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DISCRETE TIME MARKOVIAN AGENTS INTERACTING THROUGH
A POTENTIAL

AMARJIT BUDHIRAJA!, PIERRE DEL MORAL? AND SYLVAIN RUBENTHALER?®

Abstract. A discrete time stochastic model for a multiagent system given in terms of a large collection
of interacting Markov chains is studied. The evolution of the interacting particles is described through
a time inhomogeneous transition probability kernel that depends on the ‘gradient’ of the potential
field. The particles, in turn, dynamically modify the potential field through their cumulative input.
Interacting Markov processes of the above form have been suggested as models for active biological
transport in response to external stimulus such as a chemical gradient. One of the basic mathematical
challenges is to develop a general theory of stability for such interacting Markovian systems and for the
corresponding nonlinear Markov processes that arise in the large agent limit. Such a theory would be key
to a mathematical understanding of the interactive structure formation that results from the complex
feedback between the agents and the potential field. It will also be a crucial ingredient in developing
simulation schemes that are faithful to the underlying model over long periods of time. The goal of this
work is to study qualitative properties of the above stochastic system as the number of particles (N)
and the time parameter (n) approach infinity. In this regard asymptotic properties of a deterministic
nonlinear dynamical system, that arises in the propagation of chaos limit of the stochastic model, play
a key role. We show that under suitable conditions this dynamical system has a unique fixed point.
This result allows us to study stability properties of the underlying stochastic model. We show that as
N — oo, the stochastic system is well approximated by the dynamical system, uniformly over time. As
a consequence, for an arbitrarily initialized system, as N — oo and n — oo, the potential field and the
empirical measure of the interacting particles are shown to converge to the unique fixed point of the
dynamical system. In general, simulation of such interacting Markovian systems is a computationally
daunting task. We propose a particle based approximation for the dynamic potential field which allows
for a numerically tractable simulation scheme. It is shown that this simulation scheme well approximates
the true physical system, uniformly over an infinite time horizon.
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1. INTRODUCTION

In recent years there has been a significant interest in agent based modeling for complex systems. Exam-
ples of such models abound in physical and social sciences and include problems of biological aggregation [19],
chemotactic response dynamics [11], self organized networks [16], communication systems [14], opinion dynam-
ics [15], multi-target tracking [4], etc. See [14,18] for a comprehensive list of references. One popular model
for interacting multi-agent systems (see [18] and references therein) consists of a large number of particles that
influence each other indirectly through a dynamic potential field and can formally be described through the
following system of equations.

dX;(t) = VR(X;(t), t)dt + dW;(t), X;(0) =x; € R4 i =1,...,N.

N
0
ah(t,x) = —ah(t,z) + DAR(t,z) + 5Zg(Xi(t),x), h(0,z) = ho(z). (1.1)
i=1
Here W;,i=1..., N are independent Brownian motions which drive the state processes X; of the N interacting

particles. The interaction between the particles arises indirectly through the underlying potential field - which
changes continuously according to a diffusion equation and through the aggregated input of the N particles.
One example of such an interaction is in chemotactic cell response dynamics where cells preferentially move
towards a higher chemical concentration and themselves release chemicals into the medium, in response to the
local information on the environment, thus modifying the potential field dynamically over time. In this context,
h(t,x) represents the concentration of a chemical at time ¢ and location z. Diffusion of the chemical in the
medium is captured by the Laplacian in (1.1) and the constant o > 0 models the rate of decay or dissipation
of the chemical. Contribution of the agents to the chemical concentration field is given through the last term
in the equation. The function g captures the agent response rules and can be used to model a wide range of
phenomenon [18]. The first equation in (1.1) describes the motion of a particle in terms of a diffusion process
with drift in the direction of the gradient of the chemical concentration. Many variations of this basic model with
applications to a wide range of fields can be found in [18]. A precise mathematical treatment of (1.1) presents
significant technical obstacles and existing results in literature are limited to simulation and formal asymptotic
approximations of the system. In the current work we will study a discrete time model which captures essential
features of the dynamics in (1.1) and is also amenable to a rigourous mathematical treatment. The time evolution
of the agents will be described through a time inhomogeneous transition probability kernel, where the kernel at
time instant n is determined in terms of the “gradient of the potential field” at time instant n — 1. The agents
in turn affect and contribute to the potential field dynamically over time. Thus as in the formal continuous
time setting described above, the N-agent dynamics is strongly coupled and describes a (time inhomogeneous)
Markov chain in EV where E (a compact subset of R?) is the state space of a typical agent. Although the model
description is considerably simpler in discrete time, our objective here is to go beyond formal heuristics (as is the
current state of the art for the continuous time model in (1.1)) and to formulate and study precise mathematical
properties of the system. We will establish convergence of the stochastic model to the solution of a non-linear
dynamical system, over an arbitrary fixed time horizon, as the number of agents approach infinity and as a
consequence obtain a propagation of chaos result (Thm. 1.2 and Cor. 1.3). We are particularly interested in the
stability of the system as N — oo, over long periods of time. A mathematical understanding of the stability
behaviour is key to the study of long term structure formation resulting from the complex interactions between
the agents and the potential field. Stability results for the system are also crucial ingredients for studying the
behaviour of approximate simulation schemes over long intervals of time. Denoting by n the time parameter,
we will give conditions under which, as N — oo and n — oo (in any order) the potential field and the empirical
measure of the N particles converges to limits that are independent of the initial configuration (Cor. 1.10).
These limits are characterized as the unique fixed point of the limit deterministic non-linear dynamical system
(Thm. 1.6). Uniform in time convergence of the stochastic model to the non-linear deterministic dynamics is
established as well (Thm. 1.9). In general, simulation of interacting Markovian systems is a computationally
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daunting task. We propose a particle based approximation for the dynamic potential field which allows for a
numerically tractable simulation scheme. Using the above stability results we show that this simulation scheme
well approximates the true physical system, uniformly over an infinite time horizon (Thm. 1.15).

