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CONVEX REARRANGEMENTS OF LEVY PROCESSES

Your! DavyDov! AND EMMANUEL THILLY?

Abstract. In this paper we study asymptotic behavior of convex rearrangements of Lévy processes.
In particular we obtain Glivenko-Cantelli-type strong limit theorems for the convexifications when the
corresponding Lévy measure is regularly varying at 07 with exponent o € (1,2).

Mathematics Subject Classification. 60G51, 60G52, 60G17.

Received March 13, 2006. Revised June 21, 2006.

1. INTRODUCTION

Let £ = {&(¢),t > 0} be a stochastic process taking on real values and such that £(0) = 0 almost surely. For
any ¢ = 1,2, ..., let X; be the increment

X; = €(3) — £ — 1)
Given n, let X7.,, < ... < X,,.,, be the order statistics of X1, ..., X,,. We connect the points (0, 0), (k, Zle Xi;n) ,

k=1,2,...,n, using straight lines and obtain the curve

S X + (= [#) Xy pam, 1O <z <n,
Cp(z) = (1.1)
22;1 Xin (: Z?:l Xi= f(n)) , ifz=n.

The function C,, is called the convex rearrangement of ¢ on the interval [0,n], in view of the fact that it is
convex on the interval. Since both the function C,, and its domain of definition depend on n, it is natural and
convenient to redefine C,, as follows:

Co(t) = Cp(nt), 0<t<1. (1.2)

The function CY possesses the geometric properties of the original one, C,,. If, however, the stochastic process
¢ is defined on the compact interval [0, 1], then instead of the above X;’s we use the following increments

eme(d) (5
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to define both C,, and CY. The important difference between the present situation and the previous one is that
the random variables X ,, are now dependent on n. When needed, in both [0,00) and [0, 1] cases we use the
notation C2[¢] to indicate the dependence of C¥ on &. The following general definition of convex rearrangements
is given in [8].

Definition 1.1. Let f be a measurable real function on [0,1]. A function T'f is said to be the monotone
rearrangement of f, if it is monotonic increasing, continuous from the right, and has the same distribution as
f it means that A\f =t = X\(T'f)~!, where \ denotes the Lebesgue measure. The operator V defined on the set
of absolutely continuous functions on [0, 1] by the formula

V() = £(0) + / T(f')(s) ds

is said to be the operator of convex rearrangement.

It is evident that V f is convex and takes on the same values at the endpoints of [0, 1] as the function f. Let
&={&(t), te€][0,1]} and consider the sequences of polygonal approximations of £ determined by the uniform
partitions of the interval [0, 1] as follows:

En(t) =¢ <%> + (t - %) Xin, te€l[i/n,(i+1)/n].

Then, for each ¢ € [0, 1],
Veén(t) = Crlel(®).

Recently, asymptotic behavior of CO[¢] has been established for various families of stochastic processes. For
example, strong limit theorems have been obtained when ¢ is a random walk [13], strictly stable process [8], and
Gaussian process [14]. Moreover, it has been noted in [11] that the asymptotic behavior of convexifications is
closely related to the behavior of oscillations of smoothed processes, a topic extensively studied in [1] and [22].
It is worthwhile to note that the knowledge of asymptotic behaviour of C?[£] gives useful information about the
oscillations of the original process and can be used in various applications. It also serves as a starting point of
a non-standard approach to the estimation problem of parameters of the process. For example, based on [11], a
new method for estimating the Hurst index of self similar Gaussian processes has been proposed in [20]. Based
on these considerations a statistical index for measuring the fluctuations of stochastic processes was proposed
in [10]. In addition, a connection between convex rearrangements and econometric theory (cf. e.g., a survey
paper [15] for more detail) was investigated in [14] by noting that the limiting curves in the aforementioned
strong theorems are generalized Lorenz curves, which is a class of well known functions in econometrics. For an
account of various properties of convex rearrangements, results, and applications, we refer to [15].

In the present work we study convex rearrangements when & = {£(¢),¢ € [0,1]} is a Lévy process, which is,
by definition, a stochastic process with stationary and independent increments. If the Gaussian component is
absent, and if the Lévy measure — which appears in the characteristic function of the random variable £(t) — is
regularly varying with exponent a € (1,2) at 0T, then we obtain a strong limit theorem (cf. Th. 2.1 below).
The limiting curve is non-random. More precisely, the limiting curve is a generalized Lorenz curve defined by
a strictly stable random variable with exponent o € (1,2). This result relates very nicely to the result of [8].
Intuitively, the result should not be surprising because the aforementioned condition of regular variation means
that the process we consider is locally a-stable.

