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SPDES WITH COLOURED NOISE: ANALYTIC AND STOCHASTIC
APPROACHES * **

MARCO FERRANTE! AND MARTA SANZ-SOLE?

Abstract. We study strictly parabolic stochastic partial differential equations on R%, d > 1, driven
by a Gaussian noise white in time and coloured in space. Assuming that the coefficients of the dif-
ferential operator are random, we give sufficient conditions on the correlation of the noise ensuring
Holder continuity for the trajectories of the solution of the equation. For self-adjoint operators with
deterministic coefficients, the mild and weak formulation of the equation are related, deriving path
properties of the solution to a parabolic Cauchy problem in evolution form.
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INTRODUCTION

Stochastic partial differential equations (SPDEs) can be analized by different approaches related with the
classical deterministic methods. Let us mention the variational point of view [13,20,21] and the semigroup
approach [6], based on analytical methods, and the more genuine probabilistic setting using stochastic integration
with respect to martingale measures [5,28].

The variational approach leads in particular to a now very complete Lo-theory (see [21]). However, this
theory does not provide with sharp results on the properties of the trajectories of the solutions of SPDEs,
except in the time variable. A more deep analytical insight into parabolic SPDEs has been recently given by
Krylov and Lototsky, developing an L,-theory with p € [2, 00) (see [14,15] and the references herein, [16]). This
theory allows to obtain properties of the trajectories — both in time and space — quite sharp, using Sobolev type
imbeddings. Let us point out that in [14,15] the coefficients of the differential operator can be random, therefore
the theory applies to a very general class of equations. In a similar spirit, parabolic SPDEs with deterministic
coefficients in Holder classes have been studied in [19].

In this paper we study stochastic partial differential equations in the whole space R¢, with arbitrary dimension
d > 1, driven by a Gaussian noise white in time and with homogeneous spatial correlation. The differential
operator is strictly parabolic with random coefficients, the free terms are random as well. Using the analytical
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approach of [15] (see also [14]), we give sufficient conditions on the correlation of the noise ensuring the existence
of a solution with values on some subspace of L,(R?), p € [2, 00), and then, by means of Sobolev type imbeddings,
we obtain the existence of a random field, indexed by time and space, which is a version of the solution and has
its trajectories jointly Holder continuous in ¢, x.

A similar question using the evolution approach has been addressed in some previous articles. In fact,
parabolic equations with random coefficients in spatial dimension d = 1, driven by a space-time white noise
have been studied in [3]. The main result is the existence of a continuous random field solution to the equation.
The mild form of the equation contains a stochastic convolution with an anticipating integrand. Therefore, the
analysis requires tools of anticipating stochastic calculus — a intricate machinery based on Malliavin calculus —
and needs a strong regularity in terms of the random component w. These type of hypothesis can be avoided with
the analytic approach. In fact, in this situation stronger results are given in [15], Theorem 8.5 and Remark 8.7,
where joint Hélder continuity is obtained.

For d > 1 and driving noise of the same kind that the one we are considering in this paper, joint Holder
continuity for the stochastic heat equation in its mild form has been obtained in [24]. The result, proved by
means of Kolmogorov’s continuity criterium, is an extension of the one stated in [28] for d = 1.

The analytic approach considers the formal SPDE in a weak form (see (6), (7)). Studying the relationship
between the weak and the mild formulation of the SPDE (see (24)) gives the possibility of transferring results
obtained in the analytic setting to the evolution scenary. The last part of the article is devoted to this topic,
in the particular case where the differential operator is self-adjoint and its coefficients are deterministic. In the
framework of a La-theory, for a Neumann boundary-value problem with a strictly parabolic divergence operator,
this question has been studied in [25].

1. SOME PRELIMINARIES AND NOTATION

We denote by D(R4*+1) the space of Schwartz test functions [22] (p. 24). On a complete probability space
(Q, F, P), we consider a Gaussian process { F(¢),#» € D(R%*1)}, mean zero, with covariance functional given by

B(F@).FW) = [ ds [ To)(o(s) « (s )@
= [ a5 [ wae)Fols, O FIGE.
R, R4

In (1), T' is a non-negative, non-negative definite, tempered measure, 1;(3, x) = (s, —x), p is the non-negative
tempered measure on R? defined by F~'T', where F denotes the Fourier transform operator. We notice that T
is a symmetric measure [22] (Chap. VII, Th. XVII).

For any test function f,g € D(R?), the functional

Qt) = [ T)f +a)

is non-negative and translation invariant, that means, Q(f,g9) = Q(7of, 7zg), where 7, f(:) = f(- + z) (see
Gel'fand and Vilenkin [10], p. 169).

Following Dalang and Frangos [4] (see also Dalang [5]) the process F' can be extended to a worthy martingale
measure in the sense of Walsh. We will denote by {F(t, A),t > 0, A € B,(R%)} this extension and by F; the
o—field generated by {F(s, 4),0 < s <t, A € By(R9)}.



382 M. FERRANTE AND M. SANZ-SOLE

Consider the inner product on D(R?) defined by
(b = [ T/ +5)o)

Let H be the completion of D(R?) with respect to the norm derived from (-, -),,. For any complete orthonormal
system (CONS) {e;,7 > 0} € D(R?) of H, define

/Ot /Rd F(ds,dz)eg (), (2)

k > 0, where the integral must be understood in Walsh’s sense. The process {W*(¢),t € [0,T],k > 0} is a
sequence of independent standard Brownian motions.
One can check that for any predictable process X,

//Rd (ds,dx) X (s, z) /Wkds $,)ser()) gy - (3)

In particular, for any ¢ € D(R?)
t o
F(t, ) := F(ds,d = , Wk(t). 4
@0)i= [ [, P00 = 3 (6:exd W40 @

Let p € (1,+00), n € R and d € N. We denote by H}} = H;}(Rd) the fractional Sobolev space consisting of
distributions g on R? such that there exists f € L,(R%) and g = (1 — A)~% f. It is a Banach space endowed

with the norm
[l = (1 = A)™2ull,

where | - ||, denotes the usual norm of L,(R?) and A is the Laplacian operator on R%. It is important to notice
that || - ||n,p < || - llm,p for n < m; this gives rise to the embeddings

m n —-n —m
.CH"cCH'C-.-CL,C---CH"CH,

When n € Zy, the spaces H} coincide with the classical Sobolev spaces W;'. Moreover, the space Cg° of
infinitely differentiable functions with compact support is dense in each H,'. We refer the reader to [2] and [27]
for an extensive account on these spaces.

2. SPDES WITH RANDOM COEFFICIENTS

In this section, we analyze a parabolic SPDE, with Lipschitz coefficients, driven by a noise F' as has been
described in Section 2, under the prespective of the general theory developed in [14,15]. More precisely, we
exhibit a relationship between the covariance measure I' and a fractional differentiability degree n leading, a.s.,
to jointly continuous solutions in time and in space.

