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STABILITY OF SOLUTIONS OF BSDES WITH RANDOM TERMINAL TIME

SANDRINE ToLDO!

Abstract. In this paper, we study the stability of the solutions of Backward Stochastic Differential
Equations (BSDE for short) with an almost surely finite random terminal time. More precisely, we
are going to show that if (W") is a sequence of scaled random walks or a sequence of martingales that
converges to a Brownian motion W and if (7") is a sequence of stopping times that converges to a
stopping time 7, then the solution of the BSDE driven by W™ with random terminal time 7™ converges
to the solution of the BSDE driven by W with random terminal time 7.
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INTRODUCTION

We want to make an approximation of the solutions of a backward stochastic differential equation (BSDE
for short) with an almost surely finite random terminal time 7 like

T T

Yinr = €+ f(s,Ys,Zs)ds—/ ZdW,, t > 0.

tAT tAT

The robustness of numerical methods to approximate solutions of BSDEs had already been studied in the
case of a deterministic terminal time. Antonelli and Kohatsu-Higa in [1] and also Coquet, Mackevi¢ius and
Mémin in [6] and [7] proposed approximation schemes that use discretization of filtrations and convergence of
filtrations. Briand, Delyon and Mémin in [3] and Ma, Protter, San Martin and Torres in [13] have approximated
the Brownian motion by a scaled random walk. Then, in [4], Briand, Delyon and Mémin have studied another
case: they approach the Brownian motion by a sequence of martingales.

We are interested in BSDEs with random terminal time because there have strong links with Partial Differ-
ential Equations as it is explained by Peng in [14]. As for BSDEs with deterministic terminal time, we study
the robustness of numerical methods to approximate the solutions of those BSDEs. In this paper, we shall
approximate the Brownian motion either by a scaled random walk, either by a sequence of martingales. In
this study, we need moreover to approximate the random almost surely finite terminal time 7 by a sequence of
stopping times (7).

In Section 1, we approximate the Brownian motion by a scaled random walk. First, we shall state the problem
and study the properties of existence and uniqueness of the solutions of the BSDEs. Then, we will deal with the
convergence of the solutions. To end this part, we give an example of the convergence result for hitting times.

Keywords and phrases. Backward Stochastic Differential Equations (BSDE), stability of BSDEs, weak convergence of filtrations,
stopping times.
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In Section 2, we approximate the Brownian motion by a sequence of martingales. We shall see some gen-
eralizations of the results of Section 1: existence and uniqueness of the solutions of the BSDEs under study,
convergence of the solutions. Moreover, we will illustrate these results by the case of discretizations of a Brow-
nian motion and hitting times. For technical reasons, we need some results about convergence of stopped
filtrations. So, in Appendix A, we will deal with stopped filtrations and stopped processes. We are going to es-
tablish a link between the convergence of a sequence of stopped processes and the convergence of the associated
stopped filtrations.

In what follows, we are given a probability space (£2,.4,P). Unless otherwise specified, every o-field will be
supposed to be included in A, every process will be indexed by Rt and taking values in R, every filtration
will be indexed by R*. D = D(R") denotes the space of cadlag functions from Rt to R. We endow D with
the Skorokhod topology. If X is a process and 7 a stopping time, we denote by X7 the corresponding stopped
process, i.e. for every t, X = Xiar-

Definition 0.1. Let (F;);>0 be a filtration and 7 a F-stopping time. We define the o-field F- by

Fr={Aec Foo: AN{7 < s} € Fs,Vs} where Fo = \/}}
t

and the stopped filtration F7 by
Fl=Fn={AeF: An{r < s} € Fs,Vs < t},

for every t.

For technical background about Skorokhod topology, the reader may refer to Billingsley [2] or Jacod and
Shiryaev [11].

1. STABILITY OF BSDES WHEN THE BROWNIAN MOTION IS APPROXIMATED BY A SCALED
RANDOM WALK

1.1. Statement of the problem

Let f : R?> — R be a Lipschitz function: there exists K € R* such that, for every (y, z), (v',2') € R?, we
have:

1f(y,2) = F W2 [ < Klly— o[+ ]2 =[]
For clarity’s sake, we consider a time-independent generator f but the results of Section 1 remain true if f is
time-dependent as it is explained in Remark 1.3.

We also suppose that f is bounded and that f fills the following property of monotonicity w.r.t. y: there
exists p > 0 such that

V(y,2), (v, 2) € RT x R?, (y — /') (f(y,2) = f(¥,2)) < —ply — o).
Let W be a Brownian motion and F its natural filtration. Let 7 be a F-stopping time almost surely finite.
We consider the following stochastic differential equation:
T T

Vo =€+ [ f0Z)ds— [ Zaw ez 1)

tAT tAT

where £ is a bounded F,-mesurable random variable.
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Definition 1.1. We call a solution of the BSDE (1) a pair (Y, Z) of progressively measurable processes verifying
the equation (1) such that ¥; = £ and Z; = 0 on the set {¢ > 7} and:

tAT
E [sup 62“t|}/;5|2:| < 400 and Vt, E [/ |Zt|2dt} < +o00.
0

teRT

According to Theorem 2.1 of Royer in [15], the BSDE (1) has a unique pair solution (Y, Z) in the set of
processes such that Y is continuous and uniformly bounded.

In this section, we approximate equation (1) on the following way. We consider the sequence of scaled random

walks (W"™),>1 defined by:
1 [nt]
Wi =— er, t=0
t \/ﬁ — k> =

where (e})ken- is a sequence of i.i.d. symmetric Bernoulli variables. Let F™ be the natural filtrations of W™,
n > 1. We have FJ' = o(e}, k < [nt]). Let ("), be a sequence of bounded (F")-stopping times. For each n,
we can find T}, € N such that ™™™ < T,,.

Then, for each n, we consider the following equation:

1 1
y%/\Tn - y%/\,rn + E1{7n2§}f (y%ATMZZ%AT?J - Z%/\Tn ﬁgz-i-l) k = 07 RIS (n - 1)Tn

where (£") is a sequence of (F7,

T

)-measurable integrable random variables.

By a solution of equation (2), we mean a discrete process {y% , 2,1 }x>0 that satisfies (2), such that y = ¢"

and zz =0 on the set {77 < %} and such that {y%/wn, 2041, o bh20 18 Fr7"_adapted.

Proposition 1.2. FEquation (2) has a unique solution (y™, z™).
Proof. We are going to build this solution on a converse iterative way.
For k =nT,, let us put y , _, =" and 2%,

Arm

Let us suppose that, for a given k, we have built (y’@ATwy,zhmn). Using equation (2), we are going to
determinate (ygw, , zhwn) .

