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BINOMIAL-POISSON ENTROPIC INEQUALITIES AND THE M/M/coc QUEUE

DJALIL CHAFAT!

Abstract. This article provides entropic inequalities for binomial-Poisson distributions, derived from
the two point space. They appear as local inequalities of the M/M/oo queue. They describe in
particular the exponential dissipation of ®-entropies along this process. This simple queueing process
appears as a model of “constant curvature”, and plays for the simple Poisson process the role played
by the Ornstein-Uhlenbeck process for Brownian Motion. Some of the inequalities are recovered by
semi-group interpolation. Additionally, we explore the behaviour of these entropic inequalities under
a particular scaling, which sees the Ornstein-Uhlenbeck process as a fluid limit of M/M/co queues.
Proofs are elementary and rely essentially on the development of a “®-calculus”.
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1. INTRODUCTION

We consider in this article the M/M /oo queueing process. This elementary continuous time Markov process on
N plays for the simple Poisson process the role played by the Ornstein-Uhlenbeck process for Brownian motion.
In particular, its law at time ¢ is explicitly given by a binomial-Poisson Mehler like formula, and the associated
semi-group commutes with the discrete gradient operator, up to a time decreasing exponential factor. We derive
general entropic inequalities for binomial-Poisson measures from the two points space, essentially by convexity.
They hold in particular for the law at fixed time of the process, as for Ornstein-Uhlenbeck. In particular, these
entropic inequalities contain as special cases Poincaré inequalities and various modified logarithmic Sobolev
inequalities, which appear for instance in [1,5,6,16].

It is known that the lack of a chain rule and of a good notion of curvature in discrete space settings make
difficult the derivation of entropic inequalities for discrete space Markov processes. Poincaré inequalities are
exceptional, due to their Hilbertian nature. Their derivation does not need the diffusion property. Lévy processes
and Poisson space are also exceptional, since their i.i.d. underlying structure makes them “flat” in a way. This
nature is translated on the infinitesimal Markov generator as a commutation with translations. The M/M /oo
queue has non-homogeneous independent increments, and is thus beyond this framework. The reader may find
various entropic inequalities for finite space Markov processes in [2,17,33], and for infinite countable space
Markov processes in [1,5,11-16, 21, 22, 29, 30, 35] for instance.
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318 D. CHAFAI

Birth and death processes are the discrete space analogue of diffusion processes. However, they are not
diffusions, and specific diffusion tools like Bakry—Emery I calculus are of difficult usage for such processes.
It follows from our study that the M/M/occ queueing process can serve as a model of “constant curvature”
on N. It is known that convexity may serve as an alternative to the diffusion property, as presented for instance
in [11,35]. In this article, we circumvent the lack of chain rule by elementary convexity bounds for germs of
discrete Dirichlet forms. This work can be seen as a continuation of [11], and was initially motivated by the time
inhomogeneous M/M /oo queue which appears in the biological problem studied in [10]. The notion of queueing
process is widely used in applied probability. The reader may find a modern introduction to queueing processes
in the book [31] by Robert, in connection with random networks, general Markov processes, martingales, and
point processes. This large family of Markov processes contains, as particular cases, the simple Poisson process,
the continuous time simple random walk on N, and more generally all continuous time birth and death processes
on N.

The approach and results of this article may be extended by various ways. The first step is to consider
birth and death processes on N or Z, and then on N¢ or Z¢ with interactions. Some versions of such models
where already considered in the statistical mechanics literature, at least for Poincaré and modified logarithmic
Sobolev inequalities, see for instance [5,13-16], and references therein. These extensions concern continuous
time processes on a discrete space E with generator of the form

L(f)(x) = /E (F(y) — (@) dya ),

where v, is the “jump measure” at point x, which is a finite Borel measure on E. Another possibility is to
consider Volterra processes driven by a simple Poisson process, possibly together with Clark-Ocone formulas
as in [2,35] for instance. We hope that some of these extensions will make the matter of forthcoming articles.
We have in mind the construction of a functional bridge between discrete space Markov processes and “curved”
diffusion processes, which complements, by mean of quantitative functional inequalities, the approximation in
law. The recent articles [5,8,13-16,19-21] may help for such a program.

The entropic inequalities that we consider in this article can be called “®-Sobolev inequalities” since they in-
volve a ®-entropy and a ®-Dirichlet form. They contain in particular Poincaré inequalities and “L'”-logarithmic-
Sobolev inequalities. As presented in [11], they hold, under convexity assumptions on @, for log-concave mea-
sures on R?, for diffusions on manifolds with positive bounded below curvature, for many Wiener measures, for
Poisson space, and for many Lévy processes. Their genericity on ® is particularly interesting in discrete space
settings for which no chain rule is available. The aim of this article is to extend these entropic inequalities to
discrete space processes, beyond the i.i.d. increments case, in particular, beyond Lévy processes and Poisson
space.

This work goes beyond many results of [6], in terms of entropies, Dirichlet forms, and measures. We show
how the entropic inequalities are scaled when the discrete space curved process (M/M/oo) approximates a
curved diffusion process (Ornstein-Uhlenbeck). This work can thus be seen as a precise and instructive case
study. Many aspects are still valid for more general birth and death processes, and we believe that the entropic
inequalities that we consider here hold for interacting birth and death processes. However, a lot of work is
still needed to achieve this objective. In particular, and to our knowledge, a good notion of curvature is still
lacking for interacting birth and death processes. Viewed as a unidimensional (e.g. single site) particle system,
the M/M /oo queue is not conservative. It can be viewed as a particular unidimensional case of the processes
considered in [13-16]

Outline of the rest of the article. In the introduction, the definition of the M/M/oco queueing process
is followed by the presentation of links and analogies with the Ornstein-Uhlenbeck process, and then by the
introduction of the ®-entropy together with the A — B — C' transforms of ®. Section two is a two point
space approach to binomial-Poisson entropic inequalities. In Section three, we address the exponential decay of
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®-entropy functionals along the M/M /oo queue, we give various proofs of entropic inequalities by using semi-
group interpolations, and we use a scaling limit to recover Gaussian inequalities for the Ornstein-Uhlenbeck
process. The fourth and last section is devoted to key convexity properties related to the A — B — C transforms.

1.1. The M/M/co queueing process

The M/M/oco queue with input rate A > 0 and service rate u > 0 is a particular space-inhomogeneous and
time-homogeneous birth and death process on N. Let X; be the number of customers in the queue — i.e. the
length of the queue — at time ¢. The name “M/M/c0” comes from Kendall’s classification of simple queueing
processes. It corresponds to an infinite number of servers with random memoryless inter-arrivals (first M) and
service times (second M), see for instance [31], p. xiii. Since the number of servers is infinite, each client gets
immediately his own dedicated server, and the length of the queue is exactly the number of busy servers. The
infinitesimal Markov generator L of the M/M/co queue (X¢):>o is given for any f : N — R and any n € N by

L(f)(n) = nuD*(f)(n) + AD(f)(n), (1)
where the discrete gradients D and D* are defined respectively for any f : Z — R and any n € N by
D(f)(n) := f(n+1) = f(n) and D*(f)(n):= f(n—1)—= f(n). (2)

The operators D and D* commute with translations, but L does not. Notice that f(—1) does not need to be
defined in (1) since it is multiplied by 0. The stared notation for D* comes from the fact that D* is the adjoint
of D with respect to the counting measure on Z. The identity DD* = D*D = —(D 4 D*) leads to a polarised
version of the infinitesimal generator (1),

L(f)(n) = =ADD)(f)(n) + (np = A)D*(f)(n),

for any n € N and f : N — R. The finite difference operator DD* is the discrete Laplacian, given by
(DD*)(f)(n) = 2f(n) — f(n — 1) — f(n+ 1) for any f : Z — R and any n € Z. Consider the process
conditional to the event {X, = n}. Let T := min{t > s : X; # X} — s be the waiting time before next jump.
Then T follows an exponential law E(A + nu) of mean 1/(\ 4+ nu). The transition matrix J of the embedded
discrete time jump Markov chain is given for any m,n € N by

np ifm=n-—1
A ifm=n+1,

0 otherwise

where we assumed for simplicity that A + @ > 0. The embedded chain is recurrent irreducible as soon as A > 0
and p > 0. The jump intensity function n +— A 4 nu is not bounded when p > 0, however, the process is not
explosive by virtue of Reuter criterion for irreducible birth and death processes, cf. [9], Theorem 4.5.