The results might be considered as a complement of those in Section 8.3 in [15], where the spatial dimension
is d = 1 and the driving noise, white in time and in space. Their proof consists in showing that the assumptions
of Theorem 5.1 in [15] (see also Th. 3.2 in [14]) are satisfied.

For the sake of completeness, we start by quoting some basic material from [14,15].

Consider a fractional Sobolev space H};', with fixed p € [2,00), n € R. For any u € Hy, ¢ € C5°, we define

(0) = [ 1= A ul(@){(1 = )20l (w)d. ®)
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Let 7 be a stopping time with respect to (F;)¢>0 and P be the predictable o-field. Set H} (1) = L,(]0, 7], P, H}}),
H} := H(00). The spaces Hy (1) are a kind of stochastic fractional Sobolev spaces.
We also introduce the following notation:

(f.g) € Fp(r) if and only if f € H}(7), g € Hp™(7,1%), and we set [|(f,9)llzp(r) = [[fllmm(r) +
HQHHQH(T,P)
where Hg“(T, 12) correspond to the space of square summable sequences of elements of Hngl(T). We denote
by (wk(t),t € [0,T],k > 0) a sequence of independent standard Wiener processes.
Definition 1. (Def. 3.1 in [15].) For a distribution valued function u € Ny~ oHy (7 A T'), we write u € Hy ()
if
Uge € HY (1), (0, ) € Ly(92, Fo, H;_Q/p)

and there exists (f,g) € .7-‘;”2(7') such that, for any ¢ € C§°, the equality

(ult, ), 6) = (u(0,-), d) + / ds(f(s,),0) + 3 / W (ds)(g" (5. ), 9)
k=1

holds for all t < 7 a.s.
We set

lallreyry = lntallgs 2y + 1CF 9) L2y + BN, ).

Let us recall the result on existence and uniqueness of solution for stochastic partial differential equations of
parabolic type driven by a sequence of independent Wiener processes. First, we introduce some notation, then
the assumptions and finally, the statement.
Fix n € R and 7 € [0, 1] be such that vy =0 if n = 0,41, 42,...; otherwise, v > 0 and is such that |n|+ v is

not an integer. Define

B(RY) ifn=0

BIntr = L el YRY) if o= 41,42, .
CclM+v(RY) otherwise,

where B(R?) is the Banach space of bounded functions on R%, C!"I=1.1(R?) is the Banach space of |n| — 1 times
continuously differentiable functions whose derivatives of (|n| — 1)-st order are Lipschitz; C!"I*7(R%) are Holder
spaces. The spaces B|"‘+7(lg) are defined in the obvious way.
Consider the following equation on 0, 7]:
du(t, ) = [a" (t, 2)ugi 45 (8, 2) + f(t,2,0)] At + g*(t, 2, u)dwt. (6)
Notice that, in comparison with equation (5.1) in Krylov [15], we take here o* = 0.

By a solution to the Cauchy problem for equation (6) with initial condition wug, we mean a stochastic process
u € Hp (1) such that for any test function ¢ € C§°,

(ult, ), 6) = (u(0,),6) + / As(@9 (8, Yuigs o9 (5,7) + F(5 1), )

n / W (ds)(g" (5, u), 6), (7)

for all t € [0, 7].
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Let us introduce the following conditions on the differential operator and on the coefficients of the equation:
(A1): For any 4,5 =1,...,d,
aJ QxR xR —R
is P @ B(RY)- measurable.
For any w € Q a.s. and t > 0, we have a®/ (t,-) € B"*7 and ||a®/ (t,-)| gini+~ < K, where v > 0, n ¢ Z
are such that |n| + 7 is not an integer.
Moreover, there exist K,6 > 0, such that for any w € Q, t > 0, 2, A € R?,

SIN? < ab(t, )N N < K|\

(A2): For any u € Hg“, f(t,-,u), g(t,-,u) are predictable processes taking values in H;’ and H;}H(lg),
respectively.
In addition,
(1) (f(-,%,0),9(-,%0)) € ‘7:;771(7_)3
(2) f,g are a.s. continuous in the third variable u;
(3) for any & > 0, there exists K. such that for any u,v € H;H‘Q, t>0,

Hf(ta 'au) - f(ta ~,’U|

np T 9t 1) =gt 0)lns1p < ellu—vllniap + Kellu = vllnp,

a.s.

The next result is a particular version of Theorem 5.1 in [15].

Theorem 2. Assume that (A1) and (A2) are satisfied. Let
uo € Ly(Q, Fo, HYTH272/P),

Then the Cauchy problem (6) on ]0,7] with initial condition u(0,-) = uo has a unique solution u € Hy+?(7).
This solution satisfies

lullpgeagey < N 7G50 ligeoy + g (%, 0)

H2H (r,0p) T (E||“0Hfb+2—2/pm)l/p} ’

where the constant N depends only on d,n,v,p,d, K,T and the function K..

Consider now the equation
du(t,z) = [ai’j (t, @)Uy i (L, ) + bi(t, o) ug: (t, ) + f(t, 2, ult, :c))} dt + h(t, z,u(t,z))F(dt, z), (8)

with initial condition u(0,z) = ug(x), where t € Ry, z € R% and F is the Gaussian process introduced in the
preceding section. The coefficients f, h are random real functions defined on ]0,7] x R x R. Under suitable
assumptions, we shall prove that this equation can be set in the framework of Theorem 2 and deduce Holder
continuity of the trajectories of its unique solution.

Let us write (8) into the form (6). We consider a CONS {e;, j > 0} of H. We have,

(Bt ) ex) = /R D(da)(h(t, - u) * &) ()
= [ v ity [ Tt ). ©)

Rd

where in the last equality we have applied Fubini’s theorem.



SPDES WITH COLOURED NOISE: ANALYTIC AND STOCHASTIC APPROACHES 385

Therefore, the term h(t, z,u(t, z))F(dt, =) can be rewritten as g*(t, =, u(t,z)) W¥(dt) with
g (t. . u(t.2) = hitz.u(t, ) [ Tdenty - o)
R

and W defined in (2) (see (3)). Indeed, in the integral formulation, the contribution of the last term in (8) is,
for ¢ € C§°, f(f Jga F(dt,dx)p(z)h(t, z, u(t,x)). By virtue of (3) and (9),
t 0t
| [ Pt anotnte st o) = [ Wh@s) (e, utt. oo

0 JRd i—o’0
0 Lt
> [Fwtas) [ ay ntegutenow ([ ranae )
=00 Ré R¢

:ki;o/ot Wk (ds) (h(t,-,u(t,-))/Rd F(dw)ék(x—-)@) ,

2

where (-,-)2 denotes the inner product in L?(R%).
Set

wla) = [ Ty — o)

The following lemma provides a useful tool to apply Theorem 2 to equation (8), where h(t, x, u(t, z))F(dt, x) is
replaced by ¢*(t, z, u(xz,t))Wk(dt).
For any n > 0, we denote by R, 4(x) the kernel of the operator (1 — A)=/2 on R4, that is,

[(1 - A)_”/Qu} (x) = Ry,a * u.

