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FORWARD-BACKWARD STOCHASTIC DIFFERENTIAL EQUATIONS
AND PDE WITH GRADIENT DEPENDENT SECOND ORDER COEFFICIENTS
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and Olivier Riviere
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Abstract. We consider a system of fully coupled forward-backward stochastic differential equations.
First we generalize the results of Pardoux-Tang [7] concerning the regularity of the solutions with
respect to initial conditions. Then, we prove that in some particular cases this system leads to a
probabilistic representation of solutions of a second-order PDE whose second order coefficients depend
on the gradient of the solution. We then give some examples in dimension 1 and dimension 2 for which
the assumptions are easy to check.
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1. Introduction

Let us consider the following Partial Differential Equation:{
∂u
∂t (t, x) + Lu(t, x) + g(t, x, u(t, x), (∇uσ)(t, x)) = 0 ∀(t, x) ∈ [0, T ) × R

d,

u(T, x) = h(x) ∀x ∈ R
d,

(1)

where u : [0, T ]× R
d → R

p, h : R
d → R

p, g : [0, T ]× R
d × R

p × R
p×d → R

p,
and Lu(t, x) = 1

2

∑
i,j(σσ

∗)ij(t, x, u) ∂2u
∂xi∂xj

+
∑

i fi(t, x, u,∇uσ) ∂u
∂xi

where σ : [0,+∞)× R
d × R

p → R
d×d and f : [0,+∞) × R

d × R
p × R

p×d → R
d.

We know that we can represent (with some assumptions) the solutions of (1) with the solution of a Forward
Backward Stochastic Differential Equation (FBSDE in short). Let {Bt, t ≥ 0} be a Brownian motion in R

d and
let us consider the FBSDE:⎧⎪⎪⎨⎪⎪⎩

Xt,x
s = x+

∫ s

t

f(r,Xt,x
r , Y t,x

r , Zt,x
r )dr +

∫ s

t

σ(r,Xt,x
r , Y t,x

r )dBr ,

Y t,x
s = h(Xt,x

T ) +
∫ T

s

g(r,Xt,x
r , Y t,x

r , Zt,x
r )dr −

∫ T

s

Zt,x
r dBr,
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where Xt,x : [t, T ] → R
d, Y t,x : [t, T ] → R

p and Zt,x : [t, T ] → R
p×d are adapted to the filtration generated by

(Bs −Bt, s ≥ t).
Then the deterministic function u(t, x) = Y t,x

t is a viscosity solution of (1). This has led to a huge amount
of work. We refer to Pardoux-Tang [7], Ma-Yong [5] and the references therein for more precise results on the
subject.

The goal of this paper is to generalize these kind of results to PDEs whose coefficient σ depends on ∇u, which
is completely new as far as we know. Our motivation comes from image analysis. Indeed, let us consider a noisy
image. The most basic way to smooth this image is to convolute it with a Gaussian kernel whose standard
variation is a parameter t. If we represent the original noisy image by a continuous function f : [0, N ]2 → R,
the result of the convolution is

g(t, x, y) =
1

2πt2

∫∫
R2

exp(−(u2 + v2)/2t2)f(x+ u, y + v)dudv,

or in probabilistic terms by
g(t, x, y) = E(x,y)(f(Bt))

where (Bt, t ≥ 0) a planar Brownian motion starting from (x, y).
Therefore g is the solution of the heat equation:⎧⎪⎨⎪⎩

∂U

∂t
=

1
2
∆U,

U(0, x, y) = f(x, y).

This methods makes the noise disappear but its major drawback is that it also smooths edges. In order to take
into account this problem and attenuate it, Perrona and Malik [8] suggest to study the next problem:⎧⎪⎨⎪⎩

∂U

∂t
(t, x, y) = div(φ(|∇U(t, x, y)|)∇U(t, x, y)),

U(0, x, y) = f(x, y),

with, for instance, φ a Gaussian density. This has led to the so-called anisotropic diffusions. The main idea of
these methods is to smooth the image in a direction parallel to the edges in order not to degrade them or in
other words in the orthogonal direction of the gradient of the image. Consequently, all the coefficients of the
PDEs that appear in these studies depend on the gradient of the solution.

In order to get a gradient in the second order term, we must make σ depend on z. This case is partially
studied in [7] concerning existence and uniqueness of the solution of the FBSDE but nothing else is done for
that case. In the next section, we thus study a general FBSDE with σ that depends also on z. We give another
proof of existence and uniqueness of the solution on a small interval of time. We also focus on the regularity
of the solution with respect to the initial conditions. In particular, we prove that the function u(t, x) = Y t,x

t is
still continuous in that general case.

Then, we study the links between FBSDEs and PDEs. Here, we cannot deal with a general equation. Our
result only applies for functions f and g that do not depend on z when σ does. We prove that, given a quasi-
linear PDE, we may, under some additional assumptions, find a FBSDE such that the function u(t, x) is a
viscosity solution of the PDE.

Unfortunately, these additional assumptions are not very easy to verify and, in sections 4 and 5, we give
sufficient conditions in dimension 1 and 2 for these assumptions to be satisfied.

Eventually, we propose in the last section another kind of FBSDE that would give an easier representation
of the solution, avoiding the additional assumptions mentioned before. However, the techniques used in this
paper cannot be directly extended to this case.
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2. Regularity of the solution with respect to initial conditions

2.1. Preliminaries

Let us first recall two well-known results:

Theorem 2.1 (Perron-Frobenius).
If A is a square matrix of order n ≥ 2 with positive entries, then

• The spectral radius ρ(A) is a real positive eigenvalue.
• The associated subspace has dimension 1 and is generated by a vector with positive components.

Theorem 2.2 (Picard fixed point theorem).
Let E be a Banach space and let f be a contraction on E (i.e. a Lipschitz function with Lipschitz coefficient
strictly less than 1). We define the sequence (xn)n∈N of elements of E recursively by{

x0 ∈ E,

xn+1 = f(xn) ∀n ∈ N.

Then
• The sequence (xn)n∈N converges in E.
• The limit � of (xn)n∈N is the unique fixed point of f .
• For every n ∈ N, we have

‖xn − x0‖ ≤ 1 − cn

1 − c
‖x1 − x0‖

where c is the Lipschitz coefficient of f .
In particular, we have

‖x0 − �‖ ≤ 1
1 − c

‖x1 − x0‖.

We deduce from the Perron-Frobenius theorem another useful result: let n be a fixed integer greater than 2.
For every i ∈ {1, 2, . . . , n}, let Ei be a Banach space endowed with the norm Ni. We denote by E the space
product E1 × · · · × En.

Definition 2.3. Let f be a map from E to E :

f : E −→ E
x 	−→ (

f1(x), f2(x), . . . , fn(x)
)
.

A matrix A = (aij)1≤i,j≤n is said to be a Lipschitz matrix of f if, for every 1 ≤ j ≤ n and every x =
(x1, . . . , xn) ∈ E and y = (y1, . . . , yn) ∈ E , we have

Nj

(
fj(x1, . . . , xn) − fj(y1, . . . , yn)

) ≤ n∑
i=1

aijNi(xi − yi).

Theorem 2.4. Let A be a Lipschitz matrix of f . If every entry of A is positive then there exist positive constants
u1, . . . , un such that f is Lipschitz with Lipschitz constant ρ(A) with respect to the norm

N(x1, . . . , xn) =
n∑

i=1

uiNi(xi).

Remark. Endowed with the norm N , E is a Banach space.
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Proof. As the entries of A are supposed to be positive, we can apply Perron-Frobenius theorem. Consequently
we know that ρ(A) is a real eigenvalue of A and that there exists an eigenvector (u1, . . . , un) with positive
components. So, we set

N(x1, . . . , xn) =
n∑

i=1

uiNi(xi).