Defining a stochastic process corresponds to specify a law on paths space. Following [31], Chapter 6, the
stochastic process (X¢)i>0 with Xo = n can be constructed as follows:

Xe=n+ AL00.4) - Z /]0 t]l{Xs*>i} Ni(ds),
=1 ’

where N, is a Poisson random measure on R of intensity A and where (N ﬁ)z‘eN is an i.i.d. collection of Poisson
random measures on R4 of intensity p, independent of Ny. In other words, the process (X;)i>o solves the
Stochastic Differential Equation

X,-
dX, = Na(dt) = Y Ni(d).
=1
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Let us consider the filtration (F;);>o defined for any ¢ € Ry by
Fi :=c{Nx(]0,s]); s € ]0,t]} V a{./\/Z(]O, s]); (s,4) € [0,] x N}.

The process (X — Xo — At + ufOtXS ds)¢>0 is a square integrable martingale with increasing process given by

At + fot Xsds. More generally, the process (X¢):>0 is a solution of the martingale problem associated to the
Markov generator L defined by (1). Namely, for any f : N — R, the process

(7000 - s - [ L) x)

=

is a local martingale. When f(n) = n for any n € N, we get L(f)(n) = A — un. The Markov semi-group (P¢)¢>0
of (X¢)¢>0 is defined for any bounded f: N — R by

B(f) (n) := E(f(X:) [Xo =n),

in such a way that P.(I4) (n) = P(X; € A| Xy = n) for any A C N. We have B(-) (n) = L(X;|Xo = n) for
any n € N. In particular, P, o Py = Py, and Py = Id, and Lf := 8;—oP.(f). The coeflicient p of the M/M/oo
queue is defined by

pi=—
"

In the sequel, we denote by Eg(f) or by Eq f the mean of function f with respect to the probability measure @,
and by L?(Q) the Lebesgue space of measurable real valued functions f such that |f|” is Q-integrable. For a
Borel measure on N, we also denote Q(n) := Q({n}) for any n € N.

1.2. The Ornstein-Uhlenbeck process as a fluid limit of M /M /co queues

The Ornstein-Uhlenbeck process can be recovered from the M/M /oo queue as a fluid limit, by using a Kelly
scaling. See for instance [24,25] and the books [18,26,31]. Namely, for any N € N, let (X} );>0 be the M/M/oo
queue with input rate N and service rate p > 0. Define the process (YtN)t>0 by

1

YN .=
t N

XN
For any x € R, let m : Ry — R be defined by m(t) := p + (z — p)p(t) for any t € R, where p(t) := e+,
Consider a sequence of initial states (X{V)yen such that

Then, for any ¢t € R, the sequence of random variables (sup0< s<t ‘YSN —m(s) |) converges in L! towards 0

NeN
when N — oo, see for instance [31], Section 6.5. In particular, for any ¢ > 0,

lim IP’( sup |Y,N —m(s)] > E) =0.

N—oo  \ogs<t

Moreover, this Law of Large Numbers is complemented by a Central Limit Theorem, see for instance [7] and
[31]. Namely, define the process (Z}¥)i>0 by

XN — Nmf(t)

ZN = VNN —m(t) = Vi
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Notice that m(0) = z. Let y € R and assume that the initial states (XJ')nen satisfy additionally that

lim Z) = lim VN(Y" —2)=y.

N—oo N —o00

A basic example is given by X' = |Nx + v/ Ny| where |-| denotes the integer part. Then, the sequence of
processes (Z}¥);>o converges in distribution, when N — oo, towards a process denoted (Z°);>0, with non-
homogeneous independent increments, given by

t
Z° r=yp(t)+/ p(t —s)VA+zpdBs,
0

where (Bs)s>0 is a standard Brownian Motion on the real line. In particular, when x = p, then m(s) = p for
any s € Ry, and (Z7°);>0 is in that case an Ornstein-Uhlenbeck process, solution of the Stochastic Differential
Equation Zg° = y and dZ>° = V2XdB; — pZdt, where (By)i>o is a standard Brownian motion on the real
line. Additionally, for any ¢t € R,

L(Z3°| Z5° = y) = Sypay * N (0, (1 = p(1)*) ),

where NM(a,b) denotes the standard Gaussian law on R of mean a and variance b. This Mehler formula is
the continuous space analogue of (3). The Markov infinitesimal generator of (Z5°)¢>¢ is the linear differential
operator which maps function y — f(y) to function

y = A" () — pyf'(v).

The symmetric invariant measure of (Z7°)i>o is the Gaussian law N(0, p). The p parameter appears clearly
here as a curvature, whereas the A parameter appears as a diffusive coefficient.

1.3. The M/M/c0 queue as a discrete Ornstein-Uhlenbeck process

Let (X{)i>0 be an M/M/oo with rates A and u. When p vanishes, (X;);>0 reduces to a simple Poisson
process of intensity A, and admits the counting measure on N as a symmetric measure. A contrario, when A\
vanishes, (X;);>0 is a pure death process, and admits dy as an invariant probability measure.

The M/M/oo queue plays for the simple Poisson process the role played by the Ornstein-Uhlenbeck process
for standard Brownian Motion. The law of the M/M/oco queue (X¢)i>0 is explicitly given for any n € N by the
following Mehler like formula

L(X:|Xo =n) = B(n, p(t)) * P(pq(t)), (3)
where

p(t):==e " and q(t):=1-p(t).

When ;o = 0, we set pq(t) = A, since A = lim,,_o+ pg(t). Here and in the sequel, B(n,p) stands for the binomial
distribution B(n,p) := (pd1 + qdp)*" of size n € N and parameter p € [0, 1], with the convention B(n,0) := dg
and B(n,1) := §,. The notation P (o) stands for the Poisson measure on N of intensity o > 0, defined by
P(o) = e 73 g 750"0k. When p > 0, the process (X¢);»o is ergodic and admits P(p) as a reversible
invariant measure. In other words, for any n € N and s € R,

lim £(X|Xs =n)="P(p).

n—00

Moreover, Ep(,) (P;f) = Ep(,)(f) for any f € L*(P(p)) and any ¢ € R, or equivalently Ep,) (Lf) = 0 for any
f € LY(P(p)). As for the Ornstein-Uhlenbeck process, this convergence is not uniform in n since for any o > 0,

lim E(Xu—l log(n/a) |Xs = n) = P(a + p).

n—oo



322 D. CHAFAI

The mean and variance of £(X;|Xs = n) with ¢t > s > 0 are given respectively by
np(t —s)+ pq(t —s) and  (np(t—s) + p)g(t — s).

The semi-group (P¢)¢>0 of the M/M/oo queue shares the nice “constant curvature” property with the Ornstein-
Uhlenbeck semi-group. Namely, for any ¢ € Ry, any n € N, and any bounded f: N — R,

DP,f = e “P,Df. (4)

The infinitesimal version writes [L, D] := LD—DL = uD. The commutation (4) can be deduced simply from (3).
Namely, if X7,...,X,+1,Y are independent random variables with X; ~ B(1,p(t)) and Y ~ P(pq(t)),

B(f)(n+1)=E(f(X1+ -+ Xp41 +Y))
=EE([f(X1+ -+ Xpp1 +Y)[Xpi1))
=pOR(f(1+)) (n)+q@)B(f)(n)
=p)R(DS) (n) + B(f) (n).

This fact and the properties of the A — B — C transforms introduced in the sequel give rise to various entropic
inequalities, by using the semi-group (P;);>0 as an interpolation flow.

We give now various binomial-Poisson “integration by parts” formulas. Let H,, ,(m) := (::L) p"tq" ™ for any
p € [0,1] and any integers n and m with 0 < m < n. We have then mH,, ,(m) = npH,—1,,(m — 1) as soon as
0 < m < n. As a consequence, for any function f : N — R, any n € N* and any p € [0, 1]

EB(n,p)(hf) = anB(nfl,p) (f(l + )) ) (5)

where h : N — R is defined by h(k) = k for any k € N. Similarly, (n — m)H, ,(m) = ngH, 1 ,(m) as soon as
0 < m < n, which gives for any function f : N — R , any n € N* and any p € [0, 1]

EB(n,p)((n - h)f) = anB(nfl,p) (f) . (6)
For p > 0, the binomial approximation of Poisson measure which lets np tend to p when n — oo gives from (5)
Ep(p)(hf) = pEp(p) (f(1+-)). (7)

Some algebra provides, by conditioning, a mixed binomial-Poisson version

EB(n,p)*’P(p)(hf) = anB(n—l,p)*’P(p) (f(]- + )) + pEB(n,p)*’P(p) (f(]- + )) . (8)

In particular, the Mehler like formula (3) gives for any n € N* and ¢t € Ry,

pER(hf) (n) = pnp(O)B(f (1 4-)) (n = 1) + Ag(O)R(f (1 +-)) (n), (9)

where h : N — N is defined by h(n) := n for any n € N. The binomial-Poisson nature of the M/M/oco queue
is related to the fact that the coefficients of its infinitesimal generator (1) are affine functions of n. The reader
may find an analysis of linear growth birth and death processes in [23] and [34] and references therein.

