ESAIM: PS 18 (2014) 799-828 ESAIM: Probability and Statistics
DOL: 10.1051/ps/2014002 WWW.esalm-ps.org

A GENERALIZED MEAN-REVERTING EQUATION AND APPLICATIONS

NicorLAas MARIE!

Abstract. Consider a mean-reverting equation, generalized in the sense it is driven by a 1-dimensional
centered Gaussian process with Holder continuous paths on [0,7] (T" > 0). Taking that equation in
rough paths sense only gives local existence of the solution because the non-explosion condition is not
satisfied in general. Under natural assumptions, by using specific methods, we show the global existence
and uniqueness of the solution, its integrability, the continuity and differentiability of the associated
Ité map, and we provide an LP-converging approximation with a rate of convergence (p > 1). The
regularity of the It6 map ensures a large deviation principle, and the existence of a density with respect
to Lebesgue’s measure, for the solution of that generalized mean-reverting equation. Finally, we study
a generalized mean-reverting pharmacokinetic model.
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1. INTRODUCTION

Let W be a 1-dimensional centered Gaussian process with a-Holder continuous paths on [0, 7] (T' > 0 and
a €]0,1)).
Consider the stochastic differential equation (SDE):

t t
Xt::c0+/ (a—qu)du—i—J/ XBaw,; t € [0,T] (1.1)
0 0

where, zg > 0 is a deterministic initial condition, a,b,oc > 0 are deterministic constants and [ satisfies the
following assumption:

Assumption 1.1. The exponent 3 satisfies: 8 €]1 — «, 1].

When the driving signal is a standard Brownian motion, equation (1.1) taken in the sense of Ito, is used in
many applications. For example, it is studied and applied in finance by Fouque et al. in [6] for 8 € [1/2, 1[. The
cornerstone of their approach is the Markov property of diffusion processes. In particular, their proof of the
global existence and uniqueness of the solution at Appendix A involves Karlin and Taylor ([10], Lem. 6.1(ii)).
Still for g € [1/2, 1], the convergence of the Euler approximation is proved by Mao et al. in [17,25]. For 5 > 1,
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equation (1.1) is studied by Wu et al. in [25]. Recently, in [21], Tien Dung got an expression and shown the
Malliavin’s differentiability of a class of fractional geometric mean-reverting processes.

Equation (1.1) is a generalization of the mean-reverting equation. In this paper, we study various properties
of (1.1) by taking it in the sense of rough paths (¢f. Lyons and Qian [14]). Note that Doss-Sussman’s method
could also be used since (1.1) is a 1-dimensional equation (c¢f. Doss [5] and Sussman [24]). A priori, even in
these senses, equation (1.1) admits only a local solution because it does not satisfy the non-explosion condition
of Exercice 10.56 from [8].

At Section 2, we state useful results on rough differential equations (RDEs) and Gaussian rough paths coming
from Friz and Victoir [8]. Section 3 is devoted to study deterministic properties of (1.1). We show existence and
uniqueness of the solution for equation (1.1), provide an explicit upper-bound for that solution and study the
continuity and differentiability of the associated It6 map. We also provide a converging approximation with a
rate of convergence. Section 4 is devoted to study probabilistic properties of (1.1); properties of the solution’s
distribution, various integrability results, a large deviation principle and the existence of a density with respect
to Lebesgue’s measure on (R, B(R)) for the solution of (1.1). Finally, at Section 5, we study a pharmacokinetic
model based on a particular generalized mean-reverting (M-R) equation (inspired by Kalogeropoulos et al. [11]).

2. ROUGH DIFFERENTIAL EQUATIONS AND (FAUSSIAN ROUGH PATHS

Essentially inspired by Friz and Victoir [8], this section provides useful definitions and results on RDEs and
Gaussian rough paths.

In a sake of completeness, results on rough differential equations are stated in the multidimensional case.

In the sequel, ||.|| denotes the euclidean norm on R? and ||.|| o4 the usual norm on My(R) (d € N*).

Consider Dy the set of subdivisions for [0, 7] and

Ar ={(s,t) eRL:0< s <t <T}.

Let TV (R9) be the step-N tensor algebra over R? (N € N*):

TV (RY) = b (RY)®"

K3

Fori=1,...,N, (R)® is equipped with its euclidean norm ||.||;, (R?)®° = R and the canonical projection on
(RH® for any Y € TN (RY) is denoted by Y.
First, let us remind definitions of p-variation and a-Holder norms (p > 1 and « € [0, 1]):

Definition 2.1. Consider y : [0,7] — R%:
(1) The function y has finite p-variation if and only if,
‘D‘ 1 1/1’

[yllp-varm = sup S Mress — P | < o0
D={rr}eDr k=1

(2) The function y is a-Holder continuous if and only if,

lyllo-morT = sup ————
e (s,t)eAT |t — 5|

In the sequel, the space of continuous functions with finite p-variation will be denoted by:

CrY ([0, T];RY) .



A GENERALIZED MEAN-REVERTING EQUATION AND APPLICATIONS 801

The space of a-Holder continuous functions will be denoted by:
Co ([0, T); RY) .

If it is not specified, these spaces will always be equipped with norms ||.||p-var;r and |.||a-ms, 7 respectively.
Remark. Note that: i
Ca-Hol ([O,T}, Rd) c Cl/a-var ([O,T],Rd) )

Definition 2.2. Let y : [0,7] — R? be a continuous function of finite 1-variation. The step-NN signature of y is
the functional Sy(y) : Ar — TN (R9) such that for every (s,t) € Ap andi=1,..., N,

S%sa(y) = 1 and Siy.q ,(y) = / dyrs ® ... ® dyy,.

s<ri<re<..<r;<t

Moreover,
GN(RY) = {Sn01r(y);y € C ([0,T];R) }

is the step-N free nilpotent group over R%.
Definition 2.3. A map Y : Ay — GV (R?) is of finite p-variation if and only if,
|D|71 1/17

1Y llp-varr = sup Do IWomlle | <o
D={r,}eDr k=1

where, ||.||c is the Carnot—Caratheodory’s norm such that for every g € GV (R?),
lgllc = inf {length(y); y € C***([0,T7; R%) and Sy.0.7(y) = g}.

In the sequel, the space of continuous functions from Az into GV (R?) with finite p-variation will be denoted
by:
Crr (10,70 GN (RY))

If it is not specified, that space will always be equipped with ||.||p-var;7-
Let us define the Lipschitz regularity in the sense of Stein:

Definition 2.4. Consider v > 0. A map V : R? — R is y-Lipschitz (in the sense of Stein) if and only if
V is C") on R?, bounded, with bounded derivatives and such that the |vy|-th derivative of V is {v}-Holder
continuous (|| is the largest integer strictly smaller than v and {v} =~ — |v]).

The least bound is denoted by ||V||1ipr. The map ||.|hip» is a norm on the vector space of collections of
~-Lipschitz vector fields on R?, denoted by Lip” (R%).

In the sequel, Lip” (R?) will always be equipped with ||.|/1ip>-

Let w : [0,7] — RY be a continuous function of finite p-variation such that a geometric p-rough path W exists
over it. In other words, there exists an approximating sequence (w™,n € N) of functions of finite 1-variation
such that:

lim dp-var;T [S[p] (w") ;W] = 0.

n—0o0

When d = 1, a natural geometric p-rough path W over it is defined by:

_ (p]
V(s,t) € Ap, Wy, = (1,wt—ws,...,w)- (2.1)
[p]!
We remind that if V = (V4,...,V}) is a collection of Lipschitz continuous vector fields on R?, the ordinary
differential equation dy = V (y)dw™, with initial condition yo € R?, admits a unique solution.
That solution is denoted by my (0, yo; w™).
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Rigorously, a RDE’s solution is defined as follow (cf. [8], Def. 10.17):

Definition 2.5. A continuous function y : [0,7] — R? is a solution of dy = V(y)dW with initial condition
Yo € R? if and only if,

lim |7y (0, yo; w") — yll 0.7 = 0

n—oo

where, ||.||co;r is the uniform norm on [0, 7. If there exists a unique solution, it is denoted by my (0, yo; W).

Theorem 2.6. Let V = (Vy,...,Vy) be a collection of locally ~y-Lipschitz vector fields on R (y > p) such that:
V and DIV are respectively globally Lipschitz continuous and (y — [p])-Hélder continuous on RY. With initial
condition yo € R?, equation dy = V (y)dW admits a unique solution my (0, yo; W).

