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FROM ALMOST SURE LOCAL REGULARITY TO ALMOST SURE
HAUSDORFF DIMENSION FOR GAUSSIAN FIELDS

Erick HERBIN!, BENJAMIN ARRAS! AND GEOFFROY BARRUEL!

Abstract. Fine regularity of stochastic processes is usually measured in a local way by local Holder
exponents and in a global way by fractal dimensions. In the case of multiparameter Gaussian random
fields, Adler proved that these two concepts are connected under the assumption of increment station-
arity property. The aim of this paper is to consider the case of Gaussian fields without any stationarity
condition. More precisely, we prove that almost surely the Hausdorff dimensions of the range and the
graph in any ball B(to, p) are bounded from above using the local Holder exponent at to. We define
the deterministic local sub-exponent of Gaussian processes, which allows to obtain an almost sure
lower bound for these dimensions. Moreover, the Hausdorff dimensions of the sample path on an open
interval are controlled almost surely by the minimum of the local exponents. Then, we apply these
generic results to the cases of the set-indexed fractional Brownian motion on RY, the multifractional
Brownian motion whose regularity function H is irregular and the generalized Weierstrass function,
whose Hausdorff dimensions were unknown so far.
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1. INTRODUCTION

Since the 70’s, the regularity of stochastic processes used to be considered in different ways. On one hand,
the local regularity of sample paths is usually measured by local moduli of continuity and Hoélder exponents
(e.g. [11,17,29,40]). And on the other hand, the global regularity can be quantified by the global Holder exponent
(e.g. [38,39]) or by fractal dimensions (Hausdorfl dimension, box-counting dimension, packing dimension,...)
and respective measures of the graph of the processes (e.g. [9,31,33]).

As an example, if BY = {B}!; t € R, } is a real-valued fractional Brownian motion (fBm) with self-similarity
index H € (0, 1), the pointwise Holder exponent at any point ¢t € R satisfy atpu (t) = H almost surely. Besides,
the Hausdorff dimension of the graph of B is given by dimy(Grgu) = 2 — H almost surely. In this specific
case, we observe a connection between the global and local points of view of regularity for fBm. Is it possible
to obtain some general result, for some larger class of processes?

In [1], Adler showed that the Hausdorff dimension of the graph of a R%-valued Gaussian field X = {Xt(i); 1<
1 <p, te Rf}, made of i.i.d. Gaussian coordinate processes X () with stationary increments, can be deduced
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from the local behavior of its incremental variance. More precisely, when the quantities o2 (¢) = EHXt(i)tO —Xt(é) %]
independent of 1 <1i < p and tg € R_IX satisfy

Ve>0, [t*T <o) <|t*c ast—0, (1.1)

the Hausdorff dimension of the graph Gry = {(t, X;) : t € RY} of X is proved to be
. . [N
dimy(Grx) =minq — N +d(1l —a) ;.
«

This result followed Yoder’s previous works in [41] where the Hausdorff dimensions of the graph and also the
range Rgy = {X;: t € Rf } were obtained for a multiparameter Brownian motion in R?. As an application to
Adler’s result, the Hausdorff dimension of the graph of fractional Brownian motion can be deduced from the
local Hélder exponents of its sample paths. As an extension of this result, Xiao has completely determined in [37]
the Hausdorff dimensions of the image X (K) and the graph Grx (K) of a Gaussian field X whose components
may have different distributions, for a compact set K C Rf , in function of dimy; K.

In this paper, we aim at extending Adler’s result to Gaussian random fields with non-stationary increments.
We will see that this goal requires a localization of Adler’s index « along the sample paths. There is a large
litterature about local regularity of Gaussian processes. We refer to [2, 20, 23, 26] for a contemporary and
detailled review of it. This field of research is still very active, especially in the multiparameter context, and
a non-exhaustive list of authors and recent works in this area includes Ayache and Lévy Véhel [3], Ayache,
Shieh and Xiao [4], Baraka, Mountford and Xiao [6], Dozzi [10], Herbin and Lévy Véhel [17], Khoshnevisan
and Xiao [21], Lawler and Viklund [22], Lind [24] and Meerschaert, Wang and Xiao [27], Tudor and Xiao [35],
Xiao [37-39).

Usually the local regularity of an R%valued stochastic process X at ty € Rf is measured by the pointwise
and local Holder exponents Qux (to) and Qux(to) defined by

. lims N . O] |
Ox(tg) =supqa>0:limsup sup ~ < 400 g,
p—0  s,teB(to,p) p

~ Xy — X
Qx(tg) =sup<a>0:lm sup M < +00p, (1.2)
=05 te B(to,p) It — sl

when the sample path of X is continuous but not differentiable at ¢y (notice that the previous expressions for
the pointwise and local Hélder exponents are only valid when they belong to [0, 1]).

A general connection between the local structure of a stochastic process and the Hausdorff dimension of
its graph has already been studied. In [7], the specific case of local self-similarity (LASS) property has been
considered. Here, we do not want to consider any strong distributional condition, such as stationarity or LASS
property, and we show how the local Holder regularity of a Gaussian random field allows to estimate the
Hausdorff dimensions of its range Rgy and its graph Grx. However, the two works could be connected by the
study of the local regularity of locally self-similar processes. A first element is proved in [14]: any H-index locally
self-similar process has a pointwise Holder exponent equal to H.

Recently in [17], the quantities E[|X; — X,|?] when s,t are close to to € RY are proved to capture a lot
of information about the almost sure local regularity of Gaussian processes. More precisely, the almost sure
2-microlocal frontier of X at ¢y can be determined and, as an extension of the deterministic frame, allows to
predict the evolution of the local regularity at ty under fractional integrations or derivations. Particularly, as
special points of the 2-microlocal frontier, both pointwise and local Holder exponents can be derived from the
study of E[|X; — X,|?]. For all t) € RY, we define in Section 2.1 the exponents @y (to) and @x (t) of a real-valued
Gaussian process X as the minimum of @ > 0 and maximum of @ > 0 such that

Vs,t € Blto, po), ||t = slI** < E[X, — X,[*] < 1t - s]|**,
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for some po > 0. The exponents of the components X () of a Gaussian random field X = (XM ... X (@) allow
to get almost sure lower and upper bounds for quantities,

lim dims(Grx (B(to, p))) and  lim dims (Rax (B(to. p)).
P p—

After the statement of the main result in Section 2.2, the almost sure local Hausdorff dimensions are given
uniformly in ¢y € RY and the global dimensions dimy(Grx (I)) and dimy (Rgx (I)) are almost surely bounded
for any open interval I C Rf, in function of infre; @y (t) and infier @x ) (). Sections 2.3 and 2.4 are devoted
to the proofs of the upper bound and lower bound of the Hausdorff dimensions respectively.

In Section 3, the main result is applied to some stochastic processes whose increments are not stationary and
whose Hausdorff dimension is still unknown.

The first one is the multiparameter extension of fractional Brownian motion (MpfBm), derived from the
set-indexed fractional Brownian motion introduced in [15,16]. On the contrary to fractional Brownian sheet
studied in [5,36], the MpfBm does not satisfy the increment stationarity property. Then the study of the local
regularity of its sample path allows to determine the Hausdorff dimension of its graph in Section 3.1.

