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FUNCTIONAL INEQUALITIES FOR DISCRETE GRADIENTS
AND APPLICATION TO THE GEOMETRIC DISTRIBUTION

ALDERIC JOULIN' AND NIcOLAS PRivauLT!

Abstract. We present several functional inequalities for finite difference gradients, such as a Cheeger
inequality, Poincaré and (modified) logarithmic Sobolev inequalities, associated deviation estimates,
and an exponential integrability property. In the particular case of the geometric distribution on N we
use an integration by parts formula to compute the optimal isoperimetric and Poincaré constants, and
to obtain an improvement of our general logarithmic Sobolev inequality. By a limiting procedure we
recover the corresponding inequalities for the exponential distribution. These results have applications
to interacting spin systems under a geometric reference measure.
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1. INTRODUCTION

Isoperimetry consists in finding sets of minimal surface among sets of a given volume, i.e. to search for
optimal constants ¢ in inequalities of the form

eI (1(A)) < is(A), (L.1)

where us and p are respectively surface and volume measures and I is a non-negative function on [0, 1]. Isoperi-
metric constants are linked, via co-area formulas, to functional inequalities such as Poincaré or logarithmic
Sobolev inequalities. Discrete isoperimetry has been studied in various contexts, such as reversible Markov
chains [10], [15], graph theory [1,18], statistical mechanics, c¢f. e.g. [9].

In this paper we consider the general discrete setting of a probability space (E, &, 1), and a finite difference
gradient d* defined as d¥f = f o7 — f, where 7 : E — E is an absolutely continuous mapping. Typically
E =Nand dtf(k) = f(k+1) — f(k), in this case d* can be used to express the surface measure of a set as
the expectation of a discrete gradient norm. However, F can be a more general, even uncountable, space. The
abstract case of a metric space has been considered in [2,5] for a gradient having the derivation property.

In Section 2 we recall a discrete generalization of Cheeger’s inequality [7], i.e. a lower bound on the spectral
gap A, in terms of the isoperimetry constant h,, cf. [1,18]. When p is the geometric distribution 7 on N with
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parameter p € (0,1) we show in Section 3.1 that h, = (1 —p)/p and A\ = (1 — /p)?/p. The lower bound for
Ar obtained from Cheeger’s inequality turns out to be optimal for the geometric distribution.
A measure p is said to satisfy a logarithmic Sobolev inequality [12] with gradient d and constant C' > 0 when

Ent,[f?] < CE, [|df"] (1.2)

where Ent,[f] = E,[flog f] — E,[f]logE,[f] denotes the entropy of f under p. If the gradient df has the
derivation property, (1.2) is equivalent to the following modified logarithmic Sobolev inequality

Ent,[ef] < %EM [|df[2e] . (1.3)

Such modified inequalities have been established for Poisson and Bernoulli measures on N in [3], using the
finite difference gradient d*. On the other hand, modified logarithmic Sobolev inequalities for the exponential
distribution have been obtained in [2] under the additional hypothesis that f is c—Lipschitz, i.e. |df| < ¢, when
d has the derivation property.

In Section 3.2 we adapt the method of [2] to the geometric distribution, which can be viewed as a discrete
analog of the exponential distribution, since the inter-jump times of the Poisson (resp. binomial) process have
exponential (resp. geometric) distributions. For this we use an integration by parts formula and replace the
derivation rule used in [2] with bounds on the finite difference gradient d*, deduced from the mean value
theorem. As noted in [9], the logarithmic Sobolev inequality does not hold for d* as stated in (1.3) under the
geometric distribution with parameter p (take e.g. f,(n) = nloga and let a /' 1/p). We will show that (1.3)
does hold for the geometric distribution under the further assumption |d* f| < ¢, with a constant depending
on c. In Section 3.3, using the Herbst method we obtain a deviation result for the geometric distribution,
which differs from the deviation inequality recently obtained in [13] from the covariance representation method
for infinitely divisible distributions. Although the integral part [X] of an exponential random variable with
parameter \ has a geometric law of parameter e, it does not seem possible to apply existing results on
the exponential distribution [2] in our setting. For example, when f : N — R is Lipschitz, f([X]) is not the
composition of a Lipschitz function with X. However, exponential random variables can be approximated in
distribution by geometric random variables, and in this way we recover the functional inequalities proved in [2]
for the exponential distribution.

