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ON ASYMPTOTIC MINIMAXITY OF KERNEL-BASED TESTS*

MICHAEL ERMAKOV!

Abstract. In the problem of signal detection in Gaussian white noise we show asymptotic minimaxity
of kernel-based tests. The test statistics equal La-norms of kernel estimates. The sets of alternatives
are essentially nonparametric and are defined as the sets of all signals such that the Ls-norms of signal
smoothed by the kernels exceed some constants p. > 0. The constant p. depends on the power € of
noise and p. — 0 as € — 0. Similar statements are proved also if an additional information on a signal
smoothness is given. By theorems on asymptotic equivalence of statistical experiments these results
are extended to the problems of testing nonparametric hypotheses on density and regression. The
exact asymptotically minimax lower bounds of type II error probabilities are pointed out for all these
settings. Similar results are also obtained for the problems of testing parametric hypotheses versus
nonparametric sets of alternatives.
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1. INTRODUCTION

Suppose we observe a random process Y. (t),t € [0, 1], defined by a stochastic differential equation
dY.(t) = S(t)dt + eq(t)dw(t), e€>0 (1.1)

where dw(t) is the standard Gaussian white noise and ¢(t),t € [0, 1] is a weight function. The function S, called
a signal, is unknown. The problem is to test a hypothesis that the signal S(¢) is absent, that is, S(t) = 0 for all
t e [0,1].

We could not test this hypothesis without a priori information of parametric or nonparametric type (see
Burnashev [5], Ermakov [12]). For nonparametric sets of alternatives a priori information is often given in
terms of assumptions on a signal smoothness (see Ingster and Suslina [22], Ermakov [6], Spokoiny [31]). Such a
setting can be considered as an analog of standard setting nonparametric estimation and obtained practically an
adequate development. The optimal rates of distinguishability of hypotheses were pointed out for nonparametric
sets of alternatives that can belong to a wide range of functional spaces (see Ingster and Suslina [22], Lepski
and Spokoiny [25], Guerre and Lavergne [14]). The asymptotically minimax tests have been found for the
nonparametric sets of alternatives in Ly (see Ermakov [6]) and [, (see Ingster [21]) spaces.
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In nonparametric hypothesis testing the test statistics are often defined as the distances between the hypothe-
ses and estimator of nonparametric parameter. We have no usually any information on a signal smoothness,
such an information is not necessary in the problem of distinguishability of hypothesis and nonparametric sets of
alternatives (see Ermakov [12]) and it seems desirable to represent the sets of alternatives in a more evident form
depending also on distances between the hypotheses and alternatives, covering all possible alternatives. Thus
it seems natural to consider the testing nonparametric hypotheses from the distance positions and to develop
rigorous justification of this approach. From viewpoint of asymptotic minimaxity such an argumentation has
been developed in Ermakov [10,11] in the case of standard goodness-of-fit tests. These results are based on the
interpretation of test statistics of Kolmogorov, omega-square and chi-squared tests as the corresponding norms
or seminorms (in the case of chi-squared tests) N, (Fn — Fy) depending on a difference of empirical distribution
function F), of independent sample X1, ..., X, and the distribution function Fy of hypothesis. The correspond-
ing norms or seminorms IV,, are defined in the linear space generated by the differences of distribution functions.
The sets of alternatives are the sets of all distribution functions F' such that N, (F — Fy) > p, > 0 with p,, — 0
asn — o0o. In this setting asymptotic minimaxity of tests statistics Nn(Fn — Fp) has been proved and asymptotic
behaviour of type II error probabilities has been studied. In the case of chi-squared tests we supposed that
the number of cells grows with increasing sample size. Note that this approach can be naturally considered as
a part of asymptotic theory of hypothesis testing on a value of functional (see Stein [32], Ermakov [8], Bickel
et al. [2]).

In paper similar statements will be obtained for the test statistics based on the kernel estimator (see Bickel
and Rosenblatt [1], Fan [13], Hart [19], Rayner and Best [29], Stute [33], Horowitz and Spokoiny [20] and
references therein)

2

T(h,K)/Ol S,%(t)r(t)dt/ol <% /01K<th5) dYE(s)) r(t)dt (1.2)

S‘h(t)%/olKCh )dY()

is a kernel estimator of signal with a kernel K and r(¢ ) € [0, 1] is a weight function. We suppose that the support
of K is contained in [—1,1], K (t) = K(—t) for all ¢ € ( fl K (t)dt = 1 and the function K is bounded. The
functions r(t), ¢(t) are supposed positive and Contlnuous in0,1,0<ec<r(t) <C<oo,0<c<q(t) <C <o
for all t € [0,1].

The sets S, of alternatives are as follows

where

=S {S T(h,S) > pe(h) > 0,5 € L2(0,1)}
t—s

= { 1 K ( - ) S(s)ds) r(t)dt > pe(h) >0, S € Ly(0, 1)} : (1.3)

The rates of convergence p. = pe(he) — 0 and h = h. — 0 as € — 0 will be defined later.

We also consider the sets of alternatives Se 5, defined as the intersections of sets e p. (pe) with the balls in
Sobolev space.

It is easy to see that, in the case of alternative S,

BEs(T(h,Y.)) — ;—Z/()lr(t)dt/ol K? (t ~ 5) ¢ (s)ds = /01 r(t)dt (% /01 K (t ~ 5) S(s)ds)

Thus the sets of alternatives are defined by the components of biases of test statistics T'(h,Y) caused by the
presence of signal.
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For any test L denote a(L) = Ey(L) its type I error probability and 8(L,S) = Es(1 — L) its type II error
probability for the alternative S € Q. . For any set of alternatives ¢ we put

Be(L) = Be(L,3¢) = sup{B(L, 5) : S € S} (1.4)

We say a family of tests U, with a(U,) < o, 0 < o < 1, € > 0 is asymptotically minimax for the sets of
alternatives S, if for any family of tests W, a(W,) < «, it holds

hm lglf(ﬁg(W€7 %e) - ﬁe(Ua gﬁ)) Z O

The test statistics R, € > 0 generating the asymptotically minimax families of tests will be called asymptotically
minimax as well.

In paper we prove asymptotic minimaxity of kernel-based test statistics Te(Y:) = T'(he,Ye) for the sets
of alternatives ¢ n. (pe) and the intersections of sets S . (pe) with the balls in Sobolev spaces. After that,
using the theory of asymptotic equivalence of nonparametric statistical experiments (see Brown and Low [4],
Nussbaum [27]) this statement is extended on the problems of hypothesis testing on regression and density. We
show that similar results can be also obtained if the hypotheses are parametric. Such statements are proved for
the problems of signal detection and hypothesis testing about density. We do not consider the same setting for
parametric regression in order to do not increase extremely the scope of paper. The sets alternatives 3 j,_ (pe)
are the largest sets ¢ such that the hypothesis and alternatives S, € ¢ are distinguishable if we apply the
test statistics T'(he, Ye). Thus we prove asymptotic minimaxity of test statistics T'(he, Ye) for the largest among
possible sets of alternatives. Moreover, it turns out, the lower bound of type II error probabilities is attained
for all families of alternatives S, e > 0 such that T'(he, Se) = p(1 + o(1)).

The asymptotic behaviour of kernel-based test statistics has been intensively studied in many papers (see
Konakov [24], Hall [16,17], Rayner and Best [29], Ghosh and Wei-Min Huang [15], Fan [13], Hart [19], Stute [33],
Horowitz and Spokoiny [20] and references therein). Thus the results on asymptotic minimaxity represent the
essential complement to the existing theory. We find the distance of hypothesis from the signal given in the
Gaussian noise and can analyse the type II error probabilities for all possible sets of alternatives defined in
terms of the same distance. The more detailed discussion of the role of asymptotic minimaxity in the distance
approach for testing nonparametric hypotheses one can find in Ermakov [11].

The reasonings in the paper are based on the same approach as in Ermakov [7]. In Ermakov [7] the sets of
alternatives were defined as the intersections of exteriors of balls and ellipsoid in L. The requirement that the
signal belongs to ellipsoid was caused the smoothness assumptions. The problem was reduced to minimization of
variance of test statistics. The minimum of variance was attained on the intersection of boundaries of balls and
ellipsoid. Thus we got the minimization problem with two restrictions of quadratic type. In the present paper
the sets of alternatives S, (pe) are interpreted as the exteriors of ellipsoids in Ly(0,1). As a consequence one
needs to solve the problem of variance minimization with only one restriction of quadratic type. At the same
time in the present paper the operator that set the restriction is not diagonal. This cause the main differences
in paper reasoning.

Note that, in the problems of signal detection with a given signal smoothness, asymptotically minimax test
statistics or statistics having optimal rates of distinguishability (see Ermakov [7], Ingster and Suslina [22]) are
often defined as seminorms N(Y¢) of quadratic type. A simple analysis of the proofs in Ermakov [7] and Ingster
and Suslina [22] shows that these test statistics N.(Y) are asymptotically minimax or have optimal rates of
distinguishability for the more wider sets of alternatives {S : N¢(S) > pe > 0,5 € L2(0,1)} then in the setting
with a signal smoothness. Thus the results on signal detection with a given signal smoothness can be also
interpreted in terms of distance approach.

