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POSITIVITY OF THE DENSITY FOR THE STOCHASTIC WAVE EQUATION
IN TWO SPATIAL DIMENSIONS * **

MIREILLE CHALEYAT-MAUREL! AND MARTA SANZ-SOLE! 2

Abstract. We consider the random vector u(t,z) = (u(t,z1),...,u(t,zq)), where t > 0, x1,...,Z4
are distinct points of R? and u denotes the stochastic process solution to a stochastic wave equation
driven by a noise white in time and correlated in space. In a recent paper by Millet and Sanz—Solé [10],
sufficient conditions are given ensuring existence and smoothness of density for u(¢,z). We study here
the positivity of such density. Using techniques developped in [1] (see also [9]) based on Analysis on
an abstract Wiener space, we characterize the set of points y € R? where the density is positive and
we prove that, under suitable assumptions, this set is R?.
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1. INTRODUCTION

Consider the stochastic wave equation with two-dimensional spatial variable

<%A> u(t,z) = o(u(t,x)) F(dt,dz) + b(u(t,z)),

U(O,l‘) = UO(Z)a (11)

ou
E(Ov l‘) - 'UO(:C)

(t,x) € [0, o[ xR2.

The coefficients o and b are C* functions with bounded derivatives of any order ¢ > 1. The noise F(t,x)
is supposed to be a martingale measure (in the sense given by Walsh in [16]) obtained as the extension of a
centered Gaussian field {F(y), ¢ € D(R; x R?)} with covariance

E(F(p) F(¥)) =/]R dt/R2 01:6/IRz dy o(t,2) f(lz —yl) ¥(t,y). (1.2)
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Assume that f : Ry — Ry is continuous on |0, co[. Moreover, we suppose that the measure I'(dz) = f(z)dx
on R? is a nonnegative tempered distribution. The initial conditions ug, vy, are real functions satisfying some
conditions that will be determined later.
We give a meaning to the formal expression (1.2) using its mild formulation, as follows. Let H be the
completion of the inner-product space of measurable functions ¢ : R* — R such that [o, dz [5. dy |o(z)| f(|lz—
yl) le(y)] < oo, endowed with the inner product (¢, w = f]R2 dz fR2 dy ¢(z) f(lz — y|)¥(y). Denote by

ej,j > 0} a CONS of functions of H. Then {W;(t) = 2 €j F(ds,dz), j > 0} is a sequence of
J 0 Rz € (
independent standard Brownian motions.

Let S(t,x), (t,z) € [0,00[xR?, be the fundamental solution of (8152 —A)g = 0. That is,

1 —1/2
S(t,w) = 5= (£ = ") 7 Lai<ry

Set
0
X0(ta) = [ St =) wl) vt g ([ St =) ualo) ).

By a solution of equation (1.2) we mean a stochastic process {u(t, z), (t,z) € Ry x R?} satisfying

u(t,z) = XO(t,z —|—Z / — s, T —x) o(u(s,*)), ej(*)>H W;(ds)
320 (1.3)

+/O . S(t—s, x—y) b(u(s,y)) dsdy.

In [10] we studied the existence and uniqueness of solution of (1.3) (see also [4]). We also addressed the
smoothness of u(t, ), at a fixed point (t,2) € Ry x R?, in the sense of Malliavin Calculus, and the existence
and smoothness of density for the probability law on R? of

u(t,z) == (u(t, 1)y .. u(t, :cd)),

with ¢ > 0 and 1, ...,z distinct points of R?.
This last result has been obtained under the following set of assumptions

(i) there exist a1 > as > 0 such that 2(1 + a2)(a1 — a2) < a2 < a1 < 2, positive constants C; and Cy such
that for ¢ € [0, 7],

t
Cit* < / y fly) In (1 + 5) dy < Cot?;
0

(i) up : R? — R is of class C!, bounded, with as/2(1 + az)-Hélder continuous partial derivatives, vp : R? — R
and there exists g €]4, +00] such that |vg| + |Vug| € L% (R?);

(iii) o and b are C*° with bounded derivatives of any order ¢ > 1;

(iv) there exists a > 0 such that ‘0 (t,z;))| >a, forany j=1,...,d, as.

These conditions are satisfied for instance by the function f(z) =27%, 0 < a < 2, with a; = a3 =2 — a.
In Millet and Morien in [8] there is a slight improvement of the previous result. These authors show that in
the above-quoted set of hypothesis, assumptions (i) and (ii) can be replaced by the weaker ones:

(i) there exist 0 < ag < a; < 2 such that 2(a; — a2) < ag A 1, positive constant C; such that for ¢ € [0, 7],

Cit" < /o yf(y) In (1 + 5) dy (1.4)
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and
/0+ yl_‘“f(y) dy < oc; (1.5)

(ii") ug : R? — R is of class C!, bounded, with %(ag A 1)-Hélder continuous partial derivatives, Vug € L (R?)
for some q; > 2; vy : R?2 — R belongs to L% (R?) for some gy € [4 \ %, oo].
Recently, in [6] a related problem has been studied. The results apply in particular to equations like (1.2) driven
by a centered Gaussian noise with covariance given by

BF() FW) = [t [ T(da)(p(s..) #(5,)) @), (16)

where I' is a non-negative, non-negative definite tempered measure, the symbol * means the convolution and

Y(s,x) = (s, —z). Notice that if I'(dx) = f(|x|)dz then (1.6) reduces to (1.2). It is proved that for d = 1 the
following set of assumptions yield the existence and smoothness of density for the law of u(t, z), with ¢ > 0 and
x € R?: the preceding condition (iii)
(iv’) there exists C' > 0 such that inf{|o(2)|,z € R} > C;

(v) there exists n € (0, 2) such that

p(dg) ~
L e < .7

where p is the spectral measure of T'.
In the particular case I'(dx) = f(|x|)dz the above condition (1.7) implies property (1.5) of (i’) with ay =
2(1—n) € (3,2) (see for instance [5,15]).
Denote by p; . (y) the density of u(t,z) at y € R%. The purpose of this paper is to prove the next statement.

)

Theorem 1. Assume that the conditions (i’, 4’, iii) and (iv’) hold. Suppose in addition that the functional

Heh) = [ ar [ du @) sl =sl) 6. o0 € DED), (18)

is positive. Then, for any y € RY, Di.(y) is stricly positive.

In the remaining of this section we give a brief description of the method we have used to approach this
problem.
Let T > 0 be fixed. The reproducing kernel Hilbert space of the Gaussian process {(W;(t));>0, t € [0,T]}

is the set Hr of functions h : [0,7] — RY such that 250 fOT|h]-(s)|2 ds < oco. For any h € Hrp, let
{®"(t,z), (t,z) € [0,T] x R?} be the solution of

O (t,z) = XO(t,z) + Z/o (S(t—s,x—x) o(®"(s, %)), ej(¥)),, j(s) ds
320 (1.9)

t -8, T — hig s
Jr/0 /]R2 S ’ y) b(@ ( ,y)) ds dy.

This process is called the skeleton of {u(t,z), (t,z) € [0,7] x R?}. The function h € Hy — ®"(t,x) € R is
Fréchet differentiable (see the Appendix). Set ®"(¢,z) = (®"(¢,21),...,®"(t,24)). Denote by ygn(; z) the d x d
matrix whose entries are <D<I>h(t,:£i), D@h(t,:ﬂj)>HT,i,j =1,...,d, where D means the Fréchet derivative
operator. It is called the deterministic Malliavin matrix.
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Then we proceed in two steps:

Step 1. Assume (i, ii’, iii) and (iv). We prove the equivalence between the next two properties on y € R%: (a)
pre(y) >0 and (b) there exists h € Hy such that ®"(t,z) =y and det ygn (s > 0.

