ESAIM: Probability and Statistics January 2003, Vol. 7, 171-208
DOI: 10.1051/ps:2003001

PARTICLE APPROXIMATIONS OF LYAPUNOV EXPONENTS CONNECTED
TO SCHRODINGER OPERATORS AND FEYNMAN-KAC SEMIGROUPS

PIERRE DEL MORAL! AND L. MicLO!

Abstract. We present an interacting particle system methodology for the numerical solving of the
Lyapunov exponent of Feynman-Kac semigroups and for estimating the principal eigenvalue of
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These models are related to genetic algorithms and Moran type particle schemes. Their choice is not
unique. We will examine a class of models extending the hard obstacle model of K. Burdzy, R. Holyst
and P. March and including the Moran type scheme presented by the authors in a previous work. We
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INTRODUCTION

The aim of this work is the design of an interacting particle approach for the numerical estimation of the
Lyapunov exponent associated to Feynman—Kac type semigroups on some classical functional Banach spaces.
These important spectral quantities characterize decay properties and in some situations they coincide with the
principal eigenvalues of Schrédinger generators.

Except in some particular situations such as for the well known harmonic oscillator, explicit descriptions of
these quantities are generally not available and we have to resort to some kind of approximations. To motivate
this article and show the impact of the particle interpretations presented in this article we give next a brief
comparison with different existing “numerical” or “analytic” approximating strategies.

For instance the generator LY = L+ V can be treated as the perturbation of the operator L by a potential V.
In some situations the perturbation theory proposes analytic expansions of isolated eigenvalues (see for instance
Kato [12]).

Donsker and Varadhan have also presented in a series of papers (see for instance [9]) a theory of large
deviations which expresses the well known Raleigh—Ritz representation of the top eigenvalue of LY in terms of a
variational problem in distribution space. In some situations this optimization problem can be solved by using
for instance some kind of stochastic global search algorithm or specific Hilbert projection techniques.

Our strategy consists in expressing these spectral exponents in term of the fixed point of a suitably chosen
nonlinear dynamical system in distribution space. These key representations bring some new light on connections
between spectral theory of Schrodinger operators and nonlinear measure valued processes. There are also the
stepping stone of our methodology to produce interacting particle approximating models. To our knowledge the
particle Lyapunov approximating exponents described in this article have never been covered in the literature
on the subject.

A precise analytic or numerical comparison between particle interpretations with other numerical or analytical
methods such as the ones discussed above is an important open problem. The accuracy of these methods depends
on the nature of the state space and the form of the generator LY. Nevertheless we underline that the particle
Monte-Carlo strategy does not depend on the dimension of the state space nor on the linearity of the potential
function V. Another advantage is that it gives a natural microscopic particle interpretation of these spectral
quantities. Furthermore the theoretical uniform estimates presented in this article seem to indicate that these
novel particle interpretations will lead in a near future to new practical improvements in the numerical analysis
of Feynman—Kac Schrodinger semigroups.

We will present two different types of results:

First we relate the description of the Lyapunov exponent with the asymptotic stability of a nonlinear equation
in distribution space. We propose a precise description of the Lyapunov exponent in terms of a fixed point of
the corresponding evolution semigroup. We also give rather precise estimates of the decays to equilibrium
related to this fixed point representation. We mention that these nonlinear equations arise in various areas and
particularly in advanced signal processing and biology. The interesting reader is referred to [4] and references
therein.

In the second part of the paper we propose a novel particle strategy to approximate these Lyapunov exponents.

This approach has been influenced by the recent works of Burdzy et al. [1,2], Sznitman [14] and previous
works of the authors [4,6] and earlier joint work of one of the authors with Guionnet [3].

The first two referenced papers propose a Moran/Fleming—Viot approximation of the eigenvalues and eigen-
functions corresponding to the Laplacian with Dirichlet boundary condition on a domain of R%. As the authors
indicate, this study is intimately and essentially related to the properties of the underlying Brownian motion.
Furthermore the authors provide no precise rates of convergence. In [14] the author also pointed out the impor-
tance of the principal eigenvalue of the Dirichlet Laplacian in the study of the asymptotic behavior of a Brownian
particle in a random environment with Poissonnian obstacles. In the last three referenced articles [3,4,6] the
authors study a class of branching and interacting particle approximations of Feynman—Kac distribution flows
with discrete or continuous time index. These articles are essentially concerned around non linear filtering
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problems and they do not discuss the spectral analysis of Feynman—Kac semigroups and Schrodinger operators.
Some comments on applications to physics and biology can be found in [3].

These apparently distinct studies can be related one each other by first expressing the desired eigenvalue in
terms of the distribution of a killed Markov particle conditioned by non-extinction and then by applying an
interacting particle schemes to solve numerically the evolution of these conditional distributions. Heuristically
Dirichlet boundary conditions can also be related to killing at a given rate V' by considering the particle among
an environment with obstacles. In “soft obstacles” the particle is killed at a rate specified by a nonnegative and
“nice” potential V. In regions where the potential function is large the particle will more likely be killed. At
the opposite situation when the particle hits an “hard obstacle” it is instantly killed. Intuitively speaking this
corresponds to the singular situation where the potential is infinite on the boundary of the obstacle.

These results complement the ones obtained in [3,4,6] with providing a novel interpretation of the spectral
quantities of Schrodinger operators in terms of the limiting distributions of a non linear Feynman-Kac dis-
tribution flow. The class of particle approximating models presented here extend the one discussed in earlier
studies. In general this new model contains less randomness than the Moran particle model proposed in [6].
Furthermore, in some situations we will prove that the fluctuation covariance function of these new models
remains uniformly bounded with respect to the time parameter. In contrast, this will not be the case for the
Moran particle model introduced in [6], for which nontrivial variances converge to infinity as time increases. We
also mention that these novel particle interpretations extend the one of Burdzy et al. [1,2] to the soft obstacle
situation. We develop a strategy to study the asymptotic behavior of these approximating models in the spirit
of [3,4]. We provide precise uniform estimates yielding what seems to be the first results of this kind in the
literature on the subject.

0.1. Description of the models

In this study we consider a discrete or continuous time index set I = N or I = Ry and in general
we will use the subscript ¢ € Ry or n € N to distinguish the continuous and discrete time index. By
(Q, (Xt)ter, (Fo)ier, (Psz)zer) we denote a time homogeneous progressively measurable Markov process with

time index I taking values in a measurable space (F, &) and whose associated transition semigroup will be

designated by pi (P)ter (for a rigorous definition of this setting, see [7], where a detailed discussion of

the required properties is given). The latter operators are considered as acting in the Banach space By(E) of
bounded £-measurable functions f : E — R endowed with the supremum norm

[f1l = sup [ f(x)].
rek

We use the notation E,(.) for the expectation with respect to P,, and by P(E), the set of probability measures
on (E, &) with the total variation distance

I = vllew = sup [u(A) = v(A)] = % sup [p(f) = v(f)l
Aeg If11<1

where the supremum in the right hand side is over the class of f € By(FE) with || f|| < 1. As usual, for a finite
measure 4, a numerical function f, an integral operator K (z,dy) on F (and whenever they exist) we denote by
w(f), K(f), pK the number, the function and the finite measure defined respectively by

u(f) = / f(@) ude) . K(f)(x) = / K(r.dy) f(y), uK(dy) = / u(dz) K (z, dy).
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This study is concerned with Schrédinger and Feynman—Kac semigroups on the Banach space By(E) and
expressed in terms of the following path integral formulas, for any f € By(E), x € E and t,n € I,

R = B[00 e ([[Vixgas) | when 1R,

Pl(f)(z) = Eq

f(X,) exp (i V(Xp)) ] when [=N. (1)
p=0

Throughout this paper the above appearing potential function V is assumed to belong to By(E) and we write
osc(V) =sup{V(z) = V(y); (x,y) € E?} its oscillations. There exist several ways to extend these formulas to
more general potential, the interested reader is referred to the book of Sznitman [14] and Section X.11 in Reed
and Simon [13].

In discrete time settings P? is clearly the n-time iterate of the integral operator

Py (z,dy) = e"@ Py(z,dy).

In the continuous time case, using problems of martingales, it is possible to associate to the above Markov
process a natural notion of weak infinitesimal generator L acting on a subspace D(L) of By(E) (by an approach
similar to that of [7], but forgetting there the inhomogeneous time aspect). Then we can give a weak signification
(sufficient for our purposes) to the intuition that the generator of the semigroup P is the Schrédinger operator
defined by

VfeDL), LUf)=LH+VS €ByE).

We mention that the convergence estimates presented in this article are valid in the extended and general set-up
described in [7]. To clarify the presentation and underline the main ideas of our constructions we will work here
with the following heavier system of assumptions:

- D(L) is a sub-algebra of By(F) generating the underlying o-algebra £ and V' € D(L);
- for any ¢ > 0, the operators P, and P} leave D(L) invariant;
- L : D(L) — D(L) is an operator such that in the sense of the norm |||, we have

VfeD(L),  oP(f)=LIP(] = HBLf);

- for any time T > 0 and any function f € D(L), the following mapping is bounded
[0, 7] x E > (t,z) = L[(P/[f])*](x).

These regularity conditions are not really restrictive. For instance they are met for pure jump processes with
bounded rates and D(L) = By(E) as well as for Euclidean diffusions with regular and Lipschitzian coefficients,
by considering for D(L) the set of C* functions whose derivatives (and the function itself) are decreasing at
infinity faster than any polynomial.

We will rather refer to (D(L),L) as a pregenerator, as in general this operator will not be closed. The
advantage of this set of assumptions is that it enables to introduce the “carré du champ” in order to evaluate
the quadratic variations of the martingales which will appear. Nevertheless, these computations should only be
seen as a heuristic for the general case, as the method developed in [7] permits to dispense with the use of this
notion in studies of evolution of empirical measures (by resorting to their tensorizations).

Since the potential is bounded one finds that P? = (P )¢ is a collection of bounded operators on By(F)
with norm

121 = S 1B (NI = 112 (W (< exp (¢[V]]))
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where 1 stands for the unit function. The Lyapunov exponent Lyap(P?) € [0, +oc] of the semigroup P? on the
Banach space By(FE) is the quantity defined by sub-additive arguments as

Lyap(P") = lim [BY[V* = inf [PY]V".

In the discrete time case the Lyapunov exponent Lyap(P") coincides with the spectral radius of the one step
transition Py, that is

Spr(PY) = lim [IB[I"/".

It will be convenient to consider also the logarithmic Lyapunov exponent defined by

A(P?) = In[Lyap(P?)] eR.