In Section 4 we obtain a more general result, stating that any distribution p that satisfies a Poincaré inequality
with constant A, for a finite difference gradient also satisfies a logarithmic Sobolev inequality of modified type
for all function f such that |[d* f| < ¢, which implies deviation bounds. In Section 4.2 we present an exponential
integrability criterion.

Let us mention that the results of this paper can be applied to an interacting spin system under a geomet-
ric reference measure, for which a logarithmic Sobolev inequality and a deviation inequality can be proved,
extending the results established in [9] under Poisson reference measures.

2. NOTATION AND PRELIMINARIES

Given a probability space (E,&,u), let 7: E — E denote a map absolutely continuous with respect to p.
We denote by dT the finite difference gradient operator defined as

A f=for—f=1f~].

where f o7 will be denoted by 7f for shortness of notation. If x € R is such that u(f > x) > 1/2 and
u(f <x)>1/2, we say that x is a median of f under p, and write m(f) = x. We recall that for every median
of f we have

Eullf = m(f)l] = inf B, (1f — al].
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We will need the co-area formula

+oo
E,, [ld* fI] = / E, [[d* 1 5] dt. (2.1)

— 00

which follows easily from the relations
(b - a)i = / (1{a>t} - 1{b>t})idta a,beR.

If E = N then it is natural to consider the shift operator 7f(k) = f(k+ 1), k € N, and the associated gradient
dtf(k) = f(k+1)— f(k), k€N, (2.2)
Note that given A C N we have
{|dt14] >0} ={|d" 14| > 1} ={k€ A : k+1€ AYU{kc A° : k+1¢€ A},

i.e. {|dT14| > 0} represents a frontier dA of A, and E,[|d*14]] represents the measure of JA. Throughout
this paper, pu denotes an arbitrary probability measure on E, while m denotes the geometric distribution with
parameter p € (0,1) on E = N.

Let h, denote the optimal constant in the inequality

huBy [If = m(f)] < B, [JdfI] (2.3)
1.€. -
fconst By [|f —m(f)l]
Propositions 2.1 and 2.2 below are classical results in the settings of connected graphs and Markov chains under

reversibility or ergodicity assumptions, see e.g. [1,15,18] and the references therein. The gradient used in our
setting is different, but the proofs are similar and omitted here.

hy

Proposition 2.1. We have

E, [|d+1
h,= inf By [Jd"1a]], (2.4)
o<p(<t  p(A)

Let A\, denote the optimal constant in the Poincaré inequality
A Var,[f] <E, [|dY 7], (2.5)

under p, i.e.
I
Ap = inf ———>Fr
f#const Var,t [f]
The next result is a discrete generalization of Cheeger’s inequality [7], i.e. a lower bound on the spectral gap
Ay in terms of the isoperimetry constant h,, which shows that the strict positivity of h, implies a Poincaré

inequality.

Proposition 2.2. We have
2
(VI = 1) < A < 20y (2.6)

Note that (2.6) also yields an upper bound on h,, in terms of A,:

By < A+ 20/ (2.7)
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3. THE GEOMETRIC DISTRIBUTION
3.1. Optimal isoperimetric and Poincaré constants
We take E = N and the gradient
AT f(k) = f(k+1) — f(k), keN.

Under 7 the Laplacian . = —d*d* is given by
N 1
—dfdtf(k) = f(k+1) — f(k) + 51{k21}(f(k3 —1) = f(k)),

ie £ =dt + %df with
d™ f(k) = gy (f(k—1) = f(k), keN.

Poincaré inequalities for general discrete distributions have been proved in [4,6,8,17]. Theorem 1.3 in [4] shows
in particular that a discrete distribution p on N satisfies (2.5) if and only if

p({n}) = ep((0,n])(X = pu((0,n])), n =0,

for some constant ¢ > 0. It is easily seen that the geometric distribution 7 with parameter p € (0,1) given by:

m({k})=p*(1—p), keN,

does satisfy this hypothesis. In this section we prove an isoperimetric inequality for the geometric distribution,
which will imply a Poincaré inequality from Cheeger’s inequality (2.6). The proof relies as in [2] on an integration
by parts formula under 7, stated here in the form of the next lemma, whose proof is immediate.

Lemma 3.1. Let f: N — R. We have
p
Ex[f] = F(0) + ?pEﬂ[dﬂ”]. (3.1)
In the next proposition we obtain the value of the optimal isoperimetric constant under the geometric distribu-

tion.