The study of large collections of weakly interacting Markov processes and the associated McKean-Vlasov
systems has a long history [8,12,20]; also see [2] and references therein. There is an extensive body of work
that addresses law of large number behavior (Propagation of Chaos), Central limit theory (normal fluctuations
from the mean) and large deviation principles for such models. Most of these results concern the behavior of
the system over a finite time horizon. Here we are concerned with uniform in time convergence results (e.g.
Thms. 1.9 and 1.15). Such results for interacting diffusions of the form

N
dX;(t) = V2dB;(t) — VV(X,(t))dt — % S VW(XU(t) - XI(t)dtsi=1,...,N (1.2)
j=1

have been studied in several works [5-7,17]. Here B’ are independent Brownian motions and V, W are suitable
functions. The key difference from the model studied in the current work (aside from the fact that we work
in discrete time) is that, in the above works, the interaction of the ith particle with the system at time ¢ is
completely described by the empirical measure m® (t) = % Zf\il dx,(t), whereas in the model studied in our
work the interaction at time ¢ involves the whole history {m® (s)}g<s<¢. This can be seen formally from (1.1) on
observing that the first equation in the system is driven by the gradient of the interaction function h. The precise
form of the interaction can be read from equation (1.7). After this work was completed, a recent work [13], where
the interaction is given in terms of the empirical measure of the whole history of the particles, was brought to
our attention. However, unlike the current work, the above paper is concerned with a finite time asymptotic
behavior of the system.

Before we give a formal description of the model, we list some common notation that will be used in this
work. For d > 1, R% will denote the d-dimensional Euclidean space, the standard norm on which will be denoted
by | - |. N [resp. Ng] will denote the space of positive [resp. nonnegative] integers. Cardinality of a finite set G
will be denoted by |G|. For a Polish space S, B(S) will denote the Borel sigma field on S and P(S) the space of
probability measures on (S, B(S)). For « € S, d, will denote the element in P(S) that puts unit mass at the point
x. For pi € P(S) and a p-integrable real measurable map f on (S, B(S)), we denote [g fdu as p(f) or (u, f).
Similar notations will be used for signed measures. For p € P(S), Snv(p) denotes a random measure defined
as % Z,ivzl ¢, , where {&}N | are i.i.d S valued random variables with distribution y. We denote the space of
real bounded measurable maps on (S, B(S)) as BM(S) and for f € BM(S), define ||f|loc = sup,ecs |f(z)|. The
space {f € BM(S) : || flloo < 1} will be denoted as B1(S). For a signed measure p on (S, B(S)), we define the
total variation norm of p1 as supseg, (s) [1(f)| and denote it by |ul[7v. A real function f on S is said to be
b-Lipschitz if, for all x,y € S, |f(z) — f(y)| < b d(x,y), where d is the metric on S. A transition probability
kernel (also referred to as a Markov kernel) on S is a map 7 from S x B(S) to [0,1] such that for all z € S,
T (z,-) € P(S) and for all A € B(S), 7(-,A) € BM(S). For f € BM(S) and a transition probability kernel 7°
on S, define 7f € BM(S) as Tf(:) = [ f(y)7(-,dy). For a closed subset Sy of S, € P(Sp) and a transition
kernel 7 on S, we define p7 € P(S) as p7 (A) = fSo 7T (z, A)pu(dz). When we are given a reference measure ¢
on S, we will denote the density of 47 (when it exists) with respect to £ by 7 * p.