Step 2. Suppose (i’, ii’, iii) and (iv’). Then, if the functional J(¢,) defined in (1.8) is positive, any y € R¢
satisfies (b).

For diffusion processes satisfying some non-degeneracy requirements the equivalence between the analogue of
properties (a, b) above has been proved in [3].

A characterization of the points of positive density, analogous to the equivalence between (a) and (b), for
functionals defined in an abstract Wiener space has been developed in [1] and then applied to diffusions.

A similar general setting, more close to the ideas of [3], has been presented in [14]. These abstract formulations
allow to analyze many interesting examples in the infinite dimensional case, like solutions of stochastic partial
differential equations (see, for instance [2,9]).

We achieve the goal quoted in Step 1 proving first a weaker (localized) version of the criterium given in [14].
Step 2 requires to solve an inverse problem and also requires a careful analysis of the matrix ygn (s 4). The
positivity of the functional J(p,1) is used in the study of the first question, the second one is carried out by
exploiting assumption (i’).

The programme of the paper is as follows. In Section 2 we precise the tools used in the above-mentioned
Step 1. For the proof of (b) = (a) we use Proposition 4.2.2 in [14]. The proof of (a) = (b) needs the weaker
version of Proposition 4.2.1 in [14] stated as Proposition 2. Section 3 is devoted to complete Step 1. We give an
approximation result on a class of evolution equations which includes (1.3) and (1.9). This ensures the validity
of the hypothesis needed to apply the criterium established in Section 2; but it has its own interest. Finally, we
devote Section 4 to the proof of Step 2.

2. POINTS OF POSITIVE DENSITY OF FUNCTIONALS DEFINED
ON AN ABSTRACT WIENER SPACE

We devote this section to set up the method of the proof of the first step of Theorem 1 in Section 1. We
follow the approach of [14]; however some modifications are needed.

For the sake of understanding we start by giving some basic notions and facts on Malliavin Calculus and
refer the reader to [13,14] for a complete presentation of this topic.

Let (Q, H, P) be an abstract Wiener space. For any h € H we denote be W (h) the It6—Wiener integral.
Let S be the class of cylindrical Wiener functionals, that is, the set of random vectors of the form

F=fW(h),...,W(hy)), (2.1)

with f € Cp°(R"), hi,...,h, € H. For F as in (2.1) the Malliavin derivative is the H-valued random variable
defined by

DF = zn: gai- (W(h1),...,W(hy)) hi.

For any integer £ > 1 and any real number p € [1,00) we define D** as the completion of S with respect to the
norm

1/p
1Fllep = | E(FI) + > E(ID Fle;)
j=1
Suppose that F' = (F!,..., F?%) is a random vector whose components belong to D!'2. The Malliavin matrix of

F is the d x d matrix with entries (DF*, DF7) . i,j=1,...,d; it is denoted by v.

H’
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Set D™ = Ny p DkP. A random vector F' is nondegenerate if F' € D> (R?), that means, all the components
of F belong to D*°, and moreover det(ygr)~! > 0. It is well-known that the law of a nondegenerate random
vector has a C* density with respect to the Lebesgue measure.

Let ® : H — R? be Fréchet differentiable. By analogy with the random case we define Yo(n) as the matrix
with entries (D®(h), D®I(h)) ,,,

For any y € R? we consider the following properties:

i,7=1,...,d; it is called (after Bismut) the deterministic Malliavin matrix.
(A) the density p of the random vector F is strictly positive at y;

(B) there exists h € H with ®(h) =y and det yg ) > 0.
For elements hy,...,hqg € H, z € R% set h = (hy,...,hq) and define

d
(T.W)(h) =W (h)+ Y 2z (hh;),, heH.
Jj=1

Moreover, for p € [1,00), k > 0, set

RﬁykmF:/ (D F) (T.W)|[ e d2
{lz|<1}

We next quote Proposition 4.2.2 of [14].

Proposition 1. Let F' be a nondegenerate random vector, ® : H — R be a Fréchet continuously differentiable
mapping. Fiz h € H and assume that there exists a sequence of measurable, absolutely continuous transforma-

tions T : Q — Q, n >0, such that, for every e >0, k=0,1,2,3 and some p > d,
lim P{|FoT,’;—<1>(h)| >g} =0, (2.2)
n—oo
lim P {[[(DF) o T — (D®)(W)]| s > <} =0, (2.3)
n—oo
Jim sup P { (Rpwny.ip F) o TE > M} = 0. (2.4)

Then (B) implies (A).
In order to set up the conditions ensuring (A) = (B) we need a localized version of Proposition 4.2.1
n [14]. In fact, the Wiener functional u(¢, z) does not satisfy the convergence assumption needed to apply this
proposition. A particular localization on € is required. This leads to a convergence in probability on D (R?).
Let (H,)n>1 be an increasing sequence of finite dimensional subspaces of H such that U, >1 H,, is dense in
H. Let W™ : Q — H,, be a sequence of random variables belonging to D°°. We introduce a localizing sequence,
as follows. Let

Ay ={w: IV @)IE <7Cm)}, neN, e (0,00),
where {C'(n), n > 1} is an increasing sequence such that

lim P((A7)7) =0,

n—oo

for some 7y > 0.
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Let U7 : Ry — [0,1] be a C* function with bounded derivatives of any order, such that

1, if
Vigy=4 T (2.5)
0, if x> 2~.

Set GV (w) = \Iﬂ(%) Notice that
]1A7L <GV < ]IA?,[*' (2.6)
Assume that G7™ € D*° uniformly in n. That means, for all integer £ > 1 and p € [1, 00),

sup ||GV"|kp < +00. (2.7)
n>1

Proposition 2. Let F: Q — R? be a nondegenerate random vector, ® : H — R? be infinitely Fréchet differen-
tiable such that

(H1) ®(W") € D>*(RY), for any n > 1, and

n—oo

lim B(|[D*(@(W") = F) |70 14 ) =0,
forany k>1, p€[l,00), ¥> 0.
Then, for each y € RY, (A) implies (B).

Proof. The arguments are similar to those of Proposition 4.2.1 [14] (see also [3] and [1]) with an additional
ingredient of localization.
Let f be any continuous positive function with compact support [a°, b°] containing y; then

c:=E(f(F)) >0.

Fix v > 70, € €]0, c[; let ng € N be such that IP’((A;VI)C> < 77z for any n > ng. Then, 0 < E(f(F)) <

E(f(F)]lA7L> +¢ and consequently, E(f(F)]le) > 0, for any n > ng. Therefore (2.6) implies that E(f(F) G’”L)

> 0 for v > 79, n > nyg.