We restrict ourselves to the study of the case a € (1,2) only, due to the following reason. It is not difficult
to see (cf., e.g., [8]) that almost sure convergence of C¥[¢] is equivalent, loosely speaking, to the strong law
of large numbers (SLLN) for triangular arrays of i.i.d. random variables that are generated by appropriately
normalized increments of the process. This SLLN requires the existence of the first moment. Hence, a must
be larger than 1. If « < 1, we cannot have, in principle, more than weak convergence. We refer to [13] and [9]
for detail, where this type of convergence has been studied for convexifications of i.i.d. sequences. Even though
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such results are not too difficult to obtain, they are beyond the scope of the present work. Other possible topics
of interest include establishing rates of convergence. In some cases, the central limit theorem for C? [¢] has been
obtained. For example, in [14] we find a CLT in the case of the fractional Brownian motion. We also refer to
[23] for related results for increments of smoothed Levy processes and to [4-7] for the rate of convergence to
Lorenz curve in the i.i.d. case. All these extensions and generalizations are interesting research topics, but they
are beyond the scope of the present paper.

The rest of this papers is organized as follows. In Section 2 we state and discuss the main result, which is
Theorem 2.1. In Section 3 we formulate and prove a number of lemmas that play crucial roles in establishing
Theorem 2.1. The proof of Theorem 2.1 itself is given in the second half of Section 3.

2. MAIN RESULT

Let £ = {£(t),t € [0, 1]} be a Lévy process defined on a probability space (£2,.4, P) and taking on real values.
The Lévy-Khintchine representation for the characteristic function ®; of the random variable £(t) can be written
as (cf., e.g., [2] p. 11)

D,(0) = exp{—-t¥(0)}, 0€R,

where

2

with v € R and o € R := [0, +oo[. The II in the formula above is a Borel measure on the real line such that,

II({0}) =0, II({u: u > a}) < oo for every a > 0, and fl <1 u?TI(du) < co. Assume also that f‘u|>1 |u|II(du) <

0o. From Theorem 8 in [21], the above assumptions ensure that E|{(1)] < co. We still need to introduce
additional notation. Let

1 _
V() = —ivf + =020% + / (1- el 4 iOull_q 1)(w)) H(du)
R

G(u) := II(u, +00) + H(—o0, —u), u€RT.
Moreover, let f~1 be the generalized inverse of a monotone function f, that is, f~1(u) = inf{t : f(¢) > u}. For
the Lévy process £ = {{(t),t € [0, 1]} we impose the following assumptions:

H : There exists an « € (1,2), a slowly varying function ¢ at the origin and functions C* (u), C~(u) such
that:

(u, +00) = CF(u)u™*(u);

o II(—o0, —u) = C~ (u)u~*4(u);
e CT(u) — Ct when u | 0;

e O (u) > C~ when wu]0;

e Ct4+C=1.

Theorem 2.1. Let & = {£(t),t € [0,1]} be a Lévy process satisfying assumption H. If o = 0, then for all
t € [0, 1] we have
1
lim - COfe)(t) = L) 21)

n—00 Ay,

almost surely, where a,, := nG~(n) and the limit L((ll)(t) = fot F_(s)ds is the Lorenz curve corresponding to

the distribution F,, of a strictly a-stable random variable (1 < oo < 2) whose characteristic function is

60(8) = exp {w

a—1

+oo
6 — / (1—e™ +iufl_y 1y (u)) Ea(du)} (2.2)

— 00

with Lo (du) = aju|7*71 (C*]I{u>0} +C~ ]I{u<0}). If, however, o # 0, then for all t € [0,1] we have that

Jim —=Cole0) = L) (23)
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almost surely, where L((f)(t) = fot ®_1(s)ds with ®, denoting the centered normal distribution with the variance

2.

Actually, Theorem 2.1 implies stronger statements than those in (2.1) and (2.3). Namely, since for each n > 1
the function CY[¢](t) is convex, any of the two statements (2.1) and (2.3) implies that the convergence is, in
fact, uniform in ¢ € [0, 1].

3. PROOF OF THEOREM 2.1

Consider the decomposition of & as a sum of independent processes (cf., e.g., [18] p. 258 for more details):
&=t +oW, + Y, (3.1)

where YV; = ﬁz‘>1$1/t(dx) + f|90|<1 avy(dz), W is a standard Wiener process, (v¢(dz),t > 0) is the Poisson

random measure of discontinuities, and v} = 14(B) — tII(B) for every Borel set B on the real line such 0 ¢ B.
Moreover {W;,t > 0} and {14(-),t > 0} are independent.