1.1. Model for interacting Markovian agents

The system consists of N particles whose states at time k € Ng denoted as X;(k),..., Xn(k) take value in
a compact set £ C R? with a non-empty interior. Given that the jth particle is at location x at time instant
k — 1, it moves, independently of other particles, to a set A C B(E) with probability M™-1(z, A). Here M"*-1
is a transition probability kernel determined by a nonnegative function 7;_1 which represents the “potential
field” at time instant k — 1. Specifically, for any nonnegative function ¥ : E — R*, the Markov kernel M? is
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defined as follows.
M‘p(x,dy) — Q(x’dy)ef/\(sp(m)fu?(y)n + Qo(z, dy) (1 _ / Q(%dz)e/\(w(x)u?(z)H) ) (1.3)
zeFE

Here X € (0,00) and @, Qo are two transition probability kernels on E. Roughly speaking, to generate a sample
from MY (z,-) one follows the following steps:

1. A sample Y is drawn from Q(z,-) and a sample Y is drawn from Qq(z, ).

2. If (Y) > ¥(x) the sample point Y is accepted. This corresponds to preferential motion in the direction of
the gradient of the potential field.

3. If ¥(Y) < ¥(x) we accept the sample point ¥ with probability e~ *#@=¥()) and take Y with probability
1 — e M¥(@)-¥(Y))

The kernel @ captures particle dynamics in absence of the potential field, while )¢y can be regarded as the
perturbation to the nominal dynamics against the concentration gradient, caused by the potential field. Note
that the effect of Qg increases as A becomes larger.

We now describe the evolution of the potential field and its interaction with the particle system. This evolution
will aim to capture the essential features of the PDE in (1.1) which are: diffusion, dissipation and dynamic agent
input. Let P and P’ be transition probability kernels on R¢ having density with respect to some fixed reference
measure £ on R? (for example, the Lebesgue measure). Throughout, we will fix a choice of these densities which
will ensure that the sequence {ny} introduced below is unambiguously defined; also we will always speak of
densities as with respect to £. Given m € P(FE), define a transition probability kernel R,, on R? as

Ro(z,A) = (1 —€)P(z,A) + emP'(A), = c R Aec BRY). (1.4)

Then given that the potential field at time k — 1 is described by a nonnegative function 7, _; on R? satisfying
Jgamk—1(z)dz = 1, and the state values of the N particles are X;(k — 1), i = 1,..., N, n is defined by the
relation.

N
1
ne(y) = /Rd Me—-1(2) By, (2, y)E(dz), mp—1 = = > 0x-1)- (1.5)
j=1

In this description, diffusion and advection of the chemical is captured by the kernel P, dissipation by the factor
(1 —€) and contributions by the agents through the term emy_; P’. We remark that unlike the continuous time
setting, here we introduce a single parameter € rather than two distinct parameters o and 8. This parametrization
ensures that the concentration function 7, for each k is a probability density on R?. The more general setting
can be considered as well (although not pursued here) by considering suitably normalized concentration fields.

Thus summarizing, analogous to (1.1), the coupled system of equations describing the evolution of the po-
tential field and particle states is given as follows. Denote by P*(R%) the space of probability measures on R?
that are absolutely continuous with respect to £. We will identify an element in P*(R?) with its density and
denote both by the same symbol. For N > 1, define IT" : EY — P(E) by the relation

N

1
NZ%W%MWWW~ (1.6)
i=1

HN(yla"'ayN) =

Fix random variables X1,..., Xy with values in F and 5}’ € P*(RY). Let m)’ = IT™V(X1,...,Xn). The
interacting system of particles and the potential field is described as a family (X (k), mY, nY )ren, of EN x
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P(E) x P*(R%) valued random variables on a probability space ({2, F,P), defined recursively as follows. Let
XN(0) = (X1,..., Xn) and define Fo = o{XV(0)}. For k > 1
N — e N
P(XV(k) € A| Famr) = @)y (xmmny M) (4), A € B(EY)
mp = V(XN (k) = % 0L, Sxn e

(1.7)
my =y, R

mily
Fip = oy, XN (k) V Fr-1.
Along with the N particle system we will also consider the non-linear Markov model which formally corresponds
to the N — oo limit of (1.7). Define the map @ : P(E) x P*(R?) — P(E) x P*(R?) by the relation
®(m,n) = (mM",1Ry,), (m,n) € P(E) x P*(R?).

Define a sequence of probability measures (my,,n,) on R? by the following recurrence formula. Fix (mg,no) €
P(E) x P*(R%). For n € Ny

Mp1 = m, M™, (1.8)
Nnt1 = MnBm,, .
In other words,
(mn+1777n+1) = ¢(mm77n)- (1'10)

Such a coupled system is similar to what can be found in [3,4].

1.2. Main results

We now summarize the main results of this work. For measures (m,n), (m/,n') € P(E) x P*(R?), we define
the norm

1(m,n) = (m", )| = [lm = m/l|lzv + lIn —nv.
We begin with an assumption on the kernels P, P’.
Assumption 1.1. The kernel P’ is uniformly bounded on R? x R? and P’(-,y) is Lipschitz, uniformly in y € R9,

namely, for some Mp:,lp € (0,00)

sup  P'(z,y) < Mp:, sup |P'(x,y) — P'(a',y)| <lp/|x — 2|, Va,2' € R%
(z,y) ERI xR yeRd

The kernel P satisfies, for some Mp € (0, 0),
sup / P(x,y)(dz) < Mp.
yeR? JzeRd

The following result establishes the convergence of the stochastic system to the non-linear deterministic dynam-
ical system over any fixed time horizon.

