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RANDOM COEFFICIENTS BIFURCATING AUTOREGRESSIVE PROCESSES

BENOITE DE SAPORTA!, ANNE GEGOUT-PETIT? AND LAURENCE MARSALLE?

Abstract. This paper presents a new model of asymmetric bifurcating autoregressive process with
random coefficients. We couple this model with a Galton—Watson tree to take into account possibly
missing observations. We propose least-squares estimators for the various parameters of the model and
prove their consistency, with a convergence rate, and asymptotic normality. We use both the bifurcating
Markov chain and martingale approaches and derive new results in both these frameworks.
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1. INTRODUCTION

In the 80’s, Cowan and Staudte [7] introduced Bifurcating Autoregressive processes (BAR) as a parametric
model to study cell lineage data. A quantitative characteristic of the cells (e.g. growth rate, age at division) is
recorded over several generations descended from an initial cell, keeping track of the genealogy to study inherited
effects. As a cell usually gives birth to two offspring by division, such genealogies are naturally structured as
binary trees. BAR processes are thus a generalization of autoregressive processes (AR) to this binary tree
structure, by modeling each line of descent as a first order AR process, allowing the environmental effects on
sister cells to be correlated. Statistical inference for the parameters of BAR processes has been widely studied,
either based on the observation of a single tree growing to infinity [7,18,20,28] or on a large number of small
independent trees [19,21]. See also [22,23] for processes indexed by general trees.

Various extensions of the original model have been proposed, e.g. non gaussian noise sequence [2,27], higher
order AR [20,27] or moving average AR [19]. Since 2005, evidence of asymmetry in cell division has been
established by biologists [25] and an asymmetric BAR model has been introduced by Guyon [13] where the
coefficients of the AR processes of sister cells are allowed to be different. This model was further extended to
higher order AR [3], to take missing data into account [9-11] and with parasite infection [1].

Keywords and phrases. Autoregressive process, branching process, missing data, least squares estimation, limit theorems,
bifurcating Markov chain, martingale.
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To the best of our knowledge, only two papers [4,6] deal with random coefficient BAR processes. In the
former by Bui and Huggins it is explained that random coefficients BAR processes can account for observations
that do not fit the usual BAR model. For instance, the extra randomness can model irregularities in nutrient
concentrations in the media in which the cells are grown. Other evidence for the need of richer models can
be found e.g. in [14]. In this paper, we propose a new model for random coefficient BAR processes (R-BAR).
It is more general than that of Bui and Huggins, as the random variables are not supposed to be Gaussian,
they may not have moments of all order and correlation between all the sources of randomness are allowed.
Moreover, we propose an asymmetric model in the continuation of [3,4,9-11,13] in the context of missing data.
Indeed, experimental data are often incomplete and it is important to take this phenomenon into account for
the inference. As in [9,11] we model the structure of available data by a Galton—Watson tree, instead of a
complete binary tree. Our model is close to that developed in [4], but the assumptions on the noise process are
different as we allow correlation between the two sources of randomness but require higher moments because of
the missing data and because we do not use a weighted estimator. The main difference is that the model in [4]
is fully observed, whereas ours allows for missing observations.

Our approach for the inference of our model is also different from [4,6]. As we cannot use maximum likelihood
estimation, we propose modified least squares estimators as in [24]. In [6], inference is based on an asymptotically
infinite number of small replicated trees. Here, as in [4], we consider one single tree growing to infinity but our
least squares estimator is not weighted. The originality of our approach is that it combines the bifurcating Markov
chain and martingale approaches. Bifurcating Markov chains (BMC) were introduced in [13] on complete binary
trees and further developed in [11] in the context of missing data on Galton—Watson trees. BAR models can
be seen as a special case of BMC. This interpretation allows us to establish the convergence of our estimators.
A by-product of our procedure is a new general result for BMC on Galton—Watson trees. Indeed, in [11,13] the
driven noise sequence is assumed to have moments of all order. Here, we establish new laws of large numbers for
polynomial functions of the BMC where the noise sequence only has moments up to a given order. The strong
law of large numbers [12] and the central limit theorem [12,15,16] for martingales have been previously used in
the context of BAR processes [2,27,28] and adapted to special cases of martingales on binary trees [3,4,9,10].
In this paper, we establish a general law of large numbers for square-integrable martingales on Galton—Watson
binary trees. This result is applied to our R-BAR model to obtain sharp convergence rates and a quadratic
strong law for our estimators.

The paper is organized as follows. In Section 2, we give the precise definition of our R-BAR model on a
Galton—Watson tree and state our main assumptions. In Section 3, we give modified least squares estimators
and state the convergence results we obtained: consistency with convergence rate and asymptotic normality. In
Section 4, we recall the BMC framework, prove a new law of large numbers under limited moment conditions and
apply it to our R-BAR model to derive the consistency of our estimators. In Section 5 we establish a new general
law of large numbers for square-integrable martingales on Galton—Watson trees and use it to derive convergence
rates and quadratic strong laws for our estimators. In Section 6 we establish the asymptotic normality by using
central limit theorems for martingales. Finally in Section 7 we apply our estimation procedure to the coli data
of [25].

2. MODEL

In the sequel, all random variables are defined on the probability state space (£2,.4,P). As in the previous
literature, we use the index 1 for the original cell, and the two offspring of cell k are labelled 2k and 2k + 1.
Consider the first-order asymmetric random coefficients bifurcating autoregressive process (R-BAR) given, for
all k > 1, by

Xox = (bog + m2n) Xk +  (a2k +  e21), (2.1)
Xokt1 = (bawt1 + Mort1) Xk + (a2k+1 + €2041), '
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with the following notations: for all £ > 1,

a2k = a, a2k+1 = G,
and
{ b2k = bv { b2k+1 =d.
The initial state X is the characteristic of the original ancestor while the sequence (€2, M2k, €2k+1, M2k+1)n>1
is the driving noise of the process, and the parameter (a, b, ¢, d) belongs to R*. One can see this R-BAR process

as a random-coefficient first-order autoregressive process on a binary tree, where each vertex represents an
individual or cell, vertex 1 being the original ancestor. For all n > 1, denote the nth generation by

G, ={2",2"+1,...,2"" —1}.

In particular, Gy = {1} is the initial generation and G; = {2,3} is the first generation of offspring from the
original ancestor. Finally, denote by

T, = 0 GZ»
£=0

the sub-tree of all individuals from the original individual up to the nth generation and T the complete tree.
Note that the cardinality |G,| of G, is 2" while that of T,, is |T,| = 2"*! — 1. In all the sequel, we shall use
the following hypotheses.

(H.1) The sequence (€2, N2k, €2k+1, N2k+1)k>1 18 independent and identically distributed. It is also independent
from Xj.

(H.2) The random variables €3, 12, €3, 73 and X; have moments of all order up to 4+, for some v > 1. The
following hypotheses will be used

Elea] = E[es) = 0,E[e3] = E[e3] = 02 > 0 and Elezes] = pe,
E[n] = E[ns] = 0,E[13] = E[n3] = 05 >0 and E[nans] = py,
Eleayinats] = pij, for (i,5) € {0,1}, and p = £(po1 + p10)-

When dealing with the biological issue of cell lineages, it may happen that a lineage is incomplete. Indeed, cells
may die or measurements may be impossible or faulty on some cells. Taking into account such a phenomenon,
we introduce the observation process, (0x)rer. We use the same framework as in [11], and not the more general
one introduced in [9]. Basically, d; = 1 if cell k is observed, d; = 0 otherwise. We set §; = 1 and define the
whole sequence through the following equalities:

o = 6&p and  Sopy1 = Ok&L, (2.2)

where the sequence (E B = (52,5,1)% or Is a sequence of independent identically distributed random vectors of

{0,1}? whose common distribution is specified by the following generating function

0 1
E [3313%} = (1 —po —p1 —Ppo1) + Poso + P1S1 + Po1S0S1-

We also suppose that the observation process is independent from the state process (X,,).
(H.3) The sequence (&)ker is independent from (9k, N2k, £2k+1, N2k+1) ke and from X .

Notice that the process (Ji)ker takes its values in {0, 1}, and that if & € T is such that d; = 0, then danjy; = 0,
for alli € {0,...,2" — 1} and all n > 1. So to speak, if individual k is not observed, all its descendants are also
missing. We now define the sets of observed data

Gy ={ke€eG,:0,=1} and T ={keT,:d,=1}=U;Gj.
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Thanks to the i.i.d. property of the sequence (&;,), the sequence of cardinalities (|G} |)n>0 is a Galton—Watson
(GW) process with reproduction generating function

z— (1= po—p1—po1) + (po + p1)z + po12°,
and mean m = 2po1 + po + p1. The following equalities thus hold (see e.g. [17])

n+1_1

n

* |1 n *
E[Gy]l =m™ and E[|T;]] gnz\@f\ —
According to the position of the mean m of the reproduction law with respect to 1, it is well known that the
population becomes extinct or not. More precisely, if m < 1 then we have extinction almost surely, in the
sense that P(Up>0{|G}| = 0}) = 1. But if m > 1, there is a positive probability of survival of the population:
P(N,>0{|G;},| > 0}) > 0. This latter case is called the super-critical case, and we assume that we are in that
case.

(H.4) The mean of the reproduction law is greater than 1: m > 1.

On the set of non-extinction, the growth of the population is exponential, more precisely there exists some
non-negative square-integrable random variable W such that
GLl _ _ .
lim =W as, and {W >0} =Np>0{|G;,| > 0} as. (2.3)

n—oo MM

This immediately entails that
'Jr*
lim M —Wx 2 s (2.4)
n—oo Mm™ m—1
We will denote by & the extinction set £ = Un>0{|G},| = 0} and £ its complementary set. Note that under
assumption (H.4), £ has a positive probability: P(€) > 0. We need one more assumption combining the R-BAR

and GW processes.
(H.5) There exist 1 < k <« such that

Po + po1
m

E[(b+n2)""] + E[(d + 13)*] < 1.

p1+por

m
This is the analogous of the usual stability assumption for the autoregression expressed by max{|b|, |d|} < 1 in
the case of deterministic coefficients. It ensures that the values of |X| do not tend to infinity. Note that the
assumption above is slightly weaker than the one for deterministic coefficients. Indeed, in the fully observed
case and when 7o = 13 = 0, this equation reduces to (b** + d*%)/2 < 1. The special form of this assumption is
explained in Section 4.2 and is closely linked to the properties of the R-BAR process as a bifurcating Markov
chain.

Finally, denote by F = (F,,) the natural filtration of the R-BAR process (X )ker, which means that F, is
the o-algebra generated by all individuals up to the nth generation, F,, = o{X,k € T,,}. We also introduce
the sigma field O = o{dy, k € T} generated by the observation process. We shall assume that all the history of
the observation process (d) is known at time 0 and use the filtration F© = (F9) defined for all n by

=0Vo{0pXi, ke Ty} =0Vo{Xi,keT,}.
Note that F¢ is a sub-o-field of O V F,.

