ESAIM: PS 18 (2014) 171-184 ESAIM: Probability and Statistics
DOI: 10.1051/ps/2013032 WWW.esalm-ps.org

ON THE TIME CONSTANT IN A DEPENDENT FIRST PASSAGE
PERCOLATION MODEL

JULIE SCHOLLER

Abstract. We pursue the study of a random coloring first passage percolation model introduced
by Fontes and Newman. We prove that the asymptotic shape of this first passage percolation model
continuously depends on the law of the coloring. The proof uses several couplings, particularly with
greedy lattice animals.
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1. INTRODUCTION

First passage percolation model was introduced by Hammersley and Welsh [9] as a stochastic model for a
porous media. To each edge e of the simple cubic lattice, we assign a random non negative number ¢(e), which is
interpreted as the time to cross the edge in either direction. Classically the random variables ¢(e) are independent
identically distributed (i.i.d.). In this article, we study a specific dependent model introduced by Fontes and
Newman [6]. To construct it, we begin with an independent identically distributed random coloring of Z%. Then
the random variables t(e) are defined as follows: if the endpoints of the edge e are in different colors, the random
variable t(e) is equal to 1, otherwise it is equal to 0. 7% is split into color clusters representing countries and
thus one spends one unit of time to go through a border. As in the standard model, there exists a seminorm g,
(p refers to the coloring law) on R? which governs the propagation speed.

We show that the seminorm on the unit ball is continuous with respect to the coloring law and that the
asymptotic shape is also continuous with respect to the coloring law for the Hausdorff distance.

Up to now, the seminorm continuity was studied only in the case of standard first passage percolation by
Cox [3] and later by Cox and Kesten [5]. We will not use the same method as in the previous articles. We will
proceed by taking advantage of the possibility to construct an interesting coupling of two random colorings and
of the relation of the model with greedy lattice animals.
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2. MODEL AND RESULTS

2.1. Random colorings and the associated passage times

Let Z? be the integer lattice of dimension d > 2. Let (Xu)ueza be a family of positive integer valued
independent identically distributed random variables. If we consider positive integers to be colors, the joint law
of the (Xy)yueze determines a random coloring of Z¢. We endow Z¢ with the set of edges E? defined by

d
E! = {{u,v};uGZd, v € 7%, |u—v||:Z|ui—vi:1}.

i=1

Now random colorings give rise to a first passage percolation model by defining for each edge {u,v} in E4,
t({u,v}) :=1{x,2x,}, where 14 is the indicator function of the set A.

If the coloring is regarded as representing a geographical map, then each individual color cluster represents
a single country and one can travel instantaneously inside a country but one spends one unit of time to cross a
border.

Let us note that, though the X,,, u € Z?, are independent, the random variables t(e), e € E?, are not. This
is the difference with the standard first passage percolation model. We refer to Kesten’s Saint Flour Notes [12]
for a introduction to the subject and to Kesten’s survey [13] or Howard’s survey [10] for more recent results.

We define
+oo
P = {(pl,pg, ...) €]o, ”N*;Zpi = 1} .
=1

Let us remark that the L;—norm, the supremum norm and the pointwise convergence lead to the same topology

on P (this can be proved with Scheffe’s Lemma [1]). Thus we will use indistinctly the Li—norm (|| - ||1) or the
+oo

supremum norm (| - |) on P. Let p = (p1,p2,...) be in P, then the law of X, is Zpiéi.
i=1

2.2. Notation and general definitions for first passage percolation

A path v of length k is a sequence of edges and vertices, v = (u1,e1, ..., ek, ukt+1), such that for each integer j
between 1 and k, u; is a vertex of 74 and e; is the edge between u; and wji1, i.e. ej = {uj,uj41}. So the
length of a path 7, denoted by I(7), is the number of its edges. The number of vertices of a path « is denoted
by |y|. Sometimes we will only consider self-avoiding paths for which the vertices are all distinct. We define the
passage time of the path v to be the sum of the passage times through the edges of ~v:

T(7) =Y te).

i=1

If u and v are vertices of Z¢, then I'(u,v) denotes the set of the paths from u to v and T'(u, v) the passage time
from w to v, i.e. T'(u,v) :=inf{T'(y) v € I'(u,v)}. If a path v from u to v satisfies T'(y) = T'(u, v), then ~ is
called a route. Let us note that, for first passage percolation on a random coloring, 7'(u, v) is a minimum, that
is, for any given pair of vertices, there is always a route.