For every M > 1, let apr € Cg°(R) be such that 0 < apy < 1, ap(z) = 0 if |z < ﬁ and ay(z) =
1if |z| > % Since F' is nondegenerate we have that limp; .y ap(det vp) = 1, as.  Consequently,

0 < IE(f(F) G%") = limMHJrOOE(f(F) G apr(det "}/F)) and there exists a positive integer M such that

E( F(F) G ap(det 7)) > 0.
We want to prove that for v > o

nlu;r_loo ‘E((f(F) anr(det yr) — f(PW™) anr(det yoarny)) G””I) =0. (2.8)
This will imply the existence of a positive integer ng such that
E(f(@(wn)) Gy (det fyq)(wn))) >0, (2.9)

for any n > ng. Let f(z1,...,74) :fﬁl---f;,df(ul,...,ud)dul...dud, a® = (af,...,dY).
d

ay
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The integration by parts formula of the Malliavin Calculus implies that
T, = E[(F(F) ans(det yr) = F@IV™) any(det vaqny)) G
= E[f(F)H{l VVVVV d}(F7 G’Y’"aM(det 'YF))

— f(@W™)Hp, ay (P(W™), GV ™ apy(det ’Y@(W")))}a

where, for any multiindex o = (ay,...,ax) € {1,...,d}*, H, are random variables defined recursively as
follows. If U is a nondegenerate functional and V' € D> then H;y (U, V) = 2?21 5(V(’y[}1)ijDUj) and

Ho(U,V) = Hiapy (U, Hea,oooan 3 (U, V))7 where ¢ is the adjoint operator of D which is, as D, a local operator.

d is also called the Skorohod integral.
Since G =0 on (A27)°,

H, a4 (F7 G%nOCM(det’YF)) =Ny Hpa, . ay (F, G7"opy(det ’YF))

and

His, oy (®OV"), 67" ans (et yown) ) = Ty Hr,ay (®F™), G ang (det v ).
Consequently |T,,| < T} + T2 with
T = [E((F(F) = F@W™) Ly His,.ay (F, G (det ) ) |
and
T2 — ‘E(f((l)(W”))) 1,z [H{lwd} (F, G oy (det vr))
—Hy, ay (‘I’(W")v G an (det ’Y‘P(W"))” ‘
Let us first check that lim,, 4 o T} = 0. Indeed, T} < T}! x T}2 where

Tt = (E(F(F) - f(@(W”)M”ﬂAav))w

T2 — HH F,G" apy (det H
n (1,...ay (F, GV apg(det yp)) o)

with © + 2 = 1.
Assumption (H1) implies that

T 71,1 : ny|p p
i T < fl lim (E(F - oW™)P1)) " =o0.

Moreover, sup,, T2 < + oco. Indeed, Proposition 3.2.2 in [14] yields:

1% < Clq, d) (' i IF I 167 o (det vl )

for some positive real numbers k, a,c,a’,¢’,a” > 1 and positive integers b, b'.



96 M. CHALEYAT-MAUREL AND M. SANZ-SOLE
The properties on G7*™ imply that sup,, T2 < + oco. We now prove that lim, . - 7> = 0. For any p > 1,
T2 < |flloe B [y [Hir, oy (F, G ans (det r))
—Hp oy (@(W"), GV"apr(det ’)/q)(Wn)))i| ‘
The LP-inequalities for the Skorohod integral yield

T2 < CA)| o B[z (7 = 8™, + 67" (@ar (det 7)) — anr(det yawn)

e’,r’)

)

for some r,7” > 1, e,e’ € N (see [12] for the one dimensional case).

Thus lim,,_, 7> = 0. This finishes the proof of (2.8) and therefore that of (2.9).

Next we consider a function Sk : R — [0,1], C*, such that Sk (z) = 1if |z| < K and Ok (z) = 0if |[z] < K+1.
Since |[W™||% is finite a.s., it is clear that for any fixed n > 1, Bk (||W"||%) converges to 1 a.s. as K — oo.

Notice that since the functions f and aj; are positive and the random variable G7°™ is positive and bounded
by 1, the inequality (2.9) implies that for any n > ng,

E(f(cp(wn)) ans(det %(Wn))) > 0. (2.10)
Thus, for any fixed n > ng there exists Ky(n) such that for any K > Ky(n),
E(/(@(W™)) anr(det vaqwn) B (IW" %)) > 0. (2.11)

This yields, for any K > Ky(n) and any € > 0

1
]P’(|<I>(W") —y| <e, |det voawn| > 7 W% < K + 1) > 0. (2.12)
Indeed, otherwise, if for some K > Ky(n) and some € > 0
1
P(Jo(W™) —y| <=, |det yaqya| = . IW"H < K +1) =0, (2.13)

one could find a function f bounded, positive and continuous such that y € supp f and
E(f(@(W™))ans (det yaaw) B (W 13)) =0, (2.14)

lgecause]l“det o 2} = o (det g wn)) and Ugywn 2, <1y 2 Br (||W™]|%). This contradicts (2.11). Let
k = Ko(n) + 1. Then from (2.12) we can find a sequence of elements h,, € H, such that for any m > 1,
2 —
|®(hm) = y| < &, Al <k and |det Yo, > 77-
The compactness of bounded and closed sets in H,, implies that we can select a subsequence converging to
some element h € H which verifies ®(h) =y and |det vg(,)| > 0. That means (B) holds. O

In this article we shall apply the preceding results to the following particular case. Fix any T > 0. Consider
a sequence {W;(t), t € [0,T1}, j > 0, of standard Wiener processes and let (2, Hr, P) be the associated Wiener
space. That means 2 = C([0,T]; RY), Hr is the Hilbert space L2([0,T]; RY) and P is the Wiener measure
on Q. The random vector F will be u(t,z) = (u(t,z1),...,u(t,zq)), the solution to the wave equation (1.3)
at different points (¢,z1),..., (t,74) of [0,T] x R% The functional ® : H — R< will be the skeleton ®"(¢,z) =
(®"(t,21),...,®"(t,24)) defined in (1.9).

Let us precise which are the sequences (T1),>0 and (W™),>¢ in the above Propositions 1 and 2.
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For any fixed n € N we denote by A; the interval [iL, (14—2#) and write W;(A;) for the increment
(+1)T iT
W5 (F5m) = Wi (5%)-

Let W™ = (Wj” =/ Wf(s)ds, j € N) be as in [11], that is, WJ” =0if j>mn and, for 0 < j <mn,

on

. 2" T Wi (A1) 1a,(t), if te 27T, T
WJn(t): ; J( % 1) Aq,( )7 1 G[ ’ ]7

0, if tel0,27"7).

Notice that for each n € N, (W]n, 0<5< n) belongs to the finite dimensional subspace of Hr generated by
{Q”T_1 In,, 1=1,...,2" — 1}. We identify (Wj", 0<j< n) with an element of Hp by putting Wj" =0 for
j>n.

For any h € Hr define

TH(w) = <W]- - W+ /O hj(s)ds, j > 0> : (2.15)

Girsanov’s theorem yields that P o (TJZ) “«p
Finally, the localizing sequence AY, n > 1 of Proposition 2 is defined as follows. Fix v > 2T¢n2, ¢t € [0,T7;
then

A0 = {IW o gl < ym*2'7 '} (2.16)

Clearly the sets A} () decrease in t and increase in . Moreover,

lim P (A}(T)°) =0. (2.17)
n—oo
Indeed,
n 2"-—1
P(ANT)) <303 P(IWH(A)[? > yn27™)
7j=1 i=0
<n2"P(17) 2 AT ) < e (- 1)
Anz 2T
< »y—%n%T% exp (fn % — log2)> ,

where Z is a standard Gaussian random variable. Thus (2.17) holds true.
A simple computation shows that for any 0 <t <t' < T, p € [2,00) and [¢,t'] C A; for some 4,

E(|[W ™y o [1%, < n?. (2.18)
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In fact,
n 5
E(W™ 1pmlly,) = E Z 22T (Wy(Ai-1))(t — )
n 5
<2PTP(t— ) EE
j:l
<n®
Let
. N [ e 2
G (w) =y W =y n ZZWJ(AZ_I) s (219)
j=1i=1

n > 1, where U7 is given by (2.5). This sequence satisfies property (2.7). Indeed, this can be proved by direct
computations, as follows.