3. ESTIMATION

We now give some least-squares estimators of our parameters and state our main results on their asymptotic
behavior.
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3.1. Estimators
We propose to use the standard least-squares (LS) estimator 0, = (671,3”,’0\71, c?n)t of & = (a,b,c,d)! which
minimizes the following expression
1
An(0) =5 Y Gor(Xax — a—bXp)® + Gopsr (Xopsn — ¢ — dXy)”.
k€T, 1

Consequently, for all n > 1 the following equality holds

02k Xog .
-~ _ 021 X1 X . S 0
9, — S 2k X Xor, h S, =[S
”_1k; Sper1Xopsr |7 ! o Ss..,)
=t \ Gk Xi Xokt1

0 1 X 1 1 Xy
and S,_; = Zke’ﬂ‘n_l d2k (Xk X,f)’ Sno1= Zke’]rn_l O2k+1 (Xk X,f :
We now turn to the estimation of the parameters of the conditional covariance of (g2, 72, €3, 113). Following [24],
we obtain a modified least squares estimator of o = (a2, poo, p11, Uf])t by minimizing

where for all k € G,,,

€ar = 0ok (e2r + M2k Xk), € = 0op(Xok —n — b, X3),
e2k+1 = 021 (E2+1 + 02k01Xk)s | Eopgr = Gk (Xaks1 — G — dn Xi)-

Under assumptions (H.2) and (H.3), one obtains the following estimator

N _ SO e e o ¢
o, = U, Z (€5 + Erp1, 2X ke, 2X 30y 4 1, X (€), + Eppr)) (3.1)
keT, 1
where )
0ok + O2kg1 200k Xk 202841 Xk (O2k + O2p41) X,
U. — Z 2091 X1 452kX,3 0 2(52ng
" 200841 Xk 0 4641 X7 200511 X}

R\ (Gar, + Oopr1) X7 200k X} 200541 X} (O2k + Oy X

Note that if 07 = 0 the estimator of oZ above corresponds to the empirical estimator already used in [9].
Similarly, the least-squares estimator of p = (pe, p, py)" minimizes

1 n—1 L
An(p) = 3 > (@axeari1 — Eleaneania| 7)),
=1 keGy
and one obtains ,
Po =V, 1 D (Gonborir, 2X@neont1, XiEneont1) (3.2)
keT'nfl
where
12X, X?
_ 2 9v3
V=Y Ouborir | 2X) 4X7 2X}
k€T, X? 2X} X}

Note that one cannot identify po1 from p1g, hence the use of p = (po1 + p10)/2. Again if Ug = 0, we retrieve the
empirical estimator of p. used in [9].
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3.2. Main results

We now state our main results. The first one establishes the consistency of our estimators on the non-extinction
set.

Theorem 3.1. Under assumptions (H.1-5), and if k > 2, the following convergence holds
nh—{go ]l{\G;‘,/DO}gn = g]lg a.s.
and if in addition k > 4 then the following convergences also hold
nILH;O I{i6:|>00n = 01z a.s., nILH;O L{ic:|>0Pn = Plg a.s.
The next results give convergence rates for the estimators.

Theorem 3.2. Under assumptions (H.1—5) and if k > 4, for all 6 > 1/2, the following convergence rate holds
16, — 6> = o(n’m ™) a.s.

with the quadratic strong law

: L 107 1ap -
lim_ ]l{‘G:DO}EZ\’JI‘K_ﬂ "0, - 0)'SX 'S0, —0)=tr(I'EY )1z  as.
=1

where S, I' and X' are 4 X 4 matrices defined respectively in Proposition 4.14, Lemmas 5.4 and 5.5.
For all n, set

2 2
€k T €341

2 €2k €2k 41
1 QXkG 1
o, = Unfl E 22k sy Pp = anl E 2Xk62k62k+1
2Xk’62k 1 2
RETnot \ x2(.2 ke€Tn_1 \ Xj€2k€2k+1
i (€35 + €341)

Theorem 3.3. Under assumptions (H.1—5) and if k > 8, the following convergences hold
lim ]l{\Gj,,DO}O'n = O']lg a.s.

n—0o0

and

(G0 —0,) =U " (q0(0) + q1(0), 2q0(1), 2¢1(1), qo(2) + q1(2))" 1 a.s.

lim Ly o) -nl
pi, MG >0

where U is a 4 x4 matriz defined in Proposition 4.1/ and the q;(r) are scalars defined in Lemmas 5.10, 5.11, 5.12
and 5.18.

Theorem 3.4. Under assumptions (H.1—5) and if k > 8, the following convergences hold
Jm 1ge;>0ppn = Py as.

and
*

. Tyl _ ¢
Jim 1yi65)>0) T;L S (B — Pn) =V (90100), 2001 (1), q01(2)) 1z a.s.

where V' is a 3 x 3 matriz defined in Proposition 4.1/ and the qo1(r) are scalars defined in Lemmas 5.18, 5.19
and 5.20.
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We now turn to the asymptotic normality for all our estimators §n, o, and p,, given the non-extinction of

the underlying Galton—Watson process. For this, using the fact that P(£) # 0 thanks to the super-criticality
assumption (H.4), we define the probability P¢ on (£2,.4) by

ANE)

Ps(A) = P(P(g) for all A € A.

Theorem 3.5. Under assumptions (H.1—5) and if k > 4, the following central limit theorem holds

T, (B - 6) £ N (0,57 TS ™) on E.Fe) (33

with S defined in Proposition 4.14 and I' in Lemma 5.4. If moreover k > 8,

%6 — o) AN(O,U’lf"U’l) on (Z,Pz), (3.4)
and
T2 25— p) L NOVITPVTY on (E,Pp), (3.5)

with U and V' defined in Proposition 4.14 and I'° and I'P defined in equation (6.1) and (6.2).

The proofs of these theorems are detailed in the next sections.

4. BIFURCATING MARKOV CHAINS AND CONSISTENCY

In order to investigate the convergence of our estimators, we need laws of large numbers for quantities
such as (0or4i X/ X5, X35, 1 Jker. To obtain them, we use the bifurcating Markov chain framework introduced
by Guyon in [13] and adapted to Galton—Watson trees by Delmas and Marsalle in [11]. We first recall the
general framework, then prove the ergodicity of the induced Markov chain and finally derive strong laws of
large numbers. We conclude this section by establishing the strong consistency of our estimators. Note that we
cannot directly use the results in [11] because our noise sequences do not have moments of all order. Therefore,
our first step is to provide a general result for bifurcating Markov chains on GW trees with only a finite number
of moments.

4.1. Bifurcating Markov chain

Let B be the Borel o-field of R, and B? be the Borel o-field of R, for p > 1. We add a cemetery point d to
R, denote by R the set RU {0}, and by B the o-field generated by B and {9}. This cemetery point models the
state of a non-observed cell. We recall the following definitions from [11].

Definition 4.1. We call T*-transition probability any mapping P from R x Ez onto [0, 1] such that

e P(., A) is measurable for all 4 in E2;
e P(x,-) is probability measure on (EQ,EQ) for all z in R;
e P(0,{(0,0)}) =1.

For any measurable function f from R’ onto R, one defines the measurable function Pf from R onto R by
Pf@) = [ fop,2)Po.dy o),

provided the integral is well defined. Let v be a probability measure on R. In the sequel, v will denote the
distribution of Xj.
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Definition 4.2. We say that (Z,),er is a bifurcating Markov chain with initial distribution » and T*-transition
probability P, a P-BMC in short, if

e 7, has distribution v;
e for all n in N, and for all family of measurable bounded functions (fi)reg, on R?;

E H Ji(Zak, Zokyr) | 0(Z4,5 € Ty)

keGy,

= 11 Pr(2n).

keGy,

As explained in [13], this means that given the first n generations T,,, one builds generation G,,+; by drawing 2"
independent couples (Zag, Zog+1) according to P(Zy,-), k € G,,. This also means that any couple (Zak, Zog+1)
depends on past generations only through its mother Z. The assumption P(9, {(0,9)}) = 1 means that 9 is an
absorbing state, and this hypothesis corresponds to the fact that a cell that is not observed cannot give birth
to an observed one. We also assume that P(z,R?), P(z,R x {9}) and P(x,{0} x R) do not depend on z € R.
The P-BMC is thus said to be spatially homogeneous. Such a spatially homogeneous P-BMC with an absorbing
cemetery state is called a bifurcating Markov chain on a Galton—Watson tree, see [11] for details.
Now let us turn back to our observed R-BAR process. In order to use the framework of P-BMC’s, we define
the auxilliary process (X)ner by
Xr= Xnls,=1} + 915, -0y, (4.1)
which means that X} = X,, if cell n is observed, X = 0 the cemetery state otherwise. It is clear from
assumptions (H.1) and (H.3) that the process (X;5)ner is a P-BMC on a GW tree with T*-transition probability

given for all z in R and all measurable non-negative functions f on R’ by

Pf(z) =poiE [f(z, (b +m2)x + a+ €2, (d+n3)x + ¢ +e3)| + poE [ f (2, (b + m2)x + a + €2,0)]
+p1E [f(l‘,a, (d + 773)1‘ +c+ 63)] + (1 — Po1 — Po —pl)f(x, 8, 6), (42)

if x # 0 and Pf(0) = f(9,0,0). As explained in [13], the asymptotic behavior of the P-BMC is driven by that
of the induced Markov chain (Y},) defined on R as follows.

e For all n > 1, define the sequence (A, B, )n>1 to be i.i.d. random variables with the same distribution as
(@24¢ +€24¢, bat¢ +M24¢), where € is a Bernoulli random variable with mean (pg1 + p1)/m independent from

(€2a 12,€3, 773)
e Then, set Yy = X{ = X1 and define Y, 41 recursively by

Yn+1 = An+1 + Bn+1Yn. (43)

The sequence (Y, )nen is clearly an R-valued Markov chain with transition kernel given for all z in R and A in
B by
F A)+ P, A
Q(a, 4) = @A+ i@, 4) (4.4)
m
with P;(x, A) = (po1 + p:i)E []lA((ngri + Noti)T + agyi + €2+i)]. Note that the Py and Py are sub-probability
kernels on (R, B), whereas @ is a proper probability kernel on (R, B).

4.2. Ergodicity of the induced Markov chain

We now turn to the investigation of ergodicity for the induced Markov chain (Y, )nen. We start with some
preliminary results on the random variables A; and Bj.

Lemma 4.3. Under assumptions (H.2) and (H.5), the random variables Ay and By have moments of all
order up to 4. In addition, E[log|B1|] < 0 and for all 0 < s < 4k, the inequality E[|B1|*] < 1 holds.
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Proof. First, for all 0 < s < 4+, the following equalities clearly hold
+ s + s + s + s
EfjA17] = 2P0 E 0 + eof] + B PRE e+ eol), E[1By] = B ERE b+ )] + B LEE]d + ).

Hence, under assumption (H.2), it is clear that E[|A;|®] and E[|B1|°] are finite. Next, notice that the function
s — E[|B1]°] is convex, that E[|B1|°] = 1 and E[|B1|**] < 1 by assumption (H.5). This implies that E[| B;|*] < 1
for all 0 < s < 4k. Last, consider E[|log |Bi]|]: if it is finite, Ellog|B1]] is the right-derivative at 0 of s —
E[|B1]?], and convexity arguments with assumption (H.5) yield that E[log|B1|] < 0; if it is infinite, the moment
assumption on Bj gives that necessarily E[(log|B1|)*] < oo and E[(log | B1])~] = oo, so that finally E[log |B1|] =
—o0 < 0, as expected. O

The next result states the existence of an invariant distribution for the Markov chain (Y3, )nen. It is well known
as (Y},) is a real-valued auto-regressive process with random i.i.d. coefficients satisfying Lemma 4.3, see e.g. [5,8].

