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NONPARAMETRIC REGRESSION ESTIMATION BASED ON SPATIALLY
INHOMOGENEOUS DATA: MINIMAX GLOBAL CONVERGENCE RATES
AND ADAPTIVITY

ANESTIS ANTONIADIS!, MARIANNA PENSKY? AND THEOFANIS SAPATINAS®

Abstract. We consider the nonparametric regression estimation problem of recovering an unknown
response function f on the basis of spatially inhomogeneous data when the design points follow a known
density ¢ with a finite number of well-separated zeros. In particular, we consider two different cases:
when g has zeros of a polynomial order and when g has zeros of an exponential order. These two cases
correspond to moderate and severe data losses, respectively. We obtain asymptotic (as the sample
size increases) minimax lower bounds for the L?-risk when f is assumed to belong to a Besov ball,
and construct adaptive wavelet thresholding estimators of f that are asymptotically optimal (in the
minimax sense) or near-optimal within a logarithmic factor (in the case of a zero of a polynomial order),
over a wide range of Besov balls. The spatially inhomogeneous ill-posed problem that we investigate
is inherently more difficult than spatially homogeneous ill-posed problems like, e.g., deconvolution.
In particular, due to spatial irregularity, assessment of asymptotic minimax global convergence rates
is a much harder task than the derivation of asymptotic minimax local convergence rates studied
recently in the literature. Furthermore, the resulting estimators exhibit very different behavior and
asymptotic minimax global convergence rates in comparison with the solution of spatially homogeneous
ill-posed problems. For example, unlike in the deconvolution problem, the asymptotic minimax global
convergence rates are greatly influenced not only by the extent of data loss but also by the degree of
spatial homogeneity of f. Specifically, even if 1/g is non-integrable, one can recover f as well as in
the case of an equispaced design (in terms of asymptotic minimax global convergence rates) when it is
homogeneous enough since the estimator is “borrowing strength” in the areas where f is adequately
sampled.
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1. INTRODUCTION

Applicability of majority of techniques for estimation in the nonparametric regression model rests on the
assumption that data is equispaced and complete. These assumptions were mainly adopted by signal processing
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community where the signal is assumed to be recorded at equal intervals in time. However, in reality, due
to unexpected losses of data or limitations of data sampling techniques, data may fail to be equispaced and
complete. To this end, we consider the problem of recovering an unknown response function f € L?([0,1]) on
the basis of irregularly spaced observations, i.e., when one observes y; governed by

yi= flx))+o&, i=1,2,...,n, (1.1)

where x; € [0,1],4=1,2,...,n, are fixed (non-equidistant) or random points, &, i = 1,2, ..., n, are independent
standard Gaussian random variables and o > 0 (the noise level) is assumed to be known and finite. Model (1.1)
can be viewed as a problem of recovering a signal when part of data is lost (e.g., in cell phone use) or unavailable
(e.g., in military applications). Model (1.1) is also intimately connected to the problem of missing data since
points x;, ¢ = 1,2,...,n, can be viewed as the remainder of N equidistant points j/N, j = 1,2,..., N, after
observations at (N —n) points have been lost. However, there is a great advantage in treating the missing data
problem as a particular case of a nonparametric regression problem: with the last two decades seeing tremendous
advancement in the field of nonparametric statistics, a nonparametric regression approach to incomplete data
brings along all the modern tools in this field such as asymptotic minimax convergence rates, Besov spaces,
wavelets and adaptive estimators.

The problem of estimating an unknown response function in the context of wavelet thresholding in the
nonparametric regression setting with irregular design has been now addressed by many authors, see, e.g., Hall
and Turlach [15], Antoniadis and Pham [2], Cai and Brown [5], Sardy et al. [35], Kovac and Silverman [24],
Pensky and Vidakovic [34], Brown et al. [4], Zhang et al. [39], Kohler [22] and Amato et al. [1]. Several tools
were suggested for attacking the problem; here, we shall review only few of them. For instance, the procedure
of Kovac and Silverman [24] relies upon a linear interpolation transformation R to the observed data vector
y = (y1,Y2,.--,Yn) that maps it to a new vector of size 27 (277! < n < 27), corresponding to a new design
with equispaced points. After the transformation, the new vector is multivariate normal with mean Rf and
covariance matrix which is assumed to have a finite bandwidth, so that the computational complexity of their
algorithm is of order n. Cai and Brown [5] attacked the problem by using multiresolution analysis, projection and
wavelet nonlinear thresholding while Sardy et al. [35] applied an isometric method. Pensky and Vidakovic [34]
estimated the conditional expectation E(Y|X) directly by constructing its wavelet expansion, while Amato
et al. [1] applied a reproducing kernel Hilbert space (RKHS) approach in the spirit of Wahba [38]. However,
until very recently, all studies have been carried out under the assumption that the nonequispaced design still
possesses some regularity, namely, the density function g of the design points z;, i = 1,2,...,n, is uniformly
bounded from below, i.e., inf,cjo,1)g(z) > ¢ for some constant ¢ > 0. In this case, asymptotically, model (1.1)
is equivalent to the case of the standard (equispaced) nonparametric regression model, as long as the design
density function g is known (see, e.g., Brown et al. [4]).

Recently, an attempt has been made of more advanced investigations of the problem. Kerkyacharian and
Picard [21] introduced warped wavelets to construct estimators of the unknown response function f under
model (1.1) when the design density function g has zeros of polynomial order. They, however, measured the
error of their suggested estimator in the warped Besov spaces which is, practically, equivalent to measuring
the error of the estimator at the design points only. For this reason, the derived estimators posses the usual
asymptotic (as the sample size increases) minimax global convergence rates which do not depend on the order
of the zeros of the design density function g. This line of investigation was continued by Chesneau [6] who
constructed asymptotic minimax lower bounds over a wide range of Besov balls, under the assumption that the
design density function g is known and that 1/g is integrable, and, furthermore, suggested adaptive wavelet
thresholding estimators for the unknown response function f. However, in Kerkyacharian and Picard [21] and
Chesneau [6], the assumptions on the design density function g are restrictive enough so that the asymptotic
minimax global convergence rates of any estimator coincide with the asymptotic minimax global convergence
rates under the assumption that g is bounded from below, i.e., the corresponding nonparametric estimation
problem is a well-posed problem.
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Gaiffas [9,11] was the first author who considered nonparametric regression estimation on the basis of spatially
inhomogeneous data as an ill-posed problem. In particular, he constructed pointwise adaptive estimators of f
on the basis of local polynomials when 1/g is non-integrable and showed that the asymptotic minimax local
convergence rates of the suggested estimators are slower than in the case when g is bounded from below, hence,
demonstrating that the aforementioned estimation problem is an ill-posed problem. Since his techniques are
intended for local reconstruction and depend on cross-validation at each point, they become too involved when
one tries to adapt them to the whole domain of f. Furthermore, Gaiffas [10,12] studied asymptotic minimax
uniform convergence rates. However, these rates are expressed in a very complex form which is very hard to
obtain for f belonging to standard functional classes (see Rem. 6.4). Note also that some of his results were
recently extended to the multivariate case by Guillou and Klutchnikoft [14].

Our objective is to study how the zeros of the design density function g affect the asymptotic minimax global
convergence rates of f in model (1.1), and to construct adaptive wavelet thresholding estimators of f which
attain these rates, over a wide range of Besov balls. As we show below (see Rem. 2.2), assessing asymptotic
minimax global convergence rates is a much harder task than assessing asymptotic minimax local convergence
rates. Model (1.1) can be viewed as a spatially inhomogeneous ill-posed problem which is inherently more
difficult than spatially homogeneous ill-posed problems like, e.g., deconvolution, especially in the case when the
unknown response function is spatially homogeneous. To the best of our knowledge, so far, there are no results
for asymptotic minimax global convergence rates in the case of spatially inhomogeneous ill-posed problems
when its solution is spatially homogeneous since this problem is usually avoided by restricting attention to the
case when the estimated function is spatially inhomogeneous, or, at most, belongs to a Sobolev ball (see, e.g.,
Hoffmann and Reiss [17]).

In what follows, we address these issues. In particular, we mainly consider two different cases: when g has
zeros of a polynomial order and when ¢ has zeros of an exponential order. We obtain asymptotic (as the
sample size increases) minimax lower bounds for the L?-risk when f is assumed to belong to a Besov ball, and
construct adaptive wavelet thresholding estimators of f that are asymptotically optimal (in the minimax sense)
or near-optimal within a logarithmic factor (in the case of a zero of a polynomial order), over a wide range of
Besov balls. Due to spatial irregularity, the suggested estimators exhibit very different behavior and asymptotic
minimax global convergence rates in comparison with the solution of spatially homogeneous ill-posed problems
(see Rem. 3.2). Specifically, even if 1/g is non-integrable, one can recover f as well as in the case of an equispaced
design (in terms of asymptotic minimax global convergence rates) when the function is homogeneous enough
since the estimator is “borrowing strength” in the areas where f is adequately sampled. These features lead to
a different structure of estimators of f described in Section 4. The complementary case when 1/g is integrable
has been partially handled by Chesneau [6] who showed that the problem is well-posed (i.e., data loss does not
affect the asymptotic minimax global convergence rates) when f is spatially homogeneous. A complete study of
the case when 1/g is integrable is considered in Section 7. In depth discussion of the differences of the spatial
features in the spatially inhomogeneous ill-posed problem considered in this paper is presented in Section 8.

To address spatial irregularity of the design in the case when the design density function g has a zero of
a polynomial order, we develop a novel, two-stage, adaptive wavelet thresholding estimator. This estimator
consists of a linear part which is taken at a resolution level that is chosen adaptively by Lepski’s method and
which estimates f in the neighborhood of the zero of g. We refer to this as the zero-affected part of the estimator.
The second part is nonlinear (thresholding) and is used outside the immediate neighborhood of the zero of g.
We refer to this as the zero-free part of the estimator. The lowest resolution level of the nonlinear part coincides
with the resolution level of the linear part of the estimator, so that the sum of the two parts represents f
correctly. If 1/¢ is integrable, then the zero-affected portion of the estimator vanishes and f can be estimated
by an adaptive wavelet thresholding estimator in the spirit of Chesneau [6].

We limit our attention only to the L?-risk since the consideration of a wider class of risk functions will make
the exposition of the present work even longer; all results, however, obtained can be extended to the case of
L%-risks, 1 < u < oco. Moreover, we consider only the univariate case, leaving generalizations to the multivariate
case for future investigation.
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The rest of the paper is organized as follows. Section 2 discusses the formulation of the nonparametric
regression estimation problem of the unknown response function f on the basis of spatially inhomogeneous
data, in particular when the design density function g has either a zero of a polynomial order or a zero of an
exponential order. Section 3 contains the asymptotic minimax lower bounds for the L2-risk when f is assumed
to belong to a Besov ball. Section 4 talks about estimation strategies when 1/g is non-integrable, in particular,
about partitioning f and its estimator into the zero-affected and zero-free parts. Section 5 elaborates on the
estimation of the zero-affected and the zero-free parts, and is followed by Section 6 which discusses the choice
of adaptive resolution level and derives the asymptotic minimax upper bounds for the L2-risk in the case when
1/g is non-integrable. Section 7 studies the complementary case when g has zeros but 1/g is still integrable.
Section 8 concludes the paper with a discussion. Finally, Section 9 contains the proofs of the statements in the
earlier sections.

2. FORMULATION OF THE PROBLEM

Consider the nonparametric regression model (1.1). Since the noise level is assumed to be known and finite,
without loss of generality, we set ¢ = 1. Therefore, from now onwards, we work with observations y; governed by
equation (1.1), where f € L?(]0,1]) is the unknown response function to be recovered, z; € [0,1],i=1,2,...,n,
are random design points with the underlying density function ¢, and &, i = 1,2,...,n, are independent
standard Gaussian random variables, independent of x;, i = 1,2, ..., n. Furthermore, we assume that the design
density function g is known and has a finite number of zeros which are well-separated, i.e., there exist a constant
6 > 0 such that the distance between two consecutive zeros is at least §. The last assumption is motivated by
the following considerations. If g vanishes on an interval [a,b] C [0,1], @ < b, then consistent estimation of f(x),
for « € [a,b], is impossible. Also, ¢ has an infinite number of zeros on [0, 1] only in the case when g is highly
oscillatory, which is not a very likely scenario. Finally, the assumption that g has low values on a part of its
domain but is still separated from zero is not an interesting case to consider, since the lower bound on g will
appear in the constant of the well-known expressions for the asymptotic minimax convergence rates (see, e.g.,
Tsybakov [37], Chapts. 1-2).

Note that the above assumptions are not restrictive. If the noise level o is unknown, it can be easily estimated
with parametric precision using observations in the region where g is separated from zero. The assumption that
the design points z;, i = 1,2,...,n, are random is not confining either. In fact, with small modifications of
the theory below, one can consider fixed points 0 < 1 < x2 < -+ < z, < 1, generated by an increasing and
continuously differentiable function G such that G(0) =0, G(1) =1 and G(z;) =i/n, i =1,2,...,n. Then, the
function G plays the role of a “surrogate” distribution function with density function g; the design points x;,
i=1,2,...,n, can be then obtained as x; = G~ 1(i/n), i = 1,2,...,n.

Moreover, since the design density function g is assumed to be known with a finite number of zeros that are
also well-separated, one can partition the interval [0, 1] into subintervals in such a manner that each subinterval
contains only one zero of g. For this reason, in what follows, without loss of generality, we assume that g has
only one zero zg € [0, 1], and that the following condition holds.

Assumption A. Let the design density ¢ be a continuous function on the interval [0,1] with g(xzg) = 0,
xo € [0,1]. Then, there exists constants o« € R, b > 0 (v > 0if b =0), § > 0 and Cy > 0 such that, for any z,
with @, 2 + x¢ € [0, 1],

lim g(wo +2)le|~* exp(blz| ) = Cy. (2.1)

If b = 0, we shall say that ¢ is a zero of polynomial order. If b > 0, we shall say that xq is a zero of exponential
order. Observe that (2.1) implies that there exist some constants 0 < Cy; < Cy < Cyo such that for any z, with
x,x 4+ x0 € [0,1] and x¢ € [0, 1], one has

g(xo + ) < Cyalz|” exp(—b\x\fﬁ), g(xo +x) > Cprlz|® exp(—b|x|fﬁ). (2.2)
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Note that the two cases in Assumption A correspond to the situations of moderate (b = 0) and severe (b > 0)
data losses, respectively. Chesneau [6] showed that in the case of a moderate loss (b = 0) with 0 < a < 1 (i.e.,
1/g is integrable), and for a response function f that is spatially homogeneous, f can be estimated with the
same asymptotic minimax global convergence rates as in the case of b = 0 with @ = 0 (i.e., ¢ is uniformly
bounded from below); hence, in this case, the nonparametric regression estimation problem turns out to be a
well-posed problem.