1.4. Convex functionals

For any convex domain D of R", let us denote by Cp the convex set of smooth convex functions from D to R.
Let Z C R be an open interval of R and ® € Cz. We denote by L1®(Q) the convex subset of functions f € L(Q)
taking their values in Z and such that ®(f) € L'(Q). We define the ®-entropy Entg(f) of f € LY*(Q) by

Entg(f) = Eq(®(f)) — ®(Eqf).
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Is is also known as “Jensen divergence” since Jensen inequality gives Entg( f) = 0. Moreover, when ® is strictly

convex, Entg(f) = 0 if and only if ®(f) is @Q-a.s. constant. One can distinguish for function ® the following
three usual special cases.

(P1) ®(u) = ulog(u) on T — R%, and Ent’()  Ent(f) = Eo(/ log(f/Eo/)):
(P2) ®(u) =u? on Z =R, and Entg(f) = Varg(f) :==Eq((f — Eq/f)?);
(P3) ®(u) =u* onZ =R} with a € (1,2).

The Entg functional is linear in ® and vanishes when ® is affine. Let us define from the interval Z C R the
convex subsets 77 C 7/ C R? by

Tz = {(u,v) ER* (u,u+v) €I xZI} and T7:={(u,v) ER*ueT, (v+I)NT#0}.

The A — B — C transforms of ® are the functions A®, B® : 77 — R and C'?® : 7] — R defined by

A®(u,v) = ®(u+v)—d(u) — ' (u)v;
Buv) = ((u+0) - ()
C®(u,v) = ®"(u)v?

These three transforms are linear in ®, and their kernel contains any affine function. Various additional prop-
erties of these three transforms are collected in Section 4. In particular, the convexity of ® on Z is equivalent
to the non negativity of its A — B — C transforms on 77. In particular, the following statements hold.

o A® B® (C°. Entg are non negative and convex for (P1-P2-P3);

e 2A%® = B? = C? for (P2), A® < C? for (P1), and A® < B? for (P1-P2-P3).
On the two point space {0,1}, the ®-entropy gives rise naturally to the A-transform of ®. Namely, for any
f:40,1} — T with (a,b) := (f(0), f(1)) and (u,v) := (a,b — a),

Enty ) (f) = ¢®(a) +p@(b) — D(qa + pb) = pA® (u,v) — A®(u, po). (10)
The A — B — C transforms are the germs of discrete Dirichlet forms via the identities

A®(f,Df) =D®(f) — ®'(f)D;
B*(f,Df) =D(®'(f))Df;
C®(f,Df) = o"(f)|Df|*.

The reader may find explicit examples in table 1. We used above the following identity, valid for any functions
p:R—Rand f:Z — R,

D(p(f)) = o(f(1+) —(f) = o(f +Df) — @(f),

where f(1+ -) stands for Z 3 n — f(1+ n). In particular, f(1+-) = f + Df. The usage of the A— B - C
transforms allows, as presented in the sequel, to derive several entropic inequalities in the same time, including
Poincaré inequalities and various modified logarithmic Sobolev inequalities. They reduce most of the proofs to
convexity, and they provide various comparisons for discrete Dirichlet forms.

For any open interval Z C R and any probability space (F,&,Q), we denote in the sequel by K(FE,Z) the
convex set of measurable functions £ — 7 with a relatively compact image in Z. These functions are bounded.
Notice that K(FE,Z) is a convex subset of L1®(Q). The introduction of X(E,Z) permits to avoid integrability
obstructions at the boundary of Z when dealing with the derivatives of ®. Any element of L*®(Q) is a pointwise
limit of elements of K(E,T).
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TABLE 1. Examples of A — B — C transforms. For (P3), a € (1, 2).

Function ® |Z | A% A®(f,Df)

(P1) ulog(u) | RY | (u+v)(log(u +v) —log(u)) —v | (f +Df)D(log f) —Df

(P2) u? R |02 IDf|?

(P3) u” R* | (u4v)* —u® —au®" v D(f%) —af*IDf
B? B*(f,Df)

(P1) ulog(u) | R% | v(log(u + v) — log(u)) D(f)D(log f)

(P2) u? R | 202 2|Df)?

(P3)ue | R | av((u+v)™! —uY) aD(f)D(f* 1)
c* C*(f,Df)

(P1) ulog(u) | R% | v?u™? IDfI*f!

(P2) u? R | 202 2|Df)?

(P3) u” R* | a(a — 1)v?u®? a(a —1)|DfJ>fo2

2. FROM TWO POINT SPACE TO BINOMIAL-POISSON INEQUALITIES

Let p € [0,1] and let B(1,p) be the Bernoulli measure ¢do + pd; on {0,1}, where ¢ := 1 — p. We identify
the two point space {0, 1} with the “circle” Z/2Z, for which 1+ 1 = 0. In particular, the the “4” sign in the
definition (2) of D is taken modulo 2. Then, for any f : {0,1} — Z, the following identity holds.

PaEsp) (B*(f,Df)) — Entgy ) (f) = A%(0p(a,b — a)) + A% (04 (b,a — b)),

where (a,b) := (f(0), f(1)) and where o, is as in (38). Now, Lemma 4.1 gives that A® is non-negative as soon
as ® is convex. Consequently, when ® is convex, we obtain the following entropic inequality for B(1,p).

Enty ) (f) < paEsq,p) (B*(f.Df)) - (11)

Unfortunately, the inequality (11) is not optimal for (P2) since in that case,
Entg, ) (f) = Varg( ) (f) = pa(f(1) = f(0))*  whereas Epq ) (B*(f,Df)) = 2(f(1) - f(0))*.

This is due to the fact that B®(f,Df) = 2|Df|* for (P2). We derive in the sequel the A transform version,
which is stronger and optimal for (P2) since A®(f,Df) = |Df |2 in that case. All the inequalities obtained in
this section involve the A transform in their right hand side. They hold for example in the cases (P1), (P2),
(P3). The A transform can be bounded by the B or the C' transforms, by using the elementary bounds given
by Lemma 4.2. We start with an entropic inequality for the Bernoulli law B(1,p). By convolution, we derive
from this two point space inequality a new entropic inequality for the binomial law B(n,p) = B(1,p)*". An
inequality for the Poisson law P(p) is then obtained by binomial approximation. The binomial-Poisson case is
derived by tensorisation. The following calculus lemma is a ® version of [6], Lemma 2, by Bobkov and Ledoux.

Lemma 2.1 (two point lemma). Let ® € Cz such that ®” € Cz. Let U : [0,1] — R be defined by
U(p) = Entg(l,p) (f) - pqEB(l,p) (g) 5
where f,g:{0,1} = Z. Then, U <0 on [0,1] if and only if

U'(0) <0 < U'(1). (12)
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Proof. We denote (a,b) := (f(0), f(1)) and («, 8) := (g(0),g(1)). We get then
U(p) = q®(a) + p®(b) — ®(ga + pb) — pg(ger + ppf). (13)
The last term is a polynomial in p of degree three. Taking the fourth derivative in p gives
U™ (p) = —(b—a)*®""(ga + pb).

Since ®” is convex, we have U"”"” < 0 on (0, 1) and thus U” is concave. Consequently, there exists 0 < pp < p1 < 1
such that U” < 0 on [0, po] U [p1,1] and U” > 0 on [pg, p1]. We have that U is concave on [0, po]. But U(0) =0
and by assumption U’(0) < 0, thus U < 0 on [0, pg] by concavity. A consequence is that U(pg) < 0. Similarly
by symmetry we have that U < 0 on [p1,1] and U(p;1) < 0. Now since U is convex on [pg, p1] and non-positive
on the boundaries, it is non-positive on the whole interval [pg, p1]. Therefore (12) implies U < O on [0,1]. O

One can show by similar arguments that if additionally f(0) > f(1) and g(0) > ¢g(1) (respectively f(0) < f(1)
and g(0) < g(1)), then the condition (12) may be weakened into U’(0) < 0 (respectively U’(1) > 0). Notice
that in terms of A transform,

U'0)=A%a,b—a) —a and U'(1) = —A%(b,a —b) + 3. (14)

The following lemma provides the A transform version of (11).