We can extend the definition of passage time between two sites of Z? to points of R? as follows: to each
point z of RY, we assign the nearest site z* of Z¢ with deterministic rules in case of equality. We define T'(z,y)
to be T(x*,y*). One of the topics of interest in first passage percolation is the set B(t) of points that can be
reached from the origin by time ¢, i.e.

B(t) = {z e RLT(0,2) < £1.
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2.3. The seminorm pu

First of all, let us note that the joint law of the passage times induced by an i.i.d. random coloring is translation
invariant and ergodic. Moreover, the random variables t(e) are bounded by 1. In the following, T}, denotes the
passage time which corresponds to the coloring law p. With this notation, we have the next result:

Proposition 2.1. For each p in P and for each = in R?, there exists a constant pp(x) such that

. Tp(0,nx)
nll)rfoo - = 1p() a.s.

Furthermore, pi, is a seminorm on R%.

The standard basis of R? is denoted by (e1,...,€4). Let us remark that, when the joint law of the passage
times is invariant under permutations of the coordinates, the constants u(e;) are the same. This constant p(eq)
is known as the time constant.

For x in Z%, the convergence follows from Kingman’s subadditive ergodic theorem [14] (we can also use
Liggett’s improved version [15]). In addition, the limit is the lower bound and is also the lower bound of the

m 1
expectation. The definition of p, can be extended to Q? by defining Ip (Z) = Eup(m) for m in Z% and k
a non-zero integer. Since the function p, is 1-Lipschitz continuous on Q?, it can be extended to R%. We can

T,(0,nx)

actually check that —Z converges to p,(x) when n goes to infinity.

Our main result concerns the continuity with respect to the coloring law of this seminorm. To clearly state
it, we denote by B(0, 1) the closed unit ball for the euclidean norm and by || - || the infinity norm on B(0, 1),
i.e. |fllco = sup |f(z)|.- Then our main result is:

TE 1)

Theorem 2.2. The function p: P = C(BO,1),R) is continuous with respect to the infinity norm.
po= (e pp(@)
. d c. P — Rt . .
Remark 2.3. It follows that, for each x in R, the application is continuous.
p o= ()

2.4. The asymptotic shape

In standard first passage percolation, it has been proved that B(t) grows linearly with ¢ (possibly at an infinite
rate) and has an deterministic asymptotic shape. These results have been extended to the case of stationary
ergodic passage times with a moment condition by Boivin [2]. However, in first passage percolation on a i.i.d.
random coloring, the passage times are bounded. It is a simpler case which was remarked by Derriennic and
indicated at the end of Kesten’s Saint-Flour notes [12].

Thus, in the case of first passage percolation on a random coloring, we have the following result:

Proposition 2.4. Let B,, = {z € RY; i, () < 1}.

L. If pp(er) > 0, then the set B, is a deterministic convexr compact set with nonempty interior and for any
€ >0, we have
B(t)

(1-¢)B,, C — C (1+¢)By, fort large enough a.s.

B()

2. If pp(e1) =0, then py =0 (so By, = R?) and for any compact set K, we have K C e for t large enough
a.s.
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The set B,,, is called the asymptotic shape. At this stage, it seems natural to wonder if the asymptotic shape
converges with respect to the law p for the Hausdorft distance when p,(¢1) > 0. In fact, this result follows from
Theorem 2.2. Let us begin by recalling the definition of the Hausdorff distance. Let X and Y be two non-empty
compact sets of a metric space (E,d). We define their Hausdorff distance dy (X,Y") by

dg(X,Y) = max q sup inf d(x,y), sup inf d(z, .
(X, Y) = ma {sup int d(z. ). sup inf d(e.)