Lemma 4.4. Under assumptions (H.2) and (H.5), there exists a probability distribution p on (R,B) (which
18 the distribution of the convergent series Yoo = 221 Bi1Bs...By_14A;) such that for all continuous bounded
functions f on R and all x in R, the following equality holds

Ey[f(Yo)] —— [ fdp = (u f).

n—o0

We investigate the moments of the invariant distribution p to extend the above result to polynomial functions.
For all s > 1, set || X, = (E[|X|*])"/5.

Lemma 4.5. Under assumptions (H.2) and (H.5), 1 has moments of all order up to 4k. In addition, for all
1<s<4k, allz €R and all n € N, (E.[|Y,|*)"* < 2| + || A1]ls/(1 — || By|s) < oo.

Proof. Set 1 < s < 4k. As the sequence (A, By,) is i.i.d., the following inequality holds

sq1/s

E|Yaol]'/* = E

(o]
ZBl ...Bi1Ay
=1

[ee)
< D BT AL
(=1

Since E[|B1]°] < 1 and E[|A;|®] < oo thanks to Lemma 4.3, the series converges. Now let us turn to Y. The
recursive equation (4.3) yields

n
Y, = YoB;...B, +ZBH...Bg+1Ag,
=1

with the usual convention that an empty product equals 1. As the sequence (A,, B,) is i.i.d., Y,, also has the
same distribution (under P,) as

xBl...Bn+ZBl...Bg_1Ag, (4.5)
=1

so that, for 1 < s < 4k, the following inequality holds

n
_ Aqlls
BVl < lall Bl + 3 1B Al < fof] + 2t
1—[|B4]]
(=1 s

hence the result. O

The next result is a direct consequence of Lemma 4.5.
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Corollary 4.6. Under assumptions (H.2) and (H.5), all polynomial functions f of degree less than 4k are in
Ly(p): (ps | f1) = B[ f (Yoo)[] < 00

We state a technical domination result that will be useful in the next section.

Lemma 4.7. Under assumptions (H.2) and (H.5), for all polynomial functions f of degree less than 2q with
q < 2k, there exists a nonnegative polynomial function g of degree less than 2q such that for all mn € N and all
r €R,

E,[f(Ya)]| < g(a).

Proof. 1t is sufficient to prove the result for f(z) = 2P with p < 2¢. For p > 1, Lemma 4.5 yields

| A1l )p 1 ( A5
<\ll+—5 ) <2 (2" + 5 )
( L—[|Billp (= 1[Billp)*

If p is even, we set g(z) = 2P~! (xp + [ Ax /(1 — ||B1||p)p), and if p is odd, we set g(z) = 2P~! (wpﬂ +1+

E.[Y,P]

n

| AxlB/(1— HBal)p), as for all z € R, |z[P < 2PT1 +1. Notice that if p is odd and p < 2g¢, one also has p+1 < 2g,
hence the result. ]
Finally, we prove the geometric ergodicity of the induced Markov chain for polynomial functions.

Lemma 4.8. Under assumptions (H.1—2) and (H.5), for all polynomial functions f of degree less than 2q
with ¢ < 2k, there exists a nonnegative polynomial function g of degree less than 2q and a positive constant c
such that for allm € N and all x € R, the following inequalities hold

E.[f (V)] = (1 /)] < 9@ Bullie,  [Bolf(Va)] = (1. )] < el Bl

Proof. Without loss of generality, it is sufficient to prove the result for polynomials f of the form zP with
1 < p < 2q. Holder’s inequality yields

Eo/(¥)] — (. )] = [Belvd —¥2)| = [Belva - YOO)ISY;Y&_l_S]
s=0
= (]Ex[‘Y" - Yoom) ’ pz_:l (EggHY,fYO%*l*ﬂﬁ]) pT_l
s=0

We are going to study the two terms above separately. For the first term, equation (4.5) and the definition of
Yo yield

[e%¢] 1/p
(Eg[[Yn — Yoo [P = (]E[x31 .B,— > Bi... B“AZPO

l=n+1
1B1lly
< |z|||B||* + ||A — P
—| ||| 1||p ” 1Hp1_||Bl||p
[ A1(lp )
< |\l + | B1ll%
( 1 —[|Billp !

by Lemma 4.3 as p < 4k by assumption. We now turn to the second term. Hélder’s inequality with oo = (p—1)/s
and = (p—1)/(p—1—s) yields

(ELvve 7)) < (B va) " ()™

[Aslp > i
< { [l + Yool 7,
( L= 1Bl g



RANDOM COEFFICIENTS BIFURCATING AUTOREGRESSIVE PROCESSES 375

this last upper bound coming from Lemma 4.5. Finally, one obtains

D P n “— HA1||p o p—1—s n
B - V2] < 1Bl Y (el + B ) Wl < 1B lg(a),
s=0 p

where ¢ is a polynomial function of degree at most 2¢ by a similar argument as in the previous proof. Integrating
this upper bound with respect to the initial law v and using (H.1) gives the second result. O

4.3. Laws of large numbers for the P-BMC

We now want to prove laws of large numbers for a family of functionals of the P-BMC (X ). We are interested
in polynomial functions on R and R’ multiplied by indicators. Precisely, for all ¢ > 1, let F, and G, be the

vector spaces generated by the following class of functions from R’ to R and from R to R respectively,
{:E“yBILR(y), %27 1gr(2), 2%y% 2" 1ge (y,2), 0<a+p+71<q}
{z%1r(z), 0<a<gq},
where «, (3, T are integers. We first establish some technical results needed in the main proof.
Lemma 4.9. Let f € F, and h € G,. Under assumption (H.2),

() ifa<dy, feLNP)and Pf G,
(ii) if g <4y, h € LY(Py, P1,Q) and Poh, Pth and Qh € G4,
(iii) if ¢ <2y, h@h e LY (P) and P(h® h) € Gag.

Proof. Take ¢ < 4v and p < 2v and remark that Pf(J) = 0 for any f € Fy, so that Pf(z) = Pf(x)1g(z)
for all z € R. Next, take fi(z,y,2) = 2%y 2712 (y,2) and fo = 2°y*1g(y) in F,, h(z) = 2°1g(z) in G, and
I(y,2) = y' @ 29 1p2(y, 2) with i, < p. Equation (4.2) yields, for i € {0,1},

PIfil(@) = por |2 “E[|(b+ ma)z + a + ea|”|(d + ms)z + ¢+ &3] ],
Pl fa|(z) = (por + po)|z’E[|(b + m2)z + a + 2| ],
Pi|h|(z) = (por + p)E[|(bai + n21i)x + az i + 244",

Pll|(z) = pnE[|(b+ n2)z + a +€2|i](d+773)w +c+ 53]j].

Assumption (H.2) entails that the 4y-th moments of ((b+ n2)z + a + 2) and ((d + n3)x + ¢ + €3) are finite,
which gives the integrability results, since §+ 7 < ¢, ¢ < ¢, p < q and i + j < 2p. The integrability results are
thus proved. It is then obvious that Pl(z) is computed the same way as Pfi(z), and P;h(z) the same way as
Pf2 (l‘) But

8 T
Pfi(x) = por Y 3 CHCIE[(b+m2)" (a+e2) 7" (d +15)*(c + ) ] T4,
r=0 s=0

Pfa(z) = (por +po) Y CIE[(b+m2)" (a + £2) "] 2"+,
r=0

so that Pf1, Pfs and P;h are in G, since a+ 3+ 7 < ¢, 6 + € < g and p < q. As for P, it belongs to Go,,
since 7 + j < 2p. O

We are now ready to prove the main result of this section.
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Theorem 4.10. Under assumptions (H.1—-5), for all function f € F,, the following law of large numbers
holds

nhjgo oo k;; J(X0, X5k, Xop 1) = (0, PHW  a.s.

Proof. This result is similar to Theorems 11 of [13] and 3.1 of [11]. The proof follows essentially the same
lines and is thus shortened here, the main difference being that the class of functions F, does not satisfy
assumptions (i)—(vi) from [11, 13] mainly because F,; is not stable by multiplication and (g2, 72,€3,73) do not
have moments of all order.

For all f in Fy, Pf is well-defined from R onto R thanks to Lemma 4.9 as x < 7. As Pf(d) = 0, by a slight
abuse of notation we will also denote Pf its restriction to R. Thus, Pf is u-integrable by Lemma 4.5. One has

G*
m N (X X5 X)) — (s PHW = % > (PG X3 X30) — (s PS)) + (s, PF) ('m a W>~
kG, kEG

By equation (2.3) the second term converges to 0 a.s. as n tends to infinity. In order to prove the a.s. convergence
of the first term, as in [11,13], it is sufficient to prove that

Zmian Z g(X;kvX;kvX;k-&-l) < o0, (46)
n>0 keGy,

with ¢ = f — (u, Pf) € F,. Thanks to Lemma 4.9, Pg € G, and as g? € Fy,, one also has Pg? € Ga,. The
expectation inside the sum decomposes as

2 2

Ell Y o X5 X500 | | =E|| DY Paxp)| | +E| D (Po*— (Pg)?) (X;)| = Cu+ Dy
keGr, keGr, keGr,

We study the two terms C,, and D,, separately. Let us first prove that > -, m~2"D,, < co. We can rewrite
Dy =E[Ycq M(X})] with h = Pg? — (Pg)?. As seen above, h € G, and therefore h is y-integrable thanks
to Lemma 4.5. nTo investigate the limit of >_m~2"D,,, we prove that m~"D,, has a finite limit. More precisely,
the following inequality holds

m" Y (X)Wl = [lm™ Y (R(XE) = (1) + () (G| = W)l

keGy, keGy,

<m0 (M) = () o + [ W] [[m G| = W
keGx

The second term converges to zero. For the first term, again let [ := h — (u,h) € Gay and (u,l) = 0, and by
([11], Eq. (15), p. 2504), the following equality holds

=" 32 (X = (s I = m ™" 1Yo +2m22m v QP@ T T®Q ). (A7)

keGx

Concerning the first term in equation (4.7), as 2 € Gy, by Lemma 4.8 one obtains lim, .. E,[I?(Y,)] =
(,1?) and m~"E[I?(Y,,)] converges to 0 a.s. Concerning the second term in equation (4.7), Lemma 4.8 yields
lim, oo Q"1 (2) = limy oo Ex[l(Yn_¢—1] = (i,1) = 0 and by Lemma 4.7, Q"~""1 is dominated by some
¢ € Ga,. Moreover, using Lemma 4.9, ¢ ® ¢ belongs to Fy,, it is P-integrable and P(¢ ® ¢) belongs to Gas.
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By Lemma 4.7, Q° P(¢®¢) is dominated by some ¢ € Gy, which is v-integrable by assumption (H.2). Lebesgue
dominated convergence theorem yields

lim (v, Q"P(Q" @ Q")) =0,

n— oo

and |(v,Q'P(Q" "1 ® Q"~*"1))| < (v,¢). This upper bound allows us to deal with the limit of the second
term of equation (4.7). Under assumption (H.4), Ze o m~* converges and for € > 0, there exists /. such that
Z@ —p m” Y(v,9) < e. Finally, for n > /., we obtain

le—1

Zm (rQPQ™ QT < Y mTw QPQTTHEQT ) +e

£=0

All the terms of the left sum converge to 0 with n, which finally proves the Ly-convergence of m=" %, . h(X})

to (u, h)W. This implies the convergence of the expectation m~"D,, to {u, h)E[W] (recall that W is square-
integrable). Therefore, one obtains Y . m™2"D,, < co because m > 1.

