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MODEL SELECTION FOR ESTIMATING THE NON ZERO COMPONENTS
OF A GAUSSIAN VECTOR

SyLviE HUuET!

Abstract. We propose a method based on a penalised likelihood criterion, for estimating the number
on non-zero components of the mean of a Gaussian vector. Following the work of Birgé and Massart in

Gaussian model selection, we choose the penalty function such that the resulting estimator minimises
the Kullback risk.
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INTRODUCTION

The following regression model is considered:
X =m+7e, €~N,(0,1,),

where X = (X1,...X,)7T is the vector of observations. The expectation of X, say m = (my1,...,my)?, and the
variance 72 are unknown. Assuming that some of the components of m are equal to zero, our objective is to
estimate the number of zero components as well as their positions. We propose an estimation method based on
a model choice procedure.

We denote by J a subset of J, = {1,2,...,n} with dimension k;, and we consider the collection J of all
subsets of J,, with dimension less than k, for some k,, less than n:

j:{JCJn,k’JSk'n}.

Let x = (21,...,7,)7, then for each subset J € J we denote by x; the vector in R whose component i equals
z; if i belongs to J and 0 if not. We denote by ||x||* the Euclidean distance in R™ and we set ||x/|2 = ||x/|?/n.

For each subset J in the collection 7, assuming that m = m, the maximum likelihood estimators of the
parameters (m, 72) are (X, ||X<||2), where J¢ denotes the complement of J in J,,. We thus define a collection
of estimators, (X,||X<||2) and the problem is now to choose an estimator of (m,7?) in this collection, or
equivalently, to choose the best J in 7, say J, and to take (m,72) = (X5,[X5.]12). We associate to each
estimator in the collection a risk defined as

R(J) =E {’C(mﬂ'z) (XJ, ||X]°H72L)} )
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where for all g € R"™ and o positive, Ky 2)(8, 02) denotes the Kullback-Leibler divergence:

n o’ T2 + mng
K (8,0%) = 5 {1°g< > - ”%}'

T2
The ideal subset J*, defined as the minimiser of the risk over all the subsets in the collection,

R(T) = jof R(D).

is estimated by a model selection procedure. Namely, we propose to estimate J* by J that minimises a penalised
likelihood criterion defined as follows:

. n
crit(J, pen) = B log (HXJCHEL) + pen(ky), (1)

where pen is a penalty function that depends on kj;. The calculation of the penalty function is based on the
following equality:

R(J) = Km,r2) (my, B X —my|2) + E{Kn, gx-—m,2) (X0 1Xsel2)}- (2)

The first term on the right hand side is analogous to a bias term: it represents the distance between the
expectation and the variance of X under the model J and the parameters (m, 72). It is equal, up to some terms
that do not depend on J, to (n/2)log(E|X — my||?). The quantity E||X — m||2 being estimated by || X s<||2,
the second term on the right hand side is analogous to a wvariance term. The penalty function is calculated
so that it compensates both this variance term and the bias due to the estimation of log(E||X — my||?) by
log (| X - 2):

In theorem 2.1 we show that, with probability close to one, Ky ,2) (ﬁl, ?2) is smaller than the minimum
over the sets J of

K(J) = /C(mﬂa) (mJ, E”X — mJ||i) + pen(kj)

as soon as the penalty function is larger than a function that can be written as follows:

pen(k) =n {cl log (%) + 02} % (3)

for some constants c1,c2. From this result, we deduce in Corollary 2.2 that the expectation of K(n, r2) (r?l, ?2)
restricted to a set with probability close to 1, is smaller than the minimum of K (J) over the sets J.

This approach has already been proposed by Birgé and Massart [8] for the problem of variable selection in
the Gaussian regression model with known variance. In that context, the Kullback risk is the quadratic risk
and equals

Q) = (51X~ m|?) = 5 (ke + m ~m]?). @)

Minimising the Kullback risk comes to realise the best compromise between the bias term ||m — my||? and the
variance term 72k;. The difference with our work is that we consider the case of an unknown variance, and that
we propose a penalty function independent of the error variance. In Theorem 2.3 we show that the quadratic
risk associated with the penalised estimator .J that minimises crit(.J, pen) defined at equation (1) is bounded
above as soon as the penalty is larger than a function of the form given by equation (3).

We compare our penalty function to others for which asymptotic properties have been established, as the
AIC procedure and its generalisations. We also compare our estimating procedure to procedures based on the
penalisation of the residual sum of squares: the method proposed by Birgé and Massart [8] and the threshold
methods.
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1. THE METHOD

~

Let J(pen) be the subset in J that minimises crit(J, pen) defined in equation (1),

~

J — in crit(.J : 5
(pen) arg min cri (J, pen) (5)

The components of m that are not estimated by 0, correspond to the greatest absolute values of the components
of X. Let {f1,...,¢,} be the order statistics, such that the XZ_ are sortered in the descending order: Xé21 >
A XZQR, and let Ji be the subset of J corresponding to the & first order statistics, J, = {¢1,...,¢r}. Then
for all subset J in J with dimension k; = k, we have

n
2 log (X sg12) + pen(k) <

|3

log (HXJC ||i) + pen(ky),
and the problem reduces to choose k, less than n, that minimises crit(Jx, pen), say E, and to take J = Jz-