It is well known that
n—d
Rya(e) = Cpale| 2 Kao(|2)),

where C,, 4 is the reciprocal of 7¢/22(4+1=2)/21'(1) and K, is the modified Bessel function of the third kind (see
for instance [7] and also [18] for a more detailed presentation). Notice that R, 4(x) is a radial function and that

Ry, a% Ryya = Ry 4z d

for any n1,7n2 > 0. Hence,

vyt = Bl = [ D(do)Raya(o). (10)
R
Lemma 3. Let n € (0,00), d € N be such that

%( < 00. (11)

Vid = [ Ryl
Let h € Ly(RY), g% = vph. Then g = {gx,k > 0} € H,"(l2) and
lgll—n.p = [IBlly < ClIll,, (12)

with B
h(z) = [ Ry,a(z = )hln

1/2
andC:Vn,/d.
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Proof. Fubini’s theorem and Parseval’s identity yield

1= &) g, = 3 (- A) 26 @)

- :fjj((Rn,d # (vgh))(w))
- g} (/Rd dyR,.a(x —y) (/}Rd I'(dz)éx(z — y)) h(y)>:
- %O (/Rd I'(dz) (/Rd dyR,, 4z — y)h(y)jk(z - y)))
_ % (1) (Ryata = ) (2))
=3 Ryale — Y, en)?, = | Ry.ale — b3,

k=0

Therefore,

1/p
ol = 10 = A) gl = ( [ asll = 2y 29l

1/p _
_ ( [ Bt - »m%) — Al
Rd

The second part of (12) is a consequence of Holder’s inequality. Indeed, first we notice that, since I is translation
invariant,

vn.d = || By.allt = [|Ry.alz — )l (13)

Then,

e = / de|[ Ry alx — I,
]Rd

Wl

= /Rd da (/Rd I'(dy) /Rd dzRya(z — (y — 2))h(y — 2)Ry.a(z — Z)E(z))

< [ @aiRyata =l

« UR T(dy) /]R 2Ry ot — (y — 2)) Byale — 2)|ly — z)ﬁ(z)ﬁ} .
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Thus, (13), Fubini’s theorem and Schwarz’s inequality and the invariance of Lebesgue measure imply

Ay <vist [ a | dz/ () Ry — =) B2
R4 R4 R4
x|y — 2+ )| [h(z — 2)| 2
p_1 ~ 1
< V;yd / I'(dy) (Rmd * Rmd) (y)(/ dz|h(y — z + $)|p) 2
R4 ) Rd
_ 2
y (/ dalh(z — x)|p)
Rd
= vy allPlI3-
This completes the proof of the lemma. (I
Remark 4. Let I'(dz) = d;03(2) and thus, || - || = || - [|2. In this particular case (12) has been obtained in

Lemma 8.4 of Krylov [15].
Proposition 4.4.1 in [18] establishes that, if

p(df)
fo e <
then (11) holds true.

The behavior of the Bessel function K, is well-known (see for example [1] and also [18]). In fact, in a

neighborhood O of 0,

log(r), ifv=0,

Ky(r) ~

r=IVb D ifu £ 0.

While away from zero,
K,(r)<C, e

This leads to the following conclusions, which have already appeared in previous discussions on different classes
of SPDEs (for instance, in [23], [18]).

(1) Assume 0 <7 < £. Then
Upd < +00 & / |z[*7~9T (dz) < +oo0.
O+

_d
(2) Let n = §. Then
1
Und < +00 & log ( ) I'(dz) < +oc.
o+ ||
(3) Iftn > %. Then v, q < +o00, without any additional condition on I'.

Example 5 (Riesz kernels). Set I'(dz) = |z|~%dz, with a € (0,d). Then, for 1 € (0, ], vy, < +00 if and only
if a € (0,2 A d).

Let us now introduce the set of hypotheses to be assumed in order to prove existence and uniqueness of
solution for (8) and Hélder properties for its paths. Given 1,72 > 0, we denote by C772([0, ] x R?), the space
of real-valued functions defined on [0,t] x RY, jointly Hélder continuous of order 7; in its first variable and ~y,
in its second one.
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(H1): Foranyi,j=1,---,n,a", b : QxR xR — R are P ® B(RY)-measurable; there exists n € (0,1)
such that, for any w € Q a.s. and t > 0, aJ (w,t,-) € C*(RY), a € (1 +1,2), b (w,t,-) € COL(RY), and

sup [[la(t, )[lce + [[b(L, *)[[con] < k.
t>0

There exist K, 8 > 0, such that for any w € Q a.s., t > 0, 2, A € RY,

d
SIAP < D I (tm)N N < KNP

i,j=1
(H2): f,h: QxR x R x R — R are such that, for any x and u, f(-,z,u), h(-,z,u) are predictable and

sup [|f(t,:c,u) - f(ta z, U)| + |h(ta z, u) - h(t,x,v)” S k|u - U|a
(w,t,z)EQXRLRE
for some positive constant k, a.s.

We recall that, for o € (1,2), C is the space of continuously differentiable functions whose partial derivatives
of first order are {a}- Holder continuous, where o = [a] + {a}, [a] meaning the integer part of a (see [27]); CO!
is the space of Lipschitz continuous functions.

In the proof of the next theorem we will use the following Remark 5.5 of [15]:

For any u € HI’}"’Q, m € [n,n+ 2] and € > 0, we have

1-6

ullmp < Nlulfopluli,

_ o
< Nbellullnya,p + N(1 = 0)e™ 7 [|ulln,p,

where 0 = 75 and N depends only on d, n, m and p.

In the following theorem 7 denotes a fixed stopping time with respect to the filtration {F;,t > 0} defined in
Section 2.

Theorem 6. Assume (H1), (H2), and that there exists 1 € (,1) such that

Vn.d = || Ry.all3 < +o0.