Let k € N and fix a set B, = {o; = (r4,;) € Ry x N, i =1,...k}. Let @ = (aq,...,ax) and denote by P,
the set of partitions of By counsisting of m disjoint subsets p1,...,pm, m =1,...,k; set |p;| = card p;. Let Y be
any random variable in D*2, k > 1, g be a real C* function with bounded derivatives up to order k. Leibniz’s
rule for Malliavin’s derivatives yields

k m
=> > emg™ ) [[ DF'Y, (2.20)
m=1 P, i=1

with some positive coefficients ¢,,, m = 1,...,k, ¢; = 1. We want to apply this formula to ¢ = ¥7 and
Y =n~2 2?21 Zfll W;(A;—1)?, n > 1. Notice that these random variables have null components on the n-th
Wiener chaos for n > 3. Hence, it suffices to prove (2.7) for £k = 0,1,2 and p € [1,00). For these values of k,
the order of the derivatives in the right hand-side of (2.20) are clearly less or equal to 2.

For k = 0, the result is obvious, since U7 is bounded by 1. Set

n 2"
i S WA
j=1i=1
then, D, ;F, =0,if j >n and for j <n
on

—n7222W i—1 ]]‘Az 1( )

Furthermore, D(T1 i)(ra, ]2)F =0, if j1 > nor j; <n but j; # js and, for j; = jo < n,

277/
D(2T1,j1)(T2,j2)F" =n"? Z 2n, , (r1)la,, (r2).
=1
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Applying Holder’s inequality it is easy to check that

P
2

Z/ dr|Der| §0n7%p2p(7%+1)-

JjEN

Moreover, a direct computation shows that

Wl

E( > / drl/ dra|D},, ) (ra gy Ful® | < Cnm2P2r(0 50,
J1,j2 €N

Thus, for any p € [1,00) and k = 0,1, 2, we have that sup,, || Fy||x,, < co. Then, by means of (2.20) we complete
the proof of (2.7) for the sequence of random variables defined in (2.19).

3. APPROXIMATION IN PROBABILITY IN [D®°.
CHARACTERIZATION OF POINTS OF POSITIVE DENSITY

In this section we present an approximation result for a class of evolution equations which include as particular
cases (1.3) and (1.9). This general setting allows to check the validity of the assumptions of Propositions 1
and 2 for the Wiener functional F = u(t, z).

Let A,B,G,b: R — R, h € Hy. Consider the evolution equations

Xoha) = XO(ta) +2 / S(t — 5,2 — %) A(Xa(5,9)), €5 () Wy(ds)

+(S(t — s,x — *) B(Xn(s, *)),ej(*)>Han(s)ds
H(S(E = 8,2 = ) G (Xals, ), () (s)ds }

+/ S(ﬁ—s,av—y)b(Xn(s,y))dsdy7 (3.1)
o Jr2

X(t,z) = O(t, ) +Z/ S(t—s,x— %) (A+ B)(X(s,%)),e;(*))n W;(ds)
H(S(t— s, — %) G(X(s,%)), e;(%))n hj(s)ds}
/ . S(t—s,x—y)b(X(s,y))dsdy. (3.2)

The existence and uniqueness of solution for equations (3.1) and (3.2) have been addressed in [11]. Notice that
the processes X,, and X depend on h € Hr.
We introduce the following set of assumptions (see (1.5) and (ii’) in Sect. 1).
There exists By €]0,2[ such that
(C1) f0+ r1=Fo f(r)dr < +oo;
(C2) up : R* — R is of class C*, bounded, with 1 (3y A 1)-Holder continuous partial derivatives, Vug € L% (R?)
for some q; > 2; vy : R? — R belongs to L% (R?) for some gy €4 V %, oal;
(C3) the coeflicients A, B, G, b of equation (3.1) (and (3.2)) are C* functions with bounded derivatives of any
order k£ > 1.
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Conditions (C1-C3) ensure that the trajectories of the solution of (1.3) are 8-Hélder continuous in (¢, ) for
B < 1(BoA1) (see Th. 2.2 in [8] and Prop. 1.4 in [10]).

For any separable Hilbert space E we denote by Hz(E) the Hilbert space of functions g : [0,7] — EN such
that 3°,- fOT lg;(s)||2 ds < oo. Notice that Hy(R) = Hyp. In this section we will deal with E = R? and E = H,
where ‘H has been defined in the introduction.

We now state the main technical result of this section. We shall see later in Theorem 3 that by a particular
choice of the coefficients A, B, G of equations (3.1) and (3.2), the next Theorem 2 allows to complete the first
step of our programme.

Theorem 2. Assume (C1-C3). Then, for anyp € (1,00), k € Zy, v > 2T {n2 and every compact set K C R?,

Jim sup - sup B(ID* (X0 (t2) = X(0.2)) I, oo Lazn) =0 53)

where, for k =0, D° = Id and || - | 7 (Rayeo is the Euclidean norm in R?. Moreover, the convergence in (3.3)
s uniform in h on bounded sets of Hrp.

This theorem provides an extension of Proposition 2.3 in [11], where the convergence stated in (3.3) has
been proved in the LP norm. Actually, in this proposition the localizing sequence is given by A)(t) =
{supogjgn SUPg< i< (janir—1)—1)+ W5 (D) < 727/2 nl/Q}, which is included in A7 (t) and also satisfies
lim,, .00 P((A2(T))¢) = 0 (see Lem. 2.1 in [11]). However looking carefully at the proof we realize that only two
facts concerning the localization are needed: (a) E(||[W" (% 143 ) < CnP27 and (b) E([Wry, g%y @) <
CnP. Here we have used the following notation: for any n > 1, ¢ € [0,T], we set ¢, = max{k27"T; k =
1,...,2" —1: k27T < t}, t, = (t, — 27 "T) V 0. Property (a) is clearly true with A} (¢) instead of A).(t), by
the very definition of AY(¢). Property (b) is a trivial consequence of (2.18).

The proof in the D> convergence consists in a quite long and tricky exercise with almost no new ideas. For
this reason we do not give a detailed proof. Instead, we draw an outline and also state the technical lemmas
which are needed. With these ingredients we provide the readers interested in a complete proof with the main
guidelines to check by themselves this extension.

Let us introduce some additional notation.