Let us now prove that Y. - m™2"C, < co. Recall that g € F, (1, Pg) = 0 and following equation (15)
p. 2504 of [11], we obtain a new expression for C,,:

2

ﬂ?z"n = —,in > Pg(X) (4.8)
keGy, 9
1 9 n—1 : QZP anéfl Pg) ® anffl P
= L (P + oy T (P))).

£=0

The proof of the convergence of the first term of equation (4.8) is the same as the one of E,[1?(Y;)], and
> nso™m "E[(Pg)*(Y,)] converges. For the second term, setting p =n — £ — 1, we can rewrite

ZZm v, QP@Q" " (Pg @Q" " (Pg) => m™" <u,QfP > (Q*(Pg) © Q*(Pyg)) >

n>0 =0 >0 p>0

By Lemma 4.8, there exists ¢ € G411, such that |E,[(Pg)(Y,)]| = |QP(Pg)(z)| < ()| B}, and therefore the
following inequality holds

> (@ (Pg) @ Q"(Pg))| < (v 9) Y IIBull],

p=>0 p>0

By assumption (H.5), the series converges and there only remains to study the asymptotic behavior
of Y uom v, Q'P(p ® ¢)). For this, let us remark that (v,Q‘P(p ® ¢)) = E,[P(p @ ¢)(Yy)] with
Pl ® ¢) € Gaxta. By Lemma 4.8, limy_,oc E,[P(p ® ¢)(Yr)] is finite and the series converges because
m > 1. We have thus proved that equation (4.6) holds, and hence the almost sure convergence of the series

m=" ) e F(XT, X350 X3044) to (u, PHW. O
4.4. Laws of large numbers for the R-BAR process

Let us now turn back to our R-BAR process and see how the law of large numbers given by Theorem 4.10
applies to our process.
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Proposition 4.11. Under assumptions (H.1—5), for all integers 0 < q¢ < k, and all i € {0,1}, the following
laws of large numbers hold

. 1
nh—>ngo ]l{lG:‘|>O}W Z 52k+iX]Z = Ei(q)]lg a.s.
"l keTs

n—o00 "

1
\>O}m k;r:* Oordokr1 X! = Lo1(q)lg  a.s.

with £;(q) = (po1 + pi)E[YL] and lo1(q) = pnE[Y L]

Proof. Set ¢ < k. We apply Theorem 4.10 to the function fo(z,y,2) = 291r(y) if i = 0 and f1(z,y, z) = 291g(z)
if ¢ = 1 for the first limit, and fo1(z,y, 2) = 291g2(y, z) for the second limit. The functions fo, f1 and fo1 clearly
belong to F, and moreover Pf;(x) = (po1 + pi)z?, Pfoi1(z) = po1z?. Finally, notice that (u,x?) = E[YZ].
Theorem 4.10 thus yields

. 1 . 1
nh_{go W kZG: 52k+z’X;g = Zz’(q)VVa nh_{go W kz(; 52k52k+1X]3 = f(n(q)W a.s.
€6y €6y

Now, for instance, the following decomposition holds

n

1 1 1
lim — E Sopypi X = E — | — E Sty i X}
n—oo M™ Zktitg mn—t | m? 2k+it g
kET?, =0 kEG]

The sum above converges to ¢;(¢)Wm/(m — 1) thanks to Lemma A.3 of [3] and we conclude using equa-
tion (2.4). O

Proposition 4.12. Under assumptions (H.1—5), for all integers 0 < g < k—1, and alli € {0, 1}, the following
almost sure convergences hold

Ly
i G 1>0)

n—00 ‘T:—ﬂ

Z Sokti X{ Xokti = (Po1 + pi) (a2 B[YL] + bo i E[Y L) 1,
keTr_,

1yic:
i G 1>0)

n—oo [T} |

Z S202k41 X Xopri = po1 (e E[YL] + boy E[YIH]) 1,
keT;, _y

and if kK > 2, for all integers 0 < q < Kk — 2, the following almost sure convergences holds
. 1
lim 1ycs|>01 7 Z Sokti X{ X350 s

nroe Tl 2

n—1

= (po1 + pi) ((a5; + 2)E[YL] + 2(agqibayi + pin) E[YST] + (b3, + 00 E[Y L)) 1g,

. 1
nlirr;o 1{\G:,|>0}m Z 52k52k+1X;3X2kX2k+1
n=11 geTx

n—1
= po1((ac + p)E[YL] + (ad + be + 2p)E[Y L] + (bd + py ) E[Y L)) 15
Proof. The proof follows the same lines as that of Proposition 4.11. O

We end this section by stating how to compute the moments of the invariant law .
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Lemma 4.13. Under assumptions (H.2) and (H.5), the first moments of Yo are

BVl = ol Bl -

E[A3] + 2E[A; B |E[Y,]
1 - E[B7] ’

and more generally, the moments of Yso can be calculated recursively for all 1 < q < 4k thanks to the relation
E[YZ] =35m0 CE[AT° BIE[Y ).

Proof. As Y, is the stationary solution of equation Y,, = A,, + B,Y,,_1, Yo has the same law as Ay + ByYso
where (Ag, By) is a copy of (A1, B1) independent from the sequence (A,,, By,)n>1. Hence, we can write E[Y ] =
E[Ao + BoYs| = E[A1] + E[B1]E[Ys]. Similarly, one has

E[Y2] = E[(Ao + BoYx)?] = E[A]] + 2E[A, B1|E[Yo] + E[B|E[Y2].
The general formula is obtained in the same way by developing the relation E[Y4] = E[(A¢ + BoY)9]. O

Note that one can easily compute the moments of A; and B; from their definition. In particular, the two

following equalities hold

amg + cmgy
EYy|=——"—"——
[ OO} :l—bTTLo—d’n”Ll7

and
E[YQ} B a’mo + Amq + 0'? + 2((ab + poo)mo + (ed + pll)ml)E[Yoo}
= 1 — (b?mg + d?my + 02) ’

with mo = (po1 + po)/m and my = (po1 + p1)/m.

4.5. Consistency of the estimators

We are now able to prove the consistency of our estimators. We start with the computation of the limits of
the normalizing matrices S,,, U, and V,,, which is a direct consequence of Proposition 4.11

Proposition 4.14. Under assumptions (H.1-5), and if > 2, for i € {0,1}, the following laws of large

numbers hold )

. S, : 1 E[Ys]
nler;o 1{|G;|>0}@ = 8"1g = (po1 + pi) (E[Yoo] ]E[Yo2o]> 1z as
o . Sy s° 0
nh~>nolo 1{|GZ‘>O}W = S].g = 0 Sl I].g a.s.
n

If in addition k > 4, the following convergences hold

1 2moE[Yao] 2miE[Yo] E[Y2]
nooo UGHPONTel = FEET T o By ] 0 4miE[Y2] 2miE[Y3) | € **
E[V2] 2moE[V2] 2mE[Y2]  E[VZ)
and
v 12E[Ya,] E[Y2]
nh—>ngo ]1{|Gm>o}ﬁ = V]lg = Po1 QE[YOO] 4E[Y020} Q]E[Yg’o} ]lg a.s.
" E[Y2] 2E[YZ] E[V:]

Besides, the matrices S°, U and V are invertible.
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We now turn to the consistency of our main estimators.

Proof of Theorem 3.1. As regards our main estimator én, a direct application of Proposition 4.12 yields

mo(a + bE[Yoo])
. 11{|<c; |>0} mo(aE[Yoo] + DE[YZ])
m1 (cE[Yao| + dE[YZ])

]].f = SBII.E a.s.

and the result follows from Proposition 4.14 and the definition of én The consistency of &, and p,, is a
bit more complicated because their definition involves the €,. We give a detailed proof of the convergence of
T 4|7t Z?%k, the other terms in U,,_16, and V,,_1p,, being treated similarly. For k € G,,, one can develop

€2, = Oor(Xak — Gn — by X3)?
= 090 (G2 + 2anbn X5, + b2 X2 — 200 Xop — 2bp Xp Xo + X2.).

Hence, the following equality holds

n—1
Z €2k = Zaf Z 02k +2Zazbz Z o X + Zg? Z (52ka (4.9)
keT:_, =1  keG, kEGy —1  keGy
n—1 n—1
-2 Zaz Z 02k Xok — QZZK Z 02k X1 Xog + Z 5ok X3
=1 keGy =1 keGy keTr_,

The limit of the last term is given by Proposition 4.12. The first term decomposes as

1 = Az mt

mn—1 Z Z 62k - mn— n—1 mf Z 62k
=1 keGy keGy

We apply Lemma A.3 of [3] to the sequence above. On the one hand,

li -

Jim ae Z Sk = @’ (por + po)W  a.s.

keGy

thanks to the previous result on the consistency of én and Theorem 4.10. On the other hand, the series Y m™"

converges to m/(m — 1) under assumption (H.4). Therefore, Lemma A.3 of [3] yields

nh_{gom -1 Zaf > Ok =

=1 keGy

a*(por + o)W a.s.
and equation (2.4) finally yields

hm 0 116510} w7 |11‘ Zae Z ok = a*(po1 + po)Lz  as.
K 1 keGy

Note that the limit above is just the limit of a7 multiplied by the limit of |T},_;|~* > dox. The other terms in
equation (4.9) are dealt with similarly using the results of Proposition 4.12. Finally, one obtains the almost sure
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convergences
~2 | -2
€2k T €2k 41
Lygx|>0 Iyexi>0 2X€3
. , ~ . , 2
lim %Un,lan:hm % E — k =Uolg,
n—oo | n—1 n—o0 | n—l‘ keT, 2Xk?€2k+1
2022 | 22
Xii (€25 + pq1)
€2k €2k 41
Lo ool Tigeioorl
. >0 ~ . Gx|>0 ~ ~
lim %Vn_lpn:hm % E 2Xk62k62k+1 = Vp]lg,
n—oeo ‘ nfl‘ n—eo ‘ nfl‘ kETH_1 X2€ e
n- k €2k €2k+1
hence the result using Proposition 4.14. O

5. MARTINGALES AND CONVERGENCE RATE

The aim of this section is to obtain sharper convergence results for our estimators, namely rates of convergence.
The P-BMC approach does not allow this, therefore we now use martingale theory instead, as in [3,9]. However,
we cannot directly apply the results therein mainly because our noise sequence (e = ex +n; X[ /2]) now contains
the BAR process (X}) and thus does not satisfy the assumptions of [3,9].

5.1. Martingales on binary trees

We start with a general result of convergence for martingales on a Galton—Watson binary tree, that we
will make repeatedly use of in the following sections. Special cases of this result have already been proved and
used in [3,9]. Note that in this binary tree context, we cannot use the standard asymptotic theory for vector
martingales (see e.g. [12]) because the number of data is roughly multiplied by m at each generation.