We also suppose that, for some p € [2,4+00) the following conditions are satisfied:
g2
(a): Ug € Lp(Q,fo,H; K p),
(b): ]
I°(7) = Er[jg dt(nfxtf,o>npln4,+nﬁ<u~,o>nz)] < +o0, (14)

where

h(t, 2,0) := |[Ry,a(z = )h(t, -, 0)||%- (15)
Then, in the space Hy~"(7), equation (8) with the initial condition ug and coefficients satisfying (H1), (H2)
posseses a unique solution u. Moreover,

lullygy -y < € (1) + (ECluoly_,_5)7)) (16)

where the constant C' depends on n, d, «, p, §, k and T.
In addition, if conditions (a), (b) are satisfied for any p > 2 then, the trajectories of u belong to the space of
Hélder continuous functions CY72([0, 7] x RY), a.s. with 1 € (0, 1—571), v2 € (0,1 —n).
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Proof. The existence and uniqueness of solution will follow by applying Theorem 2 to
ft,m,u) i= b (t, 2 ug: (t, x) + f(t, 2z, u(t,x)),

g~ (t,z,u) == h(t, z,u(t, z))v(z),
and by taking n = —(1 + 7). In fact, we will check that the hypotheses (A1) and (A2) are satisfied.
Since n € (-2, f%), we shall consider as space B™*7, with v > 0 and |n| + v not an integer, the space
C*(RY), with o € (1 +1,2).
Set f(t,z,u) = b'(t,x)uy: (t,x) + f(t,x,u(t,x)); we have to check the following conditions for n = —(1 + )
(see Assumption (A2) before):
(1): For any u € Hp"2, {f(t,-,u),t > 0} is a predictable process with values on H}'.
(2): f(-,%,0) € H}, a.s.
(3): f is a continuous function in u a.s.
(4): For any & > 0, there exists K. such that, for every u,v € H;H’Q, t,w,

H?(tv Hu) — ?(t, '7U)||n,p <ellu— UHn+2,p + Kellu — U”n,p-

The predictability of f clearly follows from the same property of b and f.

Let u € H}"2; then u,: € Hy*'. Notice that, since [n + 1| € (3,1), the space BIn+11+7 coincides with the
space of the a-Hélder continuous functions for some « € (0, 1). Since C%!(R?) C C*(R?), Lemma 5.2 in Krylov
[15] applied to b and w yields

Hbzuxl

ntlp < 6] gim+114+ || 1z ntl,p < +00. (17)

Thus biug: € Hy.
Moreover, u € L, and the Lipschitz condition of f with respect to u implies f(u)— f(0) € L, C H}}. By (14),
f(t,-,0) € H) a.e. on J0,7]. Therefore, (2) holds. In addition

|f(t7 7u)| < k'“l + |f(t7 '70)|'

This proves f(t,-,u) € Hy and thus flt,-u) € Hp as well.
Since n < —1, applying again Lemma 5.2 in [15], we have

[Witgillng < 5iuail| -1 < [Bllcns s 1.5
(18)
< Kllullp = Kllulnr2sr-1

where in the last identity we have used that n 4+ 2+ n — 1 = 0. This fact, together with the Lipschitz property
of f with respect to u, prove (3).
We also have

Hf(ta 'au) - f(t7 '7U)||n,;v < ||f(t7 '7u) - f(ta 'av)H;D < KH“ - UHP' (19)
Then
Hf(tv '7”) - f(tv '7'0)”717;0 <A+ B,
where
A=|ft,u) = f& - 0)lnp < Ku—wvllp,
B = ||b"ugi — b"vgillnp < Kju—vl[p,

by (19) and (18), respectively.
We now apply the above quoted Remark 5.5 of Krylov [15] to m =n+2+n—1= 0. Notice that § = —2Z > 0,

2
1-60= 2"'7" > 0, —% = 545, <0. This yields property (4).
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Concerning the coefficient g(t,z,u) = {h(t,z,u(t, z)vr(x)} x>0 we have to check first of all that, for any
u € Hg“, {g(t,-,u),t > 0} is a predictable process with values on HZ)LJFI(ZQ). This is a simple consequence of
the fact that h is predictable and vy (z) is deterministic. Moreover, since h is Lipschitz, it is immediate also to
prove that ¢ is a.s. continuous in u.

Let us now prove that g(-, *,0) € H;H_I(T, l3). Since n + 1 = —n, Lemma 3 yields

Hg(tv '7u)||n+1,p < Hg(t7 '7u) - g(ta K O)H?H-L;D + Hg(t7 K O)HTH-LP
< Hh(ta ) u) - h(ta K O)HP + Hh(ta K O)HP
< l[ullp + [[A(E, -, 0)||p < +o00

and _
|n+1,p = Hh(ta ) O)”pv

with h(t,-,0) defined in (15). Thus

ot Oy = E( [ ot 012 02)

E(/ [Tz, =, 0)[t) < +oc,
0

by (14) and we obtain g(-,*,0) € Hy (7, l2).
It remains to check that for any € > 0, there exists a constant K. such that, for any u,v € Hg“, t,w,

lg(t, - u) = g(t, -, v)llns1p < €llt = vllny2p + Kellu = vl[n,p-
Applying again Lemma 3 and the Lipschitz property of h, yield
lg(t, - u) = g(t, -, V)llns1p < CllA(E, - u) = h(t, -, 0)]p
< Kllu—vlly = Kl = ollas2sq-1-

Then the above property follows, as for f, from the above-mentioned Remark 5.5 in [15].

This finishes the proof of the existence and uniqueness of solution for equation (8) in the space Hé_”(r), and
of the bound (16).

Let us now check the Holder continuity of the trajectories of the solution, in a similar way as in Remark 8.7
in [15]. Let p > 2, % >p[A>a> %. Then by Theorem 7.2 in [15], a.s.

wecrr(o, 7], HY20),

The space H;_"_% is embedded into C7(R?) for v < 1—n—28— %, whenever 1 —n—283— % > 0 (see for instance
Theorem E.12 of [26]). Thus, taking p big enough and «, § small, we prove that u is v9- Holder continuous in z,
with 72 < 1 —mn, uniformly in . On the other hand, the conditions § < %, 1—-n—28- % > 0 are simultaneously
satisfied for p big enough whenever § < 1—5” A % = 1—;71 Thus w is Holder continuous in t of order 1, < 1_;71,

uniformly in z.
This finishes the proof of the theorem. O

Remark 7. The assumptions of Theorem 6 ensuring Holder continuity are satisfied if, for instance, ug(w,-) is
a.s. a C* function with compact support and f(t,z,0) = h(t,z,0) = 0.
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3. MILD FORMULATION: RESULTS ON THE EXISTENCE AND UNIQUENESS OF A SOLUTION

In this section we consider the formal expression (8), but now, we assume that the coefficients a,b are
deterministic. More precisely, we fix a finite time horizon T' > 0 and we assume the following set of assumptions:
(H1): @™, : [0,T] x R* - R, 4,j =1,...,d are $-Hélder continuous in ¢ € [0, T], a-Hélder continuous

in z € R?, for some a € (0,1). In addition, for any A € R?, there exist K,§ > 0 such that

SIA2 < abi(t, p)NN < KN (20)

(H2'): f,h: Q2 x[0,T] xR x R — R are such that, for any x € R? and u € R, f(-,x,u), h(-,z,u) are
predictable processes satisfying the Lipschitz condition

sup [|f(t,:c,u)ff(t,:c,v)|+|h(t,m,u)7h(t,x,v)|] §k|ufv|a
(w,t,x)€QX[0,T] xR

for any u,v € R.