Proposition 3.2. Under the geometric distribution m we have

Proof. From the integration by parts formula (3.1) we have

B [1f = m(A)l] < Ex[1f = FO)]) = 72— Bx [41F = FO)]] < 72— Ex (10 11

which shows A, > (1 —p)/p. On the other hand, letting f,, = 1j,41,00), ? € N, we have for any n € N such that
m([n+1,00)) < 1/2:

E.lldtf]  _ w(fn})  _1-p
TTEf-m(A] wlln+100)  p
In particular, the isoperimetric inequality becomes an inequality for functions of the form f, = 1,41 ), With
n > —log2/logp.

h O
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Proposition 3.3. Under the geometric distribution m we have

_(1-P?
A= (3.3)

Proof. Using Cheeger’s inequality (2.6) and Relation (3.2) we get (1 — \/1_7)2/17 < Az. On the other hand, with
fa(k) = a* we have:

Ex [[dT fal?] a’p? +1—2ap
A < /=222 —(a—-1)P2—F——=, a<l1 ,
< Var 1l (=) e 2w /P
and taking the limit as a — 1/,/p we get A\x < (1 — \/ﬁ)Q/p. O

Here, the lower bound on A, obtained from Cheeger’s inequality coincides with the optimal Poincaré constant.
The Poincaré inequality under 7 is not an equality in the linear case f(k) = a + bk:

1—p)?
U Var, [f] = B [Ja* 72
In fact, from Corollary 5.1 of [8], equality in the linear case holds only under the Poisson distribution.

Remark 3.4. The lower bound of A, can be directly obtained from the integration by parts formula (3.1)
under .

Proof. Letting g = f — f(0) we have g(0) = 0 and from (3.1) applied to g? we obtain:

2 p +.2
= LEw [Qd+g+7gd+g]
L—p
p
< -5 (gl lld*gll, + lImgll2ld " gll,)
D N 1 . )
- = d* fll, + —=|lgll,lld
T2 (Mol 1 1 + =l 1411,
N2
= d ,
1_\/]—)Hg||2|| Sl
hence 7
p
lalla < deJerz,
and
1-p)? 1— /p)? 1= p)?
( p\/_ Var[f] = ( p\/_) Var,[g] < (T\/_m”g <E, [|d+f|2] ' 0

Using an approximation in distribution of exponential random variables by geometric random variables, we
recover the Poincaré inequality of Lemma 2.1 in [2] for the exponential distribution with its optimal constant,

of. [11].
Proposition 3.5. Let Y be an exponentially distributed random variable with parameter —logp. We have

4

Var /()] < (o

E[I/(V)F]

for all Lipschitz function f on R.
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Proof. Let X, be a geometric random variable with parameter p*. We have

e7pe J(eXete) — feX)\*]
Var [f(eX.)] < = \/E)zE [( € ) 1

It remains to let € go to 0 and to use the convergence of e X, in distribution to the exponential random variable
Y with parameter — log p. O

In a similar way, from Proposition 3.2 we obtain an isoperimetric inequality under the exponential distribution
with parameter — log p:

1 !
E[|£(Y) = m(f())] € ~=EIF ()]

The above constants h = —logp and A = (logp)? /4 also satisfy the classical Cheeger inequality A > h?/4 which
holds in the continuous case, cf. [7].

3.2. Modified logarithmic Sobolev inequality

In this section we obtain a modified logarithmic Sobolev inequality for the geometric distribution 7 on £ = N,
with d* f(k) = f(k+1) — f(k), k € N.

Lemma 3.6. Let ¢ < —logp and let f : N — R be such that d* f < c and f(0) =0. We have

2 pe‘ 2
Br [07] < BB 1A 1P). (3.4)

Proof. From the integration by parts formula (3.1) we have

Ee[f2ef] = [ToBL a7 ()]
= %Ew [ef (ed+f (|d+f|2 + 2fd+f) + f2(ed+f B 1))}

B [ef (a1 + 2t 1) + HE = ],

IN

hence

pe’

1 — pec
pe’

1 — pec

E, [f?/] < Ex [ef (|d* 12 +2[f[|d* f])]

1/2
)

Ex (4% 2e’] + 22 [1207] V7B [0t ]

which implies (3.4). 0

Theorem 3.7. Let 0 < ¢ < —logp and let f : N — R such that |d* f| < c. We have

(6]

pe

(1 =p)(1 = v/pe®)