Therefore, we shall be mainly interested only in the complementary situation when 1/g is non-integrable: (i)
moderate losses (i.e., b = 0) with a > 1 and (ii) severe losses (i.e., b > 0) with & € R and 3 > 0. As we shall see
below, usually in those cases, the asymptotically optimal (in the minimax sense) estimation procedures yield
estimators with lower convergence rates than in the case of equispaced observations, so that the corresponding
nonparametric regression estimation problem under model (1.1) becomes ill-posed (see Rem. 2.1), with the
degree of ill-posedeness growing as « > 1 increases when b = 0 or as § > 0 increases when b > 0.

In what follows, we use the symbol C for a generic positive constant, independent of the sample size n, which
may take different values at different places.

Remark 2.1 (Risk functions and design). As indicated above, we shall measure the precision of any estimator
fn of f by its L2-risk, i.e.,
A(fn) =E| fr — sz

If the design points a; € [0,1], 4 = 1,2...,n, in model (1.1) are treated as fixed (i.e., non-random), then, the

above risk, evaluated at the equispaced design {i/n}, i =1,2,...,n, corresponds to
. 1
A(fp) = - > Elfuli/n) = f(i/n)]?,
i=1

and leads to an ill-posed nonparametric regression estimation problem. However, it is instructive to note that if
one measures the precision of an estimator f,, at the design points a; € [0,1], 7 = 1,2,...,n, only, by calculating

Aol Fari) = = Bl = Fla)],
=1

as it was done in, e.g., Amato et al. [1], then the problem ceases to be ill-posed. Moreover, in this case, no
special treatment is necessary to account for the irregular design. To confirm that, note that model (1.1) can
be re-written as

yi = F@/n)+&, i=1,2,...,n, (2.3)

where F(z) = f(G~!(z)), z € [0,1], and G is the “surrogate” distribution function mentioned earlier. Construct
now an estimator £, of F using, e.g., any of the standard wavelet thresholding techniques, and set fn(ac) =
E,(G(z)), x € [0,1]. Then,

Fu(z) = fu(G™H (), = €0,1],

and Agxed(fTH x;) takes the form

Agalfar) = = S BIE(i/n) — F(i/n)

i=1

Therefore, if the observed data vector y = (y1,y2, ..., Yyn) is treated as if the measurements were carried out at
equispaced design points, then, by using, e.g., available wavelet denoising algorithms, the resulting estimator
F,, of function F will be adaptive and it will lead to the smallest possible risk Agxed( fn, x;). This phenomenon
was noticed earlier by Cai and Brown [5], Sardy et al. [35] and Brown et al. [4].
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Remark 2.2 (Local versus global convergence rates). The nonparametric regression estimation problem of
recovering f globally, on the basis of spatially inhomogeneous data, is a much more difficult task than the
corresponding problem of estimating f locally, say at a given point a. Indeed, if G, the distribution function
associated with the design density function g, is known, then F(G(a)) = f(a) and, hence, one can estimate
F at the point G(a) instead of estimating f at the point a, where F(x) = f(G~'(x)), € [0,1], and F is
equispaced sampled, as in (2.3). Hence, local estimation can be reduced to a well-addressed pointwise regression
estimation problem. If g(a) # 0, then the problem is well-posed and has been extensively studied before. If,
instead, a = xg is a zero of g, then one can deduce asymptotic minimax pointwise convergence rates directly
from considerations of Remark 2.1 and straightforward calculus. Let, for simplicity, 2o = 0 and g(z) = (a+1)z®
so that G(z) = 2t and G~'(z) = 2V/(@*V 2 € [0,1]. Let f satisfy a Holder condition of order s at x, i.e.,
|f(z) — f(z0)] < Clx — x0]*. Then, since zg = 0, F(x) = f(G~1(x)), z € [0, 1], satisfies a Holder condition of
order ' = s/(a+1) at 0, i.e., for zg = 0,

|F(x) = F(zo)| = | /(G (x)) = F(G™(20))] < C|GH(x) = G~ Hao)[* = Cla — zo*/(*F.

Since, for zg = 0, f(z0) = F(0), one can set f(xo) = F(0) and obtain asymptotic minimax pointwise convergence
rates for f(zg), on noting that

E||f(x0) ~ f(@)|]2 = BIE(0) - FO)|? < Cn™ 551 = 0 (n-7577)

which coincides with the asymptotic minimax pointwise convergence rates obtained by Gaiffas [9]. The whole
argument here rests on the fact that f(z¢) = F(G(z¢)), xo € [0,1], so one can estimate F' at G(z¢) instead of
estimating f at the zy. This, however, cannot be accomplished when a global estimation procedure is required
since, in such a case, a Taylor expansion is needed, that can be applied only locally.

3. MINIMAX LOWER BOUNDS FOR THE L2-RISK OVER BESOV BALLS

Before constructing an adaptive estimator of the unknown response function f under model (1.1), we first
derive the asymptotic minimax lower bounds for the L2-risk over a wide range of Besov balls.

Among the various characterizations of Besov spaces By , in terms of wavelet bases, we recall that for an
r-regular multiresolution analysis (see, e.g., Meyer, [31], Chapt. 2, pp. 21-25), with 0 < s < r, and for a Besov

ball By (A) defined as

By (A) ={f € L*([0,1]): feB,, < A},
of radius A > 0 with 1 < p,q < oo, one has, with s’ =s+1/2—1/p,
1/p i 1 a/p\ /1
B ,(4) = { 1 € £2(0.1) (z amkw) 2 (5 <l e
j=m

with respective sum(s) replaced by maximum if p = oo and/or ¢ = oo, where s’ = s +1/2 — 1/p (see, e.g.,
Johnstone et al. [20]). We study below the L*-risk over Besov balls Bj  (A) defined as

Ru(Bs (A) =inf sup Elf, — f|%
fn fEB;,q(A)

where [|A]| is the L?-norm of a function & defined on [0,1], and the infimum is taken over all possible square-
integrable estimators (i.e., measurable functions) f, of f based on observations y; from model (1.1).
The following statement provides the asymptotic minimax lower bounds for the L?-risk.
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Theorem 3.1. Let 1 < p,q < co and max(1/p,1/2) < s < r, and let Assumption A (with o > 0 if b =0, and
a€R and >0 if b>0) hold. Then, as n — oo,

Cn-=41 if b=0, as < s,
Ry(B5,(A) > Cnara if b=0, as > s, (3.2)
C(lnn) "% if b>0.

Note that the asymptotic minimax lower bound for the L2-risk in the first part of (3.2) is obtained by the
arguments in Theorem 3.1 of Chesneau [6].

Remark 3.2 (Global convergence rates). As we shall show below, the asymptotic minimax lower bounds for
the L2-risk obtained in Theorem 3.1 are attainable for b > 0 and are attainable up to a logarithmic factor for
b=0.If as = &, the asymptotic minimax global convergence rates in the first and second parts of (3.2) coincide.
Hence, whenever as < s, the aforementioned nonparametric regression estimation problem is not ill-posed but
well-posed, in the sense that the asymptotic minimax global convergence rates are the same as in the case of an
equispaced design. For o > 1, this relation can take place only if 2 < p < oo, i.e., when the function is spatially
homogeneous. In particular, as < s’ holds true for any o such that 1 < o < 14(1/2—1/p)/s, i.e., when f is very
spatially homogeneous (p is large, in particular, when p > 2/(1 — (o — 1)s) provided that 1 < o < 14 1/s), so
that even a relatively severe data loss does not lead to the reduction of asymptotic minimax global convergence
rates. If 0 < a < 1, then the considered nonparametric regression estimation problem is always well-posed
whenever f is spatially homogeneous (p > 2) and also when f is spatially inhomogeneous (1 < p < 2) and
0<a<1l—(1/p—1/2)/s. Therefore, even if f is spatially inhomogeneous, the aforementioned nonparametric
regression estimation problem is well-posed whenever data loss is very limited (0 < o <1 —(1/p—1/2)/s).

4. ESTIMATION STRATEGIES WHEN 1/¢ IS NON-INTEGRABLE

We consider a scaling function ¢* and a mother wavelet ¢* that generate an orthonormal wavelet basis in
L?(R), as those obtained from, e.g., an r-regular multiresolution analysis of L?*(R), for some r > 0. We shall
also assume that ¢* and ¢* are both compactly supported, with integer bounds on their supports so that, for
some L+, Uy«, Lyx, Uy € Z, with Ly < Uge, Lyx < Uy,

supp(¢”) = [Ly+, Up+], supp(¥™) = [Ly«, Uy+], Ly <0, Ups >0, Upe — Ly > 4.
(For instance, the Daubechies or Symmlets scaling functions ¢* and mother wavelets ¢*, with filter number
(number of vanishing moments) N > 3, satisfy (4.2) with Ly« =0, Up» =2N —1, Ly =1 — N and Uy- = N
see, e.g., Mallat [30], Sect. 7.2).

We then obtain a periodized version of the wavelet basis on the unit interval, i.e., for j > 0 and k =
0,1,...,27 —1, as

v,k (z 227/2 (2 (x+1d)— k), Yz 227/2 (29 (x+1i)— k), x<€][0,1],
i1€Z €L

so that, for any m > 0, the set
{fmrs Yy G=m, k=0,1,...,2 — 1},

where . .

Pmi(z) = 2202w — k), (z) =222z — k), x€]0,1],
forms an orthonormal wavelet basis for L?([0, 1]) (see, e.g., Mallat [30], Thm. 7.16). Hence, for any m > 0, any
f € L?([0,1]), can be expanded as

2m_1 co 271

Z amk‘pmk + Z Z b]kw]k T € [07 1]7 (41)

j=m k=0
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where )
Ak = / f@)omr(z)de, k=0,1,...,2m -1,
0

1
bjk:/f(x)z/)jk(w)dx, j>m, k=0,1,...,2 —1.
0

Denote by L,U,, Ly and Uy the support bounds of the periodic scaling function ¢ and mother wavelet .
Note that the supports of ¢ , and ¢, coincide if and only if 2™ > U,« — L+, and, similarly, the supports
of ¥, and 1 coincide if and only if 2™ > Uy« — Ly-. Choose the lowest resolution level m; such that
2™t > max (Uy+ — L+, Uy+ — Ly~ ), so that supports of periodic and non-periodic wavelets coincide. In this
case, we obtain that

Lo- =Ly, Upr = Uy, Ly- = Ly, Uy =Uy, Ly <0, Up 20, Uy — Ly > 4. (4.2)

For any integer [ > 1, denote ko; = 2'zg. (Note that kg is not necessarily a rational quantity and can take any
value). At each resolution level we partition the set of all indices into the indices which are zero-affected and
zero—free. In particular, let K, and Kw be the sets such that, for any integer m > m; and j = m,m+1,.

K ={k:0<k<2™—1,L, =1 <kom —k < Up +1},
Ky={k:0<k<2 —1,L,—1<hkoy—k<Uy,+1}

and let
Ks@

Ome

—{k:0<k<2"-1k¢KE ), Kg;c:{kzoglchm—l,kgf;Kg;}.

Simple calculations yield that k € K and k € K, g; . imply that zo € supp @mr and xo & supp 1;, respectively,

so that the sets K(fmc and Kg;c are zero—free while the sets K(fm and Kffj are zero-affected.

With the above notation it is easy to see that, for any m > mj; and j = m,m+1,..., f can be partitioned
as the sum of zero-affected and zero—free parts, i.e.,

f(x) = fO,m(x) + fc,m(l'), HAS [Oa 1]a
where

fO m Z amk‘pmk + Z Z bjk?,l/}jk? S [Oa 1]3 (43)

kEKE,, I=M keK{,

fem(@) = D amppme(x +Z > btik(z), x€[0,1]. (4.4)

keKF,. I=mEeK,

We then construct estimators fo,m and fc’m of fo,m and f; m, respectively, and estimate f by

Fn(@) = fom(@) + fem(@), x€[0,1]. (4.5)

(We emphasize the unusual feature in the construction of fm: as we shall see below, fo,m is a linear wavelet
estimator while fc,m is a nonlinear (thresholding) wavelet estimator with the lowest resolution level m determined
by the linear part).

By observing that, for any function u € L?[0, 1], we have

/01 w(@)f(z)de = E (%) ,
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when the random variable X ~ ¢, and setting, for any m > mj and j = m,m + 1,..., u(z) = @mi(z) and
u(z) = Yjp(z), € [0,1], in turn, similarly to (3.3) in Chesneau [6], we estimate an, k € K¢, and b,
ke KOJC, respectively, by
R 1~ Qo () ys > 1~ Yk ()i
e = — y TERTUR D peKE ., bp=—Y LU e KU 4.6
Amk n Z g(asz) Ome Jk Z (l'z) 0jc* ( )

Hence, we can construct an estimator fc,m of fom by estimating ani, k € Ka"mc, and b, k € KS@C, by Gmk,
ke Kg,., and b]k, ke KOJC, respectively, given in (4.6), along with a thresholding step (see below).

Note that since 1/g is non-integrable, the estimators given in (4.6) would have infinite variances if k € K,
or k € K(qu, so that one cannot construct an analogous estimator fo’m of fom by direct estimation of the
appropriate scaling and wavelet coefficients. Instead, in this case, we shall use a linear estimator with the lowest
resolution level m estimated from the data. In what follows, we shall consider the estimation of fy ., and f.
separately.