2. THEOREMS

2.1. Control of the Kullback risk

We denote by X the distribution function of a X?-variable with k degrees of freedom and by X, ! the
quantile function.
For 1 < k,, < n, let us define two collections of positive scalars say Lo, L1, ..., Lg, and o, (1, ..., (x, satisfying
the following equalities:
5 = <

c =
k

3+4%

=

L) exp(-kL) ()

=
o

) exp(—Cr), (7)

I
<
> 3

and such that

K=c+t <1 G < Gz —log{Xak(n)}. (8)

Theorem 2.1. Let J be defined at equation (5), and K(m r2) (ffl, ?2) the Kullback-Leibler divergence in (m,72) =
(Xj, ||X7CH,2L) If for some constant C' > 1, and each k=0, ... ky,,

n

X (op(G) ®)

pen(k) > %k (1 + 220, + 6Lk>

then

pr ’C(m,Tz) (fﬁv ?2) < inf {K(m,72) (mJaT2 + HmJLH?L) + pen(k«])} + K’ﬂ(c):| 21—k

C—-1Jeg

where

7(3071)2 2C0(C +1) n M 20 i
Kn0) = 557y ( 17 Xn_lkn<exp<<kn>>“> <ﬁ+ " ) e

Let us comment the theorem and choose suitable values for the Lj’s and (;’s such that « is small and K, (C)
of smaller order that the penalty.
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1-. Choice of the Ly’s, k = 0,...,k,. The Lg’s must be chosen large enough such that ¥ is not too large.
Following the discussion in the paper by Birgé and Massart [8] when they consider the variable selection
problem in the Gaussian model, we can choose the Lj’s independent or dependent of k. This is what they call
constant or variable weights strategy.

e Constant weights strategy. If Ly = L for all k, then {1 + exp(—L)}*» < ¥ < {1 + exp(—L)}". Taking
L > log(n/c) for a positive constant ¢, we get ¥ < exp(c). If L does not increase with n, then %
explodes.

e Variable weights strategy. Using Lemma 6 of Barron et al. [6], we get

kn

3 (1) vttt < Yoo [ 1-+10e ()} -] as)

k=0

Then, if we choose Ly =1+ log(2) + log(n/k), we get that ¥ < 2.

2-. Choice of the (;’s, k = 1,...,k,. The (;’s must be chosen large enough such that e¢ is small. From
Inequality (10) (with kLj replaced by (i), we deduce that if for each k > 1,

(k:k{lJrQlog(%)}, (11)

then ¢, satisfies the inequality (8) and

> () exvt-c < i: ¢ >k < (e ten 79

k=1 =1

for some constant 1. Therefore, if we choose (o = k2 log(n) for some constant ko, we get € < (k1 + Kk2)/n.
3-. The terms X, ', {exp(—(x)}. If we choose (; as above and k, = n/2, thanks to Lemma 7.3, we know
that X' {exp(—Cx)} > e1(n — k) for some constant c;. Therefore we can replace in the penalty function

X! {exp(—Cr)} by (n—k) and the penalty is of order klog(n). In the same way, the term n/X, k {exp(—Ck, )}
appearing in K,,(C') is smaller than 2/¢;. It follows that K,,(C) is of order log(n).

As explained in the introduction, see equation (2), the proof of the theorem lies on the control of the quantities

K, Blx—m,|2) (X7, [|Xe][2) for all J € J. In fact, we are able to control these quantities (see Lem. 4.3) if
we restrict the calculations to the set €2 defined as follows: Q = ¢ N Qy, where

Q = {IxIP=ne (1-2yG/m)}

. (12)
O = {VJeT ks >1,[1Xpel> > 72X, 1, (exp(—Gr,)) } }

In other words the theorem is shown when, simultaneously over all the subsets J € J, the quantities 72 /|| X j¢[|2
are bounded below by n/ Xnilkj {exp(—C(k,)} that appear in the penalty function. It follows that we easily deduce
from Theorem 2.1 an upper bound for the expectation of Ky, r2) (r?l, ?2) restricted to the set 2. Let us remark
that if the (i’s are chosen as in equation (11) then pr(Q€) < e < (k1 + k2)/n. Indeed, we have the following

inequalities:

pr(Q9) < Y pr{lXsell® <X (exp(—G,))}
JeJ
kn
<

> () or (1%cl? < 72,2 fexn(-c)

k=1
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Thanks to Lemma 7.2 and to the inequality (29) in Lemma 7.1, we can show that pr(Q$) < 2211 (Z) exp(—Ck),
and pr(Q2§) < exp(—(p). Therefore, pr(Q2°) < e. We can now state the corollary.

Corollary 2.2. Let Q be defined at equation (12) with (. as in equation(11). Under the assumptions of
Theorem 2.1,

2
E [Kimen (0,72) 1] £ —o (mf (K (7,7 4+ me2) + pen(kj)}) T ra(C,3),

C—-1\Jeg
where
kO [1+X)C n
r"(c’z)_01[ c-1 nan]

for some constant k.

