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POINTWISE CONVERGENCE OF BOLTZMANN SOLUTIONS FOR GRAZING
COLLISIONS IN A MAXWELL GAS VIA A PROBABILITISTIC
INTERPRETATION

HELENE GUERIN'

Abstract. Using probabilistic tools, this work states a pointwise convergence of function solutions of
the 2-dimensional Boltzmann equation to the function solution of the Landau equation for Maxwellian
molecules when the collisions become grazing. To this aim, we use the results of Fournier (2000) on
the Malliavin calculus for the Boltzmann equation. Moreover, using the particle system introduced by
Guérin and Méléard (2003), some simulations of the solution of the Landau equation will be given.
This result is original and has not been obtained for the moment by analytical methods.
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1. INTRODUCTION

The Boltzmann equation [5,6] describes the behaviour of particles in a rarefied gas. More precisely, it
describes in dimension 2 the behaviour of the density f(¢,v,) of particles having the velocity v € R? at time
t > 0 and at point x € R%2. We consider in this work the spatially homogenous case, which means that the
density does not depend on the position z of particles. In 1936, Landau [19] derived from the Boltzmann
equation a new equation called the Fokker-Planck-Landau equation, usually considered as an approximation of
the homogeneous Boltzmann equation in the limit of grazing collisions. These equations take the form

Ui
L -au. ()

where @) is a quadratic operator depending on the nature of the collisions. In this paper, we consider the case
of a Maxwell gas in dimension 2. Then the Boltzmann equation writes

of
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with a collision operator Qg given by
Qr.nto) = [ [ ) - o)) dode,
v €ER2 JO=—7

where v, v, are the pre-collisional velocities and v’, v/, the post-collisional velocities and where the cross-section
A is an even positive function from [—m, 7]\{0} to R* such that 7 628(6)d6 < cc.
The relation between the post-collisional velocities and the pre-collisional velocities in dimension 2 is the
following
vV =v+ A)(v—v.) ; v =v—A0)(v—vs)

A(g)l(cose—l —sinf )

2 sin 0 cosf —1
1

We are interested in cases for which the molecules in the gas interact according to an inverse power law in 5

with s > 2, where d is the distance between particles. Consequently, the function § has a singularity in 0 of the

with

form ((6) oo CO~ 57, with C a positive constant. We assume that

Assumption (A): § is an even positive function on [—m, 7]\{0} of the form 5 = Gy + 81 such that
1) f1 is an even and positive function on [—, 7];

ki
2) there exist kg > 0, 6y € (0,7) and r € (1, 3) such that 5y (0) = #H[—eg,eg] (0).

The second equation we consider is the Landau equation:

of
o= Qulff) (LE)

with the collision operator )y, defined by

2

Qi) =5 3 g { [ dvas =0 £ (0 55 00 - re0 g5 )] |

=1

with a = (aj), ., j<o @ nonnegative symmetric matrix of the form in the Maxwell case

a(z)=A|z*T(2) (1.2)

where II (z) is the orthogonal projection on (,z)L and A is a positive constant precised below.

Many authors have been interested in proving rigorously the convergence of Boltzmann to Landau, in differ-
ent cases of scattering cross-section and initial data. Firstly Arsen’ev and Buryak [2] proved the convergence of
solutions of the Boltzmann equation towards solutions of the Landau equation under very restrictive assump-
tions. Desvillettes [8] gave a mathematical framework for more physical situations, but excluding the case of
Coulomb potential which has been studied by Degond and Lucquin [7]. Degond and Lucquin stated an asymp-
totic development of the Boltzmann kernel when the collisions become grazing. Then, Goudon [12] and Villani
[23] proved in two independent works the existence of a solution of the Landau equation for soft potentials using
the asymptotic of grazing collisions, with a bounded entropy and energy function as initial data. More recently,
Guérin and Méléard [16] proved the convergence of solutions of the Boltzmann equation to a solution of the
Landau equation for ‘moderately soft’ potentials with a probabilistic representation when the initial data is a
probability measure with a finite fourth-order moment. All those works prove an L!-weak convergence of the
solutions. Alexandre and Villani [1] stated in a recent work a strong convergence in LP for some soft potentials
including the case of a Coulomb gas.



38 H. GUERIN

The aim of this paper is to prove a pointwise convergence of function-solutions of the Boltzmann equation to
the function-solution of the Landau equation on R? for a Maxwell gas, which is unknown by analytical methods.
We recall that in the case of Maxwell molecules, there is uniqueness of the solution of the Landau equation (see
for example [15], Cor. 7). Fournier [10] and Guérin [15] proved respectively from probability measure solutions
the existence of weak function solutions of the Boltzmann equation and of the Landau equation when the initial
data is not a Dirac measure. To this aim, they used an efficient probabilistic tool: the Malliavin calculus for
processes with jumps in [10] and the Malliavin calculus for white noises in [15]. From the result of Guérin and
Méléard in [16] on the convergence of the probability measure solutions following the asymptotic of grazing
collisions, it seems to be natural to study the convergence of function solutions.

In the asymptotics of grazing collisions, we only consider collisions with an infinitesimal angle of deviation.
To this aim, we renormalize the cross-section 3 of the Boltzmann equation to concentrate on such collisions.
We use the approximation introduced by Desvillettes [8]: for any ¢ > 0, let 3¢ be the function defined on

[—em, em] \{0} by

1 0
© 9 = — - 13
5 =55 (%) (1.3
We notice that the mass of the function 3° concentrates on the values of 6§ near 0 when ¢ tends to 0, i.e. when
the collisions become grazing, in the following sense:

for any 6y > 0, 5° () — 0 uniformly on 6 > 6, (1.4)
£—

and /W sin (2)256 (0)do — A (1.5)

—em e—0

where A = %fow 623(0)df > 0 is the constant appearing in the expression (1.2) of the matrix a. This asymp-
totic (1.3) is a particular case of the one introduced by Villani in [23], and used by Guérin and Méléard in [16].
We prove here the following theorem:

Theorem 1.1. Let 8 be an even function on [—m,w)\{0} satisfying Assumption (A). Assume that the initial
data Py is a probability measure with finite moments of all orders and Py is not a Dirac mass.