Proof. From the inequality —ulnu <1 —u, u > 0, we have:

Ent, [e/] < E. [|dTf]%e]. (3.5)

Ent, [e/] =E, [fe!] — Ex [/ ME; [¢/] <E, [fe! —ef +1]. (3.6)
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Let again g = f — f(0), and let h(v) = ve’ —e¥ + 1. We have h o g(0) = 0, and applying (3.1) to h o g we get:

Ent, [e9] < [h o g]
= T]E x[d*(hog)]
= %Ew[hO(QﬂLd*g)—hOg]

IN

D +
EEW [(|d+9|2 + |9||d+9|) edtld gl} )

where the inequality
h(a +b) — h(a) < (b + |ab|)e*l, a,b € R,

follows from the mean value theorem. From Lemma 3.6 and the Schwarz inequality we obtain:

Ent, [e ] = ef(O)Ent [e7]

f(o
< 20, [(a* gl + lolla*gl) 4]
+f(0)
eC (Eﬂ. |d+g|2eg +E [g eg] 1/2 E [g|d+g|2]1/2>
c+f(0)
( ) Er [ld*gl%?]

— 2f
= T 1), 0

In higher dimensions we consider the multi-dimensional gradient defined as

df f(k) = f(k+e)— f(k), i=1,...,n,

where f is a function on N", k = (kq, ...
norm

Jkn) € N (e1,...,e,) is the canonical basis of R", and the gradient

la*F)* = Z|d+f 2= 1kt ei) = F(R)P. (87)

From the tensorization property of entropy, (3.5) still holds with respect to 7®" in any finite dimension n:

(6]

pe

(1 =p)(1 = Vpec)

provided |df f| < ¢, i = 1,...,n (We may also take (1 — p)~1(1 — \/pe®)~! as logarithmic Sobolev constant).
Using an approximation in law of the exponential distribution by renormalized geometric random variables, we
recover the logarithmic Sobolev inequality of Proposition 2.2 in [2].

Entyon [of] < Eqen [ fIPe’] (3:5)

Proposition 3.8. Let Y be an exponentially distributed random variable with parameter —logp. We have

ot [ef ) 2 oSO (v 2
e [ } = (logp)(log) +C)]E 7 } ’

for every c-Lipschitz function f on R.
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Proof. We apply (3.5) to X, and get for every c¢-Lipschitz function f:

F(eX2) e%pte™ rex.) [(feXe +¢) — f(eXe) ?
Bute [/ < v [ < : |

It remains to let € go to 0. (]

3.3. Deviation inequality

In this section we prove a deviation inequality for functions of several variables under 7%” using the Herbst
method and the above modified logarithmic Sobolev inequality.

Corollary 3.9. Let 0 < ¢ < —logp and let f such that |df f| < B, i=1,...,n, and ||d* f||*> < o? for some
a,B > 0. Then for all T > 0,

79" (f — Epon[f] > 1) < exp (— min (4@57;2252’ % - aQaP,C)) , (3.9)

where
(4

_ pe
e = T p)(1 = vper)

denotes the logarithmic Sobolev constant in (3.5).

Proof. Assume that |df f| <c¢,i=1,...,n. For 0 <t <1, let

1
H(t) = ; 10g Eﬂ—®n [etf]

with H(0") = E e« [f]. In order for H(t) to be finite we may first assume that f is bounded, and then remove
this assumption via a limiting argument once (3.9) is obtained. From (3.5) we have:

1 Ent_an [etf]
! _ U 2
B =5 g o] =@ e

so that
H(t) < Eren[f] + ta?ay..,
hence
Erenle] < exp (tEren[f] + t2a?ay.), 0<t<1. (3.10)
Finally, using Chebychev’s inequality we obtain from (3.10):

7T®n(f - Eﬂ'®" [f] 2 T) S Hlf eitrEﬂ'@" [exp(t(f - Ew®” [f]))]
te(0,1]

ot

2
) r
exp | —min 427,7“ — a2ap,c , >0,
a%Gp,c

where we used the fact (see e.g. Cor. 2.11 in [16]) that the above minimum is attained at ¢ = min(1

T
' 202ap,c )
Assume now that f satisfies |d] f| < 3,4 =1,...,n, for some 3 > 0. Then cf/f3 satisfies the above hypothesis
and we get