AT

Let us begin by giving an expression of 2%,

Multiplying equation (2) by \/ne}! pilprns iy and taking the conditional expectation with respect to }‘:/7;”’ we
have:

n
Z—kzl AT 1{T7L>§}

= E|2% 1 k |.7'-n’Tn
L N At - £

n 1 n
n,T n,T
= VnE {yﬁil/\TnEZ+11{Tn>§}‘fﬁ } + _\/EE [1{Tw>%}f (y%mmzﬁilmn) EZ+1|‘7:E }

n " n, 7"
—/nE [yswsk+11w>%}\ﬂ ]

B n n n, 7"
= \/EE {yﬁ/\TnEkJrl‘]:& } 1{"'"2%}
n n
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n n
because Y% prn and 27,

n

n
1, ., must be F'" -measurable, 7" is a F"-stopping time and e}’ 41 is independent from

w7 and is centered.

n
143 1 n _ n .
Moreover, by definition of a solution, for every k, ZRt1 = Zk+1/\7n1{rn>§}- So, we put:
n n v

n o n n n
Zhtlprn = \/EE |:yk+1/\7_n€k+1‘fﬁj| 1{7_n>§}.
n n n

We point out that 27, is .7-'2’7 -measurable.
n n

AT
M n
Now, we have to determinate y% , ..
n
n k n ) —_,m _¢n
On the set {7" < 7}, ¥k, . =Yk, , =y =&
n

n k n — 1 n n 1 .n I
On{r" > 2h vk, 0 =Yiu, . t30f (y&/\,rn7zk+1/\7—n) — 21, o TrEhg and we can write it
n n n n n

Yiprn =P (y’gwn)

with ¢(y) = y%wn + %f (y, zl%mn) — zﬁianﬁszﬂ. As f is K-Lipschitz in y, we have, for every y,y’:

K
le(y) —o(y')| < —ly - Y.

So, for n large enough (notice that this range does not depend on k), % < 1 and ¢ is a contraction. Then,

the equation y% ., = ¢ (yg /\7—") has a unique solution for n large enough, according to a fix point Theorem.

By construction, y% Apn 18 fffff—measurable. But, using the predictable representation property, we have

n

n n 1 n _ n n, 7" n P n n 3 n, 7"
Yiet npn = Zhtd g0 UnChEl = E[y’““mn w7 ] So Yk pnpn 18 independant from e}, , and YE apn 18 Frr
= = = " , n
measurable.
Hence, the equation (2) has a unique solution. O

Now, we define continuous time processes Y™ and Z" by V" = y[., for every t € RT

zZ5 = 2V
) t [nt] )
o AT o AT

where |z] = (x — 1)T if z is an integer, [z] otherwise. The processes Y™ and Z" are constant on the intervals
[k/n, (k+1)/n] and ]k/n, (k + 1)/n] respectively and satisfy the following equation:

T n

V=& [ 0 Zhedar = [z 3)

tAT™ tAT™

where A} = ["—ns]

Remark 1.3. If f is time-dependent such that for every (y, z), we suppose that {f(,y, z) }+>0 is progressively
measurable, bounded, K-Lipschitz in y and z and verify the condition of monotonicity w.r.t. y given before.
Under these assumptions, all the results of Section 1 remain true and the proofs are the same. In that case,
Equation (2) becomes:

1 k 1
n _ n - v no,n n _.n n _ .
Ykpm = y%ArnJrnl{r’?;’j}f n/\T VY ppns Zib1 z%lmn\/ﬁskﬂ, k=0,...,(n—1)T,

Y = "
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1.2. Convergence of the solutions

The aim of this section is to prove the following result of convergence of the solutions:
Theorem 1.4. Let (Y,Z) be the solution of the BSDE (1) and (Y™, Z™) be the processes constant on the
intervals [k/n, (k + 1)/n[ and |k/n, (k 4+ 1)/n] respectively solving equation (3). We suppose that there exists
§ > 0 such that sup, E[|¢"|'+9) T < 400 and sup,, E[|7|'+9) ™% < 400 and that we have the convergences
e B B andwr LW, Then

TAT
VLeN, sup Y n — Yins] +/ \Z8 0 — Zype2dt 5 0
tc[0,L] 0

which we shall denote by (Y™, Z") — (Y, Z) and also

tAT" tAT
/ Znawn — / Z.dW,
0 0

According to this theorem, we have the convergence in probability of the solutions under the rather strong
assumption that the scaled random walks converge in probability to the Brownian motion and the random
terminal times also converge. Actually, with Donsker’s Theorem, we have the convergence in law of the scaled
random walks to the Brownian motion. If we only have this convergence in law, we obtain the following corollary:

Corollary 1.5. Let (Y, Z) be the solution of the BSDE (1) and (Y™, Z™) be the processes constant on the
intervals [k/n,(k + 1)/n] and ]k/n,(k + 1)/n] respectively solution of the equation (3). We suppose that
Vn,Vk, e} = ep, & = g(W) and & = g(W™) with g bounded continuous. We assume that there exists 6 > 0

1

such that sup,, E[|7"|'T9] 75 < +o00. We also suppose that we have the convergence (W™, ™) £, (W, 7). Then
(Y_’AITH, fdM ngWf) converges in law to (Y,/\T, fO'AT stWs) for the Skorokhod topology.
n

VL € N, sup Eo.

te[0,L]

Proof. According to the Skorokhod representation theorem, in a space (Q, A, Ii”), we can find (W", 7™) with the
same law as (W™, 7") and (W, 7) with the same law as (W, 7) such that (W”,7%) 225 (W,7). We denote by
F the natural filtration of W and by F™ the natural filtrations of the W™.

Let us show that 7 is an .?E—stopping time. Let us fix ¢ > 0 and note that {7 < ¢t} € F; since 7 is a F-stopping
time. Then, for every € > 0, we can find h : R¥ — R measurable and sy, ..., s in [0,#] such that

/|1{T<t} (W W )[dP < <.

(W, 7) ~ (W,7) 80 Lircry — h(Wey, ..., W) ~ Lizgiy — h(Wyy, ..., Ws,). Then,
/|1{%<t} W, W,)|dP = /|1{T<t} _R(W.,,...,W,,)|dP.
So, for every € > 0, we can find h : R¥ — R measurable and s1,. .., s in [0,#] such that
/ Lircry — (Wi, Wi )|dP < e

Hence, {7 <t} € Fi. Then 7 is an ﬁ—stopping time. On the same way, the 7"’s are ﬁ”—stopping times.
Let (Y™, Z') be the solution of

~n ~n
7
’

V"= g(W") +/t Y ey Z g on)dAT — / Zend W

tAFn
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and (Y’, Z’) be the solution of

Y- =g(W / fY’Z’dsf/ Z'dW,, t>0
t

AT

All the assumptions of Theorem 1.4 are filled. So we have the convergence in probability of (Y’ i

N

7 zmariy)
o ( AT,fOM Z'dw, ) Then, denoting by (Y% _.,Z" ) the solution of (1) and by (Y s, Z or) the solution
of (3), since (Y7 ., Z™ .,W™ ™) has the same law as (Y %, Z "o, W™, 7") and (Y.ar, Z.pr, W, 7) has the
same law as (Y-, Z' ., W, 7), we have the convergence of (YAT,L, fO'ATn Z?dWS”)n to (Y/\T, fO'AT stWS) in
distribution for the Skorokhod topology.