By definition of a Lipschitz matrix, we have, for x = (x1, . . . , xn) and y = (y1, . . . , yn),

N
(
f(x) − f(y)

)
=

n∑
j=1

ujNj

(
fj(x1, . . . , xn) − fj(y1, . . . , yn)

)
≤

n∑
j=1

uj

n∑
i=1

aijNi(xi − yi)

=
n∑

i=1

Ni(xi − yi)
n∑

j=1

aijuj

=
n∑

i=1

Ni(xi − yi)ρ(A)ui

= ρ(A)N(x − y) �

2.2. Existence and uniqueness of solutions of coupled FBSDE

Let (Ω,F ,P) be a probability space, T > 0 and (Bt, t ≥ 0) be a d-dimensional Brownian motion. We
set (Ft, t ≥ 0) the completed natural filtration of B, and we denote by M2(E) the set of E-valued processes
(Xt, 0 ≤ t ≤ T ) progressively measurable with respect to the filtration (Ft, t ≥ 0) and such that

E

[∫ T

0

|Xs|2ds
]
< +∞.

We denote by M2
c(E) the subset of M2(E) of continuous processes (Xt, 0 ≤ t ≤ T ) such that

E

[
sup

t∈[0,T ]

|Xt|2
]
< +∞.

Here, the notation | · | refers to the absolute value, the Euclidean norm or the square root of the sum of squares
of the components respectively when the content is a real number, a vector or a matrix.

We consider here a general FBSDE. Let us first fix the following functions :

σ : Ω × [0,+∞) × R
d × R × R

d 	−→ R
d×d,

f : Ω × [0,+∞) × R
d × R × R

d 	−→ R
d,

g : Ω × [0,+∞) × R
d × R × R

d 	−→ R,

h : Ω × R
d 	−→ R.
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We are studying the following FBSDE⎧⎪⎪⎨⎪⎪⎩
Xs = x+

∫ s

0

f(r,Xr, Yr, Zr)dr +
∫ s

0

σ(r,Xr, Yr, Zr)dBr, 0 ≤ s ≤ T,

Ys = h(XT ) +
∫ T

s

g(r,Xr, Yr, Zr)dr −
∫ T

s

〈
Zr, dBr

〉
, 0 ≤ s ≤ T,

(2)

for which we are seeking solution
{
(Xs, Ys, Zs), 0 ≤ s ≤ T

}
that belongs to M2

c(Rd)×M2
c(R)×M2(Rd). Here,

〈·, ·〉 denotes the usual scalar product in R
d.

Some conditions for existence and uniqueness of solutions of the FBSDE (2) have been given in [7]. We will
study here a Picard iteration that leads to other conditions for existence and uniqueness of the solutions as a
by-product but the purpose of this subsection is the final Theorem 2.7.

We will suppose that the functions f, g, h and σ satisfy the following properties:
[H1] For φ = f, g, σ, there exist non-negative constants kφ,x, kφ,y, kφ,z such that, for all t, x, x′, y, y′, z, z′ and

a.s., ∣∣φ(t, x, y, z) − φ(t, x′, y′, z′)
∣∣ ≤ kφ,x|x− x′| + kφ,y|y − y′| + kφ,z|z − z′|.

[H2] There exists a non-negative constant kh such that, for all x, x′ and a.s.,∣∣h(x) − h(x′)
∣∣ ≤ kh|x− x′|.

[H3] For all x, y, z, the processes f(·, x, y, z), g(·, x, y, z) and σ(·, x, y, z) are progressively measurable with
respect to the filtration (Ft, t ≥ 0); for all x, the random variable h(x) is FT -measurable and

E

[∫ T

0

∣∣f(r, 0, 0, 0)
∣∣2dr +

∫ T

0

∣∣g(r, 0, 0, 0)
∣∣2dr +

∫ T

0

∣∣σ(r, 0, 0, 0)
∣∣2dr +

∣∣h(0)
∣∣2] < +∞.

Under these conditions, we may consider the map Ψ defined by:

Ψ : M2
c(R

d) ×M2
c(R) ×M2(Rd) −→ M2

c(R
d) ×M2

c(R) ×M2(Rd)
(U, V,W ) −→ (X,Y, Z)

where, for every 0 ≤ t ≤ T ,

Xt = x+
∫ t

0

f(s, Us, Vs,Ws)ds+
∫ t

0

σ(s, Us, Vs,Ws)dBs

Yt = E
[
h(XT )

∣∣ Ft

]
+ E

[∫ T

t

g(u, Uu, Vu,Wu)du
∣∣∣∣ Ft

]

and (Zt, 0 ≤ t ≤ T ) is the unique element of M2(Rd) such that

h(XT ) +
∫ T

0

g(u, Uu, Vu,Wu)du − Y0 =
∫ T

0

〈
Zs, dBs

〉
.

In other words, (X,Y, Z) is solution of the system⎧⎪⎪⎨⎪⎪⎩
Xt = x+

∫ t

0

f(s, Us, Vs,Ws)ds+
∫ t

0

σ(s, Us, Vs,Ws)dBs, 0 ≤ t ≤ T,

Yt = h(XT ) +
∫ T

t

g(s, Us, Vs,Ws)ds−
∫ T

t

〈Zs, dBs〉, 0 ≤ t ≤ T.
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Let us remark that a solution of the FBSDE (2) is a fixed point of Ψ.
For X ∈ M2

c(E), E = R or E = R
d, let us denote by

‖X‖c =

√
E

[
sup

0≤s≤T
|Xs|2

]
.

Endowed with this norm, M2
c(E) is a Banach space.

For X ∈ M2(E), we denote

‖X‖2 =

(∫ T

0

E[|Xs|2]ds
)1/2

and M2(E) is also a Banach space with respect to this norm.

Proposition 2.5. Let us suppose that the assumptions [H1], [H2], [H3] are satisfied. The matrix A(T ) defined by

√
6

⎛⎜⎜⎜⎜⎜⎜⎜⎝

√
T
√
Tk2

f,x + 4k2
σ,x 2

√
T
√

8k2
hk

2
σ,x + T (k2

g,x + 2k2
hk

2
f,x)

√
T
√
T (k2

g,x + 2k2
hk

2
f,x) + 8k2

hk
2
σ,x

√
T
√
Tk2

f,y + 4k2
σ,y 2

√
T
√

8k2
hk

2
σ,y + T (k2

g,y + 2k2
hk

2
f,y)

√
T
√
T (k2

g,y + 2k2
hk

2
f,y) + 8k2

hk
2
σ,y√

Tk2
f,z + 4k2

σ,z 2
√

8k2
hk

2
σ,z + T (2k2

hk
2
f,z + k2

g,z)
√
T (k2

g,z + 2k2
hk

2
f,z) + 8k2

hk
2
σ,z

⎞⎟⎟⎟⎟⎟⎟⎟⎠
is a Lipschitz matrix for Ψ.

Proof. Let (U, V,W ) ∈ M2
c(R

d) × M2
c(R) × M2(Rd) and (U ′, V ′,W ′) ∈ M2

c(R
d) × M2

c(R) × M2(Rd). We
denote

(X,Y, Z) = Ψ(U, V,W )

(X ′, Y ′, Z ′) = Ψ(U ′, V ′,W ′)

∆X = X −X ′

∆Y = Y − Y ′

∆Z = Z − Z ′

∆U = U − U ′

∆V = V − V ′

∆W = W −W ′.

First, let us estimate ‖∆X‖c. For 0 ≤ s ≤ T , we have

Xs −X ′
s =

∫ s

0

[
f(u, Uu, Vu,Wu) − f(u, U ′

u, V
′
u,W

′
u)
]
du

+
∫ s

0

[
σ(u, Uu, Vu,Wu) − σ(u, U ′

u, V
′
u,W

′
u)
]
dBu

:=
∫ s

0

∆fudu+
∫ s

0

∆σudBu.
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Using the inequality (a+ b)2 ≤ 2(a2 + b2), we obtain

‖∆X‖2
c ≤ 2E

[
sup

0≤s≤T

(∫ s

0

|∆fu|du
)2
]

+ 2E

[
sup

0≤s≤T

∣∣∣∣∫ s

0

∆σudBu

∣∣∣∣2
]
.