79" (f —Eren[f] >7) < exp [ —min o % O
T®n ft = p 4ap,ca2627 ﬂ p,c .
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Corollary 3.9 implies in particular E,[e®f] < oo for all o < ¢/ and |dT f| < ¢. The condition ¢ < —logp
in Corollary 3.9 is necessary, since f(k) = ck is not exponentially integrable under the geometric distribution 7
when ¢ > —logp. Whenn =1, o = 8 and r > 2¢fa,, ., we have

7(f —Ex[f] >7r) <exp (—%—i—c%nc) < exp (—%) , (3.11)
and if r < 2cBay .
2
(7 ~Belf] 2 1) <o (— 3 )

These bounds can be compared to the result of [13]:

a-siznz (0-)on (- 515 )

r > 0, and to the exact deviation

520812 ) <o ([ 2] 1) o)

for X a geometric random variable with parameter p, where [z] denotes the integral part of x € R. Applying
the inequality (3.9) to —f, we obtain the concentration inequality

R = Bolf) 2 1) < 2exp (- min <m %) ). (3.12)

Consider the negative binomial distribution v with parameters n > 1 and p € (0, 1), defined as

v = ("I a-pret ken

Negative binomial random variables can be constructed as sums of n independent and identically distributed
geometric variables with parameter p. Therefore, if we apply (3.9) to

flki, .. kn) =p(k1+ -+ ky), (k1,...,kn) € N",
we obtain the modified logarithmic Sobolev inequality
Ent, [ed’} < napE, [|d+¢)|2e¢] ,

and the deviation inequality

2
v(p —Ey[¢] >7) <exp (— min (mv % - C2”%,c)) )

where ¢ : N — R satisfies [dT¢| < 3, for the negative binomial distribution g. Similar results can be obtained
for the tensor product of negative binomial laws with parameters ni,...,nq, namely by replacing a, . with
(n1 4+ -+ -+ ng)ap in (3.5) and (3.9).

Geometric and negative binomial random variables can be constructed as hitting times of the binomial
process, thus they can be viewed as random variables on Bernoulli space. However, applying to them the
Poincaré and logarithmic Sobolev inequalities on Bernoulli space (see e.g. [14]) yields results that are weaker
than the above inequalities.
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4. THE ABSTRACT CASE

In this section, we turn again to the general case of a probability space (E, £, 1) with an absolutely continuous
mapping 7 : E — E. We show that modified logarithmic Sobolev and deviation inequalities hold for every
measure 4 on E which satisfies a Poincaré inequality

A Var,[f] < By [|d* fI7] (4.1)

with respect to d*, i.e. for every measure p such that A\, > 0. The application of the general results of this
section to the geometric distribution using the spectral gap value (3.3) of A, allow to recover the inequalities

of Section 3.2. However, explicit calculations show that the results are recovered with worse constants for all
(&

p € (0,e7°), especially as p approaches e™¢.

4.1. Logarithmic Sobolev inequality and deviation inequality

Before turning to the main result of this section, we need the two following propositions whose proofs are
adapted from [2], replacing the chain rule of derivation by the mean value theorem, and postponed to the end
of this section. The next proposition is a generalization of Lemma 3.6.

Proposition 4.1. Let ¢ > 0. For any f on E such that |dT f| < ¢ with c?¢® < 4\, and E,[f] =0,
Ey [f2e] < oy By [ld* f%e'] (4.2)

_ (@t Aite)

where oy o = ——2———5-

/\,L(Qw /)\M—ce“/2)2
The next statement is a modification of Proposition 3.4 in [2].

Proposition 4.2. For any f: E — R such that E,[f] =0 and |d" f| < ¢ we have
E, [f>+ /7] < /5 g, [(f2 +7f2) e*lf‘} . (4.3)

The following is a modified logarithmic Sobolev inequality which holds whenever A, > 0.
Theorem 4.3. Assume that f : E — R satisfies |dT f| < ¢ with c?e® < 4\,

1 cl 1+ 5 , c
Ent,, [ef} < 3¢ ( \/*“)EM [(o%c|d"’j"|2 + 2e*a, |dT T 4 2¢7 Hd+f|\%2(#))ef . (4.4)

Proof. Tt suffices to suppose E,[f] = 0. From the inequality zlogz >z — 1, 2 > 0, we have