We define 3°(0) = ¢33 (0/¢) and we denote by f€ the function-solution of the Boltzmann equation (BE)
associated with the cross-section 3° (obtained by Fournier in [10]). The function f€ is of class C°> on R? [10],
Th. 3.2).

Then the sequence (f£(t,.))es0 is pointwise convergent on R? as € tends to 0 for any t > 0 and the limiting
function f is the function-solution of the Landau equation. Moreover, f(t,.) is of class C* and there is pointwise
convergence of derivatives of any orders.

This theorem states a strong convergence result of solutions of the Boltzmann equation to the solution of
Landau equation for a Maxwell gas when the collisions become grazing. Goudon [12] and Villani [23] proved
L' -weak convergence, but in the more general case of soft potentials and in dimension 3. It seems that their
methods can not give a stronger result.

Theorem 1.1 gives a new proof of the existence of regular function-solution for the Landau equation wvia a
probabilistic approach.

We have to restrict our study to the dimension 2 because of the nonregularity of the Boltzmann coefficients
in R? (see [11], Lem. 2.6). Fournier [10] built the functions f¢ using the Fourier transforms of the probability
measure solutions. Consequently, since the Boltzmann measure-solutions converge, it suffices to prove that their
Fourier transforms are uniformly bounded by integrable functions on R2, when the collisions become grazing
to obtain the convergence of the function-solutions. The proof is based upon a careful study of the results of
Fournier [10] (the details of the proof are given in Sect. 4).

In the last part of this paper, we use the Monte-Carlo algorithm following the asymptotic of grazing collisions
developed by Guérin and Méléard in [16]. We firstly simulate the convergence of solutions of the Boltzmann
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equation to the solution of the Landau equation for a degenerate initial distribution, and then we observe the
behaviour in time of the solution of the Landau equation and of its entropy.

Notations

- D will denote the Skorohod space D([0, T],R?) of cadlag functions from [0, T] into R2.

- C%(R?) is the space of real bounded functions of class C? with bounded derivatives.

- M2 (R) is the set of matrices of order 2 x 2. The matrix A* is the adjoint of the matrix A and the
matrix I denotes the identity matrix in My (R).

The bracket (.,.) denotes the scalar product in R2.

2. SOME DEFINITIONS

Let (8 be defined by Assumption (A) and §° be defined by (1.3). We define the Boltzmann equation (BE*®)
associated with the cross-section g°:

of .
o = Quelf ) (BE?)

with
QBE (fv f)(ta U) = / cR? /6:7 (f(ta Ul)f(ta 'Ui) - f(tvv)f(tvv*))ﬁa (9) dfduv,.

The collision operators of the Boltzmann and the Landau equations preserve momentum and kinetic energy.
Equations of the form (1.1) have to be understood in a weak sense, i.e. f is a solution of the equation if for
any test functions ¢,

d
G et = [ s)Q(. .o
dt R2 R2

As detailed for example in [10], a standard integration by parts and a compensation due to the bad integrability
behaviour of 3¢ yield to the definition of a function-solution of the Boltzmann equation:

Definition 2.1. Let £ > 0 be fixed. A function-solution of (BE*) is a function f¢ satisfying for any ¢ € C?(R?)
the equation

4 fe(t, v)p(v)dv = / Kga (v,v4) fE(t, v)dv f(E, vy )do, (2.1)

dt R2 R2xR2
where K(ga is defined by

Kga (v,v.) = =bV¢(v).(v—u)

[ (A0 0= 0) -0 - A 0 - 0) ToW) )F @A (22)

with b* = 3 [*7_(1 — cos )3 (6)d6.

Using the conservation of the mass in (2.1), we introduce a definition of probability measure solutions
of (BE®):

Definition 2.2. Let ¢ > 0 be fixed. Let Py be a probability measure with a finite 2-order moment. A measure
family (Pf),s, is a measure-solution of (BE®) if it satisfies for any ¢ € C} (R?)

v)Pf(dv) = v v t ¢ (v,vs) PE (dv) P? (dv,) ds. .
[ owpean) = [ owR@+ [ [ KE o) P o) P o) (23)
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In the same way, we give the following definition of a function-solution for the Landau equation:

Definition 2.3. A function f is a function-solution of (LE) if f satisfies for each ¢ € C?(R?)

4 ft,v)e(v)dv = / L? (v,v.) f(t,v)dvf (t,v,) dv (2.4)

dt R2 R2xR2

where L? is the Landau kernel defined on R? x R? by:

2 2
L9 (0,0) = 5 3 026(0) aig (0 — 0+ Y 0i6(w) b (v =)

ij=1

2
j=1

We also state a definition of measure-solutions of (LE) as in Definition 2.2.
We notice that the Boltzmann kernel K(gs is pointwise convergent on R? x R? to the Landau kernel L? when
e tends to 0 for any ¢ € CZ (R?) (see for example [12] or [23]).

3. THE CONVERGENCE OF THE FUNCTION-SOLUTIONS

We give in this section the main idea of the proof of Theorem 1.1.

In all the following, Py is assumed to be a probability measure with a finite two-order moment and (§ a
positive even function on [—m, 7]\{0} satisfying Assumption (A).

In the probabilistic study of the Boltzmann equation, we consider in fact (2.3) as the evolution equation of
the family of the time marginals of a jump process. The distribution of this process will be solution of the
following nonlinear martingale problem:

Definition 3.1. Let ¢ > 0 be fixed. We say that a probability measure P° on D solves the nonlinear
martingale problem (M P¢) starting at Py if for X the canonical process under P¢, the law of Xy is Py and for
any ¢ € C7 (R?),

t
6 ()~ 0(X0) ~ [ [ Kf (X0 P (o) ds (31)
0 JR2
is a square-integrable martingale, where P is the marginal of P° at time s.