Lemma 2.2 (two point entropic inequalities). Let ® € Cz such that " € Cz. Then, for any f : {0,1} = Z,

Entg, () < pgEpqy (A% (f,Df)), (15)

where the “+7 in (2) of D is taken modulo 2. Moreover, the inequality becomes an equality for (P2).
Proof. Let U be as in (13) with g = A®(f,Df). From (14) we get

U'(0) = A%(a,b—a) — A%(a,b—a) =0 and U'(1) = —A%(b,a —b) + A®(b,a — b) =0,

where (a,b) := (f(0), f(1)). Therefore (15) follows by virtue of Lemma 2.1. Notice that since +1 = —1
in Z/27, we have D = D*. In particular, for any f : {0,1} — Z, the function B®(f,Df) is constant, and
A®(f,Df) = A*(f,D*f). 0

Notice that (15) can be rewritten as (40). Entropic inequalities like (15) belong to the so called family of
®-Sobolev inequalities, which are known to be stable by convolution, ¢f. [11], Corollary 3.1, page 342. This
observation leads to Theorem 2.3 below, by using the tensorisation property (34) of Theorem 4.4.

Theorem 2.3 (Bernoulli entropic inequalities). Let M := B(1, p1)*- - -«xB(1,py) and Cpr := max{piqi, ..., pnqn}
where p1,...,pn € [0,1]. Let ® € Cr such that A® € Cr,. Then, for any f : N — T,

Enty; (f) < CuBar((n — h)A™(£,Df) + hA®(f,D7f)) (16)
where h : N — R is defined by h(k) =k for any k € N. In particular,
Entg,  (f) < pgEs(np) ((n — h)A®(f,Df) + hA®(f,D*f)), (17)
for any n € N*, any p € [0,1], and any f : N — Z. Moreover, if T is as in (32),
Entg, ) (f) < mpgEp(u-1,) (1A® (£, Df) + pA® (7(£,D1))) - (18)

The optimality of these inequalities in the case (P2) can be checked for a linear function f.
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Proof. First of all, by virtue of Theorem 4.4, the convexity of A® on 77 implies the convexity of ®” on Z.
Let (E;,Q;) = ({0,1},B(1,p;)) for any ¢ € {1,...,n}. Let f : N — 7 and consider the symmetric function
g:Ey x---x E, — T defined by g(x1,...,2,) := f(x1 4+ -+ + x,). The tensorisation formula (34) together
with the two point entropic inequality (15) of Lemma 2.2 gives

Ent o..0q,(9) < CoEge-eq. <Z Aq}(g,Dmg)> )

i=1

where D) denotes the operator D acting on the ™" coordinate with modulo 2 as in Lemma 2.2. At this step,
we notice by denoting s,, := x1 + -+ - + x,, that for any = € {0, 1}",

3" A%(g,Dg)(x) = (n = $,) A" (£, Df)(50) + 50 A”(£. D" ) (50).

Outside {0, ...,n}, the function f takes values which come with a null coefficient in the right hand side. The
desired result follows since M is the law of s, under Q1 ® --- ® Q. Inequality (16) reduces to (17) when
p1 = -+ = pp, = p. It remains to establish (18). By virtue of (5) and (6), the right hand side of (17) is equal to

npqEg (-1, (¢A® (£,Df) + pA* (£, D* )(1 +)).

Inequality (18) follows then from the simple identity

When n = 1, then M = B(1,p), and (16) reduces to (15). Beware that D in (15) is taken modulo 2. O

Corollary 2.4 (Poisson entropic inequality). Let ® € Cz be such that A® € Cz,. Let p > 0 and P(p) be the
Poisson measure of mean p. Then, for any p € Ry and any f € LY®(P(p)),

Ent%(m(f) < pEp(, (A®(f,Df)) . (20)

Proof. Notice that the right hand side of (20) takes its values in [0, +0c]. By approximation, we can assume that
f € K(N,Z). Consider now (18). Let p depend on n is such a way that lim,,_,c np, = p. Since lim,,_,+, p, = 0,
we have g, — 1. Moreover, B(n,p,) — P(p) and B(n — 1,p,) — P(p). O

To the author’s knowledge, inequality (20) appeared for the first time in [35] for (P1), in [6], p. 357,
for (P2), and in [11] for the general case. See also [5]. The B and C transforms versions of (20), which are
weaker, appeared in particular in [1,6].

Corollary 2.5 (Binomial-Poisson entropic inequality). Let ® € Cz be such that A® € Cr,. Let M, be the
probability measure M,, = B(n,p) * P(p) where p € [0,1], p € Ry, and n € N. Then, for any f € LY*(P(p)),

Enty; (f) < pEum, (A% (f,Df)) + npgEnr, _, (¢A®(f,Df) + pA* (r(f,Df))). (21)

Proof. By approximation, we can assume that f € K(N,Z). If n = 0, then (21) reduces to (20). Let us assume
now that n > 0. Let (F1,Q1) = (N,B(n,p)) and (F2,Q2) = (N,P(p)). Let g : By x Ea — T be defined by
g(x1,29) = f(x1 + x2). Let us denote by DY) and D® the D operator which acts on x; and x5 respectively.
The inequalities (34), (18), (20) yield that Entg@Q2 (9) is bounded above by

npgEq, (EQO (qA‘I’(% DWg) + pA®(r(g, D(”g)) )) + pEq, (EQz (A‘b (9, D(2)9)>) :
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where Qo := B(n — 1,p). Since D commutes with translations, we get for i = 1,2,

(ga D(Z)g)(xla 332) - (fa Df)(xl + 1'2)'
Inequality (21) follows since M,,, respectively M,,_1, is the law of 21 +x2 under Q1 ®Q2, respectively Qo®Q2. O

The expectation with respect to M, _; in the right hand side of (21) may be rewritten as an expectation
with respect to M,, by using (8).

3. ENTROPIES ALONG THE M /M /oo QUEUE

We start with the decay of the ®-entropy functional along the queue.

Theorem 3.1 (®-entropies dissipation). Let ® € Cz. Let (Py)i>0 be the M/M/oco semi-group with input rate
A > 0 and service rate u > 0. Then for any f € K(N,Z), the real function t € Ry +— Ent%(p)(Ptf) 18
non-increasing. Moreover, when A® € Cr,,

Ent;l;(p) (Ptf) g efc“tEnt%(p) (f) 5 (22)
where ¢ is the best (i.e. biggest) constant in the inequality

VLM (P(), cuBnth,(f) < AEp(,) (B*(f,Df)) .
It holds with ¢ =1 in general, and with ¢ =2 for (P2).
Proof. Let us denote @ = P(p). Since Entg (Pif) =Eq(P:®(f)) — ®(Eq(f)), the invariance of Q) gives,
HEntS(P,f) = Eq(O' (P, f)LP,f).

Jensen inequality yields B.(®(f)) > ®(B(f)) as soon as ® is convex. In particular L®(f) > ®'(f)Lf, which
gives Eq(®'(f)Lf) < 0 as soon as ®(f) is Q-integrable. Hence, ¢t — Entg (P:f) is non-increasing, and we used
only the convexity of ®, the Markovian nature of (P;)¢>0, and the invariance of ). The Poisson integration by
parts (7) — which is this time specific to our settings — yields for any ¢

Eq(®'(9)Lg) = —AEq(D(9)D(®'(g))) = —AEq(B®(g,Dy)) - (23)
In particular, for ¢ = B(f), we get,
OEntS(Pf) = —\Eq(B®(P.f,DP.f)) .

Notice that since ® is convex, we have B® > 0 by virtue of Lemma 4.1. In the other hand, when A® is convex,
the Poisson entropic inequality (20) together with the bound A® < B? of Lemma 4.2 gives

—\Eq(B*(P.f,DP,f)) < —uEnt (P, f).
Putting all together yields 6tEntg(Pt f) < —uEntg(Pt f), which gives (22). Finally, the correct constant

for (P2) comes from the fact that 2A® = B® in that case. O

For any probability measure v on N, and any ¢ € R, we denote by yP; the probability measure on N defined
for any bounded function g : N — R by E,p,(g9) := E,(P.(g)). In particular, when v = §,, for some fixed n € N,
we get 0, = B(-) (n). We have v <« P(p) for any probability measure v on N, as soon as p > 0. Let us
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define f, := dy/dP(p). Since P(p) is symmetric for L, we have that L and B(-) are self-adjoint in L*(P(p)).
Therefore, one can write for any g € L2(P(p))

/N B (f,) g dP(p) = / B(g) f, dP(p) = / B (g) dy = / gd(Py).

Recall that the total variation norm ||c|| of a Borel measure a on an at most countable set S is defined by
lallpy = 3llell; = 3 X ,csla(@)]. If o and 3 are two probability measures on S, the distance ||ov — 3|1 is

/fda—/fdﬁ‘.