X, (t,x) = XO(t,x) + Z/o ' {(S(t — 5,0 — %) A(Xn(s, %)), e;(*))r W;(ds)

>0
+(S(t — s,z — %) B(Xn(s, *)),ej(*)>H Wf(s)ds

(3.4)
T {S(t = 5, = %) G(Xn(s,%)) € (1) hy(s)ds}
+/O ' /}R2 St —s,x—vy) b(Xn(s,y)) ds dy,
X~ (t,x) = X (t,z) + Z/O ' {(S(t — s,z —x)(A+ B)(X(s,%)), e;(*))x W;(ds)
j=0
(t—s,0— %) G(X(s,%)), e (%)) n hj(s)ds} (35)

+ (S
tn

—|—/ S(t—s,x—y)b(X(s,y))dsdy.
0 Jr2

Notice that, although it is not explicit in the notation, X~ depends on n.
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In Section 2 of [10] we have proved that, if G = 0, X(t,z) € D>, for any t € [0,T], = € R?. A slight

modification of the proof allows to establish the same result for G satisfying the assumptions of Theorem 2 as
well as for X, (¢, z), X,, (t,z) and X (¢, x), respectively. Moreover, for any k € Z; and p € [1, 00),

sup ||DkX(t,x)||Lp(Q.H®k) < 00. (3.6)
(t,z)€[0,T] xR2 s HY

We also need the explicit form of the evolution equations satisfied by the Malliavin derivatives of these processes.
To this end we consider the chain rule given in (2.20). Let Ay(g,Y) = DX (g(Y)) — ¢'(Y) DEY and A(g,Y)
be the stochastic process with components A, (g,Y). For any r1,--- ,r, € R we define \/, r; = max(ry,--- ,7)
and for a; = (r4,7;) € Ry x Ny & = (@1, .oy o1, Qg1 oy Q).

Then, following the proof of Theorem 2.2 in [10], we obtain

k
DEX,(t,x) = Z(S(t — T, @ — %) DE:I(A(Xn(ri, %)), €5, (%)) x

i=1

—I—Z/ <S(t_3,l‘_*) Aa(A;Xn(Sa*))vej(*»H WJ(ds)

7207V

+Z/ t*S 1’**) DZ;I(B(Xn(S;*)))aejl(*)>7'l

+Z / (52 4) Bl Xa(5,9)) (4 hy(s) s

/ S(t— 5,2 — y) Au (b Xa(s,y)) ds dy

[0 s ) A (Kl 20) DEXa, ), ) W5 09
+Z/ (S(t — 5,2 — %) B'(Xp(s, %)) DE X (s, %), € ()2 WI(5) ds
3 [ 80 s )G (X, ) DEX, )56y 5)

t
+/ S(t —s,2 —y) V' (Xn(s,y)) Di Xn(s,y) dsdy (3.7)
\Vri JR2
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and similarly,

DiX(t,x) = Z(S(t—7%30—*)Dg:l((AJrB)(X(?“ia*))%eji(*)m
+ / (S(t—s,2—%)A (A—i—B X(s *)) (%)) W;(ds)
7207V ri

+Z/ S(t—s,2 — %) Ao (G, X(5,%)), e;(*)) hj(s)ds

5207V

/ S(t—s,x—y)Aa(b, X(s,y))dsdy
V'r7 R2

+ Z/ S(t—s,x—x)(A+ B) (X(s,*)) DY X (s,%), ej ()2 W;(ds)

7>0 VT’

+Z/\/7‘7<S(t s,x—*)G/(X(s,*)) D’;X(Sv*)’ e;(%))3¢ hy(s)ds

Jj=0

t
+/ S(t— s,z —y) V' (X (s,9)) D& X(s,y) ds dy, (3.8)
\Vri JR2

in the case where \/r; < t. Otherwise, DX X,,(t,x) = DEX(¢,z) = 0.

The equations satisfied by DX X (¢, x) (resp. DX X ~(t,x)) are obtained substituting in (3.7) (resp. in (3.8))
the upper bound in the integral by ¢, and multiplying the first term of the right hand-side of (3.7) (resp.
of (3.8)) by 1j,,)(rs)-

Outline of the proof of Theorem 2. We shall apply induction on k& and assume that d = 1. The proof for d > 1
is analogous. For k = 0, the convergence (3.3) has been proved in Proposition 2.3 of [11].
Set

where

X Z 2" T~ 1a,,(ri) 1a,(s)ds — (S(t — ri,x — *)DE(B(X (ri, ),

5.0},
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Vil (t o) = Z/ <S(t — 5,0 — %) [Au(G, Xy (5,%)) — An(G, X (5,%))], ej(*)>H

707V
x hj(s)ds,
Vialta) = [ [ 8= 50— ) (Ba(b X, (50)) = Ba(bX(5,0))
\V ri JR2
x dsdy,
me:Z/ (S(t — 5,2 — )G (Xa (5, %)) DE Xo(s,%) — G'(X(s,2))
j>07 Vi
X DE X (s, )], (), hj(s) ds,
Wﬁua»:/“l/fw=swfyMWXAawﬂﬁXm&m—voa&wﬂmX@w>
Vri JR2
x dsdy,
Wmmzz/ (St 5,2 — $)Aal(A, Xa(s, %)), ¢(x)), W;(ds)
j>07 Vi
S(t— s, — %) Ag(B, Xn(s, %)), ej(* Wj"sds
DL 8B, Xa(5,9)), €5(5)) W 9
72/ (S(t = 5,2 — ) Aa(A+ B, X (s,4)), 5 (+)),, Wj(ds),
207V
wwmzz/<W—waMMWMWme@wmmw>
207V
- [ S(t —s,x —*)B' (X, (s, %)) DX X,.(s,%), ej(x)),, WP(s)ds
-zﬁ4”<< VB! (X (5, ) D X (s, %), €5()),, W(s)
- Z/ (S(t— s, —)(A+ B) (X (s,%)) DF X (s, %), ej(*)>H W;(ds).
j>07Vri

Let UP(t2) = B(IV (6 2)P 0 Tagn) i = 1.8
We have to prove that ’

lim  sup UJ(t,z) =0, (3.9)

/o0 (¢ x)eKT

for any p=1,2,3,4,7, and

t
Uy(t,z) < C/ sup. E(HD’“(XR(u,:c) = X (u, )% o 1A;(u)) ds, (3.10)
Vi (wz)EKS T

for p=5,6,8, where K!, = [0,t] x {z € R? : ||z]| < m}, t € [0,T] and m € N, and we are assuming that (3.3)
holds up to the order of derivation k — 1. This can be done using the same ideas as in the proof of the above
mentioned Proposition 2.3 in [11] taking into account the results given in the next Lemmas 1 to 3. Basically, the
proof of (3.9) for p = 1,2, 3,4 follows easily from the induction hypothesis, the proof for p = 2 uses Lemma 3
and induction; the proof of (3.10) for p = 5,6 uses the boundedness and Lipschitz properties of the coefficients.
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Notice that the structure of U} (t,z) for p = 7,8 is similar. These terms are the most difficult to study. However
the ideas used in Proposition 2.3 in [11] can be adapted using the additional ingredient of induction for the term
corresponding to p = 7. Once (3.9) and (3.10) have been established, the proof of the theorem is completed by
means of a Gronwall-type argument.

The next statements correspond to the appropriate extensions of Lemmas 2.2-2.4 in [11], they are proved by
induction on the derivative order k. The third one is related with the result stated in Proposition 2.2 in [11], we
give a complete proof of it; as a by-product of this lemma we obtain Holder continuity in time of the Malliavin
derivative process D*X (t,z),t > 0.