Taking expectation in (3.1), we notice that if P* is a solution of (M P*®),then (Ff),-, is a measure-solution
of (BE?). -

Fournier proved in [10] the existence of a solution P¢ of (M P¢) for any € > 0. Moreover, Guérin and Méléard
in [16] stated the tightness of the sequence (P¢)_., when the collisions become grazing (¢ — 0) in the more
general case of soft potentials and in dimension 3 (using the same arguments, the convergence theorem is still
true in dimension 2). In the particular case of Maxwellian molecules, there is convergence of the sequence
(P?).5¢ to the measure-solution of the Landau equation (LE) thanks to the uniqueness of this solution (see
[15], Cor. 7). We will use those results under the following form:

Theorem 3.2. Let 3 =33 (0/c). For anye > 0, there exists a solution P¢ of the martingale problem (M P¢).
Moreover, the sequence (Pf)e>o converges as € goes to 0 to a distribution P, which is the measure-solution of
the Landau equation.

Let us remark that to obtain a function-solution from a measure-solution (Pf):>0, it suffices to prove that
Vt > 0 Pf admits a density f(¢,.) with respect to the Lebesgue measure on R?. Then the function f¢ satisfies
Definition 2.1. Fournier [10] stated the following theorem using the Malliavin calculus for processes with jumps:
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Theorem 3.3. Let € € (0,1) be fivred. Assume that Py is not a Dirac measure.

1) The Boltzmann equation (BE®) admits a function-solution f¢ with initial data Py.

2) If Py belongs to LP for any p > 1, then for any t > 0, for any couple a = (a1, ) € N2, there exists a
constant Cf , such that the following inequality holds for all p € C* (R2) with compact support

< Ciallella (3.2)

/ Do (v) PE (dv)
RQ

. . . o1 taz
where 0, denotes the partial derivative %‘le.

Consequently, the function-solution f€ is infinitely differ-

entiable on R? and is given by:
€ 1 pe —i<v,x
fe(t,v) = 4—71_2/]1%235 (r) e "<V*>dx
where Pf is the Fourier transform of Py .

We want to state the convergence of the function-solutions f¢ of the Boltzmann equation (BE®) when the
grazing collisions prevail.
Thanks to the convergence of measure-solutions (Pf):>¢ of the Boltzmann equation to the measure-solution

(Pt)+>0 of the Landau equation (see Th. 3.2), the sequence (15,56 ) is pointwise convergent on R? to the Fourier
- e>0
transform P; of P;, for any ¢ > 0.
Approximating the functions p(v) = e/<¥*> with x = (21, 22) € R?, by compact support functions of class
3.2

v
C*, we obtain from inequality (3.2) that Vaz € R? and Vay, as > 2

a Cf (Otl DQ)
Pf(x)‘ <inf<1, ——>——2 3.

1| 2|
Thus if we prove that the constants Cf , are uniformly bounded in € by a constant C , for any a € N2, using the
Lebesgue theorem, we easily deduce that the function-solutions f€ (¢,v) (and its derivatives of any orders) of the
Boltzmann equation converge as € goes to 0 to the function-solution f(t,v) = [, Pi(z)e'<"">dx (respectively,
its derivatives) of the Landau equation (obtained in [15]) for any v € R? and ¢ > 0. Consequently the theorem
will be proved.

4. THE PROOF OF THEOREM 1.1

We assume from now without restriction that € € (0,1/2].
To state that the constants Cf , appearing in (3.2) are uniformly bounded in &, we have to study the proof
of Theorem 3.3. Fournier [10] proved the existence of function-solutions by the mean of a nonlinear stochastic

differential equation giving a pathwise version of the probabilistic interpretation.

4.1. The Pathwise approach

Let ¢ > 0 be fixed, Py be a probability measure with a finite 2-order moment and (3 satisfy Assumption (A).
Let us consider two probability spaces to highlight the nonlinearity of the equation: the first one is the abstract
space (2, F,{Ft}tepo, 1, P) and the second one is ([0, 1], B([0, 1]), da). The processes on ([0, 1], B([0, 1]), der) will
be called a-processes, the expectation under da will be denoted by E, and the laws by L,,.

On (92, F, P) we consider a Poisson measure N¢ (df, da, dt) on [—m, 7] x [0,1] x [0, T] with intensity measure
Ve (d6, da, dt) = /3¢ (0) dfdadt and with compensated measure N¢ (d6, da, dt).
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Theorem 4.1. (see [10], Th. 2.8) Let Vi be a random variable with distribution Py. There exists a couple of
processes (VE,W¢€) on Q x [0,1] satisfying the nonlinear stochastic differential equation (SDE*®):

Ve = VO+///ﬂ Ve — WE (a))Ne(ds,da, d6) fbe// Ve —WE () dads

with L (V®) = pPe.

Moreover E[ sup |VE|*] = E,[ sup |Wi|?] < co. There is uniqueness in law of PF.
0<t<T 0<t<T

Corollary 4.2. Thanks to Ité’s formula, the measure P is also a solution of the martingale problem (M P*).
Consequently, (Pf),~, is a measure-solution of the Boltzmann equation for Mazwellian molecules.

Moreover we easily prove (see [16], Sect. 3.3):

Lemma 4.3. Assume that Vi is a random vector in R? belonging to LP for any p > 1. Then for any T >
0, p > 1, there exists a constant K, independent of € such that

El sup |VF|P] = Eol sup W] < K. (4.1)
0<t<T 0<t<T

Using the Malliavin calculus for a stochastic differential equation driven by a Poisson process, Fournier [10]
proved that each time-marginal Py satisfies (3.2) for any ¢ > 0 and the coefficients Cf , depend on the Malliavin
derivatives of V°. Consequently, to control Cf , we have to estimate the Malliavin’s derivatives.

4.2. Some recalls on the Malliavin calculus

The Malliavin calculus in the case of a stochastic differential equation driven by a Poisson process, also called
the stochastic calculus of variations, has been adapted to the case of the Boltzmann equation by Graham and
M¢éléard [13] and Fournier [10] from the arguments of Bichteler, Gravereaux and Jacod in [3] and [4].

Let us consider a fixed time interval [0,7], T > 0. Let ¢ € (0, 1] be fixed.