The asymptotic minimaxity of tests statistics T'(he, Ye) is proved for the sets of alternatives S p. (pe) having
two variable parameters h, and p.. If p. = pc(h.) satisfies more strong restrictions as a function of h. we
prove asymptotic minimaxity of T'(he, Ye) for the more narrow sets. These sets of alternatives are defined as
intersections of ¢ p.(pe) with the balls in Sobolev space.
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Remark 1.1. If we test the hypothesis S = Sy, the test statistic T'(h, Y. — Sp) has the following modified form

T(h,Y, — S) /(/ Kn(t — 5)dYi(s /Kht—sSO() )r(t)dt (1.5)

where K(t — s) = $ K (52).
The sets of alternatives are as follows

S, (Pe, So) = {S : /0 (/0 Ky (t—5)S(s)ds —/O Kp(t — S)So(s)ds) r(t)dt > pc(h) >0, S € La(0, 1)}

(1.6)
In this setting the kernel-based tests have often another form

T(h,m,s())/;s}%(t) / (/ Kt — 5)dY. (s) — Solt )) r(t)dt (1.7)

and it seems natural, for such tests, to define the sets of alternatives in another form

Sen(pe, So) = {S : /0 </0 Ky (t —s)S(s)ds — So(t)> r(t)dt > p.(h) > 0, S € Ly(0, 1)} (1.8)

as well. B
The test statistic T'(h, Ye, So) contains additional bias term

2

E(T(h,Y.,So) — T(h,Y. — Sp)) :/O </ Ka(t — 5)So(s)ds — So(t)) r(t)dt. (1.9)

Note that similar bias term )

/01 (/01 Kn(t = 5)S(s)ds — S(t)) r(t)dt

caused the alternative is absent in test statistics T'(h,Y:,Sy) and T'(h,Y. — Sp). Thus, using test statistics
T(h,Y. — Sp), we simply delete the fast oscilating component both in hypothesis and alternatives. This is a
standard procedure. If we test the hypothesis versus sets of alternatives defined in terms of series of ortogonal
functions (see Ingster and Suslina [22]|, Lepskii and Spokoiny [25], Ermakov [7]), the tests statistics are also
based on the first Fourier coefficients and estimates of these coefficients. The Fourier coefficients of higher orders
are ignored both for the hypothesis and alternatives. Thus, using the test statistics T'(h, Y. — Sp) instead of
T(h, Y., Sp), we follow the same reasons. If we could not make any serious conclusions about very fast oscilating
part of signal, we simply do not include this part in test statistics. The definition of sets of alternatives
e, h(pe, So) follows the same reasons as well. Note that the bias term (1.9) have often the order o(p.(he)) (see
Rem. 2.2.3) and is unessential in the problems of hypothesis testing. In this case both test statistics T'(h, Ye —Sp)
and T'(h, Y., Sp) are asymptotically minimax for both sets of alternatives S »(pc, So) and @Qh(pe, So)-

Remark 1.2. The asymptotic minimaxity is proved for a wide classes of sets of alternatives defined by the
structure of kernel-based tests. All these sets of alternatives have the same optimal rates of distinguishability
if a priori information is given, that signal belongs to a ball W(ﬁ)(Po) in Sobolev space and h. < €TFFT
Moreover we show that T'(h., S — Sp) =< |[|S — So|| if S — So € W (P,) and h. < T (see (2.8, 2.9)).
Thus such a wide class of sets of alternatives arises as the consequence of requirement: for given procedure to
enclose all distinguishable alternatives. Note that seminorm T'(he, S — Sp) has a rather evident interpretation.
We compare the Lo-norms for differences of smoothed signals of hypothesis and alternatives obliterating the
oscillations greater then h..
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We use letter C' as a generic notation for positive constants. We put K (t) = %K (%),
1 t 1t t—s s
Kop(t)==-Ko | = )| == K K(-)d
2,h() h 2 (h) h2 /_1 ( h ) (h) S,
1 t 1t t—s s
Kin()==-K;| - | =— Kis|— |K(=-)d
w0 =7 (h) h2 /_1 1( h ) (h) s

for i = 3,4. If h =1, the index h will be omitted, that is, K31 = Ko, K41 = K4 and so on. Denote x(A) the
indicator of an event A, [z] the whole part of z € R! and || - || = Lg-norm in [0,1].

In paper the three settings are considered: the signal detection in Gaussian white noise, the hypothesis testing
on regression and density. It will be convenient to make use of similar or the same notation in the statements
and in the proofs of the related results.

2. MAIN RESULTS

The results on signal detection, testing hypotheses on nonparametric regression and density will be given in
three subsections.

2.1. Nonparametric signal detection

Define z,,0 < a < 1, by the equation

1 ° x?
a=1-(z,) = \/—2_71_/ exp{—?}dx.

Denote
d(h) = % /O r(t)dt /_ 1K2(u)q2(t7uh)du,
o? = 2/_2 K%(U)dv/o g*(t)r*(t)dt.

Hereafter we suppose that ¢(t) =0 if t ¢ [0, 1].
Note that, if ¢(t) satisfies Hoelder condition: |g(t) — q(s)| < C|t — s|",x > 1/2 for all ¢,s € [0, 1], one can
make use of the more simple formula

2

de(h) = % /O 1 A ()r(t)dt /_ 11 K2(u)du (1 Yo (h1/2>) :

Theorem 2.1.1. Let 62h;1/2 — 0, he = 0 ase — 0 and

0< limi(r)1f € 2pe(he)h}/? < limsup e 2p.(he)hl/? < co. (2.1)

e—0
Then the family of kernel-based tests

L=y {E—th/%—l(n(ye) —d.(h)) > xa}

is asymptotically minimaz for the sets of alternatives e n_(pe)-



284 M. ERMAKOV

It holds Lo
hepe(he)

2o

Benc(Le) = @ <9€a - ) (1+0(1)) (2.2)

as € — 0.

Moreover for each Se € L2(0,1),€ > 0 such that T (he, Se) = pe(he)(1 4 0(1)) it holds

h?pe(he)

o

Ben.(Le; Sc) = @ (xa - ) (1+0(1)) (2.3)

as € — 0.

Remark 2.1.1. In the kernel estimation, to preserve the optimal rate of convergence (see Hardle [18]), a
modification of kernel estimator is often introduced near the boundary of interval [0,1]. The same problem can
arise in testing nonparametric hypotheses if a priori information on a signal smoothness is given. If we are not
interesting very seriously the signal behaviour near the boundary, one can use the test statistics

2

T(h,Y.) = /hl_h (/OlKh(t—s)dYe) r(t)dt

Sen =18 :T(h,8) > pe(h) > 0}
For the test statistics T(h, Y.) the sir~nilar statements~of Theorem 2.1 holds. One needs only to replace the sets
of alternatives Se n_(pe) by the sets Sen. (pe) = {5 : T(h,S) > pe(h) > 0} and de(h.) by

with the sets of alternatives

2 1—h. 1
dh) =+ / r(t)dt /_ KP)e?(t = uh)du

he

Similar modification of statements holds for the settings Theorems 2.2 and 2.3 as well.

Remark 2.1.2. As follows from (2.2) and (2.3) the lower bounds of type II error probabilities are attained for
all families of alternatives Se, e > 0 such that

0 < lim iglf e 2h}%T(h, S.) < limsup e 2n}/?T(h,, S.) < co.

e—0

Thus the test statistics give “optimal distinguishability for all alternatives having a given distance from the
hypothesis in the sense of T"/2(h., S)-seminorm”. Note that the same situation takes place in the case of
chi-squared tests as well (see Ermakov [11]).

A similar statement is valid if a prior: information on a signal smoothness is given that the signal S belongs
to a ball in Sobolev space

S e Wy (py) = {S : /01(52(5) +(SD())2)ds < PO} .

Hereafter S(® denotes f-derivative of S.

The sets of alternatives equal ¢ . (pe, 8, Po) = Sen. (pe) N WQ(ﬁ) (Py).

Make the following additional assumption:
A. There exists the bounded B-derivative K of kernel K, that is, SUDge(—1,1) IK®)(s)] < C < oo and
K®(-1) = K®(1) = 0, KO(~1) = K®(1) = 0 for all 4,0 < i < 3. The function r(t) has bounded
B-derivatives on (0, 1).
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Denote

Cp(K) = / (KO (s))2ds / P (Or(t)dt.

-1 0
Theorem 2.1.2. Let the assumptions of Theorem 2.1 be satisfied, let A hold and let

1
limsup ph- 2P C3(K) < iPo. (2.4)

€
e—0

Then the family of kernel-based tests Le, € > 0 is asymptotically minimaz for the sets of alternatives Se n. (pe, 5, Po)
and
he2pe(he)

o

Ben.(Le) = Ben. (Le; Se,n. (pe, B, P)) = @ (wa - ) (1+0(1)). (2.5)
As follows from (2.3) the lower bound in (2.5) is attained for each family of signals S € WQ(B ) (Py) such that
T(he, Se) = pe(he)(1+o(1)).

By (2.1, 2.4) we get the following bounds for the rate of convergence h. and p. to zero

limsup e2h- 27712 < o0 (2.6)
e—0
and
85
lim S(l)lp e WFip. > 0. (2.7)
€—>

The proof of Theorem 2.1.2 is similar to that of Theorem 2.1.1. It suffices to test only that the realizations of

random process generated by the Bayes a priori measures belongs to the ball WQ(B ) (Py) in Sobolev space. A
similar statements can be obtained also for the balls in other functional spaces, using the same arguments and
the fact that, by (2.3), the corresponding lower bound is attained.
We say that the sets of alternatives . are distinguishable if, for each 0 < a < 1, there exists a family of
tests U, a(U,) = « such that
lilclljcl)lf Ben. (Ue,Se) <1 —a.