From a practical point of view, we want to have in hand a penalty function such that the risk associated with
the corresponding estimator is as close as possible to the minimum of the risks associated with the sets J in
the collection 7. We will use the lower bound for the penalty function given at equation (9) in Theorem 2.1 as
the penalty function, taking Ly = log(n/k), neglecting the term /Iy and replacing X, ', (exp(—Cy)) by n — k.
Though the results given in Corollary 2.2 are restricted to the set {2 we calculated the best constants c;, co that
occur in the penalty function of the following form:

e = g (2) o} 757

such that E [K(m,2) (m,72)] is as close as possible to R(J*). We find ¢; = 2 and ¢, = 4, see [14].

2.2. Control of the quadratic risk

Birgé and Massart [8] provided a general approach to model selection via penalisation for Gaussian regression
with known variance. If we assume that 7 is known their result applies to our model. For each J € 7, the
Kullback risk for the maximum likelihood estimator of m when m = m equals Q(J) defined at equation (4)

~

and the likelihood penalised estimator is defined by .J(pen) = arg min ¢ 7 crit(J, pen), where
. n
crit(J, pen) = Z[|1Xe |7 + pen(ky). (13)

We call this estimator a RSS-penalised estimator and we denote the penalty function by pen to highlight that
the residual sum-of-squares is penalised, not its logarithm.
They showed that if

k
pen(k) > C72(1 + \/2Lk)2§, for C >1
then

1
b <§ [ = X5

2 1
< i = I
> <y }1612{2||m1 I +pen(kj)} +r,

where C is some constant that depends on C' and 7, a remainder term that is smaller than some constant.
Moreover they calculated an upper bound for the penalty term. Namely they showed [9] that, when n tends to
infinity and k& is of order n® for 0 < a < 1, if

pen(k) < 72k B + log (%)] ,
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then E (Hm — Xj(&)

the maximum likelihood and in the presence of the coefficient 72.

The link between the penalised likelihood criterion estimator and the RSS-penalised estimator can be easily
done: minimising crit(.J, pen) is equivalent to minimising crit(.J, pen) with

2
) > C7%klog(n). The differences between their estimator and ours lie in the value of

pen(J) = 11X <exp 2 penk) - 1) . (14)

Using this relation, we calculate an upper bound for the quadratic risk associated with our penalised likelihood
criterion.
Let Lg,..., Lk, and (o, ..., (k, satisfying equations (6) and (7).

~

Theorem 2.3. Let J(pen) be defined at equation (5) and let us assume that the penalty function pen satisfies
equation (9). Then,

2 2
T _ 4cC+)
T(pen) S o108

1) <Jigf7 {llm.se|1? + 2E(pen(k,))} + (C + 1)722) +rp(m,e),
where pen is given at equation (14) and

ro(m,€) = ||m||%e + ar?k,n/4\/e,

for some constant «.

If the (}’s satisfy equation (11), and k,, < fn'/*, then 7, (m, €) is smaller than some constant.

3. COMPARISON WITH OTHER CRITERIA

3.1. The Akaike criterion and its generalisations

Several criteria have been proposed in the literature, the most famous ones being the Akaike and the Schwarz
criteria. Their properties have been studied in an asymptotic framework, namely, the number of non zero
components of m, denoted by kg, is fixed and n tends to infinity.

The Akaike criterion [2] with

peny e (k) =k
is based on an asymptotic expansion of the Kullback-Leibler divergence calculated in the maximum likelihood
estimator of (m,7?) on one subset J with dimension k. It can be shown that (n/2)log (| X5./[2) + k is an

asymptotically unbiased estimator of E |:K(m77—2)(§], X 5. ||%)} (up to some terms that do not depend on k).

It appears that the penalty function proposed by Akaike can be deduced from the penalty function introduced
in Theorem 2.1 by neglecting the term n/X,,_,{exp(—(x)} that is of order n/(n — k) and by choosing the Lj’s
independent of n and k, say Ly = L for a small value of L. As we have seen before, such a choice of the Ly’s
leads to very high values of the upper bound of the risk (X explodes). At the same time, the penalty function
is too small, leading to choose J equal to Jj,, where k,, is the maximum dimension of the sets J € J.

Several authors tried to correct the over-fitting tendency of the Akaike criterion. The corrected Akaike
criterion [15],

- n n+k
e Ty
is based on an approximation of the risk function on one subset J. Let Jy be the subset of kg indices on
which the components of m are different from 0, if J contains Jy, the corrected Akaike criterion is an unbiased
estimator of R(J) (up to some terms that do not depend on .J).
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Rewriting pen 4 ;. as follows
n n
=—(k+1)+ =,
n—k— 2( D+ 2
and noting that constants do not play any role in the penalty functions, it appears that the corrected Akaike
criterion intends to correct the over-fitting tendency of the Akaike criterion, at least for small sample.
The SIC criterion,

pPenrc, (k)

pensyo (k) = 5k log(n), (15)

was proposed by Schwartz [22] and Akaike [3]. Schwartz derived its penalty function from Bayesian arguments
and asymptotic expansions. It is shown by Nishii [18] that if the penalty function is written as pen(k) = ¢,k
such that ¢, — oo and ¢, /n — 0, then jcn = J (pen) converges to Jy in probability. Moreover the quadratic
risk function satisfies the following convergence property: E(|jm — X J. |2) tends to ko72.