Now we recall the following result proved in [12]. If X, is a stochastic process such that C%[X](¢) converges to
some limit L(¢) and if f is an absolutely continuous function on [0, 1], then CO[f + X](¢) also converges to L(t).
That implies that we can assume v to be zero without loss of generality when studying the convexifications of
£. Consequently throughout the rest of this section we assume v = 0.

3.1. Preliminary results

Lemma 3.1. Let g be a function defined on [0,1] and taking on non-negative values. Furthermore, let g be
regularly varying at 0% with exponent p. Then we have the following two statements:

1.Ifp<—-1lorifp=—1and fol g(z)dz = oo, then we have that yg(y)/ fyl g(x)de — —(p + 1), when
y — 0.
2. If p>—1orif p=—1 and fol g(x)dx < 0o, then we have yg(y)/ foy g(x)dx — (p+ 1), when y — 0.

Proof. See Section VIII. 9, p. 280, in [17]. O

Lemma 3.2. Let O be an arbitrary set, and let {(p}oco be a family of random variables defined on a probability
space (Q,B,P). For each 6 € O, let (91 and C92 be two independent copies of (g. Put (p := (91 - (92 (symmetrized
version of Cp). Suppose that

1. {69}.96@ is uniformly integrable, and
2. supyee P (|¢o] > a) — 0 when a — +o00.

Then the family {Co}oco is uniformly integrable.
Proof. The proof is quite easy by dealing with standard arguments around uniformly integrablility. O

Lemma 3.3. Let F' be a symmetric probability distribution with characteristic function ¢(t),t € R. For any
X € (0,2)and for all C > 0, we have the bound

A 1 e “A-1p7 _
/m>c |2|" F(dz) < m/o AT — p(8))dt, (3.2)

where Q(u) = [y~ 1(1 — cosy)dy.

Proof. The proof is a direct adaptation of proof of Theorem 5. a in [21]. O
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3.2. Case 0 =0
Lemma 3.4. Let £ = {£(t),t > 0} be a Lévy process such that v = o = 0, and let H hold. We have that

1
@f(t) =17, when t—0, (3.3)
where = denotes weak convergence, b(t) == G~ (1/t), and 1, is a strictly a-stable random variable with
1 < a < 2. Furthermore, we have that
E(Lg(t)) L E(a) when t—0 (3.4)
b(t) ’

where E denotes the mathematical expectation on (Q, A, P).

Before proving Lemma 3.4, we make a comment on statement (3.3). Namely, we note that in [16] necessary
and sufficient conditions in term of the characteristic function of the Lévy process are given for having the
convergence of suitably normalized X (¢) to a normal distribution when t goes to zero. Moreover note also
that (3.3) is an immediate consequence of Theorem 1 in [22] where Case 3 corresponds exactly to ¢ = 0 and H.

Proof of statement (3.3). The characteristic function of the random variable £(t)/b(t) is given by

@t(%) = exp{ — t/R (1- expiu% + iu%ﬂ(_m)(u))ﬂ(du)}.

The change of variable y = u/b(t) gives

w(5) = e {-ul®),

where
Ve(0) :/R(l — e 4 My <1y) Peldy) +i9Lyﬂ{1<\y\<1/b<t>}Pt(dy),

and Q; :=Ilg; ! with g;(u) := u/b(t) and P; := tQ;.
Hence, statement (3.3) will be proved as soon as we show that for each 8 € R, the quantity ¥, (%) converges

t0 ¢ (0) defined in (2.2) when ¢ goes to zero. For any fixed ¢ € [0, 1], it is well known that the law of the random
variable & is infinitely divisible. Hence, from a well known criterion about infinitely divisible distributions (cf.
e.g. [19], Th. 5.6.2 and Prop. 5.7.4), we have (3.3) if we establish the following three statements:

i) For every e > 0 we have P{ = L, when t — 0, where Pf is the restriction of Py to {u: |u| > €}.
i) fR y]I{1<|y|<1/b(t)}(y)Pt(dy) - fR\(le) yLa(dy), when t — 0.
iid) T o { T supy g [,y 97Peldy) } = 0.