We point out that in this corollary, it is necessary to have the joint convergence of (W™, 7™)),, to (W, 7). In
section 1.3, we shall see an example where the stopping times are hitting times.

To prove the first convergence of Theorem 1.4, we are going to use the Picard approximations (Y?, Z?) and
((Yy™p, Z™P)), defined on the following way:

v = e [ gomnas- [ zrtaw, viso, (4)
tAT tAT

vt =g [ g e - [ zeetiawy, (5)
tATT AT

with Y0 = 20 = y™0 = Zz0 = 0 and Ap = 211,
We have existence and uniqueness of adapted pairs (Y?,ZP) and ((Y™P, Z™P)),, by induction on p, using
respectively Theorem 2.1 of Royer in [15] and Proposition 1.2.

We write:

Y'Y =Y"-Y"P)+ (Y™ —YP)+ (YP-Y),
" —7Z = (2" =Z"P)+ (Z™P = ZP)+ (ZP - Z).

We are going to prove successively the convergence of the Picard approximations to the solutions, i.e. for
every n, (Y™ Z™P) — (Y™ Z") and (YP,ZP) — (Y,Z), and then check that the first convergence of the
theorem is true for the Picard approximations, i.e. for every p, (Y™P Z™P) — (YP ZP).

Most of the proof uses the same arguments as in the proof of Theorem 2.1 of Briand, Delyon and Mémin
in [3] but there are some technical difficulties due to the stopping times.

The arguments of Lemma 4.1 in [3] are still true when we replace a deterministic terminal time by a bounded
random terminal time. So we have:

—+oo
VL, supE l sup Y e — YR +/O |Z] — Zf’p|2dt1 — 0. (6)

tG[ p——+o0

With a truncation argument (using the fact that 7 is almost surely finite), we deduce the convergence of (Y'?, ZP)
o(Y,2),i.e

+oo
VL, E l sup |Y2,, — Yonel? —|—/ |ZP — Zy|*dt| — 0. (7)
0 p—+0o0

te[0,L]
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Now, let us show that for every p, (Y™P, Z™P) — (YP, ZP) as n — +oo that is

n

VLEN, sup [Y2T. — V7| + / 1200, — ZE 2dt B 0 as n— oo, (8)
te[0,L] 0

We argue by induction on p.
— The property is true for p = 0 because Y° = Z0 = y™0 = 770 = 0.
— We suppose that, for given p, (8) holds. Let us prove that (8) is still true for p + 1. The proof will be
given through three steps.

In a first step, we introduce the sequence (M™),, of processes defined by

tAT?
T A Y (LA

and the process M defined by

AR / Fvr,z0d

In Lemma 1.6, we prove that (M’ ), is a sequence of (F™7" )-martingales. Then, with Lemmas 1.8 and 1.9,
we show that we have the following convergence:

VL, sup |M, —MMT|E>O as n — oo.

te[0,L]

Tn

The aim of the second step is to prove Lemma 1.11:

n

.
1 1 P
/ |ZEett — ZPH2dt — 0 as n— oo,
0

At last, in a third step (Lemma 1.12), we deal with the convergence of Y™P*! to YP+i:

1 1, P
VL, sup |[YOPN—vEE S0 asn — .
te[0,L]

Step 1. Let (M™),, be the processes defined by M = Y, P + ftM f(yp, Zmr)dAn.

Lemma 1.6. For each n, M™ is a F™™" -martingale.

Proof. Let us show that M]* = M§ + ftAT ZPi dwr. Using (5),

tAT™
p+1
MP + / zmettawn
0
tAT™
n,p+1 n,p+1 n
Yt 4 / 2w

n

T tAT™
= "+ / FY2P, Z0P)dAY — /O ZrrHdwr 4 /O Zmettawr

Yo + / Y A = My
0

Then, for every n, as the process (MJ + fg Z;I/\’;tldW;’)@O is a F"-martingale, the stopped process (M{ +
ZIPE AW )50 = (M]") >0 is a F™7 -martingale. O
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F "] with M, = YRPt 4 fOTn F(YWP, ZP)dA”, for every n, for every t.

n

So, we have M* = E[M”.

Tn

Before proving the convergence of (M), let us see a lemma that links stopped integrals and integrals of
stopped processes:

Lemma 1.7. For every t, we have the following relations:
/ Fvr, Z7)ds = / (VB 200 )ds + (1 At = ) F (Y2, 22),
/ P, Z8P)ds —/ FOGRTn, ZG5n)ds + (77 Nt = 1) f (VP ZT3F).
0

Proof. Let us prove the first relation.
On {t <7},

t tAT
/ f s/\‘ra SAT)dS = / f(}/fa Zf)ds = / f(Y;p7 Zf)ds
0 0

/ f s/\'ra s/\‘r d5+/ f s/\‘r7 s/\'r) s

tAT
fYe,z8)ds+ | f(YP, Z7)ds

0 tAT

[ s zmas s a-nnsor ),
0

and on {t > 7}, we have:

/ F(VEy, 28, )ds

The second equality is proved by the same arguments. (I
Lemma 1.8. (M), converges in L* to Y™ + [ f(YP, ZP)ds.

Proof. Tt Suﬂices to show that (M™,),, converges to YPT1 + fOT f(YP, ZP)ds in probability. Indeed, for every n,
E[| M=, |*+9] 5 < E[|¢n 0] 755 + || f]| oo E[| 7| 1+0] 75 So, when we take the sup in n, sup,, E[|an|1+5]ﬁ < o0
according to the assumptions on (£"),, ("), and f. So, the sequence (M) is uniformly integrable and then

e
the convergence in probability implies the convergence in L.

Let us show that (M), converges in probability to Y2™! + [ f(YP, ZF)ds.

‘ no Y g / YR, Z2)ds| < [Ymrtt - yr| 4 / YT, 207y AT — / FYP, Z2)ds
0 0 0

But,
Rty = e — ¢l Do, 9)

Tn

We are going to conclude by showing that

Eo.

|osorzpman - [ gz
0 0

For each n, for each w, there exists a unique k,, such that 7™ is in the interval [k, /n, (k,+1)/n[. As the processes
Y™P and Z™P are constant on the intervals of the form [k/n, (k + 1)/n[ and |k/n, (k + 1)/n] respectively by
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construction, we have:

" kn/n
|z = [ g zenas
So,

Tn T kn/n T
/0 FYIP Zmr)dAn - / (Y, Z2)ds / FYmP, Z0P)ds — / F(YP, ZP)ds

(kn /M)A
< / (f(YSP, ZP) — f(YF, ZF))ds
0
(kn/n)V
¥ /( o T g~ SO IO
n/M)NT

Taking t = (k,,/n) A 7 in the two equalities of Lemma 1.7, we have:

(kn/m)AT (kn /n)AT
/ f(}/;pa Zg)ds - / f(YSp/\T7 Zf/\'r)dsa
0 0

(kn /M)A (kn /n)AT
/ fopnzemas = [ VR, 258 )ds.