Theorem 1.2. Suppose that Assumption 1.1 holds. Also suppose that

116" = olloe — 0 and  sup E(|(mo —mg, f)]) — 0as N — oo.
FeBi(B)

Then, Vk € Ny,

sup  E(|(my —my, )] + 07 = mellos) —> 0. (1.11)
f€B1(E) N ——+oco
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We remark that E||n — 7yl — 0 implies, by an application of Scheffe’s theorem, that E|ny — |7y — 0.
This observation will be used in the Proof of Theorem 1.9.

As an immediate consequence of this result we obtain the following propagation of chaos result. For p > 1,
denote by mfcv’p the probability law of (X{V(k), ... ,X;V(k)) on EP.

®p

P converges weakly to m;”, as N — ooc.

Corollary 1.3. Under Assumption 1.1, for every p € N, mg

We now study time asymptotic properties of the system. We begin with two basic assumptions. The first is on
the kernel Q.

Assumption 1.4. There exist ¢g € (0,1) and ¢; € P(E) such that Vo € E, ¥V A € B(E), Q(z, A) > eql1(A).

It is well known that under Assumption 1.4, @ is (1 — €g)-contracting for the total variation norm (see Lem. A.1
in Appendix for a proof), i.e.

11Q = W' Qllrv < (1 = eq)lln — wllrv, Vi, 1 € P(E).
Next, we will make the following assumption on the kernels P, P’.
Assumption 1.5.
1. There exists 5(P’) € (0,1) such that for all m,m’ € P(F),
|mP" —m'P'|lpy < B(P)|lm —m/||7v.
2. The kernel P is uniformly bounded on R? x R, i.e. for some Mp € (0, c0)

sup  P(z,y) < Mp.
(z,y)€ERIXRY

We begin with the following result on the fixed points of the dynamical system (1.10).

Theorem 1.6. Suppose that Assumptions 1.1-1.5 hold. Then there are Ao, € € (0,00) such that for all X < Xg
and € < €y, @ has a unique fized point in P(E) x P*(R?).

Recall the sequence (my,,n,) defined through equation (1.10) recursively with a fixed initial pair (mq,n0) €
P(E) x P*(RY). Also recall the collection of random variables (X (k),mY,n))ren, with values in EV x
P(E) x P*(R?) defined in (1.7) starting with a fixed 1}’ € P*(R%) and Xi,..., Xy € E.

We now consider uniform in time convergence of the stochastic system to the non-linear dynamical system.
For that we will make the following additional assumptions.

Assumption 1.7.
1. P(-,y) is Lipschitz uniformly in y € R? namely, for some Ip € (0,c0)

sup |P(x,y) — P(z',y)| < lplr — 2|, Vo, 2’ € R%.
yER4

2. There exist p € P(R?) and [p: such that Va2’ € E, A € B(R?),
|P' (2, A) — P'(a/, A)| < Ip/Ja — 2/ |p(A).
3. P(z,-), P'(x,-) are Lipschitz uniformly in z € R? namely, for some Ip p/ € (0, 00)

supdmax{\P(ac,y) - P('Tay/)‘v ‘Pl(xvy) - P/(l',y/”} < [PVP'|y - y/|a vyay/ S Rd-
zER?
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4. For some Mp pr € (0,00)

sup max {/ P(w,y)l(dx),/ P’(x,y)l(dx)} < Mpp.
yER? zeRd zER?

Denote by g the restriction of the measure [ to E.

Assumption 1.8. For all z € E, Q(z,.) and Qo(z,.) have densities with respect to ¢g. The densities are
bounded on E x E, namely for some Mg g, € (0, 00)

sup max{Q(:c,y),Qo(%y)} < Mq,qQo-
(r,y)EEXE

Furthermore, for some lg g, € (0,00) and p € P(E)
max{|Q(z, 4) — Q(z', A)|,|Qo(z,4) — Qo(«", A} < lgqole — 2/|p(A) Vz,2' € E,A € B(E).

Theorem 1.9. Suppose that Assumptions 1.1-1.8 hold. Let €g, Ao be as in Theorem 1.6. Then, whenever € < ¢
and A < \g, we have:

(i) For some cq € (0,00),

V8 > 0, 3Ny, no € N such that ¥n > ng and N > No, sup E(|(mY —mp, O+ 7Y = nallrv) < cod.
[l fllee<1

(i) If ||y — nollee — O and Sup e, (i) E(l{mo — md’, £)]) = 0 as N — oo, then for some ¢; € (0,00)

VY6 > 0,3Ny € N such thatVn and N > Ny, sup E(|(mY — m., ) + |nY = nallrv) < ed.
[l flloo <1

As an immediate consequence of Theorems 1.6 and 1.9 we have that under suitable conditions (mJ,ny) ap-
proaches the unique fixed point of @ as k — oo and N — oo. Namely,

Corollary 1.10. Suppose that Assumptions 1.1-1.8 hold. Let €y, Ao be as in Theorem 1.6. Fix ¢ € (0,¢9) and
X € (0, Ao). Denote the corresponding unique fized point of @ by (Muo,Neo). Then,

limsuplimsup sup  E(|(m} = moo, )| + 7" = neoll7v)
n—o0o  N—oo |flle<l

= limsuplimsup sup E(|(my — meo, f)] + 13 — 1sol7v)
N—oo n=0o |flesl

= 0.