5. ESTIMATION OF THE ZERO-FREE AND THE ZERO-AFFECTED PARTS

Consider first the estimation of the zero-free part. In order to estimate f. ,,, we construct a wavelet thresh-
olding estimator f. ,, as

fcm Z amk@mk + Z Z bjkwjk 7 m <m<J-1 ¢ [Oa 1], (5.1)

keEKE, . Jj= mkexg’#

where é,,; are given in (4.6), J is defined below in (5.3), while the coefficients bjj, are thresholded estimators
of the wavelet coefficients b;;, defined as

R booT(h2 2,,—1 jo | 1. |-« 3 —
by — b 1(b3), > d*n 11_1n2 |k — koj|~) ?f b=0, (5.2)
bjk H(|k‘ — k‘oj| > 27 m) if b > 0.
Here, d > 0 is a constant, l;jk are defined by (4.6) and m is such that m; <m < J — 1, where
my B B 7 _ | (n/ Inn)t/+)§f  p=0,
2™ =max (Uy» — L+, Uy — Ly<) +1, 27 = { (Inn)2/? F b0 (5.3)

Consider now the estimation of the zero-affected part. Since the estimators @i of amg, given in (4.6), have
infinite variances when k € K§ , we estimate those coefficients by solving a system of linear equations. Note
that there is a finite known number of indices in K¢, at most, wy = U, — L, indices. For any given m, such

that my <m < J — 1, denote

2m 1 oo 29—
=D amkpmi(@),  Em(z) = Z bintik(x), € [0,1], (5.4)
k=0 Jj=m k=0
and observe that f(x) = fn () + em(x), so that
Z amk‘ﬁmk(x) = fm( ) - €m Z amk‘pmk T e [07 1}- (55)
k?EKap,” keKDmc

Denote 25 = [Ly, + 03, U, — 05, and choose 0, such that

6b={0<5*’<1/2’ ©(Ly +0) #0, p(Uy, —6) #0, if  b>0,

0, it b=o. (5.6)
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Introduce also a finite set of indices
K§, ={k:0<k<2™—-1, 2L, - U, <kom —k < L, or Uy, < kom —k <2U, — L,}. (5.7)

Now, multiply both sides of formula (5.5) by ¢(z) @mu(z)1(2™z — 1 € 25), | € K§, where I(z € 2) is the
indicator of set {2, and integrate. As a result, obtain the following system of linear equations

A (M) — o(m) _ gm) _ glm)y(m) (5.8)

Here, matrices A(™ and B(™ and vectors ¢(™), €™ u(™) and v(™ have, respectively, elements

1

Al /O Ok () pmt ()9(2) 127z — 1 € Q5)dw, k.l € K, (5.9)
1

B = [ pmnadomi@)g(a) (2 —1 € Os)dn, 1€ Ky, b € Ky (5.10)
1

o) :/0 F@)omi(@)g(2) 1™ — 1 € Q5)dz, 1€ KE, (5.11)
1

o = [ en@omlaloo) 1" 1€ 25z, 1€ K, (512)

ugcm) = amk, k€ K(fmv vl(cm) =amk, k€ K()km (513)

(Note that the matrices A(™) and B("™ are completely known, and also observe that Bl(;cn) # Oonlyif k € K,
since, for k & K, one has @i (2)pmi(z) =0).

Since Kg,,, C K¢, it follows from (5.13) that components v,im) of vector v(™) can be estimated by
0" = G, k€ Kfe,
using (4.6). We also estimate cl(m) by
m _ 1y
q" =~ z;yz emi(zi) 12" — 1 € £2), e K§,, (5.14)
=

and ignore vector € in (5.8), thus, replacing (5.8) by the following system of linear equations
AMum) = gm) _ glm)g(m), (5.15)
Since matrix A (™) is a positive definite matrix of non-asymptotic size, det(A (™)) # 0 and we obtain the solution
alm — (A(M))—l(é(m) _ B(Vn)(,(m))

of the system of linear equations (5.15).

Finally, for any given m, such that m; <m < J — 1, we set G, = a,ﬁm), k € K§,, and estimate fo ., by the
following linear wavelet estimator

Jom(z) = Z ampomi(z), € [0,1]. (5.16)
keKg

The following statement provides the asymptotic upper bounds for the bias and the variance of the estimator
fo.m given in (5.16).
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Lemma 5.1. Denote fo m(z) = Zkng" AmkPmk () and let m = m(n) be a non-random, non-negative integer,

quantity, such that m(n) — oo as n — oo. Let the estimator fom be defined by (5.16). Then, as n — oo,
Efor — fomll? = 0 (272) . Ellfom — Efal = 0 (712" exp(b221 +1)).  (517)

Moreover, if b= 0, then, as n — 0o, E|| fo.m — Efom|* = o(1).

Define mg to be such that

1

25" +a . o

9mo _ {n N if b—O, (518)
(b=12=F*+2mn)” if  b>0.

It follows from Lemma 5.1 that, if m = mg, the error E||f07m—fo7m |? of the estimator fo,m attains the asymptotic
minimax lower bounds for the L2-risk obtained in Theorem 3.1. Since a, b and 3 in (5.18) are known, the value
of myg is also known in the case of b > 0. Therefore, one can select mg as the lowest resolution level in the
estimator of the zero-free part (5.1).

On the other hand, the following lemma demonstrates that the wavelet thresholding estimator fc’m, defined
in (5.1) with m = mg given in (5.18), attains the asymptotic minimax lower bounds for the L2-risk obtained in
Theorem 3.1, in the case of b > 0.

Lemma 5.2. Let 1 < p,¢ < o0 and max (1/2,1/p) < s < r, and let Assumption A (with b > 0, f > 0 and
a € R) hold. Let the estimator fe, be defined by (5.1) with m = mg given in (5.18), Then, as n — oo,

P _ 2
sup  E|l fe.mo — femol* < C (Inn)~ 7. (5.19)
fEB; 4(A)

Unfortunately, this idea cannot be implemented in the case of b = 0. Indeed, though « in (5.18) is known, the
value of ¢ is unknown and, therefore, the estimator fo ., defined in (5.1) with m = mg given in (5.18), is not
realizable if b = 0. In this case, we need to adequately choose a resolution level, say m, which approximates
mo in some sense, and then estimate f by f(z) = fom(x) + fem(2). The choice of such resolution level is a
rather difficult task. On the one hand, m should not be too small since, otherwise, the linear portion of the
estimator would have bias that will be too large. On the other hand, since fo’m is the linear estimator, in order
to represent f = fom + fe.m adequately, m has to be used as the lowest resolution level in fc,m~

The following lemma provides the asymptotic minimax upper bounds for the L?-risk of the wavelet thresh-
olding estimator fc,m, defined in (5.1), in the case of b = 0. In particular, it shows that this risk contains the
component n ! 2™, so that in order to attain the asymptotic minimax lower bounds for the L2-risk in the case
of b = 0, obtained in Theorem 3.1 (up to a logarithmic factor), one needs m < mg with high probability.

Lemma 5.3. Let 1 < p,q < 00 and max(1/2,1/p) < s < r, and let Assumption A (with b =10 and o > 1)
hold. Let the estimator f. ., be defined by (5.1), where m is such that my < m < .J — 1, with my and J defined
in (5.3). Let bj, be given by (5.2) with d > 4Cq, where Cq is given by

Ca = 8CyCyy max (2,2(|f (1%, [ f oo l¥lloc /3, [llc)  with  Cy = [2max(|Lyl, [Uy )] (5.20)

Then, as n — o0,

sup ]EHJ?c,m - fc,m||2 <
fEB; ,(A)

{C (n=1 27 (Inn)le=1 4 nEE (Inn)*) if b=0, as < ¢, (5.21)

C (n~' 2™ (Inn)le=b 4 n~ Tt (Inn)*2)if b=0, as> ¢,

where,

25(1+ (e =1))
2s+1

= and  pp =

25'(1 + I(ar = 1)) +H<s' )

2 1
28" + « s @
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Moreover, as n — o0,
IEch,m_fc,m”4 :0(1)~ (5.22)

Remark 5.4 (The case of an unknown design density). So far, we have made the assumption that the design
density function g is known. In many practical situations, however, this may not be true. Nevertheless, the sug-
gested method can be applied to the case of an unknown g. In particular, one should start with the construction
of lower and upper confidence limits §;, and gy, respectively, for the unknown g. This can be accomplished by
using a variety of nonparametric methodologies for constructing simultaneous confidence intervals of a proba-
bility density function (see, e.g., Tribouley [36], Bissantz et al. [3] and Giné and Nickl [13]). The lower estimator
confidence limit §r allows to assess the areas where ¢g vanishes. If there are several distinct areas like that, we
partition the interval [0,1] into subintervals, so that each of the intervals contains only one zero of g. After
that, we can estimate the location of the zero of g as the middle of the interval where the lower confidence
bound for g is equal to zero. From this point onwards, without loss of generality, we assume that g vanishes at
only one point of the interval [0, 1]. We shall also limit our attention to the case of zero of a polynomial order,
since, in the case of exponential zero, data loss around zero is so severe that in practice f cannot be adequately
estimated. In order to implement our estimators, we need to assess the value of o and the constants Cy; and
Cy2 in (2.2). For this purpose, note that whenever z is small, one has the following relation for the distribution
function G of g
G(zo + 2) — G(zo — 2) = 2C, (o + 1) 712>,

Therefore, o + 1 and Cy can be recovered using linear regression of log[G(zo + 2) — G(z¢ — z)] onto log z for
small values of z (i.e., using observations surrounding ), where G is the empirical distribution function of G

based on z1, %2, ..., T,. As the value of a has been estimated by &, the constants Cy; and Cyo can be estimated
by

5 . |G(@) —Gxo)|(a+1) = |G (i) — G(zo)|(6&+1)

Ogl — 12111%171 |1.Z — 1’0|d+1 ) 092 - 11%1%}(71 |1.Z — 1.0|d+1 .

Note that the estimated values &, 6'91 and 692 of o, Cg1 and Cyo, respectively, are necessary for finding the
highest resolution level J and for the construction of the involved thresholds. Once the above estimates haven
been obtained, we then estimate the zero-affected part of f. This procedure is relatively easy to generalize to
the case of an unknown ¢: one just needs to replace the elements Al(;n) and Bl(;cn ) of the matrices A(™ and
B(™), given by (5.9) and (5.10), respectively, by their corresponding unbiased estimators

/11(2”) =n"" Z@mk(xi)wmz(xi), k,leK§,,
i=1

n
BT =0 pi(@)pmi(e:), 1€ K§,. k€ Kgy,
i=1

to solve the corresponding system of linear equations for various values of m and to carry out Lepski’s procedure
(see Sect. 6) to choose a suitable value of . Subsequently, we estimate the wavelet coefficients using an estimator
g of g in (4.6). Note that we only need to evaluate ¢ at the points where g cannot vanish. Moreover, since we
need to use ¢ only for the “zero-free” part, we need estimators of g away from its zero where the density of
observations is reasonably high.

6. ADAPTIVE ESTIMATION AND THE MINIMAX UPPER BOUNDS FOR THE L?-RISK WHEN l/g
IS NON-INTEGRABLE

In order to construct an adaptive wavelet estimator of f in the case of b = 0, we shall use the technique of
optimal tuning parameter selection pioneered by Lepski [26,27] and further exploited in Lepski and Spokoiny [29]
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and Lepski et al. [29]. The idea behind this technique is to construct estimators for various values of the tuning
parameter in question (m, in our case), and then choose an optimal value of the tuning parameter by regulating
the differences between the estimators constructed with different values of the parameter.

In particular, if b = 0, for various values of m, we construct versions of the system of equations (5.15), where

the estimators v("™) are constructed as before, solve those systems and obtain the estimators (5.16), where
Ame = u,(€ ™ ke K§,,. We then construct an estimator fm of f using formula (4 5), where fo m and fC m are
given by (5.16) and (5.1), respectively, where m is the lowest resolution level of fc,m~ The choice of the optimal
resolution level is driven by the zero-affected part of f rather than the zero-free part. For this reason, for any

resolution level m > 0, we define a neighborhood =, of xy as
={z: 27" min(Ly, Ly) — Uy] <z — xg < 27" [max(U,, Uy) — Ly|} (6.1)

and observe that =, is designed so that supp(fo,m) € Zm, supp(fo,m) CEnpand 55 C 5 if 7 >m.
For b = 0, choose m = 1 such that m; < m < .J — 1, where m; and J are defined in (5.3) and

i = min {m C N = FOIEI? < X220 Inn forall j, m<j<J— 1}, (6.2)
where A > 0 is a constant to be defined below. For completeness, define
m=mg if  b>0, (6.3)

where my is defined in (5.18).
The construction of m for b = 0 is based on the following idea. Note that, when m < mg, then, for m = rn,
one has

Ellfm = FI2 <2 [Ellfn = Fnol® + Ell fmg — £1I] (6.4)

The first component in (6.4) is small due to definition of the resolution level 7 while the second component is
calculated at the optimal resolution level mg and, hence, tends to zero at the optimal (in the minimax sense)
global convergence rate (up to a logarithmic factor) On the other hand, if m = m > my, then there exists
4 > my such that ||(fm, — fj) (Zm)l? > A227%n~tnn.

The following lemma shows that, if A\ is large enough, the probability of the above-mentioned event is in-
finitesimally small. (Here, ||h|| is the uniform norm of a bounded function h defined on [0, 1]).

Lemma 6.1. Let b =0 and let mg and m be given by (5.18) and (6.2), respectively. Denote

Cno = 44/2(Uy — Ly +1), Cai = Co(V2Ce) ' (A") 7!, Crz = Cro [|(A™) 7B (6.5)

Let Cy be given by (5.20) and

C)\ = max (2Cu, CTC)\()) s (6.6)
where
Cy = max (Cx1Cy, Cr2C), (6.7)
Cr = 8C,Coyt max (2,2[|f1%, | flloollplloo /3, Il ) (6.8)
. 8|1 lsoll ]l oo 4C,Collpllo 4Allell3
Cx = minmax (16610092” flloo, 16a, - 16C,Cya, — 22 ) (6.9)

Cy1 and Cya are defined by (2.2) and C, = [2max(|Ly|, |[Uy|)]*. If A > max (Cxi, Cr2), then, as n — oo,

P(m>m0):O(n_%)+O(n“+rl_%). (6.10)
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Lemma 6.1 confirms that indeed m = m can be chosen as the lowest resolution level in the nonlinear part of
the estimator, so that we estimate f by

f(l') = fO,?’n(x) + fc,m(l')» U [Oa 1]a (611)

where fom(z) and fe ., (z) are defined in (5.16) and (5.1), respectively.
The following statement confirms that, when 1/¢ is non-integrable, the adaptive wavelet thresholding esti-

mator f defined by (6.11) attains (up to a logarithmic factor if b = 0) the asymptotic minimax lower bounds
for the L2-risk obtained in Theorem 3.1.

Theorem 6.2. Let 1 < p,q < oo and max(1/2,1/p) < s < r, and let Assumption A (with « > 1 if b = 0
and a € R if b > 0) hold. Let f be the estimator defined by (6.11) with A > max (2C, Cx1, Ch2) in (6.2) and
d > 2(a+1)"Y(2a+3)Cq4, where Cy is defined in (6.6), Cx1,Cxa are defined in (6.5), and Cy is defined in (5.20).
Then, as n — o0,

_ o 25(141(a=1)) . )
Cn~ 241 (Inn) 241 if b=0, as <,
N o 2s’ (141(a=1)) sl _
sup  E|f - f* < Cn %'ta (Inn) ereT +H( s _a>1> if b=0, as> s,

Bs A ’
Pl C(lnn)~ % if b>0.