In Section 1 we will discuss some links with the corresponding Ls-spectral quantities, in particular we will see
that they coincide under some mixing and symmetry assumption on the semigroup P.

0.2. Statement of some results

Our first result concerns the representation of the Lyapunov exponents in terms of the normalized Feynman—
Kac distribution flow n = (1;)ter defined by

ne(f) = v (f)/v(1), with  y:(f) = no P (f).

The choice of the initial distribution 1y € P(E) may vary. When 7y = J, sometimes we write ’y,fl') and ngx)

the corresponding measures. To describe these models it is convenient to introduce the nonlinear evolution
semigroup ® = (P;)scs associated to the flow 1, namely for s,t € I,

‘I)t(ﬂs) = Ns+t.

As mentioned in the introduction, the Lyapunov exponent will be expressed in terms of the fixed point of the
semigroup ®. But its existence and the possibility to approximate such a representation will depend on the
asymptotic stability properties of ®. We will use the following assumption:

(D) The semigroup ® is contractive in the sense that

[@:(1) = @ ()lev < (@) [lp = vlfev (2)

foranyt >ty >0, u,v € P(E) and some tg € I and ay(P) < 1. In addition, we assume that in discrete time
case,

(@) 3 (@) < 0

nzto

and in continuous time, that Ry 3t — a(®) is measurable and that

a(®@) < /Oo ay(®) dt < oo.

to
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Such a regularity property is difficult to check in practice. In [4,5] several sufficient conditions are proposed.
Nevertheless most of these conditions are related to a strong mixing condition, namely:

(P1) The probability measures Pi(x,.), © € E, are mutually absolutely continuous and for some ¢ > 0 we
have for all z,a’ € E, Py(2',-)-a.s. iny € E,

dPl(x, )

v ! E ——
T, T,y € ’ dP1(£C’,-)

(y) 2 €>0. (3)

Under (P7) condition (P) is met and the semigroup @ is exponentially contractive. In the further development
of Section 2.3 we will explicit the dependence of o (®) on the parameter ¢ and on the potential function V. We
mention that (P;) can be relaxed in some ways but we do not detail these extensions, this would be a too great
digression here. The interested reader is recommended to consult [4,5]. The abstract condition (®) guarantees
the existence of a unique fixed point 7., € P(E) such that for any t € I

D4 (100) = Moo-

We are now in position to state our representation of the Lyapunov exponents in terms of the fixed point 7., and
the mean time average of the flow 7;. The next two theorems give respectively the Feynman—Kac representation
of these exponents for discrete and continuous time semigroups.

Theorem 0.1 (discrete time). Suppose (®) holds for some to > 0 with an(®) € (0,1) for n > to. We have
AMP?) =Inns(exp V) and for any x € E and n > ty,

n |JAE(PY) = X\(PY)| < to ose(V) 4 2elVIlo(®) (4)
with
1 n—1
A2 (pY) = - Zlnnz(f)(exp V).
p=0

Suppose there exist a Pj-reversible probability measure p and a positive eigenfunction h, € By(E) such that
PP (hy) = eMP") by, then

Moo () = pu(ho Pr(f))/1(P)-

Theorem 0.2 (continuous time). Suppose (®) holds for some ty > 0 with ay(P) € (0,1) for t > to. We have
AMPY) = noo(V) and for any x € E and t > ¢

t AP (PY) — A(PY)| < to osc(V) + |[V]|c(@) (5)
with .
x v ]‘ €T
AP = 7 [ s

Suppose there exist a P-reversible probability measure p and a positive eigenfunction h, € D(LY) such that
LY(hy) = A(P") hy, then the fized point N is defined for any f € D(L") by

noo(f) = :u(hv f)/:u(hv)

Remark 0.3. When the state space is compact Feng and Kurtz also prove in [10] that this condition (P;) also
guarantees the existence of positive eigenfunctions as needed in Theorem 0.1 and Theorem 0.2.
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The interacting particle approximating models are defined in terms of a sequence of Markov processes £ =
(&)¢er on a product space EV and time index I. The particle models are chosen so that the corresponding

empirical measures
N
N _
= 2 O
i=1
converge in some sense, as N tends to infinity, to the desired distribution 7;. To define these interacting particle

interpretations we need to introduce the nonlinear dynamics of the flows n = (1:)ter.
In the discrete time case they are given by an equation in distribution space the form

N1 = MKy,

where (K;)pep(g) is a (non unique) collection of Markov transitions on E such that

0K, (f) =1 (" Pi(f))/n ().

The discrete generation particle model associated to a given collection of Markov transitions kK, is the EN-valued
Markov chain € = (&,)n>0 with elementary transitions

N N
o _ 1
P@HeM&:@:HBWM%@H wm.mm:NZFy
where dy = dy! x --- x dy” stands for an infinitesimal neighborhood of the point y = (y*,... ,y~) € EV,

x=(z',...,2N)e EN.
In the continuous time case the distribution flow 7, satisfies for any f € D(L) an equation of the type

() = m(Ly, (1)

for a (non unique) collection (L;),cpg) of pregenerators on D(L) such that

n(Ly(f)) = n(L(f)) +n(fV) = n(f)nV).

In this case the infinitesimal pregenerator of &; is defined for sufficiently regular test function as

N
L(p)(xt, ... zN) = ZL%)(x)cp(xl,... 2

i=1

where the superscript (7) indicates that we let L., (z) act on the i*? coordinate z;, for 1 < i < N.

In both discrete and continuous time situations we suppose the initial system consists of N independent
particles with common law 79. When 7y = 4, for some x € E we write sometimes nt(m’N) the empirical measures
associated to the corresponding systems.

As noticed the choice of the transitions K, and the pregenerators L, is not unique. The particle models we
have chosen to describe in the present work are related to selection/mutation genetic algorithms and Moran
particle systems. The precise description of these discrete and continuous time particle models will be given in
Section 3. An heuristic comparison between our interacting particle models and the one presented in [2] is given
in the end of Section 3.2.1. Although we do not come into the details we already mention that both particle
models can be regarded as the motion of N-particles in an environment with obstacles associated to a potential
function V. Our particle models corresponds to the “soft obstacles” situation and the one of Burdzy et al. is
related the boundary “hard obstacles” case.
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There are many ways to describe the quality of the N-particle approximating measures " including central
limit theorems, large deviations principles and empirical process convergence theorems (see for instance [4]).
Here the most convenient way to guarantee the quality of the particle Lyapunov exponent approximating model
is to obtain uniform estimates with respect to the time parameter. This task is extremely difficult and many
efforts have been made recently in this direction under the mixing condition (P1). The discrete time particle
model is known to converge to the desired distribution and uniform L, rates of natural fluctuation order 1/vN
have been obtained in [3,4].

In the continuous time case similar uniform L,-rates exist with an order N® with 1 < o« < 1/2. This
estimates have been proved in [4] for a particular Moran particle model. As announced previously we will
extend the analysis to a more general class of particle scheme including the soft obstacle version of the model
introduced by Burdzy et al. in [2]. It is still an open problem to extend the forthcoming estimates to hard
obstacle models. Although our approach does not depend on the form of underlying process X it strongly
depends on the boundedness of the potential function V. We believe these two models can be treated in a
similar fashion but we have not yet succeed to analyze “hard obstacles” with degenerate potentials with our
semigroup methodology.

Theorem 0.4 (discrete time). Suppose the semigroup P satisfies condition (P1) for some ¢ > 0. If we take
the particle approximating Lyapunov exponent

T v 1 = xr
&N (pry = EZlnné N (exp V)
q=0
then we have the unbias property
E(exp (nA{M) (PY))) = exp (nA[Y (P*))

and for any p > 1 we have the uniform estimate

stipl)IEH)\glr,N) (PY) — )\glz)(Pva]l/p < M\/%(E) (©)

for some universal constant b(p) which only depends on p and for some finite constant c,(g) depending on &
and V. In addition, if there exists a P-reversible probability measure p and a positive eigenfunction h, € By(E)
then for any f € By(E) with || f]| <1

sup VN E(nY () — ulhs Pr(5)/uh)P)” < 0. (7)
n>(In N)/(2¢2)

If we combine Theorem 0.1 with Theorem 0.4 we clearly obtain the following estimate

sup VN E[[A&N(PY) — A(PY)[P]VP < .
n>VN,z€E

Theorem 0.5 (continuous time). Let )\,Em’N)(P”) be the particle approximating Lyapunov exponent defined by
(z,N) 1t N
AP =5 [y s
0
then we have the unbias property

E(exp (tA"") (P?))) = exp (A (PY)).
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If the semigroup ® is exponentially stable then we have the uniform estimate

sup E(A™Y) (PY) = X7 (P) )12 < o/ NP2

for some universal constant ¢ < oo and some exponent 5 € (0,1] depending on V. In addition, if there exists
a P-reversible probability measure p and a positive eigenfunction h, € D(L") then for any f € By(E) with
I <1 we have

1/2

sup NP2 E(InN (f) — p(ho f)/u(ho)?) " < o0 (8)
t>dIn N

for some constant d depending on the potential V.

In the continuous time case Theorem 0.2 and Theorem 0.5 lead to the following estimate

sup N sup EH)\%’LNUBD(P”) — AP < 400
N>1 EASI)

where || stands for the integer part.

1. SPECTRAL INTERPRETATIONS

Our objective in this section is to discuss spectral aspects of the Lyapunov exponent, specially when some
properties of reversibility are available. The connection between Lyapunov exponents with the Lo, or Ly spectral
radii discussed in this section are probably well known. Nevertheless we have not find a precise reference in the
literature which connects precisely these quantities. For these reasons and for the convenience of the reader we
have chose to devote a short section on the spectral interpretations of these exponents. The forthcoming analysis
also underlines in a precise way various situations in which the particle approximating strategies developed in
this article apply.