It follows from (2.1, 2.6, 2.7) that the optimal rate of distinguishability for the sets of alternatives S p,_ (pe, 5, Po)

88
equals €%0+1, This rate is attained if h, < ¢TI,
Define the sets

Qi(pe, 8, o) = {S: S € Wi (R IISI1 > pe} -
Denote Q(pe, 8, Py) the set of all S € Q1 (pe, 8, Po) such that there exist S-derivatives S (0) = 0 and S (1) =0

of S and S(0) = S(1) = S®(0) = SO (1) =0 for all 0 < i < [].
Denote

R(w) = [ T K() expliwt}dt, S(w) = [ T S expliwthat

the Fourier transforms of K (¢) and S(¢).
Suppose K (w)|w|™? — 0 as w — oo. Suppose also that r(t) = 1 for all ¢ € (0,1).
Denote wo, such that Powy.>” = peh-28 and denote wy = inf{w : K (w) = 0,w > 0}.
We show that,
Sehe (pe; B, Po) C Qu(pe, B, Fo) (2.8)
and, if wge < wg — d with 6 > 0,
Q(pe, B, Po) C Sen.(Cepe, B, Po) (2.9)
with C, = |K(w1c)|72(1 + 0(1)) where wy, = arginf,{K (w) = inf{K (u) : |u| < woc}}.
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The optimal order of distinguishability for the sets of alternatives Q(pe, 5, Po) equals e% (see Ingster and
Suslina [22], Ermakov [7]). Thus if h. =< €77 and woe < wo — 6 with & > 0, then the orders of distinguishability
coinside for the sets of alternatives S p. (p1e, 5, Po) and Q(pe, 5, Fo).

In hypothesis testing with a priori information on a signal smoothness the optimal rates of distinguishabil-
ity is often proved for the test statistics admitting the interpretation as seminorms in functional spaces (see
Ermakov [7], Ingster and Suslina [22]). Theorems 2.1.1, 2.1.2 and (2.8) show that, in this case, one can expect
asymptotic minimaxity of these tests statistics for essentially more wider sets of alternatives J.(p.) generated
by these seminorms. For such sets of alternatives we do not need to make any assumptions of smoothness type.
Moreover the statements of type (2.9) hold.

By Young inequality, we get T.(S, he) < ||S||?>. This implies (2.8).

By Parseval identity, we get

T.(S, he) = /Oo |K (hew)S(w)|?dw,

— 00

/ (59 @)t = / P8 Pdw

and ||S]| = ||9]I-
Hence, we get
inf{T.(S,he) : [|S|]% > pe, S € WP (Py), supp S € (0,1)} > inf{/ |K (hew) S(w)[2dw : ||8]2 > p,
/ |lw|?1S (W) P dw < PO} + 0 (h2P) = | K (wie)[*p? + 0 (h2) . (2.10)

This implies (2.9).

Theorems 2.1.1 and 2.1.2 admit the interpretation from the confidence estimation viewpoint.
We say that the family of confidence sets U(Y:) with confidence coefficient 1 — « is S¢(p.)-asymptotically
minimax if for any other confidence sets U;.(Y,) with the same confidence coefficient 1 — «

lim inf sup (Ps(S € Ure(Ye)) — Ps(S € Uc(Ye))) >0

=0 53, (o)

for each family p. — 0 as e — 0.
Define the confidence sets

Ue(hm}/e;za) = {S : ThE(Y; - S) § ZQ,S € L2(07 1)}

with z, defined by the equation 1 — ®(z,) = a.

Theorem 2.1.3. Let the assumptions of Theorem 2.1.1 be satisfied. Then Uc(he,Ye, o) are Se . (pe)-asympto-
tically minimax confidence sets and Uc(he,Ye, o) N WQ(ﬁ) (Py) are Sen.(pe) N WQ(ﬁ)(PO)-asymptotically minimaz
confidence sets.

The proof is omitted. The reasoning are akin to the proof of similar statement on the relation of uniformly
most powerful tests and uniformly most accurate confidence intervals.

2.2. Testing hypotheses on nonparametric regression

We shall follow to the setting in Brown and Low [4].
Let H(-) be an increasing c.d.f. in [0,1]. Let S() : [0,1] — R and A2(-) : [0,1] — (0,1) be measurable
functions.



KERNEL-BASED TESTS 287

The independent random variables (z,;, Yyi),1 < i < n are observed with

i
i =H!
o (n+1)

Suppose the functions A\?(-) and H(-) are continuously differentiable and such that

and

dH

T 0<C te0,1]. (2.11)

d
‘Elog)\(t)‘<0, 0<c<p(t)=

Denote q(t) = A(t)p~ /().
The problem is to test a hypothesis S(¢) = So(t),¢ € [0,1] for a given function Sy(t),¢ € [0, 1].
Let h,, > 0,h,, — 0 as n — oo be a given sequence. Define the kernel-based test statistics

1 n 1 2
T (Y,) = /0 <%ZKhn(tzm)Ym /0 Khn(ts)So(s)ds> r(t)dt

with Y,, = {Yh:},. B
Define the functional T}, (S) = T,,(S,) where S, = {S(xni)} 1.
We fix a sequence ¢, > 0,¢, — 0 as n — oo and denote

0
<o | 1 (/ Ko (1 5)(S(s) — S(s)as

The sets pp,, of alternatives equal

Sp(hn,cn) =1 S / <% ZK}M (t — Xni)S(Tns) —/O Ky, (t— s)S(s)ds> r(t)dt

r(t)dt, S € Ly(0, 1)} : (2.12)

Snn, (pn) = {8 : T(S) > pn(hn) > 0,5 € Sp(hn,cn)}

or
St (0 Bs Po) = S, () N WP (Py)
where

1
W) = {5+ [ (80 = Su(e))? + (599 - S < P, 5 € La(0.1)}-
0
Remark 2.2.1. We test a hypothesis using the discrete observations. Thus it seems natural to make some
assumptions on approximation properties of the following type

2

/0 (% ZKhn (t - $m,)5($m,) - /0 Khn (t - S)S(S)d5> T(t)dt = O(pn(hn))

if
2

/o1 (/01 K, (t —5)(S(s) - 50(5))013) r(t)dt = O(pn(hn))-

The inequality in (2.12) can be interpreted as an extension of this assumption on the more distant alternatives.
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Assume as follows:

A1. There exists v > 0 such that

/OO (K (uy — 8) — K(ug — 8))?ds < Cluy — ug|*? (2.13)

— 00

for all uy,uq € [0,1].
A2. There exists £ > 1/2 such that

[So(u1) — So(uz)| < Cluy — usl”

for all uy,uq € [0,1].

Theorem 2.2. Assume A1, A2 and (2.3). Let the assumptions of Theorem 2.1.1 be satisfied with e = n~'/2.
Let n= hp, %™ — 0 as n — oo with w > 0. Then the sequence of tests

Ln=x {nh;/Qa—l(Tn(Yn) — dn(hn)) > xa} (2.14)

is asymptotically minimaz for the sets of alternatives Spn, (pn) and (2.2) holds.

The lower bound (2.2) is attained for any sequence S, € (hn,cn) such that Ty (S,) = pn(hy), that is,
equation (2.3) holds.

Let A and (2.4) hold also. Then the sequence of tests Ly, is asymptotically minimaz for the sets of alternatives
Sh, (Pny B, Po) and (2.2) holds with

Bnh., (Ln) = Bnhn, (Lna S(Pna B, PO))'

Remark 2.2.2. The main goal of paper is to prove lower bounds of minimax type for the kernel-based tests and
to show that these lower bounds are principally attained. In some settings the assumptions are rather strong.
In theorems we pointed out that the asymptotic of type II error probabilities are the same for all sequences
of alternatives S,, having a given distance T},(S,,) = pn(hn). One can suppose that the statements of such a
type can be proved for essentially more wider assumptions and for essentially more wider classes of statistical
models. The proof of lower bounds are more difficult and can be considered as serious additional argument for
the analysis of kernel-based tests in distance terms.

Remark 2.2.3. The procedure of hypothesis testing is based on the comparison of kernel estimator with the
smoothed signal Kj, * Sp. The smoothing may cause the losses of information about the signal Sy. Such a
losses will be absent if

1011~ 1, = Soll = (1~ (10 $30)e = ofpu) = o (7207, (2.15)
Let K(w) =1 — Clw|?(1 4 o(1)) in some vicinity of w = 0. Then
[1S0l[* = [|Kn,, * Soll = Chy, / jw[758 (w)dw (1 + o(1)).

Thus it suffices to put h, = o(nfﬁ) and (2.15) will be hold. If v = 1, we get h, = o(n~2/3),p, =
O(n=2%/%),3 = 1/4 and assumptions of Theorem 2.2 do not fulfilled. If v = 2, we get h, = o(n=2/%),p, =
O(n*‘l/ 5) and 8 = 1. Thus all the assumptions of Theorems 2.2 and Theorems 2.3, 3.2 given below are satisfied.
Therefore, if we apply the hypothesis testing procedure with h,, < n=* X > 2/5, we test the hypothesis versus
alternatives having more serious fluctuation then the signal Sj.
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] _
Remark 2.2.4. The difference between the rates of consistent distinguishability T (or n71h, L 2) in

~1/2 in testing parametric hypotheses is essentially smaller (n~ 4B1+1)

testing nonparametric hypotheses and n
then the corresponding difference (n™ 251“) in estimation theory. If the sample size n < 2000, the choice of

bandwidth O(nf‘lﬁ%) for the smoothness parameter 3 > 2 is approximately the same as in the testing with the
kernel-based tests of parametric hypotheses. Thus, for sufficiently smooth signals, there exists small difference
in interpretation of results of kernel-based procedure for parametric and nonparametric settings. The most
essential difference is that we get uniform estimates of distinguishability in terms of the sets Sy, p, (pn) for
nonparametric setting. If we want to test the hypothesis versus fast oscilating nonparametric sets of signals, the
definition of sets Sy, p, (pn) shows clearly the types of oscillations that can be distinguished. This is the signals
with oscillation width = 2h,, or 3h,, and the amplitude =< %;’le where [ is the number of oscillation peaks.