Remark 6.3 (Adaptivity). Theorems 3.1 and 6.2 demonstrate that, for severe data losses (b > 0), the adaptive
wavelet thresholding estimator f given by (6.11) attains the asymptotically optimal (in the minimax sense) global
convergence rates. For moderate data losses (b = 0 with a > 1), however, the adaptive wavelet thresholding
estimator f given by (6.11) is asymptotically near-optimal (up to a logarithmic factor). Moreover, if p is large
and « > 1 is relatively small (1 < a < (1/2 —1/p)/s), then data loss does not affect the asymptotic minimax
global convergence rates and they coincide with the asymptotic minimax global convergence rates obtained in
the absence of data losses.

Remark 6.4 (Relation to local and uniform convergence rates). The suggested estimation of the zero-affected
part of f is somewhat similar to the procedure of Gaiffas [9,11], with the difference that he used local polynomials
while we are using wavelets. However, the significant difference is that we use this estimator only for the zero-
affected part and not for the whole function f. Another difference between our and Gaiffas’ studies is that,
first, we are able to formulate the asymptotic minimax convergence rates explicitly, in a simple meaningful
way, and, due to the fact that we are using thresholding of wavelet coefficients rather than solution of the
system of equations as in Gaiffas, our estimator can adapt to the case when the estimated function is spatially
inhomogeneous. Moreover, we should point out that our asymptotic minimax convergence rates are global and
over a wide range of Besov balls compare to Gaiffas that are local or uniform and only for Hoélder spaces.
In particular, Gaiffas [9,11] deals only with estimation of f at xg, the zero of the design density function g.
The asymptotic minimax local convergence rates of his estimator can be expressed explicitly via o and the
parameters of the Holder ball that f belongs. However, as we pointed out in Remark 2.2, this problem is
much easier than the global estimation problem we considered and can be solved by straightforward calculus.
Furthermore, Gaiffas [10,12] studied asymptotic minimax uniform convergence rates. The derived convergence
rates are formulated in terms of a solution of a nonlinear equation, and there are no explicit expressions for
these rates in a general situation. For instance, the only example, which appears in Gaiffas [12], is produced
for the simplest situation when ¢ = 1, f belongs to a Holder class with parameters s = L = 1 and the design
density g is of the form g(x) = 4|z —1/2|, i.e., @ = 1. In this case, the asymptotic minimax uniform convergence
rates are given by

ru(z) = (logn/n)*"(*),
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where
1 1—2x)
(1 m>/ . z € [0,0.5 — (logn/2n)"/*),
an(z) = { (@209 ralogr/r (=09 J71082 o [0.5— (log n/2n)1/4,0.5 — (log n/2n)1/4],
L (1 - ) - @ € (0.5 + (logn/2n)"/*,1].

On the other hand, in the case when o > 1 or in the case when « is not an integer, a solution of the corresponding
equation which produces the asymptotic minimax uniform convergence rates, as well as derivation of the explicit
expression for these rates, require very nontrivial investigation.

7. ADAPTIVE ESTIMATION AND THE MINIMAX UPPER BOUNDS FOR THE L?-RISK WHEN 1/g
IS INTEGRABLE

The case when 1/g is integrable, i.e., when g has a zero of a polynomial order o, 0 < « < 1, has been
considered by Chesneau [6] who demonstrated that the problem is well-posed when f is spatially homogeneous,
i.e., when p > 2. However, the lower bounds in Theorem 3.1 show that the problem becomes ill-posed when
as > ', d.e., when 1 < p < (s(1 — a) + 1/2)~L. Hence, by considering only spatially homogeneous regression
functions (p > 2), Chesneau [6] missed the “elbow rate” when f is spatially inhomogeneous and the fact that
the problem becomes ill-posed in this case. However, since the estimators (4.6) (of the scaling and wavelet
coefficients) have finite variances for 0 < « < 1, one can construct an adaptive estimator, similar to the one
considered in Chesneau [6], by simply thresholding wavelet coefficients. In particular, set

2™m1 — J—1 27-1
Z Gmikpma + Y, Y bitbi(e (7.1)
j=mi k=0

where @, and l;jk are defined in (5.2), and my and J are defined in (5.3) with b = 0.
The following statement confirms that estimator (7.1) attains (up to a logarithmic factor) the asymptotic
minimax lower bounds for the L2-risk obtained in Theorem 3.1.

Theorem 7.1. Let 1 <p < o0,1 <q<oo, max(1/2,1/p) < s <r, and let d in (5.2) satisfy

2C(3a+5)

T wita)

(7.2)

where Cy is given by (5.20). Let Assumption A (with b =0 and 0 < o < 1) hold, and let f be the estimator
defined by (7.1). Then, as n — oo,

sup E|f—fII*<

feBg ,(A)

{Cn+ (nm)7#1 if as <4, (7.3)

+I(as=s")

_ 25’
Cn™2+a (lnn)2e’+a if as>s'.

Theorem 7.1 shows that, for b =0 and 0 < a < 1, the aforementioned estimation problem is well-posed as long
as p > (s(1 —a)+ 1/2)~! and it becomes ill-posed when p < (s(1 — a) + 1/2)~ . Therefore, even when data
loss is very moderate (b = 0 and 0 < « < 1), the estimation problem becomes ill-posed whenever f is rather
spatially inhomogeneous (p < (s(1 — a) +1/2)71).

Remark 7.2 (Integrable and non-integrable design density). For b = 0, the asymptotic minimax global con-
vergence rates in Theorems 2 and 3 are the same, except for a« = 1. The reason for this lies in the fact that
these rates are not driven by the fact whether 1/g is integrable (b =0 and 0 < a < 1) or non-integrable (b =0
and o > 1) but by the relation between as and s’. This clearly follows from Theorem 3.1 which establishes the
asymptotic minimax lower bounds for the L2-risk.
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8. DISCUSSION

We considered the nonparametric regression estimation problem of recovering an unknown response function
f on the unit interval [0, 1] on the basis of incomplete data when the design density function g is known and
has a zero xo € [0,1] of a polynomial or an exponential order. We investigated the asymptotic (as the sample
size increases) global estimation (in the minimax sense and for an L?-risk) of f over a wide range of Besov balls
B, ,(A) of radius A > 0, where 1 < p, g < oo and max(1/p,1/2) < s <r, wherer > 0 is the regularity parameter
associated with the wavelet system. The aforementioned global nonparametric regression estimation problem is
a much harder problem than the local nonparametric regression estimation problem studied by Gaiffas [9,11],
since it cannot be reduced to the estimation of a related regularly-sampled function (see Rems. 2.1 and 2.2). As
a spatially inhomogeneous ill-posed problem, the resulting estimators demonstrate completely different patterns
of behavior in comparison with spatially homogeneous ill-posed problems like, e.g., deconvolution.

We studied various regimes of data loss, ranging from relatively minor data losses (when g has a zero of
polynomial order 0 < v < 1, so that 1/g is integrable) to moderate data losses (when g has a zero of polynomial
order @ > 1 and, hence, 1/g is non-integrable) and, last, to severe data losses (when g has a zero of exponential
order, so that 1/g is non-integrable).

Asymptotic minimax global convergence rates in the case of minor data losses (0 < a < 1) were studied by
Chesneau [6] who showed that the problem is well-posed (the asymptotic minimax global convergence rates are
the same as in the absence of data loss) whenever the regression function f is spatially homogeneous (p > 2).
As our study shows, the problem remains well-posed even if f is spatially inhomogeneous as long as the data
loss is very minor (0 < o < 1 — (1/p — 1/2)/s) or the function is relatively smooth (p > (1/2 — s(a — 1))71).
When a >1—(1/p—1/2)/s (p < (1/2 — s(aw — 1))71), the problem becomes ill-posed.

Now, consider the situation when data loss is moderate (b = 0 and the zero of g is of a polynomial order
a > 1). The problem is now ill-posed if @ > (1/2 — 1/p)/s, i.e., it is always ill-posed when f is spatially
inhomogeneous (1 < p < 2). However, as Remark 3.2 points out, when f is very spatially homogeneous (p is
rather large) and data loss is relatively moderate (1 < o < (1/2 — 1/p)/s), the estimation problem of f ceases
to be ill-posed and exhibits asymptotic minimax global convergence rates observed when ¢ is bounded from
below. Thus, in the case when f is very spatially homogeneous, the estimator of f is “borrowing strength” in
the areas where f is adequately sampled and exhibits asymptotic minimax global convergence rates common
for regularly spaced regression estimation problems. This is very dissimilar to spatially homogeneous ill-posed
problems (e.g., deconvolution) where there is a change point in the asymptotic minimax global convergence
rates (the, so-called, elbow effect) when f is spatially inhomogeneous (1 < p < 2) and they are independent
of p when it is spatially homogeneous (2 < p < o0). On the contrary, in the case of spatially inhomogeneous
ill-posed problems, like the one considered herein, the asymptotic minimax global convergence rates depend on
p even when the function is spatially homogeneous (2 < p < c0) as long as « > (1/2 — 1/p)/s. Thus, the elbow
effect occurs when p > 2, in particular, when p > 2/(1 — (o — 1)s) provided that 1 < o <14 1/s.

In the case when data loss is severe (b > 0 and the zero of ¢ is of an exponential order 5 > 0), the asymptotic
minimax global convergence rates grow with p, i.e., the more spatially homogeneous f is, the better it can
be estimated. This is unlike spatially homogeneous ill-posed problems (e.g., deconvolution) where the minimax
global convergence rates improve when p is growing when 1 < p < 2 and are independent of p when f is spatially
homogeneous (2 < p < 00) (see Pensky and Sapatinas [32,33]).

The unusual behavior of the asymptotic minimax global convergence rates in the case of the spatially inho-
mogeneous ill-posed problem considered above calls for different adaptive estimation strategies. In particular,
whenever data loss is moderate or severe, we partition f into zero-affected and zero-free parts. First, we construct
a linear wavelet estimator of the zero-affected part where the lowest resolution level m = m is independent of
the unknown parameters of the Besov ball that f is assumed to belong and, therefore, known when b > 0, and is
chosen using Lepski’s method when b = 0. After that, we construct a nonlinear (thresholding) wavelet estimator
of the zero-free part of f starting from the lowest resolution level m = m. Note that the nonlinear estimator
is required even if ¢ has a zero of exponential order (b > 0). This is very different from the case of spatially
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homogeneous ill-posed problems (e.g., deconvolution), where in the case of exponentially growing eigenvalues,
a linear estimator usually attains asymptotically optimal (in the minimax sense) global convergence rates (see
Pensky and Sapatinas [32,33]).

We should also mention that there is a significant difference between asymptotic minimax local and asymptotic
minimax global convergence rates. Note that asymptotic minimax local convergence rates at a zero of g are
always affected by loss of data, even for moderate data losses. The asymptotic minimax global convergence rates,
however, are not affected when data loss is limited and the regression function is very spatially homogeneous
(I<a<l+1l/sandp>2/(1—(a—1)s).

Finally, we point out that some of the logarithmic factors which appear in Theorems 1-3 could be possibly
removed by using block thresholding rather than the considered term-by-term thresholding of wavelet coeffi-
cients. Furthermore, due to its construction, the suggested adaptive wavelet thresholding estimator is not easily
computable, so it is of limited practical use. Therefore, it is desirable to construct an alternative, more compu-
tational feasible, adaptive estimator which attains the asymptotic minimax global convergence rates, that was
the aim of this work. This is the project for future work that we hope to address elsewhere.

9. PROOFS

Since the paper contains a large number of statements, below we give a road map of Section 9. Section 9.1
contains the proof of the asymptotic minimax lower bounds for the L2-risk. Theorem 6.2, which provides the
asymptotic minimax upper bounds for the L2-risk of an adaptive estimator of f in the case of @ > 1if b = 0 and
a € Rif b > 0, is proved in Section 9.7. The Proof of Theorem 6.2 is based on Lemmas 5.1-6.1. In particular,
Lemma 5.1, which is proved in Section 9.5, gives an asymptotic minimax upper bound for the L2-risk of the
zero-affected portion of the estimator at a fixed resolution level m. Lemmas 5.2 and 5.3 provide asymptotic
minimax upper bounds for the L2?-risk of the zero-free part of the estimator when estimation is carried out
(in the case of an exponential zero) or is started (in the case of a polynomial zero) at a fixed resolution level
chosen in advance. Last, Lemma 6.1 proves that, with high probability, the resolution level chosen by Lepski’s
procedure is not higher than the optimal resolution level. The Proof of Lemma 5.1 is included in Section 9.5
while the proofs of Lemmas 5.2 and 5.3 are given in Section 9.6. Section 9.4 contains the Proof of Lemma 6.1 as
well as large deviation results for a wavelet or scaling coefficient (Lem. 9.6) or the right-hand side of the system
of linear equations (Lem. 9.7).

Sections 9.2 and 9.3 contain supplementary statements which are used in the proofs of Lemmas 5.1-5.3. In
particular, Lemma 9.2, proved in Section 9.2, provides upper bounds for moments and covariances of wavelet
and scaling coefficients. In Section 9.3, Lemma 9.3 contains a purely technical auxiliary result, while Lemma 9.4
provides upper and lower bounds for the entries of the matrices which appear in the system of linear equations
which is used for the construction of the zero-affected part of the estimator.

Finally, Theorem 7.1, which delivers the asymptotic minimax upper bounds for the L2-risk of an adaptive
estimator of f in the case of b =0 and 0 < a < 1, is proved in Section 9.8. The proof of this theorem requires
a technical result provided by Lemma 9.9 which precedes Theorem 7.1 in Section 9.8.