We shall first prove i). Clearly, hypothesis H implies that G(u) ~ v~%l(u) when u is sufficiently small. Define

P: ([u, 00)) if u> 0,

Gp, (u) := { Pi((—oo,u])  if u < 0. (3.5)

If w > 0 is small, then

¢ (uG=1(1/t))

Gp, (1) = Py [u,00)) = 111 (g7} ([u, 00))) = Cﬂfam'
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Since G71(1/t) — 0 when ¢ | 0, and since ¢ is a slowly varying function at 0T then

(G (1/1))
(G (1))

— 1 when t—0.

Consequently,
Gp,(u) — Ctu™ t|o0. (3.6)

Similar calculations yields that if u < 0 is sufficiently close to zero, then
Gp,(u) — Ctlu|™®, t]o0. (3.7)
From statements (3.6) and (3.7) we deduce that for all v in a neighborhood of 0,
Gp, (u) — (C+]I{u>0} + C'_]I{u<0}) lu|=%, ¢—0.

This yields condition 7).
Now we shall show that i) holds. One easily verifies using the change of variable and the integration by parts
formulas that

1

1/b(2)
j yPy(dy) = j%{naLm»bmnqmw@@>/

b(t)

I ([u, 00)) du} . (3.8)

As the generalized inverse of a regularly varying function with exponent « is also a regularly varying function
with exponent 1/a (cf., e.g., [3] p. 17, for more details), there exists a slowly varying function ¢ such that
b(t) = G1(1/t) = t~1/*L(t). This yields

Zﬁmmmbowwézﬁmwwﬁwé&tw~ (3.9)

In addition, by properties of slowly varying functions we easily obtain that
t- T ([b(t),00)) — Ct, t]0. (3.10)

Moreover, from the first part of Lemma 3.1 we obtain that

1 1 +
/ II ([u, 00)) du = C+/ u” (u)du ~ C_ 1 (b)) "> e(b(t)), t]o.
b(t) b(t) a

Hence, we have

t [t ct
W/bu)n([u’oo))duw a—1 (3:11)

In view of (3.9), (3.10) and (3.11), we deduce from (3.8) that

1/b(t) c+ c+
J R e e e L)
1

a—1 a—1

Similar calculations give

1 _

aC

[ wpdan~ S5 o
—1/b(t) a—1
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Consequently,
a(C™ —C7)

t10.
—1  t!

/Ry]l{1<|y|<1/b(t)}Pt(dy) ~

This completes the proof of 7).
To prove iii), let r > 0. Then using integration by parts we get
r rb(t)
| s = b, 00) - 20007 [t (o) du,

0 0

Note that
tr?TL ([rb(t), 00)) ~ CTr27% ¢ | 0.

Using Lemma 3.1, we obtain that

rb(t)
2t (b(t)) 2 /O T ([u, 00)) du ~ 220+

" 2 ~ (Ot o 2—a
/prt(dy) C <0¢—2)T .

Similar arguments lead to the statement

0 2 — « 2
/_T‘y Pi(dy) ~ =C (a2)r .

Hence, for every r > 0, we have that

Consequently,

/ Y Py(dy) ~ (CT —C7) ( a ) r2e (3.12)
lyl<r a—2

Statement (3.12) and the fact that « € (1,2) yield 4i¢). Taking all these pieces together, we complete the proof
of statement (3.3).

Proof of statement (3.4). In view of statement (3.3), it suffices to show that {ﬁg(t)} o is uniformly
te0,1
integrable. We first do it in the symmetric case. Then we have

P (0) = /R(l — cos Oy)P(dy).

Let Pe(sy/b(+y be the probability distribution of the random variable %. By Lemma 3.3 we have that, for

all A >0,

o0 1A
/ |2|Peay ey (dz) - < —/ 0721 — ®4(0))do. (3.13)
A Q1) Jo
Fix t € [0,1]. Then for each 6§ € R we have
1—[®4(0)
1—®y(0) = [2:(0)] <1—|®,(6)]%.

1+ |®.(0)]
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However, if 1/2 < a < 1, we have 1 —a < —loga. Therefore for 6 close to 0 and such that |®.(0)]? > 1/2, we
have the bound

1— [24(0)[* < —2log |D4(0)].

Consequently, if A is large enough, then we have that

oo 92 1/A
[ alPeopnan < g [0 (3.14)

By the change of variables formula and the Fubini’s theorem, we get that

[ - [ S man = [ () P

where h(u) = fou l_g%“gdH for all © € R. Observe the following three properties:

a) h(z) — 0 when z — 0;
b) there exists K such that 0 < h(z) < K for all z € RT;
c¢) there exists K’ such that h(x) < K'|z| for all x € R.