First we undertake an abstract formulation. Let @ be a bounded operator on the Banach space (By(E), ||-||)
associated to a general underlying measurable space (E,£). We denote by || - || its operator norm and by
definition its spectral radius Spr(Q) is the quantity

def. . .
Spr(@) <l QUM = nf Q"

From now on, we will also assume that @ is non-negativity preserving, in the sense that if f € By(F) is a
nonnegative function, then the same is true for Q(f) (thus @ is almost a generalized Markov operator, only the
renormalisation property (1) = 1 is missing). This property permits to give an other characterization of the
spectral radius:

Lemma 1.1. Under the above setting, we have
Spr(Q) = lim |Q*(M)|Y™ = inf |Q™(1)|Y"
pr(Q) im (|Q™(1)] inf [|Q™(1)]"".
n— 00 n>1

Proof. Tt is sufficient to see that in fact, ||Q|| = ||Q(1)]| as the iterates @™, n € N*, verify the same conditions
as Q. The bound ||Q] > [|Q(1)|| is always satisfied, as ||1]| = 1, and for the reciproque, we take into account
the non-negativity preserving property, which shows that for any f € By(E),

QU < lfIY) =l/1Q)

and in the same manner that Q(f) > — || f|| @(1), thus trivially implying that | Q] < ||Q(1)]] O
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The above hypothesis admits as another usual consequence that Cauchy—Schwartz inequalities are satisfied:

VgeB(E),  Q(fg) < vQ(?)Q(g?)

Next we furthermore make the assumption that there exist a probability u on (E, &) and a constant K > 0
such that the following inequalities are verified

VeBy(E), QN < Kullf]) 9)

In particular, the image Q(f) of a function f € B,(E) negligeable with respect to u remains negligeable, property
which permits to see @ as an operator on Lo, (1). Due to the above bound, the latter can be further uniquely
extended as a bounded operator on Lq(u). Even on La(p), as we note that for any f € By(E),

wQ()?) < mQ(HQM) < QM) Q) < K QM) (Q(f*)).

Thus we are led to consider the corresponding notion of spectral radius,

def. . 1 . 1
Spra,(Q) I QY = it QU
where clearly
np2  def. 1l(Q())?]
lQ™3,, = sup :

rerahfoy ML

If F is finite and p gives positive weight to any of its point, then the equivalence of norms on finite dimensional
space (in this case the algebra of E' x E matrices) enables to see that

Spr(Q) = Spr2,u(Q)

but this equality is not always satisfied, even when E is finite, as it is easy to device an example for which
QI > 1Qll2,, with a probability 4 not charging the whole set E (what is always true in this finite context is

that [|Qfloc,.. = [Qll2,0)-

Nevertheless, under a symmetry assumption, there is a general bound in that direction:

Lemma 1.2. Assume that indeed Q is auto-adjoint in Lo(u), then we are assured of
Spr(Q) > Spry ,(Q).
Proof. Let a function f € La(u) and an integer n > 1 be given, using the symmetry of Q™ we obtain
@ ()] < plQ™(F)Q™(W)] = ulf*Q*" (V)] < [lQ*" (V)] ulF?)-

Taking a supremum over f € La(u) \ {0}, this shows that

QI < @)™

2,p =
thus letting n go to infinity we conclude to the previous bound. U

In order to prove a reverse inequality, we assume that ) can be written as a density kernel with respect to p,
namely that there exist a measurable mapping g : £ x E — R such that

VieBE)LYeeE, Q) = / o(z,9) F(y) p(dy).
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Lemma 1.3. Under the hypothesis that

sup/Q(x,y)Qu(dy) < 400
rzEFE

we have

Spr(Q) < Spry ,(Q).

In particular, if Q is furthermore auto-adjoint (i.e. q is symmetric, p ® p-a.s.), then

Spr(Q) = Spr2,;t(Q)'

Proof. We have for any integer number n > 1 and point x € E, by the Cauchy—Schwartz inequality,

Q"(1)(x) = / a(z,1)Q" " (V)(y) uldy) < 1/ / a(z, )2 p(dy) /R (1) < 4 / 0@, 9)? p(@d) Q" Y.

Thus considering the supremum over z € E, taking the n'" root and letting n be large, we conclude to the
affirmations of the lemma. O

Remarks 1.4.

a) Observe that under both hypotheses of the lemma, the auto-adjoint operator @ is Hilbert—Schmidt in Lo (p)
and Spr, (@) is indeed its largest eigenvalue.

b) It is sufficient that one of the iterates QF, for some p > 1, satisfies the above hypotheses to derive the same
conclusions.

Let S (Sn)n>0 be a semigroup of non-negativity preserving bounded operators (a priori on (By(E),|-|])).

Since by definition,
Lyap(S) = Spr(S7)

the above considerations gives conditions for this quantity to be interpreted as a Ly spectral radius.

Now we are rather interested in a continuous time semigroup g (St)t>0 of non-negativity preserving
bounded operators and more precisely in its associated Lyapunov constant,

Lyap(S) = lim [|S¢]"/".
t——+oo
As the rhs is a true limit, we also have for any fixed tg > 0,

Lyap($) = = lim Sy /7 = Spr(Si,) !/

(in fact a similar equality also holds in the discrete time case), and under the previous restrictions, this can be
used to furnish alternative characterizations of the Lyapunov exponent.

To go a little further, we will work under a stronger hypothesis: assume that S can also be seen as strongly
continuous semigroup of auto-adjoint operators on some Lo(u) space (as above). Then we can make use of
classical spectral calculus (¢f. for instance [12]). Let Lg be the generator of S; its domain D(Lg) is the set of
f € La(p) such that (S¢(f) — f)/t converges for small ¢ > 0 and the limit is by definition Lg(f).
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This operator is itself auto-adjoint in Lo () and applying to its opposite the spectral decomposition theorem,
we find a spectral family of projections (E))xer such that we can write

D(Ls) = {7 € Lol [N au(BA1IS) < +oc
VIEDLs).  ~Ls(h) = [AEA)
Then for any ty > 0, we are assured of the representation
Si = / exp(—to)) dE)

from which we easily deduce that

ISts 20 = V/sup{exp(=2tor(f)) : f € La(n), u(f?) =1}

(using the fact that du(E\(f)f) is a probability on R if u(f?) = 1), where for any f € La(11), we have defined
!
r(f) = sup {z ER: / exp(—toA) du(Ex(f)f) = 0}

1
— sup {l ER: / du(BA(f)f) = 0}
= sup{l € R : u(Ei(f)f) =0}
In order to give an alternative formulation, let us introduce the associated Dirichlet form £g; on the domain
D) = { € Lot [ 1N auBA (D) <400}

it is defined by

VieDEs), s ]) = / Adu(Er() ).

Then it appears without much difficulties that we also have

inf{r(f) : f € La(p)\ {0}} = feLQi(r;lf)\{O} fj%

(by convention Eg(f, f) = +oo if f € La(n) \ D(Es)), and thus we get that for any 5 > 0,

1 def. . 5s(f, f)
— In(|.S o =\ S = —_ inf e L
to (||| ! |"2’“) 2’“( ) fE€La(p)\{0} ”(fQ)

and by consequence, we also obtain Sprlu(StO)l/tO = ISt ”B/;O = Lyap, ,,(5) = exp(A2,,(S5)).
Finally, putting together the previous results, we have shown the next spectral interpretation of the logarith-
mic Lyapunov exponent.
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Proposition 1.5. Let S = (S¢)i>0 be a semigroup of non-negativity preserving bounded operators which can
also be seen as a strongly continuous Lo(u)-semigroup. Assume there exist a time to > 0 and a measurable
function q, : E x E — Ry such that the following representation holds

VIEB(E.VacE  Sulfl@) = [ (el u)
with sup,c g [ qto (2, y)? p(dy) < 400 Then we have
A(S) < In (Lyap(S)) = Aa,u(S).

It is time now to investigate the consequences for the models presented in the previous section.
First in the discrete time setting: we associate to our Markovian semigroup (P,),>0 and our bounded
measurable potential V' another operator Q¥ acting on By(E) by
def

VieBy(E),  Qf) = exp(V/2)P[fexp(V/2)].

Using the fact that we can write,

VIEBUE),  PI(f) = exp(V/2)Q[f exp(~V/2)]
and that the mapping
By(E) > [+ exp(V/2)f € By(E)

is an isomorphism of B, (E), it is clear that P and Q¥ have the same spectrum, the same eigenvalues and the
same spectral radius (notions to be understood in the Banach space By(E), cf. for instance Kato [12]).
Meanwhile, the advantage of @V is that if P, is reversible with respect to a probability p, namely

V f,g€By(E),  p(fPi(g)) = u(gPi(f))

then the same is true for @Y, fact which implies that (10) is satisfied with @ = Q¥ and K = 1, so Q¥ can be
extended as an operator auto-adjoint in Lo(p).

Thus if we assume further that for any = € E, Pi(z,) ~ p and sup,ep|dPi(z,)/dplly,,
< 400, then these properties will also be verified by Q¥ due to the boundedness of V' and we end up with

Lyap(P") = Spr(Py") = Spr(Q") = Spry ,(Q").

Now we turn to the continuous time case (this is one of the two places in this article where our strong assumptions
on the pregenerator (D(L), L) are really needed, the other one will be at the end of the paper, for Prop. 3.7).
For that purpose, let us assume furthermore that there exists a probability p for which the semigroup P is
reversible:

Vit>0,Y f,g € By(E), w(fPi(g)) = p(gPe(f))

(in particular p is invariant for the semigroup P and (9) is satisfied with Q = P, and K =1, for all ¢ > 1). By
density of By(E) in La(u), the above symmetry property and the Cauchy—Schwartz inequality, the operators P,
for t > 0, can be extended to Lo(p), where they act as non-negativity preserving self-adjoint contractions.
Furthermore, since D(L) is an algebra generating the underlying o-algebra &, it is also dense in Lo(p) and
we easily deduce from this fact that (P;);>0 is strongly continuous in Lo(p) (and that D(L) is included in the
domains D(Lp) and D(Ep) of the associated generator and Dirichlet form).
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Our next objective is to verify directly that the same is true for the semigroup (P?);>o. First we note that
for any time ¢ > 0, any function f € B,(F) and any point z € E,

t

P = PAS@ + [ PV P (@) (10)

0

Indeed, by our measurability assumption, we have

exp (/OtV(Xs)ds) 1= /OtV(Xs) exp (/:V(Xu)du) ds

so integrating with respect to P, and using the Markov property at times 0 < s < ¢, we obtain the previous
affirmation, which can be rewritten in the form

PY) —f = Pf)— f + / P.(VPL(f))ds. (11)

Taking into account the locally uniform (with respect to ¢ > 0) boundedness of the operators PP in La(u)
(which is deduced at once from the uniform boundedness of V' and P;, for ¢ > 0) and the strong continuity
of (P;)i>0, the above formula convinces us that for f € By(E), the mapping Ry > ¢ — PP(f) € La(p) is also
continuous. Without difficulty, this result is next seen to hold for any f € La(u).