Let us explain the main idea of this framework. We build a perturbatlon replacing 6 with 0+ < A\, v® >
in order to obtain a new family of random measures N§ (for A € A, A being a neighborhood of 0 in R? and
v® a well-chosen predictable function from Q x [0,7] x [—&f0,e6p] x [0,1] to R?). Then, we build a family of
probability measures P = G5 p.P¢ on §2 such that £ ((Vo, NY) [P5) = L ((Vo, N¥) | P?). By this way, we obtain

a perturbed process V¥ satisfying £ (V§7t|P§) = L(VF|P?), and thus E {go (Vf,t) Gi,t] = E[p (V£)], for any

Borel bounded function ¢ on R?. Differentiating this equality at A = 0, using an L2-differentiate of Vi, and
G‘i’t, we finally obtain an equality of the form

E[e" (Vi) .DVF] = —E[p (V) DG]

which is the first step to satisfy inequality (3.2) of Theorem 3.3.

Consequently, the constant C§ , appearing in (3.2) depends on the moments of the derivatives of V£, of
det ' (DV{) and of the derivatives of DG5. Under some assumptions on the initial data Py, Fournier [10]
obtained estimates of those moments. Consequently, we still have to state that those moments are uniformly
bounded in ¢ to prove Theorem 1.1. The derivatives of V¢ and DG§ depend strongly on the random function
v¢ introduced in the perturbation. The function v® used by Fournier in [10] does not allow to obtain uniform
bounds of the moments in ¢ € (0,1/2] (see Rem. 4.3). So, we consider another perturbation which we describe
now.
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4.3. The perturbation and the Malliavin derivatives

Let §¢ be a nonnegative even function on [—&fy, £6p] defined by
. 6
6 (0) = cet~m g (1 — u) (4.2)
590

with ¢ a constant independent of € such that ¢ < [96 (90 +r4+24+ 7’2“1)] 71. We notice that
0% (0) + |(5€)/ (9)} < 1.

Let g° be a R%-valued predictable function such that for any w,t, a, ¢, the map 6 — ¢° (w,t,0, ) is of class C!
with |g%]| o + |97 ||, < 1 where g*' is the derivative of g° with respect to 6.
We then define the random function v® on Q x [0, T] x [—&f0, 6] x [0, 1] by

v (w,t,0,a) = ¢° (w,t,0,a) 6% (0). (4.3)

We denote by v’ the derivative of v¢ with respect to 6.
Let A C B(0,1) be a neighbourhood of 0 in R?. For A € A, we consider the following perturbation

A& (w,t,0,a) =0+ (A 0° (w,t,0,a)) -

We notice that the map 6 — v (w, t,6, @) is an increasing bijection from [—e6y, 6] into itself (for any & <
and |0| < ey, |v¥ (0)| < 1 thanks to the choice of c).

Recalling that 8 = 31 + [y, the Poisson measure N split into Ny + Nj, where Ny and N; are independent
Poisson measures on [0,T] x [0, 1] x [—m, 7] with intensities v(df, da, ds) = Fp(0)dfdads and v;(df, da,ds) =
B1(0)dfddads respectively. We denote by Ny and N the associated compensated measures.

For A € A, we define NS’)‘ = A (N§) the image measure of N§ by the map v**: if A C [0,7] x [0,1] x
[—€bp, €] is a Borel set,

1
2

T 1 690
Ng’A (w,A) = / / / T4 (s,’ye’A (w,s,0,0a), a) N§ (w,d, da, ds) .
0 0 7890
We consider the shift S5* defined by
Voo S5 (w) = Vo (w), N§ oS (w) =N (w), and N§ o $5* (w) = Nt (w).

Proposition 4.4. Let G5 be the Doléans-Dade martingale:

t 1 6o _
G Z14 / / / G (Yo (5,0,0) — 1) Ng (d6, da, ds)
0 0 —690
where Y is the following predictable real valued function on Q x [0, T] x [—efg, 0] x [0,1]

5 e,
Yo (r,0,0) = (1+ (o (w,,0,0))) B0,

B ()

Then G is positive for any t € [0,T).

Proof. Let us notice that
[Yor (s,0,a) — 1| < A d°(0)
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with = (0) = 6° (6) + [0/ (6)] + r2" 15 According to Appendix (Lem. 6.2), d° € 0,L7 (05 (0) d9) with
p>
moments uniformly bounded in . Consequently, G=* is well defined and if
t 1 em B
M =1 +/ / / (Yo (5,0,) — 1) N§ (6, dav, ds)
0 JO —em
then (see Jacod and Shiryaev [18], p. 59),

Gt = MU (1AM e AM

s<t

Moreover, since € < 1/2, for |0] < &6,

|Y€’/\ (s,0,a) — 1|

IN

1
d° (6) < 5 [6o+7+2+7r2"""]
< 1/2
thanks to the choice of ¢ (see (4.2)). Thus, the jumps of M are greater than —1/2 which implies that G5

is positive.
O

Let P= be the probability measure defined by P** = G?)‘.PE. Using the Girsanov theorem for random

measures, we notice that P o (SE’/\)fl = P¢ (for more details see [10], Prop. 3.7). We consider now the
perturbed process VE* = V¢ o §A. Following Fournier [10], Section 3, and Appendix (Lem. 6.2), we notice
that V* and G=* belong to LP for any p > 1 with bounded moments in €, and they are differentiable at A = 0.
We give the expressions of their derivatives:

- the derivative of G®* at A = 0 is the following random vector in R?

t pl  pebg € -
DG = / / / <v5' (s,0,a) — TM) NE (d6, da, ds) ;
0 Jo J—zb, 0

- the derivative of V¢ is a 2 x 2 matrix which satisfies the equation

c t t 1 e _
B / DVids + / / / A(0)DVE N*(df, dev, ds)
2 0 0 JO —eT

t 1 ebo
+ /0 /0 /_80014 0) (Vi — We— () (v°(s,0, )" N§(d, da,ds) (4.4)

DVF

which can be also written
DV = My .Hf (4.5)
where M€ is the following invertible Doléans-Dade martingale

c t t 1 ET _
M:=T1- %/ MEds +/ / / A(6) M N°® (d,da, ds) (4.6)
0 0 JO —eT

and

t 1 €bo
Hf:/o /O /_690 (M) (I + A@0) " A (8) (Ve — W= () (v (5.6,0))" Ni (46, da,ds).  (4.7)
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We want to state that the moments of the derivatives of Vi, of det ™' (DV;?) and of the derivatives of DG? are
uniformly bounded in €. We will just give here a detailed proof of the term det_l(DVf). We easily obtain the
bounds for the two other terms studying the construction of DG§ and of DV}, using the definition (4.3) of v¢
and the bounds given in Appendix (Lem. 6.2).