9.1. Proof of the asymptotic minimax lower bounds for the L2-risk

Proof of Theorem 8.1. On noting that the asymptotic minimax lower bounds for the L?-risk in Theorem 3.1 of
Chesneau [6] is also true when b = 0 and 1/g is non-integrable (a > 1), the asymptotic minimax lower bounds
for the L2-risk in the first part of (3.2) can be obtain by the arguments of Chesneau [6] and, hence, we need
to prove only the asymptotic minimax lower bounds for the L2-risk in the second and third parts of (3.2). For
this purpose, we consider functions fj; be of the form f;, = v;1,; and let fo = 0. Note that by (3.1), in order
fir € B, ,(A), we need ~; < A2775" | Set Vi = ¢2779%" where c¢ is a positive constant such that ¢ < A, and apply
the following classical lemma on lower bounds:

Lemma 9.1 (Hirdle, Kerkyacharian, Picard & Tsybakov [16], Lem. 10.1). Let V' be a functional space, and let

d(-,-) be a distance on V. For f,g € V, denote by A, (f, g) the likelihood ratio An(f,g) = dP ) /dP ), where
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dP ) is the probability distribution of the process X, when h is true. Let V' contains the functions fo, f1,..., fx
such that

(a) d(fry frr) =6 >0 for k=0,1,...,8, k#£FK;

() X > exp(A,) for some A\, > 0;

(¢) nAn(fo, fk) = Unk — Vnk, where vy are constants and unk is a random variable such that there exists
7o > 0 with Py, (unr > 0) > mo;

(d) supy vng < Ay

Then, for an arbitrary estimator f,

sup P () (d(f,f) > §/2) > mo/2.
fev. "

Let now V = {fji : |k — koj| < K/2}, where K > 2 is a fixed positive constant, so that X = K. Choose
d(f,g) = ||f — gll, where, as before, || - || denotes the L?-norm on the interval [0, 1]. Then, d(f;x, fo) = v; = 9.
Let v = A = In K and uy,i = In A, (fo, fjx) +1n K. Now, in order to apply Lemma 9.1, we need to show that
for some my > 0, uniformly for all f;;, we have

]P’fjk(unk > 0) = Pfjk (ln/ln(fo,fjk) > —IHK) > mo > 0.
Since, by Chebychev’s inequality,

Eypy [ InAn(fo, fin)|
In K ’

Pfjk (lnAn(fmfjk) >—-InK)>1

we need to find a uniform upper bound for Ey,, |In A, (fo, fix)|-

Note that . .
=210 An(fo, i) = > vi03 (@) +2 ) (i)
i=1 i=1
where &, i =1,2,...,n, are independent standard Gaussian random variables. Thus,
E| —2In A, (fo, fijr)| < An + 2B,
where

n 1 n
Ay =E|Y 73 (wi) = v} /O i (@)g(@)de,  Bn =B vyt
i=1 =1

$17$23"'axn] }
1/2

L1, T2y, Tn :\/Ana

Note that by Jensen’s inequality,

B,=E {E “ PIRTIACHL
i=1

n 2
<EJE (Z%‘%‘k(l‘z)&)
i=1

so that one needs uniform upper bounds for A,, only.
If j is large enough, A,, can be presented as

Uy 4
A, = ny? ; V2 (2)g(wo + 277 (2 + k — koj))dz,
@
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where ko; = 27z. Observe that condition (2.1) implies that one has
g(wo + ) < Cla|* exp(~blz| 7).
Let My = max(|Ly/|, |Uy|). Then, for a finite value of K, one has
A, < Cny2277% (MG + K*)exp (—b27° (My + K)77) .

Now, recall that v; = ¢2775" and choose the smallest possible value of j such that A, are uniformly bounded.
Simple calculation yield that

A, =0 <2ﬂ’<25’+a> exp ( — b29P M, + K]ﬁ>> ,

so that 2/ = O (nl/@s/*“)) if b=0and 2/ = O ((ln n)l/ﬁ) if b > 0. Now, applying Lemma 9.1 and Chebyshev
inequality, we finally obtain

inf sup E|f, — f]|* > inf sup(v2/4) P(|| fu — fIl > 7;/2) = 703/,
fn fEBg ,(A) fn fEV

which, on noting that
25’ 2s
<
28 +a 2541
completes the proof of the theorem. O

if and only if s < as, (9.1)

9.2. Properties of the estimators of scaling and wavelet coefficients

Consider the quantity
Tt = [ 27p(2" = Kyp(2"a - )] g @) d, (92)

Lemma 9.2. Let m = m(n) be a non-random, non-negative integer, quantity, with m(n) — co as n — oo, and

let amy, be defined by (4.6). Then, for k,1 € K¢, as n — 0o,
| Cov(amp, ami)| = O (n™" (S + 1)) (9.3)
where
Tt = O (R 27k — ko |~ exp(02™P |k — kow| 7)) if  |k—1| < U, — Ly, (9.4)

and Jyk = 0 otherwise. Moreover, if b =0, then, as n — oo,

Var(ame) = O (0= 2™k — ko | %),

(i — ami)* = O <n—3 gm(Ba+1) | k0m|—3a) +0 (72220 — k| 2%) . (9.5)
Similarly, if k,l € KOJC and b =0, then l;jk, defined in (4.6), satisfy, as n — oo,
Var(b O (n™" 27 |k — koj|~*) , (9.6)
E(b — bjk ~0 (n 8i (Bt ) || — ko]~ 3@) + 0 (n72 2299 | — k|20 (9.7)
E(bji — (n 91 (a+2)| |, — k|5 ) +0 (n*‘* 9ildat1) g k0j|*4°f) (9.8)

O ( -3 23]0(“{ o k0j|—3o<) .
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Proof of Lemma 9.2. Let us first prove formula (9.4). Changing variables z = 2™ (x — () in the integral in (9.2),
and using inequality (2.2), derive that

PR p)llp(z +k — )] dz
mkl :
Cor Jo, |24k —kom|® exp (=02™F|z + k — kom|~P)

It is easy to note that Jnu = 0 if |k — 1| > U, — L,. Also, k € Kg;c implies that ko, — k < Ly, — 1 or

kom — k > U, + 1, so that one has |z + k — ko | > 1 and hence, |z + k — kom| x |k — kom| which proves (9.4).
Now, by direct calculations we obtain that

Cov(amp, mi) = nt {/[02 + fQ(x)] @mk(:r)@ml(:r)gfl(x)dx - amkaml} ,

so that (9.3) is valid.
Since the proofs for the scaling and the wavelet coefficients in Lemma 9.2 are similar, we shall prove only

formulae (9.6)-(9.8). Observe that, due to (2.2) and the fact that k € Kg;c implies ko; —k < Ly — 1 or

koj —k > Uy + 1, by considerations similar to the ones provided above, for integers 1,72 > 0, one has
/(g(l‘))_r2 (P (2))*t do < C 21D 20720 || — |72, (9.9)

Now, to complete the proof of (9.6)—(9.8), as n — oo, apply (9.9) to the following formulae

(o for o)
E(bjk — bjr)* :0<n3 / 97 (@), (x)dz +n~ U g%x)w?k(x)dxr),
( I

-1

Var =0|(n

3
By —bp) = 0 [0 [ g=3(e)l (e)de + 0~ [/ g-1<x>w§k<x>dx}

[t [ e ). .

9.3. Proofs of the supplementary statements used in the Proof of Lemma 5.1.

Lemma 9.3. Let 6o = 0.5 37+ (2 3841 + (2M)P*+H) =1 where B> 0 and M > 0, and let 0 < § < &y and
a,b € [2—0,M]. Let ¢ > 0 be such that ¢ < min(a,b) + ¢ and ¢ < max(a,b) — (1 — 28). Then,

a P+ b P —2¢7F < —0.5 MY,

Proof of Lemma 9.3. Note that dy < 1/2 and that § < §p implies 6 < 1/2. Let, without loss of generality, a < b.
Then, c < a+46, c<b—(1—2)) and

a P — B <a g5 < (2 6)" s
b P —e P <P —(b—1+20)"P <—pM= B+ (1 - 25).

Therefore, taking into account that 2 — 4 > 3/2 and 0 < § < dp, we obtain

a P +07P —2c7P < (2-6)"FFVEs — g~ (1 — 26)
< =M~ (3/2)=B+D[(3/2)0H1 — 5o (MP+! 4 2(3/2)+1)] = —0.58M P+,

which proves the lemma. O
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Lemma 9.4. Let A,(;ZT), B,(Jln), cl(m) and él(m) be given by (5.9)—(5.14), respectively. Then, Var(é,&m)) =
(0] (nfl A,&?), and, for some constants C7 > 0 and Cy > 0, one has

C127 " exp (2P D) < AT < 0527 exp(—b M P 20, (9.10)

where M, = U, — Ly, + max(|Uy|, |Ly|). Moreover, if b> 0 and 0 < &, < &g for 6o = 0.5 35+ [2 35+ (U, +
L,)PTH=1 then
4"

In addition, if b=0 and mqy <m < .J —1, then, as n — oo,

< Cexp (—0.25 b(U, + L,)~#+D gmﬂ) . (9.11)

B =0 (27m72), E@™ - ™)t =0 (n72272m), (9.12)

where |BU™ || is the spectral norm of matriz B(™).

Proof of Lemma 9.4. First, note that, by (5.9), one has
Var(e™) = n-1 / P8) (P2 (2) + 0?)g(x) 1270 — 1 € 25z = O (™ ALY

If b = 0, then

2
E(&™ — ™)t = 0 (n [ it +n? [ / sofnkmg(w)dx} )
— O (’I’Lig 2m27ma + n72272ma) _ O (n72272ma) ,

since n= 120+ < 1 for my; < m < J — 1, which completes the proof of the second half of (9.12). Now, observe
that, as n — oo,

A,(:l") = /@(z + kom — k)o(2 + kom — Dg(xo + 27" 2)1(2 + kom — 1 € £25)d2 (9.13)
~Cy27me / (2 + kom — k)p(z + kom — )|2|* exp(=b2mB|z| P)dz, k,l€ K¢, (9.14)

and B,(Jln) has a similar expression, just with k& € Kg,, and [ € K¢, where K, is defined in (5.7). Recalling
that b = 0 and the quantities |k — ko.,| and |l — ko, | are uniformly bounded for k € K§,,. and [ € K, obtain
(for b = 0) that \B,(Jn)| = O(27™), so that the first statement in (9.12) is true due to the fact that matrix B(™)
is finite dimensional.

Now, let b > 0 and let us prove (9.10). Observe that L, < z + ko — k < U, and k € K§, imply |z| < M,.
Hence, the upper bound in (9.10) follows from (2.2) and (9.13). In order to prove the lower bound in (9.10),
note that

A > Cgr27me / ©?(2)|z — (kom — k)|* exp(=b2mp|z — (kom — k)| ~7) dz
125
where 2f = (Ly,+06p, (Lo +Uy,—1)/2)U((Lyp+Uy+1)/2,U,—6p) and 6y is defined in (5.6). Since |z — (kom — k)| >
1/2 for z € £25, and by (4.2), (L, + U, —1)/2 — (Ly +0p) > 1 and (U, — 0y) — (Ly, + Uy, +1)/2 > 1, one has

(Lo+U,—1)/2 Uy—6p
AI(;;;) > 0912—a(m+1) exp (_bQB(m-‘rl)) min / 802(2)(1,2’ / ()02(2)d2 y
L,+0p (LetUp+1)/2

which completes the proof of (9.10).
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Finally, let us prove (9.11). Note that asymptotic value of the integral in (9.13) is defined by the value

at a point Which maximizes the argument of the exponential function. Recall that (see, e.g., Dingle [8]) if

f h(z) exp(AS(x))dx, where max S(x) is achieved at x = a and S(x) is a decreasing function of x, and

1f the functlons f(z) and S(z) are continuous for = € [a,b] and infinitely differentiable in the neighborhood of
x = a with S’(a) # 0, then, as A — 0o, F(A) has the following asymptotic expression

F(X\) ~exp(AS(a ch/\ (1) with ¢, = —DF(h(z)/S"(x)), (9.15)

where D is the differential operator of the form D = —% 4.
It is easy to calculate that exp(—b2mg|z|~?) takes its maximum value at z = 2k = max(ugs,vs), where
ul"™ = max(Ly + k — kom, Ly + 65 + L — kom), 5" = min(Uy, + k — kom, Uy — 6y + 1 — kom) and L, <

kE — kom,l — kom < U,. In what follows, we shall drop the superscripts whenever 1t does not cause confusion.
First, consider the case of k = [. Then, by examining the cases kom—1 < (L,+U,)/2 and ko, —1 > (L,+U,)/2
separately, one can easily conclude that

L(L18) _ {|L¢+5b+l_k0m|a if  kom —1> (L, +Uy)/2,
/

Zmax Uy — 0 +1—kom|, if  kom —1< (Ly+Uy)/2, (9.16)

where, by (4.2), z,(flzfxé) > (Up— Ly —205)/2 > 2— 6 > 1 in both cases. Hence, since @(szléxé)) # 0 by definition

of 9y, formula (9.15) yields
~C (bﬁ) 1 2( (1,1,6) + kom ) |Z llé)‘a Qfm(oHr,@) eXp(—b2mﬁ‘Zr(rll’?f)’(6)|7ﬁ)

m ax max

> K274 exp(—p2mB |2 (L10) =0, (9.17)

max

If & # [, then |k — | > 1 and one has four cases, depending on whether ko, — k and ko,, — [ are smaller or
greater than (L, + U,)/2. We shall consider two of those since the other two cases are similar. In what follows,

we denote by zl(r’faﬁ 0) the value of zl(n;x’ ) obtained if § = &, = 0.
If kg —1 < (Lyp+U,)/2 and kom — k < (Ly+U.,)/2 then |25 | = Uy — 6y +1— kom, |2550 | = U, + k — kom

and, since d, < 1/2,

|2 (k)| = { —0p +1—kom, if 1>k

max 80 + k — kom, if Il <Ek.
Therefore, taking into account that \zr(r]fgi’é | = \zr(r]fgi’o)| — 0p, one derives that
max (‘ Wby Zr(r]féﬁ’é)‘) — 2Lk > 1 — 96, (9.18)

Now, consider the case when ko, —1 < (L, + U,)/2 and kom — k > (Ly, + Uy,)/2. In this situation, |zm L 5)\ =

Uy — 04 + 1L — kom, |29350 | = ko — k — Ly, and |25%02°| = max(|Uy + k — kom|, [ Ly + 6 + L — kom|), so that
relatlon (9.18) is again true. Cases when kOm —1> (L, +U,)/2 can be examined in a similar manner and it
can be shown that (9.18) is valid.