Recall the well known bound for any a,b € Ry, [|[P(a) — P(b)||py < 1—e~ (=9 ¢f. [31], Proposition 6.1, p. 143,
which gives from (3) for any ¢ € Ry

sup

1
lac = Bllpy = sup |a(4) = B(B)| = 5
Acs 171l <1

—pe” it
IB() (0) = P(p)llpy <1 —e7 "
Theorem 3.1 for (P1) produces in particular a bound for ||B(-) (n) — P(p)||1y, as stated in Corollary 3.2.

Corollary 3.2. Let (P;)i>0 be the semi-group of the M/M/oco queue with input rate A > 0 and service rate
©w>0. For anyn € N and any t € Ry,

2[R () (n) = P(p)llgy < e " log(e?p~"n).
The proof follows the lines of a method due to Diaconis and Saloff-Coste, ¢f. for example [17,33].
Proof of Corollary 3.2. Since @Q := P(p) is symmetric for L,

d(’)’Pt)
d@

where f. := dy/dQ. The Pinsker-Csiszar-Kullback inequality states that for any couple («, 3) of probabilit
¥ 2 q y y p ) p y

measures on the same measured space 2||a — 5”%\/ < Ent(a| ) = Entg(da/dg), where Entg is the ®-entropy
in the case (P1). Let t € R, and n € N. For (a, 8) = (B(-) (n), @), we can write by (24) and (22)

2[7P, ~ Qll7y < Ento(R(f,)) < ¢ "Ento(f;).

For v = §,, for some fixed n € N, we get YP; = B(-) (n) and f5, = I{,1/Q(n). As a consequence, we obtain as
expected Entg(fs5,) = —logQ(n) = log(e?p~"n!). O

3.1. Local inequalities and semi-group interpolation

Standard Brownian motion on R starting from z interpolates on the time interval [0,¢] between the Dirac
measure 0, and the Gaussian measure N (z,t). It is known that this interpolation provides the optimal Gaussian
logarithmic Sobolev inequality. Similarly, the simple Poisson process of intensity A starting from n interpolates
on the time interval [0,¢] between the Dirac measure d,, and the translated Poisson measure d,, * P(At). By
analogy, let us give a proof of the Poisson entropic inequality (20) by using the simple Poisson process, which
corresponds to an M/M/oco queue with g = 0. In that case, L = AD and B(:) (0) = P(At). Let ® € Cz such
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that A® € Cr,, ¢f. Theorem 4.4. One can write by abridging P(-) (0) in P,(-) and denoting F = B._4(f),
Entp) (/) = B(2(/)) = ©(R(f))

¢
= / OsP(P(P_sf)) ds
0
¢
= / P(L®(F) — &' (F)LF) ds.
0
Now, L&(F) — &' (F)LF = A®(F,DF), and (4) with g = 0 gives DF = DB_,(f) = B_s(Df). Thus, we get,
¢
Enty,(f) = A / P,(A®(F,DF)) ds
0
¢
— 2 / P,(A(P, ./, P, .Df)) ds.
0

Finally, Jensen inequality for convex function A® gives then the desired result,

Batfoy (/) <A [ R(B-.(A°(D1))) ds = MR (4 (1.D))).

M/M/oo semi-group interpolation on the time interval [0, +00]

The standard Ornstein-Uhlenbeck process on R starting from z interpolates on the time interval [0, +o00]
between the Dirac measure d§, and the standard Gaussian measure N(0,1). It is known that this interpolation
provides the optimal Gaussian logarithmic Sobolev inequality. Similarly, the M/M/oo queue with intensities
(A, 1) starting from n interpolates on the time interval [0, 4+o00] between the Dirac measure d,, and the Poisson
measure P(p) where p = A/u. Notice that when A = 0, this interpolation holds between d,, and Jp (pure death
process). By analogy, let us give a proof of the Poisson entropic inequality (20) by using the M/M/co queue.
Let (P;)i>0 be the M/M/oo queue semi-group with input rate A and service rate u. Let ® € Cz such that
B® € Cr,, ¢f. Theorem 4.4. We denote by @ the Poisson measure P(p). For any f € K(N, ), we write

Butd() =+ [ (@)~ 2(Pf)dQ
_ 7/ /OO 0,0(P, f) dt dQ
N Jo
= */ /@/(Ptf)LPtfdet
o Jn
- @
7A/O /NB (P,f,DP,f)dQ dt,
where we used (23) for the last equality. Now, the commutation (4) yields
Entg(f) :A/OO/B‘P(Ptf,e*#tPth)det.
o JIn

Jensen inequality for B® and B.(-) followed by the invariance of Q give

P > o —ut
EntQ(f)gA/O /NB (f,e"Df)dQdt.
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But by Lemma 4.10, B®(u,e #tv) < e #*B®(u,v) for any (u,v) € Tz, and thus

Entg(f) < A /O Tetat /N B*(f,Df)dQ = pEq(B®(f.Df)),

which is exactly the B transform version of the Poisson entropic inequality (20).

Remark 3.3 (A — B — C transforms and discrete space). The interpolation on [0,t] gives rise to the A®
transform whereas the interpolation on [0, +oc] leads to the B® transform. In continuous space settings, the
diffusion property permits to write L&(F) — ®'(F)LF = ®"(F)T'(F, F) which is close to C® and not to A® in
that case.

Local inequality and semi-group interpolation on the time interval [0, t]

Consider the semi-group (Pt)¢>0 of the M/M/oo queue with input rate A and service rate . The family
(Ps(-)(n))ogs<: interpolates between §,, and B(n,e ) x P(p(1 — e #*)). Let ® € Cz such that A® € Cz, cf.
Theorem 4.4. The inequalities (21) and (3) give for any n € N, any ¢ € R, and any f € L(N,Z),

Entg () (f) < paOB(A®(£,Df)) (n) + np(t)a()B (¢()A® (£, Df) + p(t) A* (r(£,Df))) (n — 1).  (25)
Let us try to recover (25) by semi-group interpolation. We write as for the pure Poisson process case,
Entp, () (f) = ) (n) — 2(B(f) (n))

/ O, P(D(Po_, ) (n) ds
- / P,(L&(F) — &' (F)LF) (n)ds
0

where F := P._s(f). At this step, we notice that
L®(F) — & (F)LF = AMA®(F,DF) + uhA*(F,D*F),

where h : N — N is defined by h(k) = k for any k € N. Thus, we get

Entp, (0, (f) = )\/ P,(A®(F,DF)) (n) ds—i—u/ P, (hA®(F,D*F)) (n)ds. (26)
0 0

By virtue of (4), (41), Jensen inequality for the convex functions A® and C®, and the semi-group property, the
first term of the right hand side of (26) is bounded above by

1t , ¢
<§>\/0 p(t— s)*q(t — s) ds)Pt(Cq)(f, Df)) (n) + (A/O p(t —s)° ds>Pt(A‘I’(f, D)) (n).

For the second term of the right hand side of (26), we first write by virtue of (9) and (19),
WP (RA®(F,D" F)) () = unp(s B (A (r(F, DF))) (n — 1) + Aq(s)B. (A" (+(F, DF))) (n).

Now, by (4), (42), Jensen inequality for the convex functions A®(7) and C®, and the semi-group property,

R, (A®(+(F,DF))) (k) <

l\’)lr—t

plt = s)*q(t — s)B(C*(f,Df)) (k) + p(t — s)°B (A% (7(f,Df))) (k)
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for any k € {n — 1,n}. Thus, the second term of the right hand side of (26) is bounded above by

t

(in [ ppte =577 as ) R(A (7. D1)) (0= 1)+ (;m /
+ (3 [ atomte = 97 as JRAPGDI) 0+ (57 [ alodnte = oute — ) s ) B(C(£D) ()

p()plt — 5)? (t—s)ds)B(Cq’(f,Df)) (n—1)

Putting all together, we obtain finally the following local inequality.

Bt (/) < pB 301~ pO9)AP(£.D1) + Ga(0P(2 40 [ A (D) + 5 (D) ) o)
#3OR ((L-p(02)A((£.D) + 5aPC(£.DN) (a1, (27

which is not (25). Actually, (27) is in a way stronger than (25) for small ¢, as we will see in the sequel with the
fluid limit approximation of the Ornstein-Uhlenbeck process. When ¢ — oo, we have p(t) — 0, ¢(¢) — 1, and
A? + A®(7) = B®, and in that case, (27) provides the following Poissonian inequality.