The derivatives of V7 and of DGY depend strongly on v®. The choice of v® is important. The moments of
DGF are uniformly bounded in ¢, if there exists a positive constant K; independent of € such that

" . (0)\* .
/O (5 (6) +16°(6) + v ) BE(0)d0 < K.

The moments of DV are uniformly bounded in €, if there exists a positive constant K> independent of ¢ such
that

690
/ 55(0)85(0)d0 < K.
0

Nevertheless, the integral foe‘% 0%(0) 55 (9)df must not tend to 0 as € goes to 0. If not, the variable DV}® converges
to 0 in L? as € tends to 0 (see Expression (4.4) of DV}®) , and we have no hope to obtain uniform bounds for
the term det ™ (DV}).

In the sequel, we will consider more precisely the perturbation v® defined by

o (t,0,0) = § (VE — WE (a), ME-,6)5° (9)

with for any = € R?, y € M3 (R)

g@y0) = @O (T+A0)") () C@y.0)
Clz,y,0) = h(A(O)2)k(I+A0)k(y)
where §¢ is defined by (4.2) and the functions h and k satisfy the following assumptions:

~1
- h is the function from R? to (0, 1] defined by h(z) = (1 + |ac|2> ;
- k is a function from My (R) to [0, 1] such that k (y) = 0 if and only if det y = 0 and such that the map

—1\* .
(y™1) k(y) if dety #0
v { 0 if dety =0 (48)

is of class Cp° from M (R) to itself.
Consequently, the process H¢ introduced in (4.5) writes

*

wo= [ f N )TV W ()0 [0 ]
xC(VE =W (o), M:-,0) 6% (6) N§ (df,da, ds)

with for any x € R2,
L (,0) = (1+A(0) ™ (A (0)2) (A ) ) ((T+40)7")

4.4. Study of det™! (DV})

Since the derivative of V;F can be written as DV, = M7 .Hf for any ¢t > 0, we study independently the term
My and the term H;.
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Theorem 4.5. Assume (A) and Py € Np<ooLP. For every t > 0, (det M¢g)™" admits moments of all orders
uniformly in €.

Proof. By [10] (Th. 3.20), Mg is invertible and its inverse (M;f)~! satisfies the equation

b [

™ = 1= [omTas= [ [ 0n) T a0 A@) A0 8 @.d0as)

*/0 / / (M) AB) T+ A(0)7MA(8) 5 (6) dbdads (49)

with

eaor a0 ()

and

_ 1 siné —sinf 1 —cos@
AB) (I +A©) 1A(9)Z§M(cos@l —sinf )

Since foﬂ 623 (0) df < oo, the sequence (b%).¢ is bounded.

We notice that,
e lsing] \? . L /7r |sined| \”
/,€7r (cost9+1 7 (0)d0 =e _r \cosef +1 B(9)dd.

1 |sin €6

For any ¢ € (0, 3], the function 6 +— B (0) is continuous on [—m, 7] \ {0} and for ¢ small enough,

| | ’2 cosef+1
sin €6
cosef+1 S et »
Consequently, the sequence (f (Jj;%f_u) 5 () dH) 012 is bounded for any p > 2.
c€(0,1/2

Using the same arguments, we notice that the integrals

T (sin? 0 + [sinf (1 — cos0)|\” ™ [sin?ef + |sined (1 — cosed)|\”
“(0)do =2 0)do
/ < cosf +1 ) ) c /7,< cosef + 1 ) p6)

—ET

are uniformly bounded in ¢, € € (0, 3], for any p > 1.
Then, using usual estimates, Gronwall’s lemma in (4.9), we easily deduce that for any p > 1, there exists a
constant K, (independent of ) such that Ve € (0, 1],

()] < K,

Thus (det M¢ )~" is uniformly bounded in ¢ in LP for any ¢ > 0. O
Theorem 4.6. Assume that (A) is satisfied and Vy € pglLl’. For every t > 0 (det HS) ™' admits moments of
all orders uniformly in €.

Lemma 4.7. The map (¢,t,Y) — L ((VE,Y)) is weakly continuous on [0,3] x [0,T] x {Y e R*: |[Y| =1}
where PP = L (V) is the measure-solution of the Landau equation at time t.

Proof. Let (g5, tn,Yy) be a sequence such that (e,,¢,,Ys) — (6,6,Y)in[0,3] x [0,T] x {Y e R? : |Y| =1}.
n—oo

Let ¢ € C? (R) and we define ¢y on R? of class C; by v +— 9y (v) =9 ({(v,Y)). We consider the sequence
dn = E [y (V) = vy, (Vii)]-

We want to state that d,, — 0 as n goes to +o0.
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Let (Z',Z?) be the canonical process on Dy x Dy. Let us define Pi" = £ (V).

If £ > 0: Since the family of time marginal (an")n>0 of the probability measure P~ is a solution of (2.3), we
notice that : B

t
di = Blby (%)~ vy, )|+ | Epeape [K3 (21,22)] ds
tn

tW,
s [ (Breor [K32 (2. 22)] = Bpevres [K322 (22,22)] ) s
0
= A, + Bp+C,.