The asymptotic expression for A,(;ln) as m — oo can be obtained using formula (9.15)
AT CUK (0,6, By Zmax) 27O 278 oxp (—b2mB zmax]| 7). (9.19)

where K (¢, b, 3, zmax) depends on ¢, b, 8 and zyax only and, hence, uniformly bounded, r* = 0 if z,ax does not
coincide with L, or U, and r* = 1o + 1 if it does. (Here, 7 is the number of continuous derivatives of ¢).
We are now ready to complete the proof of the lemma. Recall that
‘Z(l k5)| < InlIl(|ZIl W, 5)| |Z kkO)D < min(\z(l’l ,0) | |Z kk5)|) _'_51)’

mnax max max max
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and, by (9.18), that
|25 | < max(|=860 |, =2 )) — (1 — 26,).

max

Since |zr(£;i;(5)\ > 2—0, and |zr(féﬁ’5)| > 2—0yp, an application of Lemma 9.3, with § = &, a = \z,(ég;f) l, b= |zr(féﬁ’5)|,
c= \zr(rll;ﬁf” and M = (L, + U,)/2, completes the proof of the lemma. O

Lemma 9.5. Let A be the matriz with the entries given by (5.9) with g satisfying Assumption A and let D be
the diagonal matriz D = \/diag(A). Denote Q = D"YAD™. Then, for any b > 0, one has ||Q71|| = O(1) as
m — oo, where || - || denotes the spectral norm. Moreover, if b > 0, then Q~! =1+ H, where

|H|| = O (exp(—0.125 b332™7)) ,  m — oo,
and 8o is defined in Lemma 9.4, ie., Q71 =1(1+ o(1)) as m — oo.

Proof of Lemma 9.5. Note that matrix Q is an (U, — L, + 1)-dimensional positive definite matrix with a unit
main diagonal and smaller off-diagonal entries, so that, it has a non-asymptotic bounded inverse Q! with
Q-1 = o).

If b > 0, then Qi = 1, so that Q = I 4+ H. Here, by Lemma 9.4, H is a finite dimen-
sional matrix with elements Hj, = O (exp {—0.25 b(U, + L,)~F+D 2mP1), as m — oo. Hence, |H| <
Cpexp {—0.25 b(U, + L,)~ ¥+ 2m8} for some Cy > 0, so that |H| — 0 as m — oo. To complete the
proof of the lemma, it suffices to note that

Q' =1+> (-D*H", where |Y (-D)'HF| <) [H|*=0(H|)—0 (m— o). O
k=1 k=1 k=1
9.4. Proofs of the large deviation results
Denote
on =n"2VInn. (9.20)

In order to prove Lemma 6.1, we need the following three large deviation results (Lems. 9.6-9.8). (We note that
the slightly unusual formulation of Lemma 9.6 is due to the fact that we are planning to use it with both w = ¢
and w = ).

Lemma 9.6. Let b = 0. Let w be a bounded function with a compact support [W1, Ws] and a unit L?-norm.
Denote wj(z) = 27/?w(27x — k) and set

A w2y
Bk = /wjk(ﬂf)f(l‘)dﬂ% Bir=n"">" M7
=1 g(x;)
where f is the unknown response function in model (1.1). Let Cy1 be defined in (2.2), and let

Cu = max(Wal, Wal)]J*,  Cr = 8CuCyt max (2201 f I, I llcllwlloo/3, ) (920

Let my and J be defined by (5.3), let o, be defined by (9.20), and let
K(’J’;-C:{k;: 0<k<2 —1, xo & supp wik } -

Then, formy < j<J -1, k€ Ky, and7>1, asn — oo,

P (Iﬁ}k — Bkl > 7 on 27°/2 |k — koj\—m) ) (n*cf) . (9.22)
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Proof of Lemma 9.6. The proof of the lemma is based on ideas presented in Chesneau [6]. Observe that
P (\Bjk — Bkl > 7 00 2772 |k — k0j|7a/2> < P+ Py,

where

n

n Y g wgk () £ i) — By

i=1

P1:P<
P2:]P’<

The proof of the statement is now based on Bernstein’s inequality, that we recall for completeness,

> 0.57 gn 272k — koj“”) ,

n

n=t Y lg(en)] T wik(e)é

i=1

> 0.57 0, 272k — koj—aﬂ) .

- nz?
P(|nt ni| >z ] <2 exp <— ) , 9.23
( 2 ) 207+ Tl 2/3) (5.23)
where 7;, i =1,2,...,n, are independent and identically distributed random variables with En; = 0, En? = o2

and [[n;]| < [|nllec < oo. First, let us construct an upper bound for P. Note that, for k € K., and for
i=1,2,...,n, one has, for x; € supp wj,

g(z;) > Cpt Cn279%k — koj|™. (9.24)
Let n; = [g(x;)] 7! wjk(2;) f(zi) — Bjk. Then, En; = 0, and, by (9.24), we derive [|n]c < Cu cHt o1 |k —
ko |~ 27T/ [|w]| o || £l oo, sO that
2 2 o .
o - [ RO ) MIE [wR,  IE2C,
g(z) Co1 Jw, |t+Fk—koj|* g1 |k — koj|*

Now, applying Bernstein’s inequality and recalling that m; < j < J — 1, 27+ = n/Inn and [k — ko;| > 1,
we obtain

2]
Py <2exp <— Cq1 77 Inn >

8Cuw [1flloc([[flloo + llw]lo 7/6)

Using the inequality a/(b + ¢) > min (a/(2b),a/(2¢c)), where a,b,c > 0, and taking into account that 72 > 7 for
T > 1, we obtain

P < 2exp(—rlnn/Dy) with Dy =8C,Cipt max(2 |2, 1]l llwlloo/3). (9.25)

In order to construct an upper bound for P, note that, conditionally on (x1,x2,...,x,), one has, for z; €
Supp Wik,

—12 () wjk (@:)€ ~ N0, 53),

where, by (9.24) and 0 =1,

. ]k $z Cija
L L

Z =1
Hence, conditionally on (x1,xa, ..., x,),

'

n

nt Y gl win () &| >

i=1

70,290/
2 |]€ - koj‘o‘/Q

7229% Inn
L1, L2y, Tn geXp _W '
J
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Zv},

Now, consider the following two sets:

n

2
_ wy ()
Qv(xl,x2,...,acn):{(wl,asg,...,xn):‘n L Z JR

= g(xi)
and its complementary, 25(z1, 2, ..., 2y). Then, Py < Py + Psy, where
n ,
B T on 2](1/2 .
Py = l ( 1 Z ()" wik ()& | > 2k — kg2 1,22, ., Ty | L(20(21, 22, ..., 20)) |,
P22 =E [H(Qv(xl,xg, N ,l'n))} s
and I({2) is the indicator of the set (2. Since, for £2¢(x1, z2,...,xy,), we have

n=t Y lg(ed)] T wi(a) < (1 +|n7!

i=1

it is easy to check that
Py < exp(—7°Inn/Dy) with Dy =8C,Cyi' (v + 1). (9.26)

In order to find an upper bound for Ps, we apply Bernstein’s inequality with Z; = [g(x;)] ! w?k (z;) — 1. Note
that EZ; = 0, EZ7 < CoCoi' lwl|27 Dk — koj |, | Z]|oe < 2CuCi! [Jw]| 527 |k — Ko;|~. Application
of (9.23) with z = v, yields

Pyy < 2exp(—v?Inn/Ds) with D3 =2 |w||% CuC.* (14 20v/3). (9.27)
Now, set v = 0.5 7||w||~ and observe that, for 7 > 1, one has
Ml (14 20/3)7 0% 2 72/(0 + 1) = 7 min(1/2, [w] ).
To complete the proof, we only need to combine (9.25)—(9.27). O

Lemma 9.7. Let b =0, C, = [2max(|Ly|, |Uys|)]* and Cyo be defined in (2.2). Let m be an integer such that

my <m<J-—1, and let k € K. Let p,, be defined ny (9.20) and let C\, be given by (6.9). Then, for cl(m) and

él(m) given by (5.11) and (5.14), respectively, and an arbitrary constant k > 1,

(|C(m)

Proof of Lemma 9.7. The proof is very similar to the Proof of Lemma 9.6, therefore, we shall just provide its
outline. Partition the probability in (9.28) into P; and P, with

( -t Z‘Pmk l'z _C]gm)

szIP’(

An upper bound for P, obtained by applying Bernstein’s inequality, is of the form

*'Ea) :O(rf&), n — oQ. (9.28)

> 0.5@”2—”5’) ,

n! Z P (T:)&;

i=1

> 0‘5mgn2_%> .

Py <2exp(—klnn/Dy) with Dy = 8||f|lec max(2Cy2Cy, [|¢]lco/3)- (9.29)
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In order to derive an upper bound for P, introduce a set

2 ,U2—ma} ,

and its complementary, ©%(x1,xa, ..., %,). Then, similarly to the Proof of Lemma 9.6, obtain P, < Py + Pag,

where
I[D (

<e kZlnn
X e —————— .
= 8(v + CpCly2)

Also, application of (9.23) with n; = (¢2,,.(z:) — [ @2, (2)g(z)dz), yields

Op(x1,22,. .. an) = {(wl,xg,...,xn) :

DI / 2 (2)g(x)da

> 0.5k gn 27 "/?

Y (@)

i=1

P21 =E $1,l‘2,...,xn> H(@g(l‘l,l‘g,...,xn))l

no2 9—m(l+a) )
2[1#l3(CeCo2 +v/3)

Setting v = ax, noting that for any A, B,C' > 0 one has A/(B+ C) > min(A/(2B), A/(2C)), and recalling that
£ > 1 and n2=-™0+%) > Inn by (5.3), we derive

Py = E[(Oy (21,22, ...,20))] <2 exp (

2
4C,Cal| o]l 4Is0|oo> , (9.30)

Py, <2exp(—klnn/Ds) with Ds = max (16a, 16C,Cyo, _—
a a

To complete the proof, it suffices to note that a > 0 is arbitrary. O

Lemma 9.8. Let b =0, let mg and m be given by (5.18) and (6.2), respectively. Consider the non-asymptotic
finite dimension matrices A* and B* with elements

o /go(z  Fom — K)oz + kom — D]2|%dz, k1€ KE . (9.31)
B — /go(z - Fom — K)p(z + kom — D]2|%dz, 1€ K. k€Ki, . (9.32)

Let 0™ be the solution of the system of equations (5.15). Let Cx; and Cxy be defined by (6.5) and let C,, be
defined by (6.7). If A > max (C1,Ch2), then, as n — oo,

P (||ﬁ<m) —Ea™| > X o, 2ma/2) ~0 (n*%) . (9.33)

Proof of Lemma 9.8. Observe that for any m, by (5.15), one has
6 — Ba™| < [(AIM) @) — )+ [(A) B - v,
so that
P (||a<m) —Ea™|| > Aoy, zma/2) <P (||(A<m>)—1(e<m) — ™) > 050, zmaﬂ)

+P (J(A) B — v | > 050 0,27/2) = Py + Py

Now note that, by assumption (2.1) and the dominated convergence theorem, as n — oo, one has Alm) =
Cy27m*A*(1 + o(1)) and B(™ = Cy27m*B*(1 + o(1)), where the matrices A* and B*, defined in (9.31)
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and (9.32), are independent of m, since the sets K and K, are defined in terms of k — ko, and [ — kopp,.
Therefore, [ (A™)~]| = 12”“ I(A")7HI(1 + 0(1)) and [[(AC) "B = [|(A*)~" B*[[(1 + o(1)). Hence,
setting k = C;;' A in Lemma 9.7, where C)1 is defined in (6.5), and taking into account that the set K¢,
contains no more than U, — L, + 1 indices, we obtain

2 mao/2 2—ma/2
P <P (|é(m) ) > M) R <|c(m) s Celen >

2([(A%) =l e 2/Up = Ly +1 ||(A%)7Y]

Z P (|C(m) m)\ > 2C>\ Ao 27 ma/2) =0 (n*2(c" Ca) ™! ’\>.

keKE

Similarly, using Lemma 9.6 with w = ¢ and C, given by (6.8), and recalling the definitions of ¥v(™) and v(™),
one can derive an upper bound for P, as

Ao 270/ Ao 272
P<P <|{,(m) _V(m)” > ‘Q—> < Z P <|&mk — amk\ > 0

2NN B ™ 20 =L+ T1(A) 7 B

-0 (n—z(c, Caag) ™t A) ’

which completes the proof of the lemma. O

Proof of Lemma 6.1. Note that by definition of 71, whenever m > my, there exists j > mg such that 1 (frmg —
TI(Em ) > A2 272 p2 | where g, is defined in (9.20). Therefore,

J—1
P >mo) < > Py with Py =P (I1(fmy = F5)H(Zmo) I > X227 2) . (9.34)

Jj=mo
Observe that since
1(Fmo = FLEmo) |l < 1(foi = o )UEm) | + 1(Feij = fei)H(Zmo)

o)
+ ”(fO,mo - fO,mo) (E )H + H(fc,mo - fc,mo)H(Emo)Hv
one has the following upper bound for P; defined in (9.34):

Pi < Pojmo + Poji + Pejmo + Pejjs
where, for any mo < m < j,
Posim =B (o = Jom)UZma)l| > 025327/2p,)
Pejin =P (I(Fem = fem)l(Emo)ll > 0250279/ p, )
Since supp(fo.m) € Zm € Zp, for m > my, one has

|Gom = fom)HEmo)l2 = | (Fom = fom)UEm)I® = Nfoum = fomll (9.35)
< Hﬁ(m) —u m)||2 _'_2(ng — L, + 1)A22—2ms’.

Hence, by (9.35) and Lemma 9.8, since mg < m < j, one derives

Pojom <P (|ﬁ<'”> —u™| > 0.25 X272 p, — A\/2(U, — L, + 1)2—3'-@/) =0 (nf%) .
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Now, let us consider the second term, P, ; m. Note that supp(omr) and =,,, have non-empty intersection if and
only if k € Ky, m,, where

Kumo = {k: 2" ™ min(Ly, Ly) — Up] — Uy < k — kom < 2™ ™ [max(Uy, Up) — L] — Ly } .