Theorem 5.1. Let (M,) be a p-dimensional F©-martingale on the GW-binary tree T*: M, =

St 2kec; W, with Wy = (wi,wi, ..., wh)t. We make the following assumptions:

(A.1) (M,,) is square-integrable.
Let < M >,= ZZ;OI I’y be the predictable quadratic variation of (M), with
I, = E[AM, AM!,,, | 7O).

(A.2) |T;_ |7t < M >,, converges almost surely to a positive semi-definite matriz I' on E.
(A.3) The p x p FO-matriz martingale (K ) defined by

n
K, =Y [Tj| "AM 1AMy, —E[AM 1AM, | 7))
=1
is square-integrable and its component-wise predictable quadratic variationes are O(n) a.s. on &.

Let (2,,) be a sequence of p X p invertible symmetric matrices such that

(A.4) |T:|"'Z, converges a.s. to an invertible matriz = on &;

(A.5) there exists a positive constant o such that on the non-extinction set € and for all n and the following
assumptions holds a(Z,*, —E.') > E ', E ', in the sense that (2, — 2, -~ E'T,E, is a
positive semi-definite matric.

Then M'EY M, = O(n) and if E is positive definite | M,|* = O(nm™) a.s.
If in addition, the entries of (M,,) salisfy

(A.6) sup, E[(m~"/? Zke@; wi)t | FO 1] < 0o almost surely,
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then for all § > 1/2, ||[M,||* = o(n®m™) a.s. and

lim I{IG*|>O}_ZM€'~Z My =t(F'E Y1y as.

n—oo
(=1

Proof of the first part of Theorem 5.1. The result is obvious on the extinction set £. In the sequel, let us suppose
that we are on the non-extinction set £. For all n > 1, denote V,, = M. = _'_1 ~1M,,. The following equalities hold

Va1 = Mn+1:—1Mn+1 = (M, +AM,1)'E (M + AM 40),
=V, - ML (E,} -5, )M, +2M,E,"AM ,, 1 +AM!, | | =, AM .1,
since M\ =, "AM n+1 18 scalar, and hence equal to its own transpose. By summing over the identity above, we

obtain
Vi1 +An = V1 + Brgi + Wi, (5.1)

where
n n n
A=Y MUE N —E; )My, Buyr=2Y M{E;"AM 1, Wap =Y AM) 5;"AM 4.
— =1
The asymptotic behavior of the sequences (W,,) and (B,,) is given in the following lemmas.
Lemma 5.2. Under assumptions (A.1) to (A.4), the following almost sure convergence holds

m—1

1
lim Lyige (o0} —Wh = tr(FE~ )1 5.
Adim Ljc >0y r( )1g a.s
Lemma 5.3. Under assumptions (A.1) to (A.5), the following asymptotic property holds
Bri1 = o(n) a.s.

One then obtains

. Vn+1 + An m—1 —_1
nlLrI;O Liicz >0 - = tr(IFE)1g a.s. (5.2)
As (A,,) is a sequence of positive real numbers, it follows that V,11 = O(n) a.s., which means that
M;E;LM” = O(n) a.s. As E is positive definite, one obtains for large enough n, on the non-extinction
set € . X
M,= "~ M
”MnHz:M;Mn n= _.—_1 n»
Amin(E,71)
where Ain () denotes the smallest eigenvalue of Z ! |. Finally, assumption (A.4) yields | M, ||?> = O(nm™)
a.s., which completes the proof of the first part of Theorem 5.1. g

It remains to prove Lemmas 5.2 and 5.3.

Proof of Lemma 5.2. First of all, we decompose Wy, +1 = Tp4+1 + Rpt1 with

zn: AM 57 AM 4, Rr = Z AM (T |E - &AMy
T | T T ITZ\

Tht1 =
=

We first prove that lim,, . 162 |>0} %’Z}L = mT_ltr(I’E'fl)ILg a.s. As 7,, is a scalar and the trace is commutative,

we can rewrite 7,11 = tr(H 41 E'_l) where

H, = Z T Z \T* K,.
(=1
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On the one hand, by assumption (A.3), one has K, = o(n) a.s. on €. On the other hand, assumption (A.2)
yields

Lig r, 1 <<M>e+1 |T?—1|<M>z>
1>0) 7 — ;>0 * - * *
GOy — “IGH=0 \ ™y T IT; |

so that H,, converges to (I' — I'/m) 1z = I'(m — 1)/m a.s. as £ tends to infinity. Hence, Cesaro convergence
yields

. 1 m—1
nILH;O 1{|G;|>O}EHH = Tl’lg a.s. (5.3)

As a consequence, lim g+ 50175 /1 = tr(CE ) (m — 1)/mlg a.s. We now turn to the asymptotic behavior of

Ryt1. We know from assumption (A.4) that |T}|Z, ' — 2" goes to 0 as £ goes to infinity on £. Thus, for all
positive €, there exists £, such that if £ > £,

L{c: >0y [ AM (T[S — E7HAM 1| < 4eAM Y AM 1 1igs >0}

Hence, there exists some positive real number ¢, such that, for n > /.,

n—1 t
AM;  AM i1
1{c 1503/ Ral < Lz >0y (46 Z ]l{\G?DO}J\F’}lI‘—ﬂ ‘
=0, ¢

< ]l{lG’:L|>O} (46 tI‘(Hn) +¢e) -

This last inequality holding for any positive € and large enough n, the limit given by equation (5.3) entails that
lim,, o0 ﬂ{\G;bo}%Rn = 0 a.s., which completes the proof. O

Proof of Lemma 5.3. Again, the result is obvious on the extinction set £. Suppose now we are on the non-
extinction set £. Recall that

Bri1 = QZMk—fklﬂMkH

The process (B,,) is a real-valued FO-martingale. In addition, the following equality clearly holds

E[AB2, ||FO]=4M'=E,'T,E"M, a.s.
Assumption (A.5) then yields
n
(B)py1 < 4az MY(EY, — EH) M), = 4aA,. a.s.
k=1

Hence, the law of large number for real martingales yields B,, = o(A,,) a.s. Finally, we deduce from decomposi-
tion (5.1) and Lemma 5.2 that

Vo1 + An = o(A,) + O(n) a.s.

leading to A, = O(n) and V,41 = O(n) a.s. as both sequences are non-negative. This implies in turn that
B, = o(n) a.s. completing the proof. O

Proof of the second part of Theorem 5.1. Let us rewrite the entries M¢ of the martingale M, as

Mi=>"m mf/z wi .
=1y, keGy

=9
€
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Then one just has to apply Wei’s lemma given in ([26], p. 1672) to the martingale difference sequence &y
and u, = m%?, and for the function f(z) = (logz)® for § > 1/2. Under assumption (A.6), one obtains
Mg = o(m™?n%/?). As PJ is the gth entry of M,, one obtains |[M,||*> = o(n®m") a.s. Now recall that
V=M ;E ,_LilM n, therefore; the following equality holds

IL{\G;‘L\>O}V7L = 1{|G;@|>O}M£LE;i1Mn = o(n%) a.s.,

for all § > 1/4. In particular, for 6 = 1/2, and we have the following order V,, = o(n). Lemmas 5.2 and 5.3 then

yield
. A, m-—1
Jm gy >0 - =

tr(FE"H1+ as. 5.4
- r( )1y as (5.4)

First of all, A,, may be rewritten as

n n
t/mm—1 —_——1 t —_——1
A=Y MyED -5, M => M|AE;! M,
=1 =1

where A, =1, — £, '5,,_;. Thanks to assumption (A.4) we know that
m—1

lim 1gg- A, = —IL1= .S.

LGy >03 mAE a.8

Besides, equation (5.4) yields that 1« (>0} An ~ n(m — 1)m71tr(115'71)1g a.s. Plugging these two results into
the equality

m—1 " —_—1 i m—1 =—1
A, = — ;MEEHMK + ;Mz (Ag - 14) =, M,

gives that 1yg: >0} St MﬁEZ}lMg ~ L{igx >0y Anm(m — 1)~! a.s. Thus one obtains

. 1 t 1 —_1
nh—>ngo ]l{\G:,|>0}EK§:1MZ‘:'ZflM€ =tr([E )]lg a.s.

which is the expected result. O

5.2. Rate of convergence for §n

We apply Theorem 5.1 to a suitably chosen martingale. Recall that

0,—60= st Z (€1, Xn€oks €aps1, Xneanr1) = Syt M, (5.5)
keET,_1

where
M, = Z (26, Xn€ar, €241, Xn€an1)' -
k€T, 1
Under assumptions (H.1-3), for all n > 0, k € G,,, E[eax1i|FC] = E[Xpear+i| FO] = 0 and (M,,) is a square-
integrable (F9)-martingale, so that assumption (A.1) of Theorem 5.1 holds. Let us compute the predictable
quadratic variation of (M)

1 X
E[AM, 1AM, L |FP]=Tn =Y % ® (X X2> , (5.6)
keG, k k
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where
N = 52k(0'§ +2XkPOO+X]30'72]) 52k(52k+1(p5 +2Xk,0+X,3p77) (5 7)
b Oor02ky1(pe +2Xpp + X2py) Ooky1(0? +2Xpp11 + XPo7) '
Thus the predictable quadratic variation of (M,,) is given by
= 1 X
Xr= X s (4 )
=0 k€T, 1 k
Lemma 5.4. Under assumptions (H.1—5) and if k > 4, the following convergence holds
<M> 110 1—101
nh—{go ]l{\@* >0} 7w T |T | F]lg = F01 Fl ]lg a.s.,
where 'Y, T°' and I'" are the 2 x 2 matrices defined by
- U?fz(O) + 2pii€i(1) + 0'72]&(2) U?fz(l) + 2pii€i(2) + 0'72]&(3)
and
o pel01(0) + 2plo1(1) + pnlor(2) pelor(1) + 2plo1(2) + pylo1(3)
pelon (1) 4 2pLo1 (2) + pylor(3) pelor(2) + 2pLo1(3) + pplor(4) )
In addition, I is positive definite.
Proof. This is a direct consequence of Proposition 4.11. O

Hence, assumption (A.2) holds if k > 4. The process (K,,) is clearly a square-integrable martingale if v > 2.
It is not difficult to check that its component-wise predictable quadratic variation is at worst of the order of

Z T X P

keGy

Proposition 4.11 ensures that |T/|~1 > keG, Sok+i X}t converges almost surely on € provided x > 4, it is therefore
bounded by some constant C. As a result, its square is also bounded by C? and |Tj|~2 Zke@ Sokri Xy < C?
a.s. on &. Finally, one obtains that

1
]l{lG |>0} Z |']I‘*‘2 Z 62k+ZXk; < C n]l{‘G*‘>O}7
keGy

so that assumption (A.3) holds if k > 4.

We now introduce a new sequence of matrices X,,. They are defined as a standardized version of the pre-
dictable quadratic variation of (M), with the variance coefficients o2 and ag set to 1 and all the covariance
coefficients p., py, pi; set to 0, namely

o 0 1 X
Zd&@z > 1+X,3)< )@(ka2>,
k

keT, 0 52k+1
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where @,, is the 4 x 2™ matrix of the collection of the 4 x 1 vectors (1 + X%)l/z(égk, Sk Xk, 0okt 1, 02k 11 Xg)¢ for
keG,={2"2"+1,...,2n" 1}

52(2n) 1—|—X22,,L (52(2n+1,1)1/1+X22n+1_1
52(2n,)X2n 1+ X22,,L C 52(2n+1,1)X2n+1,11 /14 X22n+1_1

52(2n)+1\/ 1 —|— X22n e (52(2n+1,1)+11 / 1 + X22n+171
62(2n,)+1X2n A/ 1 —|— X227, PR 62(2’!L+1_1)+1X2n+1_1’ / 1 —|— X22n+171

Note that dsgdsz and hence X, is positive definite as soon as the X are not constant. The next result is again
a direct consequence of Proposition 4.11.