1 2 1
Bt (1) < 30Bn (3B°(D0) + 3C(£.01) ) o),

which is not (20). The proof of (27) given above suggests to use (30) instead of its consequences (41) and (42)
for the derivation of local inequalities via semi-group interpolation. The investigation of this approach is left to
the reader. Notice that (40) is not strong enough. Let us focus on the (P2) case, for which we have the simple
identity 2A4%(f,Df) = 2A4%(7(f,Df)) = B*(f,Df) = C*(f,Df) = 2|Df|2. In that case, (27) is the optimal
local Poincaré inequality, e.g.

Varg(w(f) < pa(t)B (IDS*) (n) + np()g(0)B (DS ) (= 1).

3.2. Scaling limit of the entropic inequalities

Let us consider the Poisson distribution P(p) with parameter p > 0. For any N € N* let ky : N — R be
the function defined by ky(n) := N~'/2(n — pN) for any n € N. By virtue of the Central Limit Theorem,
the image measure of P(Np) = P(p)*N by ky converges weakly towards the Gaussian measure N(0, p) when
N — c0. Let g € K(R,Z) be smooth with bounded derivatives, and set fy := g o kx. In one hand, we have

NILIHOO Ent'qP)(Np)(fN) = Ent}{\’/(oyp) (9)-

In the other hand, by a Taylor formula, D(fx) = D(gorx) = N~'/2(¢' o kx) + O(N), and by a Taylor formula
for ® this time, A®(fx,Dfn) = (2N)71(g' 0 kn)?®"(fn) + o(N). This yields that

. 1
Jim_pNEp ) (A* (fv, Dfn)) = 5PEn0.0)(C*(9:9)) -

Now, the A-transform based Poisson entropic inequality (20) for P(Np) and fn gives finally that

1
Ent){\)/(o,p) (9) < §PEN(0,1)(C¢(9;9/)) . (28)

Recall that the Poincaré inequality corresponds to (P2). In that case,

Ent%,)(9) = Varyo,(9) and C%(g,¢") =2lg|".
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The logarithmic Sobolev inequality corresponds to (P1). In that case,

/|2

Ent} ) (9) = Enty,(9) and C%(g,9) = p

The constant p in (28) is known to be optimal. It gives in particular the optimal Poincaré inequality for the
Gaussian measure in the case (P2), and the optimal logarithmic Sobolev inequality for the Gaussian measure
in the case (P1). The method was used in the case (P1) in [35], Remark 1.6. In some sense, the A transform
is the right Dirichlet form to consider since it allows the derivation of optimal Gaussian entropic inequalities
from their A-transform based Poisson versions. In contrast, it is shown in [6], pages 356357, that the optimal
B transform version for the Poisson measure does not lead to the optimal constant in the logarithmic Sobolev
inequality for the Gaussian measure (lack of a multiplicative factor 2). The deep reason for this difference
between A and B transforms consequences is the fact that the comparison A® < B® improves by a factor 2
when v goes to 0, as stated in Remark 4.3. This phenomenon does not hold for the Poincaré inequality, since
2A% = B? for (P2).

As presented in Section 1.2, the M/M/oo queueing process gives rise to an Ornstein-Uhlenbeck process via a
fluid limit procedure. It is quite natural to ask about the behaviour of the binomial-Poisson entropic inequalities
under this scaling limit.

Let (X)i>0 be an M/M/oco queueing process with input rate NA > 0 and service rate u > 0, where
N € N*. Let (Ut)i>0 be an Ornstein-Uhlenbeck process, solution of the Stochastic Differential Equation
dU; = AdB; — pUzdt. Let g € K(R,Z) be smooth with bounded derivatives. For any y € R, we define
zy = |Np + N'/2y| where |-| denotes the integer part. According to Section 1.2, the image measure of
L(XN| Xy = 2zn) by function ky converges weakly towards L£(U; | Uy = y) when N goes to co. Notice that

LX] | Xo = 2n) = B(zn, p(t)) * P(Npa(t))
and that L(Uy | Uy = y) = N(yp(t), p(1 — p(t)?)). In particular, if fx := g o kx, then
Jim Entg v ) () = EntZp, =) (9).

In the other hand, as for the pure Poisson measure case, we have

N—oc0

. 1
lim NEgxn|xy—.y) (A% (fn, Dfn)) = SBew Uo=y) (C*(9,9)) -
A similarly identity holds for A®(7(fx,Dfn)). Putting all together, we deduce from (25) that

Ent7p, | o=y (9) < KOELw, | o=y (C*(9,9)) . (29)

where K (t) := £pq(t)(1+ 2p(t)). It is known that the best constant in (29) is K*(t) := $pq(t)(1 4+ p(t)). Let us
consider now the function 0 : Ry — R defined for any ¢ € (0, 00) by

K(t) 1
0t) = —= =1+ —
K*(t) 1+ .5
This function is non-increasing, with #(0) = 2 and lim;_. 4« 6(t) = 1. Consequently, the constant K (¢) in the

inequality (29) improves when ¢ increases. It is asymptotically optimal, when ¢ goes to +oo. Surprisingly, it
turns out that the usage of (27) instead of (25) provides (29) with constant K*(¢) instead of constant K (¢). As
a consequence, (27) is in a way stronger than (25), at least in terms of their fluid limit.
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Remark 3.4 (the M/M/1 case). The M/M/1 queue with input rate A and service rate y is the birth and death
process on N with generator L = uD* + AD. We have [L,D] = 0 and the “curvature” is identically zero. When
A > 0 and g > 0, the symmetric invariant measure @ is given by Q(n) = p™ for any n € N, with p := A/pu. The
associated Markov semi-group (P;):>o satisfies to the exact commutation formula DP, = P,(D). Measure @ is
finite if and only if p < 1, and @ is in that case the geometric measure G(1 — p) of mean A/(p — A). This leads
to Poisson like entropic inequalities for Pi(-). The M/M/1 is a discrete space analog of the continuous process
(Et)¢>0 solution of the Stochastic Differential Equation dE; = dB; — sign(E;)dt.

Remark 3.5 (spectrum). A function f : N — R is an eigenvector associated to the eigenvalue o € R for the
M/M/oco infinitesimal generator L defined by (1) if and only if Af(n 4+ 1) = (A + a +nu)f(n) — nuf(n —1)
for any n € N. Obviously, for any @ € R and any starting value f(0) # 0, the equation above has a unique
non null solution. As a consequence, the spectrum of L is R. We will denote by f, the unique solution such
that fo(0) = 1. By the equation Lf, = af and the invariance of @) := P(p) we get that Eq(f.) = 0 as soon
as fo € L1(Q). Suppose that f, € L%(Q), then 0 < Eq(L(f, f)) = fEQ(fo) = —aEqg(f?) and thus a < 0.
Moreover, Theorem 3.1 for (P2) gives inf {704 €R, fo € L3(Q } u~t, ¢f. [3], Proposition 2.3.

Remark 3.6 (Bakry Ik calculus). Let us define the Markovian functional quadratic forms I' and Iy by
2T (f, f) := L(f?) — 2fLf and 2Ix(f, f) := LT(f, f) — 2T(f,Lf). After some algebra based on (1), we get

20(f, f)(n) = np|D* f*(n) + ADfI*(n)

for any f: N — R and any n € N, and

2I(f, f)(n) = AulDfl (n) + M 2ID" 7 (n) + R(S, f)(n),

where 2R(f, f)(n) := n(n — 1)p2D*D* f|* + 2nAu/DD* f|* + A2|DDf|?>. Notice that for the linear function
f(n) =n, we get
20(f, f)(n) = A+nu and 4B(f, f)(n) = 3\u + np’.

Since R(f, f) > 0 for any f, we obtain immediately the bound I > ,u%I‘7 which is the infinitesimal version of
the commutation T'P; < exp(—t45)P:I'. Moreover, an integration by parts similar to (7) gives the integrated
bound Eq(Izf) > uEqg(T'f), where Q := P(p). Such a bound gives, via integration by parts, the Poincaré
inequality Varg(f) < pEq(|Df ), which is exactly (20) for (P2). However, the Iy bound above suggests that
I3 is not the right tool in order to derive ®-entropic inequalities beyond the (P2) case. Bakry—Emery type
approaches are designed for diffusion. In discrete space settings, the lack of chain rule reduces their strength
for the derivation of entropic inequalities beyond the (P2) case.