For a proof, see Friz and Victoir [8], Exercice 10.56.

For Friz and Victoir, the rough integral for a collection of (y — 1)-Lipschitz vector fields V' = (V1,...,Vy)
along W is the projection of a particular full RDE’s solution (cf. [8], Def. 10.34 for full RDEs): dX = @(X)dW
where,

Vi=1,...,d, Va,w € RY &;(w,a) = (e;, Vi(w))

and (eq,...,eq) is the canonical basis of R?.

In particular, if y : [0,7] — My(R) and 2 : [0,7] — R? are two continuous functions, respectively of finite
p-variation and finite g-variation with 1/p+ 1/¢ > 1, the Young integral of y with respect to z is denoted by
Y(y, 2)-

Remark. We are not developing the notion of full RDE in that paper because it is not useful in the sequel. As
mentioned above, the reader can refer to [8], Definition 10.34 for details.
For a proof of the following change of variable formula for geometric rough paths, (¢f. [2], Thm. 53):

Theorem 2.7. Let @ be a collection of y-Lipschitz vector fields on R? (y > p) and let W be a geometric p-rough

path. Then,
1

(s, t) € Ar, @ (wy) — & (wy) = [/ D@(W)dw]

s,t

Now, let state some results on 1-dimensional Gaussian rough paths:
Consider a stochastic process W defined on [0, 7] and satisfying the following assumption:

Assumption 2.8. W is a 1-dimensional centered Gaussian process with a-Holder continuous paths on [0, T']
(a €]0,1]).

In the sequel, we work on the probability space (£2, A, P) where 2 = C°([0, T]; R), A is the o-algebra generated
by cylinder sets and P is the probability measure induced by W on (£2, A).

Remark. Since W is a 1-dimensional Gaussian process, the natural geometric 1/a-rough path over it defined
by (2.1) is matching with the enhanced Gaussian process for W provided by Friz and Victoir at [8], Theorem
15.33 in the multidimensional case.

Finally, Cameron—Martin’s space of W is given by:

Hyy = {h € C°([0,T|;R) : 3Z € Aw s.t. Vt € [0,T], hy = E(W,Z)}

with
L2

Aw = span {Wy;t € [0,T]}



A GENERALIZED MEAN-REVERTING EQUATION AND APPLICATIONS 803

Let (.,.)3 be the map defined on Hiy X Hiy by:

(1), =5 (22

w

where,

Vt € [0,T), he = E(W,Z) and hy = E (WtZ)

with Z,Z € Aw .
That map is a scalar product on H%/V and, equipped with it, H%,V is a Hilbert space.
The triplet (£2, Hiy-, P) is called an abstract Wiener space (cf. Ledoux [12]).

Proposition 2.9. For d = 1, consider a random variable F : 2 — R, continuously H%,V—diﬁerentmble (i.e.
h— F(w + h) is continuously differentiable from Hyy, into R, for almost every w € (2).

If F satisfies Bouleau— Hirsch’s condition (i.e. |DpF| > 0 a.s. for at least one h € Hyy, such that h # 0,
where:

0
(DyF)() = 5-Flw+en)| e Hy),
e=0

then F' admits a density with respect to Lebesgue’s measure on (R, B(R)).

Remark.

(1) Classically, Bouleau—Hirsch’s condition is not stated that way and involves Malliavin calculus framework.
Consider the Malliavin derivative operator D (¢f. Nualart [20], Sect. 1.2), the reproducing kernel Hilbert
space Hy of the Gaussian process W (cf. Neveu [19]), and the canonical isometry I from Hy into Hiy
defined for example at Marie ([18], Sect. 3.1). Bouleau—Hirsch’s condition for d =1 is | DF||Z, > 0.

On one hand, by Cauchy-Schwarz’s inequality, it is sufficient to show that there exists h € Hjj, satisfying
h # 0 and [(DF,I71(h))%| > 0. On the other hand, with Malliavin calculus methods, one can easily show
that (DF, 1~ (h))y = DyF.

(2) About Bouleau—Hirsch’s criterion for d > 1, please refer to [20], Theorem 2.1.2.

3. DETERMINISTIC PROPERTIES OF THE GENERALIZED MEAN-REVERTING EQUATION

In this section, we show existence and uniqueness of the solution for equation (1.1), provide an explicit
upper-bound for that solution and, study the continuity and differentiability of the associated It6 map. We also
provide a converging approximation for equation (1.1).

Consider a function w : [0, 7] — R satisfying the following assumption:

Assumption 3.1. The function w is a-Hélder continuous (« €]0, 1]).

Let W be the natural geometric 1/a-rough path over w defined by (2.1). Then, we put W = Sy /4)(Idjo, )& W),
which is a geometric 1/a-rough path over

t€[0,T] — (t,w)

by [8], Theorem 9.26.

Remark. For a rigorous construction of Young pairing, the reader can refer to Section 9.4 of [8].
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Then, consider the rough differential equation:
dx = V(x)dW with initial condition zg € R, (3.1)
where V' is the map defined on R by:
Ve Ry, VhweR, V(z).(t,w) = (a — bz)t + oxPw.

For technical reasons, we introduce another equation:
t
ye =yo +a(l — 5)/ Y Yebds + by t € (0,7, yo > 0 (3.2)
0

where, v = % and
t
Wy = / Vydw, with ¥y = (1 — 3)e?(t=A)*
0

for every t € [0,T]. The integral is taken in the sense of Young.

The map u € [e,00[— u~7 belongs to C*°([e, oo[; R) and is bounded with bounded derivatives on [, oo[ for
every € > 0. Then, equation (3.2) admits a unique solution in the sense of Definition 2.5 by applying Theorem 2.6
up to the time

rt=inf{t € [0,T]:y: = €}; € €]0, 0],

by assuming that inf(()) = oc.
Consider also the time 74 > 0, such that 7} T 7} when € — 0.

3.1. Existence and uniqueness of the solution

As mentioned above, Section 2 ensures that equation (3.2) has, at least locally, a unique solution denoted y.
At Lemma 3.2, we prove it ensures that equation (3.1) admits also, at least locally, a unique solution (in the
sense of Definition 2.5) denoted z. In particular, we show that 2 = y?*'e~®. At Proposition 3.3, we prove the
global existence of y by using the fact it never hits 0 on [0, 7. These results together ensures the existence and
uniqueness of = on [0, T.

Lemma 3.2. Consider yo > 0 and a,b > 0. Under Assumptions 1.1 and 3.1, up to the time 7} (¢ €]0,y0]), if
y 1is the solution of (3.2) with initial condition yo, then

zite[0,7] —ap=yl e

is the solution of (3.1) on [0,7L], with initial condition zo = yJ™*".

Proof. Consider the solution y of (3.2) on [0, 7], with initial condition yo > 0.
The continuous function z = ye~*1=A): takes its values in [m., M.] C R* on [0, 72].
Since v > 0, the map @ : u € [me, M.] — vt is C*°, bounded and with bounded derivatives.
Then, by applying the change of variable formula (Thm. 2.7) to z and to the map @ between 0 and ¢ € [0, 71]:

t
x =20 (v + 1)/ 27dzs
0

¢ ¢
=yt + / (a — bxs)ds + 0’/ yle P duw,.
0 0

Since v = B(y + 1), in the sense of Definition 2.5, z is the solution of (3.1) on [0,7!] with initial condition
y+1
To =Yy - O
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Proposition 3.3. Under Assumptions 1.1 and 3.1, for a > 0 and b > 0, with initial condition o > 0; 74 > T

and then, equation (3.1) admits a unique solution Ty (0, x0;w) on [0,T], satisfying:
Ty (0, xo; w) = my (0, 20; W).

Moreover, since T > 0 is chosen arbitrarily, that notion of solution extends to R.

Proof. Suppose that 7¢ < T, put yo = x5 ? and consider the solution y of (3.2) on [0,7}] (¢ €]0,yo]), with

initial condition yg.
On one hand, note that by definition of 7.:

Yr1 — Yyt =€ — Y and
1

Yrt — Yt = a(l - ﬁ) / ys—'yebsds + 1,7}.,-51 — Wy
t

for every t € [0, 72]. Then, since 7} 1 74 when ¢ — 0:

1
To
wra(=p) [ s = i g

for every t € [0, 73 ].