Following classical approaches on SPDEs, one can think of equation (8) with the initial condition u(0, z) = ug(x)
as a stochastic Cauchy problem

Lu(t,x) = f(t, z,u(t,x)) + h(t,z,u(t,z))F(dt, dz)
(21)
u(0, z) = up(x)

where L is the second order operator with coefficients depending on ¢ and z, acting on functions defined on
[0, T] x R?, given by
d
9 i
Ezafz ’Jtmafx] Zb (t, )0y, - (22)
i,j=1
By virtue of (20) the operator £ is uniformly parabolic in [0, 7] x Rd (see [17], p. 11).

Let G(t,x;s,y) be the fundamental solution of Lu = 0. G is a function defined on [0,7] x R% x [0, 7] x
RN {(s,t) : 0 < s <t < T}. Under the above assumptions on the coefficients of £, G is continuous in all
its variables and for any fixed s € [0,7T], y € R4, G(-,*,;s,y) is twice continuously differentiable in z, once
continuously differentiable in ¢ and satisfies the estimates

. o 2
043¢ G(t,w:5,4)| < Ct— )" 2 exp (Cu> =

t—s
where p = (p1,...,pq) € NG v € N, |p| + 2v < 2, with |u| = 2?21 w; (see (13.3), p. 376 in [17]). Moreover, G
is a positive function (Th. 11 in [9]).

Let us now introduce the notion of mild solution. A predictable stochastic process {uM (¢, ), (¢t,z) € [0,T] x
R?} is said to be a mild solution to the stochastic Cauchy problem (21) if it satisfies the equation

M z) = x; U
(ta) = | G250, 9)uolw)
/ F(ds,dy)G(t, z;5,y)h(s,y,u™ (s,y))

Rd
/cb/<mGtxsyﬁ@y, M(s,y). (24)
Rri

Notice that, in order to give a rigourous meaning to equation (24), we must specify the space where the
solution belongs to.
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Using the CONS {ey, & > 0} of H introduced in Section 2, the stochastic integral in (24) can also be written as
00 ot
Z / Wk(d8)<G(t7 x;s, ')h(S, K uM (57 ))7 ek)a
k=00

with WE(t) = [ [oq F(ds, dy)er(y).
In the sequel, we denote by Go(t, z) the d-dimensional Gaussian density, zero mean, with variance ¢ Id,,. The
inequality (23) implies

G(t,2y5,y)| = G(t, 258,y) < C1Go(Ca(t = s), (z — y)),

for some positive constants C1, Cs.
Morevoer,

/O ds/]RdF(dz) (Go(s,x—-)*GO(s,x—-))(z):/O ds/Rd J(dE)|F Gt —s, ) (€) 2 SC/W 1“+(d|‘*22 < oo, (25)

In order to compare mild and weak solutions, we need a theorem on existence and uniqueness of mild solution.

Theorem 8. Fizp € [2,00). Assume (HI'), (HZ) and

E

T
/O dS(IIh(SmO)IIZJrIf(s,y,O)IIZ)] < 0. (26)

Suppose also that ug € L,(R?) and

p(dg)
<
/Rd 1+JeP =7
Then, there exists a unique stochastic process {uM (t,z), (t, z) € [0, T| xR} that belongs to L,(Q2x[0,T]; L,(R))
and satisfies (24).

Proof. We shall divide the proof into two steps. First, we prove that the mapping defined on on L,(Q X
[0,T]; Ly(R)) by

Tu(t,z) = /Rd dyG(t, z;0,y)uo(y)
[ P dnGita b))
+ [as [ ayGtais s ptsn) 1)

takes values on the same space. Secondly, we check that this map is a contraction.

Step 1. Let u € L,(2 x [0,7]; L,(R%)); then,

T
0 R4



with
p

)

/ y F(ds,dy)G(t, z; s,y)h(s,y, u(s,y))

t
ds
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T
T = / dt/ dx / dyG(t, z; 0, y)uo(y)
0 Rd Rd
T p
TQZ/dt/de( )
0 Rd
T P
T3 :/ dt/ de( dyG(t,fc;s,y)f(s,yvu('s’y))D
0 Rd Rd
Holder’s inequality, the properties of G and Fubini’s theorem yield
T p—1
tis [Ca [ ar( [ aceaon) [ a0 o)
0 Rd Rd Rd
p—1 T
<  sup (/ dyG(t,w;Ow)) / dt/ dy |uo(y)|”
(t,z)€[0,T]xRd \JRd 0 Rd (28)
x/ dzG(t, z;0,y)
Rd »
<C sup (/ dyGo(t,x — y)> [|uol < oo.
(t,z)€[0, T xR? R4

To deal with Ts, we apply Burkholder’s inequality, then Hélder’s inequality; we obtain

T t
Ty §C/ dt/ de(/ ds/ F(dz)/ dyG(t,z; s,y)h(s,y,u(s,y))
0 R4 0 Rd Rd

X G(t7x757y - Z)h(say - Z,U(S,y - Z)))

T t
SC’/ dt/ de(/ ds/ F(dz)/ dyGo(t — s,y — x)
0 Rd 0 R4 R4

x@@&yz@M@wm@wMM@wzm@wzm)

gC/OTdt/Rdd:c(/otds/RdF(dz)(Go(ts,-m)*éo(ts,-:c))(z)>

t
x/ ds/ F(dz)/ dyGo(t — s,y — 2)Go(t — s,y — z — x)
0 R4 R4

XEOM&%U®wDﬁW®wzm@wz»l> (20)
Then, owing to (25),

T t

T SC’/ dt/ dx/ ds/ F(dz)/ dyGo(t — s,y — )Go(t — s,y — z — x)

0 R o Jre R i
< (h(s,y, u(s, ) F (s, y = 2 u(s,y = 2)[F)

[NIS]

NS
|
—

(NS}

Since the covariance functional is translation invariant, the last expression is bounded by

/dt/Rdd:E/ ds/Rd (dz) /RddyGo(tfsy)Go(tfsy )

xE(|hsy+x u(s,y+ )| % |h(s,y — 2z + =, u(s, y—z+x))|§>
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Applying Fubini’s theorem and Schwarz inequality yields

T t
T < C/ dt/ dx/ ds/ F(dz)/ dyGo(t — s,y)Go(t — s,y — 2)
0 R4 0 R R4

x E(|h(s,y + z,u(s,y +2)|% |h(s,y — 2+ z,u(s,y — 2+ x))|?)
T t
<C dt/ ds/ F(dz)/ dyGo(t — s,9)Go(t — s,y — 2)
0 0 Rd Rd
< B( [ dslhs,y +a,u(s,y+ 0)P)
Rd
X E(/ dzlh(s,y — z + z,u(s,y — z+m))|”)%
Rd
T t
= C/ dt/ dsE(/ dz|h(s,z, u(s,z))P)
0 0 Rd
/d T(d2)(Go(t — 5,-) % Golt — 5, ))(2) (30)
R
where the last identity holds by the translation invariance of Lebesgue measure.
The Lipschitz continuity of h yields
E </ dx|h(s,x,u(s,x)|p) <CE (Hu(s, )||£ + ||h(s, -,0)||£) . (31)
Rd

Hence, by (25) and (26),

T2<Cl/ dt/ asE (Jlus,)|2) +02/ dt/ asE ([[hs, - 0)||2) )

< Cillullz, x0,1;L, ®e)) + Cs.