2.3. Nonparametric hypothesis testing on a density

Let X4,...,X, be iid.r.v.’s with c.d.f. F(z), z € [0,1]. The problem is to test a hypothesis F(z) =
Fy(x),z € (0,1), where Fj is a given c.d.f. We suppose Fy(z) is absolutely continuous w.r.t. Lebesgue measure

and has the density fo(z) = 42 (z), z € (0,1).

Denote F, the empirical c.d.f. of X1,..., X,.
The kernel-based test statistics are defined as follows

T (F,) = /0 <%ZKhn(tXi) /0 Khn(ts)fo(s)ds> r(t)dt

1 1
[ ([ ®oute= i) - Rosp)
0 0
The functionals T;, defining the sets of alternatives equal
2

T(F) = T F) = [ (/ K (t— $)A(F(s) — Fi)) Tt

Make the following assumptions:

B. The density fy satisfies the Hoelder condition

[fo(x) = fo(y)| < Clo —y[*, @,y €[0,1] (2.16)

with k > 1/2 and fo(z) > ¢ > 0 for all z € [0, 1].
C. .
[r(z) —r(y)| < Clz —y|™ forall z,y € [0,1] and Kk > 3 (2.17)

We fix values ¢ > % and C > 0,¢ > 0 and define the set & = I(C, ¢, () of all distribution functions such that
F(h)+1—F(1—h) < Ch® (2.18)

forall 0 < h < ec.
The sets of alternatives equal

%nhn = %nhn (pn) = {F : Tn(F) > pn(hn) > O,F S %}

or
S, = S (s By Po) = S, (pn) N WAV (Py)
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where

wﬁ%&w:&wA<ﬂ@—h@ﬁ+«ﬁ%@—ﬁm@fm<f@ﬂw=géwae%}

In what follows, we shall make use of the same notation as in the problem of signal detection putting ¢ = n~1/2
and ¢(t) = 1/2( t),t € [0,1]. In particular

i) = ot 1) = = [ 200 [ e 00t

nnin J_1

Aectt=2 [ ([ ks ox )dufdv/olfw

Theorem 2.3. Assume A1, B, C and let the assumptions of Theorem 2.1 be satisfied with € = n~'/%. Let
n’lh;?’m_w — 0 asn — oo with w > 0. Then the sequence of tests

L, = {nh}/QJ’l(Tn(ﬁn) —dn(hn)) > za}

is asymptotically minimaz and (2.2) holds.
Let A and (2.4) hold also. Then the sequence of tests Ly, is asymptotically minimaz for the sets of alternatives
Sh, (Pn,y B, Po) and (2.2) holds with

ﬁnhn (Ln) = 5nhn (Lna %(Pm ﬁa PO))

Remark 2.3.1. The tests based on kernel estimators of density are usually treated as nonparametric tests for
testing hypothesis on a density. In this setting we apply these tests for a more wide sets of alternatives defined
on the sets of distribution functions.

Remark 2.3.2. The proofs of lower bounds in Theorems 2.2 and 2.3 are based on the statements about
asymptotic equivalence of statistical experiments (see Brown and Low [4], Nussbaum [27]). The problem of
hypothesis testing on a density is asymptotically equivalent to the problem of signal detection

1

cwm:f@a+75”%mm>

in the Gaussian white noise with the weight function fg/ %(t) (see Nussbaum [27]). Since our model (1.1) of
signal detection also contains the weight function ¢(t) we can apply the theorem on asymptotic equivalence of

statistical experiments putting ¢(t) = 1/ 2( t).

Remark 2.3.3. It is easy to see from the proof of Theorem 2.3 that the assumptions of theorem can be weaken.
In the definition of sets S5, of alternatives the set & = (¢, C, ¢) can be replaced by the set of all distribution
functions. In such a setting the statement of Theorem 2.3 holds for the sequence of test statistics

T (Fy) = To(Fy) / dt/o1 <Khn(t:c)/01 Khn(ts)fo(s)ds>2dﬁn(z) (2.19)

generating the sequence of tests

Lin = x(nhY 20 T, (F,) > z4).
The last addendum in the right-hand side of (2.19) deletes the component of bias Ep(T,(F,)) having the order
greater then n~1h, /% = O((Var (T, (F},)))*/?). Without deleting this term we need to estimate more accurately
the boundary effects in asymptotic of Ep(T},(F),)) and to assume (2.17, 2.18).
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3. MAIN RESULTS. PARAMETRIC HYPOTHESIS

We begin with the study of problem of signal detection.

Suppose we observe a random process Y (t) defined by a stochastic differential equation (1.1) with an unknown
signal S(¢). The problem is to test a parametric hypothesis S(t) = S(t,0),0 € © C R! versus nonparametric
sets of alternatives

0cO

S € CBehn (0)=Sehn(0,p) = {S :inf /0 </0 Ky, (t—s)(S(s) — S(s,@))ds) r(t)dt > pe(he) >0, S € Ly(0, 1)}

or
S €S (©) =Sen (0, pe, 3, Py) = Sen. (0, pe) N W (P, ©)

where
Ws(Py,0) = {s : /1(5(5) —5(s,0)2 4 (8P (s) — 8P (s,0))2ds < Py, withf = 6(S) = argmin, T, (S, 9)} :

Thus, in the case of sets of alternatives S 1, (0, pe, 3, Py), we assume that there exists 3-derivative S?)(s, ) of
a signal S(s,0),6 € © and fol((S(ﬁ)(s,H))st < 0.

Suppose the set O is a closure of bounded open set in R'.

Let 6. be an estimator of unknown parameter 6 € O. Define the test statistics

2

T = [ 1 (8n0- [ Ko (t— 9)S(s, 0uyds) (o)

For any test U denote ag = Ep(U) its type I error probability for the hypothesis # € ©. We put G (U) =
Ben (U, S, () = sup{B(U, S) : S € S (O)}.

We say that a family of tests U, € > 0, ap(Ue) = Ep(Ue) < a > 0, § € O is uniformly asymptotically
minimax on the sets of alternatives S 5, (©) if the family of tests U, is asymptotically minimax for each fixed
6 € © in the problems of testing the simple hypothesis S(s) = S(s,0) versus S € e, (O).

For a wide class of estimators 0. we prove that the test statistics T, (Yz, éé) generates uniformly asymptotically
minimax families of tests.

Denote /v the inner product of u,v € R,

Assume as follows:

D1. For all 01,605 € ©,0, # 0,

/0 (S(5,01) — S(s,02))2ds £ 0.

Suppose S(s, 0) is differentiable in § € © and denote Sy, (s,0) = %;;0) the partial derivatives of S(s, ) for all

1<i<l,s€(0,1],0 = (0y,...,0;) € ©. Denote Sy(s,0) = {Se,(s,0)}'_;.
D2. There exists w > 0 such that for all ,,05 € ©

1
/ (S(5,05) — S(s,01) — (05 — 61)' So(s, 01))%ds < C|6 — 612+
0

D3. Uniformly in 6 € © it holds fol Sg% (s,0)ds < C, 1<i<l.
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D4. There exists a functional 6 : Ly(0,1) — © such that, 8(S(-,6)) = @ for all € © and for any § > 0

Ps(|6c —0(S)| > 6T/2(5,6(5))) = o(1)

Ps (|é€ —B(S)[2t > sh/2T, (8, 9(5))) = o(1)
uniformly in S € L2(0,1) as € — 0.
D5. There exists A;(6) — 0 as § — 0 such that for all § € ©

sup{|S(s,0) — S(t,0)| : |t —s| <d: t,5s €[0,1]} < A (9).

D6. There exists A2(0) — 0 as § — 0 such that
1
sup {/ 1S (5,01) — S (s,0:)|?ds : |6, — 0] < 6,601,0, € @} < Ao (6).
0

Theorem 3.1. Assume DI1-D5. Let €2h;1/2 — 0,he = 0 as € = 0 and (2.1) holds. Then the family of tests
Le= X(€_2hi/2‘7_1(Te(Yev ée) —de(he)) > 2a)

is uniformly asymptotically minimaz for the sets of alternatives S . (0, pe) and (2.2, 2.3) hold.
Let A, D6 and (2.4) hold also. Then the family of tests L. is uniformly asymptotically minimax for the sets
of alternatives e p. (0O, pe, 8, Po) and (2.2) holds with Be n.(Le) = Ben. (Le, Se,n. (O, pe, B, Fo)).

The problem of testing parametric hypotheses on a density versus nonparametric sets of alternatives will be
treated in the following setting. Let X3,..., X, be i.i.d.r.v.’s with c.d.f. F(z),z € [0,1]. One needs to test a
hypothesis F' = Fy, 0 € © versus

F € Sun, (0,p,) ={F :inf{T,,(F, Fp) : 0 € O} > p,,(hy,), F € S}

Suppose that c.d.f.’s Fp,0 € © are absolutely continuous w.r.t. Lebesgue measure and have the densities
flz,0) = e (z),2 € (0,1).
Let 6, be an estimator of 8. We shall test the hypothesis on the base of test statistics T, = Tn(Fn, Fén)'
Make the following assumptions:

B1. There exists k > 1/2 and C > 0 such that, for all § € ©,

|f(x79)_f(y79)| <C|$_ylﬂa T,y € [07 1]'

B2. There exist C' > ¢ > 0 such that 0 < ¢ < f(z,0) < C < oo for all z € [0,1] and 0 € O.