4. CONVEXITY AND ®-CALCULUS ON A — B — C TRANSFORMS

We give in the sequel various convexity properties, which extend in particular many aspects of [11]. Let
® : 7 — R be a smooth function defined on an open interval Z C R. The usage of suitable Taylor formulas
provide for any (u,v) € 7z,

1 1
A% (u,v) = / (1-p)C*(u+pv,v)dp and B®(u,v) = / C* (u + pv,v) dp, (30)
0 0
and for any (u,v) € 7} and small enough ¢,

A? (u,ev) = %C’q’(u,v)EQ +o(e?) and  B®(u,ev) = C%(u,v)e® + o(?). (31)
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We denote by 7 : 77 — 77 the bijective linear map defined for any (u,v) € 77 by
T(u,v) := (u+ v, —v). (32)

Notice that 7 is well defined since (u,v) € 77 implies that (u+v,u+v —v) € T x T and thus (v + v, —v) € 7.
Writing (a, b) := (u,u + v) shows that the map 7 transposes a and b, and 72 is the identity map. Moreover,

A (u,v) = @(b) — ®(a) — ¥'(a)(b — a),

Bq)(u7v) = (b - a)(q)/(b) - q)/(a)),

C*(u,v) = ®"(a)(b — a)?.

4

Lemma 4.1. Let ® : 7 — R be smooth on an open interval T C R. Then the following statements hold.
(1) A® + A®(7) = B® and B*(r) = BY;
(2) Each of A®, B®, C? is non-negative if and only if ® € Cr.

Proof. The first statement of the Lemma is immediate. For the second statement, we observe first that C® is
non-negative if and only if ®” is non-negative, e.g. if and only if ® € Cz. The same holds then for A® and B®
by using (31) and (30). O

Lemma 4.1 tells that the A— B—C' transforms map the set of convex functions on 7 into the set of non-negative
functions on 77. Moreover, their null space contains any real valued affine functions on Z.

Lemma 4.2. Let ®: 7 — R be smooth on an open interval T C R. The following statements hold.
(1) for (P1-P2-P3), we have ®" >0 onZ and &, —®', ", —1/D"” belong to Cz;
(2) 24% = B® = C?® for (P2) and A® < C? for (P1);
(3) if ® € C1 then A® < B?;
(4) if ®" € Cr then C®(u +v/3,v) < 24%(u,v) and C®(u + v/2,v) < B®(u,v) for any (u,v) € T1.

Proof. Statement 1 and the first part of statement 2 are immediate. Notice that 1/®" is affine for (P1)
and (P2). The second part of statement 2 follows from the first part of (30). For statement 3, we notice
that by Lemma 4.1, B® = A® + A%(7), where A®(7) > 0 when ® € Cz. Statement 4 follows by using (30),
the definition of C®, and Jensen inequality with respect to the integral over [0,1] for the convex function
p € [0,1] — " (u+ pv). O

Remark 4.3 (optimality of A-B-C comparisons). The bound A® < B? is optimal in the sense that for (P1),
we have B®(u,v) ~ A®(u,v) at v = +oco for any u € Z. However, B® = 2A% = C?® for (P2); and in general

3136 v 22A% (u,v) = %IL% v 2B? (u,v) = v 2C% (u,v) = ' (u).
Theorem 4.4 below states that the convexity of the A— B —C transforms of ® are deeply related to the convexity
of the ®-entropy functional. It provides in particular a synthesis of some results by Latala and Oleszkiewicz in
[27], by the author in [11], and by Massart in his Saint-Flour course [28] (see also the article [4]). We say that a
collection P of probability spaces is a covering collection if {Q(T);T € &,(F,&,Q) € P} =[0,1]. An example
is given for instance by the family of Bernoulli probability measures on the two point space {0,1}, or by any
collection containing a probability measure on R with a continuous cumulative distribution function.

Theorem 4.4. For any smooth ® : Z — R on an open interval T C R, the following statements are equivalent.
) A® € Cr;;

) B® ¢ Cr;;

) Cc?® e CTI/ ;

4) either ® is affine on Z, or ®”" > 0 on T with —1/®" € Cz;

5) (a,b) €I X I+ tP(a)+ (1 —t)®(b) — ®(ta + (1 — t)b) belongs to Czxz, for any t € [0,1];

(1
(2
(3
(
(
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(6) for any probability space (E,E,Q), Entg € Cx(e,1);
(7) there exists a covering collection P such that Entg € Cx(g,1) for any (E,&,Q) in P;
(8) for any probability space (E,E,Q) and any f € K(E,T),

Ent$(f) = S I){EQ(((I)/(Q) — ®'(Eqg))(f — 9)) + Entd(g)}; (33)

(9) there exists a covering collection P such that (33) holds for any (E,E,Q) € P and any f € K(E,T);
(10) for any product probability space (E,€,Q) = (F1 X+ X E,,E1® - ®&,,Q1 Q- ®Qy), and for any
feK(E,T),

Ent}(f) < Eq(Ent}, (f)) ++-- + Eq(Entd (£)) (34)

where the expectation with respect to Q; in Entgi(f) concerns only the it" coordinate;

(11) there exists a covering collection P such that (34) holds for n = 2, any Q1 € {B(1,p);p € [0,1]}, any
Q2 € P, and any f € K(Ey x Es, 7).

Moreover, if these statements hold, then ® and ®" belong to Cz.

Remark 4.5 (functional spaces). By approximation, the convex set KC(E,Z) can be replaced by the convex
set L1®(Q) in statements 6, 7, 8, 9, 10, 11 of Theorem 4.4. More precisely, statement 4 implies the convex-
ity of ®, which implies in turn that ®'(g)(f — g) + ®(g) < ®(f) for any f,g € LY®(Q). This yields that
Eo((®'(9) — Eqg)(f — g)) is well defined in [—oc0, +00), as noticed in the proof of [28], Lemma 2.26.

Remark 4.6 (meaning of the variational formula). Despite its functional expression, the variational formula
(33) is actually a unidimensional statement, taken in all directions. Namely, for any probability space (E, &, Q)
and any f,g € LY®(Q), let us denote by ay, : [0,1] — R the function defined for any A € [0, 1] by

afg(N) =EntS(Af + (1—N)g). (35)

Notice that oy 4(0) = Entg(g) and ay4(1) = Entg (f). The consideration of convex combinations reveals that
the convexity of the ®-entropy functional on L1'®(Q) is equivalent to the convexity of a4 on [0,1] for any f
and g. Assume now that ay, is convex on [0,1] for any f and g in LY®(Q). Assume for the moment that
f,9 € K(E,Z). In that case, there are no boundary effects, and ayq is smooth. Recall that a real convex
function is the envelope of its tangents, cf. [32]. In particular, as 4(1) > ayf4(0) + o/f’g(O). Moreover, equality
is achieved for f = g. As a consequence, we get

Entg(f) = gGISCl(l]IE) . {a’ﬁg(O) + afyg(O)}. (36)

It turns out that oy ,(0) = Eq((®'(9) — ®'(Eqg))(f —g)). We thus recover exactly (33). By virtue of Re-
mark 4.5, the formula above for a'f’g(O) still makes sense in [—00, 00) when f, g are in L'®(Q), and consequently,
the variational formula (36) remains true when f, g € L1®(Q). Notice that af4(\) = Entg (g+A(f—g)), and
hence o/ﬂ g(O) is the directional derivative of the ®-entropy functional at point g in the direction f — g.

Proof of Theorem 4.4. 1=2. Follows from the identity B® = A® + A®(7) where 7 is linear, given by Lemma 4.1.
3=1 and 3=-2. Follow from (30) used on a convex combination.
1=3 and 3=-2. Follow from (31) used on a convex combination.
1=4. The Hessian matrix of A® writes for any (u,v) € Tz,
2 4 d - A% (u,0) D (u+v) — D" (u)
VA" (u,v) = < <I>”(u+v) —(I)”(u) <I>”(u+v) :
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Since A?® is convex, the diagonal elements of V2A® are non-negative, and thus ®’ > 0 on Z. Moreover, the
convexity of A? yields that det(V2A?) is non-negative. Suppose now that (u,v) € 7z is such that ®”(u+wv) = 0.
Then det(V2A®(u,v)) = —®"(u)?, and thus ®”(u) = 0. Consequently, the set {w € Z;®"(w) = 0} is either
empty of equal to Z, as required. When ®” > 0 on Z, we get det(VZA® (u,v)) = & (u + v)@”Q(u)Afl/q)” (u,v),
which is non-negative since A% € Cz,. But & > 0, and thus A~Y/®" > 0. Lemma 4.1 gives then —1/9” € Cs.