So,

(kn /n)AT
/ (F(YI0, Z00) — f(YP, Z2))ds
0

(kn/n)/\ " n
/O (f(}/s/\,fna Zs/’\l‘j'") - f(}/:;\7'7 ZfAT))dS

N

(kn /m)AT
/ K[Y k., —Yh |+ 250 — ZE,||ds because f is K-Lipschitz
0

/A

T"AT TAT"
n,p 4 n,p P
K[ - vhds ek [ 1238 - 22 s
0 0

Using the induction assumption (8), the fact that 7 < 400 a.s. and Cauchy-Schwarz inequality, we prove that

n

TAT
| iz - zopas o (10)
0

On the other hand, let us fix € > 0 and > 0. Since 7 < 400 a.s., we can find T such that P[t > T] < e. Then,

TAT
P V [Yirrn — Y lds > n}
0

AT AT
P [/ |Y:}\’£" - Y;p/\7_|d8 1{7’/\7’"<T} 2 n + P / |YZF/L\’7Z-)” - }/5\7|d8 1{7’/\7’">T} 2 n
0 0

N

s€[0,T]

+Plr AT =T

< 2e by choice of T' and using (8).
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So,
TAT P
[ wn - vias S (11)
0

Finally, using the convergences (10) and (11), we have

P

(kn /n)AT
/0 (F(Y?, 207y — F(v2, Z7))ds| B o. (12)

On the other hand, |[7" — ky,/n| < 1/n and 7" L 7, so we have (kn/n) L, 7. Then,

(kn /n)VT
/( (PP, 20V oy — FOVP 20V sy )

kn /n)AT

< ka/n =7l flle (13)
P

— 0.

According to the convergences (12) and (13), we have

| sonzpmans - [ oz, znas| So. (149)
0 0
Hence, according to the convergences (9) and (14),

mr 5 (Yf*l + / f(Y;?’,Zg’)ds). (15)

0
At last, Lemma 1.8 is proved. O
Let M be the process defined by M; = YA + fJAT f(YP, ZP)ds.
Lemma 1.9. We have the convergence
VL, sup |M}— M| 5 o0. (16)

tel0,L]

Proof. Using the same computation as for M;* in Lemma 1.6, we find:
tAT tAT
M, = M, +/ ZPH AW, = Yt’;tl +/ F(YP ZP)ds.
0 0

So the process M is a F™-martingale.
Then, M;r. = E[M.|F]], for every t, where M, = YP™1 + [ f(YP, ZP)ds. According to (15), M™. LM,

If we prove that we have the convergence of the sequence of filtrations (f"’Tn)n to F7, according to Re-

mark 1.2 in Coquet, Mémin and Stominski [8], we have M™" Z, M. for the Skorokhod topology.

(W™),, is a sequence of processes with independant increments that converges in probability to W. So, ac-

cording to Proposition 2 in [8], F" 2, F. Moreover, W is continuous and 7" B rso according to Corollary A.7,

Fromt 2 T
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Finally, we have M" LN M. for the Skorokhod topology. Moreover, F is a Brownian filtration, so, every
F-martingale is continuous. In particular, E[M,|F ] is continuous. The stopped process is also continuous, i.e.
M = E[M,|FT7] is a continuous process. So, the previous convergence is uniform in ¢ on every compact set and
Lemma 1.9 is proved. (I

Step 2. In this step, we shall prove the convergence of (Z™P*1) to ZP*1 as n — oco.

First, let us see a lemma of convergence of quadratic variations:

Lemma 1.10. (W™ M™™" [M™™" M™™"], [M™7" ,W™T"]) converges to (W™, M7, [M™, MT],[M™,WT]) in
probability.

Proof. Tt suffices to follow the lines of Briand, Delyon and Mémin in the proof of Theorem 3.1 in [3]. O
Lemma 1.11. [ [Z52h — Z24H 2ds 5 0.

Proof. To prove this lemma, we prove that we have these two convergences:

| izt e [ gz 2o (17)
Vg el / o(s)(Z0k! — 20 has B o, (18)
0

Then, we conclude with the following lines:

n n

T T
24t + / |ZE2dt — 2 / Zymrit zP e
0 0

TW, 7_77/
n,p+1 p+112 34 _ n,p+1
|z - zgtpa= [z
0 0
n

7_77/ 7_77/ _I_n T,
,p+12 +1 +1 ,p+1 +1
=< / \Zi e — / |me|2dt>+2< / |28 Pt / 7z zzm)

2, 0 according to (17) and (18) with g = ZPT1,

First, let us show that fOTn | ZP i 2de — fOTn 1zPH2ar 5o

TW,
n,p+1
[
0

7_77/
24t — / |ZP2de
0

n n

" n
n,p+1 n,p+1
/ | Z00 / | Z i
0 0

VL, sup ‘[Mn,-r",Mn,-r"]t o [MT,MT]t‘ K 0.
te[0,L]

n

.
< 24t - / Firas
0

+

244 24Ar — / | ZP L 2dt
0

According to Lemma 1.10,

But,
n(tAT™)

tAT™ [ ]
" 1
MM = Mg + / ZrrHAW = My + = >zt
0 [

So,
[n(tAT™)]

" n 1 41 tAT™
T AT = ST R = [z paa.
k=1
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On the other hand, M7 is a continuous martingale, so
tAT
T = T = [ 20 s
0

Then,

VL, sup

sSAT™ SAT
/ |Z; PP Ay —/ |ZPTPdt| S 0
s€[0,L] 0

n

In particular, using the fact that sup,, 7" is almost surely finite because (7"),, converges in probability to the
almost surely finite stopping time 7, we have

n

" TAT™
/O |Z?’p+1|2dA? o /0 |Zf+1|2dt

2o

P .
As 7 — 7, by dominated convergence, we have:

T AT
/ 2 Pt / 20 Par
0 0

Moreover, fOT" | Z[PT 24 A7 = fOTn |Z{"P*12dt. So, the convergence (17) is proved.

P
— 0 asn — +oo.

It remains to prove convergence (18). Let us fix g € L%(R*) and show that fOTn s)(Zmett — ZzP s Eo.
According to Lemma 1.10, we have the convergence

VL, sup ‘[MTMT""’ WTL,T"L]t o []\47—7 WT]t‘ E) 0.
t€[0,L]

But,
[n(tAT")]

tAT"
L e D M A [ menan,

On the other hand, M7 and W7 are continuous martmgales, SO
tAT
W= W = [zt
0

Then,

tAT™ tAT P
/ Zmrtigan f/ ZPTds| — 0. (19)
0

VL, sup
tel0,L]

We write:

n

TAT
| sz - ziihas
0

n n

TAT TAT
<[ swzmias- [ gezigitaa
0 0

n n

TAT TAT
W[ sz - [ gezztas).
0 0
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As the function g is measurable and 7 is almost surely finite, using a density argument and the convergence (19),
we have:

n n

T TAT
| stzizttan— [ gzzitas ~o. (20)

By dominated convergence, we deduce that

TAT" TAT" P
[ s@zuitas- [ goziziaa) o
0 0

Next, using the density of the set of continuous function with compact support in L2, we show that

n n

TAT TAT
| swzgan - [ gezzitas Bo
0 0

The convergence (18) is now proved.
Lemma 1.11 is proved. (I

Step 3. Let us prove the convergence of Y™P*! to YP+! when n goes to co.