The second application is multifractional Brownian motion (mBm), introduced in [8,30] as an extension of
classical fractional Brownian motion where the self-similarity index H € (0,1) is substituted with a function
H:Ry — (0,1) in order to allow the local regularity to vary along the sample path. The immediate consequence
is the loss of the increment stationarity property. Then, the knowledge of local Holder regularity implies the
Hausdorff dimensions of the graph and the range of the mBm. In the case of a regular function H, the almost sure
value of lim,_.o dimy (Grx (B(to, p))) was already known to be 2 — H (to) for any fixed to € R4. In Section 3.2,
this almost sure result is proved uniformly in ty3. The new case of an irregular function H is also considered.
These kind of quantities have already been studied by Meerschaert et al. [28] for the level sets of mBm when
the function H is regular.

The last application of this article concerns the generalized Weierstrass function, defined as a stochastic
version of the well-known Weierstrass function, where the index varies along the trajectory. The local Holder
regularity is determined in Section 3.3 and consequentely, the Hausdorff dimension of its sample path.

2. HAUSDORFF DIMENSION OF THE SAMPLE PATHS OF (FAUSSIAN RANDOM FIELDS

In this paper, we denote by multiparameter Gaussian random field in R?, a stochastic process X = {X;; t €
RY}, where X; = (Xt(l), . 7Xt(d)) e R forallt e R_IX and the coordinate processes X (9 = {Xt(l); t € RY}
are independent real-valued Gaussian processes (not necessarily zero-mean) with the same law.

2.1. A new local exponent

According to [17], the local regularity of a Gaussian process X = {X;; t € RY} can be obtained by the
deterministic local Holder exponent

~ E[|X; — X,
ax(to) =sup<a>0:lim sup Htizi‘] < 400 p. (2.1)
P=051eB(top) It — 5|l

More precisely, the local Holder exponent of X at any o € RY is proved to satisfy P(&X(to) =y (to)) =1.
In order to get a localized version of (1.1), we need to introduce a new exponent wy (to), the deterministic
local sub-exponent at any ty € R_IX , defined for any 2nd-order stochastic process X,

_ o E[X - X
ax(tp) =infqa>0:1 f @ —= 2.2
@x(to) = in {a e s,telél(to,p) It — s]|2 oo (22)

_ 1 ; E[X: - X,°] _
=supqa>0:lim inf ———m""=0%.
p—0steB(to,p) [t — s||**
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Lemma 2.1. Let X = {X;; t € RY} be a multiparameter 2nd-order stochastic process.

Consider ax (tg) and wy (to) the deterministic local Holder exponent and local sub-exponent of X at ty € Rf
(as defined in (2.1) and (2.2)).

For any € > 0, there exists po > 0 such that

Vs,t € Blto, po), ||t —s]|?2x®)+e <E[|X, — X,[?] < ||t — s]|28x (o) —e,

The previous result comes directly from definitions of @y (t9) and ax (o). It allows to derive an ordering
relation between the deterministic local sub-exponent and the deterministic local Holder exponent. We have

Vito € R{X, aX(to) < QX(to). (23)

2.2. Main results: The Hausdorff dimension of Gaussian random fields

For sake of self-containess of the paper, we recall the basic frame of the Hausdorff dimension definition.
For all § > 0, we denote by d-covering of a non-empty subset £ of R? all collection A = (A;);en such that

e Vi € N,diam(4;) < J, where diam(A;) denotes sup(||z — y||; =,y € A4;); and
o K C UieN A;.

We denote by X5(E) the set of §-covering of E and by X(E) the set of the covering of E. We define

S(E)= inf diam(4;)° 3,
MiE) = nt {2_) fam(A;) }
and the Hausdorff measure of E by H*(E) = lims_.o H3(E). The Hausdorff dimension of E is defined by
dimy(F) =inf{s € Ry : H*(E) =0} =sup{s € Ry : H*(F) = +o0}.

For any random field X = {Xt(i); 1<i<p, te Rf} made of i.i.d. Gaussian coordinate processes with
possibly non-stationary increments, the Hausdorff dimensions of the range Rgy (B(to,p)) = {X¢; t € B(to,p)}
and the graph Grx (B(to,p)) = {(t, X1); t € B(to,p)} of X in the ball B(to, p) of center ¢y and radius p > 0
can be estimated when p goes to 0, using the deterministic local Holder exponent and the deterministic local
sub-exponent of X @) at t.

In the following statements and in the sequel of the paper, the deterministic local Holder exponent &) (to)
and the deterministic local sub-exponent ey (to) of X at any to € Rf are independent of 1 < ¢ < d, since
the component X (9 are assumed to be i.i.d.

Theorem 2.2 (Pointwise almost sure result). Let X = {X;; t € RY} be a multi-parameter Gaussian random
field in RY. Let qix i) (to) be the deterministic local Hélder exponent and @ (to) the deterministic local sub-
exponent of XD at fized ty € Rf as defined in (2.1) and (2.2), independent of 1 < i < d. Assume that
@y (to) > 0.

Then, the Hausdorff dimensions of the graph and the range of X satisfy almost surely,

min {L, N+d(1l—axo (to))} < lim dimy (Grx (B(to, p))) < min{#; N +d(1—axe (to))}
axw (to) p—0 ax (to)

and

N N
min{ ———;d » < lim dimy (Rg  (B(to, <ming ——;d ;.
{me(tO) } g dimae(Rex (Blto, £)) {@xm(tO) }

The proof of Theorem 2.2 relies on Propositions 2.6 and 2.8.
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Theorem 2.3 (Uniform almost sure result). Let X = {X;; t € RY} be a multi-parameter Gaussian random
field in RE. Let @ix (t) be the deterministic local Hélder erxponent and & (t) the deterministic local sub-
exponent of X at any t € Rf.
Set A= {t € RY :liminf, ., @y (u) > 0}.

Then, with probability one, for all tg € A,

N
. ) T ’_ < Tim di
min —limifnngm(u) s N 4+ d(1 hlfriltr;fgx(t) (u)) p < })ll% dimy (Grx (B(to, p)))
u—19
< min L'N—i—d(l—limintw (u))
- lim inf &X(i) (u) ’ u—to “x®
u—to
and
N N
i — - d » < limdi Bt < mi _——d
min limifnfgx(l) W’ < p% ims¢(Rg x (B(to, p))) < min limifnf@Xm W'
u—tq u—to

The proof of Theorem 2.3 relies on Proposition 2.6 and Corollary 2.10.

Theorem 2.4 (Global almost sure result). Let X = {X;; t € RY} be a multiparameter Gaussian field in R*.
Let Gy (t) be the deterministic local Hélder exponent and ey (t) the deterministic local sub-exponent of X )
at any t € Rf .

For any open interval I C Rj\_/, assume that the quantities @ = infre; @y o) (t) and @ = infiey ax e (t) satisfy
0 < o < w@. Then, with probability one,

min {N/a5 N + d(1 — @)} < dima(Gr (1)) < min {N/& N + d(1 - &)}
and
min {N/w; d} < dimy(Rgyx (1)) < min{N/x;d}.
The proof of Theorem 2.4 relies on Corollary 2.7 and Corollary 2.9.

2.3. Upper bound for the Hausdorff dimension

Lemma 2.5. Let X = {X; t € RY} be a multiparameter random process with values in R?. Let Otx(to) be
the local Holder exponent of X at tg € Rf.
For any w such that ax (tg) > 0,

N
liH(l) dimy (Rgx (B(to, p))) < liH(l) dimy (Grx (B(to, p))) < min {Ni
P p—

aX(tO);N + d(l — &X(to))} .