Simulation of the stochastic system in (1.7) or numerical computation of the paths of the deterministic dynamical
system (1.10) can in general be quite hard and so it is of interest to develop good approximation schemes. One
flexible and appealing approach is to approximate the measures, )Y in the first case and the measures (1,,, m,,) in
the second case, by discrete probability distributions through a collection of evolving particles. We will consider
one such particle scheme in this work and show that, under conditions, the error between the dynamical system
in (1.10) and the one obtained through a particle approximation can be controlled uniformly in time. We will
also prove a similar result for the error between the actual physical stochastic system and the one obtained
through particle approximations of 2. For these results we will make the following additional assumption.
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Assumption 1.11. P, P’ are Gaussian kernels and ¢ is the Lebesgue measure on R?.

Note that if P, P’ satisfy Assumption 1.11, then they also satisfy Assumptions 1.1, 1.5 and 1.7 (for Assump. 1.5
see Lem. A.6).

We propose the following particle system for the system (1.10) that starts from (mq,n0) € P(E) x P*(R?).
We assume that we can draw samples from (mg, 19). We remark that although for Gaussian kernels, the integral
in (1.5) can be computed analytically as a mixture of Gaussian densities, the computation becomes numerically
unfeasible since the number of terms in this mixture grows linearly over time.

Denote by (X (0),..., X¥(0)) a sample of size N from myq. Let m{ = IV (XN (0),...,X¥(0)). The ap-
proximating particle system is given as a family (X (k), m, 7N )ren, of EN x P(E) x P*(R%) valued random
variables on some probability space (2, F,P), defined recursively as follows. Set XV (0) = (XN (0),..., XX (0)),
ﬁév =10, Fo = O'(XN(O)). For k> 1

(XN (k) € A| Fimt) = @, (Sxy ey M7 ) (4), A€ BEY)
miv = % Z;‘V:1 55(;V(k)

My = (1= e) (SN (1) P) + (i’ P')

Fr = o(XN(k), 7Y) V Fr_1.

(1.12)

Here S™ (7} ,) is the random probability measure defined as + Zfil dy~ (k) Where YN (k) Y& (k), condi-
tionally on Fj_1, are i.i.d. distributed according to ﬁ,iv_l.

Notice that under the above Gaussian assumption, f],iv is a mixture of 2N- Gaussian random variables for
any k > 1, so we can compute numerically its density at any point. So (1.12) defines an implementable particle
scheme. We first consider convergence over a fixed time horizon.

Theorem 1.12. Under Assumption 1.11, we have for all k,

sup B(|(m —mw, )] + |3 = mellrv + 17— mellee)  — 0. (1.13)
feBL(E) oo

We now consider uniform in time convergence of the approximation scheme.

Theorem 1.13. Suppose that Assumptions 1.4-1.11 hold. Then there exists ¢; € (0,00) such that for € < e,
A < Ao and (1o, mg) € P*(RY) x P(E), the sequences defined in (1.12) are such that

V8 >0, ANy such that ¥n and N > No, sup E(|[(m) —m,, /) + 17 —nall7v) < eid.
fFeBi(E)

As corollaries of Theorems 1.2-1.13 we have the following results.

Theorem 1.14. Under Assumption 1.4 and assumptions of Theorem 1.2, we have for all k > 0,

sup  E([(myg — g, )+ ot —af |rv) — 0.
feB1(B) N—too

Theorem 1.15. Under assumptions 1.4, 1.8 and 1.11 there exists ¢ € (0,00) such that for e < ey, A < Ao,

V8 >0, 3Ny, ng € N such that ¥n > ng and N > No, sup E(|(m, — @, £)| + |02 = 7Y ||rv) < e1d.
[l flloo<1

We remark that in approximating n; by ﬁ,iv and my by mg we have taken for simplicity N particles for both
approximations. Although not pursued here, one can similarly analyse particle schemes where the number of
particles for approximating 7y is different from that used for approximating my.
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2. PROOFS

2.1. Convergence over a finite time horizon

In this subsection we prove Theorem 1.2 and Corollary 1.3. We begin with a lemma that will be used several
times in this work. Proof is immediate from Ascoli—Arzela theorem.

