2), we have

v dP” o (T . 17 T 1T
h(PY|P) = EF' In — = EF / mtth“u—/ mfdt+/ ytdwt(2>+—/ v2dt | .
dp 0 2 0 0 2 0

Henceforth h(P¥|P) = 1EF" fOT (m? +v?) dt < +oo.
Conversely, there is an equivalence between the assertions:
1. h(P"|P) < +o0,
2. E(MT h’lMT) < Ho0.
Indeed, the function ¢ : & +— zlnx is convex on [0,+00) and admits a unique minimum in z = %: Vo >
0, xlnx > —%.
We set 7, = inf {t € [0,7]] fot (m2 +1v2) ds > n} ,n>1. (Tn)n>1 18 a sequence of stopping times converg-

ing towards infinity. We adopt the convention inf () = +oo.
We obtain

EMT In MT/\Tn = E(E (MT In MT/\Tn|]:T/\7—n))
= IE]\4’T/\'rn In MT/\T.,L .
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Hence

2

y TNATn (1 TNATn - (2 1 TATy
EF /O my AW} )+/O v dW 2 5/0 (m? +v?) dt

TATn 1 TNATp, 5 1 TNATp,
EMrar, In Mrpy, = EMgpn,, / my AW 4+ / v dWw? — = / (m? +17) dt
0 0 0

The sequence 7,, being increasing, we get by monotone convergence theorem

lim EMpar, M Mrpr, = supEMpar, In Mpar,
n—o00 n>1
1o [T
— 5IE[P’ /O (mi +v?) dt. (2.4)

But conditional Jensen’s inequality yields

Mrpr, M Mrppr, <E(Mpln Mp|Fraxz,).

By hypothesis, Mr In Mr is integrable.

Hence the sequence (Mpar, In MT/\Tn)n is uniformly integrable, and we get

lim EMT/\TW In MT/\TW, = E (MT In MT)
n— oo
1 y TATy,
= §EP / (mi+v}) dt < +oo0. O
0

For Q =P¥ € M,’, the entropy with respect to P is

dQ 1 [* 1 [*
hQIP) =E%n [ — ) =EQ | = 2 — 2 .
(QP) n<dIP’) E (2/0 mtdt+2/0 vy dt

We will next formulate the dual problem for an investor having an initial wealth  as mentionned in Section 1.
The agent invests in the construction of a hedging portfolio V¢ and in the same time sells a contingent claim

H at the date ¢ = 0. We suppose that the price of the option of payoff H is included in the initial wealth.
Hence the agent’s program is:

(PH) U(ﬂf +p,H) = sup E |:—677(V;+p’07H):|
0 € A(z+p)

=— inf E [efv(vifH’g*H)].

0 € A(z+p)
We set y y
(Po) v(z,0):= sup E [76*7‘%’ } —_ inf E [evaT’ }
6 € Az) 0 e Az)

(Po) is the program of the agent having the initial wealth x, and invests only in the construction of a portfolio 6.
In the two cases the agent is maximizing the expected utility v. Then, the indifference price (cf. [8]) is defined
by the equality:

v(z +p, H) = v(z,0)
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or equivalently,

1 1
—In|[—v(z+p,H)] = —1n|—v(z,0)].
5 [—( )] 5 [—v(z,0)]
From now, we set

V(z,H) = %ln [—v(z, H)].

Henceforth, we will try to compute V (z, H) in order to get a fair characterization of the optimal hedging 6 and
the price p.
Let us calculate now

Viw, H) = inf % InE [exp (77 (v;fﬁ - H))}

Let us exhibit another set of martingale measures which will fully characterize the dual problem.
Let 0 be in Ap(x). We define the set
. x,0 :
= {Q < P|V*? Q-integrable and h(Q|P) < 00} .

By using Lemma 2.1, if § € Ap(z)

%lnIE [exp (77 (V;’G - H))} = o {EQ {4/;,9 + H} - %h((@ﬂ?)}. (2.5)

Indeed, if Q is not in the set My, h(Q|P) = +oo. As H is almost surely finite, and as § € A,(x) implies
EQ [V;f")} <z, (2.6)

hence we have

oo, {55 [ (v o] e} = 2 o {30 o (i )] )
> {EQ [ (v m)] - %h(@l]}b)}
> —x+ sup {EQ (H) — lh(@ﬂ@)}. (2.7)
Qe M./ 0
Consequently,
Vet =, g S oo (2 (77 1))
=, % nE [exp (77 (v;fﬁ - H))}

1
Hence V(z,H) > —z+ sup {EQ (H) - —h((@ﬂP’)}.
Qe M.’ v

If we can find 6 € A(z) and Q € M/, such that

%lnE {exp (—’y (V;f’é — H))} =—x+ EC (H) - %h(QﬂP’%

the previous inequality is an equality.