(3.3)

Moreover, since w is the Young integral of ¥ € C*°([0,T]; Ry) against w, and w is a-Hélder continuous, w is

also a-Holder continuous (cf. [8], Thm. 6.8).
Together, equality (3.3) and the a-Holder continuity of @ imply:

1

To
— @]l a-nsrr (rg — )™ < ye +a(l - ﬁ)/ ys 76" ds < |0l a-monr (1o — )™
t
On the other hand, the two terms of that sum are positive. Then,
Yo < |0l a-neir (g — 1) and
.
a(1=p) [ 57 ds < e (7~ 0"
t

Since t € [0, 7¢[ has been chosen arbitrarily, inequality (3.4) is true for every s € [t, 74[ and implies:

v = |0l e (0 — )

So
- o
a(l — g)/ o ds > a(l - ﬁ)uwn;_}{m/ (rd — 5)erebods
t t
7(1(1 — 6) ol 1 1— . 1 1—
> 1— ay Hw”a-WHijl;T (7_0 - t) o — sllg_l&(’ro — S) ay

By inequalities (3.5) and (3.6) together:

a(l—0) B . - o
W |:(T& _t)l - hml(T(% - 3)1 Oc'y:| < ”wHZ:_HE)];T(T(% — )~

S*)TD

Ifg>1/(1+a)>1—a,then 1 —ay <0 and

(3.4)

(3.5)
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If1/(1+a) > >1— «, inequality (3.7) can be rewritten as

a(l—0F), 4 1— 1 ~ v+l
m(ﬁ) — )t 0112 o1,

but 1 — a(y+1) < 0 and

lim (mg — t)l_a(’ﬁ_l) = o0
t—rt 1 —ay

Therefore, if 3> 1—a, 74 € [0,T].
An immediate consequence is that:

U [077—51] n [O’T] = [OaT}'
€€]0,y0]

Then, (3.2) admits a unique solution on [0, 7] by putting:
Y= ys on [O’TE}} N [OaT}

where, y¢ denotes the solution of (3.2) on [0,72] N[0, 7] for every & €]0, yo].
By Lemma 3.2, equation (3.1) admits a unique solution 7y (0, 2o; w) on [0, T'], matching with 37 *te=?-.
Finally, since T > 0 is chosen arbitrarily, for w : R; — R locally a-Holder continuous, equation (3.1) admits
a unique solution 7y (0, zp; w) on Ry by putting:

7y (0, w05 w) = 7y (0, 205 w)[o,77) on [0, T]
for every T' > 0. g

Remarks and partial extensions.

(1) Note that the statement of Lemma 3.2 holds true when a = 0, and up to the time 7¢, equation (3.1) has a
unique explicit solution:

41
Yt € [0,73], zp = (:c(lfﬁ + u?t) e bt

However, in that case, 74 can belong to [0, 7. Then, z is matching with the solution of equation (3.1) only

locally. It is sufficient for the application in pharmacokinetic provided at Section 5.
(2) For every a €]0, 1], equation (3.2) admits a unique solution y on [0, T] when:

inf W, > —o. 3.8
duf @ > —yo (3.8)

Indeed, for every t € [0, 74],
t
yr —a(l — ﬁ)/ ys e ds = yo + .
0

Then,

S
inf ys—a(l— su “Yedy > yo + inf ws.
s€(0,73] Ys ( f) 56[0301] /0 Yu = o s€[0,T] i

Since y is continuous from [0, 7] into R with yo > 0:

S
sup / y, vettdu > 0.
s€l0,74]J0
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Therefore,

Yt > inf Ys
s€f0,73]

>+ inf >0 (3.9)
s€[0,T]

by inequality (3.8). Since the right-hand side of inequality (3.9) is not depending on 7}, that hitting time
is not belonging to [0, T].
By Lemma 3.2, equation (3.1) admits also a unique solution on [0, 7] when (3.8) is true.

(3) If 74 € [0, 7], necessarily:

To
a(l— 5)”15”;.71{51&/ (15 — 5)~*7ds < || @] a-morr (75 — 1)
t

for every t € [0, 73].
Then, when 8 =1— «, 1 — oy = o and by [8], Theorem 6.8:

a < ||| a-msty T
<

/o
C(o, 0 0) [wlle o
with C(o, a, b) = (oba?)t/ et
Therefore, 7y (0, zo; w) is defined on [0, 7] when a > C(o, a, b)HwHi{gbl;T.

3.2. Upper-bound for the solution and regularity of the It6 map

Under Assumptions 1.1 and 3.1, we provide an explicit upper-bound for ||7y (0, zo; w)||co;r and, show conti-
nuity and differentiability results for the 1t6 map:

Proposition 3.4. Under Assumptions 1.1 and 3.1, for a > 0 and b > 0, with any initial condition xg > 0,

_ _ _ y+1
v (0, 2030l seir < [ +a(1 = BT a5 T + (b v 2)(1 = B)(1+ T)e! )T ] crr]

Proof. Consider yy = x(lfﬁ , y the solution of (3.2) with initial condition yo and
Ty20 =sup{t€[0,T]:y+ < yo}.

On one hand, we consider the two following cases:
(1) Ift<72:
2
Yrz —yr = a(l — ﬁ)/ " y: ePds + Wr2 — Wy
Y ¢ Y
Then, by definition of 7'50:

7_2
Yo

v+ a(l— ) / y; b ds = yo + iy — s (3.10)

] .

Therefore, since each term of the sum in the left-hand side of equality (3.10) are positive from Proposition 3.3:

0 <y <yo+|we — w2 |
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(2) If t > 72 ; by definition of 72, y; > yo and then, y, " <y, . Therefore,

o <y <yo+all = B)eyy T + |y — @,z |-

On the other hand, by using the integration by parts formula, for every t € [0, T],

t
/ 0= gy
7-2

Yo

iy — i3 | = o(1— )

t
et0=Aty,, — P=B)Tg, Wz — b(1 - p) / =5y ds

2
Yo

=o(l=p)

T

<o(l-p)2+b(1 - AT DT |jw| soir
<a(bv2)(1 - )1+ 1)t AT w1,

because (1 —3)? <1-p<1.
Therefore, by putting cases 1 and 2 together; for every ¢ € [0,7],

0 <y <yot+a(l =BTy T +o(bv2)(1—B)1+T)e T ||wl]|ocr. (3.11)

That achieves the proof because, 7y (0, zo;w) = y?*le™® and the right hand side of inequality (3.11) is not
depending on t. O

Remark. In particular, by Proposition 3.4, ||7v (0, zo; w)||so;r does not explode when a — 0 or/and b — 0.

Notation. In the sequel, for every R > 0,
Ba(0,R) = {w € CoN[0, THR) : w] o g < R} -

Proposition 3.5. Under Assumption 1.1, for a > 0 and b > 0, 7y (0,.) is a continuous map from R X
Co-H3l([0, T];R) into C°([0,T);R). Moreover, 7y (0,.) is Lipschitz continuous from [r, Ri] x B,(0, Ra) into
C°([0,T);R) for every Ry > 1 >0 and Ry > 0.

Proof. Consider (z},w') and (2%, w?) belonging to R% x C*H([0, T]; R).
For i = 1,2, we put yi = (23)* 7 and y* = I(y},w") where,
vt € [0,T], wy :/ Jedwy,
0
and, with notations of equation (3.2), I is the map defined by:

(o, @) = yo + a(1— B) / 1= (o, @)e"ds + .
0

We also put:
3 :inf{s €[0,7) :yi =y§}

On one hand, we consider the two following cases:

(1) Consider t € [0, 73] and suppose that y§ > 2.
Since y! and y? are continuous on [0, T'] by construction, for every s € [0,73], y! > y2 and then,

(vs) "= (42) 7 <0



A GENERALIZED MEAN-REVERTING EQUATION AND APPLICATIONS 809

Therefore,

vt —vi| = v —vi

t
—yh— g +a(l - B) /0 (1) — (42) s + 0 — 2

< lyo — w3l + 0" — @*[lcir-

Symmetrically, one can show that this inequality is still true when y < 2.