Theorem 2.5. For each p in P such that the asymptotic shape is compact, we have

lim dgr (B, , By,) = 0.

a—p
The article is organized as follows.

e In Section 3, we recall the condition of strict positivity of u and some results on greedy lattice animals. Then
we define a notion of short paths, which leads to consider a sequence (uk)keN* of intermediate functions p*
and we show the continuity of the functions p*, for all positive integer k.

e Section 4 is devoted to the proofs of the theorems. We show that (u*)ren- converges uniformly to p on
each set of an open covering of the coloring law and we use the continuity of p to get the continuity of the
asymptotic shape with respect to the coloring law for the Hausdorff distance.

e To the last section is postponed the proof of the upper bound of the probability to have paths rather large
but of reasonable passage time. It is a useful result for the proof of the convergence of (,u’c Jken+ to p and
the proof is based on greedy lattice animals.

3. PRELIMINARY RESULTS

3.1. Positivity condition

In their article [6], Fontes and Newman have given a necessary and sufficient condition for the strict positivity
of p(er).

Proposition 3.1 (Fontes and Newman, 93). In the case of first passage percolation on a random coloring, we
have

pp(e1) > 0 if and only if |p| < p.(Z<, site),

where p.(Z2, site) is the critical probability for the Bernoulli site percolation model on 7% (see Grimmett [8]).
Remark 3.2. In fact, we can see that

1. if pu(e1) > 0, then for each integer i between 1 and d, pi,(g;) > 0 and 1, is a norm on R?,
2. if pu(e1) = 0, then for each integer i between 1 and d, p1,(g;) = 0 and, for all 2 in RY, ju,,(x) < ||lz||pp(e1) = 0.

Thus for each x in R\ {0}, p,(z) > 0 if and only if |p| < p.(Z%, site).

Their proof is based on greedy lattice animals. This model was introduced by Cox, Gandolfi, Griffin et
Kesten [4].

Let {X,},cz¢ be an ii.d. family of non-negative random variables. For a finite subset £ of Z¢, the weight
S (&) of £ is defined by S (&) = ZX”’ A greedy lattice animal of size n is a connected subset of Z¢ of size

veE
n containing the origin whose weight is maximal among all such sets. This maximum weight is denoted by

W(n) := sup ZX”'

S
[€]=n veE



ON THE TIME CONSTANT IN A DEPENDENT FIRST PASSAGE PERCOLATION MODEL 175

W(n)

n
of passage time over the paths containing the origin and exactly n sites. Gandolfi et Kesten [7] show that, under
the condition that, EX{(log™ X()?*¢ < oo for some & > 0, there exists a constant W < oo such that

Win)

n

To study percolation, we are interested in the limit of which is related to the renormalized supremum

— W almost surely and in L.

Under slightly weaker condition, James Martin [16] shows the same results and, during the proof of Lemma 6.5
(see point (6.14)), he obtains a large deviation result when the law of the X, is bounded.

Proposition 3.3 (J.B. Martin [16]). Let y be a positive real number.
Then for each positive integer n and for each i.i.d family {Xy,},cza of non-negative random variables bounded
by y, we have

n

These results will be used in Section 5 to prove exponential decay of the probability to have paths rather large
but of reasonable passage time.

3.2. Seminorms on k—short paths

To study the seminorm p, we introduce the notion of k—short paths and of seminorms on k—short paths. It
will be more convenient to work with them and the new seminorms get closer to pu.
3.2.1. Definition and relation to p

For each positive integer k, a k—short path between two vertices u and v is a path v between v and v such
that () < k|jlu — v||. The set of the k—short paths between u and v is denoted by I (u,v). These definitions
lead to the notion of passage time on k-short paths: for each positive integer & and for each z, y in R?, we define

Ty (w,y) = inf {T,(7); 7 € T(x,9)}.

Lemma 3.4. For each p in P, there exist functions ,u;,/if,,‘.. from R? to Ry such that for each positive
integer k and for each x in RY, we have

Tk (0, nx)
. P ) — k
nEToo — pp(T) a.s. (1)
Moreover, for each x in R?, we have
kgglooup( z) = inf iy () = pp (). (2)

Proof of Lemma 3.4. We divide the proof into three parts. We begin by proving the existence and some prop-
erties of the functions u’; on Z%. Then we extend the functions u’; by continuity on R% and we show that (1) is

still satisfied, first on Q?, then on R%. We finish with the demonstration of the second point (2). Again we work
on Z% and we extend the result on R?, via Q.
Let z in Z?. For each integer k, we can apply the subadditive ergodic theorem to the family of random
k0, nx)

variables (T’c (ma, nx)) Thus, for each z in Z%, we have the existence of ,up( x) as the limit of Ly

0<m<n’
In fact, the limit is the lower bound and it is also the lower bound of the expectation. We can extend the
function ,up to all R%, as we did with ftp. Like p1p, the function ,up is a 1-Lipschitz continuous seminorm.