Lemma 5.5. Under assumptions (H.1—5) and if k > 4, the following convergence holds

: X, =00
HIL%1{|G2|>O}W:215:( 0 5! 1z as.,

£;(0) + £;(2)
+£;

where X is the 2 x 2 matriz X* = ( , é) E:E ; 1&(3;) . In addition, X is positive definite.

1
(2) + £;(4
As a result, Assumption (A.4) also holds if k > 4, and we now turn to Assumption (A.5).

Lemma 5.6. Under assumptions (H.1-5), for all o > max{?a?ﬂaﬁ,uo,ul,u} and for all n, the following
inequality holds X,' T, X, < (3,1, — X1), where

=

. 1 1
w=3 (‘73 + 07+ ((02 —02)* +4p7;) 2) ,v=02+02+ (0 = 02> + (poo + p11)°)

Proof. We first prove that for all such o, I',, < a®,,®!, holds. For all k € G,,, let D} = a(l + X2) — (02 +

2Xkpoo + X,fo%), D! = a(l+ X?) — (02 4+ 2Xgp11 + X,fo%) and DY = p? +2X;p+ X,fp% be the coefficients

of 04!1571!152 — I';, up to the sum over G,. We first need to prove that Dj > 0 for all k. One can rewrite
Di =a—02—2p;i X+ (a— Jg)X,f, so that it is sufficient to prove that this second order polynomial in X}
has no real root, as both its terms of degree 0 and 2 are positive by assumption. Its discriminant in a function
of a given by

Ale) = (0 — alo? + o3) + ooy — p}y).

This discriminant A(«) is again a second order polynomial in «. Therefore it is negative as soon as « is larger
than its largest root u'. Second, we want to prove that (Dgl)2 < DgD,i. The Cauchy—Schwarz inequality yields

(DP')? < (02 +2Xkpoo + Xjop) (02 + 2Xpp11 + Xioy).
Hence, one just has to check that

(0’? + 2Xkpoo + X%Uﬁ)(ag +2Xkp11 + X%Uﬁ) < DgDé,
which boils down to proving that the second order polynomial

o — 202 —2(poo + p11) Xk + (o — 20'72])XI§
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is non negative. Similar arguments as above yield that the preceding polynomial is nonnegative as soon as
a > max{202, 20 ,v}. Thus, for u = (u1, uz, uz, us)’ € R* the following lower bound holds

D D 2
u' (0P, B}, — I'y)u = Z (u152k(D2)l/2 + 0ok X5 (DY) /2 — U3Boh 41 e — U452k+1Xk7k1/2>

GALE o)
2
Do1)2 1/2 Do1)2 1/2
+ <u352k+1 (Di ! Dko) ) + ugbop 1 Xp (Di d 50) )
k k
>0

)

hence I',, < ad, P!, To obtain the expected result, we use Riccati equation (see e.g. Lem. B.1 of [3]) and the
definition of 37, to obtain
xl=x1 - 31&, (Im+1,) & 2!

n—1s

(5.8)
where [,, = qs;z;ilqsn. By multiplying both sides by @,,, we obtain

>ie, =21 @, - X1 D, (10 +1,)" ',
=3B, — X, B (T + 1) (Tan + 1y — Ton),
=30 ®,(Tgn +1,) 7"

In particular, as [l,, is positive definite, one obtains
AP, (I + 1) =21 &, (Tpn +1,,)" Y2
Taking the square of each side of the above equation then yields
3, P (Ion + 1)@, 2, = 2,18, (T +1,) 79,5, 0 = X0, - 2

by equation (5.8). As Ion +1,, > Io» in the sense of positive semi-definite matrices, one obtains Z‘;il — Z‘:Ll >
X 1@, ®! 31 This inequality together with I',, < a®,®" yield the result. O

Lemma 5.7. Under assumptions (H.1—-5) and if & > 4, fori € {0,1} and q € {0,1}, one obtains

4
sup{ m~2"E Z Xleapri | FO < 00 a.s.
" keGx
Proof. The following inequality is easily proved
4 2
m B || Y Xfewsi | | F| <C Z Soryi X (1 + X, + XF)
keG*, keGy,

+ Cm— k;;* Oopri Xp (1 + Xp + X7+ X3 + X4,

where C'is a constant depending only on the moments of (2,792,£3,73) up to order 4. The result follows from
Proposition 4.11. U

We have now proved that assumptions (A.1—6) of Theorem 5.1 hold for the martingale (M,,) and the sequence
of positive definite matrices (£,,) = (X,,), thus we obtain the following result.
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Proposition 5.8. Under assumptions (H.1-5) and if k > 4, one obtains
M!S M, =0(), and ||M,|>=0mm") as.
In addition, for all § > 1/2, |M,||*> = o(n®m™") a.s. and

: 1 - t y—1 -1
HILH;OJIHG:LDO}E;MZEZ_lMg:tr(FZ‘ )z, as.

Now recall that 6, — 6 = S, ', M,. One then readily obtains Theorem 3.2.

Proof of Theorem 3.2. As én -0 = S;LM”, one obtains

18, — 0] = M., 2 M, < [ M| *Amax(S,21),

n—1

where Amax(S;, %) denotes the highest eigenvalue of matrix S, 2,. We use Proposition 4.14 to conclude that

H/B\n —0|> = o(n®m™") a.s. For the quadratic strong law, Proposition 5.8 yields
n

. 1 -~ _ ~ _
lim ]1{|G;«L|>O}E Z(ag — G)th_lzg_llsg_l(Gg — 0) = tr(FZ‘ l)lg a.s.

n—oo
(=1

and the result is obtained by using Proposition 4.14 and Lemma 5.5. A similar argument as in the Proof of
Lemma 5.2 is used to replace Sg_lZJ[fng_l by its equivalent |T}‘_1|_1SZJ—1S. O

5.3. Rate of convergence for o,

We proceed in two steps. Recall that

~ -1 ~2 ~2 ~2 ~2 222 ~2 t
o, = U, E (Ezk+€2k+1v2Xk€2k»2Xk€2k+1»Xk(52k+€2k+1)) )
keT, 1

is our estimator of o = (02, poo, P11, ag)t, and

_ -1 2 2 2 2 20,2 2 t
o, = U, Z (€3% + €app1> 2X ke, 2Xk€0p 41, Xjp (€35, + €3511)) -
keT, 1

Our first step is to prove the convergence of o, to o. The second step is the convergence of &, — o, with a
convergence rate.

5.8.1. Convergence of oy,

The convergence of o, to o is directly obtained using the usual law of large numbers for square-integrable
vector-valued martingales. Note that one could obtain a convergence rate under stronger moment assumptions
using Theorem 5.1.

Lemma 5.9. Under assumptions (H.1—5) and if k > 8, the following convergence holds

lim ]l{\G;‘LDO}O'n = O']lg a.s.

n—0o0
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Proof. Set

2 2 2 2 o

€kt €apy1 — Elegp + e | 77

-1
s 2Xi(e5 — Ele3y | fzo])
2Xk(€%k+1 - ]E[e%kﬂ | 7))

Xi (3 + €341 — Eledy, + 340 | FOD)
Hence, (M) is a square-integrable (F¢)-martingale. One can compute all the entries of its predictable quadratic
variation and prove that they all equal a constant (depending on the moments of (£2,72,£3,73) up to order 4)
multiplied by > o4 X{ or Y dopdort1 X, with ¢ < 8. Hence, the laws of large numbers given in Proposi-
tion 4.11 ensure that m™" < M? >,, converges almost surely to a constant matrix on the non-extinction set €.
The standard law of large numbers for square-integrable martingales then implies that (M) = o(m™) a.s.
Besides, m~"U,, also converges to a fixed matrix on the non-extinction set £ by Proposition 4.14. Therefore
gz >0y (o0 —0) = 1{\G3\>0}U7Li1Mg tends to 0 a.s. when n tends to infinity. O

5.3.2. Convergence of &, — oy,

We now turn to the convergence of &, — 0. One can rewrite U,,_1(F, — o) as

U,_1(6, —0,) = P +2R7, (5.9)
with R R
(€21 — €2k)2 + (€241 — €2k+1)2
po_ Z 2X 1 (€2r — €21)?
! kE€Tn_1 2Xk (€241 — €2k+1)2 ,

X7 (€2 — e20)® + (G2r11 — €241)%)
and R R

€ak (€2r — €21) + €21 (€2h41 — €2041)

2X €01 (€21 — €2k)
R- Y ¢
kETn_1 2Xkeon+1(€2k41 — €2k41)

XZ(eor (€2 — €21) + €2r41(€2h41 — €2011))
We are going to study separately the asymptotic properties of P and R, .
Lemma 5.10. Under assumptions (H.1—5) and if K > 4, one obtains
1

Jim 1650y~ > (Ek — €2k)” = qo(0)1z = (m — Dtr(F°(S°) "Nz a.s.
keT,

where I'° is defined in Lemma 5.4 and S° in Proposition 4.14.

Proof. We are going to apply Theorem 5.1 to the first two entries of the martingale (M,,). Indeed, let M g be
the 2-component vector corresponding to the first two entries of M,

0 _ €2k
M= ), (Xkﬁmc)'

keT, -1

Let 6° = (a,b)t, gi = (Gn, by)". Clearly, one has (@2 —0°) = (8% _)"'M?, therefore one obtains

~ ~0 1 X ~0
> (Ear —ean)? = Y 0ar(6, — 6°) (X Xg) 6, —6°)
kEGn k€EGn, bk
= (M3)"(Sp-1) " (S5 — Sn_1)(Sh_1) ' M.

n—1
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Set also XY to be the 2 x 2 matrix defined by

0o 2 1 Xy
zn_k%; (1+Xk)62k(Xk X2 )

Thus, Proposition 4.14 and Lemma 5.5 yield
lim ¢, 0 (Z2)/2(89) 71 (S0., — S2)(S2) 1 (50)12 = AT as,

n—oo
where A® = (m — 1)(Z")/2(8%)~1(X°)/2. Note that A° is positive definite and the matrices X%, S9,
39 8% and A° commute. We now use Theorem 5.1 for the martingale (M%), with the sequence (En =

(AO)*l/QZSL(AO)*l/Q). As A" is a fixed positive definite matrix, it is clear that all the assumptions of
Theorem 5.1 hold, as in Section 5.2. Thus one obtains the a.s. limit

1 n
Jim ;>0 (MDA TVEED (AT TIMY = w(T0(20) A% 1y = (m - Dir(I0(SY) 7).
=1
Finally, a similar argument as in the Proof of Lemma 5.2 is used to replace A° by its asymptotic equivalent
(Z)V2(87) 7 (Shr — S3)(S7)H(Z5)'/? to obtain
. 1 _ : RN - _
Jim Ler o)~ > (€ —e2r)? = lim Lije; >0}, oMY (Zp_y)PANZ) )P M
k€T, =1
n

. 1 _ _ -1
= lim 1{‘G7L‘>O}E Z(Mg)t((Ao) 1/222—1(A0) 1/2) Mg,

n—oo
=1

hence the result. O
A similar proof yields the following results for odd indices.