1 1, P
Lemma 1.12. For every L, sup |Y22H —vyPH | = o.

te[0,L]

Proof. We fix L. We write:

n,p+1 p+1 n
sup |[Yinrn  — Yo [ < sup [M n — Miar|+ sup
tel0,L] tel0,L] te[0,L]

tAT™ tAT
/ FYIP, Zmr)dAn - / VP, Z7)ds
0 0

Moreover,

tAT? tAT
| s zeman - [T porzmas
0 0

sup
t€[0,L]
tAT™ tAT™
< sw | [ pornzinaar - [ e zens
telo,L] |JO 0
tAT™ tAT™
s | [ pprzpnas - [ 0 20| e
tel0,L] |J0 0
tAT tAT
+ sup / f(YS”vP,Z;%P)dsf/ f(Ysp,Zf)dS 1‘r">‘r
tefo,L] |Jo 0
tAT™ tAT
oo | [ sz [ e znas Lo,
tel0,L] |J0 0
tAT™ tAT
* i / f(}/S"’P7Z;I7;D)dS_ f(Y;mpaZ?’p)dS 17’”>T-
tefo,L] |Jo 0
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But, for every t, for every w, we can find k,, such that ¢t A 7™ € [k, /n, (k, + 1)/n[. So, we have

tAT™ tAT™
/ f(YZip, Z?,p)dA? _ / f(Ysmp’ Z?,p)ds
0 0

tAT™
/ FYP, 20 ds
k

n/n
< AT =Ko/l [[flloo
< A fllss/n
Then,
tAT™ tAT" P
sup | [ gz zmaar - [ e, zemds) < /o o (21)
tel0,L] |J0 0
Next,
tAT™ tAT™
swp | [ g zzmas - [ 0 20| 1y
tel0,L] |J0 0
tAT tAT
s | [ pn zenas [0 Z0ds 1y
tefo,L] |Jo 0
tAT tAT"
= sup / f(}/;}\’fn’ Z;?\I';r”)ds - / f(}/é];\T) Zg/\T)dS 1{7’"<T}
telo0,L] |JO 0
tAT tAT
+ sup f(YZ;\’f"a ZZL/’\Z;'")dS - f(YtsZ;\Ta Zf/\T)dS 1{7’">7’} (22)
tefo,L] |Jo 0
TAT"AL
< [ Oz - S0 2lds
0
TAT™ 1/2
< K(rAT'AL) sup |V, =Y |+ K(tAT"AL) / |ZP, — 7P, |2ds
te[0,L] 0
because f is K-Lipschitz and using Cauchy-Schwarz inequality
5o by induction assumption (8).
Moreover,

tAT™ tAT
/0 FYP, Z0)ds - /0 J(YP, Z)ds

sep Lirngry
t€[0,L]
tAT? tAT
+ sup / fFYP Z0Pyds — / fFYr ZP)ds linsry
tefo,L] [Jo 0
< osup EATT—tAT] || f]loo (23)

tel0,L]

P P
— 0 because ™" — T.

Finally, according to the convergences (16, 21, 22) and (23), we have the convergence anounced in Lemma 1.12.
O
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Then, using Lemmas 1.11 and 1.12, we have
VL, sup (YRR SR [ Zpt - 2 e Do
te[0,L] 0

That concludes the proof of the induction.

We have shown that (8) is true for every p, i.e.

W VL sup (VR <Y [ 1258 - 2Pl Do (24)
te[0,L] 0
Thanks to convergences (6, 7) and (24), the first part of Theorem 1.4 is proved, i.e.

n

-

P

VL, sup |Y7/L\7_n - }ft/\fr| +/ |ZZL/\7_7L - Zt/\-,—|2dt — 0.
t€[0,L] 0

To prove the second part of the theorem, we define the processes M™ and M by

tAT™ tAT?
MP = Mg+ / Z0 AW =Y / F(YR, ZMAAT Vit
0 0
and
tAT tAT
M, = My + / ZapedW, = Yir + [ F(Vs, Z0)ds, V.
0 0

It is clear that, for each n, M™ is a ™" -martingale and that M is a F7™-martingale. So, we can write

M} = E[M|F""] and M, = E[M,|F]]

where M,n = Y7 + [T f(YD, Z2)dA" and M, = Y, + [7 f(Ys, Z,)ds. As in Lemma 1.9, we prove that

VL, sup |M{" — M| B0 At last, arguing like in Lemma 1.12, VL, sup |Y;" — Y| 20 In particular, M} =
tel0,L] te[0,L]

Y3 5 Yy = My. Finally,
tAT" tAT N
/ Zrdw? — / z.dw,| Eo.
0 0

VL, sup
t€[0,L]

Theorem 1.4 is proved.

1.3. An example

Before studying an example with particular stopping times, let us show a technical lemma that will be useful.

Lemma 1.13. Let (a™), be a sequence of real numbers that converges to a. We consider the functions f and
f" defined from D to R by

f(z) =inf{t > 0:2(t) > a} and f"(r)=inf{t €]0,n]:z(t) >a"} An
with the convention inf ) = +o00. Let y be a continuous process such that
inf{t >0:y(t) >a} =inf{t > 0: y(t) > a}.

Let (y™)n be a sequence of functions of D that converges to y for the uniform topology on every compact set.
Then f"(y™) — f(y).
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Proof. For every n, we denote ¢, = f"(y™). We have y"(t,) = a™ or t,, = n.

Let t be the limit of a subsequence of (t,) in RT. Let us show that ¢ = f(y).

Without loss of generality, instead of extracting a subsequence, we suppose that ¢, — ¢t. As y is continuous and
(y™) converges uniformly to y, y™(¢,) — y(¢). Then, when n tends to co in the inequality y™(¢,) > o™, we have
y(t) = a. So, t = f(y) because we have assumed that inf{t > 0: y(t) > a} = inf{t > 0: y(t) > a}.

Let us suppose that ¢ > f(y). Let us fix 0 < e < # By definition of f(y), we can find tog € [f(y), f(y) + €]
such that y(tg) > a. We take a = W A €. Since y" — y, t, — t and a™ — a, there exists ng such that
for every n > ng, sup; |y — w| < a/4, |[tn —t| < /4 and |a"™ — a|] < a. In particular, for every n > no,
ly" (to) — y(to)| < o/4. Then,

t=f)

th —to >t —a/d—(f(y) +e+a/d) >t - f(y) 5

>0,

so t, > to.
On the other hand, |y™(to) — y(to)| < a/4 and |a™ — a| < a, so

3
y”(to)—a”>y(t0)—a/4—a—a>Ia>0.