T5(0, nx
Now we check that, for all z in R?, lim M
n—-+0oo n

= u’; (x) a.s.
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k
T;(0,nz)

We fix a positive integer k. For all z in R?, we put f, (x) = - We proceed in two steps to study the

convergence of the sequence (fy(z)),cn-, for all z in R?. We first show the result on Q?, then we extend the
result to R%.

Let 2 be in Q%, there exist Z in Z? and a positive integer A such that z = = As & is in Z¢, we already have

> 8

i f(8) = p(0).

Now we are going to prove that 11111 fnlx) = u’;(as) = Xup(fc).

TFO,nz)  TFO, %] %)

n n

Tk (nx Lﬁj %)k n
P I IDN v N A
o <a e 15] 4+ )
n n
(I5- L3l
The first inequality is obtained by subadditivity.
THO, [2]2) np X 1 1 Tk (0, nx)
PAT LA k2 k . d k . p \MUs
Lt x| - X=Xx~< - = . Thus, for all =1 4.
B xb\anx)\—qu(x)xA pip (). Thus, for all  in Q¢, p, () Jm -

Now we extend the result to RY. Let us first remark that, for all 2 and v in R?, we have

IN

12| + d) o

Moreover,

Tk _
(nz, zy) - an.Z‘ ny|| +d dk

Ful@) = fuly)] £ L0 < TS < g+

Let  be in R? and & > 0. There exists z. in Q? such that ||z — z.|| < €.
|fa(@) = iy (@)] < |fu(@) = fulwe) + | fulwe) = pp(xe)l + |y (@) — (@)
kd
< (k+ e+ — + |fu(@e) — p(a2)].

Thanks to the result on Q, there exists a positive integer N such that, for each integer n > N, we have
|fa(@) = pp ()] < 3e.
Tk(0, nx
Thus, for all z in R%, we have ,u’;(:r) = lirf M~
n—-+oo n
It remains to prove that the sequence (u’; (x))keN* converges to i, (x) for each z in R%.
Fix an integer k. We have Tf(O, nx) > TIIfH(O, nx), thus ETIIf(O, nx) > ET:H(O, nx) and //;(33) > uﬁ“(az).

Since the sequences (u’; (x)) and (ETI’f(O, nx)) are monotonically decreasing and bounded below, they

converge and we have

~ k(oy _ s k - k _ k
kEToo pp () = klélg* pp () and kEToo E [T, (0,nz)] = klgg* E [T,(0,nz)] .

keN* keN*

Furthermore, we have i lim E [Tf(O, nz)| = E[T,(0,nz)] = kinl\f]’ E [TIIf(O7 nx)], by the dominated convergence
— 400 €N*

theorem.
Therefore, by using Kingman’s subadditive ergodic theorem, for each z in Z%, we have

E [T} (0,nz)]
. k e k . . P Y
) = a6 = gl =
e L k
= o2 L BT Oona)
— inf E [T}, (0,nz)]
neN* n

= pp().
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Let 2 be in R? and & > 0. There exists . in Q¢ such that ||z — &.|| < e. Then there exists a positive integer A

. A Le . .
and z. in Z% such that &, = ~ Since p1,, and u’; are seminorms, we have

k(@) = pp(@)] < |pk (@) = ()| + [k (Be) — pp(Ee)| + [pp(Ee) — pp())|

1
<2+ X|/~L§(x€) — pp(ze)|-

Thanks to the previous result, there exists a positive integer K such that for all integer k£ > K, we have
|//; (y) — pp(y)| < 3e. Therefore we have i 111}_1 u’; (z) = pp(x), for each x in R O
— T 00

3.2.2. Continuity of the function "
— C(B(0,1),R)

Lemma 3.5. For all positive integer k, the function ,uk : . uk
P

is continuous with respect to

the infinity norm.