We then apply Cauchy-Schwartz inequality for the first term and Doob’s inequality for the second to get

‖∆X‖2
c ≤ 2TE

[∫ T

0

|∆fu|2du
]

+ 8E

[∫ T

0

|∆σu|2du
]
.

But, by assumption [H1],

|∆fu|2 ≤ 3k2
f,x|∆Uu|2 + 3k2

f,y|∆Vu|2 + 3k2
f,z|∆Wu|2,

|∆σu|2 ≤ 3k2
σ,x|∆Uu|2 + 3k2

σ,y|∆Vu|2 + 3k2
σ,z|∆Wu|2.

Consequently, we obtain

‖∆X‖2
c ≤ (6Tk2

f,x + 24k2
σ,x)E

[∫ T

0

|∆Uu|2du
]

+ (6Tk2
f,y + 24k2

σ,y)E

[∫ T

0

|∆Vu|2du
]

+ (6Tk2
f,z + 24k2

σ,z)E

[∫ T

0

|∆Wu|2du
]

≤ 6T (Tk2
f,x + 4k2

σ,x)‖∆U‖2
c + 6T (Tk2

f,y + 4k2
σ,y)‖∆V ‖2

c + 6(Tk2
f,z + 4k2

σ,z)‖∆W‖2
2.

The first column of the matrix follows then easily.

Let us concentrate now on the estimate for ‖∆Y ‖c. By definition of Y , we have for 0 ≤ s ≤ T , with obvious
notations,

∆Ys = E
[
h(XT ) − h(X ′

T )
∣∣ Fs

]
+ E

[∫ T

s

∆gudu
∣∣∣∣ Fs

]
which yields to

sup
0≤s≤T

|∆Ys|2 ≤ 2

⎛⎝ sup
0≤s≤T

E

[∣∣h(XT ) − h(X ′
T )
∣∣ ∣∣∣ Fs

]2
+ sup

0≤s≤T
E

[∫ T

s

|∆gu|du
∣∣∣∣ Fs

]2
⎞⎠ .

As the process
(

E

[∣∣h(XT ) − h(X ′
T )
∣∣ ∣∣∣ Fs

]
, 0 ≤ s ≤ T

)
is a martingale, we have by Doob’s inequality

E

[
sup

0≤s≤T
E

[∣∣h(XT ) − h(X ′
T )
∣∣ ∣∣∣ Fs

]2]
≤ 4 sup

0≤s≤T
E

[
E

[∣∣h(XT ) − h(X ′
T )
∣∣ ∣∣∣ Fs

]2]
≤ 4E

[∣∣h(XT ) − h(X ′
T )
∣∣2]

by Jensen’s inequality.
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By similar arguments, we have

E

⎡⎣ sup
0≤s≤T

E

[∫ T

s

|∆gu|du
∣∣∣∣ Fs

]2
⎤⎦ ≤ E

⎡⎣ sup
0≤s≤T

E

[∫ T

0

|∆gu|du
∣∣∣∣ Fs

]2
⎤⎦

≤ 4E

⎡⎣(∫ T

0

|∆gu|du
)2
⎤⎦

≤ 4TE

[∫ T

0

|∆gu|2du
]

by Cauchy-Schwartz inequality. So, using assumptions [H1] for ∆g and [H2], we have

‖∆Y ‖2
c ≤ 8E

[∣∣h(XT ) − h(X ′
T )
∣∣2]+ 8TE

[∫ T

0

|∆gu|2du
]

≤ 8k2
h‖∆X‖2

c + 24TE

[∫ T

0

(
k2

g,x|∆Uu|2 + k2
g,y|∆Vu|2 + k2

g,z |∆Wu|2
)
du

]
.

Plugging into the last estimates the upper bound for ‖∆X‖2
c leads to the second column of the matrix.

Eventually, we have for ∆Z

‖∆Z‖2
2 = E

⎡⎣∣∣∣∣∣
∫ T

0

〈∆Zu, dBu〉
∣∣∣∣∣
2
⎤⎦

= E

⎡⎣∣∣∣∣∣h(XT ) − h(X ′
T ) − E

[
h(XT ) − h(X ′

T )
]
+
∫ T

0

∆gudu− E

[∫ T

0

∆gudu

]∣∣∣∣∣
2
⎤⎦

≤ 2E

[
|h(XT ) − h(X ′

T )|2
]

+ 2E

⎡⎣∣∣∣∣∣
∫ T

0

∆gudu

∣∣∣∣∣
2
⎤⎦

≤ 2k2
h‖∆X‖2

c + 2TE

[∫ T

0

|∆gu|2du
]

≤ 2k2
h‖∆X‖2

c + 6TE

[∫ T

0

(
k2

g,x|∆Uu|2 + k2
g,y |∆Vu|2 + k2

g,z|∆Wu|2
)
du

]
.

and the third column of the matrix follows easily. �

Let us remark that the matrix A(T ) becomes, for T = 0,

A(0) =
√

6

⎛⎝ 0 0 0
0 0 0

2kσ,z 4
√

2khkσ,z

√
8khkσ,z

⎞⎠
whose spectral radius is 4

√
3khkσ,z. We may deduce then the following result:
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Theorem 2.6. If the assumptions [H1], [H2], [H3] are satisfied and if moreover

4
√

3khkσ,z < 1 (3)

then the FBSDE (2) has a unique solution if T is small enough.

Proof. We want to apply Theorem 2.4 to the map Ψ. As we need a Lipschitz matrix with positive entries, let
us set, for ε > 0,

Aε(T ) = A(T ) + ε

⎛⎝ 1 1 1
1 1 1
1 1 1

⎞⎠ .

As the matrix A(T ) has its entries non-negative, the entries of Aε(T ) are positive and Aε(T ) is still a Lipschitz
matrix of Ψ. Moreover, as the spectral radius is continuous, we may fix T small enough and ε > 0 such that
ρ(Aε(T )) < 1. Then, Theorem 2.4 gives that there exists a norm on M2

c(R
d) ×M2

c(R) ×M2(Rd) for which Ψ
is a contraction and, by Picard theorem, Ψ has a unique fixed point. �
Remark. we may also fix the terminal time T and, as A tends to the null matrix as the Lipschitz coefficients
tend to 0, we have, by the same kind of arguments, existence and uniqueness of the solution on the interval
[0, T ] if the Lipschitz coefficients are small enough.

As announced before, the purpose of this section is not to prove existence and uniqueness of the solutions
(which have already been proved) but the use of the Lipschitz matrix leads to some estimates in the same spirit
of [7], Theorem 4.1.

Theorem 2.7. Let us suppose that the assumptions [H1], [H2], [H3] and (3) are satisfied. Let T > 0 be such
that there exists a unique adapted solution (Xs, Ys, Zs) to the system (2). Then, there exists a positive constant
C such that

E
[

sup
0≤s≤T

|Xs|2
]
+ E

[
sup

0≤s≤T
|Ys|2

]
+ E

[∫ T

0

|Zs|2ds
]

≤ C

(
|x|2 + E

[∫ T

0

∣∣f(s, 0, 0, 0)
∣∣2ds+

∫ T

0

∣∣g(s, 0, 0, 0)
∣∣2ds

+
∫ T

0

∣∣σ(s, 0, 0, 0)
∣∣2ds+

∣∣h(0)
∣∣2]) .