Proof. The first inequality follows the fact that the range Rgy(B(to,p)) is a projection of the graph
Grx (B(to, p)). For the second inequality, we need to localize the argument of Yoder ([41]), who proved the
upper bound for the Hausdorff dimensions of the range and the graph of a Hélderian function from R™ (or
[0,1]Y) to R? (see also [12], Cor. 11.2 p. 161).

Assume that w is fixed such that @x(tp,w) > 0. By definition of Qx (ty), for all € > 0 there exists pg > 0
such that for all p € (0, po],

Vs,t € Blto,p), || Xe(w) — Xs(w)|| < ||t — s]/@xFow)=e,
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There exists a real 0 < o < 1 such that for all u € [0, 1]V, to + do.u € B(to, po) and consequently,
Vu,v € [07 1}N7 HXtoJr(so.u(w) - Xt0+5o,'u(w)|| < ((50 H’LL — ’UH)aX(to’w)ie.

Then, the function Ye(w) : u +— Y, (w) = X¢y4pe.u(w) is Holder-continuous of order Gx (tg,w) — € on [0, 1]V
and therefore, according to [41],

dime (Rey, ) (0. 11)) < dimy(Gry, () (0,11¥)) < min{ﬁw)_g; N 4 d(1 — @x (o, ) + e)} .

).

We can observe that the graph Grx, () (to+30.[0, 1]")) is an affine transformation of the graph Gry, (.,([0, 1]
therefore their Hausdorff dimensions are equal. Moreover, there exists p > 0 such that B(to, p) C to+ d0.[0, 1]V
By monotony of the function p — dimy (Grx, ) (B(to,p))), we can write

N ~
lim dims (Grx, () (B(to, p))) < min {~7; N +d(1 — ax(ty,w) + e)} .
p—0 ax(to,w) — €

Since this inequality stands for all € > 0, we get

lir%dimH(GrX.(w)(B(to,p))) <min{ = ;N—i—d(l—&x(to,w))}. O
p—

ax(to,w)

Lemma 2.5 gives a random upper bound for the Hausdorf{f dimensions of the (localized) range and graph of
the sample path, in function of its local Hélder exponents. When X is a multiparameter Gaussian field in R¢,
we prove that this upper bound can be expressed almost surely with the deterministic local Holder exponent of
the Gaussian component processes X ().

Proposition 2.6. Let X = {X;; t € RY} be a multiparameter Gaussian field in R?. Let @x e (to) be the
deterministic local Hélder exponent of X at ty € Rf and assume that @y (to) > 0.
Then, almost surely

Lim, dimsq(Rgx (B(to, p))) < lim dimsq(Grx (B(to, p)) < min {N/aixe (fo); N +d(1 — @xa (o))}
Moreover, an uniform result can be stated on the set
A={to e RY : hq?i»itrolf&X(i) (u) > 0}.
With probability one, for all ty € A,
lim dims (R (B(to, ) < lim dime (Grx (B(to, ) < min {N/ timnf @) (u); N + d(1 ~ lim inf o (u»} .

Proof. In [17], the local Hélder exponent of any Gaussian process Y at to € RY such that @y (o) > 0 is proved
to satisfy @y (to) = @y (tg) almost surely. Therefore, by definition of @y (t), for all € > 0 there exists pg > 0
such that for all p € (0, po], we have almost surely

Vs,t € Blto,p), |X(" = X| < [t — s "5 (0,
and consequently, almost surely
Vs,t € Blto,p), ||1Xe— Xl < K [[t — sffFxco (t0)=e, (2.4)

for some constant K > 0.



424 E. HERBIN ET AL.

From (2.4), we deduce that Qtx(tg) > @x ) (to) almost surely. Then Lemma 2.5 implies almost surely
Hig dimie(Rex (B{to, ) < Ly dinure(Grx (B(to, )
< min {N/txwu (to); N + d(1 — axa) (to))} -

For the uniform result on ¢ty € RY, we use the Theorem 3.14 of [17] which states that if ¥ is a Gaussian
process such that the function ¢y — liminf, ., @y (u) is positive, then with probability one,

Vitg € Rf, liminf @y (u) < @y (tp) < limsup @y (u).

u—to u—to

This inequality yields to the existence of £2; € F for all 1 <i < d with P({2;) = 1 and:
For all w € (2;, all tg € A and all € > 0, there exists pg > 0 such that for all p € (0, po],

Vs,t € Bl(to, p), |X\(w)— XD (w)| < ||t — s||minfu—ro S (W)
This yields to: for all w € ﬂlgigd £2;, all ty € A and all € > 0, there exists pg > 0 such that for all p € (0, po],

Vs,t € Blto,p),  [1Xe(w) = Xo(@)|| < K ||t — s o Sxn (7

for some constant K > 0.
With the argument of Lemma 2.5, the result follows. a

Corollary 2.7. Let X = {X;; t € Rf} be a multiparameter Gaussian field in R and Gy (to) the determin-
istic local Holder exponent of X at ty € Rf.

Assume that for some bounded interval I C Rf, we have o = infy e @x ) (to) > 0. Then, with probability
one,

dimy(Rgx (1)) < dimy(Grx (1)) <min{N/a; N +d(1 —a)}.

Proof. With the same arguments as in the proof of Proposition 2.6, we can claim that, with probability one,
Vtg € I, a < @ex(to). Then, there exists 2y € F with P(£29) = 1 and: For all w € g, all ¢y € I and all € > 0,
there exist pg > 0 and K > 0 such that Vp € (0, po],

Vs,t € B(to,p), [ Xe(w) = Xs(W)[| < K[|t = s]**

Then the continuity of ¢t — X;(w) on the bounded interval I allows to deduce that, for all w € 2y and all
€ > 0, there exists a constant K’ > 0 such that

Vst l, | Xi(w) - X,()| < K[t - sl|* . (2.5)

If the interval I is compact, we can exhibit an affine one-to-one mapping I — [0,1]" and conclude with the
arguments of Lemma 2.5 that [41] implies

dimy (Rgx, () (1)) < dimy(Grx, ) (1)) < min{ i N+d(1—a+ 6)} a.s.

a—e€
Since this inequality stands for any € > 0, the result follows in that case.
If I is not closed, we remark that

dimy (Rgy, () (1)) < dimp(Rgx, () (1)) and  dimy(Grx, (o)(1)) < dimp(Grx, () (1))-

Then, extending the inequality (2.5) to I by continuity, the result for the compact interval I is proved as
previously. O
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2.4. Lower bound for the Hausdorff dimension

Frostman’s Theorem constitutes the key argument to prove the lower bound for the Hausdorfl dimensions.
We recall the basic notions of potential theory, which are used along the proofs of this section. For any Borel
set £ C R?, the f-dimensional energy of a probability measure p on F is defined by

T = [ o=yl ulde) uldy).
ExXE
Then, the S-dimensional Bessel-Riesz capacity of E is defined as
1
C3(E) = sup (—; 1 probability measure on E) .
Ta(p)

According to Frostman’s Theorem, the Hausdorff dimension of F is obtained from the capacity of E by the
expression

dimy E =sup (6 : Cg(E) >0) =inf (8 : C3(E) =0).

Consequently, if Ig(pn) < 400 for some probability measure (or some mass distribution) p on E, then
Proposition 2.8. Let X = {X;; t € RY} be a multiparameter Gaussian field in RY and axe (to) the deter-
ministic local sub-exponent of X at to € Rj\_/.