Since 1 is globally Lipschitz, obviously A,, tends to 0 as n goes to +oc.
We rewrite the term C,, under the form:

t
Cn = / (EPE®PE [Kg;, (Z;,Zf)} — Epengpen [Kgﬁ (Zi’ZE)D @
0

tW,
[ (Evar (157 (22,22)] ~ Bpracres [157 (22.22)]) s
0

tn
+/ EP57L®P57L [ngy_wyn (Z617 Zf)i| dS +/
0 0

tn

Bpengpen [K3 e, (21,22)] ds.
We easily prove the convergence of the law P ® P to P ® P° when n goes to +o0.

For any ¢ € C? (R), € > 0 fixed, the function (v, v,) — Kga (v, v4) is continuous and a simple computation
shows that for any v, v* € R?

‘Kga (v, v4)

< Cl1¢" </|9|26€ () dG) [0 = vl + 0] 16| 10 — s (4.10)

Using the bounds (4.1) of the moment of V¢, we deduce that B,, and C,, converge to 0 as n goes to +00. So
d, — 0 when n tends to +oo.

Thus the function (e,t,Y) — £ ((V7,Y)) is weakly continuous on (0,1] x [0,T] x {Y € R? : |Y] = 1}.
Ife =0: As (Pf:)n>0 and (Pto)
respectively, we rewrite d,,:

;>0 are measure-solutions of the Boltzmann equation and of the Landau equation

t

dn E [y (Vo) =y, VOl + | Epogpo [L" (2], 22)] ds

tn
+ / (EP0®P0 (L9 (21, 22)] = Epengpen [Kgy (Z;,Zf)D ds
0
= A, +B,+C,.

As in the previous case, we divide the term CJ, into three parts

tW,
c, = /O (Bpogpo [L97 (21, 22)] = Epencopen K20 (21,22)] ) ds

tn tn
/ Epogpo {LW (21,22 - KL, (Z;,Zf)} ds + / Epengpen [K;”;‘Wn (Zi,Zf)} ds
0 0

tW,
b [ (B (K52 (2.22)] - B K32 (21.22)] ) ds
0
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We notice that for any ¢ € C? (R), v,v, € R?
L? (0,0.) < C (0" [l v = 0* + [[¢'[l o [0 = w4]) -

Using the same arguments as above, the convergence of the Boltzmann kernel to the Landau kernel and the
convergence of measure-solutions of the Boltzmann equation to the measure solution of the Landau equation,
we obtain the convergence of d,, to 0 as n — +oo. Consequently, £ ((V.",Y,,)) — L((V2,Y)).
n—oo
Finally, the map (¢,¢,Y) — L ((V,Y)) is weakly continuous on [0,1] x [0,7] x {Y € R? : [Y| = 1}. O
We now state a technical lemma of nondegeneracy of the law of V:

Lemma 4.8. Assume that (A) is satisfied, Vo € Np<cooL? and E[Vy] = 0. Let tg > 0 be fized. There exists
n>0,q>0and £ >0 (depending on ty) such that for any € € [0,1], for any t € [to,T] and for any X,Y € R?
with |[Y| =1,

PV =X 7)2 >0 VP <€) >4
where L(V,0) is the solution of the Landau equation at time t.

Proof. Fournier {10], lem. 3.22) proved this lemma for any fixed £ > 0. So we study step by step his proof to
state that 1, ¢ and £ do not depend of .

Let us notice that it is enough to show that there exists n > 0, ¢ > 0 such that for any ¢ € [tg,T], for any
e >0 and for any X,Y € R? with |Y| =1,

P((Vf=X,Y)? >n) > 2q.

Indeed, since sup_>o & [SUpogth |Vf|2} < K, using Bienayme-Tchebichev’s inequality, there exists £ > 0 such
that P (|Vf|2 < f) > 1 — ¢ and £ does not depend of ¢.

Stepl. Let t > ¢y, € > 0 and |Y| = 1 be fixed. The distribution of V;* admits a density with respect to
the Lebesgue measure, hence the distribution of (V;*,Y) has a density on R. Using the conservation of the
momentum, we notice that E ((V;F,Y)) = E((Vo,Y)) =0.

Consequently, there exists 7 (t,¢,Y) > 0 and ¢ (¢,,Y) > 0 such that

P((Vf,Y> > n(e,t,Y)) > 2¢(e,t,Y) and P((V;,Y) < n(s,t,Y)) > 2¢(e,t,Y).

Step2. Using Lemma 4.7 and Portemanteau’s theorem, for any ¢ € [to, T}, for any ¢ € |0, %] and Y € R? with
|Y'| =1, there is a neighborhood V (g,¢,Y") of (,¢,Y) such that for any (¢/,¢,Y’) € V (&,¢,Y)

P (Vi Y") > Ve 1Y) > 2q (et Y).

We consider a finite covering U,V (g;,¢;,Y;) of the compact set [0, 3] x [to,T] x {Y € R*: [Y|=1}. If we
define n = inf;<ny 1 (£, %, Y:) and g = inf;<n ¢ (€4, ¢, Y;), we notice that

PV Y) > vn) > 2q

for any (e,t,Y) € [0,4] x [to, T] x {Y € R?: |Y| = 1}.
In the same way, P ((Vi7,Y) < —/1)) > 2q for any t € [to,T] and Y € R? with [Y| = 1.

Step3. Let X € R% ¢t € [to,T], ¢ > 0 and Y| =1 be fixed. If (X,Y) <0,

P((VE=X,Y)*>n) > P{VE,Y) > /n) >2q
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and if (X,Y) >0,
P((VE X,V > ) > P((VE,Y) < —il) > 2.
The lemma is proved. O

Proof of Theorem 4.6. We fix tg > 0, and we prove the theorem for every ¢ > ¢ty which suffices.
We choose k such that k(y) = 1 as soon as |dety| > do with do = infjg<g, |det (I + A(6))[ > 0. First of

all, we prove that (det (F EHf))f1 belongs to LP uniformly in € for any p > 1 where F© is the random variable

defined by
. -1
o= g {09 = (e o) L))

%12 *
with H ((Mj,)A) Hop the operator norm of ((M‘f,)fl) and ¢ defined by Lemma 4.8. To this aim, using

Lemma 6.1, we estimate the quantity for p > 2

E E [/ | X [P exp (X*FEH;X)dX]
X €R?