Hence, y™(to) > a™. This is in contradiction with the definition of ¢,. So, t < f(y).
Hence, t = f(y) and f(y) is the only possible limit for the convergent subsequences of (f™(y™))n. So f™(y") —

f(). O

Proposition 1.14. With the notations of Theorem 1.4, we assume that ¥Yn,Vk,e} = e, & = g(W) and
& = g(W™) with g bounded and continuous. Let (a™), be a sequence of real numbers that converges to a. We
define the stopping times ("), and T as follows:

" =inf{t €]0,n] : W/ >a"} An and 7=inf{t >0:|W;| > a}.

Then (Yﬁﬂ,, fO'ATn ZQdWS") converges in law to (Y_AT, fO'AT stWs> for the Skorokhod topology.
Proof. According to Corollary 1.5, it is sufficient to prove that (W™, ™) £ (W, 1) and that sup,, [(T”)Q} 12 -
+o0.

According to Donsker’s Theorem, we have the convergence in law of W™ to W. Using the Skorokhod
representation Theorem, we can find a probabilistic space (Q, A, I@), processes W™ and W such that W" ~ W",
W~ W and W™ 225 W,

Denoting by E the set {w : inf{t > 0 : [Wy(w)| > a} # inf{t > 0 : [Wy(w)| > a}}, it is quickly proved
that P[E] = 0. Then, for every w ¢ E, t — W;(w) is continuous, using Lemma 1.13, for every w ¢ E,
fHW™(w)) — f(W(w)). Then, f*(W") =2 f(W). We also have

(W™, [ (Wm) =25 (W, f(W)).

By construction, (W, f*(W™)) ~ (W™, f*(W™)). Then, we can find a process Y such that (W, f(W)) ~ (W,Y)
and (W™, f*(W™)) £ (W,Y). But, by construction, we also have (W, f(W)) ~ (W, f(W)). Then Y = f(W)
a.s. So we have
(W™, fH W) L (W, f(W)), de. (W, 77) Z (W, 7).
On the other hand, following the lines of the proofs of Proposition 1.16 and Theorem 1.17 in Chung and Zhao [5],
we have sup,, [(T")2]1/2 < +o0.
The result follows using Corollary 1.5. O



STABILITY OF SOLUTIONS OF BSDES WITH RANDOM TERMINAL TIME 157

2. STABILITY OF BSDES WHEN THE BROWNIAN MOTION IS APPROXIMATED
BY A SEQUENCE OF MARTINGALES

2.1. Statement of the problem

Let W be a Brownian motion and F its natural filtration. Let 7 be a F-stopping time almost surely finite.
We consider the following BSDE:

T T

Yoo =¢+ | frY Zo)dr / Z,dW,, ¢ >0, (25)

tAT tAT

where ¢ is a bounded random variable F,.-measurable and for every (y, z), {f(¢,y, 2)}+ is progressively measur-
able.

We approximate this equation on the following way. Let (W™),, be a sequence of cadlag processes and (F"),
the natural filtrations for these processes. We suppose that (WW") is a sequence of square integrable (F™)-
martingales which converges in probability to W. We don’t suppose that W™ has the predictable representation
property. Let ("), be a sequence of (F™)-stopping times that converges almost surely to 7.

Then, we consider the following BSDE:

n n
T

yr— ey / F Y ZNAWT, / Z0AWT — (NP — Npyoa) £ > 0 (26)
t

AT tAT™

7, )-measurable, (N") is a sequence of (F") martingales or-
thogonal to (W™7") and for every (y, z), {f"(t,y,2)}; is progressively measurable with respect to (F").

where (™), is a sequence of random variables (FZ,

We denote by S? the set of cadlag processes X indexed by RT and taking values in R such that

[X|sr =E l sup | X¢|P| < +o0.

te[0,L]

We put the following assumptions on the martingales and on the terminal conditions:
2
(H1) () VL, w» 25w,
(id) (W™} — (W), < plt — 5) +an

where p: RT — RT with p(07) =0 and (a,) | 0,
(141) sup,, (W"™)rn < 400.

(H2) ()¢ Lo,
(i1) [|€]|oo + sup,, E[|€"™]] < oco.

2.2. Existence and uniqueness of the solutions for the studied BSDEs

Let us begin with the case of the equation (25).
Let us put some assumptions on the generator f:
(Hf) (i) fis K-Lipschitz in y and z,
(74) f is monotone in y in the following way: there exists pu > 0 such that
V(t, Y, 2)7 (ta ylv Z) € Rt x R2a (y - yl)(f(tvya Z) - f(tvyl7 Z)) < _M(y - yl)Q'
(#41) f is bounded.
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Under these assumptions, according to Theorem 2.1 of Royer in [15], the BSDE (25) has a unique solution
(Y, Z) (in the sense of Def. 1.1) in the set of processes such that Y is continuous and uniformly bounded.

Now, let us deal with the equation (26).
Let us put some assumptions on the generators (f™):
(Hfn) (i) for every n, f™ is K-Lipschitz in y and z,
(iz) sup,, |/ < oc.
Let us first introduce some notations:

527" is the set of processes Y progressively measurable with respect to 7" such that E [sup|Y}ATn 2] < 00,
>0

M?™ is the set of predictable processes Z measurable with respect to 7" such that E [fOT" |ZT|2d<W”>T} <

+00,

Hg’n is the set of squared integrable F™ 7" -martingales M such that My = 0.

Now, a fixed point argument and an estimation a priori like Briand, Delyon and Mémin in the proof of
Theorem 9 in [4] give the result of existence and uniqueness of the solution of the BSDE (26):

Theorem 2.1. Under the assumptions (H1), (H2), (Hf) and (Hfn), the BSDE (26) has, for n large enough, a
unique solution (Y7 ., Z" ., N™ ) in 8™ x M>™ x HZ".

2.3. Convergence of the solutions

First, we show a result of stability for the decompositions of the terminal conditions £ and £™. This result
will be the main argument in the proof of Theorem 2.3 about the convergence of the solutions.

Theorem 2.2. We suppose that the conditions (H1) and (H2) are filled. We consider the orthogonal decompo-
sition of £ with respect to W7 ., i.e. Z™ is a predictable Fm" -measurable process, N is a F™7" -martingale
orthogonal to W'\ .. and

tAT™ tAT?
My =BT =My [ zpawr e Ny =g [ Zrawy e N
0 0

We also consider the representation of & as a stochastic integral:
tAT
Minr = E[E|F]] = My +/ Z.dW,.
0
Then we have the following convergences: for every L,

n 2
(Mo, [ Z0dWR N ) S5 (Mpr, [ Z,d W, 0),

n n 2 1
" zmd(wny,, [N |z pd(wmy, ) 220,

; (" Zodr, [T Z,|2dr).

0

Proof. The only noticeable difference with Briand, Delyon and Mémin’s proof of Theorem 5 in [4] is that we
have to prove the convergence of M} . to M ar.

According to Proposition 3 in Briand, Delyon and Mémin in [4], we have the convergence of filtrations 7" % F.
As W is continuous and 7" = 7, according to Corollary A.7, (f"’Tn) converges to F7. Moreover, according to
(H2), (¢€™) converges in L? so in L' to &. Then, M™ . LN M ar, according to Remark 1.2 in Coquet, Mémin
and Slominski [8].