So (PY)i>0 already appears as a strongly continuous semigroup of bounded operators in La(p). Let us show
that they are in fact auto-adjoint. For that we remark that by reversibility of yu, for any ¢ > 0, the couple (X,
X:) has the same law that (X, Xo) under

P[] /Emdx)m[-].

A standard recursive procedure based on the Markov property proves then that for any n € N, any 0 < ¢
<ty <--- <t, <tand any measurable function F' : E™ — R, the law of (X, F(Xy,, Xt,, ..., Xt,), X¢) is
the same as that of (Xy, F(X¢,, X, ,,-.-, Xt ), Xo). Having resort to a monotonous class argument (and a
measurability assumption on the space of possible trajectories, c¢f. [7], which is trivially satisfied if the state
space is assumed to be topological and the paths of our Markov process are cadlag), it appears that the law of
(Xo, [3 V(Xs)ds, X;) is that of (X¢, [i V(Xi—s)ds, Xo) = (Xi, [y V(X,)ds, Xo) (always under P*, of course).
The symmetry of PP in La(u), for t > 0, follows at once from this equality in law:

V f.9€ Lo(n), u(fPI(g) = B, [f(Xo)exp ( / t V<Xs>ds> g(Xt)] E, [g(X@exp ( / t V<Xs)ds) f(Xt)]
= (9P (f))-

We notice that if there exists a time ¢y > 0 such that for all z € E,

P, (z,-) ~p and sug APy (y, ) /dpll ) < +00
S

then the same will be true for the kernel P (due one more time to the boundedness of V), thus we are in
position to apply the previous proposition, which shows that in this case,

_ inf EP" (fa f) X
feLa(w\{0} /pu(f?)

A(PY) =
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But let us recall that D(Epv) is also the set of functions f € Lo(u) such that u[f(PY(f) — f)]/t converge for
small ¢ > 0 and that the limit is then Epv (f, f). Using the formula (11), we see that D(Epv) = D(Ep) and that

vfGD(E:P)a SPv(faf):‘S‘P(faf)+u(Vf2)
Thus we end up with the Schrédinger spectral interpretation of the logarithmic Lyapunov exponent:

Ep(f, f) + n(VF?)

A(PY) = — n
feLa(m)\{0} w(f?)

which is also equal to

o M)+ V)
feD(L)\{0} 1(f?)

if we assume that D(L) is dense in D(Ep) for its natural norm \/Ep (-, ) + || -1, (.-

Remark 1.6. Coming back to our pregenerator (D(L),L) and using formula (10), we can show that in
(Bo(E), I,

Vi>0,V feDL), 9P (f)=F(L(f)+V])

and furthermore taking into account that the operators P}, for ¢ > 0, leave invariant the domain D(L), we
also get

Vt=0,V feDL),  0P(f)=LIF )]+ VP ()

Nevertheless, let us mention that the corresponding stability property of D(L) by the semigroup P is always
verified if we work under the setting presented in [7].

2. FEYNMAN—KAC REPRESENTATIONS

This section is essentially concerned with the proof of Theorem 0.1 and Theorem 0.2. In Section 2.1 we
present the continuous and discrete time measure valued equations associated to the Feynman—Kac non linear
semigroups ® = (P¢):er. Section 2.2 focuses on the long time behavior and the fixed point of these distribution
flows. We also examine the situation where the semigroup P is reversible with respect to some distribution.
We propose a representation of the limiting fixed point of ® in terms of the “eigenvector” associated to the
Lyapunov exponent. In Section 2.3 we characterize these exponents in terms of the mean time average of non
linear Feynman—Kac distribution flow models. In both Sections 2.2 and 2.3 we design a general and unique
strategy to treat in the same fashion the discrete and continuous time case. We mention that the continuous
time or discrete generation models described respectively in Section 2.1.1 and Section 2.1.2 extend the ones
studied in [3,4,6]. They will be also used in the forthcoming development of Section 3 to design a class of
particle approximating models. We finally notice that the addition of a constant to the potential V' admits
as an immediate consequence to add the same constant to the logarithmic Lyapunov exponent. Thus for our
purposes there is no real loss of generality in assuming from now on that V' is nonnegative.

2.1. Nonlinear measure valued equations

2.1.1. Continuous time models

In this short section we briefly present a collection of non linear measure valued evolution models associated
to the continuous time semigroup (®:):>9. We start by noting that in the Radon-Nykodim sense we have the
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formula

d
— Iy (1) =

T v(V)=m(V) and (1) =exp </Ot Ns(V) ds> . (12)

7¢(1)
One of the consequences of the above exponential formula is the following statement:

Proposition 2.1. For any p € [0,1] the distribution flow (n;)icr, satisfies for any f € D(L) the following time

evolutions

d
) = me(L, () with  L{=p Ly + (1= p) Ly

and where (Ly)yep(py and (Ly),epr) are two collections of operators on D(L) defined for any f € D(L) and
x e FE by

Ly(N)(x) = L(f)(z) +/ (f(y) = f(=)) V(y) n(dy)
Ly (H)(@) = L(f) (@) + V’(fﬂ)/ (f(y) = f(x)) n(dy)

for some bounded nonnegative function V' such that V'(x) +V(z) = c € R.

Proof. We associate to each f € D(L) the P,,-martingale

t
M) = £(X0) = (X0) = [ LD
and we write
t
Iyt = exp/ [V(Xs) —ns(V)]ds.
0
The stochastic integration by parts formula gives
d(Zy e f(Xt)) = Zpe [LOF)(Xe) + f(Xe) [V(Xe) = me(V)]dt + Zy e dM(f).
Hence from the above we have
t t
Znaf(Xy) = f(Xo) +/0 Zns [LO)(Xs) + f(Xs) [V(Xs) = ns (V)] d5+/0 Zyt AMy(f).
Integrating by definition of the flow 7, we end up with
t
w(h)=m(N+ [ n@+ 1V =) ds

We end the proof by noting that for any n € P(E) and f € D(L)

N(L(f) + f [V =n(V)]) = n(Ly(f) = n(Ly,(f))- U



PARTICLE APPROXIMATIONS OF LYAPUNOV EXPONENTS 187

Remarks 2.2.

e Clearly the potential V’ is only determined up to an additive constant. It is also instructive to notice
that the normalized Feynman—Kac formulas remain unchanged if we replace V by —V’. But from now
on, we will further assume that V’ is nonnegative (for instance by asking that ¢ > ||V in the previous
proposition), so that L, could be considered as a pregenerator.

e The collection of operators L, and L% are related to nonlinear martingale problems. Their solutions
consists of a canonical time inhomogeneous process X' under two probability measures Q and Q' with
respective infinitesimal pregenerators (Ly, ):>0 and (le)tzo and with time marginals

Qo X' =Law(X;) =m =Q o X,

for all t > 0.
The measure Q is called the McKean measure associated to L,. We will not come into more details of
these problems, this would be a too great digression. We only mention that the choice of the potential V'
or V' may lead to distinct McKean measure with the same time marginals 7;.

e We also notice that Lf can be rewritten as follows

Lo(f)() = L) () + / (F@) — £()) V*(z,y) n(dy)
with
VP(z,y)=p V(y)+ (1 —p) V'(x).

2.1.2. Discrete time models

This short section focuses on the dynamical structure of the discrete time non linear semigroup (®,,)n>0. In
the discrete time case we also have a nonlinear evolution description.

Proposition 2.3. The Feynman—Kac distribution flow 1 = (nn)nen satisfies a nonlinear dynamical system

Tn+1 = nnKnn (13)

where (Ky)yep(p) is a collection of Markov transitions on E defined by the composition

Ky (2, dz) = (SyPy)(z,dz) = /E 8,(x.dy) Pi(y,dz)
V’( V()

dz(dy) + (1 - en(TV)> U (n)(dy)

x)

(€¥)

e
Sn(l‘,dy) =

3

for any pair of functions (V*,V ™) with
V) >V7(y), o) =n(fe)/mE")  and eV =e" 4V

For V* =V we take the convention S, (z,dy) = ¥ (n)(dy).

Proof. By the Markov property and by definition of v, we have that

() _ n-1(e” Pl(f))
Tn(1) Tn-1(e")

nn(f) =
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Clearly this implies that

_ nn—l(ev Pl(f))

P =U(n,_1)Pi(f) with U(n)(f) =n(fe¥)/nE").

nn(f)

On the other hand we check easily that U(n)(f) = n(S,(f)) and the proof is completed. O

Remarks 2.4. a) In the discrete time case the McKean measure associated to K, and with initial condition 7y
is the probability measure Q,,, on EN with marginals Q. [0,n) O Ertl

Qng,[o,n] (d(l‘o, s azn)) - ﬂo(dxo) Kno (an dxl) ce K”]n—l (l‘n,h dlL’n) (14)
Note that for V+ =V our convention leads to the tensor product McKean measure
Qno = Qn>0"Mn-

b) Since " = eV +eV" with V(z) > V~(y) we have " @) < p(e"). It does follow that Sy(x,dy) is a Markov
transition.

c¢) For any ¢ > osc(V') we have
V7 (z) =V(x) —ec < V(x).
Therefore we can choose V- =V —cand V' =V 4+ In(1 — e~ ¢). In this situation we obtain ¥+ = ¥ and

V(@)

b2(dy) + (1 e W) W () (dy).

eV (x)

n(e")

We end by noting that for any f € By(E) with || f|| < 1 we have

Sy(z,dy) =e™*

155(f) = () ()| <2 e and [[Sy(x,.) = U)oy < e~ H) ——0.
cC—

2.2. Fixed point measures

When condition (®) is satisfied for some tg € I and ay(®) < 1 for all ¢ > tg, then the Banach fixed point
theorem tells us that there exists an unique fixed point 7o € P(E) with ®4(9e) = 7eo. This implies that for
any s € I\ {0} the measure 7 is also the unique fixed point of ®,. Indeed we have that

Py (Pt(N0)) = Ps(100) (@t (N00) = Noo)
= O (P (No)) (semi-group property)

and therefore ®4(n) is a fixed point of ®;. By the uniqueness property we end up with ®4(7s) = 7oo. The
proof of the uniqueness is also clear (first for s > ¢y and next for all s > 0, using iterations).

Next we suppose the semigroup P = (P;):c; is reversible with respect to some measure p € P(E).

In the discrete time case we suppose there exists positive eigenvector h, € By(E) such that P(h,) =
erP") 1., Let us check that
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is a fixed point of ®;. To prove this claim we simply observe that

D1 (110)(f) = po(e” Pr(f))/1ole”)
= u(hy Pi(eV Pi(f)))/u(hy Pi(e")) (definition of pu,)
= u(e” Pi(f) Pi(hy))/p(e" Pi(hy)) (reversibility)
= p(Pr(f) P (ho))/p(PY (hy)) (definition of Py’)
= wPi(f) ho)/p(ho) = o (f) (hy eigenvector).