Lemma 2.1. Let K be a compact subset of R? and let for a,b € (0,00), F,,(K) be the collection of all functions
[ K — R such that || f||leo < a and f is b-Lipschitz. Then for every § > 0 there exists a finite subset Fib(K)

of Fup(K) such that for every signed measure p on K

sup  [(p, f)]) < max |(u, g)| +6l[plrv.
fEF, u(K) geEFY  (K)

Frequently, when clear from context, we will suppress K in the notation when writing F, F°. The following
elementary estimate will be used several times.

Lemma 2.2. For all z,y,2",y' € R,
e AEW oA ) < N — 2|+ Aly — /).

Proof of Theorem 1.2. We proceed recursively. Note that, by assumption, (1.11) holds for k¥ = 0. Suppose now
that (1.11) holds for some fixed k € Ny. Then

N N Ny Ny N , N ,
My — Mpgp1 = My —my M +my M —my M™ 4+ my; M — my M.
From Lemma A.5 in the Appendix

N 2
sup E([(mpy, —my M™%, f)]) < —=
o ([{mi1 p ) i

Note that for all f € By(E), m € P(E) and n,7’ € P*(R?)

mM"(f) — mM" (f)| =

[ mde)@e.dy) (@ e NI ) [ m(da) Qo)
r,yel

y (/ Q(, dz)(—e=Nn@)=n(): _|_e/\(n’(w)—n’(Z))+> f(y)’_ 2.1)
zelE
Thus by Lemma 2.2 and since (1.11) holds for k, we have, Vf € B1(E),

N
E (|(mf M —m M, £)) < 4E (n) = melloc) —>_ 0.

Also, for f € By (F),
(mpy M™ —m M, f) = (my —mg, M"™ f).
Since f € Bi(E), we have that M f € B;(F) and so
E([(mpM"™ —mi M™, f)]) < sup E(|(my, —my, g))-
geBI(E)
Once again using the fact that (1.11) holds for k, we have from the above inequality, that

sup  E(|(mpM"™ —mpl M™, f)]) — 0,
f€B1(E) N—+oco
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and combining the above convergence statements

sup E(\(mfc\g_l —mps1, f>]) — 0.
FEBI(E) N—=+oo

Next
M1 (2) = Mhy1(2) = (1= (P x () — me)) (@) + (P % (m}) —my))(x), = € RY,

where, recall that for 4 € P(R?), Py is a function on R? defined as P x pu(z) = [pu Py, z)u(dy), = € R™.
P’ x p for pp € P(FE) is defined similarly. Using Assumption 1.1 we have

E (”P* (7711;[ - 77k)Hoo) < J\ZP]E (H’O}JCV - 77k||oo) N:oo 0.

Finally, for an arbitrary 6 > 0, we have from Lemma 2.1 and Assumption 1.1 that

1P’ % (my” —mi)|los = sup
yeRd

/ mﬁmm—mummpwwﬂ< max  |(m) — mi.g)] +26
zeE 9€F1(31P,‘LP,

where F? is the finite family as in Lemma 2.1 associated with K = E. Recalling that (1.11) holds for k and
noting that & > 0 is arbitrary and the family F°(Mp.,1p/) is finite, we have from the above two estimates that

E(lmy = mellee) —> 0.

N—+oo
The result follows. O
Proof of Corollary 1.3. We can apply Proposition 2.2 (i) page 177 of [20] to get that Vk,p € N, V¢1,...,¢, €
Cy(E), E(mpP(d1 ® - @ b)) T m?(¢pr @ -+ @ ¢p). We conclude by a denseness argument. 0

2.2. Existence and uniqueness of fixed points

In this section we will prove Theorem 1.6. Some of the techniques in this section are comparable to what can
be found in [4].

For g : R? — R, let osc(g) = sup, ,cga [9(z) —g(y)|. For n > 1, define &" recursively as ¢ = $od" !, where
@l = @. Let Mp pr = max{Mp, Mp:}. We begin with the following lemma.

Lemma 2.3. Suppose that Assumptions 1.1-1.5 hold. There are €9, Ao € (0,1) such that for any € < ey and
A < Ao there exists 6 € (0,1) such that ¥n

12" (1m0, m0) — D" (mgy,mp)| < 46",
for all (mo,m0), (my,ny) € P(E) x P*(R?).
Proof. Note that from Assumption 1.5 (1), for any (m,n) € P(E) x P*(R%)
1R — 1 R [|TV < (1= €)lln = ' | TV + eB(P") [ m — m|| TV (2.2)
and by Lemma A.2 in the Appendix,
ImA" — ! Mgy < (1= o™ m — 7y (23)

Fix (mo,mn0), (my,nh) € P(E) x P*(R?) and let (my,n,) = " (mo,n0), (mly,nl,) = " (ml, nh). From Assump-
tions 1.1 and 1.5, we have Vn > 1,

osc (nn) < Mp pr, osc(n),) < Mp pr. (2.4)
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and therefore for k > 2,
g2 Mot = i MPe=t|y < (1 = ege™Mrr) [[my_y = mj_y |7y (255)