Hence, for m > mg,

J—1 00
H(fc,m - fc,m)H(Emo)Hz < H‘A’(m) - V(m)||2 + Z Z (bj’k’ - bj’k Z Z
i=J keK;

=mEcK

i’ mo j.mo
Here, by (9.57), we have

2s

Yo <A =0 (n*7+ (lnn)'“”““)
JkeK;

'M8

J

J,mo
where s* is defined in (9.56). Also,

(bjrk = bjri)® < (bjrk = bjrn)*L(|bjrk — byri > 0.5d27 2|k — ke [7/2) 4 %
since I(|bji| > d27/2|k — kojr|=®/2) < T(|bjr] > 0.5d27/2|k — kojr|=%/2) + 1(|bjrr — byer| > 0.5d27%/2|k —
koj | ~*/?) and, for j > mg and n large enough, I(|bjix| > 0.5d27%/%|k — koj|~*/2) = 0. Denote Cry =
max (| min(Ly, Ly) — 2U,|, | max(U,, Uy) — 2L,|) and observe that K/ ,,, C {k sk —koj| < 2j/*moCLU}.
Hence, using the Cauchy—Schwarz inequality and (9.56), one obtains

J—1
b T
=mkecK,

3’ mq

Combining all inequalities above, we derive that for any m > my,

||(fc,m o fc,m) (“mo)Hz < Hv(m) (m)H2 +A22—2Js* +A2(20LU)(1—2/P)+ 2—2mog/2_23*(m—m0)

+ Z > 20(|bjs, — bjos| > 0.5d29%2 |k — kojr|7*/?).
J=mEek

ymQ

Now, by Lemma 9.6 with w = ¢ and w = 1, obtain

Pejom <P (H‘}(m) _ V(m)H > 0.25 ) 279/2 P — A29-2Js" + A2(20LU)(1_2/p)+ 2—2mos/2—2s*(m—mo))

J—1
+ Z Z P(\Bj/k —bj/k‘ >0.5d2ja/2‘k—koj/‘7a/2)
J=mkek

;Mo
=0 (nf(c*c“’)_b‘) + 0 (n#l_ﬁ> ,
which completes the proof. O

9.5. Proofs of the statements in Section 5: the zero-affected part of the wavelet
thresholding estimator

Proof of Lemma 5.1. Note that

SRR AP =3 Y 8 =Elfg™ —Ef™ P = Y Elam — amt)?,

Jj=mkeK¢ kEK,

0om 0om
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where G, = ﬁ,gm) for k € K. From the characterization (3.1) of Besov spaces, it follows that, for any k., one
has b?k < A272¢"and, therefore, since the number of indices in the set K¢, is finite,

i 2-25 | = 0 (2—2"“/) . (9.36)
j=m

Now, consider Ay. Let, as in Lemma 9.5, A(™) be the matrix with the entries given by (5.9), DM =
V/diag(A(™) and Q™) = (D™)~TA™)(D™)~1 In the following proof, for the sake of clarity, we shall
suppress the index m. Rewrite the systems of equations (5.8) and (5.15), respectively, as

QDu=D"'c+D'e—-D !By, QDu=D'¢—-D 'Bv, (9.37)
so that
i-u=D'Q"'D'e-c)-D'Q'D'BF¥-v)+D'Q 'D e (9.38)
Therefore,
Ay = Efla—ul]* = O (g1 + Az + Ag3), (9.39)
with

Ay =E|ID'Q'D e —¢)|?, An=E|D'Q'D'B(¥ -v)|?, Ax=|D'Q'D ¢l (9.40)

By Lemma 9.4, one has
D;; > €272 oxp(—0.5 b20m+1)),

and since D is the finite-dimensional diagonal matrix, the latter implies
HD71H -0 (2ma/2 exp(0.5 b2ﬁ(m+1))> . (9.41)

Therefore, since the set K, is finite, by Lemma 9.4, one has

E[D ' e—o)f>= Y Var(@™)/A" =0 (nY),
keKE
so that we derive
A1 =0 (IDTPIQ P EID 1@ — )2) = O (n! 27 exp(s2 1)) (9.42)

In order to derive an upper bound for Agg, note that from (9.10), (9.40) and considerations above, it follows
that

Azp = O (IDH Q2 BB - v)[[?) = O (227 exp(20 270"+ )) E[B(¥ - v)|?) .

Since exp(—b2"7|z|7#) is an increasing function of |z| and, for L, < z + koy — k < U, and k € K¢, one has
|z| <2(U, — L), for k € K,,, we derive

Crr = /@fnk(x)g(x)H(me —le s5)dx =0 <2m°‘ /@2(2 + kom — k) |2 exp {—meﬁ\z\fﬁ} dz)

=0 (27 exp { -2 VU, - L,)7}).
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Hence, since the sets K and K, are finite, by definition of vector v, Lemmas 9.2 and 9.4 and the Cauchy—
Schwarz inequality, we obtain

EBE-v)I?= > Y BuBuCov(ar,a)<n " > > JuuAwnv/CuCu

heKg  kIlEKS,, heK§ klEKS,,
=0 (n"27m exp {0278 — b2 DU, — L) P — b2 MY
where My, is defined in Lemma 9.4. Since U, — L, > 4, we finally obtain
Qg =0 (n1 2™ exp(b2™P[2° 4-1))) . (9.43)

Now, for the function &,,(x) defined in (5.4), one has

Aoz = O (D7 QH* D™ "elf?) (9.44)
where )
D" 1e||? = Z Al {/&?m () orp(x) g(x)dx| . (9.45)
keK,

0om

If b = 0, by Cauchy-Schwarz inequality, one obtains [D~'e|[* < 3, e Ay, Zllemoll? [|@mk gl1?, where &5,0(x) =

0om
em(X)I(Jxz — o] < C27™). By calculations similar to Proof of Lemma 9.4 in the case of b = 0, one can show

that [|omk gl|? = [ ¢2,,(2)g(z)dz = O (272™). Also, since b?k < A272%" one has

lemol?=01{>" >

J=m |k—ko;|<C2I—™

-0 Z 272js'2(j7m)(172/p) -0 (272ms') )
j=m

Recalling (9.10), we obtain in the case of b =0,
Aoz = O (2*2"‘5') . (9.46)

Now, let us consider the case of b > 0. Denote ¢, (2) = @mi(2)1(2"x—k € 25), Limu = [ @5, (@)0j1(x)g(z)dz
and let

Zmax (P Vi) = argmax(p, ()¢ (x)g(x)]. (9.47)

Observe that since ¢}, (2max) # 0, we have I /Ag,?) = O(1). Consider the collection of indices
Lo = {1: 0<1<27 —1, supp(@f,,) Nsupp(vs) # 0} .
It is easy to see that L,,jx C [297™(Ly+6p+k) — Uy, 297™(U,+ 6+ k) — Ly, so, for each k, there are O(27-™)
terms such that [ € L, 5. Note that |zmax (5,5, Vj1)| < |2max(©),1)| and, for each k, there is only finite number
of terms such that |zmax (¢, ¥j1)| = [Zmax((¢},)]- Indeed, straightforward calculation shows that
Zmax(@hgs 1) = min[(Uy, — 0 + k — kom ), 2™ (Uy + 1 — koj)] if  kom — k < 0.5 (U, + Ly,),

and

Zmax(@;knk, wjl) = maX[(Lw + 6y +k — ]{iom), Qmij(Lw + 11— k‘oj)] if kom —k>0.5 (ULP + Lg@)'
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Hence, |Zmax (€1 V1) = |Zmax ()] if 1> 2j*m(Uw —0p+k)—Uporl< Qj*m(Lw + dp + k) — Ly. Since we
also need | € Lk, we obtain that |2max((¢5, V)| = |Zmax((@h,)] 1 1 € E:ljk where

C277™(Ly+ 0+ k)= Uy, 277 ™(Lp + 0 + k) — Uy ] U[27"™(Uyp + 8 + k) — Uy, 27"™ (U, + 6 + k) — Ly

mjk
and, thus, £, ;. contains at most 2(Uy — Ly) values of [ for each k. If | € Lok \ Ly, = L5, 5, then
207 (Ly 4+ 6y + k) — Ly <1< 297™(U, — &, + k) — Uy, (9.48)
Then, by (9.15),
Lt ~ 273" /go*(Qm*jt + kom — k) (t + koj — 1)277% [t|* exp(—b|t|~7277)dt
-0 ( m—j)/29—jag=iBo(i—m)a exp{ 2Jﬁ‘tmax| ﬁ})
where
th) Uy +1—koj if kom —k < (Uy, + Ly)/2
and
tWD = Ly 41— ko if kom —k > (Uy + Ly)/2.
Using formula (9.17), we derive that
(A ™ Wyl = O (2070172 exp { b7 [t 70 — 27U=mA L0701 ) - (9.49)

where 24559 is defined in (9.16).

Denote hjmu = |tffal)2\ — (j*m)\z,(féi’é)\ and observe that

Bjmpt = 297Uy — 8y + k) = Uy — 1 i kom — k < (Uy + Ly)/2,
and .
Bjmpt =1 — 297" (L, + 8y + k) + Ly if kom — k > (U, + Ly,)/2.

Comparing the latter formulae with definition of L7, ., we derive that, for I € L7 .1, 0 < hjmm < Cp27~™ for
every value of k, where C}, > 0 is a constant which depends only on the choice of the wavelet basis. Now, for
any 0 <z <y and >0,

P —y B> Bly — x)y~ B,
Applying the above mequahty with z = \tmax| and y = 20—m \z,(f;;i’é) |, we obtain that

g GmIB k) =6 5 gy o= (Gmm (B | k) | (4,

max

m'1x

and, thus, for [ € Emjk, we have
(AL L] = O (20017 gy Lzl |- 0gmig=Gmm Y (9.50)

Now, it follows from (9.44) that Azs = Agsq + Aasa, where

92

Agzr =0 Z Z Z ‘Iymlele‘ )
kEKap”L .7 mle'c:(y”k N
52
Agzr =0 Z Z Z ‘Iymlele‘
keKg,, [J=mleLs, ., |
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Using the facts thta the set K, is finite, |bj;| = O(277¢ and ( ) |Limki| = O(1), we derive that, as
m — 0o,

Agzi = O (2*2”“’) . (9.51)

For Agso, using (9.50) and taking into account that hj.,x changes by unit increments, we obtain

0o Cp2Im™
Agzo = O Z Z Z 9—7s'9(i—m)(B+1/2) exp{ —bB|2kk:0)| = (B+1) gmBg (i~ )hjmk:l}
keK§, | J=m hjmri=0
2
=0 | —2ms |3 27 G-mE-1/248) :0(2*2”’5') (9.52)

j=m
since s’ > 1/2 and § > 0. Finally, combining expressions (9.39), (9.42), (9.43), (9.51) and (9.52), we obtain
Ay =0 (nfl 9Mma oxp(2b28(MHD)Y 4 2*2”’5') . (9.53)

To complete the proof of (5.17), set m = myg, where my is defined in (5.18) and combine (9.53) with (9.36)—(9.43).

O

Now, we need to show that E| f, Fm) Efém)\|4 = o(1). Note that it follows from (9.37)-(9.40) that A* =
O (A7 + A5 + A%) where, similarly to the case of squared difference,

A7 =0 (IDHPIQM* Elle —¢l*)
A5 = O (ID7HP IBIYIQTHI* EIlv —v]*),
A5 = O (ID7HIHIQ™I* D el1*) -

Applying Lemma 9.5 and using (9.12) and (9.41) with b = 0, we obtain A} = O (n=22?™*) = o(1) and
Aj = O (2*™°E|v — v||*). Also, similarly to (9.44) and (9.46), A; = O (2_4'”3/). To complete the proof of
the lemma, recall the definitions of v and v, apply (9.5) with k£ € K§,,, and note that, for k € K,,, one has
|k = kom| = O(1).

9.6. Proofs of the statements in Section 5: the zero-free part of the wavelet threholding
estimator

Proof of Lemma 5.2. Let R =E||femy — femoll?> = R1 + Ry + Rs, where

= Y Var(am), Ro= Z S vk, Rs= Z > E(by —bp)?

kEKS, . J=J keKY¥ J=mo pe K

0jc 0jc

By Lemma 9.2 we derive that, as n — oo,

Ry=0[n12m 3™ [lk = komo| ® exp(62 [k — kom,| )]

KEKE, .

=0 (n*12m°(1+°‘) exp(2=P*V n n)) =o0 ((ln n)_2f_*/) .
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Using (5.3) and (9.56), we derive that
2 ’

Ry =0 (2_2‘18*) =0 ((lnn)_%*) =0 ((lnn)_%> ,

since s* =" for 1 <p<2and s* =s> (s+1/2—1/p)/2 for 2 < p < co due to s > 1/2. For Rz, we have

J—1 J-1
R3 = Z Z b?k + Z Z Var(gjk)

J=mo |k—kg;| <2970 Jj=mo |k—kq;|>27"™0
J-1
=0 X [y e 2T 2 exp (1270) |
Jj=mo

=0 (2—mo(s+2/P—1) +(In n)(2+a)/ﬁn—1+2*<5“)) =0 ((1n n)—i?') ,

To complete the proof of the lemma, note that the upper bounds are uniform for f € B, (A). O
Proof of Lemma 5.3. Note that
R=E|fesn — fell> = Ri + Ry + R3 + Ru, (9.54)

where

Ry

Z ]E(dmk_amk)Qa Z Z b]kv

kEKS. =T keK),

B=Y Y E [ = bye)? TG, > @ 0029 I — o)

J= mkeKO‘@F

Ry = Z > b3 P(b2 < d? 0, 27 [k — koj| ™),

I=mkeK Y,

with g, defined in (9.20). Using Lemma 9.2, we obtain

Ri=0[n"2m 3 |k—kon| | =0 (n—l Zma(lnn)ﬂ(a=1)> , (9.55)
keK?

Ome

since the set K . contains O(Inn) terms and the sum ZkeKW |k — kOm\ @ is uniformly bounded if « > 1.

It is well-known (see, e.g., Johnstone [19], Lem. 19.1) that if f € B; ,(A), then for some constant c¢* > 0,
dependent on p, ¢, s and A only, one has

201
Z b2y < ¢*27%% with s* = min(s, s'). (9.56)

Therefore, an upper bound for R is of the form
27 _

f: b= 0 (272).

j=J k=0

[ay
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If 1 < p<2, then s* =5 and Ry = O (n_%ﬁa (lnn)2f’s+a). If 2 < p < 0, then s* = s and, since s > 1/2, one
has p > (4s — 2a — 2)/(4s® — a — 1). Hence,
2s/(a+1) > 25" /(28" + ),

so that, for 1 < p < oo, one has
Ry =0 (n*—+ (mn)%) . (9.57)
In oder to obtain an upper bound for R3 and Ry, note that
R3 < R31 + Rs2, R4 < Ra1 + Ruo, (9.58)
where

J—1
Ry= 3 > B (b — byi)? W(bjk — bjn)?® > 0.25d% 0,27 [k — koy| )] .

J=mkeKy,

J—1
Ry =30 37 B[l — b)? 102, > 0.25d 62 27 [l — koy )]

J=m e K.

Oje
Ry = Z 703 P((bj — bje)? > 0.25d% 02 29 [k — k| ™), (9.59)
J=m ke K.

0jc

Ry = Z Db 103, < 2.25 d% 0 27 [k — Koy ™).