The AM DL (for approximate minimum description length) criterion proposed by Rissanen [20)]

ben s (k) = Sklog(n) (16)

was studied by Antoniadis et al. [4] for determining the number of nonzero coefficients in the vector of wavelet
coefficients.

More generally, the SIC criterion can be generalised by choosing a penalty function of the form pen,, ., (k) =
k(a1 log(n) + az2) for some constants a1, ae. This criterion corresponds to a minimum Kullback risk criterion, in
the case where we adopt a constant weight strategy (namely Ly = log(n)) and where we neglect the correction
term n/(n — k).

3.2. Threshold estimators

Another important class of estimators is the class of threshold estimators. The estimator of m equals X ;
where J is defined as the set of indices ¢ in {1,...,n} such that the absolute value of X; is greater than a
threshold ¢. This method is applied for detecting the non-zero coefficients in a vector of independent variables.

Precisely, it consists in choosing a decreasing sequence t(k) of positive numbers and comparing the order statistics
X7,..., X} tot*(1),...,t*(n). Then define

(17)

) )

= 0if X7 <t*(k) VE>1
= max, {X7 >*(k)} if not

and choose ¢ = t(E) The link between threshold and penalised estimators is done as follows: k is the location
of the right most local minimum of the quantity crit(Jy, pen) defined at equation (13) by taking the following
penalty function:

o

pen(0) =

k
pen(k) = 5> £2(1), if k>1.
=1

N =

Conversely the RSS-penalised estimator defined a threshold estimator by setting t?(k) = 2 (pen(k) — pen(k — 1)).
The link between the threshold estimator and a logRSS-penalised is done in the same way: the logRSS-penalised
estimator is a threshold estimator with

209 = Xy (ex0 {2 pents) - penie— ] - 1).
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Conversely the threshold estimator defined a logRSS-penalised estimator by setting

pen(0) = 0

n o OB
pen(k) = §Zlog HIIchHQ Jifk>1
=1 il

in crit(Jg, pen) defined at equation (1).

For analysing un-replicated factorial and fractional factorial designs, several authors proposed threshold
estimators. See for example Box and Meyer [12], Lenth [21], and Haaland and O’Connell [19]. The idea is to
choose a threshold that should provide a powerful testing procedure for identifying non-null effects. Lenth [21]
proposed a threshold estimator based on constant ¢(k)’s.

Firstly, he proposed to estimate 7 as follows:

7 = 1.5 x median{|X;| for | X;| < 2.5s0},

where sp = 1.5 x median| X;|. He showed that, when the effects are sparse (the number of non-zero components
is small, and n is large), 7 is a fairly good estimate of 7, that slightly overestimates 7. For small samples, a
simulation study was conducted to validate this choice. Several other estimators of 7 have been proposed and
compared by Haaland and O’Connell [19].

Secondly he defined a simultaneous margin of error with approximately 95% confidence by taking

tsyp =TT " (’)’n, g) ; (18)
where v, = (14+0.95'/")/2 and T~'(~, d) denotes the y-quantile of a student variable with d degrees of freedom.
The choice d = n/3 comes from the comparison of the empirical distribution of 72 to chi-squared distribution.
Haaland and O’Connell [19] calculated empirically the critical values of the test of Hy : m; = 0,i = 1,...,n
and showed that the Lenth’s procedure is conservative. The penalty function in the RSS-penalised estimator
associated with this threshold estimator is defined by pen (k) = £t%,,5. When n is large, pen (k) is of
order klog(n).

For the problem of testing simultaneously several hypotheses, Benjamini and Hochberg [7] proposed a pro-
cedure that controls the false discovery rate. Precisely, the procedure seeks to ensure that at most a fraction ¢
of the rejected null hypotheses corresponds to false rejections. It corresponds to a threshold estimator with

SME SME

t(k) =701 (1 — %) and tppr = t(k), (19)

where k is defined by equation (17). Abramovich et al. [1] showed that in case of sparse data, and letting ¢ = gy,
tending to zero when n tends to infinity, the procedure is asymptotically minimax. It is easy to see that for
large n, and small g, ¢(k) is of order \/log(n/k). Therefore the penalty function pen,  .(k) associated with

trpr is of order klog(n/k). More precisely, using the well known inequality ® (1 —u) < y/—2log(2u), it can

be shown that
n 1 k
pen, (k) < 72k { log (E) —log (q) + P Zlog (7> :
=1

Foster and Stine [13] compared the performances of adaptive variable selection to that obtained by Bayes expert
and proposed an approximate empirical Bayes estimator defined as a threshold estimator with

t(k) = 74 /2log (%) and tps = t(k), (20)
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where % is defined by equation (17). The penalty function pen » S(k) associated with tpg is the following:

pen (k) = 2k {log (%) + %szlog (?) } :
=1

In a recent paper, Johnston and Silverman [16] propose a method for estimating the non-zero coefficients of the
wavelet transform of an unknown function f. Because the wavelet coefficients of a signal are generally sparse
at fine resolution scales and dense at the coarser scales, their method adapts the threshold level by level. It
is based on an empirical Bayes approach where the prior distribution of the wavelet coefficient estimators is a
mixture of a Dirac distribution at zero and an heavy-tailed distribution with an unimodal symmetric density.
They show that the procedure gives good theoretical and practical performances for estimating f.