Proof. We still consider the matrix Aε(T ) for some ε > 0 small enough such that
ρ(Aε(T )) < 1. Then, by Theorem 2.4, there exist positive constants α, β, γ such that, if we consider the norm

N(x, y, z) = α‖x‖c + β‖y‖c + γ‖z‖2,

then

N
(
(Xs, 0 ≤ s ≤ T ), (Ys, 0 ≤ s ≤ T ), (Zs, 0 ≤ s ≤ T )

) ≤ N
(
Ψ(0, 0, 0)

)
1 − ρ(Aε(T ))

·
But, by the same computations as in the proof of Proposition 2.5, there exists K > 0 such that

N
(
Ψ(0, 0, 0)

)2 ≤ sup(α, β, γ)2K

(
|x|2 + E

[∫ T

0

∣∣f(s, 0, 0, 0)
∣∣2ds+

∫ T

0

∣∣g(s, 0, 0, 0)
∣∣2ds]

+E

[∫ T

0

∣∣σ(s, 0, 0, 0)
∣∣2ds]+

∣∣h(0)
∣∣2) .
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The result then follows easily with

C =
K sup(α, β, γ)2

(1 − ρ(Aε(T )))2 inf(α, β, γ)2
· �

2.3. Regularity of the solution with respect to initial conditions

Let us now consider the solution
(
(Xt,x

s , Y t,x
s , Zt,x

s ), t ≤ s ≤ T
)

that corresponds to the initial point (t, x)
for X . In other words,

(
(Xt,x

s , Y t,x
s , Zt,x

s ), t ≤ s ≤ T
)

is the solution of the following FBSDE:⎧⎪⎪⎨⎪⎪⎩
Xs = x+

∫ s

t

f(r,Xr, Yr, Zr)dr +
∫ s

t

σ(r,Xr, Yr, Zr)dBr, t ≤ s ≤ T,

Ys = h(XT ) +
∫ T

s

g(r,Xr, Yr, Zr)dr −
∫ T

s

〈
Zr, dBr

〉
, t ≤ s ≤ T.

(4)

We suppose that the conditions [H1], [H2], [H3] and (3) are satisfied so that there is a unique adapted (to the
filtration generated by

(
(Bs − Bt), s ≥ t

)
) solution to (4) for T small enough. Moreover, we consider in this

section only deterministic functions f, g, h and σ.
Then, by Blumenthal zero-one law, the variable Y t,x

t is deterministic.

Theorem 2.8. Under these assumptions, the function u : [0, T ] × R
d −→ R defined by u(t, x) = Y t,x

t is
continuous on [0, T ]× R

d.

Proof. Let (t0, x0) ∈ [0, T ]× R
d. For any (t, x) ∈ [0, T ]× R

d, let us set

f̂t(r, x, y, z) = 1r≥tf(r, x, y, z)

σ̂t(r, x, y, z) = 1r≥tσ(r, x, y, z)

ĝt(r, x, y, z) = 1r≥tg(r, x, y, z)

and let us consider
(
(X̂t,x

s , Ŷ t,x
s , Ẑt,x

s ), 0 ≤ s ≤ T
)

solution of the system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X̂t,x

s = x+
∫ s

0

f̂t(u, X̂t,x
u , Ŷ t,x

u , Ẑt,x
u )du +

∫ s

0

σ̂t(u, X̂t,x
u , Ŷ t,x

u , Ẑt,x
u )dBu,

Ŷ t,x
s = h(X̂t,x

T ) +
∫ T

s

ĝt(u, X̂t,x
u , Ŷ t,x

u , Ẑt,x
u )du −

∫ T

s

〈Ẑt,x
u , dBu〉.

Let us note that {
X̂t,x

s = x for 0 ≤ s < t

X̂t,x
s = Xt,x

s for t ≤ s ≤ T,

that {
Ŷ t,x

s = Y t,x
t for 0 ≤ s < t

Ŷ t,x
s = Y t,x

s for t ≤ s ≤ T,

and that {
Ẑt,x

s = 0 for 0 ≤ s < t

Ẑt,x
s = Zt,x

s for t ≤ s ≤ T.

Hence, (X̂t,x, Ŷ t,x, Ẑt,x) may be viewed as an extension of (Xt,x, Y t,x, Zt,x) on [0, T ].
Let us then define for 0 ≤ s ≤ T ,

X̄s = X̂t,x
s − X̂t0,x0

s , Ȳs = Ŷ t,x
s − Ŷ t0,x0

s , Z̄s = Ẑt,x
s − Ẑt0,x0

s .
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(X̄, Ȳ , Z̄) is then solution of the system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X̄s = x− x0 +

∫ s

0

f̄(u, X̄u, Ȳu, Z̄u)du+
∫ s

0

σ̄(u, X̄u, Ȳu, Z̄u)dBu,

Ȳs = h̄(X̄T ) +
∫ T

s

ḡ(u, X̄u, Ȳu, Z̄u)du−
∫ T

s

〈Z̄u, dBu〉,

where f̄ , ḡ, σ̄ and h̄ are defined by

f̄(u, x, y, z) = f̂t(u, x+ X̂t0,x0
u , y + Ŷ t0,x0

u , z + Ẑt0,x0
u ) − f̂t0(u, X̂

t0,x0
u , Ŷ t0,x0

u , Ẑt0,x0
u ),

ḡ(u, x, y, z) = ĝt(u, x+ X̂t0,x0
u , y + Ŷ t0,x0

u , z + Ẑt0,x0
u ) − ĝt0(u, X̂

t0,x0
u , Ŷ t0,x0

u , Ẑt0,x0
u ),

σ̄(u, x, y, z) = σ̂t(u, x+ X̂t0,x0
u , y + Ŷ t0,x0

u , z + Ẑt0,x0
u ) − σ̂t0(u, X̂

t0,x0
u , Ŷ t0,x0

u , Ẑt0,x0
u ),

h̄(x) = h(x+ X̂t0,x0
T ) − h(X̂t0,x0

T ).

As the functions f̄ , ḡ, σ̄ and h̄ also satisfy assumptions [H1], [H2], [H3] and (3) (with the same Lipschitz constants
as f, g, σ and h respectively), we may apply Theorem 2.7 to (X̄, Ȳ , Z̄). Thus, there exists a constant A > 0
such that

E

[
sup

0≤s≤T
|X̄s|2

]
+ E

[
sup

0≤s≤T
|Ȳs|2

]
+ E

[∫ T

0

|Z̄u|2du
]

≤ A

(
|x− x0|2 + E

[∫ T

0

∣∣f̄(u, 0, 0, 0)
∣∣2du+

∫ T

0

∣∣ḡ(u, 0, 0, 0)
∣∣2du

+
∫ T

0

∣∣σ̄(u, 0, 0, 0)
∣∣2du+

∣∣h̄(0)
∣∣2])

But, ∫ T

0

∣∣f̄(u, 0, 0, 0)
∣∣2du =

∫ t∨t0

t∧t0

∣∣f(u, X̂t0,x0
u , Ŷ t0,x0

u , Ẑt0,x0
u )

∣∣2du,
and by assumption [H1], we have

∫ T

0

∣∣f̄(u, 0, 0, 0)
∣∣2du ≤ C

(∫ t∨t0

t∧t0

(∣∣f(u, 0, 0, 0)
∣∣2 + |X̂t0,x0

u |2 + |Ŷ t0,x0
u |2 + |Ẑt0,x0

u |2
)

du
)
.

Then, applying again Theorem 2.7 to (X̂t0,x0 , Ŷ t0,x0 , Ẑt0,x0), we obtain that

E

[
sup

0≤s≤T
|X̂t0,x0

s |2
]

+ E

[
sup

0≤s≤T
|Ŷ t0,x0

s |2
]
< +∞.

Thus we have proved that there exists a constant C such that

E

[∫ T

0

∣∣f̄(u, 0, 0, 0)
∣∣2du] ≤ C

(
|t− t0| + E

[∫ t∨t0

t∧t0

(∣∣f(u, 0, 0, 0)
∣∣2 + |Ẑt0,x0

u |2
)

du
])

.
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The same reasoning also applies for g and σ and we get that there exists a constant C such that

E

[
sup

0≤s≤T
|X̄s|2

]
+ E

[
sup

0≤s≤T
|Ȳs|2

]
+ E

[∫ T

0

|Z̄u|2du
]

≤ C

(
|x− x0|2 + |t− t0| + E

[∣∣∣∣∫ t

t0

(∣∣f(u, 0, 0, 0)
∣∣2

+
∣∣g(u, 0, 0, 0)

∣∣2 +
∣∣σ(u, 0, 0, 0)

∣∣2 + |Ẑt0,x0
u |2

)
du
∣∣∣∣]) .