— R

k is continuous, for all positive integer k and for each z in R
= ()

It follows that the function

Proof of Lemma 3.5. The idea of the proof is to proceed by coupling. Let (U“)uezd be a family of independent

uniform random variables on [0;1] and p = (py,...) in P. For all u in Z¢, we define

—+oo

p_ .
Xu = E Zl{po+...+pi,1§Uru<171+"'+17i}
i=1

with pg = 0 by convention. This way, the random family (X7?),cz« corresponds to the model of first passage
percolation attached to a random coloring with law p. By using this coupling, we will prove that, if p and ¢
are two very close elements of P, then the probability P(X? # X?) is very small. So u’;(as) and u’; (x) are very
close too.

Let pin P, x in B(0,1), € > 0 and k be a positive integer.

_skllel o = 5
Put § :=d(e,x,k) = (4d)” = - We choose a positive integer S such that Z Pi<y
i=5+1

Let ¢ in P such that |p — ¢| < 3 - By the previous coupling, we can note that

5
(S+1)S

+o00
P(XP#X7) = P(XF=iand X{ #1)
i=1

i

400 i—1 i i—1
=D PlUue D> pid ps| and U | D a5 4
i=1 j=0  j=0 i=0 ]

=0
S i—1 i—1 [ [
<> pi=Y a|+ D opi—> || +P (U= p
i=1 \|j=0 =0 j=0 j=0 j=0
S +o00

IA

(2lpo — qol + -+ 2lpic1 — g + P —ail) + Y pi
=1 i=S+1
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S +o00
ZS+1_7’|pz %|+sz

i=S+1

5 S(S+1) 6
< 2 _s.
2lp = q‘ZH s+ns 2z T2 °

Then we have

P(|Tk(() nx) — Tk(O n:r)| > en)
<P (El'y € I'(0,-); () < kn, 3 at least {%J vertices u € vy, X # ij)

< Z P (EI at least {%J vertices u € v, X1 # ij)
YEL(0,), [v|<kn

< (2" (L’“” JPxt£ X < apnne o 2 X
(570 = @) (@)= #%)" = (4a)* (4a)%)"-

¢ N\ T
Thereby for all positive integers n, P(’T(f((), nx) — TI’,“(O, na)| > €TL) < (4d)% ((4d)*%> .
Thus ZP(|T;(0,nx) - T;(O,naj)| > en) < 0.

By Borel Cantelli’s lemma, we have |Tk 0,nz) — T¥0, nz)| < en for n large enough a.s.

P
Thus for all positive integers k, we have |uq( x) — u’;( )| < e. O

4. PROOFS OF THEOREM 2.2 AND THEOREM 2.5

4.1. Seminorm continuity

We begin by showing that, for each  in R?, the function p + pu,(x) is continuous when |p| > p.. In fact,
only the continuity of the function p — p,(e1) will be useful. Then we prove separately the continuity of the
function p — p, on the set Pp, :={p € P |p| < p.} and on the set P\ Pp,.

Pointwise continuity on P\P,_ Since, for each  in R, y,,(z) is the infinimum of (//; (z)) rey and the function
,u’;(:r) is continuous with respect to p, then the function p,(x) is upper semi-continuous, i.e. limsup pq(z) <
a—p
pp(x). Thus if p is such that |p| > p.(site), then we have 0 < liminf pq(x) < limsup p,(z) < pp(z) = 0. Hence
q—p q—p

lim p14(x) = 0 = pp(x). Thus the function p — pu,(x) is always continuous on the set P\ Pp,.
a—p

Uniform continuity on the set P\P,, For each x in B(0,1) and each g in P, we have |pq(x)] < Z ||| g (g4)
So when p is such that |p| > p., we have
d

lim  sup |up(z) — pg(2)] < lim  sup > |ai||pg ()| < d lim [pg(e1)] = pp(e1) = 0.
49=P 2 B(0,1) 9P weB(0,1) S5 P

Thus lim  sup |up(z) — pg(z)| = 0, hence the continuity of the function p — p, on P\ Pp, .
9—P 2eB(0,1)
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Uniform continuity on the set P, To prove the continuity of the function ; on the set P,_, we introduce
a family of sets Fy g defined by, for each real number @ in (0, p.(site, Z?)) and each positive integer S,

+oo
Eg,stz{pép |p\<9, Z pi<9}.

i=S+1

Lemma 4.1. The family (Eg,s) is an open covering of the set Pp_.