Then, almost surely

L N/ax e (to) if N <d axao(to);
i dims (Grx(B(to, p))) 2 { N+ d(1— o (t0) if N > d aiyoo (to):

and

li dins (R (Bt ) > { 3000 (0 < o o

Proof. Following Adler’s proof for the lower bound in the case of processes with stationary increments, we
distinguish the two cases: N < d @y (to) and N > d @y (fo).
e Assume that N < d @y (to). In that case, we prove that almost surely,

N
axm (to)
For any € > 0, we consider any § < N/(axw (to) + €) < d and we aim at showing that the S-dimensional
capacity Cg(Rgx (B(to,p))) is positive almost surely for all p > 0.

With this intention, for E = Rgx (B(to, p)) = X (B(to,p)), we consider the S-dimensional energy Iz(u)
of the mass distribution 1 = A, © X! of E, where AlB(ty,p) denotes the restriction of the Lebesgue

measure to B(tg, p). As mentioned above (see also Thm. B in [34]), a sufficient condition for the capacity to
be positive is that, almost surely

[ =l (o) iy = | 10— X[~ ds dt < +oo. (2.7)
ExXE B(to,p) X B(to,p)

> (2.6)

lim dims (Grx (B(to, p)) = lim dimy(Rgx (B(to, p)) =
P— p—

Since the X are independent and have the same distribution, we compute for all s,t € Rf ,

- 1 _ ]2
E[|X;— X, *l=——— B T ) d
[I-xe I~ [2m02(s,t)]4/2 /R ol exp < 2 0%(s,t) -

where 0% (s,t) = E[|Xt(i) - Xgi)|2] is independent of 1 < i < d.
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Let us consider the change of variables (R \ {0},S%™!) — R?\ {0} defined by (r,u) + 7.u, where S?~1
denotes the unit hypersphere of R?%. The previous expression becomes

_ K 1 r2
E[|X; — X, B8] — d—1-p . d
[” t | ] [27T02(3’t)]d/2 /R+7” exp 2 02(s. 1) o2(s, 1) r

1
241 B exp <—§z2) dz,

where K is a positive constant and using the change of variables r = o(s,t) z.
Since the integral is finite when 3 < d, we get

— £ (o) [

R

Vst e RY, B[|X, - X|77] <K, (o(s, 1), (2.8)

for some positive constant K.
By Tonelli’s theorem and Lemma 2.1, this inequality implies the existence of pg > 0 such that for all
pEe (Oa PO]a

E

/ 1%~ X" dt as| < Koy [t — sf|Pexo 49 4t ds < too
B(to,p)XB(to,p) B(to,p)XB(to,p)

because B(ax ) (to) +¢€) < N. Thus (2.7) holds and for all p € (0, po],

N
di Rg v (B(to, >
lmH( gX( ( 0 p))) = Ux (i) (tO) +e a.s
Taking p,e € Q, this yields to
N
lim dimy (Rg x (B(to, > — a.s.,
p—0 7‘[( gX( (0 p))) Qx(i)(to)

which proves (2.6).

o Assume N > d @y (o). We use the previous method to prove that almost surely

glg(l) dimy(Rgx (B(to, p))) = d. (2.9)

For any € > 0 such that d < N/(ax« (to) + €), consider any real 3 such that S < d. As previously, we show
that equation (2.7) is verified, which implies that the 8-dimensional capacity Cg(Rgx (B(to, p))) is positive
almost surely for all p > 0.

Since § < d, equation (2.8) still holds. As in the previous case, the inequality 5(ay ) (to)+€) < N implies (2.7)
for p small enough and then

dimy (Rgx (B(to, p))) >d  as.

Taking p € Q, the inequality (2.9) follows.
e Assume N > d @y (to). To prove the lower bound for the Hausdorff dimension of the graph,

lim dimy (Grx (B(to, p))) > N +d(1 —axw (to))  as., (2.10)
p—
we use the same arguments of potential theory than for the range.

For any € > 0, consider any real 3 such that d < § < N 4+ d(1 — @x«) (to) — €). In order to prove that the
B-dimensional capacity Cg(Grx (B(to,p))) is positive almost surely for all p > 0, it is sufficient to show that

/ (t, X¢) — (s, Xs)|| 77 ds dt < +o0 a.s. (2.11)
B(to,p)x B(to,p)



LOCAL REGULARITY AND HAUSDORFF DIMENSION OF GAUSSIAN FIELDS 427

A same kind of computation as previously (see also [19] pp. 278-279) allows to obtain

It — s

E [(uxt — Xl + 1t = sll2>’m] =K o

By Tonelli’s Theorem and Lemma 2.1, this inequality implies the existence of pg > 0 such that for all
P € (Oa PO]a

[t —s]=F
/ (t, X¢) — (s, Xo)|| 77 dt ds g/ Ky ~————dsdt
B(to,p)x B(to,p) B(to,p)x B(to,p) o(s,t)

< / Ky ||t — s||7PHa0-exm =9 45 dt < +o0,
B(to,p)x B(to,p)

E

because § < N + d(1 — axw (to) —€). Thus (2.11) holds and for all p € (0, po],
dimH(er(B(to,p)) >N+ d(l — Qx> (to) — 6) a.s.
Taking p, e € Q4 , this yields to

lim dimy (Grx (B(to, p)) 2 N +d(1 —axw (to))  as.,
p—

which proves (2.10). O
We now investigate uniform extensions of Proposition 2.8.

Corollary 2.9. Let X = {Xy; t € RY} be a multiparameter Gaussian field in R and ax) (t) the deterministic
local sub-exponent of X at any t € Rf.
Assume that for some open subset I C Rf, we have a = infre; wy (t) > 0.

Then, with probability one,

dimy (Grx (1)) > {%/%d(l —a) g% § Z g;

and

dimne(Rex (1) = { /4 NS48

Proof. For any open subset I C RY, we first prove that for all w, the Hausdorff dimension of the graph of
Xo(w) : t — Xy(w) satisfies

dimy (Grx, () (1)) = sup Limy dimsq (Grx, () (B(to, p)))- (2.12)
tocI P

Since I is an open subset of RY, for all ¢ty € I, there exists p > 0 such that B(to,p) C I. This leads to
dimy (Grx, () (B(to, p))) < dimy(Grx, (.)(/)) and then

dimg(Grx, () (1)) > glg(lj dimy(Grx, () (B(to, p))),

since p — dimy(Gry, () (B(to, p))) is decreasing. Then (2.12) follows.
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In the same way, we prove that for all w,

dimy (Rgx, () (1)) = sup lim dimy (Rgx, (o) (B(to, p)))- (2.13)

toel p—0

Following the proof of Proposition 2.8, we distinguish the two cases: N < d a and N > d a with a =
infier @y (t). The result follows in the same way. O

Corollary 2.10. Let X = {Xy; t € Rj\_/} be a multiparameter Gaussian field in R? and ax) (t) the determin-
istic local sub-exponent of X at any t € Rf,
Set A= {t € RY :liminf, ., @y (u) > 0}.
Then, with probability one, for all tg € A,
N/ litm itnfgx(i) (t) if N <d litm 1nf ay(t);
—1o —1lo

lim dimy (Grx (B(to, >
p—0 H( X( ( 0 p))) N +d (1 — litmitnfgx(l) (t)) ZfN >d litIn%Ilng(i)(t);
—to —to

and
N/ lifmitnngm (t)if N<d lifmitnngm (1);
lim di Reg v (B(to, > o . R
pl{)[%) imy(Rgx (B(to, p))) = d if N >d hﬁglfﬂx<“(t)~

Proof. Corollary 2.9 implies the existence of 2* € F with P(£2*) = 1 such that: for all w € 2% and all
a,b € QY with a < b, such that o = infye(a,p) @x o (t) > 0, we have dimy(Grx, ) ((a,0))) > N/aif N <d a
and > N +d(1 —a) if N > d « and dimy(Rgx, (,)((a,0))) > N/aif N <daand > dif N >d a.