3.3. Practical issues

The performances of all these criteria, when they are applied to real data set, are compared in an extensive
simulation study reported in [14]. We considered the following criteria:
e Criteria based on penalised logarithm of the residual sum of squares
— The SIC criterion defined at equation (15).
— The AMDL criterion defined at equation (16).
— The MKR criterion, that aims at minimising the Kullback risk, defined by

pen . (k)= 72 {log (%) + 2} k.

e Threshold estimators or criteria based on penalised residual sum of squares. For these estimators we
chose to estimate 7 using the estimator given by Lenth [21] that should generally perform well for
moderate to large numbers of non-null effects.

— The SME estimator defined at equation (18).

— The FDR estimator defined at equation (19) with ¢ = 0.05.

— The FS estimator defined at equation (20).

— The estimator proposed by Birgé and Massart using the penalty function given in [14]:

pen,,,, (k) = 7 {log (%) +2} k.

The conclusions are the following: the behaviour of AMDL and SIC methods depends on kg, and is very bad in
some cases. The FS method gives good results only when ky = 0 and overestimates kg in other cases. This was
already noticed by several authors, see for example [19]. The MKR, FDR and BM methods give similar results.
We note that the BM method tends to overestimate kg. When n is small (for example n = 20 or n = 100) and
ko is small, the FDR method tends to overestimate k.

4. PROOF OF THEOREM 2.1

Proposition 4.1. Let % be the dimension of jpen. Then for all J € J we get the following inequality: for all
&,n >0, and 0 < 0 < 1, with probability greater than 1 — e — (3 + 4%) exp(—¢)

(1 = 0)K(m,2) (Xj :

pen

Xepen2) £ (1 O)Kmr2) (g, 72+ e |2)

1 . N
+{pente) + ghoLe, - vent®) +aon.0) |

+5(OC k),
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where
nl+n k
k.,n,0) = = 14+ 2+/2L; +6L
q(k,n,0) 2 0 X (exp( ) ( k k)
Clhn,n) = 2(1+77 ) +1

Xk, (exp(—Ck,.))
(6 = g<5+\/g+2§> .

Using this proposition we show the theorem as follows. Taking pen(k) > ¢(k,0,n), it follows immediately that
q(k,n,0) — pen(k) is negative and that

1 pen(k)

“kLp < ——

07" 31 +0)

thanks to Lemma 7.3. Therefore
1+6
Kime) (X500 Ko 12) € 15 Kimers) (.72 + e 2)

n+4 1 c(§)C(kn,m)
U= k &)\ vne 1)
saxmice ™t o |

is true with probability greater than e + (3 + 4%) exp(—¢).
Finally, the theorem is proved by taking § = (C +1)/(3C — 1), n = 0C — 1, for some C > 1 and & = log(n).

4.1. Proof of Proposition 4.1
Let L(X,g,0?) be the likelihood of X calculated in (g,0?). By definition of jpen, we have the following

inequality:

vJ € J, dim(J) = ky, —L(X,X %) + pen(E) < —L(X, X, |Xse|?) + pen(ky).

jpen ’ |Xj°(pen)

Because L(X, X, [|X<||2) is the maximum of the log-likelihood when m = m , we get

~L(X,X;

Jpen’

X peny I2) + pen(R) < —L(X,my, 72 + e |2) + pen(k, ). (21)

Let us define the function ® as

1X gl X gl
b(g,0%) = 1= _p (12 _Fln )

g g

By simple calculations, we get
~L(X,9,0%) = $0(9,0%) + Kim ) (9:0) = B{L(X, m, 7},

and the inequality (21) is equivalent to

X e pemyl17) < /C(m,72>(m.zﬁ2+IIch||2)+pen(kJ) pen(k)

K(m 7—2)(X Tren®
+2(my, 72 4 me|2) - 58K (XKoo I12):

Jpen’
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Now, ®(my, 72 + [[mye[|7) — 2(X5,

pen’

|ch(pen) |2) is split up into three parts:

®(my, 7% + [myelf) — (X5

Jpen’

|ch(pen)|‘3l) = D1(Jpen) + D2(Jpen) — D2(J),

where
Dy (J) O(my, 7% + lmye|) — (X, [Xe|7)
Dy(J) = ®(m,7%) - ®(my, 7% + |mz]3).

The two following lemmas give upper bounds for Dl(j;,en) and Dg(j;en). They are shown in Sections 4.2
and 4.3.

Lemma 4.2. Let 0 < 0 < 1, let (L, k=0,...,k,) and ¥ > 0 satisfying equations (6), then for all £ >0

n 1 C!
pr [sup { 2D.) = 0K a1, 57 + ) = L, | > 28
Jeg

} < (1+ %) exp(—9),

where

Cg(g):§<2+%+2\/§>.