Thus u, is a fixed point and by uniqueness we have that i, = 7.
In the continuous time case we suppose there exists strictly positive eigenvector h, € D(L) such that

LY(hy) = L(hy) + Vhy = A(P?) hy. (15)
Let us check that the distribution
po(f) = plho f)/u(ho)
is a fixed point of the nonlinear equation (2.1), that is
VieD(L),  pollu,(N)] = polL(f) + f(V = po(V))] = 0.
First we use the P-reversibility of u to check that

M(hv f V)) :u(hv V) :u(hv /)

NU[LMU (f)] = 11(hy) + wu(hy) - w(hy) w(hy)
- M(}%) u([L(hy) + Vhy] ) — % (o f)] -

From (15) we get

#([L(ho) +Vho] [) = MP?) p(ho f)
p(hy V) 7N(L§th)) +A(P?) = A(PY).

N(hv) M( v)

The last assertion is again due to the P-reversibility of p (since in this case we recall that uL = 0). If we
combine these two results we end up with p,[L,, (f)] = 0 and the proof is completed.

2.3. Time average models

The exponential formula (12) leads to the time average description

1

1 . 1/t
TP () = 000 = [ ) as
0

whose limit for large ¢ > 0 is 7o, (V'). Analogously in discrete time settings we have that

(D) =70 1(€”) = 1 (@) 3 s (1) and (1) = [ mple").
p=0
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We also find a time average representation
1
ZInPY(1 1 (:C) 1 (:C)
~InP(1)(x) = —In7y Znn [exp(V)]-

As the potential V is nonnegative, we have that eV > 1. To prove (4) we write for n > to,

to—1 n—1

1 1
. Z (") =l ()] = = Y Innf(e”) — ()] + = 3 i () — (e ).

p=0 p=to
Using the inequality

[Inz —Iny| < |z —y|/(xAy) (16)
we arrive at

1= 1
‘g > g (eY) = nu(e¥)]| < - (to ose(V) + 2exp([[V][)a(®))-
p=0

To prove (5) we write for n > to

t [0 1 =3[5O0 -4 1 [ 0005 V)

0 to

and under (®) we end up with

AN 1

2 [ Vs = (V)] < (to 05e(V) + 2]V ][a(®))
0

This clearly ends the proof of Theorem 0.2.
To illustrate condition (®) we present an easily verifiable sufficient condition and some useful exponential
estimates whose proof are essentially given in [4].

Proposition 2.5 [4,5]. Suppose Py satisfies the mizing condition (P1) for some ¢ > 0. Then condition (®) is
met for any t > to = 2 with

0t (P) = e,y exp —(bew ) and a(®) < aey/be -
In addition we have

[@e(1) = @o(¥)[lev < exp—(be,o ).

In the discrete time case be , = €2, in the continuous time bew = %e_QHVH and in both situations ac, = 2¢ 24V
Proof. In the discrete time case the proof is a combination of Theorems 2.3 and 2.7 (pp. 24 and 29) in [4]. In
the continuous time case the analog Lipschitz estimate stated in Theorem 2.7 (p. 29) in [4] is proved using the
same line of arguments as in the discrete time case. When using Theorem 3.15 (p. 90) in [4] we end up with
the same a., but with a constant b, , depending on the potential. O
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Next we examine two particular situations in which explicit calculations can be done. First of all if the
process X does not move, that is L = 0 and Xy = X; then 1 is the Boltzmann—-Gibbs measure with potential V'
and inverse temperature parameter t, namely

dn(a) = =y @ dmo(@)

Now suppose L is a trivial generator in the sense that L = u — Id for some pu € P(E) and assume that V a
potential function such that V2 = V (which means that V is the indicator function of a measurable subset). In
this case we have that

Con(V) = mLV)) + (VY — (V)
= u(V) = ne(V) +0e(V) = e (V) (V) = p(V) = [ (V)] (17)
We also notice that the constant function /u(V) satisfies (17) since 0 = u(V) — [\/u(V)]?. With some easy

computations we can check that the solution of (17) is given by

a(V)th\/m +b(V)

(V) = V/u(V
m(V) = v ul )a(V)th\/m—b(V)

with
a(V) =mno(V) + (V) and (V) =mno(V) =V u(V).
Thus, for sufficiently large ¢ we conclude that

lim (V) = A(P*) = (V) and [ (V) = A(P")| < 2[p(V)] &2V,

3. INTERACTING PARTICLE APPROXIMATING MODELS

In this section we describe and we analyze the asymptotic behavior of a class of discrete and continuous time
particle approximating models. The study of the discrete generation models is technically less involved than
their continuous time versions. For these reasons we have devoted a separate section to treat each of these
situations. Section 3.1 focuses on discrete time genetic type models. We apply the LL,-mean error estimates
obtained in earlier studies [4] to obtain uniform convergence estimates for the particle Lyapunov exponents. The
final Section 3.2 is concerned with continuous time and Moran type particle models. In a first Section 3.2.1 we
connect these novel particle models with the ones presented in [4,6] and with the Fleming—Viot interpretation
introduced in [1,2] in the hard obstacle situation. The second Section 3.2.2 focuses on the asymptotic behavior of
the particle models as the size of the system tends to infinity. We extend and simplify the semigroup techniques
presented in [4] to derive a collection of Ls-estimates for the convergence of these novel particle schemes. We
also mention that this semigroup approach gives a natural and transparent proof of the unbias properties stated
in Theorem 0.4 and Theorem 0.5. Section 3.2.3 is concerned with a comparison between the covariance function
associated to the particle models presented in the former article and the ones associated to the particle models
presented in [4] and [6].

3.1. Discrete time and genetic type particle models

The particle approximating model associated to (13) is the Markov chain &, = (£1,...,&Y) on the product
space EN with transitions

N N
- _ 1
P(&n € dyl§n-1=17) = H K@ (e',dy')  with m(z) = N E i (18)
i=1

i=1
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Here dy = dy! x --- x dy" stands for an infinitesimal neighborhood of the point y = (y!,...,y") € EV,
x=(x',...,2") € EN and §, denotes the Dirac measure on a € E.

e By convention if we choose V = VT then we have

N eV(l‘i)
Ky(u,dv) = U(n)Pi(dv) and Ky (u,.) = d(m(z) =Y SN V)

=1 9

Pl(l'i, )

We see that each transition &,, — &,4+1 is decomposed into two separate genetic type mechanisms

Selection ~ Mutation

fn n §n+1-

Given &, the system &, = (£,... ,€N) consists of N i.id. random variables with common law ¥(m(&,)).
During the mutation each particle E;L evolves according the transition P;. In other words &, consists
of N independent variables &, with law P (E:L, ..

e For more general functions V+ we again obtain a two step transition. The mutation stage remains the
same but we have a slightly distinct selection mechanism.

In this situation and given &, the system En consists of N independent random variables @I with law
Smen) (En ) = ¥ &) /m(&) (") 6 + (1 —e” &) /m(&)(e")) UF(m(&))(dy).

In contrast to the latter selection stage each particle E; has now a larger probability to remain in the same
location.

In some sense, if the initial system consists of IV i.i.d. particles with common law 79 then the empirical measures

1Y 1y
N _ N _
= NE 0 and oy, = N > S e
i=1 i=1

converge as N — oo respectively to the Feynman—Kac measures 7, and to the n-marginal of the McKean
measure Qy 0,,) defined in (14) (and corresponding to the choice of the transitions K,). Several asymptotic
results including central limit theorems, exponential and large deviations as well as Glivenko or Donsker’s type
theorems and propagation of chaos for increasing block size and time horizon can be found in [4] and [8]. Here
we will use the following uniform convergence estimate:

Lemma 3.1 [4]. For anyn € N and p > 1 there exists some finite constants b(p) and c(n) such that for any
feBy(E), [fl <1,

1
— b
vN
Suppose Py satisfy the mizing condition (P1) and (3) holds for some € > 0. Then we have the uniform estimates
with respect to the time parameter

E(|ny' (f) = ma())IP)/7 < (p) c(n). (19)

20sc(V)

s11 N _ »\1/p € .
nZPOE(Inn (f) =m(F)IP)/* < b(p) Wi

Suppose the mixing condition (3) holds for some £ > 0. When the initial particles start at the same point z,
Lemma 3.1 tells us that for any p > 1 there exists some universal and finite constant b(p) such that

(20)

]E(| (N 93)( V) (z)( V)|p)1/p < b( ) e205c(V)+I|V||
sup su N ex — 1y (eX < —_—
a:EIFz'nzl()) K P 1 P b 54 V N
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Using the inequality (16) we conclude that

(z,N) v (z) v\ |p1l/p eQOSC( JHIVI
sup E[| A5 (PY) — A (P <b _

with

. 1o
MNP = =3 gl (expV)  and  AD(P) = Zlf”?(“) expV).
q=0

This yields the estimate (6) with c¢,(e) = exp (20sc¢(V) + ||[V||)/e*. If we combine this inequality with the
estimate stated in theorem 0.1 we end up with (for n > to),

o . b(p) e2oscM+IVI 9 AV
BT (P) AP < SR 1 2 (s + )

To prove (7) we suppose the conditions stated in Theorem 0.4 are satisfied. Using Proposition 2.5 we obtain
for any f € By(E), ||f]| <1, and n > 1 the estimate

72 (f) = oo ()] < 2exp —(e%n).
From (20) we conclude that

ersc(V)

etV N

If we choose n = n(N) > (In N)/(2€?) so that e~ne < 1/V/N we end up with

E(Ind (f) — na(£)IP)7 < b(p) +2exp—(e?n).

sup  VNE(Y (F) = plhe Pu(F)/uha) )" <2+ b(p)eu(e).

n>(In N)/(2€2)

3.2. Continuous time and Moran type particle systems

3.2.1. Description of the models
As seen in Remark 1.6, under our strong conditions, we have that for any f € D(L), the mappings Ry > ¢ —
Py(f) € D(L) and Ry > t — PP(f) € D(L) belong to C([0, 00), D(L)) with

d d

&Pt(f):L(Pt(f)):Pt(L(f)) and &Ptv(f):Lv(Ptv(f)):Pty(Lv(f)) (21)

(in zero, only the right derivatives are considered). Starting from a collection of operators
L =p Ly+(1-p) L, n € P(E)

with p € [0,1] and (L), Ly,) defined in Proposition 2.1 we consider an interacting particle approximating model
& = (&)ter, which is a Markov process on a product space EN with infinitesimal pregenerator

N
L(p)(xt,... ,zN) = ZL(’)&))@( ot 2N

i=1
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acting on functions ¢ € D(L)(C By(EY)), the algebra spanned by linear combinations of functions ¢ of the
form

N
ozt ... 2V) = H fiz) with  f1,...,fn € D(L).
p=1

We recall that we use the notation Lfs’(iz)) instead of Lfn(z) when it acts on the i-th coordinate of ¢ (zt,... 2%, ...,

2N) and that for any probability 7 on (E, &), L# is given by
LN ) = L)@ + [ (F(0) = 7)) VP 0) (o)
with VP (u,v) = pV(v) + (1 — p)V'(u). It can be rewritten as
L(H () = LN + ajfw) [ () = F(w) K(udo) (22)

; _ W) and EKe(ude) < PV @ A=V
with af(u) = pn(V) + (1 = p)V'(u) and K/ (u,dv) = P GESEDIA n(dv).