J=mkeKy,

Applying Lemma 9.6 with w(-) = ¥(+) and 7 = 0.5d, we obtain
P((Bjk - bjk)z > 0.25 d2 QEL 2]'04 ‘kﬁ — k‘oj‘_a) =0 (n_0‘5d/cd) 5

where Cy is given by (5.20). Hence, by Lemma 9.2 and inequality va + b < \/a + Vb, for d > 4Cy, as n — oo,
we obtain

- A 1/2
Rs1 < Z > [ il = bie)* - P((bjr — bjr)® > 0.25d° 07, 27 [k — koJ‘\*o‘)}

I=M ek,

— 0 [n e [ 2t S ek E a2 3 k0

kEKS,, kEKS,,

O (niﬁ) =0 (n_z‘%ﬁ (lnn)ﬁ) . (9.60)

Similarly, by (9.56),

Ry = (n 2%) Z > b =o(n). (9.61)

J=m ek,
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Now, consider Rs3» and R4s. Note that it follows from Lemma 9.2 that

J—1
Ry =0 | Y > [n727%k — ko[ ~*L(b%, > 0.5d% n ™" Inn 27 |k — koj|~*)]

j=m kngﬂc

J—1
=0 Y 3 min[(Inn) 63,0 270k — koy| O]

j=m kngﬂc

and, similarly,

J—1
Ry =0 Z Z min [b?k,nfllanjo‘\k - koj\*o‘]
=M ke,

Hence,

Rz =0 ((lnn)_1R4g) = O (Ra42) (9.62)
so that one needs to study only R4o. Partition Ry as Ry = R421 + R4os + Ry423, where

Ji J—1
Z Z [77,_1 1Hn2ja‘]€—kog“_a], R422:Z Z b?kv

Ry21 =
J=m e K =0 ke Ky,
j2—1
_ —1 jo |—a 2
Ryos = g E n " Inn2/%k — koj‘ + g bjk )
Jj=j1+1 ‘k}*k}oj‘>Nj ‘k}*k}oleNj

and the values of ji, jo and N; will be defined later. It is easy to see that, by (9.56),

R421 = O (nfl 1nn2j1a(ln n)Ha:l)) : R422 = O (272j28*) : (963)
Jj2—1 A R
Rs=0( Y [ml Inn 29N (ln ) (=D 4 272+ N1= /p] . (9.64)
Jj=j1+1

If o # 1, the two terms in (9.64) are equal to each other when

o 1/(a—2/p)
N; = (Tfl In n27(2s +a)>

)

and, for this value of N;, one has

271 2/p—1 2j(s'—as)
Ripz =0 | > (n/lnn)a=zm2~e=2v | (9.65)
j=ji1+1

Therefore, R423 behave differently when as > s’ and as < s’, and we consider those cases separately.
First, consider the case when as = s’. Then

1

Rasz =0 ((jg —Jj1)(n/Inn) i/_”{/,,> =0 ((ln n/n) e In n) if as=5s"
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If « > 1, as > ¢, choose j; and jo such that

oI — (TL/ In n) 25/1+a , 9J2 — (TL/ In n) T .

Note that if 1 < p < 2, one has s* = s > ', so that jo < j; and Ry93 = 0. If 2 < p < oo, then jo > j1. Also, it fol-

p— —a (s s) s’
lows from (9.63) and (9.65) that Rs23 = O (ni/—Q/; (Inn) a1—2/1722“” 7 ) Hence, R421 = O ((n/ In n)7252'+a> ,

_ 2 __2s’
Ry22 = O ((n/ Inn) 25’+”> and Ryo3 = O ((n/ Inn) 2S’+”), so that

Ry =0 ((n/ lnn)fi’f’i”) if as>s,a>1. (9.66)
Similarly, if @ > 1, as < &, choose j; and js such that

201 = (n/lnn)m7 272 = (n/lnn)%Jr1

2jo (8! —as)

2/p—1 1-a . . . __2s
In this case, R423 = O (nap%’ (Inn)s=2/72 “=27p , and direct calculations yield Ryo1 = O ((n/ Inn) 23“) ,

Raso = O ((n/ lnn)7%> and R4o3 = O ((n/ lnn)fﬁ), so that

Ry =0 ((n/ lnn)_%) if  as<s,a>1. (9.67)
Finally, if « =1, set j; = jo such that
27t = (n/In? n)ﬁ

and obtain - ey
Riz =0 (n——zsm (In n)—z‘sm) if a=1 (9.68)

Now, to complete the proof of (5.21), one just need to combine (9.54)—(9.68), and to note that all upper bounds
are uniform for f € B,  (A). O

In order to prove (5.22), note that
= E| fen — fel* < R} + R5 + Rj,

where
4 4
Ri=0[E Z (Gmk = Qmk)Pme (2) , Ry3=0 Z Z bkt () )
kEKS, . J=mkeKy;,

r 2

R;=0|E Z > (b = bja)? 1, > d® 00 27 [k — kg =)

J mEEKY,,

Observe that, by Lemma 9.2, since 2™(@+1) = o(n/Inn), as n — oo,

Ri=0 (2" 3 Bl —ame)* | =0 (73272 4 =2 gmizetn))
keK{

Ome

=0 (nfz 2m(2a+1)> =o(1).
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For R3, by (9.56), we have

2

) 12
m=o| > X i |=o(]) =ow.
J=mkeKy,.
Finally, similarly to (9.59), partition R} as R} = Rj, + R}, with R%, and R}, corresponding to I(|bjx — bjx|? >
0.25d? 0, 27 |k — koj| =) and H(b?k > 0.25d? 0, 27 |k — koj| =), respectively. For R}, applying Lemmas 9.2
and 9.6 with w = 1 and Cy given by (5.20), and also noting that Zkng,‘ |k — koj| ™t = O(1) for I > 1, we

derive

J—1
Ry =0|n 3 3 E[lb — byl Wbje — birl® > 0252 0, 27 |k — higg| )]
J=m ek,

J-1 N 2/3 N , 1/3
—o|nY % []E|bjk . bjk,\ﬁ} [P(\bjk, ~bl? > 0.25d2 0, 29° |k — k0j|—a)]

J=mkeky,

J—1
—0oln }:7fﬂu@0@ [n71w32ﬂum+4vs+_n7w32ﬂ&ﬂays%_n722ya}
j=m

=0 (nl_d/(3c<i)) =o0(1), n— oo,

since d > 3Cy. For Rj,, using Lemmas 9.2 and (9.56), we derive that

J-1
Rp=0|n Y Y E [\Bjk — byl T(62, > 0.25d% 0, 29 [k — k0j|—a)}
J=m ek,
J-1 A J-1 ‘
=0|n Z Z [27 lnf‘?’nb?k, + lnfznbﬁk] =on Z [27(1=657) 4 9—4s"]
J=m ek j=m

Ojc

since n ™! 29|k — ko;|7* < 0.25 bfk,/(d2 Inn). Note that m > mg implies 2™ > n!/(25'+2) 5o that
_6s'—1 a8’
Riy=o0 (n =TFa 4 2S'+ﬂ) = o(1),
which completes the proof of the lemma.

9.7. Proof of the asymptotic minimax upper bounds for the L2-risk in Section 6

Proof of Theorem 6.2. Since m = mg for b > 0, the validity of Theorem 6.2 for b > 0 follows directly from
Lemma 5.2. For b = 0, observe that

mo

A=E[|fm~FI?= D Ellfw = fII* Lo =m < mo)] +E[l|fm — £ L =m > mo)]

m=mi

= Al —|—A2,



38 A. ANTONIADIS ET AL.

and consider terms A; and A, separately.

Denote .
0] (n_2_+1 (hlﬂ)‘“) if b=0, as<¥,

R(n) = o
O (n™#%% (mn)=) it b=10, as >,

(9.69)

and note that, for any m > mq,
E|lfm = fI? < 2[Ellfrmo = FI? + Ell(fr = frno) 1@ € ZE)II* +E[[(fn = frno)l(z € Z5,)11%]
where m is defined in (5.3) and set =), is defined in (6.1). By Lemmas 5.1 and 5.3, we obtain
E| o — 12 = 0 (0~ 7% + R(n))
If m = m < mg, then by definition of m, we derive that
; 2 N 2 1 — 2
E|[(fn = o) U € Z)[2 < X227 0~ Inn = O (775 ).

Now, recall that =, is defined in such a way that supp(fo,m) € =, for any m, and that =1 C =9 for j1 > jo,
so that, for m < my,

E||(fm = /)l(z € ZL)I? = Ell(fom + fom = fom — fem)l(@ € Z5)|17
= E|(fom = fem)l(@ € Zp)I? < El| fom — femll® = O (R(n))

as n — oo. Noting that
E||(fm = fmo)l(x € 5|17 < 2 {]E‘l(fm — Pz € Z5) 1> +Ell(fmo — N € Z5)117

and combining all formulae above, we obtain that A; = O (R(n)) as n — oo.
By Lemmas 5.1 and 5.3, one has E|/fo.n — fom||* = 0(1) and E||fem — feml* = 0(1). Then, Lemma 6.1
yields

Az < \E[|fn = FI* VPG =m > mo) = O (n” %5 4+ nTor0 %3 ) = O(n™Y),
provided A > max (Cy1, Cya,2Cy) and d > 2(a+1)"1(2a+3)Cy, which completes the Proof of Theorem 6.2. [

9.8. Proof of the asymptotic minimax upper bounds for the L2?-risk in Section 7
The Proof of Theorem 7.1 is based on the following lemma.
Lemma 9.9. Let Assumption A hold with b= 0 and 0 < o < 1. Then,
Var(bj) = O (n™127% min(1, [k — koj|~®)) ,
Efbyn — byx| 75 = O (n- 71273650 4 - rmad).
Proof of Lemma 9.9. Proof of the first statement is very similar to the proof of validity of formula (9.6). Proof

of the second statement is based on Lemma 3.1. in Chesneau [6] which states that whenever [[g(z)]'""dz < oo
for some v > 2, one has

Elb — bl = O (n [l e —vas a2 [ vz [g(x)}”ﬂdx) . (9.70)

To complete the proof, note that for v =14 2/(a+ 1) > 2 one has [[g(x)]' "“dx < co and apply (9.70). O
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Proof of Theorem 7.1. The proof of this statement is similar to the Proof of Lemma 5.3. Indeed, similarly to
the Proof of Lemma 5.3, partition the risk as R = E||f — f||? = R1 + Rz + R3 + R4 where, similarly to the Proof
of Lemma 5.3,

2mM1 1 oo 2'7‘71
Ry = Z ]E(dm1k - amlk)27 Ry = Z Z b32k’
=0 j=J k=0
J—127 -1 ~ ~ )
Ry = (e — bye)? 10 > @2 00 2% Ik — g ™))
=0 k=0
J—127-1 ~ ]
Ry = b2 (B3, < d? 0, 29% [k — Koy ~)
=0 k=0

with ¢,, defined in (9.20). Since 1/g is integrable and m; in (5.3) is finite, it is easy to show that Ry = O (n™!).
Also, same as before, Ry = O (272/¢7) . If p > 2, then a+1 < 2s+ 1 since s > max(1/2,1/p) and a < 1, so that
Ry =0 (n=29/(2s+1)) If 1 < p < 2, then s* = ¢’ and 2¢'/(1 + ) > max {2s'/(2s' + ), 2s/(2s + 1)}, so that

Ry =0 (max {anS/(Qerl)’n725'/(25'+a)}) ’

Now, similarly to the Proof of Lemma 5.3, partition R3 and R4 as Rz < R31 + R32 and Ry < Ry1 + R4o. Using
Lemma 9.9, as n — oo, obtain upper bounds

: - , 1-2/v 5 2/v
Ry < [P((be — bjx)? > 0.25 % 0227 ks — koy| )] [Elbjx — bsul”]
0k
J-1 o/u
-0 9J p—d(1=2/v)/(2Ca) |:n1—u2jy/2 pS2%: 2]}
J

—0 <2j n—d(1-2/v)/(2Ca) |:n—u/2 QJ} 2/”) —0(n),

provided (7.2) holds, and also

J—1
Ry =0(n %) 3 3 b =o(n).

=M ke,

Now, same as before, R3o = O ((ln n)*1R42) = O (R42), so that we need to construct upper bounds for Ryo
only. Partition Rys as Ras = Raz1 + Raz2 + Razz where

j1 291 J—127-1
R421 = Z Z [nfl lanjO‘\k; — ]{ioj‘ia] 5 R422 = Z Z b?kv
j=0 k=0 j=j2 k=0
Jj2—1
Ragz = Z Z bk [P [ lanmN;“]l_p/2 + Z nt lanWle*a ,
J=i+1 |k—ko;|>N; [k—koj | <N

and the values of 71, j2 and IV; will be defined later. It is easy to see that, same as before, R421 = O (n‘l Inn 2jla)
and Ryo0 = O (2_2j25*). For R423 we can write the following expression

ja—1 1 1-p/2 1
Rizs = ) [Qﬁ'l’ <—nn 2j°‘N._a) + 2l gjayl-a|
J J
=gt " "
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If p > 2, we choose j; = jp such that 21 = (Inn/n)Y/ 2+ and obtain Ry = O ((Inn/n)?/(2s+V) If 1 < p < 2,
we choose N; which equalize the two terms in R4o3 and obtain, similarly to (9.65),

2/p=1 _2j3(s'—as)

O | (n/Inn)e=2772"o=2/r | if as<s

Rizz =4 O (n/1nn) i/—p;/;Qleﬂ(j?;sS) if as>¢ (9.71)
O ((]2 —J1) (n/ lnn)a”/ﬁv) if as=s
If as < s', then choose ‘ ) ‘ .
2 = (n/Inn)2s+1, 272 = (n/lnn)>"G+D
so that j; < jo. Direct calculations show that in this case

2/p—1 2(s" — as) 25
2/p—a  (2s+1)(2/p—a) 2s+1

Rip =0 ((n/Ilnn)*) with ¢ =

and Ryz = O ((Inn/n)?*/ZstD) If as > ', then set
21 = (n/Inn)¥ =, 272 = (n/Inn) 25’1+a,

so that again j; < jo. Here we have

2/p—1 2(as — ') 24
2/p—a (28 +a)(2/p—a) 28 +a

Rip =0 ((n/Inn)?) with (=

and Ry = O((]nn/n)%//(?s"‘“a))_ If as = s, then note that j5 — 71 = O(lnn), so that Ry =

(0] ((ln n/n)23’/(23’+a)> = O ((In n/n)23/(25+1)). Now, to complete the proof, just combine the expressions for
Ri, Ry, R31, Raxr, R3z and Rao. O
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