E1. For all 6 € © it holds Fy € .

E2. The assumptions D1-D3, D5 hold with S(s,0) = \/m, 0 e 0.

E3. For each c.d.f. F(x) € 3 there exists O(F) € © such that §(Fy) = 6 for all § € © and for any § > 0

Pr (|6, — 6(F)* > 6T, (F.0(F))) = o(1)

uniformly in F' € S.
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Theorem 3.2. Assume Al, B1, B2, C, E1-E3 and (2.1). Let n~thn??7% 0 as n — oo with w > 0. Then
the sequence of tests

Ly = x{nhy/>0 ™ (f3 )(Tu(Fn, Fy ) = du(hn, f3)) > wa}
1s uniformly asymptotically minimaz and

Bu, (L) = 5up @ (2 — nhl/ 2 (fo)pu(hn)) (14 o(1)) (3.1)

0co
as n — oQ.

We begin with the proof of Theorem 3.1. The proof of Theorem 2.1.1 is obtained by an easy modification of
these arguments.

4. PROOF OF THEOREM 3.1

To simplify notation we suppose that 6 is one dimensional parameter, § € © C R!.
First of all we study the asymptotic behaviour of test statistics T'(Ye, 6.) and prove the upper bound in (2.2).
Let S(s) € Se,n.(O) be a true value of a signal. We have

/0 Ky (t—s) (dYe(s) - S (s, 96) ds) = g1n. (t) + g2n. (t) + &(t) (4.1)
with
gin.( / Ky (t—s)(S(s) — S(s,0(5)))ds,
g2n. ( / Kn, (t—5)(S(s,0(5)) — S(s,0.))ds,

= 6/0 Ky, (t — s)q(s)dw(s).

Hence we get

T(Ye,00) = e + Ioe + Ise + Luc + I + I (4.2)
with
n- [ g O, D=2 / gun (g (O (D), (13)
b= [ uorow ne=> / g (06 (D, (14)
Be=2 [ om0 0roa, 5= [ ¢ (15)

Since S(s) € Se,n. (0, pe(he)) we have
Ile > pe(he)' (46)
Note that for any function U € L2(0,1) it holds

/Olr(t) (/OlKh(t—S)U(S)dS)Q dt < Ch~? /1 </tt+h| ()|ds>2dt (4.1)

h
t+h
<Ch~ // U?(s dsdt<C/ U2 (t)dt. (4.7)
t
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Denote

We have
E(I4) = 0. (4.9)
Define the operators K, and Kaj with the kernels Ko 45 (t1,t2) = fol Kn(t1 — 8)¢*(s)Kp(t2 — s)ds and

Ky ,(t1,t2) respectively. The operators I_(27qh and RQJL are nonnegative. Since K 5 < CKQJL and the kernel K
is bounded we get

Var(Iye) :4/0 r(tl)dtl/o r(t2)dtz gin. (t1)g1n. (t2) E(Ee(t1)Ee(t2))

1 1
:462/ T(tl)dtl/ r(t2)dtagin, (t1)g1n, (t2) K2 gn, (t1, t2)
0 0
1 1 2 1/2
< 0621115/2 (/ T(tl)dtl </ K2,he(t1;t2)glh€ (t2)T(t2)dt2> )
0 0

1 1 1
<cenl? (/ T(tl)dtl/ | K21, (t17t2)|7“(t2)dt2/ |Ka.n, (t1,t3)|97n, (t3)7“(t3)dt3)
0 0 0

1/2

1/2

1 1
<cen ([ ran [ Kol (i)
0 0

1 t1+2h, 1/2
<cen? |t /0 r(t1)dty /t . g3, (t3)r(t3)dts < OI.. (4.10)
1— €

By Schwartz inequality, we get

L < 211/%12. (4.11)
We have
Ige S 2‘[5?16 + 2‘[5?26 (412)
with
~ — ~ — 1 1 —
Isie =20 — 0(59))Qc = 2(0 — 9(5))/ Ee(t)r(t)dt/ K, (t —5)Sp(s,0(5))ds, (4.13)
0 0

Ise = 2 /O r(e. (H)dt /O K (t— )W (s)ds. (4.14)
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By (4.7), we get

2

EQE:/ (/ Ky (s—1t)r / Ky, (t — 51)S0(s1,0 (S))dsldt) ds
<c/ (/ Kn. (s — t)r(t)So(t, 6(S))d ) ds

<C/ (5)S3(5,0(S))ds < C < 0.

By Schwartz inequality, we get
Is2¢ < Js1ed52¢
with

2

P = / (/K (1= W (s )

Jope = Ioe = / r(t)E2(t)dt.
0

By (4.7), D2, we get
1
JZ. < c/ r(t)W2(t)dt < C|0. — 0(S)|>T.
0

Estimating similarly to (4.10), we get

1
E(J522€) < 62/0 q2(S)K2,7-he (s,8)ds < €2h6_1

with )
K2,’l“h5 (yla y2) = / th (yl - t)f”(t)]:(hE (y2 - t)dta Y1,Y2 S [Oa 1]
0

By (4.16-4.18), we get
Isae < eh7Y2|0, — 6(S)| /2.
By D4, (4.13-4.15, 4.19), we get
12 = 0p (thgw—”/Q) .

By straightforward calculations, arguing similarly to Hall [16,17], we get

E(IGS) = de(hc)(l =+ O(he)),

1 1
Var(Ige) = 264/ ’I“(tl)dtl/ T(tQ)dtQKQQ,qhé (tl,tg).
0 0

Putting t5 = t1 + vhe, s = t1 — uh,, we get

1 (1=t1)/he
Var(Ie.) :264/ r(tl)dtl/ r(t1 + vhe)
0

7t1/h5

t1/he 2 640_2
X </( K(u)g*(t; — uh) K (u + v)du) dv = (14 0o(1)).

tlfl)/hE

295

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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By D4 (4.6, 4.8-4.11, 4.20-4.23) together, we get that e2he /2 = O(I4.) implies
I2e + I3E + I4e + -[56 = OP(Ile + IGE - de(he)) (424>

as € — 0.

Lemma 4.1. Let the assumptions of Theorem 3.1 be satisfied. Then the distributions of hi/26*20’1(166 (he) —
de(he)) converge to the standard normal one.

By (4.6, 4.24) and Lemma 4.1 we get (2.2) and (2.3). The proof of Lemma 4.1 will be given later.

It remains to prove the lower bounds for the type II error probabilities in the problems of testing a simple
hypothesis S = S(6y), 00 € © versus S € S . (O, pe(he)).

The proof of lower bounds is based on the wellknown fact that the Bayes risk does not exceed the minimax
one. We fix 6 > 0 and introduce the family of Gaussian probability measures p.s which set by the random
processes

1
3(6) = 8.(0) = S(t.00) + 772(0) [ K (¢~ s)als)dun ()

0
where dw; (s), s € (0,1) is a Gaussian white noise and

72 =125 =2(1+4 6)pe(he)heo ™.

The Bayes probability measure v.;s is defined as the conditional probability measure of S under the condition
S € e n (O).
Lemma 4.2. It holds

(L + )pelhe) / ( / i (1= 9)(5(6) = (s, 00)ds ) (o)t — 1 (4.25)

and

(L4 0)pe(he))™ mf/ < K, (t —s)(S(s) — S(s,@))ds) r(t)dt — 1 (4.26)

in probability as € — 0.
This implies
Ps (S € Sen (0, pe(he))) =1+ 0(1) (4.27)

as € — 0.

The proof of Lemma 4.2 will be given later.

Denote U, and U, a posteriory Bayes likelihood ratios generated by a priori Bayes probability measures Les
and v.s respectively. It is easy to see that (4.27) implies U. /Uc — 1 as € — 0 in probability both in the case of
hypothesis and Bayes alternatives v,s, ttes. This allows us to replace a priori Bayes probability measures v 5 by
a priori Bayes probability measure ps in the further arguments. Therefore, for the proof of theorem, it suffices
to find the representation of Bayes test statistic Ds(Y:) corresponding to a priori probability measure ps in a
simple form and to show that, for the tests U.s generated by the test statistics Dcs(Yz), it holds

d—0e—0

lim lim (ﬁe he /ﬁ 5 dua;) =0. (4.28)

Let us find Bayes a posteriori likelihood ratios in the case of a priori probability measures fi.s.
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Let {¢;}7° be an orthonormal system of functions in L3(0,1). Then (1.1) can be written as follows
y; =58;+¢€, 1<j<o0

with g; = [) ¢;(1)AYe(t), s; = [y S(t)é;(B)dt, & = [y 6;(t)g(t)dw(?).

Define the operators @, R such that (Qu)(t) = q(t)u(t), (Ru)(t) = r(t)u(t) for any function u € L2(0,1).
Define also the operator K}, with the kernel Kj,(x —¢) with z,¢ € [0, 1] and the unit operator E. In (4.29-4.32)
we shall make use of notation Ye = {y;}52,,5 = {s;}32, 5 = {sjo}52; with sjo = fol S(t,00)¢;(t)de.