(2) Consider ¢ € [3,T],
73(t) = sup {se [Ts,t] Lyl = yf}
and suppose that y} > y2.
Since y! and y? are continuous on [0, T'] by construction, for every s € [73(t),t], y} > yf and then,

S
(vs) = (v2) " <.
Therefore,

i —vil =ui —vi

t
=a(l-p) /Ts(t) e {(91)_7 - (yf)_v} ds 4wy — W} — {“ﬁs(t) — Wy
< 2/@" — @ [|ocir-
Symmetrically, one can show that this inequality is still true when y} < y2.
By putting these cases together and since the obtained upper-bounds are not depending on ¢:
19" = 2 llocsr < b — 48] + 278" — 0l acrisnr- (3.12)
Then, I is continuous from R* x C*H([0, T]; R) into C°([0, T]; R).
For any a-Hoélder continuous function w : [0, 7] — R, from Lemma 3.2 and Proposition 3.3:

v (0, xo; w) = e bttt xéfﬁ,y(ﬂ,w) .

Moreover, by Proposition 6.12 from [8], Y(¥, .) is continuous from C*H([0, T]; R) into itself. Therefore, 7y (0, .)
is continuous from R% x C*Hl([0, T];R) into C°([0,T];R) by composition.
On the other hand, consider Ry > r > 0 and Ry > 0. By Proposition 3.4, there exists C' > 0 such that:

V(w0 w) € [r, Fa] X Ba(0, Ra), [y ", Y(0,w)] oo < C(r77 + Ba + Ra).
Then, for every (z§,w?), (23, w?) € [r, R1] X Ba(0, Rz),
|7y (0, 20; wh) — 71 (0, 20; W?)||oo:r < (v + 1)CY(r™7 4+ Ry + R)? x

(1= B)rP|ag — x| +
27|V (9, w') — Y(9, w?)||a-ns17 ]

by inequality (3.12). Since Y(¢,.) is Lipschitz continuous from bounded sets of CH([0,T];R) into
CHeY ([0, T]; R) (cf. [8], Prop. 6.11), that achieves the proof. O

In order to study the regularity of the solution of equation (3.1) with respect to parameters a,b > 0 charac-
terizing the vector field V, let us denote by x(a,b) (resp. y(a,b)) the solution of equation (3.1) (resp. (3.2)) up
to Td AT.
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Proposition 3.6. Under Assumptions 1.1 and 3.1, for every a,b > 0, 2(0,b) < z(a,b) < z(a,0).

Proof. On one hand, consider a > 0, b > 0 and t € [0,7¢ A T):

¢
ye(a,b) — y:(0,b) = a(l — ﬁ)/o v, ' (a, b)ebsds >0,

because ys(a,b) > 0 for every s € [0,T] by Proposition 3.3.
Then, by Lemma 3.2:
2(0,b) < z(a,b).

On the other hand, consider a > 0, b > 0, z(a,b) = 2 F(a,b) and t1,ts € [0,74 A T] such that: t; < to,
x¢,(a,0) = x4, (a,b) and z5(a,0) < x4(a,b) for every s € [t1,t2]. As at Lemma 3.2, by the change of variable
formula (Thm. 2.7), for every ¢ € [t1, 2],

Zt(aa 0) - Zt(aa b) = Zt(aa 0) — 2t ((1, 0) - [Zt(a’v b) — 2t ((1, b)]

— a1 - B) / [7%(a,0) — 2% (a, b)]ds

t1

+b(1—-p) /t z;(a,b)ds

t1

> a(1— ) / (278 (a,0) — 277 (a, b))ds,

t1
because zs(a,b) > 0 for every s € [t1,t] by Proposition 3.3.
Since z5(a,0) < z4(a,b) for every s € [t1,t2] by assumption, necessarily:
zt(a,0) — z¢(a,b) <0

and

/t [77(a,0) — 2,7 (a,b)] ds > 0.

t1

Therefore, it is impossible, and for every t € [0, 73 A T], x:(a,0) > z¢(a,b). O

Proposition 3.7. Under Assumptions 1.1 and 3.1, (a,b) — z(a,b) is a continuous map from (R%)? into
([0, T R).

Proof. Consider a°,a,b,b > 0 and @°,w : [0,T] — R two functions defined by:
vt € [0,7T], @) = (1 — f3) /Ot " (=P)squy, and Wy = o(1-0) /Ot =83y, .
For every t € [0,T7,
yi(a,b) — ye(a®,b%) = a(1 — B) /Ot y: 7 (a,b)e"ds
—a’(1 - p) /Ot v (a®, bo)ebosds + W — wf
= a(l—p) /Ot [y (a,b) =y 7 (a®,8%)] e”*ds

t
+(1-0) / (ac” — a%"**)y;7(a®, b°)ds + @y — @Y.
0
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As at Proposition 3.5, by using the monotonicity of u € R* + u™7 together with appropriate crossing times:

(0”0 [loeir

ly(a,b) = y(a®, 0°)lloir < (1 = B)T [lac™ —
+ 27| — @° | a-no1,T
<(1-pT [|a — aole?” + age®Vt)TT|p — b0|}
x [ly=7(a®, b)) lloeir + 270 — @°[|anioti7-
Moreover, by [8], Theorem 6.8:

Pa-p). _ b(liﬁ)'Hl-Hb'l'T

o(1-0)
o(l - )\b— |

X |Jwl|a-msnT [ebo(l—ﬁ)T Fb(1 = B)e®-OT]

| — 0| emstT <
<

These inequalities imply that:

=0.

ly(a,0) = y(a®, )| .

(a, b)—>(a0 b0)
Therefore, (a,b) — x(a,b) = e "y 1 (a,b) is a continuous map from (R%)? into C°([0, T]; R). O

Let us now show the continuous differentiability of the It6 map with respect to the initial condition and the
driving signal:

Proposition 3.8. Under Assumption 1.1, for a > 0 and b > 0, 7y (0,.) is continuously differentiable from
R% x CoH9Y[0, T]; R) into C°([0,T); R).

Proof. In a sake of readability, the space R} x Co 1[0, T]; R) is denoted by E.

Consider (z8,w’) € E, 2° := 7y (0, 2J; w?),

mo € |0, min acg and €9 := —mg + min .Z‘?
te[0,T te[0,T]

Since 7y (0, .) is continuous from E into C°([0,T]; R) by Proposition 3.5:

Ve €]0,e0], In >0 : V(zp,w) € E,
(z0,w) € Be((2g,w’);n) = [[7v(0,20;w) — 2°|| o < € < €0 (3.13)

In particular, for every (zg,w) € Br((x3,w");n), the function 7y (0, zo;w) is [mg, Mo]-valued with [mg, My] C
R% and
My := —mg + min_ ) + max z.
te[0,7] te[0,T]

In [8], the continuous differentiability of the It6 map with respect to the initial condition and the driving signal
is established at Theorems 11.3 and 11.6. In order to derive the It6 map with respect to the driving signal at
point w® in the direction h € C*H([0, T];RY), x €]0, 1] has to satisfy the condition o + x > 1 to ensure the
existence of the geometric 1/a-rough path over w® + eh (¢ > 0) provided at [8], Theorem 9.34 when d > 1.
When d = 1, that condition can be dropped by (2.1). Therefore, since the vector field V' is C* on [mg, M|,
7y (0,.) is continuously differentiable from Bg((z),w");n) into C°([0, T]; R).

In conclusion, since (z{,w") has been arbitrarily chosen, 7 (0,.) is continuously differentiable from R* x
Co-H3L([0, T]; R) into C°([0, T]; R). O
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3.3. A converging approximation

In order to provide a converging approximation for equation (3.1), we first prove the convergence of the
implicit Euler approximation (y”,n € N*) for equation (3.2):

{ Yo =% >0

N . a(l—p)T (3.14)
Y1 = Yr +

n —v bty ~ o
(yk—H) ekt -I-’wt;;Jrl Wiy

where, for n € N*, ¢! = kKT'/n and k < n while yi ; > 0.

Remark. On the implicit Euler approximation in stochastic analysis, c¢f. Malrieu [15] and, Malrieu and Talay [16]
for example.
The following proposition shows that the implicit step-n Euler approximation y™ is defined on {1,...,n}:

Proposition 3.9. Under Assumption 3.1, for a > 0 and b > 0, equation (3.14) admits a unique solution
(y™,n € N*). Moreover,
Yn e N*, Vk=0,...,n, y; > 0.