0<6<p., S>5

Proof of Lemma 4.1. Let 0 < 0 < p., S > 5 and p in Ey g. Let ¢ be the application defined on P by ¢(p) =

+oo
sup |p;| and ¥g be the application defined on P by ¥gs(p) = Z pi- So Eps = ¢ ([0,0]) N wgl ([0, 6).
i i=5+1
However, for all p and ¢ in P, we have

16(p) — d()| = |Ipl — lal| < [p—a| < llp — allx

and

+oo +oo +oo
() —vs@ < | D Ipil = D lail| < D Ipi—al <llp—allr-

i=S+1 i=5+1 i=S+1
So the functions ¢ and g are continuous. Thus, for all 0 < § < p. and S > 5, Ejp g is an open set.

It remains to prove that U U Ey s = Pp.. We clearly have U U Ep.s C Pp,. Then for all p
0<0<p. S>5 0<O<p. S>5
in Pp,, there exist a real number ¢ in (0,p.) and a positive integer S larger than 5 such that [p| < 6 and
+oo

Z pi < 6. Thus pisin Fg g C U U Eys.
i=S+1 0<0<pc S>5
Therefore the family (E975)0<9<pm 55 is an open covering of the set P,,_. O

Now we prove that on each set Ep g, the sequence (//;)
way, we will have proved 2.2.

pens Converges uniformly to the function p,. This

Lemma 4.2. Let 0 be a real number in (0,p.) and S be a positive integer larger than 5. There exist positive
real numbers K(0,S), C1(0,S5) and C2(0,S5), such that for each integer k > K,

1
—Csk5

H,UI;_,UPHOO < Cie s VPGEO,S-

Proof of Lemma 4.2. Let 6 be in (0, p.), S be an integer larger than 5 and p in Ey s. We consider z in B(0,1).

M] - i B[O

We know thatj; (2) — = lim E
e know thatyu, (z) — u,(z) im - -

n—-+oo

n—-+4oo

T5(0, nx T,(0
p ) — »(0,nz) . Since for all positive integers n, k, TIIf(O,n:E) >

Thus 0 < ,u’;(:r) — pp(z) < supE -

n>1

T,(0,nx), then we have
E[T;(O, ’n’x)} < E[TP(07 TLSL’)] + E[T;(Ov nw)l{Tp(O,nx)<TI’f(0,nx)}}

< E[T,(0,nz)] + (n]|z|| + d) P(T,(0, nz) < TIIf(O,nas))
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because the passage times are bounded from above by 1 and there exists a deterministic path of length smaller
than nl|z|| + d from 0 to na. Thus we obtain

u’;(x) — pp(z) < supP(T,(0, nz) < Tk(() nx)) x ||lz|| < supP( »(0,nx) < Tk(O nz)).

n>1

Note that
Fy € I'(0,nz), I(v) > nk, T,(y) = T,(0,nz))

'7) = Tp(()» nm))

P( (

P( (0,nz), |y| > nk, T,
<P(Iy e I(0,nx), |y| > nk, Tp(y) <n)

P( (

P( (

(
07')’ |’7‘ > nka TP('V) < n)
) <

0,4), || =mnk, Tp(y

n).
We have the following result whose proof is put back to Section 5.

Lemma 4.3. Let 0 be a real number in (0,p.) and S be an integer larger than 5.
There exist positive real numbers N(6,5), K(0,S),C1(0,5),C2(0,S5) such that, for each positive integers n > N
and k > K, we have

1

P,(3ye(0,-) |y|=nk, T()<n)<Cle 2(nk)¥vp e By g.

By using this lemma, there exist positive real numbers K (6,5), C1(6,S5),Cz(6,S) such that, for each positive
integer k > K, we have

1
sup \,u’;(:r) pip(2)| < sup Cre™¢ 2(n)5 = C1e % for all p in Eys. O
z€B(0,1) n>1

Therefore we have the uniform convergence of the sequence (,uk)k e 1O the function g which completes the
proof of Theorem 2.2.