/ / pPE [exp (—p*F° x Y*H;Y)] dYdp.
p=0J|Y|=1

Thanks to Lemma 4.8, we can state (see the proof of [10], Th. 3.24) that for p > 0, t >ty and Y € R? with
Y|=1,

€6
E [exp (—=p°F° x Y*H{Y)] < exp <—q (t— to)/ ' (1 - e—np265(9)> I (0)d9>
0

with 1 independent of ¢ issue from Lemma 4.8. Thus, there exists a constant K > 0 (independent of €) such
that forany p > 1,¢t > tp and € > 0

oo ebo 9 o
E < K/ PP exp <—q (t— to)/ (1 —e P (9)) B35 (9)d9> dp
0 0

Moreover, using Appendix Lemma 6.3, we can write

K [ v oo P
E < 7 / pPexp (—K1p®) dp + /r PP exp (—Kas"_“fm) dp
0 ke

where K1 = qCy (t — to), Ko = qC (t — to) are positive constants independent of ¢ (with C; and Cy constants
defined in Lem. 6.3), and k° = 202, " e=2 /¢,

In the following computations, we observe that the choice of the random function v¢, and consequently of ¢¢,
is really important. It is the main technical difficulty of the proof of Theorem 1.1.

Let us study the first term.

We notice that k° " 400, thus we can write for € small enough

VR VR
/ pPexp (—K1p?)dp < 1+/ PP exp (—K1p) dp
0 1

IN

kE
1+ / PP exp (—Kip)dp
1

Cryp (1+ (K°)" exp (— K1 k9))

IN
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with Ck, , a positive constant independent of €. Consequently, this integral is uniformly bounded in e,
e € (0,3].
Let us now study the second term

Foo 4 r—1
[ e (s ap
VEE

We notice that ngé*ﬁ — +o00 and k* — +o00 when € tends to 0. Let us recall that r € (1, 3), then for any
q > 1, for any € > 0, p?exp <7K257$p2%) — 0 as p goes to +0o. Consequently, there exists €9 > 0 such
that for any € < ¢, for any p > V k¢,

PP exp (*Kzsfﬁfﬁ) <p?
and
oo 4 gr-1 e, —1/2
/ pP exp (—Kzf"ﬂp T_“) dp < / p“dp < (k%)
VEE VEE

which implies that

+oo 4 r—1
/ PP exp <7K25_mp2m) dp — 0.
NT e—0

We then deduce that for any p > 1 there exists K, independent of € such that

E U |X|Pexp (~X*F HEX) dX} < K.
XeR2

-1
We conclude that for any ¢ > to, (det FEHf)f1 = ((F’f)2 det Hf) belongs to LP uniformly in € for any p > 1.
Moreover, it is possible to choose k such that F'¢ < Ff x F5 with
1\ * 2 -
(o))
op

The random variable Ff has moments of all orders independent of e thanks to (4.1). From the definition (4.6)
of M*, we easily prove that the moment of sup,c(o 71 [M;| are uniformly bounded in €. So we obtain that Fj
has the same property thanks to Theorem 4.5 and the following estimate (see the proof of [10], Th. 3.24),

1
Fy = sup <1 + - |V;|2 + é) and F5 = sup <k (M?)
[0,7] 4 4 [0.7]

F5 < sup (14 [MZ[*) x sup | (15)™!

‘2
[0,77] [0,7]

Thus, for any p > 2, there exists C}, > 0 such that for any ¢ € (0, 3],

E [|det Hf|—"} E [|F6|2" x |det (Faﬂf)rﬂ

E {|F€|4p} ' [|det (FEHE)FQP} :

Cp < 0.

IN

IN

The Theorem 4.6 is proved. O
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Consequently, according to Theorem 4.6 and Theorem 4.5, for any p > 1 there exists a constant C, such that
for any € > 0
E[ldet(DV{)| 7] < G,

Then, Theorem 1.1 on the convergence of the function-solutions is proved.

5. SOME NUMERICAL RESULTS

Guérin and Méléard ([16], Sect. 4), built a Monte-Carlo algorithm of simulation by a conservative particle
method following the asymptotic of grazing collisions. In this section, we will use this algorithm to simulate
the convergence of the function-solutions of the Boltzmann equation to the function-solution of the Landau
equation. Moreover, we observe the behaviour in time of the entropy of the solution of the Landau equation
(even if our theorical result gives no proof on this behaviour).

Let us consider an initial measure )

Po =5 (610 +da,-1)

and the following approximation 3¢ of the grazing collisions

1
“(0) = ———1 .
b0 27r53sin(2%)2 e<||<n

Let € > 0 be fixed. We define (VE’I”, e VE’”") the n-particles system in (R2)n introduced by Guérin and
Méléard [16] which is a (R?)"-valued pure-jump Markov process with generator defined for ¢ € C,((R?)") by

1
n—1

Z /:T %(d) (U” + elA(G)(’Uz - Uj) + ej.A(Q)(Uj — Uz)) _ ¢(vn))ﬂg(9)d9

1<ij<n

Here v" = (v1,...,v,) denotes the generic point of (R?)" and e; : h € R? + e;.h = (0,...,0, 1,0, ...,0) € (R®)"
with h at the i-th place.

In [16] (Th. 4.1), it is proved that the empirical measure i = L 3" | §yc.in on P (D) associated with the
system converges to the measure-solution P of the Landau equation when n tends to 400 and ¢ tends to O.
Then, for any ¢ € C, (D),

1 :
moven) [ owPn. (1)
n 4 n—+00 [p2

=1 e—0

Let us explain how we simulate the function-solution from the particle system.