The choice of a, and K, is not unique, we can alternatively write

L) = L) + 8 [ (70) = F(w) Gy, v)
with for any [V <b, [V'|| <’
b =pb+(1—p)l and GI(u,dv) = (af(u)/b") K2 (u,dv) + (1 — a2 (u)/b°) 6,(dv).
We notice that

(L5 (f)) = (L)) +n(fV) = n(f)n(V)

and the “carré du champ” I'z» associated to L7 is given by

Fuo(f, () = To(f £)(@) + af ) / (f(v) = F(w))? K2(u,dv)

:pFLn(f7f)(U)+(1_P) FLi,(fvf)(u) (23)
For p =1 and p = 0 we also have that
n(Cr, (f, £)) = n(Co(f ) +n(V2) +0(V)n(f?) =20V fn(f) (24)
Ny (F, 1)) = 0@ (f, 1) + 0V £2) + 0V () = 20V’ F)n(f) (25)
= n(CL(f, )+ 2¢ n((f = n())?) = [V F2) +0(V)n(f?) =20V Fn(f)).

To have some “local” comparison let us mention that
c22|V| = V' 2V =T, (f f) =L, f))
If the potential V' is constant then for the choice ¢ = V(x) we have

N (f, 1) =0@e(f, ) but 9(Cr,(f, f)) =nCLlf, )+ 2¢ n((f = n())?).
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When the potential V' is constant V(z) = a the pregenerators L,, still contain a jump part

Ly(f)(u) = L(f)(u) +a / (f(v) = f(u)) n(du)

but if we choose ¢ = a we have V'(x) = 0 and L;, = L. (Nevertheless, the case of constant V' can also be reduced
directly to V' = 0, via the observation at the beginning of Sect. 2.)

Since the potentials V' and V' are bounded positive functions, it is possible to rewrite their pregenerators in
the following form

N
L0 =L+LP with L(p)(z)= Z L9 (o)(z)

and the interacting jump part

with

d?(z) = N m(2)**(V?) (= N [p m(z)(V) + (1 = p) m(z)(V")])

N,N ol
Kady) = Y )

NN
ij=1 Zk,l:l Ve(ah, at)

Oz, 5 (dy)

(we make the convention that K?(x,dy) = d;(dy) if the denominator (= d”(x)) in the rhs is null), and where
for1 <i,j < Nandz= (2!, ---,2V) € EVN, x(; ;) is defined by replacing in x the i-th coordinate z* by the
j-th coordinate 27, that is

.

Vk # i x’&-’j) =z and xf

i3) T

In particular when V? = 0 (for instance if p =0 and V' =0 or p=1 and V = 0), we have LP = L.

Remarks 3.2. Alternatively we can also use the next two equivalent formulations

N
D L) =D ah ) / (ply) — p(@)) KL (@', dy)

E‘N
with
N .
0 (i — S~ PV + (1= p)V'(w) ,
K@) = 2 S+ (v e (@)
2 D) =) [ (o) - ele) 0dy) (26)

with |[V]| < b, V|| < ¥, b” = pb+ (1 — p)b and

G*(z,dy) = m(z)®* (V?/b") KP(z,dy) + (1 —m(z)®* (V* /1)) 8u(dy).
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In view of previous observations there exists different equivalent descriptions of the motion of the particles. We
have chosen to present the one associated to the representation (26) and to the particular choice p = 1.

As in the discrete time situation the motion is decomposed into two separate mechanisms. Let 7,, , n > 1,
be a collection of independent and exponential random times with common intensity (Nb).

e Between theses dates each particle evolves independently of each other (and independently of the previ-
ously defined random times) according to an L-motion.

e At each random times 7, with a probability m(¢,, —) (V/b) we sample a new configuration ¢, with prob-
ability K(&;,—,.) and a we set &, = ¢, and with a probability 1 — m(&,, —) (V/b) the configuration does
not change and we set &, = &, — (as our state space is not assumed to be topological, &, _ designates
the position of the system if we would have not considered a resampling at time 7,,, cf. [7]).

In our framework the particle model presented in the hard obstacle case in [2] corresponds to the interacting
particle systems with p = 0. More precisely the particle model with pregenerator £° is the analog of the one
of [2] in the “soft obstacle” case. To clarify the connections between these two models we briefly indicate how the
N particles evolve in such an environment. When a particle €& has just been born at a given time 7 we sample
a reference exponential random variable e! with parameter 1. Then it evolves randomly with an L-motion up
to its death time

t
¢" = inf {t >T; / V(&h)ds > ei}
When it is killed a different particle instantly splits into two offsprings.

In the first algorithm (p = 1) the interacting jump pregenerator L' is intended to improve the quality of
the system by giving to individuals with higher V-fitness more chance to be copied in the next generation. In
the second model (p = 0) the interacting jump pregenerator Lo prevents particles from visiting death living
regions with higher V’-obstacles. Recalling that V(z) + V’(x) = c these two interaction mechanisms lead to the
same competitive selection by allocating reproductive opportunities to individuals living in regions with higher
V-fitness.

When V is a constant function the flow 7; represents the state distributions of Markov process X; at time ¢.
In this degenerate situation we can choose a null potential V/ = 0 and the N-particle approximating model with
p = 0 consists of N independent copies of the Markov process X. In contrast to this situation for p = 1 the
motion of the particles still contain an interacting jump part. In this sense we can say that the latter contains
an extra degree of randomness.

3.2.2. Lo-estimates
To each ¢ € C*(Ry, D(L)) we associate an F-martingale M)

Mil) = (6.6 = ¢0.8) ~ [ |25+ £2ets, )| (60 as 27)

with increasing process (M(p))
M@= [ Terlpls, gl (e ds

where I'z, is the “carré du champ” associated to £# and defined for any ¢ € D(L) by

Vaoe BN, T e)(n) = L)) - 20(@)L(6)(@) = £° ([ - v(@)) (@).
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For test functions of the form i (x) = m(z)(f), f € D(L), we find that

£0()(@) = m(@)[L,, ()]

Leo(,9)(@) = £ ([ = v(@))*) () NQZ Lo ([f = £@))*) @)

1
= % m@) T (D)
If we introduce the notation ¥ = m(&;) then for ¢(t,z) = m(z)(f(t,.)) and f € C}(Ry, D(L)), we have
Mil) =¥ (1) = 70, = [ |G+ 2y 50 (29)

and

M@= [ 1 Tun, (0.5 ds,

Let @ = (®,,¢)o<s<¢ be the nonlinear semigroup on distribution space and associated to the flow 7, that is

e (X exp [ V(X))
D t(ns)(f) = me(f) = s

t
oo [ VX0

where E; ,(.), s € Ry, p € P(E), denotes the expectation with respect to the distribution Py, = [ u(dz) Ps »
and P, , = Py, o 071 with the usual shifting operators 05, s € R.
To clarify notations we also write Py, instead of P, that is

t
P(f)(@) =Esq (f(Xt)eXp/ V(Xu)du) :
S
With this notations we have for any distribution y € P(E) and f € By(E)

MPsU,t(f).

o)) = Tpo 1y

Arguing as in Section 2.1 we notice that for any f € By(FE)

Ye(f) =m(f) eXp/O Ns(V)ds.

It is therefore natural to define the N-approximating measures and the F-martingale A'(¢)
t t

WO =) ep [ ¥ Vds and Nie) = [ 22(0) M)

0

0

Until the end of this section and unless otherwise stated we fix a final time horizon T > 0, a test
function f € D(L) such that ||f|| < 1. For any x € EV and 0 <t < T we write

P O(t,2) = m(@)(Pir(1), oW (t2) =m@)(Plr(f), ¢t a)=m@)([Pr(f)]).
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‘When there is no possible confusion, we slightly abuse notations and we write E(.) the expectation
with respect to the law of the process . We also fix a parameter p € [0,1] and we set v(p) =
12+ [IVI+ @ =p) [Vl

Lemma 3.3. For any time 0 <t <T we have

% (Plr(f)) = mg (Fgr(f)) + Ne(0!))  and NfggE((N(w(l))%) < exp (4Tw(p))-

Proof. With some obvious abusive notations we first use (21) and we observe that for u € P(FE)
a v v v U
(8t + Lu) (Pir(f) = —(L+V)(Pir(f) + L(Pr(f) + u(VPr(f) — w(V)Pir(f)
= VP (f)) = V(Fr(f) = (V)P (f). (29)
In much the same way, recalling that V' = ¢ — V', we get

(55+24) (P (0) = L+ VIPER() + LB () + V' WP - Fix())]
V(P (D) + ¢ WPLR() - Pr(P)] (30)

For any p € [0,1], this yields that

o | (37 + 20) (Pat)] = -nV (P (1)
Hence by (28) we conclude that
an¥ (Pl f) = ol [( + 10y ) (Pl dt-+ Ato)
= = (V)Y (Pr(f)) dt+ dMy (o)
and therefore
¥ (P ) = (1) AMu (V) = ANG ().