2
VL, M" . St M. O
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We are now going to be interested in the convergence of the solutions of the BSDE.

Let us do some assumptions of convergence on the generators f and f™.
2

s
(H3) Y(y,2), {f™(t,y, 2)}: has cadlag trajectories and f"(.,y,2) — f(.,y,2), VL.
Now, the following result of convergence of the solutions can be proven in a similar way as in Briand, Delyon
and Mémin in the proof of Theorem 12 in [4].

Theorem 2.3. We suppose that (H1), (H2), (H3), (Hf) and (Hfn) are filled. We denote by (Y™, Z™, N™) the
solution of the equation (26) and by (Y, Z) these of the equation (25). Then, (Y™, Z™, N™) — (Y, Z,0), i.e. VL,

n 2
(Vi [ Z0dWE N ) 25 (Vs 5 Z0dW,,0),
82 xS}

"™ Zrawmy, J§ 7120 PAWn),) S (5T Zpdr, [T |2 P ).

T

2.4. Application to discretizations

In this section, we are interested in the case of the approximation of a Brownian motion W by its discretiza-
tions W™. More precisely, we consider an increasing sequence (7" = {t}'}),, of subdivisions of R* with mesh
going to 0 and the discretized processes W™ are defined by W/} .n = Wy it ) <EAT" <ty

Let (a™),, be a sequence of real numbers which decreases to a real number a. Then, we consider the following
random variables:

T=1inf{t > 0: |Wy| > a} and 7" =inf{t €]0,n]: |[W*| > a"} An.
As previously, we denote by F the natural filtration for W and F"™ the natural filtrations of the processes W™.

It is clear that (W"™) is a sequence of (F™)-martingales, 7 is a F-stopping time and (7"), is a sequence of
(F™)-stopping times.

Let us show now a result of convergence on these stopping times:
Lemma 2.4. 7" =25 7,

Proof. The proof will be done in two steps. In a first step, we prove that the limit of (™) is a stopping time.
In a second step, we shall identify the limit using properties of discretizations.

Note that (7™), is an almost surely nonincreasing sequence of (F™)-stopping times lower-bounded by 0.
So, (™) converges almost surely to a random variable 7. 7 is a F-stopping time according to the following
proposition:

Proposition 2.5. We suppose that, for every n, F* C F and that the filtration F is right continuous and
complete. Let (™), be a sequence of (F™)-stopping times that converges almost surely to a random variable .
Then T is a F-stopping time.

Proof. Let us fix t € {s : P[r = s] = 0}.

Since 7" £%5 7 and P[r = t] = 0, we know that limge Lz, 1ir<sy- Then, E[1pn gy |F] Lz, E[1 <3| F2)-
But, 11;ngsy = E[1ngs}|Fi] because F* C F and 7" is a F"-stopping time.
So, by uniqueness of the limit, E[1(,<:|F:] = <4 a.s. Then, {7 <t} € F;.

As 7 is a random variable, {t : P[r = ¢] # 0} is countable. Let us fix ¢ such that P[r = ¢] # 0. We can find a
sequence (t"),, that decreases to ¢ such that for every n, P[r =t"] = 0. Then {7 <t} = (,{7 < t"}. But, for
every n, {7 <t"} € Fin. So {1 <t} € ), Fn. But N, Fin = Fy+ = F; because F is right continuous.

So, for every t, {7 <t} € F, i.e. T is a F-stopping time. O
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Using W" =25 W, 7 225 7 and W is continuous, we get WT. 22, W;. Moreover, by construction of 77,
either 7" =n, or W2, > a™. When n tends to oo, either 7 = +00, or Wi > a a.s. Then, 7 > 7 a.s.

Let us fix w such that 7" (w) — 7(w). We suppose that 7(w) # 7(w), i.e. 7(w) > 7(w). Then, we can find
to < 7(w) such that Wy, (w) > a and Wy, (w) > a. As W is right continuous, we can find 0 < n < 7(w) —tg such

that for every t €lto,to + n[, Wi(w) > a. Let us fix t1 €Jto,to +n[. (a™), decreases to a, so we can find ng

M. As W is right continuous at time #1, there exists 0 < my < 7(w) — o

Wi, (w)—a
2

such that for every n > ng, a” <
such that for every ¢ €]t1,t1 +m[, Wi(w) > . |7™] — 0 so there exists n; > ng such that for every
n > ni, we can find ¢, € 7", t, €|t1,¢t1 + m[. Then, for every n > nq, 7"(w) < t, < T(w). This is in
contradiction with the fact that (7" (w)), decreases to 7(w). So 7(w) = 7(w). Finally, 7" %25 7.

Lemma 2.4 is proved. O

On the other hand, for every L, SUPsc(o,z] W] — Wy 2%, 0. Moreover, all the processes are bounded

82
on [0,L]. So the convergence is in S (cf Sect. 2.1), ie W™ —= W. Then, we remark that (W) is the
discretized process of (W). Let us fix s < t. We can find 4,5 € N such that s € [t}',#}, ;[ and t € [t],t7},][.
Then, (W"); — (W")s =t} —t}' <t — s+ |m,| where |m,[, the mesh of the subdivision, goes to 0. At last,
(W™ < 7" + |7"|. Then,
sup(W™);» < sup7” + sup |7"|.

n

It is well known (see e.g. Th. 1.17 in Chung and Zhao [5]) that E[r] < 4+oc0. So 7 is almost surely fi-
nite. As 7" X% 7, sup, 7" < 400 a.s. As last, as (|7"]), decreases to 0, sup,, |7"| < 400 a.s. Finally,
sup,, (W) rn < 400 a.s.

So, the assumption (H1) is satisfied.

Then, we consider terminal conditions ¢ and (£") and some generators f and (f™) such that the conditions
(Hf), (Hfn), (H2) and (H3) are filled.

Let (Y, Z) be the solution of the BSDE
X/t/\T = € +/ f(?“,Y;«,Z',-)d’I" - / Z7‘dWT7 t 2 0)
tAT t

AT

and (Y™, Z™ N™) the solution of the BSDE

T T

e [ ey znawn, - [ zrawy - (v - N0

tAT™ tAT™

These solutions exist and are unique in specified spaces as it was proved in Section 2.2.

The assumptions of Theorem 2.3 are satisfied. So, we have the following convergences: for every L,

ATT S? AT
Y'XT") / Z?dWZL7 NT/L\T”' —L> (Y/\T) / Z’!‘dWT7 0) ’
0 0
ATT AT S? xSt AT AT
/ Zfd(W”)T,/ |Zr Py, | </ ZTdr,/ |ZT|2dr) .
0 0 0 0

(W) = (W™)™" according to the following lemma:
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Lemma 2.6. Let M be a F-martingale and 7 a F-stopping time. Then we have the following equality: (M) =
(MT).