Proof. Let f be the function defined on R% x R x R% by:
VAeR,Va,B >0, f(x,A,B) =2 — Bx™ " — A.
On one hand, for every A € Rand B >0, f(.,A, B) € C*(R%;R) and for every x > 0,
Ouf (¥, A,B) =1+ Byz~ ) > 0.
Then, f(., A, B) increase on R’ . Moreover,

lim f(z,A,B)=—occand lim f(z,A4,B)= .

z—0t T—00

Therefore, since f is continuous on R} x R x R*:
VAeR,VB>0,3lx>0: f(z,A, B)=0. (3.15)
On the other hand, for every n € N*, equation (3.14) can be rewritten as follow:

_ _ a(l=P0)T
Yk U+ ey, — W, -, ° berr | = 0. (3.16)
In conclusion, by recurrence, equation (3.16) admits a unique strictly positive solution yj', ;.
Necessarily, yi > 0 for k=0,...,n.
That achieves the proof. O

For every n € N*, consider the function y" : [0,7] — R such that:

n—1 yn _ y’ﬂ
k1~ Yk

= {y;? o e ) | T ()
k+1 7 bk

for every ¢ € [0, T7.
The following lemma provides an explicit upper-bound for (n,t) € N* x [0, T] — y}. It is crucial in order to
prove probabilistic convergence results at Section 4.
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Lemma 3.10. Under Assumption 3.1, for a >0 and b > 0:

SUD. 15" ooz < 90+ a1 - 3)e"Tyg T +
neN*

a(bV2)(1 = B)(1 +T)e" =T ||wl|oo;r-
Proof. Similar to the proof of Proposition 3.4.
First of all, by applying (3.14) recursively between integers 0 < ! < k < n and a change of variable:

k
n n a(l _ﬁ T ny\— n ~ ~
Ye — U = % Z (yi) 7 e + Wy — W (3.17)
i=1+1

Consider n € N* and
ky, =max{k=0,...,n:y; <yo}.

For each k =1,...,n, we consider the two following cases:

(1) If k < ky,, from equality (3.17):

n a(l _ﬁ)T Eyo ny—7Yy .bt" 7 7
i, ot = O ST e ey
i=k+1
Then,
Eyq
(l(]. — 5)T _ n ~ ~
y/’:‘ + T Z (y:L) K ebtz = y}?yo + wt?’ - wtﬁyo : (318)
i=k+1

Therefore, since each term of the sum in the left-hand side of equality (3.18) are positive from Proposition 3.9:

kyq
a(l—p3)T _ n
o< <up+ LTS gy
n i=kt1
S Yo + [y — Wy |

because y,?y < Yo-
Yo

2) If £ > k,,; by definition of k,,, for i = k,, + 1,...,k, yI* > yo and then, (y?)™"7 < y‘”. Therefore, from
Yo Yo Yo 4 i 0
equality (3.17):

k
a(l—p6)T o ~
Yo <YL = Y LS E (y7") Vet’-i-wtg—wtgy
i=kyy +1

0

<yo+a(l-— ﬁ)ebTyO_’yT + ‘@tg — Wyn

kyq

As at Proposition 3.4:
sup g < max yp
t€[0,T] k=0,...,n

<o+ a(l = BTy T+ o (b v 2)(1— B)(1 + T)! D7 ]| crr (3.19)

That achieves the proof because the right hand side of inequality (3.19) is not depending on n. O
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With ideas of Lejay ([13], Prop. 5), we show that (y",n € N*) converges and provide a rate of convergence:

Theorem 3.11. Under Assumptions 1.1 and 3.1, for a > 0 and b > 0; (y",n € N*) is uniformly converging
on [0,T] toy, the solution of equation (3.2) with initial condition yo, with rate n~®™n17),

Proof. 1t follows the same pattern that Proof of Proposition 5 from [13].
Consider n € N*, t € [0,T] and y the solution of equation (3.2) with initial condition yo > 0. Since (t};k =

0,...,n) is a subdivision of [0, T], there exists an integer 0 < k < n — 1 such that ¢ € [t}, ¢} [.
First of all, note that:

v — el < Iy’ —wrl + vk — 221+ 21 — wel (3:20)

where, 2;' =y for i =0,...,n. Since y is the solution of equation (3.2), 2} and 2, satisfy:
a(l —0B)T n . .
2y =2 + %(z}cﬂrl)’"’ebt’“rl + e, — Wiy ey
where,
n tZ-H —~ bs —y bty
p=at =) [ e g e as,

k

In order to conclude, we have to show that |y} —2}}| is bounded by a quantity not depending on & and converging
to 0 when n goes to infinity:
On one hand, for every (u,v) € Ap,

bv bu
bv, —vy bu, —v| _ € yg_e yz
|e Yp  —€ Yy | = yvyv
vYu

< e (€70 = 53+ el )
uJv

_ in(1, i
<y o (Iyl 2 o = w0 4 by L plo — u])

because s € Ry — s7 is 4-Holder continuous with constant 1 if 4 €]0,1] and locally Lipschitz continuous
otherwise, y is a-Hélder continuous and admits a strictly positive minimum on [0,77], and s € [0,T] ~ e’ is
Lipschitz continuous with constant be?”. In particular, if |[v — u| < 1,

|ebvyv_'y — ebuy;’y| < ebT”y_'yHgo;T <||y| Z-Hb’l;T + bHZUHZqT) ‘U - u‘a/t

where g = min(1, 7).
Then, for i =0,...,k,

2 )
i <at=) [ e i el

tr

tiy
<a(l—=p) ||eb.y7n/||au-H61;T/ (ti, — s)*ds

tr

i

a(l =) o . 1
S ap+1 Tertt ||eby WHau-Hél;T nontl’ (3.21)

On the other hand, for each integer i between 0 and k — 1, we consider the two following cases (which are almost
symmetric):
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(1) Suppose that y',; > 27’ ;. Then,
- —
(viha) = () <0

Therefore,

n n _ n n
‘yi+1 - Zi+1| = Yit1 — Rit1

(2) Suppose that 27", ; > y;' ;. Then,
(=f1) 7 = (o) 7 <0

Therefore,

Ziv1 — Vil = 2 — vk
a(l =BT - -
=z =y + Tebt'“ [(Z?H) 7= (yi4) W] +ef

< lyi' — 2+ |ef ]
By putting these cases together:

By applying (3.22) recursively from k& — 1 down to 0:

k-1
i — 281 < lyo — 2ol + D _ leF|
i=0

1

B —
ap-HOLT pap noo

< a(l —B) pontl Hehy—’yH

0 3.23
ap+1 ( )

because yo = z¢ and by inequality (3.21).
Moreover, from inequality (3.23), there exists N € N* such that for every integer n > N,

Y41 — 2igal < iznllaxn lyi' — 2| <my

where,
1
m, = = min ys.
Y2 s€0,1) Ys
In particular,
n n
Yky1 2 Zhgp1 — My 2 My.

Then (y, ;)" <m,”, and

y b
t—1tp
W = | = i — R
k+1 k
_ 1
< [a(l = B)Tem, " + T*||@| a-norr] — —— 0.

n® n—oo
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In conclusion, from inequality (3.20):

i —wel < [a(l = B)Te" 7 + T | a-nsir + [|ylla-sionr] v (3.24)
a’(]‘ - /6) 1 b., — 1
+ au_+1 T He Y y“awHaur;EE n— 00 0.
That achieves the proof because the right hand side of inequality (3.24) is not depending on k and t. g

Finally, for every n € N* and t € [0, 7], consider z}* = e~ (y)7+1.