4=1. If ® is affine on Z, then A? is identically zero, and thus belongs to Cz,. Let us consider the second
case. Assume that &’ > 0 on Z with —1/®” € Cz. It turns out that (—1/®")" = (®""®" — 29"2) /"3,
Hence, ®""®" > 2®""? on I, and thus ®"” > 0 on Z. In other words, ®’ € Cz. By Lemma 4.1, it follows
that A®" is non-negative. Therefore, the diagonal elements of VZA?® are non-negative on Cz. In the other
hand, for any (u,v) € Tz, det(VZA®(u,v)) = ®"(u + v)®"?(u)A~/*" (u,v), which is non-negative again by
virtue of Lemma 4.1. Putting all together, the two dimensional matrix V2A®(u,v) has a non-negative trace
and determinant for any (u,v) € Cz, as expected.

4=5 and 5=6. Follow from the definitions. See for instance [27].

6=7 and 8= 9 and 10=-11 are immediate.

1=8. Let f and g be in K(E,Z). Since A® € Cz;, the following sort of “A®-entropy”

J(f,9) == Eq(A%(g, f — g)) — A® (Eqg, Eo(f — 9)) (37)

is non negative by Jensen inequality. Moreover, it vanishes when f = g. The desired result follows from the
identity Entgy(f) = J(f,9) + Eq((®'(9) — ®'(Egg))(f — 9)) + Entg(g).

9=1. For any (E,£,Q) € P and f,g € K(E,Z), the identity (33) implies that the quantity J(f,g) defined
by (37) is non-negative. By approximation, J(f,g) is non-negative for any f,g € L1®(Q). Now, let (u,v) and
(u',v") be in 7z, and let A € [0,1]. Since P is a covering collection, there exists (E,£,Q) € P and T € £ such
that Q(T) = A. Let g := ulp + v'Ipe and f := g + vlp + v'Ipe. The desired result follows from the identity
J(frg) = M (w,0) + (1~ NA (o) — AP(A,0) + (1 - \)(ul, ')

3=6 and 3=8. Let f,g € K(E,Z), and let ay,q4 be as in (35). It turns out that

o’ (t) = Eq(C®(he, f — g)) — C*(Eqhs, Eq(f — 9))-

Notice that (h¢, f — g) takes its values in 7. Since C?® € Cry, we get o’(t) > 0. In other words, a € Cjg 1) In
particular a(A) < A1)+ (1 — X)a(0) for A € [0, 1] writes Entg()\f +(1-=XNg) < )\Entg(f) +(1- )\)Entg(g),
which is nothing else but the expression of the convexity of Entg. Additionally, since every convex function on
an interval is the envelope of its tangents, see [32], one gets Entg(f) = a(1) = supsejo ) {a(t) + /() (1 — 1)}
In particular, Entg(f) > a(0) +a/(0), with equality when f = g. Taking the supremum with respect to g leads
to (33).

7=9 and 6=8. Let f,g € K(E,Z), and let ay4 be as in (35). Then, for any s,t € [0,1] and any A €
[0,1], a(As + (1 = N)t) = Entg()\(tf +1—=t)g)+ (1 —=XN(sf+(1—s)g)). Since Entg € Cx(p,1), we get
a(As + (1 = Mt) < Aa(s) + (1 — A)a(t), and thus a € Cjg 1). Since every convex function on an interval is the
envelope of its tangents, see [32], we obtain Entg(f) = a(1) = supyepoqy {a(t) +/(t)(1 — 1)}, In particular,
Entg (f) = a(0) + &’(0), with equality when f = g. Taking the supremum with respect to g leads to (33).

9=7and 8=6. Use Afi+(1-X)f2—g = A(f1—9)+(1—M)(f2—g) and Ent)(g) = AEnt(g)+(1—\)Entg(g)
in the expression inside the supremum in (33), then use the fact that the supremum of the sum is less than or
equal to the sum of the suprema.

11=7. The proof can be found in [28], introduction of section 2.5. Namely, let ¢g1,92 € K(E2,Z), and
consider f : {0,1} X F5 — R defined by f(z,y) := ¢1(y) if = 0 and f(z,y) := g2(y) if x = 1. The tensorisation
formula (34) expressed for f rewrites Entg2 (1 —p)g1 +pg2) < (1 — p)Entg2 (91) + pEntg2 (g92), as expected.

8=10. The proof can be found in the Saint-Flour course [28], Theorem 2.27. Roughly speaking, it consists
in the usage of the variational formula (33) on each entropy in the right hand side of (34), which gives rise, via
a telescopic sum, to the variational formula for the left hand side of (34).
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Finally, if the statements hold, then ® € Cz by statement 4, and the proof of 4=-1 given above provides in

particular that ®” € Cz. O
Example 4.7. For (P1-P2-P3), both &, —®’, and ®" are convex on Z. Moreover, & > 0 on Z and —1/9”
is convex on Z. Actually, —1/®"” is affine for (P1) and (P2). Consider the case where ®(u) := —ulog(—u)

onZ = (—00,0). Then ®’ > 0onZ , and —1/®” > 0 on Z. However, —®’ is concave and not convex on Z.
Consider now the case where ®(u) = —log(u) on Z = (0, +00). Then &, —®’, &” are convex on Z, and ®” > 0
on Z. However, —1/®" is concave and not convex. These examples rely on the stability by symmetry of the
convexity of —1/®”, and the absence of such a stability for —®’.

Example 4.8. Following [11], the convexities of the A-B-C transforms of ® and of the ®-entropy functional are
stable by any linear combination on ® with non-negative coefficients. Theorem 4.4 shows in particular that this
stability still holds for the convexity of —1/®”, for which it is less apparent. The consideration of continuous
linear combinations on ® by mean of an integral with respect to a positive Borel measure provides several
interesting examples. For instance, ®(u) := ffu” dp = u(u — 1)/log(u) on T = R¥ is obtained from (P3), and
satisfies to the required convexities of Theorem 4.4.

Example 4.9. A curious example is given by ®(u) = —I(u) on Z = (0, 1), where I is the Gaussian isoperimetric
function defined by I := F’ o F~! where F is the cumulative distribution function of A(0,1). Function I is
positive and concave on Z, and satisfies to the identity II” = —1. Consequently, ® and —1/®” = ® are convex.

In particular, Theorem 4.4 shows that the I-entropy is concave, and provides a reversed tensorisation formula.

For any p € [0, 1], let 0}, : 77 — 77 be the linear map defined for any (u,v) € 7z by
op(u,v) :== (u,pv). (38)

The map o, is well defined since for any (u,v) € 7z and any p € [0,1], we have u + pv € [u,u + v] C T by
convexity of Z, and thus (u,u + pv) € Tz. Notice that C®(0,) = p?C?.

Lemma 4.10. Let ® € Cz and p € [0,1]. Let 0, be as in and (38). The following inequalities hold on Tz,
A%(0,) < pA® and B®(0,) < pB?®, (39)

where q := 1 — p. Moreover, A®(0,) = p?A® and B®(0p) = p?B® for (P2). Let T be as in (32). Assume in
addition that ®" € Cz, then the following inequalities hold on Tz,

pA® — A%(0,) < pg(pA®(1) +qA®); (40)
1
A%(op) < P CT +pP AT (41)
1
A% ((0p))) < §p2q0®+p3Aq}(7); (42)
B®(0p) < p’qC®+p°B. (43)

Proof. The A?® part of (39) is a rewriting of (10). For the B® part of (39), we notice that ®' is non-decreasing
since @ is convex, and thus pv®’(u+pv) < pv®’(u+v) regardless of the sign of v, which gives the desired result.
The inequality (40) is a rewriting of (15). Namely, pA® (u,v) — A% (0, (u,v)) = Entg(lyp)(f) for any (u,v) € Tz,
where (f(0), f(1)) := (u, u+v), whereas Eg(; ;) (A®(f,Df)) = pA®(r(u,v)) +gA® (u,v). The inequalities (41),
(42), and (43) follow from (30) by using the definition of C® and a suitable Jensen inequality for ®”. O
Remark 4.11. The bounds (41) and (42) become equalities for (P2). However, (43) is not sharp for (P2).

The bound B®(0,) < pB? is optimal in the sense that for (P1), we have B®(u,pv) ~ pB®(u,v) at v = +o00
for any (p,u) € (0,1) x Z. However, B®(o,) = p?B?® for (P2); and in general

lim v~ 2B® (u, pv) = p? Hmo B?(u,v) = p*®" (u).
v—

v—0
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The same remark holds for A® (up to a factor 2 in the case (P2)).

Some of the results of this section correct mistakes discovered by the author in [11] after publication. In
contrary to what appears in [11], p. 330, H(2’) does not imply H(2). Actually, H(1) and H(2) are equivalent
and H(2’) should be removed from [11]. In particular, [11], Remarks 8 and 11, pages 354-356, should be
replaced by Lemma (4.1). These corrections are minor and simplifying and do not impact the results of [11] at
all.
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