Let us now note that∣∣u(t, x) − u(t0, x0)
∣∣2 = E

[
|Ŷ t,x

t − Ŷ t0,x0
t0 |2

]
≤ 2E

[
|Ŷ t,x

t − Ŷ t0,x0
t |2

]
+ 2E

[
|Ŷ t0,x0

t − Ŷ t0,x0
t0 |2

]
≤ C

(
|x− x0|2 + |t− t0| + E

[∣∣∣∣∫ t

t0

(∣∣f(u, 0, 0, 0)
∣∣2

+
∣∣g(u, 0, 0, 0)

∣∣2 +
∣∣σ(u, 0, 0, 0)

∣∣2 + |Ẑt0,x0
u |2

)
du
∣∣∣∣]) .

As

E

[∫ T

0

(∣∣f(u, 0, 0, 0)
∣∣2 +

∣∣g(u, 0, 0, 0)
∣∣2 +

∣∣σ(u, 0, 0, 0)
∣∣2 + |Ẑt0,x0

u |2
)

du

]
< +∞,

we deduce that

lim
(t,x)→(t0,x0)

u(t, x) = u(t0, x0). �

The continuity result of the former theorem is enough for the purpose of this paper: the link with PDEs.
Nevertheless, we might like to have more regularity on the function u, especially in the x variable. For instance,
if the function u is uniformly Lipschitz in x, we can use the same techniques as Delarue in [2] to prove existence
and uniqueness of the solution of the FBSDE over [0, T ] for any positive T .

A quick glance at the last inequality of the previous proof shows that the function u is indeed Lipschitz in
x. But, the Lipschitz constant depends on t and is difficult to estimate as it involves the spectral radius of
the Lipschitz matrix A(t). Let us add that this Lipschitz condition will not be enough to prove the solvability
of the FBSDE on an interval of arbitrary length since Antonelli [1] gave some simple counter-examples where
existence fails under Lipschitz conditions. For instance, Delarue adds a strong ellipticity condition in order to
prolongate its solutions.

In [3], Delarue and Menozzi need the function u to be of class C1,2 to prove convergence of their numerical
scheme in order to simulate the solutions of the FBSDE. This regularity is obtained thanks to the links between
FBSDEs and PDEs. If we are able to prove (by analytical techniques) uniqueness of the viscosity solution
and existence of a strong solution of the PDE, then u is therefore this strong solution and is consequently
differentiable.

3. Connection with PDEs: The general result

In view of the results of [7], we must consider functions σ that do depend on z in order to get a representation
of solutions of PDEs with gradient dependent second order term. However, the proof of the next theorem only
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applies for functions f and g that do not depend on z. Consequently, let us first fix the following functions :

M : [0,+∞) × R
d × R × R

d 	−→ R
d×d,

f : [0,+∞) × R
d × R 	−→ R

d,

g : [0,+∞) × R
d × R 	−→ R,

h : Rd 	−→ R.

Let also fix the terminal time T > 0. The more general quasilinear parabolic PDE we will handle is of the
following type:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
(t, x) +

∑
1≤i,j≤d

M
(
t, x, u(t, x),∇u(t, x)

)
ij

∂2u

∂xi∂xj
(t, x)

+
〈
f
(
t, x, u(t, x)

)
,∇u(t, x)

〉
+ g

(
t, x, u(t, x)

)
= 0 for t ∈ (0, T ), x ∈ R

d,

u(T, x) = h(x) for x ∈ R
d.

(5)

In view of the results of [7], we surmise that, in order to get a probabilistic representation of the solutions of (5),
we may consider FBSDE of the form:⎧⎪⎪⎨⎪⎪⎩

Xt,x
s = x+

∫ s

t

f(r,Xt,x
r , Y t,x

r )dr +
∫ s

t

σ(r,Xt,x
r , Y t,x

r , Zt,x
r )dBr, t ≤ s ≤ T,

Y t,x
s = h(Xt,x

T ) +
∫ T

s

g(r,Xt,x
r , Y t,x

r )dr −
∫ T

s

〈
Zt,x

r , dBr

〉
, t ≤ s ≤ T.

(6)

Here, σ is a R
d×d-valued function that we will choose later.

We suppose that the conditions of the previous section are satisfied in order to have existence and uniqueness
of the solution of the system (6) and the global continuity of the function u. Then, we have the following result
that links the PDE (5) to the FBSDE (6):

Theorem 3.1. Suppose that σ is an invertible matrix and is related to M via the following equation:

∀t, x, y, z, σσ∗(t, x, y, z) = 2M
(
t, x, y,

(
σ∗(t, x, y, z)

)−1
z
)
. (7)

We suppose moreover that the functions f, g, h are globally continuous, that M is globally Lipschitz and that σ
satisfies the additional assumption: there exists a positive constant λ such that, for all t, x, y, z, w,∣∣σ(t, x, y, z)−1w

∣∣ ≤ λ|w|. (8)

Let us define on [0, T )× R
d the function u(t, x) = Y t,x

t . Then u is a viscosity solution of the PDE (5).

Proof. The proof is an adaptation of those of [7], Theorem 5.1.
Let us denote by B(x, ρ) the closed Euclidean ball in R

d centered at x and of radius ρ. �

We must first prove the following lemma:

Lemma 3.2. We have, a.s. for every r ≥ t,

Y t,x
r = Y

r,Xt,x
r

r = u(r,Xt,x
r ).
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Proof. Let us fix t ∈ [0, T ] and let U be a Ft-measurable random variable. We consider the FBSDE⎧⎪⎪⎨⎪⎪⎩
Xs = U +

∫ s

t

f(r,Xr, Yr, Zr)dr +
∫ s

t

σ(r,Xr, Yr, Zr)dBr, t ≤ s ≤ T,

Ys = h(XT ) +
∫ T

s

g(r,Xr, Yr, Zr)dr −
∫ T

s

〈
Zr, dBr

〉
, t ≤ s ≤ T.

(9)

It is easy to extend Theorems 2.6 and 2.7 to this case with |x|2 replaced by E[|U |2]. We denote by
(Xt,U , Y t,U , Zt,U ) the unique solution of (9). We claim that there exists a positive constant C such that,
for every x ∈ R

d and every ε > 0,

E

[
1|U−x|<ε|Y t,U

t − Y t,x
t |2

]
≤ CE

[
1|U−x|<ε|U − x|2] . (10)

Indeed, let us define, for s ∈ [t, T ],

X̄s = Xt,U
s −Xt,x

s , Ȳs = Y t,U
s − Y t,x

s , Z̄s = Zt,U
s − Zt,x

s .

Then, (X̄, Ȳ , Z̄) is solution of the FBSDE⎧⎪⎪⎨⎪⎪⎩
X̄s = U − x+

∫ s

t

f̄(r, X̄r, Ȳr, Z̄r)dr +
∫ s

t

σ̄(r, X̄r, Ȳr, Z̄r)dBr, t ≤ s ≤ T,

Ȳs = h̄(X̄T ) +
∫ T

s

ḡ(r, X̄r, Ȳr, Z̄r)dr −
∫ T

s

〈
Z̄r, dBr

〉
, t ≤ s ≤ T

with

f̄(r, u, v, w) = f(r, u+Xt,x
r , v + Y t,x

r , w + Zt,x
r ) − f(r,Xt,x

r , Y t,x
r , Zt,x

r )

ḡ(r, u, v, w) = g(r, u+Xt,x
r , v + Y t,x

r , w + Zt,x
r ) − g(r,Xt,x

r , Y t,x
r , Zt,x

r )

σ̄(r, u, v, w) = σ(r, u +Xt,x
r , v + Y t,x

r , w + Zt,x
r ) − σ(r,Xt,x

r , Y t,x
r , Zt,x

r )

h̄(u) = h(u +Xt,x
T ) − h(Xt,x

T ).