Lemma 1. We assume the hypothesis of Theorem 2. Then, for any ¢ > 0, k € Z4, p € [1,00), every integer
n>1land0< B <ByAl,

sup  sup [IDR(X(tx) — X (1,0)) | qumer, < C27E
|\h||HT§c(t,z)e[O,T]x]R2

Lemma 2. We suppose that the assumptions of Theorem 2 are satisfied. For any k € Zy,p € [1,00),7 >
2T ¢n2, ¢ > 0, every integer n > 1 and 0 < 8 < Gy A 1,

sup sup HDk(Xn(ta T) — X,:(t,:c)) 1A7,,(t) ||L:D(Q~H®k)
||hHHT§c (t,z)€[0, T xR2? T

— _ k
<Cn2™™ <1+(t’z) SS‘}]XWHD (Xn(t,2)) 1A7,,(t)HLP(Q;H§?k)>a

sup sup sup D () + X, 14y . < 00. 3.11
1Al Sen>1 (t,m)G[O,T]XR2H ) (t:2)) Lazolloomz (3.11)

Consequently,

— Lﬁ
sup sup HDk(Xn(t,x) - X, (¢ x)) Laz HLp Q.HE) <Cn27"
I~y <c (t,z)€[0,T]xR2

Lemma 3. We assume the hypothesis of Theorem 2. Then, for any ¢ > 0, p € [1,00),0 <t < ¢ < T,
k€Zy,ac(0,5(8 A1), we have

sup || DF(X(t, ) = Xt 0)|| o qupery, < C =1 (3.12)
Ikl sy <e T

Proof. Fix 0 <t <t <T, v €R?sety(tt,o;sy) =St—sz—y)—St —s,x—1y),(s,y) €[0,T] x R2.
Notice that (s,y,2) — y(t,t',2;5,9)f(|ly — 2|)v(t, ', z; 5, 2) defines a density on [0,7] x R? x R2.
We first prove (3.12) for k = 0. For any fixed p € [1,00) we set

E(|X(t,z) - X(t',2)]") <C 24: i(t, 1 x)
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with

p

)

Ry(t,t';z) = | XO(t,z) — X°(t', @)

Ro(t,t'; ) =E< Z/O (vt ¥, 255, %) (A + B)(X (s, %)), €j(x)),, Wj(ds) )

Rga,t';x)E(Z / (Yt 235, 5%) G(X (5,%)), €5 ()5, By (s) ds )
j=0

Rt t'sw) < C {llvo g, [¢ =t/ PG5 4 ¢ — 1/ | BV |,

T
R4(t,t’;x)=E</ y(t, ', x;5,y) b(X (s,y) ds dy
0

In the proof of Proposition 1.4 in [10] we have established that

where % + qio = 1 and we have used (C2). The restriction on go yields, for o € (0, % (8o A 1)),
Ri(t,t;2) < C |t —t"|*P. (3.13)

Burkholder’s inequality, then Fubini’s theorem and finally Holder’s inequality with respect to the measure whose
density has been described at the begining of the proof, yield

Ry(t,t';2) < Oyt —t', 5, sup  E(|(A+ B)(X(s,2))[").

p
*)Hp([o,T];H) (s,z)€[0,T]xR2

In [11], Lemma 2.5 (see the proof of (2.42) with x = Z), it is proved that
H'Y(ta t'x,, *)H;([O,T];H) < pgp—¢ + e —t + Q(Mt,t'—t ﬂt,t’—t)1/27
with pig p, fir,r, are defined in (A.2, A.3), respectively. The bound (A.5) yields
Ro(t,t';2) < C(|t —t'|*P), (3.14)
with a € (0, 1(8o A 1)).

The same bound is obtained for the remaining terms R;(¢,t'; z), i = 3,4, following similar ideas.
The proof for any integer £ > 1 is completed using induction on k. O

We continue by setting the additional ingredients needed in the application of Proposition 1 in our example.

Lemma 4. Let z = (z1,...,24). For any integer k >0 and any h € Hr set

y d
Pt 2) (w) = Dru(t,z) | W — W™ +/ (h +2 uD ‘Ph(t,fci)) (s)ds |,

0 i=1

where D denotes the Fréchet derivative operator. Then, for any p > 1,

1. P k,h,z t, p d >M :0.
Jimsup { [t )l s }
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Proof. Fix ¢ > 0. By property (2.17) there exists ng € N such that for any n > ng and v > 2T /n 2, P(Ajl(t)c)
< e. Then, Chebychev’s inequality yields, for any n > ng,

1
P IS D= > M <ok s B(15 (42l L )
|z]<1 M |z|<1 T

Thus, it suffices to check that

s E<”pmz (t,2) 1A7L(t)) <0< . (3.15)

The equation satisfied by D¥u(t, z), (t,x) € [0,T] x R2, is obtained from equation (3.8) with A = G =0, B = 0.
Set Wmhz =W — W+ [ (h+ Zle z; D ®"(t,2;))(s)ds; then, each component of the d-dimensional random
0

vector pf{h’g(t, z) satisfies the following equation, where for simplicity we have omitted the index of the variable x:

-

Prai(te) = (D5 (o(ulri, =) (W™2) S(t—risa = %), e, (%)

t St —s,2—x%)As(o,u W”hz,ej* W;(ds
3, s ) Ba(ovuls, ) (742), () Wy(ds)
t S(t—s,x— %) Ag(o,u(s, * W”’h’i,ej* hj(s
2, ) Bl uls, ) (779), (61 (g5
d
~Wj'(s) + Z zi Dy, ; q)h(t,xl)) ds
+/ S(t—s,2 —y) Aalb, u(s,y)) (W™h2)dsdy
V,ri JR?
t S(t—s,x— ) o' (pOM=(s, khzs* W;(ds
2, )0 (B2(5, ) (s, %), (<)) W)
t S(t—s,x — %) o’ (p2M2(s, %)) phhz(s %), e; h;(s
2, ) (05, (s, 4), 4o (o)

=1
t
b [ St s ) Vs, ) A v) sy, (3.16)
r; JR2
Notice that, by the chain rule (2.20)
B k—1 m
D(I;l—l (U (u(s,x))) (Wmh z\ Z Z em J 0 h, z H \é),zo\qh z
m=1 Pp, Jj=1
where if o = (au,...,ax), P, is the set of partitions of the set {(ay,...,qi 1,41 ...ax) € (Ry x N)F~11
consisting of m disjoint subsets p1,...,pm, m=1,...,k — 1. Moreover, for g = 0, b,

Aa(g, uls, ) (W™2) = Dy (g (u(s, 2))) (W™"2) — g (0% (s, 2)) pri(s, ).
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Therefore equation (3.16) has the same structure than equation (3.7) with h; replaced by h; + Zle z D.,;
®"(t,2;). We point out in the Appendix that, for any a > 0, (t,2) € [0,T] x R?, SUD||1)| 51, <a |D ®"(t, )| m,
< C < 0o0. Thus, Lemma 2 (see (3.11)) shows (3.15) and completes this proof. O

Remark 1. Consider the transformation defined in (2.15), T!(w) = (Wj—WJn—i—f hj(s)ds);>o0, h € Hy. Using
0

the notation introduced in Lemma 4 we have that u(t,z) (T) = p?{h’g(t,m) and Du(t,z) (Th) = pk’h’g(t,m).

Hence (3.16) yields

Pt x) = (S(t =1z =) a(py"(r %)), (%))
#30 [ 8 = 50— ) (00, 4), P (51 enl)
k>0 7T

) {Wp(ds) — W7 (s) ds + hi(s)ds}

t
+/ St—s,x—y) b (p%"0s,y)) pr0(s,y) dsdy,
r JR2

with a = (r,5) € [0,T] x N.