The following corollary shows that (z™,n € N*) is a converging approximation for x = 7(0,zo;w) with
xo > 0. Moreover, as the Euler approximation, it is just necessary to know zg, w and, parameters a,b,c and
8 >1— « to approximate the whole path = by x™:

Corollary 3.12. Under Assumptions 1.1 and 3.1, for a >0 and b > 0, (2", n € N*) is uniformly converging
on [0,T] to z with rate n~®™n(L:7),

Proof. For a given initial condition 2o > 0, it has been shown that 2 = e~%47*! is the solution of equation (3.1)
by putting yo = x(lfﬁ , where y is the solution of equation (3.2) with initial condition yy.
From Theorem 3.11:

|z — Z‘HHOO;T <Clly - y””oo;T

C
_ ol ~ 1
< C[a(1 = B)Te" ' m,” + T @] a-nerr + ||yl a-monr | v

a(l—p5) - 1
+C ap+ 1 Tont ||eby WHag-Hb’l;TW oo 0

where, C'is the Lipschitz constant of s — s7*1 on
0, [ylloc; + sup [[y" [locsT| -
neN*
Then, (2", n € N*) is uniformly converging to = with rate n~™in(1,7), O

Remark. When o > 1/2; § > 1 — «a > 1/2 and then v > 1. Therefore, (z™,n € N*) is uniformly converging
with rate n=® < n'=2%_ In other words, the approximation of Corollary 3.12 converges faster than the classic
Euler approximation for equations satisfying assumptions of Propositions 5 from [13]. It is related to the specific
form of the vector field V.

4. PROBABILISTIC PROPERTIES OF THE GENERALIZED MEAN-REVERTING EQUATION

Consider the Gaussian process W and the probability space (£2,.A4,P) introduced at Section 2. Under
Assumption 2.8, almost every paths of W are satisfying Assumption 3.1. Then, under Assumptions 1.1 and 2.8,
results of Section 3 hold true for 7y (0, xo; W), with deterministic initial condition z¢ > 0.

This section is essentially devoted to complete them on probabilistic side. In particular, we prove that
7y (0, zo; W) belongs to LP(2) for every p > 1. We also show that the approximation introduced at Section 3
for (0, 20; W) is converging in LP(§2) for every p > 1.

Remark. Since W is a 1-dimensional process, as mentioned at Section 2, there exists an explicit geometric
1/a-rough path W over it, matching with the enhanced Gaussian process provided by Friz and Victoir at [8],
Theorem 15.33. That explains why Assumption 2.8 is sufficient to extend deterministic results of Section 3 to
v (0, z0; W).
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4.1. Extension of existence results and properties of the solution’s distribution

On one hand, when § ¢|1 — a, 1], Proposition 4.1 extend Remark (2) of Proposition 3.3 on probabilistic
side. On the other hand, we study properties of the distribution of X = 7y (0, 20; W) defined on R, when
W = (W, t € Ry) is a 1-dimensional Gaussian process with locally a-Holder continuous paths, stationary
increments and satisfies a self-similar property.

Proposition 4.1. Consider a > 0,b > 0, a €]0, 1[, a process W satisfying Assumption 2.8, xo > 0, yo = x(lf'@,

o?= sup E (V~Vt2)
te[0,T

and
A= {7y (0,20; W) is defined on [0,T]}.

If 202 1n(2) < y2, then P(A) > 0.
Proof. On one hand, by Remark (2) of Proposition 3.3:

AD { inf V~Vt > —yo}

t€[0,T]

= { sup —Wt < yo}.
te[0,T

On the other hand, since —W is a 1-dimensional centered Gaussian process with continuous paths by construc-
tion, by Borell’s inequality (¢f. [1], Thm. 2.1):

2
P| sup =W >y | <2exp (—y—%)
+€[0,7] 20

with 02 < co. Therefore,

P(A) > 1 —]P’( sup —W, > yo)

te[0,T

Y2
21—2exp<—2—02>>0. |
o

Proposition 4.2. Assume that W = (Wy,t € Ry) is a 1-dimensional centered Gaussian process with locally
a-Hélder continuous paths, and there exists h > 0 such that:

W — Wi 2 W.
Under Assumption 1.1, for a >0 and b > 0, with any deterministic initial condition xq > 0:
- D .
Tv,0,041 (0, To; W) = Ty0,6 (0, Xp; W)
for every t € Ry.

Proof. By Proposition 3.3, X has almost surely continuous and strictly positive paths on R,;. Then, by
Theorem 2.7 applied to almost every paths of X and to the map u — 1!~ between 0 and t € R :

t
X1 = (1= 9) [ X - bXu)dut oL - AW,
0
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Therefore, X _I_Fhﬁ 2z (h) where,
¢
Zy(h) = X,lfﬁ +(1- 5)/ Z,7(h) [a—bZY T (k)] du+o(1 — B)W;; t € Ry
0

because W — W, 2y,
In conclusion, by applying Theorem 2.7 to almost every paths of Z(h) and to the map u > w1

t t
D
Xt+h — Xh = / (a — qu+h) du + O'/ X5+deu
0 0

for every t € R;. O

Proposition 4.3. Assume that W = (Wi, t € Ry) is a 1-dimensional centered Gaussian process with locally
a-Holder continuous paths, and there exists h > 0 such that:

Ve >0, W. 2w
Under Assumption 1.1, for a >0 and b > 0, with any deterministic initial condition xg > 0:
v,0,et (0,203 W) £ TV, 50,6 (0, 20; W)
for every t € Ry and € > 0, with:
Vo € Ry, Vt,w € R, Vo p(x).(t,w) = (a — ba)t + oc"zPw.

Proof. By Proposition 3.3, X has almost surely continuous and strictly positive paths on R,;. Then, by
Theorem 2.7 applied to almost every paths of X and to the map u — u!~? between 0 and t € R :

¢
X P =+ (1) / X, (a—bX,)du+o(1 — B)Wr.
0
Therefore, for every e > 0, X2 # z Z(e) where,
t
Zi(e) = :péfﬁ +e(l- ﬁ)/ Z,7(e) [a— bZJH(s)] du+eo(1 - B)Wy; t € Ry
0

because W, 2o
In conclusion, by applying Theorem 2.7 to almost every paths of Z(¢) and to the map u > w1

t t
X Zao+ 5/ (a —bXey)du + Jeh/ X8 aw,
0 0
for every t € Ry and ¢ > 0. O

Remark. Typically, mean-reverting equations driven by a fractional Brownian motion are concerned by Propo-
sitions 4.2 and 4.3.

Proposition 4.4. Consider a > 0, b > 0 and a 1-dimensional fractional Brownian motion (B! t € R.) with
Hurst parameter H €]0,1[. Under Assumption 1.1, for every e >0 (xg > 0):

2 =inf {t > 0: 7y (0, z0; BH), = e} < oo P-p.s.
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Proof. Consider € > 0 and
P =inf{t>0:27 =¢}
where, Z = 7?‘1,7'6(0,;100; B,
Case 1. (¢ < xé_ﬁ). On one hand, since 77 = oo if and only if Z; > ¢ for every t € R, and

t
Zi = Zo+ (1 — g)/ (0277 —bZ,)ds + o(1 — B)BY,
0

then 75 = oo implies that:

1- e ~Z
Vt€R+,BtH2( B)(be —e Va)t +e 0

o(1—p)
Therefore,
P(r) = o0) <P {Vt ERy, B > (1- ﬁ)(b€g—(1€j;§t +e— Zo]
w . (L=P)(be —ea)t+e— Z
<P {Bt > e ]

for every t € R;.
On the other hand, since B ~» N(0,2H):

(1—=pB)(be —ea)t+e—~Zp| 1 o
P [BtH > S } - e |, et

[€+ (1= B)(be — e Va)t + e — Zo]
o2(1 — p)2t2H

with

@(§,t) = exp

For every £ € R and every € > 0,

lim ¢(&,t) = lim exp
t—o0 t—o0
and t € RY +— (£, 1) is a continuous, decreasing map. Then, for every ¢ > 1,

2
06, 8)] < Lo(6,1)] ~eno oxp [— & e ®ide).

W}

Therefore, by Lebesgue’s theorem:

lim P {BtH >

t—o0

(1 =pB)(be —ea)t +¢— Zo] —0
o(1-p) -

and for every e €]0,z5?], 7% < 0o almost surely.
Case 2. (¢ > x(lf'@). In that case, 72 = oo if and only if, 0 < Z; < € for every ¢t € R,. Then, with ideas of the

first case:

(1= 7)
0
e | etenas

<
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for every t € R;.
Moreover, results on ¢ have been established for every £ € R and every € > 0 at Case 1 then, by Lebesgue’s

theorem:
(I-08)(be —e Ma)t+e— 2

lim P | B < =0,
et [ )
and for every ¢ > x(lfﬁ , T2 < 0o almost surely.
In conclusion, since 72 = 755175 by Lemma 3.2, for every € > 0, 724 < oo almost surely. g

4.2. Integrability and convergence results

Consider the implicit Euler approximation (Y™, n € N*) for the following SDE:
t ~
Yi=yo+a(l — ﬁ)/ Y, Ve ds + Wy t € 0,7, yo > 0
0

where,

t
W, = / VsdW, and 9, = (1 — )’ =1
0
for every ¢ € [0, T7.