The functions f̄ , ḡ, σ̄ and h̄ still satisfy assumptions [H1], [H2] and [H3].
Let us consider now A ∈ Ft and let us set for every r ∈ [t, T ],

(XA
r , Y

A
r , ZA

r ) = (1AX̄r,1AȲr,1AZ̄r).

The processes XA, Y A, ZA are still progressively measurable with respect to the filtration F and it is easy to
see that they are solutions of the FBSDE⎧⎪⎪⎨⎪⎪⎩

XA
s = 1A(U − x) +

∫ s

t

1Af̄(r,XA
r , Y

A
r , ZA

r )dr +
∫ s

t

1Aσ̄(r,XA
r , Y

A
r , ZA

r )dBr , t ≤ s ≤ T,

Y A
s = 1Ah̄(XA

T ) +
∫ T

s

1Aḡ(r,XA
r , Y

A
r , Z

A
r )dr −

∫ T

s

〈
ZA

r , dBr

〉
, t ≤ s ≤ T.

We then apply Theorem 2.7 to this FBSDE which gives (after noticing that f̄(r, 0, 0, 0) = 0 and so for ḡ, σ̄ and
h̄) that there exists a constant C (that does not depend on x) such that

E

[
sup

t≤s≤T
|1AX̄s|2

]
+ E

[
sup

t≤s≤T
|1AȲs|2

]
+ E

[∫ T

t

|1AZ̄s|2ds
]
≤ CE[1A|U − x|2].
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In particular, we have

E

[
1A|Y t,x

t − Y t,U
t |2

]
≤ CE[1A|U − x|2]

which gives equation (10) for A = {|U − x| < ε}.
Now, we have

E

[
1{|U−x|<ε}|u(t, U) − Y t,U

t |2
]
≤ 2E

[
1{|U−x|<ε}|u(t, U) − u(t, x)|2]

+ 2E

[
1{|U−x|<ε}|Y t,x

t − Y t,U
t |2

]
≤ 2C′

E
[
1{|U−x|<ε}|U − x|2]+ 2CE

[
1{|U−x|<ε}|U − x|2]

where the last inequality follows from Theorem 2.8 and inequality (10).
We end the proof by writing, for every positive integer N ,

E

[
|u(t, U) − Y t,U

t |2
]
≤
∑
k∈Zd

E
[
1{|U−k/N |≤1/N}|u(t, U) − Y U

t |2]
≤ C

N2

∑
k∈Zd

E
[
1{|U−k/N |≤1/N}

]
≤ C2d

N2
·

As this is true for every integer N , we deduce that Y t,U
t = u(t, U) a.s.

We thus proved that, for every r > t, a.s.

Y
r,Xt,x

r
r = u(r,Xt,x

r ).

This equality is true a.s. for every r > t by continuity of u, X and Y . Eventually, the equality

Y t,x
r = Y

r,Xt,x
r

r

is a direct consequence of uniqueness of the FBSDE. �

Let us turn now to the proof of Theorem 3.1. To begin with, we will prove that u is a viscosity supersolution
of (5). The fact that u is also a viscosity subsolution can be proved by a similar argument. So, let φ be a C2

real-valued function on [0, T )×R
d and let (t0, x0) be a local maximum of u− φ. Without loss of generality, we

may suppose that (u− φ)(t0, x0) = 0 and we want to prove that

∂φ

∂t
(t0, x0) +

∑
1≤i,j≤d

M
(
t0, x0, u(t0, x0),∇φ(t0, x0)

)
ij

∂2φ

∂xi∂xj
(t0, x0)

+
〈
f
(
t0, x0, u(t0, x0)

)
,∇φ(t0, x0)

〉
+ g

(
t0, x0, u(t0, x0)

) ≥ 0.

Let us suppose that this inequality is false. In other words, by continuity, let us suppose that there exists a real
number 0 < µ < T − t0 such that, for every (t, x) ∈ [t0, t0 + µ] ×B(x0, µ), we have

u(t, x) ≤ φ(t, x)
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and

∂φ

∂t
(t, x) +

∑
1≤i,j≤d

M
(
t, x, u(t, x),∇φ(t, x)

)
ij

∂2φ

∂xi∂xj
(t, x) +

〈
f
(
t, x, u(t, x)

)
,∇φ(t, x)

〉
+ g

(
t, x, u(t, x)

)
< 0.

Let us define the stopping time τ by:

τ = inf
{
s ∈ [t0, t0 + µ], Xt0,x0

s 
∈ B(x0, µ)
}

and let us set
(X̄s, Ȳs, Z̄s) = (Xt0,x0

s∧τ , Y t0,x0
s∧τ ,1[t0,τ ](s)Zt0,x0

s ).
Let us remark that the pair (Ȳ , Z̄) is solution of the BSDE

Ȳs = u(τ,Xt0,x0
τ ) +

∫ τ

s∧τ

g
(
r,Xt,x

r , u(r,Xt,x
r )

)
dr −

∫ τ

s∧τ

〈
Z̄r, dBr

〉
.

Moreover, applying Itô’s formula to φ(s,Xt0,x0
s ) leads to

φ(s ∧ τ,Xt0,x0
s∧τ ) = φ(τ,Xt0,x0

τ ) −
∫ τ

s∧τ

(
∂φ

∂t
(v,Xt0,x0

v ) + Lσφ
(
v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

))
dv

−
∫ τ

s∧τ

〈
σ∗(v,Xt0,x0

v , Y t0,x0
v , Zt0,x0

v )∇φ(v,Xt0,x0
v ), dBv

〉
where Lσ denotes the differential operator

Lσφ(s, x, y, z) =
1
2

∑
1≤i,j≤d

σσ∗(s, x, y, z)
ij

∂2φ

∂xi∂xj
(s, x) +

〈
f
(
s, x, y

)
,∇φ(s, x)

〉
.

Let us set now, for s ∈ [t0, t0 + µ],

(X̂s, Ŷs, Ẑs) =
(
Xt0,x0

s∧τ , φ(s ∧ τ,Xt0,x0
s∧τ ), σ∗(s ∧ τ,Xt0,x0

s∧τ , Y t0,x0
s∧τ , Zt0,x0

s∧τ )∇φ(s ∧ τ,Xt0,x0
s∧τ )

)
.

Then, we rewrite the previous equation (in order to make the function M appear) in the following form:

Ŷs∧τ = φ(τ,Xt0,x0
τ ) −

∫ τ

s∧τ

(
∂φ

∂t
(v, X̂v) + LMφ(v, X̂v)

)
dv −

∫ τ

s∧τ

〈
Ẑv, dBv

〉
−
∫ τ

s∧τ

∑
1≤i,j≤d

[
1
2
σσ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

)
−M

(
v,Xt0,x0

v , u(v,Xt0,x0
v ),∇φ(v,Xt0,x0

v )
)]

ij

∂2φ

∂xi∂xj
(v,Xt0,x0

v )dv

where LM denotes the differential operator

LMφ(s, x) =
∑

1≤i,j≤d

M
(
s, x, u(s, x),∇φ(s, x)

)
ij

∂2φ

∂xi∂xj
(s, x) +

〈
f
(
s, x, u(s, x)

)
,∇φ(s, x)

〉
.