1
Ent, [ef] <E, [fef —ef 4 1] =E, {/ thetfdt] ,
0
hence

1
Ent,, [e/] g/ to(t)dt,
0

where ¢(t) = E, [(f>+7f%)e], 0 < ¢t < 1, is a convex function which satisfies ¢(t) < max(¢(0), (1)),
0 <t < 1. Moreover, by Proposition 4.2 we have

2(0) < V) )

Y
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hence
1 S
Ent,, [e/] g/ tec(”\/%)@( 1)et (”Wu) E, [(f2 +7f)e].
0

Since |[d* (7f —E,[7f]) | = |[dT7f| < ¢, Proposition 4.1 applied to 7f — E,[7f] implies:

Ey [rf?%'] < e, [rf%"]
< 2etEulr IR, [(T f—Eulrf])? eff—Eu[Tfl} +26°(E,[7f])2E,, [e7]
< 2%y, E, [|d+7'f|2 Tf} + 2e%“(E M[Tf]) [ef]
= 2e%ayEy [|d+7'f|2 f} +2e*(E,[d* f])°E, [ef] :
Hence
ut, [e/] < 3¢ UV B, (77 4 %) o
< e UV VB, [(odd 12 + 26% 0 Ja*r 2 + 267E,[a* F2)e’]. 0

We also have

Enty, [o] < 2e V) (0,0 4 260, 1 26)dF flnE,lel], AT S <

1
2

By tensorization, Theorem 4.3 implies in higher dimensions

1+
Entyon [o/] < 2eHVEIE, [(aelld FI2 + 2630l 72 + 2620 £ 2 ggmny)e!
< mu,cHd f”Lw(E",Rn)Eu [e ] )
where
1 5 : .

My = 566(1+\/ *#) (Oép,,c -+ 262604;,475 + 2626)

and
df f(z1,...,20) = mf(w1,.. 20) — fl@1,. .., 20),
= f(xla s 71'i7177_i(xi)7xi+1; ce '7'7371) - f(xla s 7xn)a

provided |d;-"f| < ¢ i=1,...,n. As in Section 3.2 we obtain as a corollary a deviation inequality for the

product measure u®" on E":

Corollary 4.4. Assume that p satisfies a Poincaré inequality (4.1). Let ¢ > 0 such that c?e¢ < 4N, and let f
such that |df f| < B, i=1,...,d, and ||d* f||?> < a2, for some o, 3 > 0. Then for all r > 0,

2,2
uon (f _ E%n[f] > r) < exp (— min (W, % — a2mm¢)) ) (4.5)

Next we provide the proofs of Propositions 4.1 and 4.2.
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Proof of Proposition 4.1. Set a*> =E,, [erf} and b* =E, [|d+f|2ef] Since E,[f] = 0, the Poincaré inequality
(4.1) implies

)\iEM [fef/2}2 < E, [|d+f|2} E, [|d+ (ef/Q) |2}

1 +
< 7B [[dF S, [[dt fi2el 1]
1
S Zec 02 b2. (46)

Applying again the Poincaré inequality to fef/? and using the mean value theorem we have

+ 2
A, Var {fef/ﬂ < E, l|d+f|2 (1+|f|+72|df|) ef+|d+f|]
/1 +¢)?
< ¢, ||dtfP? (HT) of
c\? . c?efa? e\ .
< (1+5) e + — +<1+§)eEM[|d+f|2|f|ef]
c\ 2 c?ea? c
e e
< <1+2)eb+ 1 +1+2 e‘abc
c ac\?
< e ¢ AN
< e ((1+2)b+ 2)

Hence
2 c 2b2 c 2
2 _ f/2 f/2 eco e ¢ ac
@ =B, [fe! 2] +Var [fe/2] < e+ T (14 3)0+ )
which leads to
< e¢/2 ((2+c) Au —|—c)7
TV 2V )

from which the conclusion follows. O

With Ax = (1 — /p)*/p, the condition e < 4X,; implies ¢ < —logp, p € (0,1), hence Theorem 4.3
and Corollary 4.4 are weaker than Theorem 3.7 and Corollary 3.9 respectively, when p = 7 is the geometric
distribution.