For k > 2 the measures myj_o P’ and m}c_zP’ have densities and these densities satisfy Vy

|mi—2P'(y) — mj,_oP'(y)| =

/ my—o(dz)P'(x,y) — mk_z(dﬂ?)P'(%y)‘ < Mppr||mi—o —mj_sllrv. (2.6)
rxEFE

The measures 7,2 P and 77,;72P have densities as well and these densities satisfy Vy,

’77k72p(y) —77,’%2P(y)| =

/ ; (mh—2(dx)P(z,y) — Ufcz(dx)P(x,y))’ < Mpprlne—2 = M_ollrv.  (2.7)
S

So, Vx,y € RY, using (1.9), (2.6), (2.7),

e A1 @) =1 W) _ = Ay (@)= (9)) 4

< Nm—1(2) = Mg (@) 4+ M- (y) — 15—1 ()]

< 2AMp pr((1 = €)|nr—2 — nj_all7v + €llmp—2 — m272||Tv()~ )
2.8

By (2.1) we then have, for f € Bi(E),

M A M2 (f) = my M (F)] < AAMpp (1 = )lmk—2 — Thoallmv + ellmi—a — mi_sllrv).  (2.9)
By (2.5), (2.9), we get
[y, — mlp |y < [y M0 — gy M= |y 4 [[mg—y M7= — iy M1 ||y
< AAMp.p((1 = €)lnk—2 — M—allTv + €llmp—2 — mi_s[7v)
+ (1 —ege MMer) my—y —mi_y|l7v,
and combining this with (2.2), we have
[k, ) — (e )| < 4AMppr (1 = €)[[1mi—2 — M—allrv + €llmu—2 — mj_s|7v)
+ (1= eqe™ e Imy—y —mj_[lrv
+ (1 = llm—1 — Me—slrv + €BP) Imr—1 — mi_4[l7v-. (2.10)

We can find ¢y € (0,1), A\g € (0,00) such that for all € € (0,¢0), A € (0, \g), there exists a 6 = (e, \) € (0,1),
such that
sup((1 —€), (1 — ege *Mr.r') 4 ¢3(P")) . AAMp p:

<1. 2.11
0 02 - (2.11)
Note that
H(mov’nO) - (m/Ovn/O)” < 4971’
[(ma,m) — (mi, n))|| < 4.
We then have by recurrence that for € € (0,€g), A € (0, Xo), || (M, 1) — (ml,n5)|| < 40", ¥n € No. O

With €p, Ao and (e, \) = 0 as in the above lemma, let kK = AM{,%P'P'

that, for all £ > 2 and € € (0,¢), A € (0, \o),

. Then from the estimate in (2.11) it follows

ap + kak—1 < 0 (ag—1 + Kag—2), (2.12)

where ay, = ||(mg, nk) — (m),, n;)||. As an immediate consequence we have the following corollary which will be
used in Section 2.3.
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Corollary 2.4. Suppose that Assumptions 1.1-1.5 hold. Let €y, \o € (0,1) be as in Lemma 2.3. Then with
0 € (0,1) as in Lemma 2.3 associated with a fized choice of € < eg, A < Ao, we have, for each k > 2

(s i) = (mis i)+ £l (-1 1) = (g, 75|
< 0" (I (ma,m) — (md, )|+ sl (mo, o) — (mg, mo )1 - (2.13)

Suppose further that Assumption 1.8 holds and that mq has a density with respect to g that is bounded by M,,,, .
Then, for k> 1,

1t 1) — (e, )| < 0571 (24 K+ 2X(Mimg + Ma,,)) (I[(mo, 10) — (b, o)1) -
Proof. Equation (2.13) comes directly from (2.12). Next note that

lm = mllzv < llmo —mgllzv + lno — nbllzv-
Also, recalling (2.1),

ImoM™ — moM™ |1y < 2/ Emo(dw)Q(x,dy)A(\no(w) = no(z)] + [n0(y) —no(y)])
x,ye

< 2)‘(Mmo + MQ,QO)HWO - 77(/)HTVa

and
’ ’
[mo M7 —mo M|y < [lmo —mg||zv

Combining these estimates
[(ma,m1) = (my, )1 < (L + sup(1, 2A(Min, + Mq.q0))) |l (mo, m0) = (ma, no) |- 0

Proof of Theorem 1.6. Take ey, A\g as in Lemma 2.3 and fix ¢ € (0,¢9) and A € (0,9). The uniqueness is
immediate from Lemma 2.3. For existence, take any (mo,no) € P(E) x P*(R?) and define recursively Vk > 1,
(my, nk) = P(Mg—1,Mk—1). We have for all k£ > 1, p > 1, using the 6 given by Lemma 2.3,

195+ (mo, mo) — P* (mo, o) || < 46 (2.14)

So the sequence (my,n;) is a Cauchy sequence in (P(E) x P*(R9), || - ||) and thus it has a limit (meo,7ec). By

taking p — +oo in (2.14), we see that (mg, ng) L (Moos Moo )- O
——+o00

2.3. Uniform convergence over the infinite time horizon

In this subsection we will prove Theorem 1.9 and Corollary 1.10.