Lemma 5.11. Under assumptions (H.1—5) and if k > 4, the following convergence holds
lim. 1{‘G:,‘>O}% k;m(akﬂ —eoer1)? = 1(0) Ly = (m — Der(TH(SY) )z as.
where I'' is defined in Lemma 5.4 and S* in Proposition 4.14.
The proof of Lemma 5.10 can also be adapted to obtain the two following results.
Lemma 5.12. Under assumptions (H.1—5) and if & > 4, for all i € {0,1}, the almost sure convergence holds

. 1 . i Qiy—2mi
Jim gm0y~ D Xn(Erri — ard)” = ai(1)1g = (m = Der(I(S) T 1g,
keT,

where T" is the 2 x 2 matriz defined by T" = (?8; ?Eg) :

Proof. We prove the result for i = 0, the other case being similar. With the notation of the proof of Lemma 5.10,
one obtains

N ~0 X X2\ 20
> Xi(Ear —ear)® = Y 0ax(6, — 0°) (Xg X’§> 6, — 6%
k€Gy k€G,, Bk
(M) (Sh_1) H(T5 = To_1)(Sh1) "M,
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2
with T = > ke, 02k ())?5 §’§) . Proposition 4.11 yields the following convergence
k Sk

Jim. Ljey >01(Z0) 2 (S0) " (Thyy — TR)(S7) " H(Z0)V? = A%Lg  aus.

with a new matrix A® defined by A® = (m —1)X°(8%)~2T°. Note that this new A° is again positive definite
and the matrices 22, S?L, T?L, 30 8% T° and A° still commute. The end of the proof is similar to that of
Lemma 5.10 with the new matrix A°. O

Lemma 5.13. Under assumptions (H.1—5) and if & > 4, for all i € {0,1}, the almost sure convergence holds

. 1 ~ i Qi —2yx7i
Jim 16,1503 Y Xi(Erri = ear4i)® = Gi(2)1g = (m — Der(T(S) *W)1g,
keT,,

ti(3) €:(4)

Lemmas 5.10, 5.11, 5.12 and 5.13 give the almost sure convergence of the sequence (P).

where W' is the 2 x 2 matriz defined by W' = (&(2) 62(3)) .

Lemma 5.14. Under assumptions (H.1—5) and if k > 4, the following convergence holds

. 1_. t
Jim Ly >0y Py = (40(0) + ¢1(0),290(1), 2q1(1), ¢0(2) + ¢1(2)) 1z a.s.
It remains to give the limit of the sequence (R;)).

Lemma 5.15. Under assumptions (H.1—5) and if k > 8, the following convergence holds
1
lim 1{‘@* ‘>0}—RZ =0 a.s.
n—oo n n

Proof. Tt is sufficient to prove that (R} ) is a martingale and that its predictable quadratic variation is almost
surely O(n). For all k € G,,, one obtains

]E[Ezk(gzk — 62k) | .7:7?} = (52k((a - an) + (b —Bn)Xk)E[GQk | .7:7?} = 0,

and we have the same result for the other entries of R7. Hence, (RZ) is a (F¢)-martingale. It is also square-
integrable. We are going to study (R ) component-wise. We give the details for the last entry, the others being
treated similarly. For ¢ € {0, 1}, set

n—1
. . —~1 X2
Q= (0"-0,)" > by (X§> €2k ti-
=1 keGy k

The last entry of RZ can then be rewritten as Q) + QL. The processes @, are clearly (FQ)-martingales with
predictable quadratic variation equal to

n—1
(@)= _(M)'(S;_,) " Ai(S)_,) ' M,
(=1
. X4 X5
with A}, =3, ¢ Sok (02 4+ 2pii Xy + J%X,f) <X’g~, X’g > Thanks to Proposition 4.11, the sequence of matrices
" E Nk

(ZV/2(8E )" LAL (ST )~H(X%)Y? converges almost surely on the non-extinction set € to a fixed positive
definite matrix A*. We now use Theorem 5.1 along the same lines as in the proof of Lemma 5.10 to obtain that
(@Y, = O(n), and thus Q¢ = o(n). The other entries of (RJ) are dealt with similarly, yielding the result. O

Proof of Theorem 3.3. 1t is a direct consequence of equation (5.9), Proposition 4.14 and Lemmas 5.9, 5.14
and 5.15. 0
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5.4. Rate of convergence for p,,
We proceed again in two steps. Recall that

~ —1 ~ o~ ~ o~ 2~ ~ t
Pn=V, E (G2x€art1, 2Xkorear 1, Xj€orori1)
k€T -1

is our estimator of p = (pe, p, py)’, and

-1 2 t
P, =V, E (€an€ort1, 2X p€onerny1, Xj€aneontn) -

keT, 1

Our first step is to prove the convergence of p,, to p. The second step is the convergence of p,, — p,, with a
convergence rate.
5.4.1. Convergence of p,,

The convergence of p,, to p is again directly obtained using the standard law of large numbers for square-
integrable vector-valued martingales. Note that one could also obtain a convergence rate under stronger moment
assumptions using Theorem 5.1.

Lemma 5.16. Under assumptions (H.1—5) and if k > 8, the following convergence holds

nh—>ngo 1{|®;|>0}pn = p]lg a.s.
Proof. Set
ne1 €ar€ant1 — Eleaeat | FP)
ML=V, 1(p,—p)= 2X (e2nezir1 — Eleareartr | FY))
=1 keGy

X7 (ean€ort1 — Eleareartr | Ff))

Hence, (M?) is a square-integrable (F9)-martingale. One can compute all the entries of its predictable quadratic
variation and prove that they all equal a constant (depending on the moments of (e2,72,£3,73) up to order 4)
multiplied by Y dox02x41X, with ¢ < 8. Therefore, the laws of large numbers given in Proposition 4.11 ensure
that m~"(M?*),, converges almost surely to a constant matrix on the non-extinction set £. The standard law
of large numbers for square-integrable martingales then implies that (M?#) = o(m™) a.s. Besides, m~"V,, also
converges to a fixed matrix on the non-extinction set £ by Proposition 4.14. Thus p,, — p = V;ilMg tends to
0 a.s. on £ when n tends to infinity. O

5.4.2. Convergence of p,, — P,

We now turn to the convergence of p,, — p,,. We follow the same steps as in Section 5.3.2. One can rewrite
V"—l(ﬁn - pn) as

Vor(p, —p.) — PP+ R?, with (5.10)
N . t
Pl = > (e — ex)(@nt1 — eari1) (1,2X5, X7)",  and
keT, 1
oY (e : .
b= (€2rt1(€or — €21) + €2n(Conr1 — €241)) (1,2X5, X7)
k€T, 1

We are going to study separately the asymptotic properties of P2 and R’. The limit of R? is obtained as in
Lemma 5.15.
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Lemma 5.17. Under assumptions (H.1—5) and if k > 8, one obtains
lim 1 L R =0
1m * — = a.s.
neo UGLI>0} D Sn

Lemma 5.18. Under assumptions (H.1—5) and if k > 4, the following almost sure convergence holds

m—1

_ Lyey (>0} o "
nh—>ngo — k;r: (€2r — €ar)(€2r41 — €2641) = qo1(0) 1z =

o[ 0 8™ 01 _ [ Lo1(0) Lor (1)
where J°* = (501 0 >’ and S = (501(1) l1(2) )

Proof. First, notice that for all k € G,,, the following decomposition holds

tr(IS~ 271+

0 X5
. . ~ 0 0 Xi X2 2
2(éor — €ak) (€2kt1 — €2k41) = O2k02k11(0, — 0)° 1 X, Ok 0" (6, —0).
X, X3

Hence, one obtains

2> (@n — k) (Eans1 — €anyr) = Y MS Y (I — M )S, My,
keET, =1

01
with Jp" = (S%l Sg > and S3' = Y, cp, 202k02041 <X1'k ?;%) Set A, = 2,/28.1(J0L, - J0H S, =2

Proposition 4.11 yields
lim gy [>0)An = Alg = (m — DD RATCRES SUICRRD YRAS PR

Hence, as in the proof of Lemma 5.10, it is sufficient to study the convergence of _,_, MéZ;_llmAZ;_llmMg. To

this end, we apply Theorem 5.1 to the martingale (M,,) and with the sequence of matrices =,, = ZL/QAAZ:/Q.
As we have seen before, assumptions (A.1—3) and (A.6) hold. Assumption (A.4) is a direct consequence of
Lemma 5.5. We will not investigate assumption (A.5) but directly prove Lemma 5.3, a part of Theorem 5.1, in
our specific context that is

n
1 =2 METAM .y =o(n).
k=1

Note that the matrix J°! has a special property, namely

= (" s ) = (5 5%1)2 (1,

so that although J 91 is not positive definite, I°! is. As a result, as the matrices J 9}, X, and S,, commute, one
has A? = (A’)? with the positive definite matrix A" = (m — 1)XY/287 1 1°' 871 51/2. We have seen that the
coefficient a given by Lemma 5.6 satisfies X, 'I", X! < a(Z‘;il — Z‘;l). In view of the property of J°! and
the fact that the matrices A, A’, ¥, and I',, commute, we obtain

(Z/2am ) (mfa s = A, A
<ad'(Zl -3 A

n
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Thanks to Lemma 5.5, we have the convergence

oy Amax(Zaty = Zih)  Awma(E71)
n—00 Amin(zgll - 271) Amin(zil)

n

> 0.

So there exists ng > 0 and 3 > 0 such that
ﬁ/\min(zgil - 27_11) > )\max(zy_lil - Zgl)Amax((A/)z) for n > nyg,
which implies A’(Z‘T_Lil — E;l)Al < ﬁ(E;il — E;l), and

E[AB2,|FO) = 4M' 2 T,E, M, < oM (2,1, — ') M., for n > ny.

MZ(Z;L — Zfl)Mn is the increment of A,, defined in equation 5.1 when =, = X,,. By the arguments used

n
in the proof of Proposition 5.8, >, M} (X, — X,')M, = O(n) which implies B/, = o(n). We can then
apply Theorem 5.1 which immediately yields the result. O

Similarly, one obtains the two following convergences.
Lemma 5.19. Under assumptions (H.1—5) and if k > 4, the following almost sure convergence holds

m—1

. Lyey . . _
lim —UGl>0) Z X (€ar — €ar)(€2p41 — €2611) = qo1(1) 1z = tr(IS™2 K1,

n— oo n
keT,

0o T Co1(1) £o1(2)
KOl — TOl — 01 01 .
where (Tm 0 ) and 001(2) 01 (3)
Lemma 5.20. Under assumptions (H.1—5) and if k > 4, the following almost sure convergence holds

m—1

. Lyer >0l N N _
lim AGaI>07 Z X,%(egk — €2k’)(62k+1 — 62k+1) = qu(Q)]lg = tI‘(FS 2L01)]l§

n—00 n
kET,
o [ 0 w* o1 _ [ £o1(2) Lo1(3)
where L7 = (wm 0 ) and W = (em(:s) to(4))-
Thus, one obtains the following limit.