Therefore, taking two sequences (an)nen and (b, )nen such that Vn € N, a,, < tg < b, and converging to to,
we get

N/ litm 111ng<71) (t) if N<d lifm itnfgx(l) (t);
. . —to t—to
i dimg (Gr, ) (an, bn))) 2§ x4 g1’ = lim inf g (1)) i N > d liminf ey (1):
—to L—10
and
. . t—to t—to
lim_dimy(Rgx, (o) ((an, bn))) = § 4 if N > d liminf e ():
t—to
By monotony of the Hausdorff dimension, the result follows. a

3. APPLICATIONS

In this section, we apply the main results to Gaussian processes whose fine regularity is not completely known:
the set-indexed fractional Brownian motion on Rf and the multi-fractional Brownian motion with a regularity
function lower than its own regularity. We end this section with the generalized Weierstrass function, which is
not a Gaussian process.

3.1. Set-indexed fractional Brownian motion

A multiparameter extension of fractional Brownian motion (MpfBm) B = {Bf; t € RY} of index H €
(0,1/2] is defined as a particular case of set-indezxed fractional Brownian motion (see [15,16]), where the indexing
collection is A = {[0,#]; t € RY} U {0}. It is characterized as a real-valued mean-zero Gaussian process with
covariance function

vs,t € RY, E[BIB{] = 5 [m([0,s)*" +m([0,2])*" —m([0,s] A [0,))*"],

DN | =

where m denotes a Radon measure in R_IX .
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In the specific case where N = 2 and m is the Lebesgue measure of Ri, the covariance structure of the
MpfBm is

Vs, t € Ri, E [BSHBfI] = [(8182)2H 4 (tyta)?H — (s152 4 tita — 2(s1 At1)(s2 A t2))2H] .

N —

Then, its incremental variance is
Vs, t € Ri, E UBtH — BsH‘z] = (8182 + ti1to — 2(81 /\t1)(82 A tg))zH. (31)

Let us remark that the process B is different from the two other multiparameter extensions of fBm, which are
Lévy fractional Brownian motion and fractional Brownian sheet.

The stationarity of the increments of the set-indexed fractional Brownian motion on RY are studied in [16].
Among all the various definitions of the stationarity property for a multiparameter process, the MpfBm does
not satisfy the increment stationarity assumption of [1]. Indeed, (3.1) shows that E [|Bff — BZ|?] does not only
depend on ¢ — s. Since the Hausdorff dimension of its graph does not come directly from [1], we use the generic
results of Section 2.2.

Lemma 3.1. If m is the Lebesque measure of RN, for any a < b in R_IX \ {0}, there exists two positive
constants mqy, and M,y such that

Vs, t € [a,b]; mayp di(s,t) <m([0,s] A0,t]) < Map dools,t)

where di and ds are the usual distances of RN defined by

N
dy:(s,t) = |t —slly =) |t — sil
i=1
oo (5,0) = 6= slloo = mavs, i = sl
Proof. For all s,t € [a,b], we write
[0, s] A{0,2] = ([0,s] \ [0,2]) U ([0,¢] \ [0, ]).

Suppose that for all i € I C {1,..., N}, s; > t;, and that for all i € {1,..., N} \ I, s; < ;. For any subset J of
{1,..., N}, we denote by [],.,[0, s;] the cartesian product of [0, s;] for i € .J.

We have
[0,s] = J 10, s3] x J] ([0, t:] U [ti, s:])
i¢l iel
<H[0 Sz ) O SZ] X H[O,ti] X H [ti,si} ,
i¢I zel JCI z¢1 = ieI\J
and then
[0, 5]\ ()sZ xHOt X H [ti, si]
cI z¢I i€J ieI\J
xe[ el t <a < s}
We deduce

m((0,s]\[0,¢)) =T lsil D (L1l TT 1t — il

il JCI \ieJ  iel\J
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In the same way, we get
m(0,0\[0,s)) = Tlsisl D | TTItl TT 1t — sl
icl JCoIe \ied  iele\J
For all 1 <i < N, we have |a| <|s;| < |b] and |a| < |¢t;] < |b|. Then,

m([0, 5] A [0,1]) < o[F 3 (b do (5, )FID 4 (BT ST [0 dog (5, £)#0ND)
JCI JCIe

< doo(sit) [T [0 doc (s, ) VD TE 4 [ FT Y7 (b1 # dog (5, ) FUND
JCI JCIe

bounded in [a,b]
S Ma,b doo(S,t).

For the lower bound, we write

m([0,5] A [0,¢]) > [a# > Jal® T 1t = sil +1al#" > Ja* T It — sl

JCI i€I\J JCIe icIe\J

Let m, be the minimum of |a|¥ for 1 <k < N. We get

m([0,s] A[0,8) >m2 > ] lti—sil+m2 > [ Iti—sil- (3.2)

JCIiel\J JCICiele\J

Let us remark that

Z H ‘ti—3i|=H(1+\ti—si|)—1,

JCIiel\J il

Using the expansion

log [T (14 Iti = sil) = > log (1 + [t —sal) = Y |ti — il + o(lts — i),

il il il

which implies

[T+ 1= sil) =14 It — sil + ol[ti — i),
icl icl
the inequality (3.2) becomes
m([0,s] A[0,8]) Zmg Y |t — sil + o([t = sllec).
1<i<N

The result follows. O

Lemma 3.2. Let BY = {BE; t ¢ Rf} be a set-indexed fractional Brownian motion on Rf with index
H € (0,1/2]. The deterministic local Hélder exponent and deterministic local sub-exponent of B at any ty € Rf
are given by ax (to) = ay(to) = H.
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Proof. We prove that ax (to) > H and @y (to) < H. The result will follow from ax (to) < ax(to)-
Since for all s,t € Rf,

)

E[Bf -BI]?] _ (m([@s] A [o,ﬂ))“’
[t —s]27 da (s, 1)

Lemma 3.1 implies that for all s,¢ in any interval [a, b],

di(s,0)\*" _E[BI B oo (5,6)\ 27
M (d2(57t)> = W < My <d2(8,t) ) ’ (33)

for some positive constants M7 and M.

Since the distances di,d2 and ds are equivalent, the inequality (3.3) implies that the quantity
E [IBf —Bf|?] /|lt — s||*!! is bounded on any interval [a,b]. Consequently, for all o € RY, @x(to) > H
and wy(tp) < H, by definition of the deterministic local Holder exponent and the deterministic local
sub-exponent. O

A direct consequence from Lemma 3.2 is the local regularity of the sample paths of the set-indexed fractional
Brownian motion on Rf . In [17], Corollary 3.15 states that for any Gaussian process X such that the function
t — @x(t) is continuous and positive, the local Holder exponents satisfy with probability one: cx (t) = ax (t)
for all t € Rf . Since the deterministic local Holder exponents of the MpfBm are constant and positive, the
following result comes directly.

Corollary 3.3. The local Hélder exponent of the set-indezed fractional Brownian motion BY = {BI; t € Rf}
(with 0 < H < 1/2) satisfies with probability one, g (to) = H for all to € RY.