Lemma 4.3. Let 0 < 0 < 1, 9 > 0, let (Ly,0 = 1,...,k,) and ¥ > 0 satisfying equations (6), let (¢, k =

0,...,kn) and € > 0 satisfying (7), and let Q defined at equation (12). For each k = 0,...,ky, let ¢1(k) and
C1(&) be defined as

ql(O) =0
(k) = gm(l—i—Q\/QLk—i—‘lLk) ifk>1
Cl(f) =

§<5+§+2\/E>.
n n

For all J € T, let Z(J) be defined as follows:

n 1479
Z(J) = §D1(J) — O (my 2 mye 12) (X, [ X e 1) — 7 q1 (k).
Then for all £ > 0,

14+n7! n

Z(J)t1
prisun L2} e = T (o))

Cr(§) | < (1+2%) exp(—E).
Now, applying these lemmas to equation (22), and noting that

K m,r2) (X7, [1X e l2) = K2y (m, 72+ lmuel|2) + Kany r24pmye 12) (X, X< 1),
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we get that with probability greater than 1 — (2 + 3%) exp(—¢),

Km,r2) (ijen, ||chpen|\%) lo < Kmr2) (mg, 72+ [myel?) 1o

+{pen(ky) - pen(k) } 1o

+9/C(m,72) (ijen, ‘ch(pen)”i) 1o

o~

1 1~
+{ ;"ql(k) + gkLg} Iq

n+1 nCy () (8 | 4
+{ n 06X, {exp(—Cr.)} T } ’
n

—5D2(J)1a.

Let us note that thanks to Assumption (8), Xn_jk{exp(fgk)} < n. Therefore, we have the following inequalities:

1+
q(k,n,0) > 977

Clhn,mec(€) > (1+n7h

\%

1
q1 (k?) + EkLk
n
X {exp(—C, )}

Cl (5) + 02 (g)a

and Proposition 4.1 is shown.

4.2. Proof of lemma 4.2

Da(J) @(m, 7%) — @(my, 7° + [[myelf})
lellz — llmyge +ell3
T2 T lmye||F
_ l HmJLH% (EHEHQ _ n) _ THmJC”n 2 \/ﬁ <mje, & >n. (23)
R 7+ g7 72 Vi el
The proof is divided into two steps.
First step.
Let
1 |3 Tlmelln 2
d(J)=2 — n 2 kjLyg,),
)= O o Ty B T v 7 g YR )
we show that
pr (3J/D2(J) = d(J)) < exp(=§)(1 + X). (24)

Using equations (28) of Lemma 7.1, we have that for all £ > 0

n
pr (S5 lell? = n = 2v/n€ + 26) < exp(~9).
Using the well-known inequality for a Gaussian variable:

Vo > 0,pr(Z > x) < exp(—z?/2) where Z ~ N(0, 1), (25)
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we get that

pr{\/ﬁ< mje, €& >7L

7ljm el

< - 2(€ + LkaJ)} < exp(—f - LkaJ)'
Equation (24) follows immediately.
Second step.

It remains to make the link with K, -2)(m, 72+ [[me||2). Firstly we calculate an upper bound for K using
equation (33) in Lemma 7.4:

2 T2
—K 2 ) = =1 _
n (m,T2)(mJaT + HmJ ||n) og (7_2 T |m]L||%)
Imyel? \°
> 1 % + 1 S —
1+ ||m;720||n 2\14 ”m;;Hn
2
< (e[|, L1 |2
R Y R A Y
n n
2
< 72|mye|7 }< [ ye |7, >
T (2 [lmye)2)? 2\ e

Secondly, using that for all § > 0 2ab < a?6 + b?/6 we get

2 2Lsk; 12¢ ¢ ¢
<0 K 2 [ M A A B DR 2\/j :
d(J) < 0 K2y (my, 77 4 [mye|[5) + 5= 4 2= { 24 = 42/~

4.3. Proof of Lemma 4.3

For any vector g € R", and 2 > 0, let us define
Zy(g,0%) = ®(my, 7 + ||mye|7) — @(gs,0%).
We have Dy (J) = Z;(X5,]|X.]2) and
Z3(g,0%) = Z1.5(6%) + Za.1(6%) + Z3.5(g,0%)
where

/2 1 1\ nlle]2m® —n
Z1,400%) = AN ) —
1a(o7) n \ 72+ |my|2 o2 V2n
Zos(0?) = 27'HchHn ( 1 1 ) Vnle,mye),

’ Vvn 2+ mye)2 02) rlmye],
T|lmy — gslln vn{e,my; — gJ>n.
Vier rlmy — gl

Zs,4(9,0%) = -2

The proof is divided into three steps.
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First step.
We calculate an upper bound for Dy (J). Let

1 1

T2+ [myellf (Xl

di(J) =

{(\/g+§>72+ 2<g+kJLkJ>T|mJCHn}
n n n
m; =Xy, k’J §+/€JLkJ
2T
TTUIXGE {\/ T }

we show that for all £ >0

pr{3J/Di(J) > di(J)} < (1 +2%)exp(—¢). (26)
Let us study the processes Z1 j(02), Z3 j(0?) and Z3_;(g,0?%). Using equation (28) in Lemma 7.1, we have that
forall £ >0
2 1 2
Z1 (X gel7) < 72\/j - V26 + \/jf ;
n 2 g7 1 X3 n

with probability greater than 1 — exp(—¢). Using equation (25), we have that

1 1
T2 e[ (Xl

7lmelln

vn

with probability greater than 1 — exp(—& — kyLy,). Let us define

Zo 5 (|Xe|2) <2

2(6+kyLy,)

Z(g) — ﬁ(gva _gJ>n.