Lemma 5.21. Under assumptions (H.1—5) and if k > 4, the following almost sure convergence holds

. 1. _, t
nlLII;O ]]'{|GT,‘L|>0}EP7L = (qu (0), 2(]01(].), %1(2)) ]].g a.s.
Proof of Theorem 3.4. Tt is a direct consequence of equation (5.10), Proposition 4.14 and Lemmas 5.16, 5.17
and 5.21. g

6. ASYMPTOTIC NORMALITY

To derive the central limit theorems (CLT), we use a CLT for martingales given in ([12], Thm. 3.I1.10). To
this aim, we use a new filtration. Namely, instead of using the observed generation-wise filtration, we will use
the sister pair-wise one. Let

g]? =0V o{01X1, (621 Xok, b2rr1Xokt1), 1 <k <p}

be the o-algebra generated by the whole history O of the Galton—Watson process and all observed indi-
viduals up to the offspring of individual p. Hence L&Qkﬁzk,éQkJr]EQkJr]) is g,?—measurable. In all the sequel,
we will work on the non-extinction probability space (£, Pg) and we denote by E¢ the corresponding expectation.
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Proof of Theorem 3.5, first step. For a fixed integer n > 1, let us define the gf—martingale (Mz(an)){zﬂzl} by
Mp") = x| 1/2 ZDk with Dy = (ear, Xnar, art1, Xn€ari1) -

Indeed, under (H.1-5), Dy, is clearly a G¥-martingale difference sequence. Set v,, = |T,,| = 2"*! — 1. Therefore
the following equality holds

\Tnl
M —

Un

IT | 1/2 |'[F*|1/2M

We want to apply Theorem 3.I1.10 of [12] to the process (M(J:)) As the non-extinction set € is in G for every
k > 1, it is easy to prove that

1 X
BelDLDYIGE ] = BDDLIGE ] =veo 4, X5 ).
where 7 is defined in equation (5.7). Lemma 5.4 gives the Pz almost sure limit of the following process

T ZIE [D.DLIGY || —— ——T a.s.
"l keTs

Therefore, the first assumption of Theorem 3.I1.10 from [12] holds under Pg. Thanks to v > x > 4, we can
easily prove that for some r > 2, one obtains

SUPEH|Dk||T|g;?_1] < 00 a.s.
k>0

which in turn implies the Lindeberg condition. We can now conclude that under Pz the following convergence
holds

L
|1/2 Z D, = |1/2Mn—>N(O,F).
n—1 kET,
Finally, result (3.3) follows from equation (5.5) and Proposition 4.14 together with Slutsky’s Lemma. O

Proof of Theorem 3.5, second step. We apply Theorem 3.I1.10 of [12] again to the sequences (M[()”’n)){p21} of
g[? -martingales defined by

3+ €51 — B3, + €340y | FY
P P 2 2 o
T ‘1/2M(a',n) _ ZDU _ Z 2Xk(€2k - E[62k | ‘FrkD
n P b 2X1(€241 — Eledrs | FO) ’
k=1 k=1 E\€2k+1 2k+1 Tk
X(e3y, + 1 — Eledy, + 3pq | FO)

where 7, denotes the generation of k. Set v, = |T,,—1] = 2" — 1. One obtains \TZ_1\1/2M("’”) =U,_1(0,—0).

Vn

We have to study the limit I'” of the process ﬁ ZE;I Eg[D7 (D7) | G2,]. In order to compute the
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conditional expectation, let us denote, for k > 1
Aql _52k+2(204 (L =) — 1), (1 — i)r,i(4 — 1), ir) XL
— (0 + 4p5i0? X + (492 + 20%02) X2 + dpic X + a;*,X,;*)),

2 2
A01 (l{j) = 62k62k+1 ( Z Z 05059(2 -nrr, 2 — S, S)X’:—i_s

r=0 s=0
— (02 + 202 (poo + p11) X, + (20207 + 4poop11) Xi + 207 (poo + p11) Xy + UﬁXﬁ))v
and B;(k) = A;(k) + Ao1(k). Using these notations, we obtain
Ez[D7 (DY)" | G¢4]
(Bo+ B1)(k) 2XyBo(k) 2XyBi(k) X?(Bo+ B1)(k)
2X,Bo(k)  4X2Ao(k) 4X?Ani(k)  2X}Bo(k)
2X,Bi(k)  AXPAp (k) 4X2A (k) 2X}Bi(k)
Xi(Bo + Bu)(k) 2X(Bo(k) 2X7Bi(k) Xj(Bo+ B1)(k)

The almost sure limit of the above quantity is given by Proposition 4.11. Indeed, the following convergences

hold .
1 n—1

lim ] Z A;(k)X] =A! and  lim |11’ Z Aot (k) X} = Afy  as.
n—oo =00 n—
with
204 (L=a)(4—=7), (1 =d)r,i(4 —7r),ir)li(r + q)

—(Jg&(q) +4pii02li(1+ q) + (4p%; + 20207)0:(2 + q) + 4psioils(3 + q) + opli(4 + q)4),

2 2
Ab = ZZC;C’;G(Z —7,7,2—s5,5)o1(r +s+q)

r=0 s=0
—(02001(q) + 202 (poo + p11)lor (1 +q) + (20303 + 4poop11)loi (2 + q)
+202(poo + p11)o1(3 + @) + oplo1 (4 + q)).
We also set B = A? + Al,. With these notations, we are able to explicit the limit matrix I'? of the process
e il EeDT (DY) | G2
By + BY 2B} 2B B+ B?
2B} 4A3 44%, 2B}
2B 4A3, 4A% 2B}
B2 + B} 2B} 2B} Bj + B

(6.1)

The first assumption of Theorem 3.I1.10 from [12] holds under Pz and we easily prove the second one to conclude
that under Pz

o, * — o * — L o
M n_|Tn71| 1/2 Z Dk::|'[rn71| 1/2Un—1(an_0)—>N(0aF )

Vn
k€T, 1

We conclude using Proposition 4.14 and Theorem 3.3. O
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Proof of Theorem 3.5, third step. We apply again Theorem 3.I1.10 of [12] with to the sequence of Qg’—
martingales (M;(:p’n)){pzl} defined by

) , €ak€ak+1 — Eleap€arti | JTTOk]
(Taal PGP =3 DY =3 | 2Xk(eweaner — Eleeaisn | 7))

k=1 F=1\ XZ(eaneont1 — Eleareantt | frok])

Set v, = |T,,—1] = 2™ — 1. Thus one can rewrite |T;_1|1/2M£‘:”) =V,_1(p,, — p). Let us denote

C(k) = Sarlokt1 ((9(2,0, 2,0) — p2) +2(0(2,0,1,1) + 6(1,1,2,0) — 2pp.) X,
+(0(0,2,2,0) +6(2,0,0,2) +460(1,1,1,1) — 4p* — 2p. p,) X}
+2(6(0,2,1,1) +6(1,1,0,2) — 2pp,) X2 + (6(2,0,2,0) — pg)X;‘).

We are now able to write
1 2X, X ,f

Eg[DR(DR)' | Gy = C(k) | 2X) 4X} 2X]]
X? 2X3 X

For the determination of the limit I'? of |T}_,|~! Zgi;l Ez[D?(D?)" | G2 1], let us remark, using Proposi-

tion 4.11 that
Trn_1

1
lim ———— Z Ck)X!=0C7 as.

with

C?= (0(23 07 23 0) - ,03)501 (q) + 2(9(27 03 17 1) + 0(17 13 27 0) - 29,05)601(1 + q)
+(0(0,2,2,0) + 6(2,0,0,2) +460(1,1,1,1) — 4p*> — 2p. py)lo1(2+ q)
+2(6(0,2,1,1) + 6(1,1,0,2) — 2ppy) o1 (3 + ) + (6(2,0,2,0) — p7 ) lo1 (4 + q).
The matrix I'? is thus given by
Cc0 20t ¢?
I’ =|2Ct 40?203 | . (6.2)
c? 203 ¢t
The first assumption of Theorem 3.I1.10 from [12] holds under Pz and we easily prove the second one to conclude
that under Pz

MO = [T YD D= TV (e, — p) N, ),
k€T, 1
We conclude using Proposition 4.14 and Theorem 3.4. O

7. APPLICATION TO REAL DATA

We have applied our estimation procedure to the Escherichia coli data of [25] (these data are available on
request from the corresponding author of [25]). E. coli is a rod-shaped bacterium that reproduces by dividing
in the middle. Each cell has thus a new end (or pole), and an older one. The cell that inherits the old pole of
its mother is called the old pole cell, the cell that inherits the new pole of its mother is called the new pole
cell. Therefore, each cell has a type: old pole (even) or new pole (odd), inducing asymmetry in the cell division.
Stewart et al. [25] filmed colonies of dividing cells, determining the complete lineages and the growth rate of
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TABLE 1. Estimation of € on the data set penna-2002-10-04-4.

a

b

C

d

0.0363
[0.0275, 0.0450]

0.0266
[—0.2094, 0.2627]

0.0306
[0.0216, 0.0396]

0.1706
[—0.0709, 0.4120]

TABLE 2. Estimation of noise variances on the data set penna-2002-10-04-4.

2
O¢

p)
Iy

0.0004
[—0,0002, 0.0010]

0.2431
[~0.0750, 0.5613]

each cell. Several attempts have already been made to fit BAR processes to these data, see [9,11,13,14], but only
with fixed coefficients models. In particular, [14] suggests that such models cannot explain all the randomness
of the data.

We have run our estimators on the data set penna-2002-10-04-4 from the experiments of [25]. It is the
largest data set of the experiment. It contains 663 cells up to generation 9 (note that there would be 1023 cells
in a full tree up to generation 9). For each of the 663 observed cells, the measure of the growth rate is available.
For each cell, its length was recorded from birth to division and the corresponding growth curve was fitted by
an exponential function ¢ — exp(At) where A is called the growth rate of the cell. Growth rates go from the
minimum value 0.009 to the maximal 0.067. The 0.01-quantile equals 0.024 and the 0.99-quantile equals 0.049.
Mean and median equal 0.037 (std: 0.004). Note that even though the number of observed generations n = 9 is
low, the rate of convergence of our estimators is |T%|~1/2 which is of order 7="/2. Here for n = 9, |T§| = 663.
Table 1 gives the estimation 59 of @ with the 95% Confidence Interval (C.I.) of each coefficient. Note that
our estimator @n of 0 is exactly the same as in [9], and of course we obtain the same point estimation. The
confidence intervals are wider, as the variance is different. More precisely, the variance is given by the CLT for 6
in equation (3.3). We have approximated it by Sg 'rgs gl thanks to the convergences given in Proposition 4.14
and Lemma 5.4. Table 2 gives the estimation of the variance coefficients o2 and 072, of o (other covariance
coefficients of &9 and pg can be computed but are less easy to interpret). The variance of these parameters is
again given by the central limit Theorem 3.5. To obtain confidence intervals, one needs an estimation of the
joint moments of (2,72, €3,73) up to the order 4. Such estimators can be easily derived following the same ideas
as in Section 3.1. A Wald’s test for the positivity of o2 (resp. Uf]) can be derived from Theorem 3.5. It rejects
the null hypothesis Hy : 02 = 0 (resp. Hy : Ug = 0) with p-value p = 0.0799 (resp. p = 0.0671). We are not far
from supporting the validity of the random coefficients model.
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