Then, Theorem 2 with k£ = 1 and the coefficients A = —B = G = ¢ yields

lim sup sup B([(Du(t,w)o T = DO (t2) %, o) Laze) =0 (3.17)
n—00 0<t<T zekd Hr(R%) Y

We conclude this section by completing Step 1 of our programme, as has been described in Section 1. Recall
that p; . (y) denotes the density of the random vector (u(t,x1),...,u(t,zq4)) at y € R%

Theorem 3. We assume
(i) there exist 0 < a2 < a1 < 2 such that 2(a1 — a2) < az A1, and a positive constant Cy such that for
a t —a

e (0,7), Crtv < [y fu) tn (14 £)dy and o, 4= f(y)dy < oo;

(ii") ug : R? — R is of class C*, bounded, with % (ag A 1)-Hélder continuous partial derivatives, Vug € L9 (R?)
for some q1 > 2; vg : R?2 — R belongs to L1 (R?) for some qo € }4 \Y, %7 00} ;

(iii) the coefficients o and b are C*° functions with bounded derivatives of any order i > 1;

(iv) there ezists a > 0 such that |o(u(t,x;))| > a, for any j =1,....d, a.s.

Then the next two statements on y € R? are equivalent: (a) pyy (y) > 0 and (b) there exists h € Hy such that
®"(t,z) = y and det Yor(t,z) > 0.

Proof. First we establish (b) = (a). With this purpose, we apply Proposition 1 to F' = (u(t, 1)y .. ,u(t,:cd)).
Let v, = uo T with T}* defined by (2.15). The process {v,(t,z), (t,x) € [0,T] x R?} satisfies the equation
t
Un(ta T) = Xo(tvx) + Z/ <S(t - 5T = *) U(U"(Sa *)) 7ej(*)>H {Wj (dS)
72070

7an(5)d5+h]’(5)d5}+/0 /}R2 St — s,z —y)bvn(s,y)) ds dy,
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which is a particular case of equation (3.1) with A = —B = G = o. For this choice of coefficients, equation (3.2)
coincides with that satisfied by the skeleton ®"(¢, ) (see (1.9)). Then, Theorem 2 yields

tim  sup sup B(|[(uo TH)(t.2) — B 2)* Luyr)) = 0.
n—00 0<t<T peKd

for any p € (1,00), v > 2T ¢n 2 and every compact set K C R2. By (2.17) this ensures condition (2.2).
The validity of (2.3) follows from (3.17) and (2.17). Finally (2.4) has been proved in Lemma 4.
Let us now check (a) = (b). Consider the process defined by the evolution equation

un(t,r) = Xtz —l—Z/ (t — s, — %) o(un(s,*)), e;(x )>HW"( )ds

7>0
t
+// St —s,x—vy) b(un(s,y))dsdy.
0 JR2

This is a particular case of equation (3.1) with A = G = 0, B = 0. Moreover, the process {un(t,z), (¢, )
€ [0,7] x R?} coincides with the skeleton {®V"(¢,2), (t,z) € [0,T] x R?}; with this choice of coefficients,
equation (3.2) coincides with (1.3). Theorem 2 shows that the assumptions of Proposition 2 are satisfied with
®(h) = ®"(t,z), F = u(t,z) and the localizing sequence (A7 (t)),en defined in (2.16). This completes de proof
of the theorem. g

4. POSITIVITY OF THE DENSITY

The purpose of this section is to analize under which conditions property (b) of Theorem 3 is satisfied for
any y € R?, that is, the density p; . (y) is strictly positive everywhere.

)

Theorem 4. Suppose that the assumptions (i’, i’ iii) of Theorem 3 are satisfied. Moreover, we assume

(iv’) {inf |o(2)|,z € R} > C, for some constant C' > 0;
(v) the covariance functional J defined in (1.8) is positive.

Then, for any y € R? there exists h € Hr such that ®"(t,z) = y and det Yor (t,z) > 0.

Proof. The nondegeneracy of the matrix ygn (4 5 has been established in Proposition 3 of the Appendix. Hence

it only remains to prove that each y € R? can be reached, with an appropriate choice of h € Hyp, through the
skeleton.
Set y = (y1,...,yq) and let A1,..., Ag € R satisfying the linear system

— XOt, z¢) ZAz AR e=1,....d,

where ,ygé ={(S({t— -z —x), St—-,xp— *)>L2([O T]:H)-
Let k(s,2) = 2%, A S(t — 8,2 — 2), K = Joo f(ly — 2]) k(s,2)dz, s € [0,T], z,y € R% Notice that
k € L*([0,T); H) and by Schwarz’s inequahty

T
/ ds/ dy |K(s,y)| St — s,z —y) < oc. (4.1)
0 R?
For any 7 € [0,7T], = € R?, set

T,T) = OTZ' TS S T—8,%— . .
p(ra) = X0(ra) + [ a5 [y K(s) St =) (42)
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By construction, p(t,xz¢) =y, £=1,...,d.
Let ) be the linear space consisting of functions H : [0, T] x R? — R such that fOT ds [o. dy |H(s,y)| S(t—
s,x —y) < co. Consider the linear operator
T =L%[0,T;H) — Y
h — / f(y = z|) h(s,2)dz.
R2

Hypothesis (v) ensures that 7 admits an inverse operator 7 ~!. Indeed, 0 is not an eigenvalue of 7.
Set

Ho(s,y) = — {b(so(s, y)) - K(s,y)} 0(@(5,9))717 (s,y) € [0, T] x R?. (4.3)

It is not difficult to check that Hy € ). Therefore
Ho(s.9) = [ {1y #1) ha(s, )=
R

for some ho € L*([0, T); H). Let hj(s) = (ho(s, *),e;(*))2, j > 0. Then (h}, j > 0) € Hy.
Substituting the function K = Hy given by (4.3) in (4.2) we conclude that ®" = ¢, by uniqueness of solution,
and consequently ®"°(t,2y) =y, £ =1,...,d, as we wanted to prove. O

5. APPENDIX

Let S(t,x), (t,x) € [0,00[x R? be the fundamental solution of the stochastic wave equation. We start this
section by quoting some notations and results concerning S that have been proved in [10] and [8] and used along
the proofs.

For any t € [0,T], h > 0, set

dz dy, (A1)

1 1
J(t) = - y|)———
© /|y|<|a-|<t V2 =[x fle=y) V2= yl?

0= [ as [ ar [ ays.onse-asisn =3 [ 6

t2

L/tdS/ 2
mJo  Jujcs /2 =22 2

ion = / ds / ay /| B — S(s+ b)) £y — #) (A.2)
x [S(s,2) = S(s+h z)}

uth—/ ds/ / dz S(s+h,y)f(ly — 2]|)S(s + h, 2). (A.3)
<|ly|<s+h s<|z|<s+h
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Assume that f satisfies the assumption (C1) of Section 3; then Lemma A.1 in [10] implies
J(t) < CtP, ut) < CtP*L te0,T), B < fo. (A.4)
Moreover, for h small enough and 0 < § < By A 1,
fie,h + fien < Ch° (A.5)

(see Lem. A.5 in [10] and [8], Rem. A.6).
For fixed distinct points z1,...,zq € R?, set

Ys = <<S(t — Ty — *), S(t — ~7l‘j — *)>L2([O’T];H))1§i,j§d.

The next lemma provides one of the ingredients in the proofs of Section 4.

Lemma 5. Assume that there exist constants C1 > 0 and a1 € (0,2) such that for t € [0,T],

¢ t
Ct“lg/ n(1+ =)dy.
1 Oyf(y) ( y)y

Then, det~vys > 0.