As an application of Theorem 2.4, the property of constant local regularity of set-indexed fractional Brownian
motion on R_IX yields to sharp results about the Hausdorff dimensions of its graph and its range.

Proposition 3.4. Let X = {X;; t € Rf} be a multiparameter fractional Brownian field with index H €
(0,1/2], i.e. whose coordinate processes XW XD gre i.i.d. set-indexed fractional Brownian motions on Rf
with index H .

With probability one, the Hausdorff dimensions of the graph and the range of the sample paths of X are

VI = (a,b) C RY, dimy(Grx(I)) = min{N/H; N +d(1 — H)},
dimy (Rgx (1)) = min{N/H;d}.

Corollary 3.5. Let B = {Bf’; t € RY} be a set-indexed fractional Brownian motion with index H € (0,1/2].
With probability one, the Hausdorff dimensions of the graph and the range of the sample paths of BH are

VI = (a,b) C RY, dimy(Grgu(I)) =N +1- H,
dimy (Rgga (1)) = 1.

Proposition 3.4 and Corollary 3.5 should be compared to Theorem 1.3 of [5] which states the Hausdorff
dimensions of the range and the graph of the fractional Brownian sheet (result extended by Prop. 1 and Thm. 3
of [36]). In particular, the Hausdorff dimensions of the sample path (range and graph) of the multiparameter
fractional Brownian motion are equal to the respective quantities for the fractional Brownian sheet, when the
Hurst index is the same along each axis.
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3.2. Irregular multifractional Brownian motion

The multifractional Brownian motion (mBm) is an extension of the fractional Brownian motion, where the
self-similarity index H € (0,1) is substituted with a function H : Ry — (0,1) (see [8,30]). More precisely, it
can be defined as a zero mean Gaussian process {Xt(z); teRy} (1 =1,2) with

1) elté 1
- | e Wi, (3.4
or

t t
X2 = [ [t - w02 - (102 W(du) + /0 (t — )T 012 W(du),

—00

where W is a Gaussian measure in R and W is the Fourier transform of a Gaussian measure in C. The variety
of the class of multifractional Brownian motions is described in [32].

In the first definitions of the mBm, the different groups of authors used to consider the assumption: H is a
(B-Hoélder function and H(t) < § for all ¢ € R. Under this so-called (Hg)-assumption, the local regularity of
the sample paths was described by

X(tO) = &X(to) = H(to) a.s.

where Qtx (t9) and Qtx (ty) denote the pointwise and local Holder exponents of X at any to € R. A localization
of the Hausdorff dimension of the graph were also proved: for any ¢ty € R4,

liH(l) dimyy [Grx (B(to, p))] =2 — H(to) a.s.
p—

Let us notice that this result could not be a direct consequence of Adler’s earlier work [1] since multifractional
Brownian motion does not have stationary increments, on the contrary to classical fractional Brownian motion.

The local Hausdorff dimension of level sets of mBm (as a particular case of multi-fractional Brownian sheet)
have been considered in [28], under regularity Assumption (Hg). Denoting I, = {t € Ry : X; = z}, for any
to € R4, there exists pg > 0, such that almost surely,

liH(l) dimy (I'x, N B(to,p)) =1 — H(ty) for a.e. t € B(to, po).
p—

In [13,17], the fine regularity of the multifractional Brownian motion has been studied in the irregular case,
1.e. when the function H is only assumed to be S-Hoélder continuous with 4 > 0. In this more general case, the
pointwise and local Holder exponents of X at any to € R satisfy respectively

where the exponents a g (to) and a g (to) are given by the following expressions when the function H is continuous
but not differentiable at tq,

H(t)—H
ag(ty) =sup a>0:limsup sup |H(t) — H(s)| < 4oo b
p=0  s,t€B(to,p) p
H(t)— H
a(te) =supla>0:1lim sup H{) — Hs)|
P=051eB(to,p) It —s|*

and ap(tg) = apg(to) = 1 when H is differentiable at .
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Roughtly speaking, when the function H is irregular, it transmits its local regularity to the sample paths of
the mBm. But in that case, nothing is known about the Hausdorff dimension of the range or the graph of the
process.

In this section, the main results of the paper stated in Section 2.2 are applied to derive informations on these
Hausdorff dimensions, without regularity (Hg)-assumption on the function H. As for Gaussian processes, we
define the local sub-exponent of H at ty € Ry by

. . . |H(t) — H(s)|
to) =infqa>0:1 f —=
ay(to) =in {a pl_r%s,tegl(to,p) i s +00

H(t)— H
=supqa>0:1lim inf M:o .
p—0 s,t€B(to,p) |t — s|*

Proposition 3.6. Let X = {X;; t € Ry} be the multifractional Brownian motion of integral representa-
tion (3.4), with regqularity function H : Ry — (0,1) assumed to be 5-Hdlder-continuous with 3 > 0. Let ap(to)
and ag(to) be respectively the local Holder exponent and sub-exponent of H at ty € R.

In the three following cases, the Hausdorff dimension of the graph of the sample path of X satisfies:

(1) If H(to) < aH(to) < QH(t()) fO’I“ to € R+, then

liH(l) dimy (Grx (B(to, p))) =2 — H(to) a.s.
p—

(ii) If ap(to) < H(to) < ay(to) forto € Ry, then

2 — H(tg) < lir%dimH(GrX(B(to,p))) <2-—an(ty) a.s.
p—

(i) If am(to) < ay(to) < H(to) for to € Ry, then

2 —ay(ty) < lin%) dimy(Grx (B(to, p))) <2 —au(to) a.s.
p—

With probability one, the Hausdorff dimension of the range of the sample path of X satisfies:

Vi € Ry, lim dima(Rex (B(to, p))) = 1.

Moreover if the (Hg)-assumption holds then, with probability one,

Vio € Ry, liH(l) dimy (Grx (B(to, p))) =2 — H(to).
p—

Proof. In [13], an asymptotic behaviour of the incremental variance of the multifractional Brownian motion, in
a neighborhood B(tg, p) of any ty € R4 as p goes to 0, is given by: Vs, t € B(to, p),

E[[X; — Xof?] ~ K(to) [t — s| "0 1 L(to) [H(t) — H(s)]?, (3.5)

where K (ty) and L(to) are positive constants.
From (3.5), for any ¢ty € R4, for all @ > 0 and for all s,t € B(to, p),

E[|X; — X,|*]

i o ~ K(to) |t — S‘H(t)JrH(s)*a + L(to) {M] 2’ (3.6)

|t —s|*

when p — 0. This expression allows to evaluate the exponents @x (to) (and consequently @y (to)) and @y (to),
in function of the respective exponents of the function H.
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The local behaviour of H around tg is described by one of the two following situations:

e Either there exists p > 0 such that the restriction H| B(to,p) is increasing or decreasing. In that case,
apy(to) € Ry U {+o0}.
e Or for all p > 0, there exist s,t € B(to, p) such that H(t) = H(s)

H(t) — H(
In that case, for all & > 0 and for all p > 0, inf M
s,t€B(to,p) |t — s|*

~—

= 0 and therefore, ay(tg) = +oo.