Proof of Proposition 4.2. We have from the Poincaré inequality (4.1):

AuEy [fﬂ ApVar, [f2] + Au(Ep [fﬂ )?
< By [[dY ]+ Au(B [f2])?
By [l f2(f + 7)) + Aa(Bs [£7])°
< 2R, [+ 7S] + By [|dTf17] By [£7]
< 302EM [f2] + 202EM [TfQ] .
Hence for all u > 0,
E, [|f°] < %Eu [F?] + iE# (4] < B [f?] + B, [7£7] (4.7)
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3c?
2u,

with ¢; = + 5 and c3 = . Let us consider the probability measure
e f? + et f?

B, /7] + 2B, [/

dp =
By Jensen’s inequality,
E, {(clfQ + CQTfQ) e_m} = E, {e_m} E, [clf2 + CQTfQ]
> e B WIE, [ 2 + cor f?].
From the inequality ab® < a3 + |b — a|(a® + b%), a,b > 0, we have
(I f? < 1P +e (2 +7r7),
hence

Ep (If ] Ep [e1f? + co7f?]

E, [l P+ col fI7f7]

Ey [(c1 + )| fP + cac (f2 + 7]

(c1 4+ c2)E [clf2+027f2} + cocE, [f2+7f2]
(c14 2+ OB, [erf? + o f2]

ININ A

where we used the fact that co < ¢;. Therefore,

99

5¢% + u?\
E < = _"F .
pllfll<erteate 2N, +c
Optimizing in u we obtain for u = ¢ /\i:
5
B, (S <1+ /5] 0
m
As in [2] and references therein, we can obtain the following bound.
Proposition 4.5. Let A, B be disjoint subsets of E. We have
p(A)u(B) < 3exp( Ve /2d(A, B) ) (4.8)

with yie™ = 2),.

Proof. From the Poincaré inequality on (E?2, u®2?) we have:

)‘;LEMW [f2] < Eu®2[|dff|2 + |d;f|2]7

provided E,#2[f] = 0. Applying this inequality to f(z,y) = sinh(tg(x,y)/2), 0 < t < v with g(z,y) =

h(z) — h(y) and |dh| < 1, and using the bound

|sinh(x + y) — sinh(z)| < |yle!¥ coshz, z,y € R,
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we have:
AME“®2[Cosh2(tg/2)]f)\# = AME“®2[Sinh2(tg/2)]
t2 + +
< B [(la7gltettal + |agltettial) cosh(tg/2)]
2 2
< 5:3711}3#@2 [cosh®(tg/2)] .
Hence
E, o0 [cosh? (tg/2)] = © (Epeele®?] +1) < ——22%
e g g e =N, — 2o

and for all ¢t < vy, if h(z) = d(z, B) then

o2t t2em

d(A,B
A (A)u(B) < Eue2[1axpe’?] < Ejeze’] < m

and it remains to take t = \/)\Me_"“/? O

4.2. Exponential integrability

The Herbst method used in the preceding sections relies on exponential integrability. Following [2], we
obtain a bound of the Laplace transform with respect to any measure p on E, provided it follows a Poincaré
inequality (4.1).

Proposition 4.6. Let f : E — R be such that E,[f] = 0, with |d* f| < 3 for some 3 > 0, and let ¢ such that
et < 4M\,. Then, for every 0 <t < ¢/ B we have

iy 20/ A+ el
| S
2/, — tPBec/

Proof. We adapt the proof of Proposition 4.1 in [2]. It is sufficient to assume 8 = 1. We have

E,[e (4.9)

[dtes/ (z)] = |e2T/@ _ o3/ @)

¢ | pfe@)
- / dzdt
21/t

t

2

t

IN

_e%(f(w)+|d+f(l‘)|)|d+f(m)|

IN

5e%+%f<ﬂv>|01+f(gc)|, xeE,

and applying (4.1) to e/ we get, with u(t) = E,,[¢!/]:

2

A (u(t) — u(t/2)%) < ectzu(t),

i.e.
4\

< 2,
u(t) < I, — e u(t/2)
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Applying the same inequality for ¢/2 and iterating, we have

00 2k
4\
[y T < Tr
]-_-[ (4)\ — ect2/4k) AN, —ect? V),

k=0

with

k
0o 4)\M 2
vin =11 <4)\M —ect? /4k> ’

k=1

where the product converges whenever t < c. It can be shown as in [2] that v/V is convex. Moreover V(0) =

and V< \C//Q_) < 4, hence

_ 2 At te? 2
VV O
(t) < NV

It is easily checked that the assumption of Corollary 4.4 is consistent with that of Proposition 4.6.
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