The analysis of T3 is simpler. Indeed, Holder’s inequality implies

T t P
T5 S/ dt/ dx (/ ds/ dyG(t,x;s,y))
0 R4 0 R4

x /O ds /R dyG(t,zis,y) B (| s,y u(s.y)")

T t
<c / dt / o / ds / yG(t w5, ) E (£ (5.9, uls 9)P).

sup / dy G(t, x; 8,y) < 0. (33)
R4

0<s<t<T,zE€R

-1

since

Then, Fubini’s theorem yields

T t
T5 < C/O d?f/O ds/RddyE(|f(s,y,u(s,y))|p) /Rdde(t,x;s,y)

o[ "t / ds [ B (7w atsl).

IN
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The estimate (31) with h replaced by f and (26) imply

T

1< [ ar [ as{B (Juts ) + 1501 ”

< Chllullz,@x(o,13;L, (R)) + Ca-

Then, (28), (32) and (34) give

1T ullz, @x(o,1);L, ®e)) < CullullL, @x(o,7);L, ) + Co-

This completes the proof of Step 1.

Step 2. The mapping 7 has a unique fixed point in L, (2 x [0, 7T]; L,(R%)).
Indeed, let uy,us € Ly(2 x [0,T]; L,(RY)). Proceeding as in Step 1 and by virtue of the Lipschitz property
of f and h, we obtain

t
1Tur = Tually onio0.:n, @may) < 01/0 dsflus = u2llZ, oxfo,s);m, @)

forany 0 <t <T.
Consequently, for N big enough, the N-th iterate of 7 is a contraction on L, (2 x [0, T7]; L,(R%)). O

For any p € [2,00), let B, be the Banach space of real-valued predictable processes such that

sup E(lu(t, z)|P) < oo.
(t,z)€[0,T] xR4

With arguments not very far from those applied in the proof of the preceding theorem, we can obtain the
following result, which gives existence of a random field solution to (24). The details are left to the reader.

Theorem 9. Fizx p € [2,00). Assume (HI'), (H2') and

T
/ ds sup E (|h(s,5,0)” + |/ (5.9, 0)[") < oc. (35)
0 yeRY

Suppose also that ||upllec < C and moreover,

p(d§)
/}Rd1+|£|2<oo. (36)

Then, there exists a unique stochastic processes {uM (t,z), (t,x) € [0, T]|xR%} belonging to B, and satisfying (24).

4. EQUIVALENCE BETWEEN WEAK AND MILD FORMULATIONS

We devote this section to study the relationship between the notions of solution introduced previously, for
some particular classes of spde’s. As a consequence, we deduce path properties of the mild solution. We start by
giving an equivalent weak formulation. Then, we compare the weak and mild formulation when the differential
operator is self-adjoint and has non random coefficients.
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Let us consider equation (8) written in terms of the sequence {W* k > 0} of independent Brownian motions,
that is

du(t,z) = [aiJ (t, x)uxi,a;j (t,z) + bi(ta T)ugi (1, Z)]
+ f(tzult, 2)dt + g (4w ult, @) WH(d), (87)

t € [0,T], with initial condition (0, -) = uo.
We have proved in Theorem 6 the existence of a unique function-valued stochastic process {u(t),t € [0,T]}
satisfying

(u(t7 ')7 ¢) = (UOa ¢) +/O ds(aiJ(Sa ')ux",xj (Sa ) + (bi(sa )U’l’ (57 ')7 ¢)

+ / ds(f (s, uls, ). ) + / W (ds)(g" (5, u(s, ), ), (38)

for all ¢ € C§°(R?), with the pairing (-,-) given in (5). We shall say that the process u is a weak solution of
equation (38).

The next proposition establishes the equivalence between testing against functions depending on z and
functions depending on ¢ and x (see Th. 1 in [25] for a similar result in a different context). To fix the notation,
denote by Ctl,f-;o the space of functions f : [0,7] x R? — R of class C! in ¢, C? in z, with compact support, and

by Ctl,’f;exp a similar class of functions where the property of having compact support is replaced by the property
of being rapidly decreasing (the functions and their derivatives).

Proposition 10. We assume that the assumptions of Theorem 6 are satisfied. The stochastic process u is a

weak solution if and only if for any function ® € Ctly’j;exp, the following identity holds:

(ult, ), ®(t, ) = (up, (0, ) + / ds(u(s, ), Ds(s, )
" /O ds(aid (Sa ')uxi,xj (57 ) + bl(sv )u:cl (Sa ')a @(s, ))

t t
b [ st (o) B ) + [ WHAS) s, (s, ), B, ) (39)
0 0
Proof. The “only if” part is trivial. To complete the proof, we proceed into three steps.

Step 1. Let us prove the result in the case where

o(t, ) = p(t)o (),

with ¢ € C([0,7T]) and ¢ € C3(R?).
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In equation (38), we set ¢ = o, multiply each term by ¢'(¢) and then integrate on (0,¢) with respect to o.
We obtain

Adwﬁwm@m@:¢@wm@—wmwww

+ dO’(p/(O') /OJ ds(aiyj(sa ')umi,xj (Sa ) + bi(sa )uaﬂ (57 ')7 ¢)

®¢%ﬁlahﬁwmuwﬁ%@

+

+
o— — S—

dog'(o) [ WH@) (o5l ). 0).
Set
L= /0 dop (U)/O ds(a™? (s, Jugi 4i(s,+) + b (s, Jugi(s, ), 9),

Iy :/0 dO'CP/(O') /Ogds(f(sa'au(‘g?'))’(’b)’
I3 :/O dU‘PI(U) /OU Wk(ds)(gk(s,-,u(s,-)),(f))-

Integrating by parts we obtain,

t

Il = I{ - /O dS(p(S) (ai’j (Sa ')uzi,zj (Sa ) + bl(sv ')uzi(sa ')a ¢)7
b=%—AdW@UGmM&M@,
hz%*AWW®M®®%mM&M@,

with

I = p(t) /0 ds (ai’j(s, Vg 2 (8,7) + b (8, Jugi (s, ), ),
I = plt) [ ds(f(svnuts ). 0).
5= o) [ WH@s) (5. (s ). 0).