The Bayes a posteriori likelihood ratio equals

/exp {Q%Q(Y - 8)Q XY, - S) - %T*Q(S - S0)Q 'K, 'RT'K, Q7 (S — So)

1
2¢2

1
— 5(5’ _ SO)I (6_2Q_2 +T—2Q—1K};1R—1K};1Q—1) (S _ SO)}dME(S

+ = (Yo = S0) Q> (Ye — So)} dptes = /GXP {e2(Ye = 50)'Q72(5 — o)

—1/2

1 I R P
= C’/exp {EH(YE — St (672Q72 + TﬁQQflKhelR 1KhelQ )
_ _ _ _ _ _ _ _ 2
— (2Q P+ 2K RIS - o)l dpes
% exp{%(}/e o SO)IQ—I (G_QQ_2 +7—_2Q—1K};1R_1K};1Q_1)_1 Q_l(}/—e o SO)}

(}/6 o SO)/Q71 (672Q72 + T*QQ*lKhilRflK};lel)*l Qil(}/é _ SO)} . (429)

= C’exp{%

Thus the Bayes test statistics can be defined as follows

Des=(Ye—S0)Q 7' (e2Q 2 + 7*2Q*HK,;IR*HK,;IQ*1)’1 QLY. - So)
(Yo — So) Ky RY? (e 27° Ky RK),, + E)‘1 RYV2K), (Y. — So).

Denote
Dies = Dies(Ye — So) = € 72(Ye — So) (Kn RK)*(Ye — So).
We have
T. — Des — Dis = € *74(Ye = So) (Kn R'/?)3(e 27K}, RK), + E) "1 (R'?K},, )3 (Y. — Sp))
< e Y. — So) (K, RKp,)? (Ye — So) = Daes. (4.30)
‘We have
Dies(Ye — So) <2D15(Ye — S) +2D1.5(S — So), (4.31)
DQE(;(Y; - So) < 2D265(Y; - S) -+ 2D265(S - So) (432)

The unique difference of statistics T, = (Y; —S) Kp RK}p (Y. —S) and D1c5(Y: — S), Daces(Ye — S) are the powers
of the kernels. Hence, estimating similarly to (4.21-4.23), we get

1 1 2
die(he) = Es[Dres (Y. — S)] = 72 /O () dt /O A1 K (112) < O < CER2, (4.33)

€
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1 1 1 2 —2 4
Eg[Docs(Y, — 8)] = 27 / (1) dt / r(s)ds ( / dt K, (1 — 8) x KQ,ThE(t,t1)> <08 <o,
0 0 0

he
(4.34)
A 478 )
Varg(Dies(Ye — 9)) < Com < Cet,  Varg(Daes(Ye — S)) < C < Ce*hd. (4.35)
By straightforward calculations, using (4.7), we get
D1es(S — So) < Cpe(he), Dacs(S — So) < Cpe(he) (4.36)

if pe(he) < Te(S,0p) < Cpe(he).
By (4.30-4.36) we get

Ps (72020 (T (Y, 00) = de(h)) < wa ) = Ps (2Rt 0™ (Des(Ye, B0) = de(he)) = dic(he) ) < wa(1 4 0(1)))
(4.37)
uniformly in S : pe(he) < Te(S,00) < Cpe(he) as 6 — 0,e — 0.
By (4.25, 4.29, 4.37) we get (4.28). This completes the proof of Theorem 3.1 in the case of sets of alternatives
Senc(©,pe).
The Theorem 2.1.2 and Theorem 3.1 in the case of sets of alternatives S (0, pe, 3, Py) follows from
Lemma 4.3.

Lemma 4.3. Let A and (2.4) hold additionally. Then

L, 2
(1 +5)—1/ (s<ﬁ>(t) - s<5>(t,90)) dt — Py (4.38)
0
and
L, N2
(1 +5)—1/ (sW)(t) - S(S,HS)) dt — Py (4.39)
0
in probability as € — 0.
Proof of Lemma 4.1. We have
€22 I = 21 ac + Jane (4.40)

where
y1—A

1
Jine = hi”/ Q(yl)dw(yﬂ/ Ko rn. (Y1, y2)q(y2)dw(yz),
0 Y

1—2h.

1 y1+A
Jone = hi/g/ q(yl)dw(yl)/ Ko rh, (y1,92)q(y2)dw(yz)
0 y

-
and A=A, —0, A /h. — 0ase— 0.

By straightforward calculations, arguing similarly to (4.10, 4.62) we get
1 y1+A
Var(Joae) = 2he/ QQ(y1)dy1/ K3 . (Y1, y2)¢° (y2)dyz < CA. (4.41)

-1 y1—A

Thus it suffices to study the limit behaviour of Jia.. One can write

Ca
Jine = Z Zje
=1



KERNEL-BASED TESTS 299

where Ca = [1/A] and
1o JA y1—A
Zje = hl/ / q(y1)dw(y1) / Ko on, (Y15 y2)q(y2)dw(yz).
G-1nA y1—2h.

We can consider Jiac as a sum of martingale differences Z;. and to apply corresponding Central Limit Theorem
(see Brown [3]) to prove asymptotic normality. Thus it suffices to show that

Ca
hgg)ZE {Zix(Zel > )} =0, (4.42)

Jj=
lim = ZE{ Lef=1 (4.43)

where F;_q . is the o-field generated by the Wlener process w(t), 0 <t < (j — 1)A..
We have

Ca y1—A 2
S B(ZL) - h?Z( /( ) | K%,,«,k(yl,yg)q?(yz)dyz)
j=1 i—HA Yy

1—2h.

1—2h.

2
y1—A
= 3h?A/ q*(y1)dy (/ K%,The(yl,yz)f(ya)dyz) (1+0(1))
0 Y
2

ot [t ([ k@) (o) (4.49)

By Chebyshov inequality, equation (4.44) implies (4.42).
Denote

. 2
JA y1—A
Vie=E (Z;|Fj-1.) = h/( ¢ (y1)dys </ Ko rn, (yl,yz)Q(yz)dw(y2)> -

j_l)A y1—2h€

Estimating similarly to (4.10), we get

Ca 1 zo—A 2
ZV}S < ChQ/ (yl)dyl/ ¢*(y2)dy2 </ K2,rh5(y1ayS)QQ(yS)KZrhE(y%yS)dy3>
j=1 0 z1—2h.
4 4
< Ch? / dw; / dws K3 ), (21, 22) < Che (4.45)
—4 —4

where 21 = 21(y1,y2) = max{y1,y2}, 22 = 22(y1,y2) = min{y1, y}.
By Chebyshov inequality, equation (4.45) implies (4.43). This completes the proof of Lemma 4.1.

Proof of Lemma 4.2. Denote ((t) = S(t) — S(t,0) and 6, =argmingce M, () where

M, (6) = / (nat ( / K (- ) (3(5) - S(5.0) ds>2

M.(0.) = My + 2My + Ms, (4.46)

We have
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with
Mk:/ dt(/ K (t—s)C )d> :
Mo = [ 10 [ K9 (505,00) - $(5,80) @5 [ Kot~ 50610
Ms. = /0 1 r(t)dt ( /O K, (t = 5) (S(s,00) — S(s.0)) ds)

At first we shall prove (4.26), assuming that (4.25) holds, that is

2

(14 8)pe(he)) ™ My — 1 (4.47)

in probability as € — 0.
After that the proof of (4.25) will be given.
We have

Mye < M2 M3, (4.48)
Using the definition of 0, and (4.47, 4.48) together we get

M3z — 0 (4.49)
in probability as € — 0.
‘We have
My/* > BI/? — Bl — B/? (4.50)
with
1 —
By, — / (S(t,00) — S(t,0.))2r(t)dt,
0
1 1 2
By, — / r(t)dt (/ K (t— )(S(s,00) — S(t, 90))ds) ,
0 0
1 1 ~ ~ 2
By, — / r(t)dt ( / Kn(t— 8)(S(s,0.) — S(t, 96))013)
0 0
By D6,
Bs < Cw(hg), B3 < Cw(hg) (451)
By (4.49-4.51), we get
By — 0 (4.52)

in probability as e — 0.
By D1-D3, equation (4.52) implies

0. — 0o (4.53)
in probability as e — 0.
Denote
V(s) = S(s,00) — S(s,0) — (0o — 0)Sa(s,00).-
We have

M3ze = M31c + 2M32c + M33. (4.54)
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with

2

Ms3yc = (0. — 6p)* /01 r(t)dt </1 Ky (t— s)Sg(s,Ho)ds) ,

M326: (9_ 790)/ dt/ Kh tfs)Se(S 90 dS/ Kh tfs)V(s)ds,

M336:/ dt</ K. (t—s)V )d>

By (4.7), D2, we get
1 1 ~
Mo <0 [ rwar [ vispas < 0o (159
0 0

By Schwartz inequality, we get

My < My{2 M4, (4.56)
y (4.7), we get
_ 2 1 ~ 2
]\431€ S C (96 — 90) / T(t)Sg (t, eo)dt S C (96 — 90) . (457)
0
By (4.54-4.57), we get
Mz, < C|0c — 6o*(1 + op(1)). (4.58)
By (4.47, 4.48, 4.58) together, we get
Ms. = Op (|91 - 90|p§/2(h6)) . (4.59)

By (4.47), M. can be represented as M. = pe(he)(146) + op(pe(he)) as € — 0. Similarly, by (4.58, 4.59), we
get Mo + M3z = Op(|0. — 90|pi/2(h€) + 10 — 6o|?). Hence, by definition of M (f.) = min{M.(¢) : 6 € ©} and
(4.46, 4.53) we get

16— 80l = op (p1/3(he)) - (4.60)

By (4.46, 4.47, 4.58-4.60) together, we get (4.26).
It remains to prove (4.25). Denote

1
Ry (t1,t2) = / K. (t1 — $)r'/2(s) K. (s — s)ds.
0
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By straightforward calculations, using the same technique as in (4.10), we get

E { [ ([ -5 - sts 00))ds)2 T(t)dt} _
£ {/o1 (/01 K, (t = s1)r'*(s1)ds1 /01 K (s1— 52)Q(52)dw1(52)) i r(t)dt}