This completes the proof of the first part of the lemma. By (29) we also notice that
v v 0 v 2 v 9 v
Ur,(Pirf, Pirf) = P + Ly ) (Pr(f)7) = 2P r(f) aJrLu (Plr(f))

= (g7 + L) (BE2(0) = 2P (Dl P (0) = VP () = V)P ()

and hence

L P Pl = (7 + L) (P d )4 20V (P (1))

+u(V)ul(Per(£))?) = n(V P (F))u(Pir(f))]. - (31)
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In an equivalent way of reasoning we get by (30)

0
Loy (Pt P ) = (3 + L) (o) = 2P0 (5 + T ) ()

= (7 + ) (Lo l) = 2B (VP () + ¢ P (1) = Pea()]
and thus
8 /! 2 2
Ty (Pl . Pl D = 5+ T ) (P ) 4 200V P DB ) 4 ¢ nPi e = P PP

By (23) we combine (31) and (32) to conclude that

T og (P Ped) = i (g1 + 18 ) (P D)+ 2000V (P (D) + V(P ()

- M(VPt,T(f))M(Pt?T(f))] + 2(1 - p)[:u(VPtlef)M(Pt?Tf) +c M([Ptquf - N(Ptifo)]Q)]-

On the other hand from (33) we notice that the increasing process (N (1)) may be rewritten as

NAN (M) =¥ (1)° NAM (o)) = 7, (1)? niV(FLgN (Blrf, P f)dt

= (1) dpY (PP £)?) = (1)7 dM(0P) + 297 (1) p 0 (V(PEr(£))?)
+ 0 (V) i (P (£))?) = (VBEr () 0 (Pr(f))]
+29Y(1)* (1 - ) (1 N(VPthf)nt (Pt”Tf)Jrcm ([Ptquf*UtN(PﬁTf)]Q)]-

Since
dyY (1)? = 29 (V) 4 (1)t

a simple integration by part yields

7157\](1)2 dniv((PZfo)Q) = _277tN(V)7£N(1)277tN((Ptquf)2)dt + d(%EN(l)Q nfv((PZfo)Q))

and

NAWN (M) = dl (12 i (P f)P)] = 24 (1)2 dM(01?)
+2P%N(1)2 [UtJV(V(Ptv,T(f))Q) - niV(VngT(f)) UtJV(Pth(f))]dt
+2(1 = p) (12 Y (VP (D)l (P (F) = (V) i (P (f))?)])dt
+2(1 - P)%N(l)Q cniv([PZfT(f) - an(PZfo)]Q)

By definition of V' we arrive at

NAN (™M) = dD (12 0 (PEr)?)] = 7 (1) dM(®)
+2p7" (1) [0 V(P (£))?) = 0 (VP p(f)) nl¥ (Pir(f)))dt
+2(1 = ) (U [ (V') Y (P (H))?) = (V' PEp ()Y (Pl (F)]dt.

199

(33)
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This implies (after noting that /\/l(cp@)) is a bounded martingale according to our last hypothesis on the
pregenerator L) that

NE(N (D)) = BN (1)2 N (PE£)2) — Emd (PEr)2)
v2m ([ 220 W VL)) - VB (0) 2 (P (s
r2 -8 ([ 22 B0 Y PP~ 0 Bl (P lds) (39
and clearly
NE((N(p™M))) < 2VIH2T=DIVI

t t
+4p |V / 2lVlIs+2(T=9)[VIigg 4 41— p) HV/H / 2IVIs+2(T—9)[ V] 4
0 0

= TIVI(1 4+ 4(p |V + (1= ) [VI)T) < exp (4T0(p)). 0

Proposition 3.4. The N-approzimating measures v;* have no bias, namely E(v¥ (f)) = v(f), and we have
the mean square estimates

1/2
VI E (sup b2 (P ) - (P ) < Bexp (o))

Proof. The first assertion is a direct consequence of Lemma 3.3. To prove the mean square estimates we use
the decomposition

YW (P f) = (Pl f) = N (PEr k) = nd (o f) +no (Porf) — no(Por f)
= néV(P&Tf) —n0(FPyrf) +M(80(1))-

Using Burkholder-Davis—-Gundy inequality and Lemma 3.3 we get

B (sup V26 ) < 4 BN )r) < 7 exp (4700

t<T
Since the initial configuration consists of N-independent random variables with law 7y by the weak law of large
numbers we also have that

N v v 2 1 v v 2 GQT”V”
E([no (Po,Tf) - nO(Po,Tf)] )= N UO([PO,Tf - nO(PO,Tf)] ) < N

If we combine these two upper bounds we end up with the desired estimate. More precisely we have that

1/2 1/2
E (fgg |’YtN(Pt7ij) - ’Yt(ngTf)F) ([770 (PO of) — nO(P&Tf)]2)1/2 1E [Sup./\/f(go(l))]

t<T

< L (eTIVI 4 92Te(0)

VN

and the end of the proof of the proposition is now clear. O
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Proposition 3.5. For any fized time parameters s < T, we have

1/2
VNE (fgg |2 (nf)(f) — q)t,T(Ut)(f)|2> < Gexp ([[|V[| + 20(p)]T) (35)
1/2
VNE (sg% B () () = Doz (Y ><f>|2|Fs) < dexp (20(p)(T — 5)). (36)

Proof. To prove the first estimate we use the decomposition

_ W Prf)  r(f)
(0 )(F) = Per(n) () = W(Pp1)  r(1)

_ ’VT(]') N pv 1 .
BRI L <7T(1)(f nT(f))) '

It is clear that

0 <yr(1)/ (Plp1) <) and  |(f =02 (f))/ D] < 2.

By Proposition 3.4 we conclude that
1/2
VNE <Sup|‘1>t,:r(ﬂfv)(f) - ‘I>t,T(ﬂt)(f)|2) < 20T0%(V) 32T = gellVIH2e(IT,
t<T
To prove (36) we first recall that

t
AV (L) — AN (Pl f) = / AN (1) dM,(pD)

and dividing by V(1) this implies that

’71{\[(1) v v _ 1 1 1 B t’YjY(l) .
S e d) = (i) = S A = [ (o)
If we define 1
’Yé\,[t(l) =N (1) /7N (1) and Nt = 'yi\’(l)[ N

we obtain the following decomposition

N N _ ’Yé\,]t(l)ﬂiN(ngTf) néV(P;fo)
q>t7T(77t )(f) - (I)s,T(ns )(f) = ’Ygt(l)ﬂiV(P[le) - néV(P;}’T]-)

= m [(7&(1)77?](13;&]0) - niV(Pfo)) + (I)t,T(mN)(f)(név(P;Tl) - vi\,[t(l)niv(PZle))]

thus,

1

e 1 (@) = @) () Noalp®)].

Oy (0 )(f) — @sr(n))(f) =
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Since
néV(P:,Tl) >1
it does follows that
e (1Y) (F) = Por () ()] < Nt (@) + [N ( ). (37)

On the other hand using Burkholder-Davis—Gundy inequality we have

E( sup Wi,t(w‘”)lFs) = Nl 5 E( sup (My(™) — Na(™M))?|F)

s<t<T V(1) s<t<T

< ,),£V(1)2 E(<N(@(1))>T - <N(¢(1))>S|Fs)'

Using (34) we obtain

—2 T N
NE( sup N (o 0)|Fo) < 4B E R O g (£)F) — an) (Pirf)?)
s_ —

S

+ 8 ( [ O () - ¥ (VP (1) 0 <P;iT<f>>Jdr|Fs>

+8(1—p)E ( [ O W (P (1)) 0 VR () <P:1T<f>>Jdr|Fs> .

S

From the above we get the upper bound

)

T
N E( sup Nit(@(l)”Fs) <4 [62(T5)IIV +4|V| p/ 2(r=a)IVII+2(T =) IVl 3,

S

T
HA[VII (- p)/ Q2= )IVI+2T=)[V] g,

S

= 4”4+ 4T =) (p V]| + (1 = p) [V']) < 42T,

By (37) and the triangle inequality we conclude that

1/2
VN E( sup (@) — Burln )(f)IQIFs) < 4T )
s<t<T

and the proof is completed. Il

3.2.3. Uniform estimates and related fluctuations

Theorem 3.6. Suppose the semigroup ® is exponentially stable in the sense that for any p,v € P(E) and
t > 1o

1
7 nl1®e(n) = Ce(v)llev < —0
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for some to > 0 and some parameter o > 0. Then for any In N > 2to(o + 2v(p) + ||V||) and f € D(L) with
Il <1 and p € [0,1] we have the uniform estimate

supB(|n (f) = m(f)*)'/2 < 8/NW/2 - with - 5(p) = 0/ (7 + 20(p) + V).
Proof. Using Proposition 3.5 we have for any ¢t < h > tg
6
E(lnN(f) — 1/2 2 R2o(p)+IIVII]A
(|77t (f) nt(f)l ) = \/N

Next we introduce the decomposition

ntj\-li-h — Mt+h = ﬂil\-]m - éf)h(ﬂtN) + ¢h(77tN) — én ()

for any t > 0 and h > tg. Again from Proposition 3.5 we obtain

[=p}

4 v v
E(nn(f) = @a(n)()P)? < =) < ——ele+ IV

VN VN

and

1 (0 )(f) — @n(me)(f)] < 267"

This clearly implies that

6 v .
E(Inn(F) = man(£P)? < Wi el2v@HIVITA 4 9e=ch,
Therefore we conclude that for any h > tg
6 —0a
Sup Bl () = m(F)?)!/? < 2 PO IVIN 4 gemoh.
If we choose h = h(N) and N > 1 such that
InN
h(N) = oc——= = to
2(p+4(VID

we have \/_1N exp (R(N)[2v(p) + ||[V]]) = exp~(“"MN)) and

M) = NBW/2 with  B(p) = o/(o + 2v(p) + ||V])).

The end of the proof is now straightforward. O

Our next objective is to study the fluctuations of the random fields Wt’T’TN and WZZ’TN defined by

Wi (F) = VN N (Plrf) = w(Pirf)) . WiE (f) = VN N (Plrf) = v(Pirf))

which are parameterized by functions f € D(L). We remark that by our last hypothesis on the pregenerator L,
the mapping

0, T]x E > (t,2) — U[Bp(f), Blr()](@)
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is easily seen to be bounded, fact which enables to show the same property for

0, TIx E > (t,) = g [Pl (f), P (f)](2)

uniformly in 0 < p < 1 and in the probability 7.
The computations of Section 3.2.2 then imply that for any f € D(L) and T > 0, there exists a constant
Kr(f) > 0 such that

and thus using Doob’s inequality, we see that

sup
0<t<T

/0 (/N (1)) dM, (@)

is converging to zero for large N, in Lo or a.s. This is the main ingredient for the proof of the next proposition.