Thus, noticing that

o(t)(uo, &) + I + Iy + Iy = o(t)(u(t, ), ),
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/dg(u(ga')aaaq)(ga')):/ dO’(pI(O')(U(O',~),¢)
0 0

= G(B)(ut, ). 6) ~ £(0)(u0,9)
~{ [ d06(0) (00 100, + B0 s (0:),9)

0

we obtain

o [ et -t 9,0
+ / W (do)p(0) (9" (0 u(o)), 9) }

yielding (39).

Step 2. We now prove the result for & € Ctl,f,o. For any compact set X C R? and any function ® defined on
[0,7] x R%, set

[®lx = sup (8, )| + |0:2(t, )| + > |oF(t,2)]
(t,x)€[0,T]xK |k|<2

Fix m > 1. For any function ® € Ciio, there exists a polynomial

Z c ,ﬁ x® (40)
@,3>0
a = (a1,...,aq), such that || — pn|c < %, where we have assumed that the support of ® is included in
[0,T] x K (see e.g. Kirillov and Gvishiani [12], p. 77). For simplicity, we will remove the subscript K in the
norm || - ||c.

We have proved in Step 1 that (39) holds with ® := p,,. Set ¥, (t,2) = pp(t, ) — P(t,2). We now check
that the L'(Q) norm of any term in (39), when ® is replaced by v, (¢, ), tends to 0 as m tends to infinity.
This shall finish the proof of the proposition.

Indeed, let us first prove that

lim E(\(uo,wm(o,-))\) =0. (41)

m— 00

Holder’s inequality with % + % =1 yields
_0 _
E(| (w0, ¥ (0,)]) < E(/Rd da|(1 = &) % uo(@)]|(1 - &) F(0,2)])
< E(HUO”no,p) [9m (0, )| =no,q- (42)

Assume first ng:=1—n— = > 0. Since,

C
om0, )| =no.q < Clleom(0,)lg < Cllehm (0, )] < —,

m

for any ¢ € (1, 00), the inequality (42) yields

)

E(] (1o, m(0,) ) s%

yielding (41).
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Assume that ng:=1—1n— % < 0. The restrictions on 1 and p yield in this case —ng € (0, 1). Therefore,

[ (0, )| —no.q < Cl[¥m(0;-)ll2,4
<m0, )llg + [[A¢Pm (0, )llg < —

m

12

Then we obtain (41) from (42).
Set mg =1 —n. Notice that my > 0. Then, as we did before for the case ng > 0,

c. (43)

(‘/ds 5:); Ostfm (s, ))DS/OtdsE(llu(&-)Ilmo,p)llaswm(s,-)||_m0,qg

As in the proof of Theorem 6, we set n = —(1 4+ ). From Lemma 5.2 [15], it follows that

E(/Otd8<llai’j( Vit i (5, )10y 1167 (s, Y (s, )||n+1p)> < oo.

Then, since n + 1 < 0 we obtain

O/d%aﬂ, yw@>+w@mWw»m%@aﬂ>§%~ (14)

1f (s, uls, Dlnp < C(llullp + (s, 0)llnp)-

Consequently, since —n € (%, 2), using (14) we have

Following (19),

B(| [ as(56ssuts ot ) < [ EQ s, D) Wi na < S0 45)

We now deal with the stochastic integral by considering the L?(Q)-norm. The isometry property of the stochastic
integral yields,

t 2 oo t
F(gk (s, uls, - m (S, = s (g% (s, u(s, ), hm(s,- 2.
(ymw<ﬂ<mw<>4 ;Eéd@< (5))s (5. )

Using Schwarz’s and Hoélder’s inequalities, this last expression is bounded by

sup (11— 8) F (5. | (1= 8) Fu )| [ as (;;|OA>¥gWs~nms~»F>

s€[0,T]

(see [15], p. 192). Hence,
2

C
< 2.
m

[ F(gk (s, u(s, - ;-
E;Aan@«,«»%m»

With the estimates (41)—(46), we finish the proof of this step.

Step 3 Having established the validity of (39) for functions ® € Ctl,f,o, we finally prove it for functions
deC)

tzexp
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For any non-negative integer r, set

@y = sup (L [z)" | Bt )|+ |0:D(t, ) + > oot 2)] | - (47)
(t,z)€[0,T] xR4 |k|<2

Fix r and m non-negative integers. Following the same proof as that of Theorem III, Chapter VII in [22], we
can find a function ®,, € Ctl,f,o such that [|[® — @y, () < &+
For any ¢ € [1,00), 7 > d, and any real function ¢ defined on R¢, we have

llly < € sup ((1+[2])7 [(@)]) - (48)
z€R4
d
Indeed, [q T < o©
Hence, the arguments in the proof of Step 2 remain valid for ¢, := ® — ®,,, substituting the norm | - || by
|l ll¢ry given in (47) and using (48).
This finishes the proof of the proposition. (I

We want now to prove that if a process {u" (¢, z), (¢t,z) € [0,7] x R?} satisfies the weak formulation in the
sense of (39) then, it also satisfies the mild formulation. To obtain this result, we restrict the class of operators.
More precisely, we assume that £ given in (22) is self-adjoint and also the following conditions on the coefficients:

(H1"): a»9,b%, 0,, a ’J,é)%k 0 a0, b : [0,T] x RY — R, i,4,k,l = 1,...,d, are bounded functions, g-
Hélder continuous in ¢ € [0,7] and a-Holder continuous in # € R¢, for some a € (0,1). In addition, for

any A € R?, there exist K, > 0 such that

d
SIAP < ) at ()N < KA
i,j=1
Notice that (H1”) implies that the coefficients of the operator £ given in (22) satisfies the asumption (H1) of

Theorem 6.
Let £* be the adjoint operator of L (see [9], p. 26), that is,

d
L pult,z) =~ — Z i s (a9 (8, 2)ult, 2)) + D O, (V' (3, 2)ult, 2)).
7,j=1 =1
Under assumption (H1”), for every fixed t € [0,T], y € R,
L .Gt y;s,2)=0 (49)

(Th. 15 in [9)).
Consider a function v € C§°(R?), with compact support K C R?. Fix t € (0, 7] and define v* : [0,] x R? —
R by
v(x), if s =t,

t _
vi(s, ) = / dyo(y)Glt, z:5,y), if s <t,
]Rd

(50)
r € R
Using (49) it is not difficult to check that v*(s,z) belongs to C;:
Let us now prove the following auxiliary result.

tzexp
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Lemma 11. Let {u" (¢, 2), (t,z) € [0,T] x R?} be a process satisfying the weak formulation given in (39). Let
vi(s,x) be the function defined before. Then, the following identity holds

(uw(tv ')7U) = (UQ,Ut(O, )) +/ ds(f(57 '7“W(Sa ))a 'Ut(sv ))

t 0 (51)
" / WH(d8) (g (5, ™ (5, ), 01 (5, ).