T||mJ - gJHn

Let us remark that if J = (), Z(g) = 0. Using the same proof as Birgé and Massart [8], we use a classical
inequality due to Cirel’son, Ibragimov and Sudakov [10] and we get that

sup  Z(g9) < Vs + 2(€ + ksLy,),

geER™,g=g,

with probability greater than 1 — exp(—¢ — kyLyg, ). Therefore, we get

T||lm Xslln
Zs, (X g, | X e %) < 2 HWTX |‘|’2” (VEs + V2 + kL))

Second step.
We calculate a lower bound for

,C(mJ7T2+”mJCHn) (XJ, ||)(Jc H%)

2

|12
— By 24 me ) (X, X se|l7) = —log (

72+ |ch|%> 14 7 4 [ l?,
1XellZ [Xe 17

[my — X7
(Xl

+

Applying Lemma 7.4 with
X2
SR

)



178 S. HUET

we get

2 2
—Kmy 2 limyel) (X0, [Xoellz) =

|m; — X2
1X.el2

1 1 1 ’ 2 2\ . 2 2 2
- — 75+ ||lmye||;,) min { | X ge||;,, 77 + |[[m e +
2 <T2+ HmJCH% ||XJC|72L) ( || J Hn) {” J Hn? H J ||n}

Thanks to Assumption (8) on the (s, it is easy to verify that for each J € J,

T [l > — 7, {exp(—Gi,)}-

Moreover using Lemma 7.2,

n
pr | S 1X el < X, fexp(=Ge)} ] < exp(—Ge).
Therefore we get that on the set €2, for all J € 7,

. X7, {exp(—Ce,)}
min {[|X ¢ [|2, 72 + [mye|?} = —
X0 {exp(—Ge,)t 72

n HX]c 2

1%

Y

and finally

2 2 1 1 1 2 4 2 2 n k {exp( Ck?J)}
EK(mJ,TerIlchH%) (XJa ||XJ°Hn) > 5 (7_2 T HmJC”Q — ||X]|2) (T +7 |‘ch||n) J o

2my — X, |2 X, Y, {exp(— Crs)}
X e llh n

Third step.
We make the link between the Kullback distance K, 724 m e |.) (X, [Xe[|2) and di(J). Let J be a non
empty set in J and

_ n § § (€ + kJLkJ k. € + kJLkJ
M= 2 exn(=6) <ﬁ+ n) T <\F V )

n

Using the inequality 2ab < a0 + b%/6 for all § > 0, we get that on the set Q, for all J € 7,

2 1
di(J) < O0=Km w24 jm e ) (X [ Xgell7) + 5TI(). (27)

Using successively that v/a + b < v/a + Vb and (a + b)? < (14 n)a® + (1 +1/n)b? for all a,b,n > 0, we get that

n

I(J) < — n = {f <5+ § +2\/?> (1+1/n)+% (1+4L,w +2\/2Lk1> (1+n)}

X _1kJ {exp

and putting together the inequalities (26) and (27), we have the desired result.
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If J = (), the computation are simplified. The term Z3 ; disappears and the term |[m; — X ;|2 /[ X s<||?
disappears in the expression of K(m, r24(jme|l.,) (X7, [|Xe[|2). In place of equation (27) we get

2 2y, 1 n § € §
di(J) < GEIC(O,T%HmHn) (z, ||X||n) + 5mg <3 + o + 2\/;> 7

where 0 is the vector null.

5. PROOF OF COROLLARY 2.2

From the proof of Proposition 4.1 we get that

1
Koo (X 1K 2010 £ g (K (o 4 e [2) + pen(l)
1 n
Ak m)ele) - §D2<J>na} ,

is true except on a set with probability smaller than (2 + 3X)exp(—¢). Consequently, there exists a positive
variate, U, such that

pr{U > c(§)} < (2 + 3%) exp(=£),

and
K X X~ 1)1 < — Ik 2 2 k
ety (R K J8) T € (Kt (72 4 e]2) + pene)
1 n
+§C(kn,ﬂ)U* §D2(J)]19}~

It remains to calculate E(U) and E|D2(J)1q].
oo o0
BU) = [ »U>udu= [ mi(U > (@)e(€)e
0 0
< Iil(]. + 2),
where k1 is a positive constant. Noting that Ds(J) has expectation 0 (see Eq. (23)), then

E{D2(J)1la} = —E{Da(J)1a},

and
{E|D2())1ge [} < E{Da(J)}?pr(Q°)
2 (2% + fjmge2)
T (P fmye2)?
It follows that for all J € 7,
1
<

B{Kimrt(X;,., X5, [2)10}

en

T Kmr) (g, 72 + [lmye[7) + pen(ky) }

K1 1 ne
o0 79)0(7%77)(1 +E)+ 5/ 5

Finally, the corollary is proved by taking § = (1/C + 1)/2, and n = §C — 1, for some C > 1.
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6. PROOF OF THEOREM 2.3

The proof is divided into two steps. The first step is an application of the theorem proved by Birgé and
Massart in [8]. More precisely, under the assumptions of Theorem 2.3,

4C(C +1)?