Now, for all sufficiently large A > 0 we have the bound
[Crmow = [ (@) ra s [ (D) P
0 wisva A wi>va A

Property c¢) gives the bound I; < KT/ \y\<ﬁy2pt(dy)' Applying (3.12) with r = /A, we get that, when ¢ is
sufficiently small,

L <K'(CT-C7) (a f 2) A2,

where K" > 0 is a constant. Because o > 0, we have

sup I; — 0 when A — oo. (3.16)
t€[0,1]

In addition, from property b) we deduce that
s
y>\/z

where H;(u) = tQ ([u, 00)) = tII (Jub(t), 00)). Consequently, we have the equality

t o0
/y>\/Z yH(dy) = b(t) /\/Z/b(t) ull(du). (8:17)

Similar calculations as in (3.9) allow us to conclude that

sup Io — 0 when A — oo. (3.18)
te[0,1]
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From (3.14), (3.15), (3.16) and (3.18) we deduce that

(t)
sup/ 5 ‘dP 0, when A — oo.
te[0,1] J€(t) /b(t)|>A t

Hence, {ﬁ«f (t)}te[o . is uniformly integrable. This completes our proof of statement (3.4) in the symmetric
case.

Now we remove the assumption about the symmetry of the law of £(1). The weak convergence established in
(3.3) shows that if ¢y is sufficiently small, then

t
sup P (‘@‘ >a) — 0 when a — oc.
0<t<to b(t)

Consequently, from Lemma 3.2 we conclude the proof of statement (3.4). O
In order to formulate our next lemma, we need the following definition.
Definition 3.1. We say that a sequence {gn}n>1 of measurable functions on [0,1] converges weakly on

([0,1], Bjo,1), A) to g if Agn =" => Ag~'. We shall write this as g, 04 g.

The next result is proved in [8].

Lemma 3.5. Let {f,}n>1 be a sequence of absolutely continuous functions. Then the following statements are
equivalent:

Al. There exists a convex function f such that V f,(t) — f(t), Vt € [0, 1].

A2, The limit a = lim,, o fn(0) exists and is finite. Furthermore there exists a function g such that
) f/ [0 1]
) Jy f’n cdd — [fgedA.
In addition, a = f(0) holds and one can take g = f’.

By applying this result to the sequences of polygonal approximations of £ we follow the method proposed in [8]
where it is noted that Al and A2 can be reduced to LLN-type results for appropriately normalized increments
of the process under considerations. Indeed, for this we have to first show that

/[0 1]

(1/an)(VE) '= Fyl o oas. (3.19)

and then verify the convergence
1
L ey, ax— / ,ds. (3.20)
Qp 0

For statement (3.19) note that the distribution of ¢/, and T&/, coincide. Hence, it is sufficient to prove that

[0 1]

(1/an) (&, F' as.

Consider now the Fourier transform f,, of the measure A ((1/a,)¢,)”". We have

falt) = %2]11(5713‘) + Z% Z;M(ﬁnj),
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where n; = nX;n/a, forall j=1,..,n,and hi(z) = cos(tx), ho(z) = sin(tx). Similarly, the integrals
in (3.20) are transformed into the sums %Z?zl h(Bn;) with h(z) = z+. For any n > 1, the random variables
{Brnj, j=1,..,n: n €N} are independent identically distributed. However, the rows of the array are not
independent. This is why we cannot apply the standard strong law of large numbers. Consequently, Theorem 2.1
will be proved with the help of the following lemma.

Lemma 3.6. Consider the triangular array Bni = Xin/G 1 (n), where i € {1,...,n}. Let h be a continuous

function such that
|h(s)| < Cils| + Ca (3.21)
with two positive constants C; and Cy. Then we have that with probability 1,

% Z h(Bni) — Eh(ns), n — oo. (3.22)
i=1

Proof. Put D,y =n°, § € (1/a, 1), hn(s) = h(s)1j,p,(|h(s)]) and hn(s) = hn(s) — E(hn(Bn1)). Obviously,

1 n
- > h(Bi) = S1 + Bz + Ts,

i=1
where 31 = %Z?:l ]Aln(ﬁ»m); Yo = %Z?:l Ehn(ﬁnz); Y3 = %Z?:l (h(ﬁnz) - hn(ﬁnz))