Now using equation (7), we have

1
2
σσ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

)
= M

(
v,Xt0,x0

v , u(v,Xt0,x0
v ),

(
σ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v )
)−1

Zt0,x0
v

)
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and, by the definition of Ẑ, we have

α(v) =
1
2
σσ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

)−M
(
v,Xt0,x0

v , u(v,Xt0,x0
v ),∇φ(v,Xt0,x0

v )
)

= M

(
v,Xt0,x0

v , u(v,Xt0,x0
v ),

(
σ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

))−1

Zt0,x0
v

)
−M

(
v,Xt0,x0

v , u(v,Xt0,x0
v ),

(
σ∗(v,Xt0,x0

v , u(v,Xt0,x0
v ), Zt0,x0

v

))−1

Ẑv

)
.

Now, by the Lipschitz property of M and assumption (8), we have∣∣α(v)
∣∣ ≤ C

∣∣Zt0,x0
v − Ẑv

∣∣
for some constant C. Consequently, for every index (i, j), there exists a bounded R

d-valued adapted process
γij

u such that

α(v)ij =
〈
γij

v ,
(
Zt0,x0

v − Ẑv

)〉
.

Eventually, let us consider the process Ȳs − Ŷs which may be written as:

Ȳs − Ŷs = (u − φ)(τ, X̂τ ) +
∫ τ

s∧τ

(
∂φ

∂t
(v, X̂v) + LMφ(v, X̂v) + g

(
v, X̂v, u(v, X̂v)

))
dv

+
∫ τ

s∧τ

〈
(γ∂2φ)v, Z̄v − Ẑv

〉
dv −

∫ τ

s∧τ

〈
(Z̄v − Ẑv), dBv

〉
where (γ∂2φ)v denotes the R

d-valued process

(γ∂2φ)v =
∑

1≤i,j≤d

∂2φ

∂xi∂xj
(v,Xt0,x0

v )γij
v .

We then conclude using the ideas of [6], Theorem 1.6. We first consider the L2 real-valued process β
defined by:

βv =
∂φ

∂t
(v, X̂v) + LMφ(v, X̂v) + g

(
v, X̂v, u(v, X̂v)

)
We have then, for every t0 ≤ s ≤ τ

Ȳs − Ŷs = (u − φ)(τ, X̂τ ) +
∫ τ

s∧τ

(
βv +

〈
(γ∂2φ)v, Z̄v − Ẑv

〉)
dv −

∫ τ

s∧τ

〈
(Z̄v − Ẑv), dBv

〉
= E

[
Γs,τ (Ȳτ − Ŷτ ) +

∫ τ

s

Γs,vβvdv
∣∣∣∣ Fs

]
where

Γs,v = exp
(∫ v

s

〈
(γ∂2φ)u, dBu

〉− 1
2

∫ v

s

∣∣(γ∂2φ)u

∣∣2du) .
In particular, we get

Ȳt0 − Ŷt0 = (u − φ)(t0, x0) = E

[
Γt0,τ (Ȳτ − Ŷτ ) +

∫ τ

t0

Γt0,vβvdv
]
.
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To conclude, we must remark that, by the definition of τ we have

Ȳτ − Ŷτ ≤ 0 and βv < 0 for every t0 ≤ v < τ.

Consequently, we have that (u − φ)(t0, x0) < 0 which contradicts our first assumption. �

The problem now is to find some conditions on M such that there exists a function σ that satisfies the
condition (7). An obvious necessary condition is that, for every (t, x, y, z), M(t, x, y, z) must be a symmetric
invertible matrix. But a sufficient condition is much more involved and we will restrict ourselves to very specific
cases.

4. The one dimensional case: case of an increasing function M on [0, +∞).

We will take here d = 1 and consequently, all the considered functions will be real valued. Moreover, as
equation (7) only involves the z-dependence of M and does not depend on f and g, we may restrict our
attention to the following one-dimensional PDE:⎧⎪⎪⎨⎪⎪⎩

∂u

∂t
(t, x) +M

(
∂u

∂x
(t, x)

)
∂2u

∂x2
(t, x) = 0, 0 < t < T, x ∈ R,

u(T, x) = h(x), x ∈ R,

(11)

where M and h are real-valued functions defined respectively on [0, T )× R and R.
The condition (7) now consists in finding a function σ : R −→ R such that, for every x ∈ R, we have

σ(x)2 = 2M
(

x

σ(x)

)
· (12)

Moreover, this function σ must be chosen such that the next system of FBSDE has a unique solution. This
system is: ⎧⎪⎪⎨⎪⎪⎩

Xt,x
s = x+

∫ s

t

σ(Zt,x
r )dBr t ≤ s ≤ T,

Y t,x
s = h(Xt,x

T ) −
∫ T

s

Zt,x
r dBr t ≤ s ≤ T.

(13)

An adaptation of the proof of [7], Theorem 3.1 leads to the following condition:

Proposition 4.1. If σ and h are Lipschitz functions with Lipschitz coefficient kσ and kh respectively, and if
kσkh < 1, then the FBSDE (13) has a unique solution.

We will only consider functions M which satisfy the next conditions:

(A1) M is an even function,
(A2) M is strictly increasing on [0,+∞),
(A3) M(0) > 0,
(A4) M is continuously differentiable on (0,+∞),
(A5) the zeros of M ′ are isolated,
(A6) M ′ has a right limit at 0.

In the sequel, we adopt the convention M(∞) = lim
t→+∞M(t) ∈ R ∪ {+∞}.
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Proposition 4.2. Let us suppose that M satisfies (A1)-(A6). Then the function Ψ defined by:

Ψ :

{ [√
2M(0);

√
2M(∞)

)
→ [0,+∞)

x→ xM−1(x2

2 )

is a strictly increasing one-to-one function.
Moreover, Ψ−1 is Lipschitz and its Lipschitz constant is 1

α where α = inft>0

{
t+ 2 M(t)

M ′(t)

}
> 0.

Proof. We obtain that Ψ is increasing as a composition and product of positive increasing functions. Moreover,
it is obvious that Ψ maps its domain onto [0,+∞).

By deriving Ψ−1, we obtain that, out of some isolated points of
[√

2M(0);
√

2M(∞)
)
,

[Ψ−1]′(Ψ(t)) =
1

M−1(t2/2) + t2/M ′(M−1(t2/2))
·

Considering t =
√

2M(u) with u ∈ [0,+∞), we obtain that Ψ is a Lipschitz function if and only if

inft>0

{
t+ 2 M(t)

M ′(t)

}
> 0 that is to say if and only if lim inft→0+

M(t)
M ′(t) > 0, which is the case by assumptions (A2),

(A3) and (A6). �

Let us define the even function σ which is equal to Ψ−1 on [0,+∞).
The function σ is a Lipschitz function whose Lipschitz constant is 1

α , which maps R onto the interval[√
2M(0),

√
2M(∞)

)
.

Moreover, for every x ∈ R we have 1
2σ(x)2 = M

(
x

σ(x)

)
and, by assumption (A3), the condition (8) is satisfied.

Consequently, we have the following result:

Proposition 4.3. Let us suppose that M satisfies the assumptions (A1)−(A6) and that h is a Lipschitz function
with Lipschitz constant less than α. Let σ be defined as previously. Then, the FBSDE (13) has a unique solution
and the function u(t, x) = Y t,x

t is a viscosity solution of the PDE (11) for T small enough.

5. Some partial results in two dimensions

As announced before, the problem in higher dimension is much more difficult. We will only consider two
very specific cases where the methods used in dimension one can be adapted. In both cases, we still consider
a simplified equation where M depends only on the gradient of u and the function f and g are not present.
Moreover, we suppose that the matrix M is diagonal. If we write

M(x, y) =
(
ξ1(x, y) 0

0 ξ2(x, y)

)
,

then the associated PDE is now⎧⎨⎩
∂u
∂t (t, x, y) + ξ1

(∇u(t, x, y)
)

∂2u
∂x2 + ξ2

(∇u(t, x, y)
)

∂2u
∂y2 = 0 for t ∈ (0, T ), (x, y) ∈ R

2,

u(T, x, y) = h(x, y) for (x, y) ∈ R
2.