4.2. Convergence for Hausdorff distance

By Proposition 3.1, the asymptotic shape is compact when p is in the set P,_, i.e. |p| < p.. We will show the
continuity of the asymptotic shape with respect to p for the Hausdorff distance on Pp,.

Proof of Theorem 2.5. The function p, is continuous. Thus, on the compact {||z|| = 1}, the function u, attains
its minimum value which is positive because p,(z) equals zero if and only if x = 0, when |p| < p.. Therefore

ap = o Hn tp () is non negative.

We fix pin Pp, and € in (0, 1). As the function y is continuous, there exists a positive real number 1y := 7y (p, d)

« 1
such that, if ¢ in P, satisfies [p — ¢q| < 1, then |a, — 4] < 7’)- Therefore — < —- By Theorem 2.2, we
Qq Qp
have lim bup |up uq(x)| = 0. Thus there exists a positive real number 7o := 12 (¢,p,d) such that if ¢
4—P zeB(0,

2
e

satisfies [p — q| < m2, then sup |pp(2) — pola)| < —=2-

©€B(0,1) 2

We choose 7 lower than 7, and 7, then we take ¢ in P, such that |p — gq| <.
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Therefore we have

“ S x | (@) — pp(2)|
o (B“"’B“”)§|x|£1d<up(fﬂ)’uq(fﬂ))<|x| 1{” @)

(
1 2
< — X — =¢. O
Capay yESBu(IO) 1) (@) wl} 04127 )

5. UPPER BOUND FOR P (3y € I'(0,n), |7] =nk, T?(y) <n)

Let us now prove Lemma 4.3. Let S be a positive integer larger than 5, § be a real number in (0, p.) and p
be in the set Fy s. Fix m and k two positive integers.
First, note that

P(3re(0,:), |r|=mk, T(r) <m) = P EITGF(,), [r| =mn, T(r) <

n
P _
(TEF ), ki)

P( rer(o I\—nT()S% 1>
n

_p (1 +1Hf7~€1—*(07.)7 |r|=n T(’r‘) < 1 l) .
n k- n

14+ infrel"(o’.)’ [r]=n T(r)

To study , we do the same remark as Fontes and Newman did in their article [6]. For

n
any (self-avoiding) path starting from the origin an containing exactly n sites, we have

1+ T(r) > number of distinct color clusters touched by r = Z IC, N,

ver

where C, denotes the color cluster of vertex v and |A| denotes the number of vertices in A. Then, by using
Jensen’s inequality, we obtain

L+T(r)  1+T(r) _ 1 5 Al -
T 2t >lzm'] >[Z'C]

ver ver
For each color s in N*, we define the color-s cluster at vertex v by

b JCo Xy =s ; Co, if X, >5+1
f < s _ )b v " and CSTL={"" v = ’
ors <59, C; {w’ if X, #s, and Cy 0, if X, <S+1.

We identify all the colors larger than S + 1. With this notation, we have

S+1

S lHZchr.

ver s=1
Consequently,

Lt infly i, T0) 1T s41 17
LRt e (25| = o A ]

veEr s=1 Mz" veEr s=1

where the sup is over all self-avoiding paths 7 starting from the origin an containing exactly n sites.
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1 1
Thus, with « := — 4+ —, we have
n

k
1 o 1
P(3rer(0,), [r|=mk, T(r) <m) <P (SUP HZZ\CH 2~
|r|=n IT ver s=1 @
S+1 1 ) 1
<P (Y s L=t
s—1 ITl=n ‘T‘ ver a
S+1
< P | sup ICo| >
7 (i E 2 o)

Yet, we have the following stochastic domination inequality (\é;|) =< (|C3Dv ¢z for each color s, where
v

€zd _
(33 is the open cluster of v in Bernoulli site percolation of parameter §. We denote by P§"® the corresponding
measure. Thus

(EITEF( 9, |r] = mk, T(r)Sm)ﬁ(S—I—l)PZite(sup E |Z\ Co| > S—|—1)>

rl=n 1" S &7
Let us note that the right term depends only on € and S, not on p. To finish, we shall prove the following lemma.