Note that (W™) is the discretization of (W): (W), =1 if t € [t ¢7,,[. So (W™7") is the discretization of
(WT). Then, using the same arguments as in Lemma 1.11, we have:

Finally, we have the following convergence for the solutions:

n

n—-+o0o

\Z0 o — Zins | dr] ——0.

n

TAT
VL, B | sup |V{% . — Yiar|? +/ |ZP o — Zing)?dr 4+ sup |NPa|?| ——— 0.
te[0,L] 0 te[0,L] n—+oo

We have just proved the following theorem:

Theorem 2.7. Let (" = {t}'}), be an increasing sequence of subdivisions of R with mesh going to 0 and
W™ the discretized associated processes of W. Let (a™), be a sequence of real numbers which decreases to a real
number a. We consider the stopping times

T=1inf{t > 0: |[W¢| > a} and 7" =inf{t €]0,n] : |W*| > a"} An.

Let (Y, Z) be the solution of the BSDE

SAT

Yt=«£+/ f(r,n,z,-)dr—/ Z,dW,, t >0,
tAT t

AT

and (Y™, Z"™, N™) the solution of the BSDE

T "

e [ ey znawn, - [z - (v - N0
tAT™ tATn

We assume that the conditions (Hf), (Hfn), (H2) and (H3) are satisfied. Then, we have the following convergence
for the solutions:

n

TAT
SUp YA — Yinr|? + / |Zh e — ZenePdr + sup [Nfial?| ——— 0.
0

VL, E
te[0,L] te[0,L] n—+00

APPENDIX A. ABOUT STOPPED FILTRATIONS AND STOPPED PROCESSES

In their paper [9], Haezendonck and Delbaen give the following characterization of the o-field F; when F is
the natural filtration of a process X:

Proposition A.1. Let X be a cadlag process, F the natural filtration of X and T a F-stopping time. Then
Fr=0({Xrnrs,5 2 0}).

This characterization shows that, if F is the natural filtration of X and 7 a F-stopping time, the stopped
filtration F7 is the natural filtration of the stopped process X7.

The notions of convergence of filtrations and of o-fields have been firstly defined in Hoover [10] and then in a
slightly different way in Coquet, Mémin and Stominski [8]. In [8], the filtrations are indexed by a finite interval
time [0, T']. We generalise it to the case of filtrations indexed by RT.
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Definition A.2. We say that (F") converges to F if for every A € Fo, the sequence of processes (E[14]|F"])n
converges in probability to E[14|F ] for the Skorokhod topology. We denote F™ - F.

Definition A.3. We say that the sequence of o-fields (B,) converges to the o-field B if for every A € B, the
sequence of random variables (E[14|B"]),, converges in probability to 14. We denote B, — B.

The following lemma shows that, when holds convergence of filtrations, to get the convergence of associated
stopped filtrations we just have to check the convergence of the terminal o-fields. More precisely,

Lemma A.4. Let (F") be a sequence of filtrations that converges to the filtration F. Let (™) be a sequence
of F"-stopping times that converges in probability to a F-stopping time 7. If the convergence of the o-fields
(F)n to Fyr holds, then also holds the convergence of the filtrations (F™™" ), to F7.

T
Proof. Let us fix B € F,.
Fr. — Fr, so by definition E[15|F".] 51 Moreover, this convergence holds in L! since the sequence is
uniformly integrable. As F™ — F, according to Remark 1.2 in Coquet, Mémin and Slominski [8], we have

E[E[1p|F ]| F" LN E[15|F] for the Skorokhod topology. (27)

For every ¢, we have the relations E[E[1p|F™]|F"] = E[1p|F" ] = E[1p|F"" ] and E[15|7] = E[15|77]
using Proposition 1.2.17 in Karatzas and Shreve [12]. So the convergence (27) can be written on the following

way: E[1g|F™7"] LN E[1p|FT7] for the Skorokhod topology. Lemma A.4 is proved. O

Using the same arguments as in the proof of Lemma 3 in [8], we have the following characterization of
convergence of o-fields:

Lemma A.5. Let Y be a cadlag process, A= oc({Y:,t > 0}) and (A™) be a sequence of o-fields. The following
assumptions are equivalent:

i) A" — A,

it) E[f (Ye,, ..., Y, )| A" L f(Yy,,...,Ys,) for every bounded continuous function f : R¥ — R and ty,...,t
continuity points of Y.

Then, with the characterization of Proposition A.1, we can show a link between convergence of stopped
processes and convergence of stopped filtrations:

Theorem A.6. Let (X™) and X be cadlag processes, (F™) and F their natural filtrations. Let (™) be a sequence
of (F™)-stopping times that converges in probability to a F-stopping time 7. We suppose that xn B xr for
the Skorokhod topology and that F™ =5 F. Then F™" 2 FT.

Proof. As 7 and 7" are respectively F and F™-stopping times, according to Proposition A.1, we have the
equalities F; = 0({Xrns, 8 2 0}) and F = o({X P rg, 8 = 0}).

T T

Let t1, ...t be points of continuity of X7 and f : R¥ — R be a bounded continuous function.

As xv B X7, we have: (X oy, X{ Arn) LR (Xtyary -3 Xegnr). As f is bounded and continuous, we
have:
Ll
f(Xg/\‘r"ﬂ s 7XtTL/\7'”) - f(th/\Tv s 7th/\7')' (28)
Finally,

]P)HE[f(th/\'r; e 7th/\7')|-7::—bn] - f(th/\Ta s 7th/\'r)| 2 77]
< PIEf(Xears - Xeoar ) IFn] = Ef (X arns - Xiaen ) [FER]] 2 1/2]
+P[|E[f(XtTi/\T”a s >ch/\7—")|'7:77}”] - f(Xh/\Ta s >th/\7')| = 77/2]
4
< EE[lf(Xt?/\-r”a s >Xt7;/\7—") - f(th/\Ta s ’th/\T)”

— 0 according to (28).
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Then, F", — F,, according to Lemma A.5 and, using Lemma A.4, F»7™" 25 F7.

T

Theorem A.6 is proved O
Let us show a corollary when the limit is a continuous process.

Corollary A.7. Let (X™) be a sequence of cadlag processes and X a continuous process, (F™) and F the

associated filtrations. Let (1) be a sequence of F™-stopping times that converges in probability to a F-stopping
w

time 7. We suppose that X" B x for the Skorokhod topology and that F* — F. Then we have the convergence
of the stopped filtrations F™7" 25 FT.

Proof. According to Theorem A.6, we just have to prove that X™7" B oxr.

By definition of the Skorokhod topology, we have to prove that VL € N, sup;c(o 1 X - X7 Lo
Let us fix L € N and n > 0. We have:

P| sup [ X" —X[|>n| <P| sup [X[n—Xinrn| Z0/3] +P| sup |Xenrn — Xinr|lirn_rjca =1/3
tel0,L] te[0,L] te[0,L]

+P | sup [Xiarn — Xenr|ljrn—riza 2 0/3| <P | sup X[ = X¢| Z>0/3| +e+P[|7" — 7] = o]

tel0,L] tel0,L]
- 50
n—+00
because X" X, X is continuous on the compact [0, L] and 7" 57 Soxnm B X7, 0
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