Proof. Since v' € Ctl,’f,exp, (39) holds with ® = v*. Proposition 10 tell us that proving (51) is equivalent to check

0— / ds(u (s,), D' (5, )
v ds(@® (s, ¥ () + 8105, ¥ (s, ), 05, )
= [ st .9.0016.)
+ /O t ds(u® (s, ), 82, . (aP7 (s, 0" (5,-)) — By (b'(5, )0 (s, ")) (52)
By the definition of v* this reads

0= /Rd dy ’U(y)/o ds (u"' (s, ), LE Gt 8,y)). (53)

Since L is a self-adjoint operator, G is symmetric in (z,y). Consequently £} G(t,-;s,y) = L: G(t,y;s,-) =0
for any y € R, ¢ > s. This clearly implies (53). d

Proposition 12. We assume that the above hypothesis (H1") and (H2) of Theorem 6 are satisfied. Let

{uW(t,2), (t,z) € [0,T] x R4} be a weak solution in the sense of Proposition 10. Then, for each fived t € [0,T]
and any xr-a.e.

uW(t,:c) = (UO; G(t,:n;O, )) +/ ds (f(sa '7UW(Sa ))a G(t,l’; S, ))
0

+ /0 Wk(ds) (gk(s, Su(s,-),G(t, x; s, )) (54)

Proof. For a fixed t € [0,T], we write the expression (39) with ®(s,z) = vi(s, x), defined in (50). By virtue of
Lemma 11 we obtain

@) = (w0 [ ans0) + [ as( a6, [ anwci )
b [ W) (o 6, [ anie ).

Fubini’s theorem implies

W t.).0 = |

R

dyU(y) |:(UO;G(t,0ay)) +/0 ds(f(s,,uw(s,)),G(t,,s,y))

+ /o Wk(ds) (gk(s, SuW(s,-)),G(t, s,y))} i
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Consequently, for any « € K, a.e. with respect to Lebesgue measure,

uV(t,z) = (uo, G(t, -;O,x)) —|—/O ds (f(s, Su (s, ), G(t, - s,x))

+ / Wk(ds) (gk(sa " UW(Sv ))7 G(ta 5 S,l‘))
0

Since G(t,z;s,y) = G(t,y;s,x), for any s < t and x,y € R%, and K is arbitrary, this is equivalent to (54). O

The next result, which is the main conclusion of this section, states that, if there exists a function-valued
solution in the weak sense, then it must coincide with the mild solution. We need simultaneously the validity
of the assumptions of Theorems 6 and 8 and Proposition 12. More precisely, we have the following theorem.
Theorem 13. Suppose that

(1) The operator L defined in (22) is self-adjoint and its coefficients are deterministic.

(2) The functions a7 ,b?, 0y, a7 ,02 a7, 8, b" : [0,T] x R* — R, 4,j,k,l = 1,...,d, are bounded, §-
Hélder continuous in t € [0, T and a-Hélder continuous in x € R?, for some o € (0,1).

(3) For any A € RY, there exist K,§ > 0 such that

d
SN < D7 ai(t )NV < KA
i,j=1
(4) The coefficients of Equation (8) are predictable processes

fih:Qx[0,T]xRExR =R

such that the following conditions hold:
(a) For any u,v € R,

sup Hf@t z,u) — f(z,0)] + bt z,u) — h(t,z,0)[} < klu—vl.
(w,t,2)EQX[0,T]x R4

(b) For some fized p € [2,00),

E (/O ds (||a(s, -, 0)[1% + ||f(s7-70)||£)> < 0.

(5) There exists n € (%,1) such that

p(dg) ~
/Rd A+ey =

2
(6) wo € Ly(RYNH, " 7.

Then u™ = uM as processes in L,(Q x [0,T]; L,(RY)). Consequently, w-a.s., u"V (t,z) = uM(t,2), a.e. with
respect to Lebesgue measure on [0,T] x R%.
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Remark 14.

(1) The above hypothesis 5 implies that ||R,; 4|l < co.
Under this condition, we have proved in Lemma 3, that ||Al|, < C||hl|,, where h(z) = || Ry a(z — )h/#.
Therefore the assumption 4 (b) implies

T
E/ ds|[B(s, -, O)||%, < oo,
0

(see (14) in Th. 6).
(2) From the relation || ||np < || [lm,p, 7 < m, it follows trivially that ||- || —1—yp < ||-||p. Thus, assumption
4 (b) implies
T
B [ sl s 0l < o
(see again (14) in Th. 6).
(3) The above remarks show that the assumptions of Theorem 6 and of Theorem 8 are fulfilled. Hence, the

existence of u" satisfying the weak formulation of equation (8) and u™ satisfying the mild formulation

is assured.
Notice that
Hy"(T) C Lyp(2 x [0, T]; Ly(RY)).

Proof of Theorem 13. Equation (54) can be now written as
W(t.) = [ dyun6(.a0)
+ /Ot ds /Rd dyf(s,y,uw(s,y)G(t,ac;s,y))
+ /Ot Wk(ds) /Rd dyg"® (s,y,uW(s,y)G(t,x;s,y)).

We next prove that
T
E </ dtf|u™ (¢, ) = uM(t, -)IIZ) =0. (55)
0

Indeed, from the equations satisfied by u" and u™, respectively, it follows that

0

T
B ( |t e - e ->||g> < C(I + ),
with

Ry =E/0Tdt/Rd dx}/otds/w dy(f(s,9,u™ (8, 9)) = f(s,9,u™ (t,y)))

p
)

x G(t,x;5,y)

Ry = E/OT & /Rd dx‘ /Ot W (ds) /Rd dy(g" (s, 9, u™ (t,9)) — 9" (5,9, u™ (¢, 9)))
X G(t,:ﬂ;s,y)‘p
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Following the arguments of the proof of Theorem 8 and by virtue of the Lipschitz assumptions on f and h, we

obtain
T ¢
Ri+ Ry < C/ dt/ dsE (/ dz|u® (s, z) — uM(s,x)V’) .
0 0 R4

We conclude by Gronwall’s lemma applied to the function

(r) = (a9~ 1)
for T > 0. _

The conclusion of Theorem 13 can be strengthened assuming, for instance, instead of 4(b), that f(¢,z,0) =
h(t,z,0) =0 and ug € ﬂngLp(Rd). Indeed, in this case it has been proved that a.s.

uV e ¢ 2([0,T) x RY),

M

with v, < 1;—", 72 < 1 —n, and we can show that w-a.s. u™ owns the same property.
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