- o / Kot~ s)dss / K (1 — s)dssr (s (55)

<8 ([ Ko~ selatoaiiun(on) [ Ko Gos—sdatsohaun(sn)

/ f)di / Ky (¢~ s1)ds: / K, (¢~ s3)dsar 2 (s)r' 2 (s3)
/ K (51— 5200 (52) K, (52 — 3)ds2

=7 / dt/ s)dsK3 ., (t,s) = 7207 /(2he) (1 + 0(1)).  (4.61)

Arguing similarly to (4.61), we get

ar (/01 (/01 Ko (¢~ ) ($(5) — S(s.00)) ds)2 r(t)dt)
=274 /01 r(t1)dtq /01 7r(to)dts </01 Ky, (t1 — s1)dsy /01 Ky, (ta — s3)dss

1 2
X r1/2(51)r1/2(53) K (51 — 82)¢%(52)Kp, (53 — s9)dsa | (14 0(1))
0

2

—ort [ rt)dh / ' r(t2)ds ( [ Barn i 52)a252) R (1 32>d32) (14 o(1))

1 4
=2T4h;1/0 q4(s)r4(s)ds[4 K2(v)dv(1 +o(1)). (4.62)

By Chebyshov inequality, equations (4.61, 4.62) together imply (4.25).
Proof of Lemma 4.3. To simplify the reasoning we assume 7(t) = 1 for all ¢ € [0,1]. This does not cause any

principal differences in the arguments.
We have

G =590 = 50.00) = 7 [ K (152 gty o) e

Repeating similar estimates as in the proof of (4.25) we get (4.38).
We have

1
/ (g(ﬁ)(t) —- 8P (4, é€)> dt = D1e + Dae + D3e (4.64)
0
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where
1, 2
0
1, 2 N2
Dy = / (s<ﬁ>(t) — 5B, 90)) dt (S<ﬁ> (t,00) — S (¢, 95)) dt,
0
1 _ 2
Do = [ (8968~ S (t.60)) "t
0
We have
|Dsc| < D}/? D3 (4.65)
By B2, equation (4.60), we get

in probability as e — 0.
By (4.38, 4.64-4.66) together, we get (4.39). This completes the proof of Lemma 4.3.

5. PROOFS OF THEOREMS 2.2, 2.3 AND 3.2

The further arguments will be given in the notation of Theorems 2.2 and 2.3. In the case of Theorem 3.2 a
modification of notation is unessential.

The statements on asymptotic equivalence of statistical experiments (see Brown and Low [4] and
Nussbaum [27]) can be applied to the proof of lower bounds if the realizations of random processes gener-
ated by the Bayes a priori measures belong to the Hoelder space

Y(8,M)={S:|S(t) - S(s)| < M|t —s|®, t,s€(0,1)}

with M > 0,3 > 1.

In the problem of hypothesis testing on density we need also to suppose f(t) > ¢ > 0 for all t € [0,1] (see
Nussbaum [27]).

Denote

@nhn(ﬂ,M) = {S : S eSS

where ¢,, — 0 as n — oo.

The Bayes a priori probability measures vy,s of S and f in the problems of hypothesis testing on regression
and density respectively are defined as the conditional probability measures of S = S, under the condition
S, € Sun, (8, M) with M; — oo as | — oo.

For the proof of lower bounds it suffices to show that there exists M; — oo as [ — oo such that

S e X(B,M),|5(t) = So(t)] < ecn,t €]0,1]}

n?

Py, ;(Sn € Sun, (B, M})) = 14 0o(1) (5.1)

as | — 00,6 — 0,n — o0.
Thus we need to prove that there exists ¢, — 0 as n — oo such that

lim P(sup{|S,(t) — So(t)| : t € [0,1]} < ¢,) =1 (5.2)
n—oo
and there exists w; — 0, M; — oo as [ — oo such that

lim inf P (Sn € E(ﬁ,MQ) >1—w. (5.3)

n—oo
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We begin with the proof of (5.2). By A, we get

1
EI3u(t) - 8u(s)? < C7? / K (t— ) — K (5 — u) 2% (u)du
0
< C7?hy,? Tmin {|t — s|"7, LT} < Cn~th; 3/ min (|t = s|"™7, hpt7). (5.4)
By straightforward calculations, we get
E(S2(1)) < C%h," < Oty V2, (5.5)

By Theorem 7.1 in Piterbarg [28] and Slepian comparison principle (see Slepian [30]) we get (5.2) with
Cp = ch;yl/ 2,

It follows from Theorem 1 (Sect. 15 in Lifshits [26]) that for any sequence ¢; > 0,¢; — 0 as [ — oo there
exist sequences M;, — oo as | — oo such that

P (Sn c E(ﬁ,Mm)) S1— ¢ (5.6)

with § < 8 < 2.

The proof of Theorem 1 Sect. 15 in Lifshits [26] is based on Borel-Cantelli lemma. In order to show that one
can choose the values M, = M; which does not depend on 7 it suffices to make use of the following version of
Borel-Cantelli lemma in Lifshits [26] arguments.

Lemma 5.1. Let Ay, Aoy, ... be sequences of events. Let there exist a sequence K, — 0 as m — oo such that
for each n
(oo}
> P(Ain) < fi. (5.7)
=m

Denote By = U2, Ain,. Then P(Bmpn) — 0 as m — oo uniformly in n.

Applying Lemma 5.1 in the reasoning the proof of Theorem 1 (Sect. 15 in Lifshits [26]) we get the version of
this theorem with M; = M, which does not depend on n. Therefore (5.3) holds. By (5.2, 5.3), we can apply
to the realizations of random processes generated by corresponding Bayes a priori measures the arguments of
the proof of Theorem 2.1 and get the lower bounds in Theorems 2.2, 2.3 and 3.2 as corollaries of Theorem 4.1
in Brown and Low [4] and Theorems 2.1, 2.7 in Nussbaum [27] respectively. This completes the proof of lower
bounds in Theorems 2.2, 2.3 and 3.2.

Proof of Theorem 2.2. Upper bound. The estimates are akin to (4.1-4.24).

Denote
1 n
gh(t) = E z;Kh(t - xnz)S(xnz)
and
1 n
gon(t) = - z; Ky (t — ni)So(Tni).
=
We write

To(Y) = Iin + lon + I3n (5.8)
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with
1
Bin = [ (00, (6) = gon, (0P,
0
Irn = / < ZKhn — Tpi) (Yni — S(xnz))) (9n (t) = gon,, (£))r(t)dt,
2
Iy, = / < ZKhn — 2i) (Yoi — S(xm))) r(t)dt.
Observe that I3,, does not depend on S.
We write
I3y = I31n + I32n (5.9)
where
Tyt = Z / (K, ( — i) (Vs — S (ans))) ()t
2
ISQn == ﬁ Z (Ynz - S(xnz))( nj xn] / Kh xnz Kh ( Inj)r(t)dt
1<i<j<n
Denote t,; = 2n+1 forall 1 <¢<n.
We have
1 n
E(I31,) = — Z (Zni / K} (t — zpi)r(t)dt. (5.10)
We have
|E(Is1n) — dn(hn)| < Rp1 + Rn2 (5.11)
where, by (2.4),
tn,it1
Rn1 = (2 / dt/ |KR (t—zn;) — Ki (t—H '(s)) |ds
tn,it1
< Z)\Q o / ds/ POt K, (¢ — i) — K, (6 — H(s) |
nh tni 0
C n Lo it 1 . ) 1/2
< n—hn;/tm (/0 (Khn(t—xm)—Khn (t—H (s))) dt) ds
C < [lmie C 1
_— (1+7v)/2 - - _ -
m— Z_;/t s ds < T 0 <nhi/2> (5.12)
and
tn,it1 C
Roy, = — N (zn) — N2(H )|d / K; (t—-H t)dt < =o(n7th;Y?). (513
: Z/ N2 (o) = N e)ds [ K, (= 7))t < e —o (w7, %) (5.13)
By (5.11-5.13), we get
|B(Es1n) = dn(h)| = 0 (n™h;72). (5.14)
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Using a similar technique as in the estimation of addendum denoted Iy, in Hall [16], we get
Var(l31,) = O(n™1). (5.15)

Using the same reasoning and estimates as in analysis of I, in Hall [16], we get the following lemma:

Lemma 5.2. The distributions of I32, are asymptotically normal and
E(I32,) =0, Var(Ise,) = n " 2h, c?(1+o(1)). (5.16)

We have
E(Iz,) = 0. (5.17)
Arguing similarly to (4.10), we get

Vor(Tzn) = 25 332 Go) [ 10t [ 615K, (= ) 5 = ), ) = g0 (1), 5) g, ()

o\ 1/2
n 1
< il / (Z (@) [ 706 s = 205K, (0= 220) a0, (8) = o, <t>>>
(5.18)
Since .
Cn
Z (Tpi)7 b, (t — i) (8)Kp, (5 — i) < e
if |t — s| < 2h,, and Dy (t,s) =0 if |t — 8| > 2hy,, we get
1 t4+2hn 2\ /2
Var(Lao) < Co 212 | [t ([ lgn, (s) = o, (5)ds
0 t—2h,
t+2h, 1/2 C
<Con il / ath [ (o)~ gon, (95 ) < T (5.19)
t—2hy, n

Now the upper bound in Theorem 2.2 follows from Lemma 5.2 and (5.8, 5.9, 5.14-5.17, 5.19) together. This
completes the proof of Theorem 2.2.