(14)

In that case, the matrix σ that satisfies equation (7) is also diagonal by the Cholesky decomposition of M .
We will here only focus on finding a function σ that satisfies equation (7) and will not deal with its regularity.
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5.1. Case 1: One entry of M is constant

We will focus here on the case where M is diagonal and one entry of M is constant equal to ε > 0 (we cannot
take ε = 0 and consider a degenerate PDE as the matrix σ must be invertible).

Let us consider a function ψ : R
2 −→ R and let us study here the PDE

∂u

∂t
+ ψ(∇u)

∂2u

∂x2
+ ε

∂2u

∂y2
= 0.

We have then

M(x, y) =
(
ψ(x, y) 0

0 ε

)
,

and we have to find σ diagonal such that

σ(x, y)2 = 2M((σ(x, y))−1.(x, y)).

It is quite obvious that, if for every y ∈ R, the function x 	−→ ψ
(
x, y√

2ε

)
satisfies the assumptions of Proposi-

tion 4.2, then there exists a function σ1 such that

σ1(x, y)2 = 2ψ
(

x

σ1(x, y)
,
y√
2ε

)
and the matrix σ defined by

σ(x, y) =
(
σ1(x, y) 0

0
√

2ε

)
satisfies equation (7).

5.2. Case 2: The function M is invertible

Let us make the following assumptions on the function ξ(x, y) =
(
ξ1(x, y), ξ2(x, y)

)
:

[A1] The function ξ is invariant under (x, y) 	→ (−x, y) and (x, y) 	→ (x,−y).
[A2] For every (x, y) ∈ (0,+∞)2, ξ1(x, y) = x + α1(x, y) and ξ2(x, y) = y + α2(x, y) where α1 and α2 are

nonnegative functions of class C1.
[A3] The derivatives of α1 and α2 satisfy

0 ≤ ∂α1

∂x
<

1
2

0 ≤ ∂α2

∂y
<

1
2
,

∣∣∣∣∂α1

∂y

∣∣∣∣ < 1
2
,

∣∣∣∣∂α2

∂x

∣∣∣∣ < 1
2
·

[A4] α1(0, 0) > 0 and α2(0, 0) > 0.
Under these assumptions, the function α(x, y) =

(
α1(x, y), α2(x, y)

)
is Lipschitz with Lipschitz constant less

that 1. Consequently, a well-known result gives that the function ξ is invertible on [0,+∞)2. Let us denote by
β = (β1, β2) its inverse function, defined on some domain V of (0,+∞)2. Moreover the Jacobian of ξ is always
positive, consequently, β is differentiable on V and its differential application is the inverse of the differential
application of ξ. In particular, if we denote by |Dξ| the Jacobian of ξ, we have

∂β1

∂x
=

1
|Dξ ◦ β|

(
1 +

∂α2

∂y
◦ β
)

and
∂β2

∂y
=

1
|Dξ ◦ β|

(
1 +

∂α1

∂x
◦ β
)
.

As in the one-dimensional case, let us denote by Ψ the function

Ψ :

{
V −→ [0,+∞)2

(x, y) 	−→ (
xβ1(x2/2, y2/2), yβ2(x2/2, y2/2)

)
.
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The Jacobian matrix of Ψ is

Dψ(x, y) =

(
β1(x2/2, y2/2) + x2 ∂β1

∂x (x2/2, y2/2) xy ∂β1
∂y (x2/2, y2/2)

xy ∂β2
∂x (x2/2, y2/2) β2(x2/2, y2/2) + y2 ∂β2

∂y (x2/2, y2/2)

)

and its Jacobian is (all the functions are evaluated at (x2/2, y2/2))

|Dψ(x, y)| = β1β2 +
(
x2β2

∂β1

∂x
+ y2β1

∂β2

∂y

)
+ x2y2

(
∂β1

∂x

∂β2

∂y
− ∂β1

∂y

∂β2

∂x

)
.

By definition, we have β1β2 ≥ 0. By the expression of ∂β1
∂x and ∂β2

∂y and assumption [A2], all the terms in the
second term of |Dψ| are nonnegative. Eventually, the third term is equal to

x2y2|Dβ| =
x2y2

|Dξ|

which is positive since (0, 0) 
∈ V by assumption [A4].
Consequently, the Jacobian of the function Ψ is always positive and the function Ψ is everywhere locally

invertible. By the Borel-Lebesgue characterization of compact sets, we may then define a function λ(x, y) =(
λ1(x, y), λ2(x, y)

)
on the image of Ψ, which is locally invertible everywhere and whose inverse is Ψ.

If moreover the image of Ψ is [0,+∞)2, it is easy to see that the matrix σ defined by

σ(x, y) =
(
λ1(x, y) 0

0 λ2(x, y)

)
on [0,+∞)2 and extended to R

2 by symmetry, satisfies equation (7).

6. Another representation

As the last two sections illustrate, condition (7) is rather difficult to handle and highly restrictive. In view of
Ma, Protter and Yong’s work [4], we can try to use another type of FBSDE to represent solutions of equation (5).
Indeed, Ma, Protter and Yong studied the relationship between solutions of the FBSDE⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

X̃t,x
s = x+

∫ s

t

f(r, X̃t,x
r , Ỹ t,x

r )dr +
∫ s

t

σ(r, X̃t,x
r , Ỹ t,x

r , Z̃t,x
r )dBr, t ≤ s ≤ T

Ỹ t,x
s = h(X̃t,x

T ) +
∫ T

s

g(r, X̃t,x
r , Ỹ t,x

r )dr −
∫ T

s

〈
Z̃t,x

r , σ(r, X̃t,x
r , Ỹ t,x

r , Z̃t,x
r )dBr

〉
,

(15)

and strong solutions of the PDE⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
(t, x) +

∑
1≤i,j≤d

σσ∗(t, x, u(t, x),∇u(t, x)
)

ij

∂2u

∂xi∂xj
(t, x)

+
〈
f
(
t, x, u(t, x)

)
,∇u(t, x)

〉
+ g

(
t, x, u(t, x)

)
= 0 for t ∈ (0, T ), x ∈ R

d,

u(T, x) = h(x) for x ∈ R
d,

(16)

when the coefficients f, g, σ are smooth and σ is non-degenerate. We see that condition (7) has disappeared
with this representation.
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Let us see how the method used in the present paper can be adapted to this kind of FBSDE with Lipschitz
coefficients. We will only focus on the one-dimensional case (d = 1) in order to simplify the notations.

To begin with, for the waveform relaxation method, we must consider a new function ψ̃ defined by

(X̃, Ỹ , Z̃) = ψ̃(U, V,W )

where ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X̃t = x+

∫ t

0

f(s, Us, Vs,Ws)ds+
∫ t

0

σ(s, Us, Vs,Ws)dBs

Ỹt = h(X̃T ) +
∫ T

t

g(s, Us, Vs,Ws)ds−
∫ T

t

Z̃sσ(s, Us, Vs,Ws)dBs.

We must note that, for Z̃ to be well-defined in the last expression, we must suppose that σ is non-degenerate.
We still suppose that f, g, h and σ satisfy assumptions [H1], [H2] and [H3]. Then, the estimates of

∥∥∥∆X̃∥∥∥
c

and∥∥∥∆Ỹ ∥∥∥
c

are exactly the same as in the proof of Proposition 2.5. But, the coefficient σ in the stochastic integral

that defines Z̃ prevents us from using the same method to estimate
∥∥∥∆Z̃∥∥∥2

2
. Consequently, we are not able to

prove existence and uniqueness of solutions of the FBSDE (15) nor the continuity of the function ũ(t, x) := Ỹ t,x
t .

However, the proof of Theorem 3.1 can easily be adapted to get the following theorem:

Theorem 6.1. Suppose that σ is non-degenerate, that the coefficients f, g, σ, h are globally continuous and that
σ satisfies (8), that there exists a unique solution to the FBSDE (15) and that the function ũ is continuous.
Then ũ is a viscosity solution of the PDE (16).
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