208 S. NJOH

We first study the problem:

1 v 1 [T
sup {EQ (H)—;h(@ﬂ?)}: sup {Eﬂ” (H)—%EP / (mi +v}) dt}.
0

Qe M.’ P € M.’

We will solve the formulated control problem in the following section.

3. PROPERTIES OF THE OPTIMAL DUAL PROCESS

Denote by IC.’ the set of progressively measurable processes v such that P € M.’
We define the process (M} )o<i<T by

. 17
MY :=EF Hf—/ (mi+v?) dt | F| .
27 Jo

MY is a martingale process under P”.

T
According to the Theorem 1.1 there is a process z¥ F-adapted with values in R2such that / ((
0

(2,52’”)2> dt < 400 P-a.s. and:
t N t N t _
MY =M+ | )Y AW, = MY+ [ 22vdw®D 4 [ 2vdaw®, 0<t<T.
t 0 0 s 0 0 s s 0 s s

Let (XtH’”) . be the process defined by:
0<t

. 17
XV .= g* lHZ/ (m?+v2) dS|.7'-t‘|,
t

and
H
X = ess sup X,
14

It is clear that .
1
XtH’”: %/o (mg—i—yf) ds + M.
Moreover, M = Xé{ Y. 'We obtain using Girsanoy theorem

v ]- vV ITT vV ITT
dXtH’ = —27 (merz/f) dt+zt1’ dV[/t(l)Jrth’ th(Q)
1
= —27 (mf + z/f) dt + ztl’”dV[/t(l) + zf’”th(Q) — ztl’”mtdt — zf’”z/tdt

1
= 5 {(m? +v7) =2y (ztl’”mt + ZtQ’VI/t)} At + 2z aw ) 4+ z2raw .

We also remark that X2 = H.
Henceforth, (X¥, 2) verifies the backward stochastic differential equation ( BSDE in short)

—AXY = o v)dt — zraw Y = 2Braw®, o<t <T
X = H

1,v
2

)+

(3.1)
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2y
The comparison’s theorem suggests to characterize the process XtH = ess sup XtH ¥ as the solution of the

BSDE of generator

with fr+(2¥,v) = — 5 [(m% +v7) — 2y (ztl’ymt + zf’”ut)}, fm,t(2", V) being the BSDE’s generator.

Fne(2) = max fo(2,0) = fne(2,0)

with
D=~z
and henceforth,
fncte == [ - mil? - 3 (7]
Then we regard the BSDE with quadratic coefficients in z:
{ —d?’; = Zm(z)dt —2Maw® — ;Paw? (3.2)
o= .

An existence and uniqueness result of solution of BSDE with quadratic coefficients in [14], see also Section 1.3,
allows to prove that the previous BSDE has an unique solution (X H 2,

with EfOT ((zél)>2 + (252))2) dt < oo.

We deduce from comparison’s theorem for quadratic BSDE (c¢f. Sect. 1.3) that:
Vv e K XM >xP" as.

Lemma 3.1. We assume that the process my is bounded.
Let U be the process defined by:

=722 0<t<T,
where (X, 2) is the unique solution of the previous BSDE.

> 1 o [ (T
We have v € K,/ and X1 =E* (H|F,) — %EP </ (m?+02) ds|.7-'t>.
t

A consequence of this lemma is that X7 = XtH 7= sup esthH ¥ and henceforth:
veK:

XM= sup {EQ (H) — %h(@ﬂ?)} =E¥ <H - % /OT (m? + 07) dt).

@EMCI

Proof. We first prove that the process X is bounded. We have:
H H,0 P° e
XP>x""=E H——/ m2ds|F; | .
27 Ji

Since the process (m;) is bounded, we deduce that X H is uniformly lower bounded. We remark also that if we
set:

~ 2
fm,t(z) = mtz(l) + % <2(2)) )
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the solution of the BSDE with generator fmﬁt and deterministic condition C' is given by

X, =C %=0, 0<t<T.

We have fy.¢(2) > fm.(2). The comparison’s theorem for quadratic BSDE allows us to deduce that:

XtHgsupess H, 0<t<T.