Proposition 3.7. In the sense of convergence of finite distributions, the random field (WtV’TN(f))fep(L), re-
spectively (WQ’TN(f))pr(L), converges as N tends to infinity to a centered Gaussian field (WgT(f))feD(L),
respectively (Wt7,7T(f))f€D(L)f with variance functions given for all f € D(L) by

BV (07) = o0l 1) 2272 +20 [ 0D) 3V (P 57) = 2oV B D (1)l
20-0) [ (V) (P 1)) — 2V (P P (Flds
and
B0V (1) = n Pl = e (D) + 20 [ eV IPLar = me (1) s
+a1-p) | V) P e (D)) ds

with the “normalized” semigroup (F:,T)tST defined by

-v _ Pt?T(f)(I)

Pt,T(f)(x) = nt(PtUTl) :Et,x

f(XT) exp </t [V(Xs) — ns(V)]d5>‘| :

Proof. Arguing as in the proof of Lemma 3.33 (p. 107) in [4] (based on Th. 3.11, p. 432 in [11]), to get a central
limit theorem for the martingales

te[0,7] > W (f) = VNI (PEr () — mo(Pyr(f))] + VNN (V)

it is sufficient to show such a result for the initial value WOWT{V(f) = \/N[néV(PO”,T(f)) —no(FPy r(f))] and to verify

that the increasing process of (v NN ((p(l)))ogth converges in probability to a deterministic and continuous
limit. The first point is clear since it is an application of the usual central limit theorem for independent and
identically distributed Lo (even bounded here) variables, and it appears that the limit variance for these terms is

mo((Ps.7(£))?) = (o (Ps.r ().
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Meanwhile, in the proof of Lemma 3.3, we computed that

t

JWN@ﬂUh=vfﬂfnf«ﬂbﬁ%—wgﬂfngﬂﬂkff%iévfﬂfdﬂkw”U

+2p/0 YY) Y V(P ()?) = (VPR () n (P (f))] ds

+2(1 *p)/o Yo (2 [0 (V) i (PEr (1)) = 0 (VP () (P ()] ds

which converges in probability (using for 0 < s < t the convergences of v and 72 proved previously and the
observation above the proposition) to

3w (1) me(Prf)?) = v0(1)? mo((Fgr.f)?) + 2p/0 11 [ns(V(PLp(£))?) = ns(V P () s (PEr(£))] ds
+2(1 *P)/O ¥s(1)? [0s(V") 05 (Pr(£))?) = ns (V' PLp()ns (P (f))] ds.

Thus we can conclude to the first convergence announced in the proposition and to the validity of the expression
for the variance of the corresponding limit (using that for any 0 <'s < T, ns(PY1(f)) = vr(f)/7s(1)).

To study the convergence of the random field Wg’TN we introduce the decomposition

N - _ ’YgV(PﬁTf) B 7 (Prf)
S r(n )(f) — Per(ne)(f) = T Prpl) (Pl

Prl P

Noticing that

(@)1 ] =0
T\
we see that WZZ’TN and Wt’f’TN are connected by the formula

t Pthl
Wi (f) = % x W ((f = nr(£) /(1)) .

If follows from Proposition 3.4 that

J\}me ’Yt(Ptqul)/’ng(Ptqul) =1

in probability sense. This implies that Wg’TN converges as N — oo (and in the sense of convergence of finite
distributions) to the centered Gaussian field

Wir(f) = Wiy ((f = nr(£) /40 (1))
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Then we are assured of

E(W,1(£)%) = B(W, 1 ((f = nr () /e (1))
= %(1)* ne( (PEp(f —nr(f)/r(1)?)

129 / (D) 1V (P2 (f — () /vr(1))?) ds

201 = p) / Ve (V') 5 (P2 (f — () /(1)?) ds.
Recalling that

1s(Por(1)) = 75 (P (1)) /75(1) = yr(1)/75(1)
the end of the proof of the proposition is now easily completed. O

As in [7] we have not considered central limit theorems, we are not sure of the validity of the previous
proposition in its context. Nevertheless the natural conjecture is that it should be true, because the limit
variances are indeed well defined for any f € By(E) (no “carré du champ” is entering in the formulation of the
final result).

We end this paper with a discussion on the form of the covariance functions associated to the fluctuations of
the N-approximating models ngv corresponding to the choice of parameter p = 0 and p = 1. We first examine
the situation where the potential function V' is constant and V(z) = a for any = € E.

In this case 7 is clearly the distribution of X; and the semigroup P’ coincides with the semigroup P. In this
simple situation and for p = 1 we have that (in what follows, a function f € D(L) with ||f|] <1 is assumed to
be chosen)

EWr(H)?) = m([Prr(f —nr())P) + 2/0 a 1s([Ps,r(f = nr(f))]?)ds. (38)

With the choice V'(x) = a — V(x) = 0 the N-particle model consists of N independent copies of X and clearly
for p=10

EW7(N)?) = m((Per(f —nr(H)).

The integral term in the right hand side of the first covariance function (38) comes from the fact that the N-
particle approximating model has an interacting jump part. This extra degree of randomness induces a greater
covariance function. For instance in the degenerate situation where L = 0 we have X; = Xy, ng = n; and for

p=1

E(W,r()?) = (L +2at) no((f = n0(f))?) — o0

t— 00
but for p =0

E(W'r(£)?) = no((f = m0(£))*)-
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In contrast to the latter situation suppose the semigroup P satisfies the mixing condition (P;) for some € > 0.
In this situation, for any s + 1 < T and z,2’ € E we have that

/ST V(Xﬁ&D

s+1
Es . (exp [/ V(X,«)dr] Esi1,X,44 (exp
S

T
V(X,)dr
s+1

: V(X,«)dr] )) .
s+1

' V(Xr)dr]) )

s+1

Plr(1)(r) = B (exp

)
|

IN

e 1 elVI / Pi(2',dy) Egy1,y <exp
E

-1 |4
= £ e” H Es,;c’ <E8+1,X‘9+1 <eXp

As a result we get

IN

s+1
P;T(l)(x) el eosC(V) Es,;c’ (eXp |:/ V(X,«)d’l“:| Es_;_l,XSJrl (exp
s

=t eV pro(1)(2).
This leads to the estimates
ge V) < pPU(1)(z)/P’p(1)(2)) < et eV, 39
= s, T s, T —

From Proposition 2.5 we also know there exists some strictly positive constant @ > 0 (depending on the
parameter € and on the potential V) such that for any t > 2 and p,v € P(F)

[@s,s1t (1) = Ps st (V)] < e (40)

At this point it is convenient to notice that for y € P(E), v € F and s <T

P B - o Por(W@) PLp (@) | Pop(f), o Porlf)
B ) = @) WP wP @ | P T pm )
It also follows from (40) that for s +2 < T,

Porlf) o Pir(f)
P P ()

S 2 Hq)s,T((sg,) - ¢S’T(6l‘/)”tv < 2 e*Ot(Tfs)

()

and for any p € P(E), equation (39) implies that
Py

_ T sT <2 8_1 eosc(V) e—a(T—s). (41)
WP ()

(f —nr(f))

From the fluctuations presented in Proposition 3.7 we have for p =1
t
BV (£)) < |17 2otV [ e @0 2|V | e_QO‘(T_s)dS]
7 0

<4 e—2a(T—t) [1 + ||V||/04] [eQOSC(V)/€2:| )
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This leads for p = 1 to the following uniform bound with respect to the time parameter

fE?EWZTT(f)Q)“Q <21+ |V /a2 [ eV el.

In much the same way for p = 0 we have that

sup E(W)'(£)*)'/? < 2 [L+ V'] /o] /2 [V Je].

t<T

Conjecture 3.8. From these observations, when the semigroup P satisfies the mixing condition (P;), it is
natural to conjecture that the right exponent in Theorem 3.6 is § = 1. This conjecture has been proved in

the

discrete time case in [4] (p. 36) (see also Cor. 3.8 in [8] for the empirical process version). The proof is

essentially based on an particular decomposition of the errors and it seems difficult to find its analog in the
continuous time case.

(1]
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[14]

REFERENCES

K. Burdzy, R. Holyst, D. Ingerman and P. March, Configurational transition in a Fleming—Viot-type model and probabilistic
interpretation of Laplacian eigenfunctions. J. Phys. A 29 (1996) 2633-2642.

K. Burdzy, R. Holyst and P. March, A Fleming—Viot particle representation of Dirichlet Laplacian. Comm. Math. Phys. 214
(2000) 679-703.

P. Del Moral and A. Guionnet, On the stability of interacting processes with applications to filtering and genetic algorithms.
Ann. Inst. H. Poincaré 37 (2001) 155-194.

P. Del Moral and L. Miclo, Branching and interacting particle system approximations of Feynman-Kac formulae with appli-
cations to nonlinear filtering, in Séminaire de Probabilités XXXIV, edited by J. Azéma, M. Emery, M. Ledoux and M. Yor.
Springer, Lecture Notes in Math. 1729 (2000) 1-145. Asymptotic stability of non linear semigroups of Feynman-Kac type.
Ann. Fac. Sci. Toulouse (to be published).

P. Del Moral and L. Miclo, Asymptotic stability of nonlinear semigroup of Feynman—Kac type. Publications du Laboratoire
de Statistique et Probabilités, No. 04-99 (1999).

P. Del Moral and L. Miclo, A Moran particle approximation of Feynman-Kac formulae. Stochastic Process. Appl. 86 (2000)
193-216.

P. Del Moral and L. Miclo, About the strong propagation of chaos for interacting particle approzimations of Feynman—Kac
formulae. Publications du Laboratoire de Statistiques et Probabilités, Toulouse III, No 08-00 (2000).

P. Del Moral and L. Miclo, Genealogies and increasing propagation of chaos for Feynman-Kac and genetic models. Ann. Appl.
Probab. 11 (2001) 1166-1198.

M.D. Donsker and R.S. Varadhan, Asymptotic evaluation of certain Wiener integrals for large time in Functional Integration
and its Applications, edited by A.M. Arthur. Oxford Universtity Press (1975) 15-33.

J. Feng and T. Kurtz, Large deviations for stochastic processes. http://www.math.umass.edu/ feng/Research.html

J. Jacod and A.N. Shiryaev, Limit theorems for stochastic processes. Springer-Verlag, A Series of Comprehensive Studies in
Math. 288 (1987).

T. Kato, Perturbation theory for linear operators. Classics in Mathematics. Springer-Verlag, Berlin, Heidelberg, New York
(1980).

M. Reed and B. Simon, Methods of modern mathematical physics, I, Fourier analysis, self adjointness. Academic Press, New
York (1975).

A.S. Sznitman, Brownian motion, obstacles and random media. Springer, Springer Monogr. in Math. (1998).