Proposition 4.5. Under Assumptions 1.1 and 2.8, for a > 0 and b > 0, with any deterministic initial condition
xo > 0:

(1) |7y (0,20; W)||oo;r belongs to LP(£2) for every p > 1.

(2) For every p > 1,
sup ||Xn||oo,T € LP(Q)
neN*

where, for every n € N*, X" = e~ (Y™")Y 1 with yo = x(lf'@,
Proof. On one hand, by Proposition 3.4 and Fernique’s theorem:
17y (0, 20; W)ll ooy < [ " + a1 = B)e g "T+
o(bV 2)(1 = A1 + D)Wl € 12(2)

for every p > 1.
On the other hand, by Lemma 3.10 and Fernique’s theorem:

Sup [ loe,r < yo +a(l - 3)e" Ty T +
neN*

o(bVv2)(1—B)(1+ 1) ATW||ir € LU(12)
for every ¢ > 1. Then, by putting ¢ = (v + 1)p for every p > 1,

sup || X" .7 € LP(£2). O
neN* ’

Corollary 4.6. Under Assumptions 1.1 and 2.8, for a > 0 and b > 0, with any deterministic initial condition
x9 > 0, (X", n € N*) is uniformly converging on [0,T] to 7y (0, zo;w) in LP(§2) for every p > 1.
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Proof. By Corollary 3.12:
1X™ = v (0,03 W) ey~ 0.

n—o0

Then, by Proposition 4.5 and Vitali’s convergence theorem, (X™,n € N*) is uniformly converging to 7y (0, zo; W)
in LP(£2) for every p > 1. O

Remark. Note that Proposition 4.5 is crucial to ensure this convergence in LP({2) for every p > 1. Indeed,
inequality (3.24) doesn’t allow to conclude because it is not sure that [|€*Y 7| auns1r € L*(£2).

4.3. A large deviation principle for the generalized M-R equation

We establish a large deviation principle for the generalized mean-reverting equation (as Friz and Victoir
at [8], Sect. 19.4).
First of all, let’s remind basics on large deviations (for details, the reader can refer to [3]).
Throughout this subsection, assume that inf(()) = oo.

Definition 4.7. Let E be a topological space and let I : E — [0,00] be a good rate function (i.e. a lower
semicontinuous map such that {z € E : I(z) < A} is a compact subset of E for every A > 0).

A family (pe,e > 0) of probability measures on (E, B(F)) satisfies a large deviation principle with good rate
function I if and only if, for every A € B(E),

—I(A°) < lim, ¢ log [1e(A)] < Timeoe log [ (A)] < —1(4)

where,

VA € B(E), I(A) = inf I(x).

Proposition 4.8. Consider E and F two Hausdorff topological spaces, a continuous map f : E — F and a
family (pe,e > 0) of probability measures on (E,B(E)).

If (pe, € > 0) satisfies a large deviation principle with good rate function I : E — [0, 00], then (u-o f~1, e > 0)
satisfies a large deviation principle on (F,B(F)) with good rate function J : F' — [0, 00] such that:

J(y) =inf{I(x);x € E and f(z) =y}
for every y € F.

That result is called contraction principle. The reader can refer to [3], Lemma 4.1.6 for a proof.
Consider the space C%([0, T]; R) of functions ¢ € C*H5([0, T]; R) such that:

. . lp(t) — w(s)]
lim w,(d) =0 with w,(d) = su g
Pt so( ) 90( ) ‘(S,t) EAT e

t—s| <6

for every § > 0.

In the sequel, C%“([0,T]; R) is equipped with ||.| a-ms1.7 and the Borel o-field generated by open sets of the
a-Holder topology. The same way, C°([0,7]; R) is equipped with ||.| s and the Borel o-field generated by open
sets of the uniform topology.

Now, suppose that W satisfies:

Assumption 4.9. There exists h > 0 such that:
Ve >0, We. L hw.

Moreover, Hy, € C%([0,7];R) and (C%([0,T]; R), Hy, P) is an abstract Wiener space.
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Remark.
(1) The notion of abstract Wiener space is defined and detailed in Ledoux [12].

(2) Typically, the fractional Brownian motion with Hurst parameter H > 1/4 satisfies Assumption 4.9 (¢f. [22],
Prop. 4.1).

Consider the stochastic differential equation:

t
X; =z + %/ (a—bXs)ds+ / XBaw,; t € [0,T] (4.1)
0

5h 1
where, g > 0 is a deterministic initial condition, a,b, o, > 0 and 3 €]0, 1] satisfies Assumption 1.1.

Under Assumptions 1.1 and 2.8, by Propositions 3.3 and 4.5, equation (4.1) admits a unique solution belonging
to LP(£2) for every p > 1.

Moreover, under Assumption 4.9, by Proposition 4.3:

st—$0+5/ —bXcs) ds—|—5h 1/ stdWs (4.2)

for every t € [0,T] and ¢ > 0.
In the sequel, assume that § = ¢. Then, X, satisfies:

Xe. =7y (0, z0;eW)
where, V' is the map defined on R by:
Vo € Ry, Vt,w € R, V(z).(t,w) = (a — bx)t + ox’w.
Let show that (X.,e > 0) satisfies a large deviation principle:

Proposition 4.10. Consider xg > 0. Under Assumptions 1.1, 2.8 and 4.9, for a > 0 and b > 0, (X.,e > 0)
satisfies a large deviation principle on C°([0,T);R) with good rate function J : C°([0,T];R) — [0, 00] defined
by:

vy € C°([0,T;R), J(y) = inf {I(w);w € C¥*([0,T};R) and y = 7y (0, z0; w) }

where,

|l if w € Hiy
I('UJ) {2 HOO wagHW

for every w € C%([0,T]; R).

Proof. Since C%<(]0,T];R) C C*M([0, T];R) by construction, Proposition 3.5 implies that 7y (0, xo;.) is con-
tinuous from

C%([0,T); R) into C°([0, T]; R).

On the other hand, under Assumption 4.9, by Ledoux ([12], Thm. 4.5); (¢W,e > 0) satisfies a large deviation
principle on C%<([0, T]; R) with good rate function I.

Therefore, since X, = Ty (0, z;eW) for every € > 0, by the contraction principle (Prop. 4.8), (X..,e > 0)
satisfies a large deviation principle on C°([0,T]; R) with good rate function .J. O
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4.4. Density with respect to Lebesgue’s measure for the solution
Via Bouleau—Hirsch’s method, this subsection is devoted to show that 7y (0, zo; W), admits a density with
respect to Lebesgue’s measure on (R, B(R)) for every t €]0,T] and every xo > 0.

Notation. For two normed vector spaces E and F, the embedment of E in F is denoted by E — F.

Throughout this subsection, assume that W satisfies:
Assumption 4.11. Cameron—Martin’s space of W satisfies:

C5o([0, TIR) € Hyy < CM((0, T R).

Example. A fractional Brownian motion with Hurst parameter H > 1/4 satisfies Assumption 4.11.

Proposition 4.12. Under Assumptions 1.1, 2.8 and 4.11, for a > 0, b > 0 and any t €]0,T], 7y (0,20; W),
admits a density with respect to Lebesgue’s measure on (R, B(R)).

Proof. With notations of Proposition 3.8, by Proposition 2.9 and the transfer theorem, it is sufficient to show
that w € 2+ z[z0, W(w)] satisfies Bouleau—Hirsch’s condition for any ¢ €]0, T'.

On one hand, by Proposition 3.8 (cf. Proof), z(2o,.) is continuously differentiable from CH5([0, T]; R) into
C°([0,T);R). Then, z(2,.) is continuously differentiable on

Hiy — C*9([0, T);R) € C°([0, T); R).
By Friz and Victoir ([8], Lem. 15.58), for almost every w € {2,
Vh € Hyy, W(w+ h) = W(w) + h.