Since for each ¢ € {1,...,n} the random variables 3,; and (3,1 are equal in law by the definition of h,,, we deduce
from statement (3.4) that
Y9 — Eh(ns) when n — oc. (3.23)

Consider the sum X;. By definition of h, for all z € R we have the bound |h,(z)| < n°. Consequently,
E|hn(z)| < n®, and so we have the bound
| ()| < 2n°. (3.24)

Now put 7; := izn(ﬁm) Applying the Rosenthal’s inequality with power 2m to the sequence (7;); we obtain
that there exists a constant K,, > 0 such that

1 1 m
E|El|2m S Km {WE|T1|2m + n—m (E|T1|2) } . (325)

Since E|£(1)] < oo, we have E|11| < oo. Consequently, by bound (3.24) there exists a constant M; > 0 such
that

E|T1|2 = E|T1| . |T1| < 2E|7'1|n5 < Ml’ﬁ,&.
Similar argument gives the existence of a constant My > 0 such that

E|r [*™ < Man@m=10,
From bound (3.25) we deduce that
BIS1 2" < Ko { M -0 DED gy G-
Since § < 1 for all sufficiently large m, it follows that E|X;|*™ < K n™", where K/, > 0 is a constant and

k > 1. Using the Borel-Cantelli lemma in a standard way, we obtain that ¥>; — 0, a.s.
Now we consider X3. Evidently, X35 = E;{ + X5, where

1< 1<
3= - Zh(ﬁm)ﬂ]pn,m[(h(ﬁm)) and 33 = - Zh(ﬁni)ﬂ]foo,fDn[(h(ﬁni))-
=1 =1
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In accordance with (3.21), there exists ¢ > 0 such that
E; S Al + AQ;

with the notation

e -
A= Z 5170 () oo (7 ~HU(n) Bs)
i=1
and
701 - —1/a  p —1/ay,
nl-1/a Z(n) Z(n E(n)ﬁm)ﬂ]mafl/ag(n)ﬂ_oo[(n E(Tl)ﬁ»m)

i=1
Since / is a slowly varying function at 0%, for each £ > 0 we have n™¢ < Z(n) < nf if n is large enough. Choosing
e > 0 such that § — 1/a — e > 0, we get that

A2 =

end=Vems < = (n).

Consequently,
C n
A < 72 Z; Wy oo (Xn,i) (3.26)
and
Ci -
Ao € = > (X i) W1 oo (Xni)- (3.27)
i=1

The sum on the right-hand side of (3.26) is bounded by the number of jumps of £ greater than 1 and is therefore
finite a.s. Indeed, it is easy to show that, for each € > 0,

lim Supz 4o o0y (Xnyi) < N,

=1

where N is the number of jumps greater than 1+ . By similar arguments, the right-hand side of (3.27) can be
bounded by the sum of jumps and is therefore finite. Thus E; — 0 almost surely. The convergence Y3 — 0
follows in the same way. O

3.3. Case 0 #0

Suppose now that ¢ # 0 and v = 0. In view of decomposition (3.1) we are interested in the asymptotic
behavior of £(t) = oW, +Y;. Clearly, we can let 0 = 1 without loss of generality. It is shown in [8] that for each
t €10,1],

2
702[ () — L) as.

In addition, from the case 0 = 0 we deduce

—_— — LM a.s.
A OO — 100 s,

when n — oco. Fix t € [0,1]. We have to investigate ﬁC% [W 4+ Y](t) when n — oo. A well known property

of operator T'is ||[T'f — Tg|, < |If — gll, where || - ||, is the usual L'-norm (cf. [8] for references). Observe also
that T(W,, +Y,) = T(W! 4+Y,). These notes imply the equality

1 ! !
\/ﬁc OW + Y(t f/ (W, +Y!)(s)ds
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and the bounds

‘%/OtT(W,’L—i-Y,;)( ds——/ T(W!)(s)ds
f;;ﬁ;A ¥(s)lds = n' =34 i(n) -

<= [ v+ v - 1w )
0

1 1
——T Y!(s)|ds. (3.28
I s 29
From Lemma 4.2 we have that F% fo |Y.!(s)|ds converges to fo |F71(s)|ds. Since 1 < a < 2, this implies

that 17 fo Y. (s)|ds is finite a.s. and also that n'~~2¢(n) tends to zero. Hence, the last inequality above
n
shows that, for each t € [0, 1],

‘%KHMHMMs—J (W1 (s)ds

when n — oo. The proof of Theorem 2.1 is now complete. O

— 0 a.s.
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