E[Hm_xA (C—1)3

J(pen)

’ 119} < (Jigg {llme|* + 2E(pen(ks))} + (C + 1)722) ,

where  is defined at equation (12). This result is shown by verifying that on the set Q

pen(k) > %Hk (1+ \/2Lk)2,

and by following the lines of the proof of Theorem 1 in [8].
The second step consists in showing that the expectation of the quadratic risk on the set €2¢ is controlled.

From the following equality
2 2 2
[ = X5" = ffm = m "+ [m; — X5]

we deduce that
E (|l = X5 o) < i pr (2%) + 72E (|| 10c)

Calculation of E (||5(7H2 ]ch). We first write that

B (Jle7]* 1o ) < huy/E (max{=21)* Vor (2.

Using Formulae (4.2.6) given in [11],

E ((max{e?}f) <3+4V6 <a*\/n

n—1
vV2n —1
for some «, leading to

E (HE}HQ ]].Qc) < aknn1/4\/pr (Q°).

The theorem is shown because pr (2¢) < ¢, as it was shown in Section 2.1.

7. USEFUL LEMMAS

Lemma 7.1. Let X be a X2 variable with D degrees of freedom, then for all z > 0

P (X > D +2VDz + Qz) < exp(—x), (28)
P (X <D- 2@) < exp(—z), (29)

and for all0 < XA < 1,
P (X < AD) < {Xexp(1 — \)}P/2. (30)

Proof. Inequality (28) is shown by Laurent and Massart (Lem. 1) [17].
For proving Inequality (30), let us start with the Chernoff inequality:

Vz >0,u>0, pr(X <z) <exp [igfo {pz +log {E (e™) } } .
w
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If x < D, the function
9(n) = pz +log {E (e77) }
is minimum in g4 = D/2x — 1/2 and

(2 1) = exp [ Rz DlostD) s Diogte) |

O

Lemma 7.2. Let T be a x2 variable with D degrees of freedom and let T' be a non central x? variable with
D degrees of freedom and non centrality parameter a > 0. Then for all w > 0

P(T' <u) < P(T < u).

Proof. The proof of Lemma 7.2 can be found in [5], Lemma 1. O
Lemma 7.3. Let k, <n/2 and, for each k =0,... k, let

(k:k{lJrQlog(%)}.

Then there exist some constants, c1,ca, such that c1(n — k) < X!, {exp(—=Cr)} < ea(n — k).

Proof. From equation (28) in Lemma 7.1, we get that

- 2\/ log(1 —exp(—Gk)) ,log{l — exp(=Cr)}

X7 fexp(—G)} < (n— k) — ek

Some simple calculation show that ¢ > 2log(n) leading for n > 2 to

_1og{1 —exp(—G)} < —%log 1— i <0.3
n—k oon n? -

From equation (30), we get that X1 {exp(—(x)} > A(n — k) if
{Aexp(1 — NP2 < exp(—Gi). (31)
Let w € [0,1/2] and h(u) be defined by
h(u) = —2%{1 — 2log(u)}.
Solving Inequality (31) is equivalent to find 0 < A < 1 such that
log(A\) +1— X < h(k/n).

It is easy to prove that such a A exists: the function h decreases from 0 to h(1/2) and the function A\ —
log(A) + 1 — X increases from minus infinity to 0. O

Lemma 7.4.

2

1 1 v
log(1 -1 — f — 1 <0 32
og(l+v)—1+—— > s —1<us (32)
1 0?2
> - > 0.
Z 3102 ifv>0 (33)
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Proof. Let —1 < v <0 and

fi(v) =log(1 +v) — 1+ 141ru (1%1)2).

f1(0) =0 and f1(—1) = +o0.

is negative, showing thus equation (32).
Let v > 0 and

11
f2(v) = log(1 +v) =1+ 1+o 2(1+0v)%

f2(0) =0 et fo(400) = +o00.

is positive, showing thus equation (33). O

Lemma 7.5. Forn > 2 we have the following property:
n < k )k K
S(5) <
2n n
k=1
where K is some constant.

Proof. Let g be defined as g(z) = exp(nzlog(xz/2)) for 1/n < z < 1. Its derivative ¢'(x) = nlog(ex/2)g(x) is
negative for z < 2/e and positive for © > 2/e. Let the integer ko be such that ko < ne ! < ko +1. We get

n k k ko k k
_ < _
(5 < 5(E) om0
k=1 k=1 €le=1,1]

) (3
g (%) + n/ljieg(x)d:c +ng <é) .

IN

IN

Noting that

1/e 1/e ’ 1/e

—g'() 1 , 1L (1
gxd:c:/ dz < / —g (xr)dx < gl—1,
/l/n A= J 0 wloa@/en) = nlog@ fij Y= Tl ?

and that

we get the desired result. O
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