Therefore, almost surely:
z[xo; W(.+ h)] = z[zo; W(.) + h],

and z(xo, W) is continuously Hi;-differentiable.
On the other hand, by Proposition 3.8, for every h € Hi,,

Dizi(z0,W) = o(1 — B)he + / F [25(20, W)] Dnzs (20, W)ds

0
—o(1-B) /Ot hy exp UtF [ (20, W] du| ds.

In particular, Dy2¢(20, W) > 0 for h:=Idjg 1) € H‘I/V.
In conclusion, by Proposition 2.9, for every ¢ €]0, T}, z:(z9, W) and then 7y (0, zg; W), admit a density with
respect to Lebesgue’s measure on (R, B(R)) respectively. O

5. A GENERALIZED MEAN-REVERTING PHARMACOKINETIC MODEL

We study a pharmacokinetic model based on a particular generalized mean-reverting equation (inspired by
K. Kalogeropoulos et al. [11]).

In order to study the absorption/elimination processes of a given drug, the following deterministic mono-
compartment model is classically used:

t AWK,
Cy = / (O—e—KaS - Kecs) ds; t € [0, 7] (5.1)
0

v
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where:

Ap > 0 is the dose administered to the patient at initial time.

v > 0 is the volume of the elimination compartment E (extra-vascular tissues).

K, > 0 is the rate of absorption in compartment A. If the drug is administered by rapid injection, an IV
bolus injection, it is natural to take K, = 0.

K. > 0 is the rate of elimination in compartment E. describing removal of the drug by all elimination
processes including excretion and metabolism.

e C, is the concentration of the drug in compartment E at time ¢ € [0, 7.

Remark. About deterministic pharmacokinetic models, the reader can refer to Jacomet [9] and Simon [23].
Recently, in order to modelize perturbations during the elimination processes, stochastic generalizations
of (5.1) has been studied:

t AOK x t

Ct = / <—e as _ KECS> ds +/ O'(S,Cs)st; te [O,T}
0 v 0

where, B is a standard Brownian motion and the stochastic integral is taken in the sense of It6. For example,

in Kalogeropoulos et al. [11]:

t AOK Ko t 8
Ct:/o (Te @ —KQCS> d8+0/0 CSdBS,tG [O,T}
with o > 0 and 3 € [0, 1].
However, these models are not realistic (¢f. Delattre and Lavielle [4]), because the obtained process C' is too
rough.
Since probabilistic properties of Itd’s integral aren’t particularly interesting in that situation, if the drug is
administered by rapid injection, C' could be the solution of equation (1.1) with Cy = Ag/v, a =0 and b = K.
In order to bypass the difficulty of the standard Brownian motion’s paths roughness, one can take a Gaussian
process W satisfying Assumption 2.8 with « close to 1. Typically, a fractional Brownian motion B¥ with a high
Hurst parameter H (c¢f. simulations below).
Precisely:
A

t t
Cyp=—- Ke/ Csds—l—a/ cPdw, (5.2)
v 0 0

where the stochastic integral is taken pathwise, in the sense of Young. Moreover, since a = 0, we shown at
Section 3 that until it hits zero, the solution of equation (5.2) is matching with the process X defined by:

AN\
Vt€R+,Xt: <7> + Wy

It is natural to assume that when the concentration hits 0, the elimination process stops. Then, we put C' =
X1 s2ar Wwhere T' > 0 is a deterministic fixed time.

For example, let simulate that model with Ay = v, K, =4, 0 =1, § = 0.8 and a fractional Brownian motion
B with Hurst parameter H € {0.6,0.9}:

On one hand, remark that the stochastic model (black) keeps the trend of the deterministic model (red).
On the other hand, remark that when the Hurst parameter is relatively close to 1 (H = 0.9), perturbations in
biological processes are taken in account by C, but more realistically than for H = 0.6.

In the sequel, we also consider the process Z = X'~#. Its covariance function is denoted by c.

For clinical applications, parameters K., o and 8 have to be estimated. Consider a dissection (g, ..., %,)
of [0,T] for n € N*. We also put z; = Xy, and z; = Z;, for i = 0,...,n. The following proposition provides
the likelihood function of (z1,...,2,) which can be approximatively maximized with respect to the parameter
0 = (K., o, 3) by various numerical methods (not studied in this paper).

y+1 :
e Ket with W, = o(l— ﬁ)/ eKe(=Bsqyy. .
0
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B

- e—Ke(l—ﬁ)t,

1—
0
1

0
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1—

] F_c
1-8 _
:L.TI,

— M-Rmodel
— Deterministic model

(

Proof. Since W is a centered Gaussian process as a Wiener integral against W; (2, . .

vector with covariance matrix I'(6). We denote by fy, .

x

n(0;.) the natural density of (z1,..

)

)

1)

and

.,n. Then,

0.8 0.9

S wn)] = E ez

FiGUurRE 1. GM-R model vs. deterministic model currently used.
) Zn)}

02 03 04 05 06 0.7

Var(z, . .
E [p(x1,..

— Deterministic model

—— M-Rmodel

0.0 0.1
)

Consider an arbitrary Borel bounded map ¢ : R — R. By the transfer theorem:

Proposition 5.1. Under Assumptions 1.1 and 2.8, the likelihood function of (1, ..
Put u; = aZH fora; e R} andi=1,..

by reduction to canonical form of quadratic forms.

to Lebesgue’s measure on (R”, B(R™)).

where, o2 (6
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where, J(u1,...,uy) denotes the Jacobian of:

1
(ur,...,up) € (R +— (uf“,‘..,uﬁ“).

By applying that change of variable:

2n
Elp(z1,...,2,)] = m/}w duy ... dupe(ur, ..., un)
+

1
Xfl,...,n <0;u17+1 .. w+1> Hu 7+1

Therefore, P(,, . o) (0;duy,. .., duy) = L(O;uy, ..., up)duy ... du, with:

......
271

20 )Mo {_1 . }
T enrieyde @) Y SO, Uy Hu O

Finally, consider a random time 7 € [0,74 A T and a deterministic function F' : Ry — R satisfying the
following assumption:

Assumption 5.2. The function F belongs to C'(R;;R) and there exists (K, N) € R x N* such that:
Vre Ry, [F(r)| < K(1+ 7)Y and |F(r)] < K1 + 7)Y

Let show the existence and compute the sensitivity of f.(z) = E[F(C¥)] to variations of the initial concen-
tration z > 0 in compartment F.

Proposition 5.3. Under Assumptions 1.1, 2.8 and 5.2, the function f; is differentiable on R’ and,
Ve >0, fr(z) = 2" [e*KeTF(c;?)(xl*ﬂ + va} :
Proof. First of all, the function x € R% + C¥ is almost surely C! on R* and,
Vo >0, 0,08 =270 (17 417, ) e,

Consider = > 0 and ¢ €]0, 1].
On one hand, since F belongs to C*(R,;R), from Taylor’s formula:

F(CI+) — F(CE)
13

1
' (oﬁf’s)awcﬁee(w‘

< sup K(1+[|C7H|oor) V]9, CF |
0€10,1]

by Assumption 5.2.
On the other hand, since 6,¢ € [0, 1]:

~ y+1
10 ooy < | (2 + )2 + [ W ooz (5.3)
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and ) .
0054 <2 (@4 1)1 4 W ir] (5.4)

By Fernique’s theorem, the right hand sides of inequalities (5.3) and (5.4) belong to LP({2) for every p > 0.
Moreover, these upper-bounds are not depending on € and €.
Therefore, by Lebesgue’s theorem, f. is derivable at point = and,

fr(x) = 2 PE [e*KeTF(c;v)(xl*ﬁ + WT)W] . m

There is probably many ways to use that result in medical treatments. For example, assume that f(z)
modelize a part of patient’s therapeutic response to the administered drug. Proposition 5.3 provides a way to
minimize the initial dose for an optimal response.

Remarks.

(1) By the strong law of large numbers, there exists an almost surely converging estimator for that sensitivity.
(2) For any x > 0, one can show the existence of a stochastic process h* defined on [0, 7] such that f(z) =
E[F(C%)o(h™)] where, 6 denotes the divergence operator associated to the Gaussian process W. Then, F' has
not to be derivable anymore by assuming that £ € L?(R%). It is particularly useful if F' is not continuous at
some points.

We don’t develop it in that paper because the Malliavin calculus framework has to be introduced before. To
understand that idea, please refer to Fournié et al. [7] in Brownian motion’s case and Marie [18].
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