Let ¢t > 0 be fixed. Thanks to the convergence of the empirical measure n®, the function gZ’lnh2 on R? defined
by
1 n

Eﬂn — . .
x = (x1,29) — 95 1o () = i ZH11<th’1”‘§z1+h1'Ha:2<Vf’2”L§z2+h2
i=1

// P, (dv) as m — +oo and € — 0 for any step hy, ho > 0.
($1,$1+h1]><(l‘27l‘2+h2]

1
hiha
Moreover, the function Fp, p, (x) is pointwise convergent to the density f (¢, ) of the probability measure P,
on R? when hy,hy — 0. Thus, the function gfb’ﬁhQ is an estimator of the function-solution f of the Landau
equation.

For the simulations, we consider 500 000 particles and we choose the step h; = hy = 0.1.

converges to Fy, p, () =

We first observe the behaviour of the entropy of the solution f of the Landau equation which is defined by

H(t)= . ft,v) In(f(¢,v))dv.
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Entropy

05 1 Vepsiton

1 4 7 10 3 16 19 2 25

FIGURE 1. Evolution in 1/e of the entropy H®.

Entropy

-1

-3
time.

00 02 04 06 08 1.0 12 14 1.6 18 20

FI1GURE 2. Evolution in time of the entropy H.

Replacing the density f with its estimator g,el’fmin the expression of H, we simulate the entropy H¢ associated
with the Boltzmann equation and we observe in Figure 1. Its evolution in € when ¢t = 0.005.

We note that the entropy H® converges when ¢ tends to 0 and the choice of ¢ = 0.1 seems to be reasonable
to describe the Landau behaviour.

From now, we fix e = 0.1 and we observe in Figure 2. the decay in time of the entropy H of the solution of
the Landau equation (see [22]). We note that the entropy converge to —2.833 when ¢ goes to infinity.

Villani proved in [22] the convergence the function-solution f of the Landau equation to a Maxwellian
function. This property is also satisfied by the solutions of the Boltzmann equation and the limited Maxwellian
function is the same for the Landau and the Boltzmann equations.

As the 2-order moments of f are given by the following expression (see [22], Sect. 2.)

2
/ vv; f(t,v)dv = (1 — e )5, / %Pg(dv) + e*St/ v;v Py (dv)
R? R?

R2

f converges to the following Maxwellian function when the time goes to infinity

M) = oy (L),

2T
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We notice that the entropy associated to M is equal to —1 — In(27) = 2.838 which is approximately the limit
value obtained in Figure 2.

6. APPENDIX

We first mention a useful lemma proved in [3] (p. 92).

Lemma 6.1. For any p > 1, there exists a constant C, such that for any 2 x 2 symmetric positive matriz A,

(det A)"? < C, / | X |2 e XTAXgX,
X€R?
Let us now give some estimates on the function §¢ introduced in (4.3) and defined on [—efy, €6y] by

& _ 1—7r r+1 - ﬂ
5 (0) =ce 70 (1 590)

with ¢ < [96 (7“2’“_1 +r+24+ 90)] -

Lemma 6.2. Assume that ¢ € (0,3]. - 6° € QIL” (65 (0) d9) with moments uniformly bounded in €.
p>

- Let d (f) = 6°(0) + }(65)’ 0)| + 7"2“155‘0?‘9). Then d¢ € QQLP (65 (0) df) with moments uniformly
p>
bounded in €.

Proof. Let us recall that 3§ (0) = e 38y (0/¢) = koe"3|0|” " I9j<c0,- Thanks to the choice of the constant c,
the function 6° is bounded by 1. Then, it is enough to estimate its first moment:

Ckoeg

ebo 0
/ FO)F(0)d0 < choe? / 60 <
0 0

Then the first point of the lemma is proved.
We notice that the function d® is also bounded by 1. So we just have to study the integral foseo (d= (0))* 55 (0) do.

The function d° is the sum of three terms. We already know that [ fo (8¢ (6))* 35 (A) d6 is uniformly bounded
in €. We estimate now the two other terms:
- Study of the second term:

(6°)(0) = clrt by (1 o ) — g+l if 9 e (0,200

gr—1 TN €Ty
Thus
6o , 9 6o 9 2
/ () (0)° 55 (0)d0 < koc2e 0D / r+ 1)+ ) oras
0 0 ebo
. 2 4+ 4r 44
< kot —

- Study of the third term:

690
ke~ (rtD) / 0" de
0

05 ko
r+1

O\m

S

(=}

7N

>,

™

|~

>

S~—

N——

N
So
—
>
=
(ol
>
IN

IN
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The lemma is proved.

Lemma 6.3. Let r € (1,3) and x> 0. Let k¢ = 27+20; "D =2/

a) For any x > k¢ there exists a constant C1 > 0 independent of € such that

4 r—1

690
/ (1 - e—W‘))) GE(0)d0 > Cre~ 7 a5t
0

b) For any x < k* there exists a constant Cy > 0 independent of € such that

590
/ (1 — e_x65(9)> 58 (9) do > Csz.
0

Proof. Since 5 () = koe"*10| " Ljg/<c0,, We write

I(e,x) = / " (175 @) 55 (6)d0 = koe" / " (1-e @) oy
0 0

£6g

koETﬁB/ 2 (1 7679355(9)) 0-"d6
0

with 0% (0) = $e'~76"+1. We notice that k° = 1/5°(%%).
We use in the proof the following inequality:

v

ifzel0,1],1—e >

&

a) The function 6¢ is increasing and its inverse function is

=1 9er—1 1/(r+1)
(55) (y) = ( y) for y > 0.

c

If x > 1/56(%), we notice that (SE> (z71) < %, thus
) =) -
I(e,2) > koe™™3 / (1 _ead <9>) 9-"de.
0
- - N
As 4¢ is an increasing function, 2:6° (§) < 1 for any 6 € [O, ((5E> (x_l)] . Thus, we conclude

@s’“—%/(és) “ )56 (0)6-"do
0

I(ez) 2 5
)=
> @5*%/ 6do
4 0
_2
koc <2) T+l 4 r—1
> —_— — e rHlgpr¥l,
- 8 c
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by If x < 1/55(%), then we have clearly 26 () < 1 and

€fp

I(ex) > k—QOE’"_Sx / T 5 (0)0 "o
2 o
2

> € -2, / 6do
4 0
kocé%

> .

= T3 ¢

O
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