Since am(to) < ap(to) for all ¢y € R4 as noticed in Section 2.1, we distinguish the three following cases:

(i) If H(tg) < ag(to) < ay(ty) for some tg € R, then for all 0 < € < ay(tg) — H(tg), there exists pg > 0
such that
VtGB(to,po), H(to)—€<H(t) <H(t0)+€,

and thus

Vs,t € Blto, po), |t —s/2t0+2e < |p — g|HEFTHE) < |y g2H(t0)=2¢ (3.7)
Then, expression (3.6) implies H(tg) — e < ax(tg) and ay (to) < H(to) + €, by definition of the exponents.
Letting € tend to 0, and using ax (t9) < @y (to), we get ax (to) = wy (to) = H(to).
Then, Theorem 2.2 (with N > d @y (to)) implies:

liH(l) dimy (Grx (B(to, p))) =2 — H(to) a.s.
p—

(il) If apg(to) < H(to) < ay(to) for some ty € Ry, then as previously, we consider any 0 < € < H(tg) — ap(to)
and we show that expression (3.6) and inequalities (3.7) imply @x(to) = am(to) and @y (to) = H(to).
Theorem 2.2 (with N > d @y (o)) implies:

2— H(ty) < lir%dimH(GrX(B(to,p))) <2—ap(ty) a.s.
p—

(iil) If ap(to) < ay(to) < H(to) for some ty € R, then as previously, we consider any 0 < € < H (tg) — a(to)
and we show that expression (3.6) and inequalities (3.7) imply ax (o) = am(to) and @y (to) = ay(to).
Theorem 2.2 (with N > d @y (o)) implies:

2 —ay(ty) < lin%) dimy (Grx (B(to, p))) <2 —au(to) a.s.
p—

Since H is (-Holder-continuous with 8 > 0, Theorem 2.3 can be applied with A = R. In the three previous
case, we observe that ax (u) < 1 for all v € Ry. Consequently, N > d liminf,_.;, @x(u) and, with probability
one,

When the (Hg)-assumption holds, @x (to) = am(to) = @x (to) for all tp € R4, and by continuity of H,

liminf @y (u) = liminf @y (u) = H(to).

u—to u—to

Then, Theorem 2.3 implies: With probability one,

Vto € Ry, lir%dimH(GrX(B(to,p))) =2— H(to). O
p—

According to Proposition 3.6, the general theorems of Section 2.2 fail to derive sharp values for the Hausdorff
dimensions of the sample paths of the multifractional Brownian motion when the (Hg)-assumption for the
function H is not satisfied. This is due to the fact that the irregularity of H is not completely controlled by the
exponents ag(tg) and ay(to). A deeper analysis of the function H is required in order to determine the exact
Hausdorff dimensions of the mBm.
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3.3. Generalized Welierstrass function

The local regularity of the Weierstrass function Wy, defined by

s Wi (t) = > A7 sin Nt

j=1

where A > 2 and H € (0, 1), has been deeply studied in the literature (e.g. see [12]). When X is large enough, the
box-counting dimension of the graph of Wy is known to be 2 — H. Nevertheless the exact value of the Hausdorff
dimension remains unknown at this stage.

Different stochastic versions of the Weierstrass function have been considered in [3,12,17,18,25] and their
geometric properties have been investigated. In this section, we consider the generalized Weierstrass function
(GW), defined as the 2nd-order stochastic process X = {Xy; t € R},

oo
VteRy, Xp=> Z; X sin(Vt +6;) (3.8)
j=1
where
e \>2
e ¢t — H(t) takes values in (0, 1),
* (Zj);>, is a sequence of N'(0,1) i.i.d. random variables,
[ ]

and (6;);-, is a sequence of uniformly distributed on [0, 27) random variables independent of (Z;), ;.

In the specific case of 6; = 0 for all j > 1, Theorem 4.9 of [17] determines the local regularity of the sample
path of the GW through its 2-microlocal frontier, when the function H is $-Hoélder continuous with 3 > 0 and
when assumption (Hg) holds, i.e. H(t) <  for allt € Ry. In particular, the deterministic local Hélder exponent
is proved to be ax (tg) = H(to) for all ¢ty € Ry and the local Holder exponent satisfies, with probability one,

Vto € Ry, &X(to)ZH(to).

Moreover, when H is constant and 6; = 0 for all j > 1, the Hausdorff dimension of the graph of the sample
path of the GW is proved to be equal to 2 — H, as a particular case of Theorem 5.3.1 of [25]. In the sequel, we
use Theorem 2.3 to extend this result when H is no longer constant and the 6;’s are not equal to 0.

The two following lemmas are the key results to determine the deterministic local Holder exponent and sub-
exponent of the GW, in the general case. Their proofs of are sketched in [12] when (Qj)j>1 are independent and
uniformly distributed on [0, 27); for sake of completeness, we detail them in this section without requiring the
independence of the 6;’s, before considering the case of a non-constant function H.

Lemma 3.7. Let {Xy; t € Ry} be the stochastic Weierstrass function defined by (3.8). Then, the incremental
variance between u,v € Ry is given by

X - —2jH W) g2 (LY —iH@) _ y\—iHw))
E[|X, — X, =23 sin (A - )+Z(/\ A ) (3.9)

j=1 j>1

Proof. For all u,v € R4, we compute

X, — X, = Z Z; AiHW [sin(Mu+ 6;) — sin(NMv +0;)] + Z Z; {/\ﬂ‘H(”) - )fjH(“)} sin(Mov + 6;)
izl j>1

=2 Z Zj AW gip ()\ju ; v) cos ()\ju ;_ Yy 9j> + Z Zj [)\*jH(”) — )fjH(“)} sin(Mov + 6;).
jz1 Jj=1
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In the expression of E[| X, — X,|?], the three following terms appear:
o E {ZjZk cos ()\ju ;_ Y + 0j> cos ()\ku ;_ Y + 9k>] ,
e E[Z;Z)sin (Mv+6;)sin (\'v+ 6)]
e and E [ZjZk cos ()\j vt + 9j> sin ()\kv + Hk)] ,

where j,k > 1.
The first two terms are treated in the same way. For the second one, we have

E[Z;Zy sin (N v + 0;) sin (Mo + 6]
=E (E [Z;Z;sin (Nv +0;) sin (\v +04) | Z;, Zy])
= E[Z; Zx] E [sin (Vv + 0;) sin ()\kv +0k)]
using the independence of (6;,6y) with (Z;, Zi). Then, since E[Z;Z;] = 1;—1 and

1 , 1
—/ sin?(Mo 4 z) doz = =,
0,2) 2

Efsin*(NMov +6;)] = o
we get
E [ZjZk sin ()\jv + Hj) sin ()\kv + Qk)] = %.Ilj:k.

In the same way, we prove that

. . 1
E [ZjZk cos ()\]u;—v +9j> cos ()\ku;—v +9k>] = i.lj:k.

For the third term, we compute as previously

U+ v

E{Z]Zk cos (z\j —|—9j> sin ()\kv—l—Gk)]

ju—i—v

—E[Z;Z) E {cos ()\ + ej) sin (Afv + 9;@)}

u—+v

=1,—1.E |:COS <)\j + 9j> sin (Mo + Qj)}

1 . )
:]lj:k.—/ cos ()\ju—;—v+x) sin()\Jv—I—x) dx =0,
[0,27)

by a parity argument. The result follows. O

Lemma 3.8. Let {Xy; t € Ry} be the stochastic Weierstrass function defined by (3.8), where the function H
s assumed to be constant.