Lemma 5.1. Let 6 be a real number in (0,p.) and S be an integer larger than 5. There exist positive real
numbers N(0,S), K(0,S5),C1(0,5),C2(0,S) such that, for each integers n > N and k > K,

szte < 2(nk)5
P; (sup||zv| S—|—1)> Cre @

[r|=n ver

S

3)

S|

+

el

, with a :=

The idea is to use greedy lattice animals to study this probability.

Proof of Lemma 5.1. Fix 0 < 6 < p. and S > 5.

To prove Lemma 5.1 by means of Proposition 3.3, we need to relate the dependent family |C,| to some
independent variables. For that, we repeat arguments of Fontes and Newman [6]. We consider an i.i.d. family
{Y'},cza of random lattice animals, which are equidistributed with Cp, the occupied cluster of this origin in
Bernoulli site percolation. We put (fu = v+ 171, and Uv 1= sup {\éu\,u € Zd, v E (fu}, where the sup of an
empty set is taken to be zero.

Then we have the following stochastic domination inequality {|Cy|},cza < {‘0U|}’U€Zd and for any self-

‘Z\U|<25up |£/‘Z|C |

ver veg’

avoiding path r, we have

where the sup is all over lattice animals (i.e. connected subset of Z?) containing . Then, by combining this
with the stochastic domination, we have

. . 1
P51te sup ‘C ‘ S Pmte sup |C ‘2 > -
’ <|r—n | EE: S a(S+1) * \lezn € % 20(S +1)
1
< P51te sup | U|2 >
Z €=k €] % 20(S +1)

We put W:= lim — sup Z ICo|?.

n—-4oo M, ‘f‘—n vee
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To use Proposition 3.3, we need to have

mZW-I—L (4)

and
the random variables must be bounded above. (5)
1 n 1 - 1
En =~ 2W+1)(S+1)
1

- For the point (5), we truncate the random variables |C,|?

The point (4) is equivalent to « - Thus we take two integers N and K > 0 such

1 1
hat if n > N >K, —+-—<
that if n > N and k£ > ’k+n_2(W+1)(S+1)

up to an appropriate number and we control the possibility of a too large cluster.
Indeed, in sub-critical percolation, the tail of the distribution of |Cy| decays exponentially (see Kesten [11]).
For each real number 6 in (0, p.), there exists a constant C(#) > 0, such that

P (|Co| > n) <e ", Vn e N*.

Thus

si 1 5 1
R

AN wert 2a(5 +1)
) 1 -
<Pj* | sup —§:|Cy|2 >W+1
\f\:] |£‘ vEE
) 1 - -
=P | sup 1 > ICP = W +1and Vo € [—j, 414, |Cu]* < j®
€l=j

vel

) 1 - N
+ Pt | sup €] STIC? > W+ 1and v € [-4,5]% [Cf? > j*
‘5‘:j vEE

. 1 ~ )
P g 2o min (G %) 2 W) +P (3ve [ G 2 ).
&l=g vee

By Proposition 3.3, for j large enough, we have

. 1 5 1
P51te sup — |C ‘2 >
N W] % YT 2a(S+1)

<j(2j+ 1)dexp _% 1645+ Z Pzite (|é'v|2 > j%)
16 (12) vel—541¢
+ o
< (2 + 1) 7000 4 24 (25 + )PP (1Col 2 )
L L
<j(25+ 1) (eﬁ‘*e—%ﬂ + 2de=C (0 )

1
< (2 +1)%C1e= %27 | for j large enough.
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There exist N, Cs, Cy(0) > 0 such that, for all j > N, we have

. 1 ,
C 2 > <C —Cy4(0)5

D_lc.| = 2a(S+1) | =

vEE

il

; 1
Py | sup —
€l=5 1€

Therefore, there exist constants K, N, Cy, Co(6) > 0 such that, for all integers n > N, k > K and j > n,

- 1 1
Col?> ———— | <Ce %77 with a =
;' ol ST CERDN B P Wi

S|

+

el

; 1
Py [ sup —
€l=5 1€

Thus, there exist constants K, N, Cy,Cs > 0 such that, for all integers n > N and k > K,

+

| =
S

: 1 1 1
P\ b 7 2162 gy ) S CGue ™ witha =

|r[=n veEr

This conclude the proof of Lemma 4.3.
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