Let now (7,,) be the sequence of stopping times defined by:

t 2
T =inf{t > 0| 72/ (z§2>) ds > n}.
0

The process v(™ defined by: l/t(n) = ’yzt@)[[oﬁn](t) is in K. and:

1 tATh 2 tATh 5 tATh 5
Xﬁm =X+ 2—/ <m§ + (’yz§2)) ) ds +/ 2D aw® +/ 2@ aw®
Y Jo 0 0

with Wt(l) = Wt(l) - f(f m ds and V~Vt(2) = Wt(Q) - fg vz$? ds.

(CONNEI . .
Under P¥ | W is a standard Brownian motion and we have:

R = g, Lop [ @)?
X, =X 4 o E /O mer(’yzs ) ds.

If we note M; = &, then

t 1 t 2
M; = exp (/ (ms AW 4 422 dWS(Q)) - 5/ (mg + (’yz@) > ds>
0 0

and henceforth the previous equality can be written:

(n)
PY H H
EMins, In Mypr, =EF XH_ - xH.

Since X is bounded, we deduce that:

sup EMin-, In Mip,, < +00.
n

Hence the discrete parameter martingale (M-, In Miar, ),  is in the class LlogL ([15], exercise 1.16, p. 58).
We easily deduce that M; is a martingale and that EM;In M; < 400 for 0 < ¢t < T; which proves that
ve K, O



ENTROPIC CONDITIONS AND HEDGING 211

4. OPTIMAL TRADING STRATEGY

This section is devoted to the proof of the theorem below.

Theorem 4.1. If m; is a bounded process, then the quantity defined in Section 1.2

T =—z su Q . . .
Ve H) = o+ sup {E () 7h(@ﬂ@)} (4.1)

Furthermore, V(z,H) = %mE [exp (,7 (Vf’é — H))} with

1)
A my 24
b= ——%cg + 4.2
RS 2

where (X T 2) is the solution of (3.2).

4.1. Proof of the theorem 4.1
Proof. We set Q = P”. According to Lemma 3.1 we know that Q € M.’

We are seeking for 6 € A(x) such that

%lnE {exp (—’y (V;f’é — H))} =—x+ EC (H) - %h(QHP)

This equality is equivalent to

InE [exp (77 (V{f’é - H))} = 2 +EQ(vH) — H(QIP)

if Vo0 is a (@—martingale.

Hence according to the Lemma 2.1,

ag _ e (- (v 1))
S Eexp (—’y (V;f’é — H))

We are led to search  such that Vo is a Q—martingale and

exp (7 (V7 - 1)) =V m)4Q

dpP
Hence )
.0 _ dQ
~ (VT H) =V (@, H) +In 2
and

od 1. dQ
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As V0 must be a Q—martingale, we will in fact seek for 6 such that
2,0 ) 1
Vi =-V(x,H)+E* | H— ln—|}}
We know that

’ I
X =ess sup EY [ H - —/ (m2 +v2) ds|F
Pr € M/, 2v Ji

. 1 T
=E®|H- — ds| 7 | .
< 27/t (mi o+ 02) ds t)
Furthermore,

. . T T 1 T
EQ <ln—|.7-'t> = EQ (/ my dW§1>+/ Dy AW, 75/ (m? + D7) dt|F
0 0 0
t t 1 t
= /mde§1>+/ ﬁde§2>——/ (m? +0?2) ds
0 0 2 0
. T T 1 [T
+EQ (/ ms dW§1>+/ s AW ) — 5/ (m?+72) ds|}'t>
t t t
. ) T ~ T ~ 1 (T
= In¢’ +E° / ms dW ) +/ Dy dW2 +§/ (m?+02) ds| 7
t t t
N s (1 (7T
= In¢&” +E° 5/ (m + 02 ) ds|F: | .
t

Hence we have

5 5 1o, 1 sf1 ("
v = —V(s,H)+EQ(H|F) — —Ing’ — —E° —/ (m?+02) ds|F,
v 2y 2 Ji
1 N
= —V(z,H)— S In¢l + xH.
Then we find 0: (for a better understanding we set i := )
1 ; 1 .
—sding = - [mt(dwf )4 mydt) — 5m 24t + o, (AW, 2 + p,dt) — —yfdt]
5
2
_ mE (@) me (1) (2) i)
— [27+2(t )]dt S — P,
dxF' = —fai2)dt+2MNawvt +2Pawv® 4 M mdt + 2P pyat

= [ Falz) + 2" mtdt+2(2)Vt} dt + z a4 2P aw?

= ffmyt(z) + mtzél) + v (zéQ)) } dt + zt(l)th(l) + zt(Q)th(Q)

[0 2 2 ~ ~
_ 7;_; +2 () ] dt + 2 Vaw 4 :Paw .