Proof of Theorem 3.2. Upper bound. We follow to the same arguments as in the proof of Theorem 3.1.
Let F € Spp, (©) be a true c.d.f. Denote 6y = 6(F).
We have

/O 1 Kn (t — s)d (Fn(s) _F (s 9n)) = gin, (t) + gon, (t) + & (1) (5.20)

with
()= [ Kot = $)A(F(s) — F(s,00),

o, 0= [ B0 =90 (6.0 F (5.6,))
-/ K (t - ) (Bals) — F(5).
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Hence we get
T(anFén) = Iip + Iop + I3p + Iin + Iy + Isp (521)

with I, ..., Is, defined by (4.3-4.5) respectively with e = n.
Since F' € Syp,, (0) then (4.6) holds.
Similarly to (4.8) we get

Is, < C|0,, — 0o (5.22)
We have
E(I4,) = 0. (5.23)

By Schwartz inequality, we get

B(t) =n” [ 1 / g (6)gam, () (1) (1) ( / Ko (1 — ), (12— $)AF(s)
[ Kt = 9 6) [ K - aF(s))
<n”! /O1 dF(s) (/01 K, (t = s)r(t)gin, (t)dt)2
<nt /OldF(s)/OlK,%n (t — s)dt/01r2(t)g%hn (t)dt < Cn = h ' T, (F, Fp,). (5.24)

We get
Iy < IP12. (5.25)

n

Arguing similarly to (4.13-4.20), we get
Isn = Op (n’lh%’lﬂ’)p) . (5.26)

It remains to study the asymptotic behaviour of Ig,.

Denote
2

o?(h,F) =2 /01 r2(z)dz /_22 du [/_11 K(2)K(z+u)dF(z — zh)]

Forall1 <i<n,1<j<n denote

1,06 6) = [ (K030 = [ 8, 0= 946 (020~ [ Ko 0= 9)ar(6)) it

We have
Isn = I61n + Lo2n (5.27)

where

I =202 > Hu(Xi, X)),

1<i<j<n

Ison =172 Ho(X;, X;).
j=1
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It follows from (2.13) and (2.14) that
1l
E(lgan) =n! / / Kp (t—z)dF(z)r(t)dt (1 +o (h;ﬂ))

*1/ / K? (t — x)r(z)dF(z)dt (1 +o (h}/Q))
=n"lh; / £)dF(t / K2(2)dz (1+o(h1/2)) = en (1+o(h,1/2)).
By straightforward calculations, we get
Var(Is2,) = O (n_sh,_f) )
By (2.13), we get

sup
hp<t<l—h,

/ Ko (t — s)r(s)ds r(t)} < Ch.

Hence, using (2.12) and Schwartz inequality, we get

/ 1 r(t)(dF(t) — dF(t,00))| < ChS, + ChE* +
0

1—hnp
/0 Ky, (t — s)r(s)ds(dF(t) — dF(t, 90))‘

1 1—h,
< ChS, + Chi* + / r(s)ds / K, (s —t)(dF(t) — dF(t,0))
0 h

n

—3/2—w

Therefore, using n~'h, —0asn— oo and I, > en~'hy /% we get

(A (s foo) = €nl < O~ 0 002 4 0 (0705 2) = o(Tin).
By the same arguments, using E2, E3, we get
o (s fo0) = (B, £5 )| < O™ i T2 (Ey L oo < On 0 — O] = op(Iin).

By Lemma 3 in Hall [17],
E(Ie1,) = 0,

7t/hn
nhVarIsln = / dt/ r(t + uhy) [/ K(2)K(z 4 u)dF(t — zhy)
—t/hn

2

~ {/1 K(2)dF(t - zhn)} {/1 K (2)AF(t + uhy — zhn)}] du(1 + o(1))

2

1, hyt=t/hn [ 1 By
= 5/0 re(t)dt /_t/h [/_1 K(2)K(z+ u)dF(t —zhn)} du(1+4o0(1)) = id (hn, F)(1 + o(1)).

(5.28)

(5.29)

< ChS + Chi + O

(5.30)

(5.31)

(5.32)

(5.33)
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By B1, we get

a*(h, Fp,) — o (f90)2/01r2 dt/ du<</ K(2)K(z +u)fp,(t — zh)dz )
(

- /11K( VK (z +u)d > feo())+0()

2

<2 1r2 dt/ du/ K(2)K (2 + )| fo, (t — zh) — fo, (t)|dz

0

x / K(2)K (2 + ) (fo, (t — 2h) + fo,(£))dz + O(h)

<C’h"/ dt/ du/ K(2)K(z 4+ u)|z|"dz

% /_1 K(2)K (2 +u)(fo,(t — 2h) + fo,(t))dz 4+ O(h) < Ch". (5.34)
By E1, we have
%UQ(hn,F) - %UQ(hn,Fgo) - /O r2(t)dt/_2du/_1K(zl)K(zl Fu)d(F(t = 21hn) — Foy(t— 21h))
2
« / K (22)K (22 + W)d(F(t — 22hn) + Foy (t — 22hn)) + O(hn)
with

Jin 7/ dm/ / Ko(z1 — 29) K(z1)d(F(x — z1hy) — Fy, (x — 21hy))

X K (z2)d(F(x — zohy) — Fp,(x — 22hy,)) < Cli,, = CT,(F, Fy,), (5.36)
Jan = 2/ dx/ / Ko(z1 — 22) X K(21)d(F(x — z1hy) — Foo(x — 21hp)) K (22)dFy, (x — 22hy) + O(hy,).
(5.37)

Since the operator K> j is nonnegative, by Shwartz inequality, we get

Jon < 2/01 2 (x)dz (/_11 /_22 Ka(z1 — 22) K (21)d(F (z — z1hn) — Fy(z — 21ha))

X K(zo)d(F(x — z2hy,) — Fy,(x — Zth)))l/Q
1/2

y </11 /22 K21 — 2) K (21)dFo, (2 — 21hn) K (22)dFy, (2 — Zth)) +O(h)
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IN
Q

(/01 r(z)de /_11 /_22 Ka(z1 = 22) K (20)d(F(x = 21hn) = Foo(x = 21h0))

x K(22)d(F(z — 23hn) — Fy, (z — 22hy))) ">

N

1/2

1 1 2
</o r (x)dm[l [2 Ko(z1 — 29)K(2z1)dFy, (x — z1hn) K (22)d Fy, (x — zzhn)> + O(hy)
7"21' x 2021 — 2 Z1 r — 21Np) — o\ L — Z1Mn
gc(o (2)d //K( D) K (2)A(F(x — 21hy) — Foy (3 — 21hn)
x K(22)d(F(z — 22hn) — Foo (z — 22h0)))? < CTY2(F, Fy, ) + O(hy). (5.38)

By (5.35-5.38), we get
62(hn, F) = 02 (hn, Fy,)| < CIin + CI1/* + O(hy). (5.39)

Arguing similarly and using E2, E3, we get

0% (hn, Fy ) — 0 (hn, Fy,)| = Op (Im + I},/f) +O(hy) (5.40)
as n — oo.
We have
B(Kn, F) < A1y + Aon + Asp + Aan (5.41)
with

—T, (Fn? F90) +d, (hna f@o) < *man_lh,,_ll/QO' (hn, Fgo) +0 <0n1117<2n—1/2h;1/4 + cnn_lh;1/2)) 7
T (F"’ Feo) —TIn (F"’ Fén) < Cn[llr/anfl/Qh;lM) = Pp (IQn + I3 + I5n < cnlllfn’l/Qh;l/‘l) ,
|dn (hru fao) — dn (h,h fén) | > cnn—lh}l/2> :

02 (s By, ) = 02 (s Foy) | > €2
By (5.22, 5.25, 5.26) and (5.31, 5.40) respectively, there exists ¢, — 0 as n — oo such that

Aoy, =0(1), Asn=o0(1), As,=o0(1). (5.42)
By Chebyshov inequality, using (5.41, 5.42) and (5.28, 5.30), we get

B(Kn, F) = A1 +0(1) = PF(*Tn(FmFGo) + dn(hn, Fo,) + Tn(F, Foy ) (1 +0(1))
< —zon” o (hn, Foy) + Tn(F, Fa,)(1+ 0(1))) + o(1)
Varp (T (E,, Fy,))

7 . (5.43)
(T (F, Fpy)(1 + 0(1)) — zan=thy2(h, Fy, ))?

<

By (5.24, 5.27, 5.29, 5.33) together, we get

Varp (Tn (Fn Fgo)) < Varp(Inp) + 2Var(Ig,) < Cn = hi'Ti, + O (n~2hY) | (5.44)
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By (2.1, 5.43, 5.44) together, for any sequence of c.d.f. F,,

B(Kn, F,) — 0 (5.45)
e o 1/2
if nhy! “T,(F, Fp,) — 00 as n — oo.
Denote I'c = {F : nh,ll/2Tn(F, Fy,) < C}.
By (5.39, 5.40) together, we have
o2 (b, F)(1 4 0(1)) = 02 (f;, ) (1+0(1) (5.46)

uniformly in F' € T'c.
The estimates in the proof of Lemma 3 in Hall [17] are uniform w.r.t. F' € I'c. Therefore the distributions of

21610 (J(fén)nhrlﬂ)’l converges to the standard normal one uniformly w.r.t. F' € I'c. Hence, using (5.21-5.31,
5.41, 5.42, 5.45, 5.46), we get (3.1). This completes the proof of Theorem 3.2.

Remark 5.1. The corresponding version of (5.20) for the test statistics 7},(F},) does not contain the adden-
dum I32,. Therefore, in the analysis of asymptotic behaviour of T, (F},) we do not need to estimate F(I32,).
This allows to simplify the definition of sets of alternatives and to prove the statement of Remark 2.4.
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