Proof. Tt suffices to prove that for any v = (vy,...,vq) € R, |Ju| =1,

> 0.

t d 2
[(s,0) :=v"ygv = / drH Zvi S(t—r,xz; — %)
0 i=1 "
Let € € (0,t) to be determined later. Then I'(s,v) > I} — |I3| with
d t
I = Z / 02 ||S(t — 7,2 — *)||3, dr = u(e),
i=1 Vi€

I

d t

Z / v; v (St —r,m;—x*), S(t—r,x; — %))y dr.
=1 t—e
i£]

Lemma A.1 [10] together with the assumption of the lemma yield I; > Ce® Tt

Let m = inf{|x; — x|, i # j}, M = sup{|z; — x|, i # j}. Then, if 4e < m, for any y € R?, |y — ;| <¢, 2z €
R?, |z — ;] < e, we have 2 < |y — z| < 2e + M. Therefore sup{f(|ly — 2|), |y —zi| < e, |z — x| <e} < C.
Then

/t (S(t—r,z; —x*), S(t—r,x;— %))y dr

t

2 b
C’/ dr(/ S(tfr,:cfy)dy) <C &
t—e lz—y|<t—r

Since a1 + 1 < 3, taking ¢ small enough we obtain I; — |I2] > 0. O

—€
t
= d?‘/ dy/ dt St —r,zi —y) f(ly—=z|) St —r,x; —2)
—€ |z —y|<t—r |z;—z|<t—r
t

IN
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Fix (t,x) € [0, T] x R? and assume (1.5) and the hypotheses (ii’, iii) of Theorem 3. Then the map h € Hy —
®"(t,z) is infinitely Fréchet differentiable. For any integer k > 1, the k-th order Fréchet derivative D¥®" (¢, x)
satifies a differentiable equation like (3.8) with A = —B = G = ¢. In particular, for k£ = 1.

Dm@h(t,x) = <S(t7 rx — ) o(P(r, %)), e;(* )>H

+ Z/ ds{S(t—s,x—*)o "(®" (s, %)) Dy ;®" (s, %), ek(*)>H hi(s)

k>0
+/ S(t—s, x—1y) V(" (s,y)) Drj ®"(s,y) dsdy,
o Jr2

if r <tand D, ;®"(t,x) =0, if t <.
It is easy to check that for any (¢,z) € [0,T] x R?,

sup HDCDh t,x HH <(C < .
bl zy <a

We now prove the nondegeneracy of the deterministic Malliavin matrix
vtw) = ((D®"(t,2;), D®"(t,z; ) :
Yare) = (D), DM (ta)m )

J

Proposition 3. Assume (i, ', iii) and (iv’). Then detyen () is strictly positive.

Proof. Set D, ; ®"(t,x) = ¢, ;(t,x) + ¥ ;(t, ), with ¢, ;(t,z) = (S(t — r,z — x) U(Q)h(r,*)), ej(*))n. Let
veRL |v] =1.
The triangle inequality yields

0o t d ~ 2 1
U*7¢h,(t7£)v = Z / dr ‘Z’Uz‘ an @h(t,xi) Z 5 Jl — JQ,
k=0 0 i=1
with
0o t d 2
J = Z / dr ‘Zvl ork(t,xi)|
k=0 Y1=Y i=1
0o t d 2
JQ = Z / dr ‘ZU’L wr,k(tami) )
k=0 Y1=Y i=1
€ (0,t) to be determined later.
Lower bound for J;: We write J; > % J11 — Ji2, where
2

)

J11—Z/ dr Zvl ( r:cz)<S(t—r,:cif*),ek(*)>H
JlQ_Z/ dr ZU’ t—r,xi—*)[a(@h(r,*))—a(@h(r,xi)”,ek(*))ﬂ

‘ 2
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Furthermore, J11 > J111 — |J112], with

oo t d
Ji = Z / dr ’Ui2 o2 (q)h(r, x1)> (S(t—r x; — %), ek(*)ﬁ@
k=0 V177 =1

) t d
J119 = Z / dr Z v; Uj O'(CI)h(’I“, xz)) O'(CI)h('r, IJ))
k=0 Y77

271]#:]1
X (St —ryxy —*),ex(x))n (S —r,z; —*),ex(*))n.

The lower bound assumption in (i’) and (iv’) yield
Ji1 > C "leral. (AG)

Parseval’s identity and the growth condition on o yield

2 t
|J112| < C sup <1+|<I>h(s,:£)|) / (S(t—r,z; —*),S({t—r,x; —*))p dr,
(5,2)€[0,T]xR2 iy

with i # j. Notice that sup(, ,)ep0,7]xr? |®"(t,x)| < C,
Therefore, as has been checked in the proof of Lemma 5,

|J112| < C ~3. (A7)
Then (A.6) and (A.7) yield
[Ji1] = C (v = 47). (A.8)

Following the same ideas as in the proof of Theorem 2.2 in [8] one can prove that sup,cjo

SUP|y_»|<¢ (|<I>h(t,y) — CIDh(t,z)|) < C &Y, with a e (0, 1 (a2 A 1)) Hence

t
J12 SC’YQQ Sup{/ <S(t—’l",$i—*), S(t—T,Ij _*)>H d?"; Z)J: 1aad}
t—y

S C 72a+1+a2 .

(A.9)

Consequently (A.8) and (A.9) imply

Jl Z C(,leral _ ’YB _ 72a+1+a2). (Alo)
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Upper bound for J,: By the definition of ¢, ; (¢, z) and Ja, we clearly have Jy < C(J21 + Ja2) with

=1

oo t d 00 t
Jn =Y / dr v} Z/ <S(t — 5,@; — *) a'(@h(s,*)) Dy j " (s, %),
k=0 Yt j=0""
2
e)(x)), hy(s) ds)
0o + d +
Jag = Z / dr Z v? </ ds/ dy S(t — s,z; — y) b'(@h(s,y)) D,k @h(s,y))
k=0 Yt=7 i—1 r R2
Schwarz’s inequality and Parseval’s identity ensure

00 d
J21 § CZ /t dr Z 1)1-2 /t
k=0 Yt=Y i=1 T

Then, applying Fubini’s theorem and Schwarz’s inequality this term is bounded by

o0 t
C <( sup > / [F22%° ¢>h(s7y)|%d7’) ()
t—y

5,y)E[t—,t]xR? |

2

2
ds.
H

’S(t —s,m; —*) 0 (@h(s, *)) Dy ®"(s,%)

Following the proof of Theorem 2.2 in [10] we obtain Jo; < C pu(y)2. Then, by (A.4),
Joq1 <C a2 tD)
Jensen’s inequality, Fubini’s theorem and similar arguments as those used to obtain (A.11) yield
Jop < C p(7) v(v) < C A¥Fee
Therefore, by (A.11, A.12)
Jy < C(,}/Q(aerl) +,.y3+a2).

Finally (A.10) and (A.13) yield

_ A2a+14az

U Yo (1,2)0 2 C(’y”‘“ -7 -7 — y3leth) — ’73“2)-

Set v = €%, § > 0, such that

d(1+a1)<1,30>1, 62a+1+a2)>1, 26(az+1)>1, §(3+az) >1,

113

(A.11)

(A.12)

(A.13)

(A.14)

where a € (0, 3 (a2 A 1)) and a1, ap satisfy the restrictions stated in (i’). It is easy to check that such a choice
is possible. Then, the right hand-side of (A.14) is strictly positive. This finishes the proof of the proposition.c]
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