ENTROPIC CONDITIONS AND HEDGING 213
We get
z,0 1 o H
dV;"7 = ——dln& +dX;
0
= (—mt + z§1)> th(l)
Y

_ 969 .

of S¢
_’:/nt + Z,El)
= — - ds7.
oS t
~ me Zél)

0y = —— 1 :
VoISt oS

It remains to show that 6 € A(x) and that Vel s a Q—martingale. Finally we will have that 0 is the optimal
trading strategy.

We recall that X7 = E*” (H — o [ (m2 4 52) ds|}‘t).

We define the sequence of trading strategies

0, = é1[07T7L] with 7, = inf {t € [0,7]] Vf’é < —n}

0, € Ay(x) since V" = Vti’fn > —n.

‘We have

x,0, o o z,é _
e*’)’ (VT H) e vy (VT/\T" H) _ efny(:c, H)e—vXQI!/\TmE%ATn.

x,0n _ y:,é7 ~
We want to show that e~ (Vi —H) converges in L!(P) towards e 7(vit ) (0 € A(z)).
As £ is a martingale, the sequence ({7,,, )n>1 is uniformly integrable, and since X H is bounded, so does

_ V3"79n _ )
e 7 ( T . Almost sure convergence and uniform integrability imply the convergence in L*(P).
We deduce that 0 € A(z). O

Remark 4.1. The process m; is bounded. The equality V(z + p, H) = V(z,0) implies that the indifference
price (cf. [8]) is

p=_sw {EC() - Zh@P)} - s {-In@ip).

Qe M. QeM
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4.2. The case p=1
In this case we get
dse
S

i.e. there is only one martingale measure denoted previously PO .= P¥|,=o and it is clear that

H i 1 T 2
X" =E H—% m; ds|F. | .

To study then the indifference price one has to deal with no arbitrage argument. Indeed when p = 1, the two
assets of spot prices S and SY are perfectly correlated. Then for instance if we assume that the coefficients of
the model are constant and o strictly positive we have the relation, see [4],

— (4 + 0%my) ds + 0% p,d IV (4.3)

0.6

e_ 92
e
between the coefficients, to avoid arbitrage opportunities.
If we denote by ptH the indifference price process defined by
p=x"-x°

then it is clear that pf’ = EF’ (H|F:) which is the Black-Scholes price. Using the BSDE techniques we have
developped in the preceding sections, if we set

=M

_ 3
with (X, 2) and (X°, %) being solutions for the BSDE (3.2), then we have

—dpf{ = mtzfdt — zdet(l), p¥ =H

i.e.

~dpft = 2 (aw ) —mgat)
= fth th(l).
Hence, also, we obtain

pf =E¥ (H|F,).

Henceforth, when m; is bounded, the exponential criterion can be viewed as an extension of Black-Scholes style
pricing.

5. CONCLUSION

We characterize the optimal solution to the program of maximizing exponential utility from net terminal
wealth for an agent, in the situation of incomplete markets. This is done, by an appropriate definition of the
domain of validity of the dual problem. Nevertheless, we were forced to limit ourselves to the case of a bounded
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risk premium process, opening thus our work to further research in view of the relaxation of such a condition.
Another way of continuing the research will be to study in our general model the expansion of the hedging
near the perfect correlation case, by the bias of Malliavin calculus. Our study can be applied to the hedging
of temperature weather derivatives and of index options. We have fully solved the dual problem by means,
which to our knowledge, are original. In addition, we have got out Lemma 3.1 which allows us to emphasize
the assumption that m, is bounded to well determine the optimal hedging strategy (c¢f. Th. 4.1).

APPENDIX

Now we state the following decomposition theorem of local martingales (Th. 1.1):

Proof. We first regard the case N Q-martingale. Then, following [13], Proposition 8.6 p. 375, we have such a

decomposition of N. We will only prove that if Np € L*(Q), then E¢ < N, N >7< 400.
Let 7, = inf{¢t € [0,T] | (N,N); > n and Ny > n}, n > 1.
The increasing sequence of stopping times (7,)n>1 converges towards +oo;

(Niar, Jo<t<T is a square integrable Q-martingale, for any n > 1:

EQ (N%Mn) = IE@(N7 N)rar, =n < +00. By continuity of ¢ — N; and by using the monotone convergence
theorem, we have:

B (v2)

EQlim N2, _
I .

= 117r1nEQ (NT%/\T”)

EQ(N, N)r < +o0.

The end of the proof is done in the proof of the Theorem 3.4, Ch. V, p. 200, [15]. O
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