Then, for all compact subset I C R, there exists two constants Cp > 0 and Cy > 0 such that for all u,v € I,

E[|X, — X,|?
o< < ElXu— %P

< = SC <A (3.10)
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Proof. According to Lemma 3.7, the incremental variance of X is given by

E[X, — X,/ =25 A 2Hgn? (N2 V) 11
[| Xw ] Z/\ sin ()\ 5 (3.11)

jz1

Let N be the integer such that A~(N+1) < |y —v] < A7V,
4

Forall j < N, M2 Y 2

1
< 3 Since z* — % < sin?x < 22 for all x € [0,1], expression (3.11) implies

N 2
2 —2jH\2j (YU —2jH
E[| X, - X,[7]<2) A% AJ(T> +2 ) AT

j=1 J>N+1
N 2 2H
2j(1-H) (LY 2 |u— v
§2Zw ( 5 > + 5 S=m (3.12)
N u—v\> 2 N u—nv\*
2 —2jH \2j —2jH y\4j —
EHXu—le]z2;A i >\3< ) —§ZA i )\J<T)
N
>22>\2j(1 H) (“_U> )\ 4NZ>\3(4 2H)
- 2
j=1

N
> 2j(1—H) (¥ —V _ol2H
722/\ ( 5 24/\4 s lv vl (3.13)

and

N
; U—v
Now, it remains to compare the term Z)\QJ(l_H) ( 5 ) with |u — v|?H.
j=1
By definition of the integer N, we have

A2 2(N+1) NV

2 N
§ :)\23(1 < § :/\27 (- H)( ) - § :/\27 (-, (3.14)
2

But
_oN N _ _
A SN0 AN e PN 1
4 4 4 A2(-H) 1
N0 —2NH _ y—2N
T oa(0-m) ) (A A7)

Using the definition of N, we get
\u—v|2H _/\2 \u—v|2 S /\72NH _)\72N S /\2H \u—v|2H _ ‘u_v|2.
Then there exists two constants ¢; > 0 and ¢3 > 0 such that for all u,v € I,

)\—2N N )
e u— ,U‘2H < ¥ Z}\Qj(lfH) <o lu— ,U‘ZH’

Jj=1

Then, the result follows from (3.12), (3.13) and (3.14). O
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When the function H : Ry — (0,1) is f-Holder continuous (and no longer constant), the double inequal-
ity (3.10) can be improved by the following result.

Proposition 3.9. Let X = {Xy; t € Ry} be a generalized Weierstrass function defined by (3.8), where the
function H is assumed to be 3-Hélder-continuous with 8 > 0.

Then, for any to € Ry, for all € > 0, there exist pg > 0 and positive constants c1,ca,c3,cq such that for all
u,v € B(to, po),

1 Ju— % ey [H(u) — H(v)]? < E[| Xy, — X, (3.15)
and  E[|X, — X,|?] < ¢ Ju—v|PHE)=¢ 4y [H(u) — H(v))?. (3.16)

Proof. Since the function H : R4 — (0,1) is continuous, for all ¢ty € Ry and all € > 0, there exists py > 0 such
that

Yu,v € B(to,po), H(u),H(v) e (H(to) — ¢ H(to) + €).

Then, the first term of the expression (3.9) for E[| X, — X, |?] satisfies

23 AT gin? </\j 4 ; ”) <23 A=) g2 ()\j u ; U)

j=1 j>1

and

2 Z A~ 2H W) gip?2 (z\j Y g v) > 2 Z A\~ 20(H(to)+e) gip2 </\j l ; U) .

j=1 j>1

Then, according to Lemma 3.8, there exist two constants ¢; > 0 and co > 0 such that for all u,v € B(to, po),

c1 Ju— pPFUOF) <9y " A=27H 0 iy (Aj “ 3 ”) < ey [u— v HE)=9), (3.17)
3>1

For the second term of the expression (3.9) for E[| X, — X,|?], we consider the function ¢y ; :  — A7/ =
e 7 of derivative ¢ () = —jIn A X777

From the finite increment theorem, for all u,v € B(tg, po), there exists hy, between H(u) and H(v) (i.e. in
either (H(u), H(v)) or (H(v), H(w))) such that

INTIHW NTIHO)) = | H (u) — H(v)| jln X A7,

Using the fact that H(u) and H (v) belong to the interval (H (to)—e, H(tg)+€) implies H (tg)—€ < hyy < H(to)4+e,
we get

|H(u) — H(v)| jln A A7IHGo)Fe) < | \=iH{u) _ \=iH )
and [(ANTIHW _ \THO) | < | H(u) — H(v)| jiIn A A7/ HE)=e),
Since Yoy JATIH )7 < 400 and Yoy JATIH )T < fo0, the second term of (3.9) is bounded by
. , 2
es [H(u)—H@)P <Y [/\‘JH(“) - A—ﬂﬂv)] < ey [H(u) — H(v)]2 (3.18)
Jj=1

The result follows from (3.9), (3.17) and (3.18). O
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The following result shows that Theorem 2.3 allows to derive the Hausdorff dimensions of the graph of the
generalized Weierstrass function.

Corollary 3.10. Let X = {X;; t € Ry} be a generalized Weierstrass function defined by (3.8), where the
function H is assumed to be 3-Hélder-continuous with 3 > 0 and satisfies the (Hg)-assumption.
Then, the local Hélder exponents and sub-exponents of X are given by

Vto € R+, aX(to) = QX(tO) = H(to).

Consequently, the Hausdorff dimensions of the graph and the range of the sample path of X satisfy: With
probability one,

Vio € Ry, liH(l) dimy (Grx (B(to, p))) =2 — H(to),
p—

2111(1) dimH(RgX(B(to, p))) =1

Proof. According to the (Hg)-assumption, H(tg) < 3 for all to € Ry.

Let us fix typ € R4 and consider any 0 < € < 2(8 — H(tp)). From Proposition 3.9 and the fact that H is
[B-Hélder continuous with 2H (tg) — € < 2H (tg) + € < 2, there exist pg > 0 and two constants C; > 0 and
Cy > 0 such that for all u,v € B(to, po),

Cy Ju— o0 <E[Xy — Xof?] < Oy Ju— o007,
From the definitions of the deterministic local Holder exponent and sub-exponent aix (tg) and @y (tg), we get

V0 <e<2(8—H(ty)), ax(to) = H(to) —¢€/2,
ax(to) < H(to) +€/2

and therefore, H(ty) < ax(to) < ax(to) < H(to) leads to ax(to) = ax(to) = H(to).

Since the generalized Weierstrass function X is not strictly a Gaussian process, Theorem 2.3 cannot be
applied directly. However, the proofs of upper and lower bounds for the Hausdorff dimensions, which rely on the
comparison of E[| Xy — X,|*] with (E[|X; — X3|2])a/2, can be extended to X (which is Gaussian, conditionally
on the filtration generated by the phases).

Consequently, by continuity of the function H, we can conclude: With probability one,

Vto € Ry, lir%dimH(GrX(B(to,p))) =2— H(tg),
p—

lim disng (Rex (Blto, p))) = 1. =

Remark 3.11. Proposition 3.10 should be compared to Theorem 1 of [18], where the Hausdorfl dimension of
the graph of the process {Y;; t € Ry} defined by

+oo
Vte Ry, Y= Z A sin(A"t 4 6,,),

n=1

where A > 2, H € (0,1) and (6,,)n>1 are independent random variables uniformly distributed on [0, 27), is
proved to be D =2 — H.

The generalized Weierstrass function X differs from the process Y, in the form of the random serie (the 6,,’s
in the definition of Y; cannot be all equal) and in the fact that the exponent H is constant in the definition
of Y, on the contrary to X.
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