Proof of Theorem 1.9. Fix d > 0. For k € N, we take @7, ; to be a (random) operator such that &5, (mf, n}’) =

(my,1,mpy1)- By convention, we take &1 (mo,n0) = (m7’,n1’). Let us denote

for 1 < j7 dsivj(m07"70) = QS;V 045?11 O o@iv(m07770) and for j = Oa @ivj(m07770) = (m0a770)-

Also, recall that, for i < j, ?U—) =Po...0 P (j — i times). We set #(°) = Id. Note that for n > 1,

n

(mannfzv) - (mnvnn) = Z [@(nfkr) o (P;cv o @f{kq(mo,%) - (P(nik) odo éi\{kfl(mo?no)} . (215)
k=1

We set Vk € N,
(mp e k) = (Mo, mo), (Mieks M) = P 0 P11 (Mo, M),

(mﬁmlﬂ?ﬁkﬂ) = é(mﬁkvn{c\{k)a (mk,k+1a77k,k+1) = é(mk,kank,k)~
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Then

n—1

(my s nh) = (M) = Z (“b(n P (R s M) — Q("_k_l)(mk,ml,??k,kﬂ))

+ ((mn n?”nn (mn,nann,n))
+ (@D ) = 07D (ma,my) ) (2.16)
Notice that
n,i\fk =1 foral k> 1. (2.17)
Now fix a k € {2,...,n — 1}. The signed measure n,lc\{kﬂ — N, k+1 has the following density

(i =)o) = [ (da) = min(@)P (@), y € R
FAS
From Assumption 1.7 (2), for all f € By (R%),
veBn [ Pladpf)
y€ER

is Zp/-Lipschitz. By Lemma 2.1 we then have, for every f € By (R?), § > 0,

|7711c\{k+1(f)_77k,k+1(f)‘ =

¢ / (m(dz) — my i (dz)) / P’(wydy)f(y)‘ <e (26+ sup [(mdY, — mk,k,g>|>
zeR yeRd

geEFY
(2.18)
where F) = Fl‘sl (E). Now by Lemma A.5, with C1(8) = |F}|,
P’
Cy (6
E(|108 1 = Mg v) < 2e (5 + \;(N)) - (2.19)
Using (2.17) once again
mﬁkﬂ — My k1 = mﬁan’“’k — mkkam“*’“.
For any f € By(F), we have
<mkN,k+1 — M1, ) = <m11€\{k — My, M™F f). (2.20)

From Lemmas A.3 and A.4 in the Appendix we see that the function z € E +— M"* f(z) is 1g.q,-Lipschitz
and bounded by 1 where lg,0, = 10,0, (3 + 2Alp,pr). So using Lemma 2.1 once again, we have, for § > 0,

E(|mp g1 — mi g llmv) < 26 + E( buﬁg [(mp — Mk, 9)|
S

<2 <5 + C\j%) : (2.21)

where F§ = F°._ E) and Cy(8) = |F$|. We will now apply Corollary 2.4. Note that, from Assumption 1.8, for
2 1,lQ,Q0 2

every k, mﬁkﬂ has a density on £ with respect to [g that is bounded by 2Mg q,. This, in view of Corollary 2.4,
along with (2.19) and (2.21) yields Vk € {2,...,n — 2},

el el el C1(6) + Ca(0
IE(H(P g 1(mkN,k+177711c\,/k+1)—¢ g 1(mk,k+1a77k,k+1)HTV) <Cgrh? (454— %>,
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where C' = (24 k + 6AMg,q, ). Note that the above inequality holds trivially if & =n — 1. For the term in the
second line of (2.16), note that, for n > 1,

2
sup E([(mY, —mpyn, < — N, = .
f€B1I()E) (‘< n,n n,n f>‘) — \/N nn,n Mn,n

The norm of the term in the third line of (2.16), using Lemma 2.3, can be bounded by 46"~2. Combining these
estimates, for all n > 1

n—1
2 - C1(6) + Co (0
sup  E({(mlY — ma, N + 1Y — nallv) < —= + 3 67 K2C (45+ M) T 4gm2

F€B1(E) VN = VN
2 _ 01(5)+02(5)> 61 .
<—+C 46+ +40" .
VN ( VN 1—6
The result now follows on combining the above estimate with Theorem 1.2. O

Proof of Corollary 1.10. Fix § > 0. From Theorem 1.6, there exist (Meo,700) € P(E) x P*(R?) and ngy such
that Vn > ng,

From Theorem 1.9, there exist No,n1 € N such that Vn > ni, VN > Ny,

sup  E(|(my — mn, f)] + |10 — 03 llTv) < 6.
FeBi(B)

And so

limsuplimsup sup  E(|(mp — moo, ) + |07 = nollTv) < 26,
n—+oo N—+oo feBB(E)

limsuplimsup sup  E(/(mY —me, )] + 1Y — necllzv) < 26. 0
N—+o00 n—+o0 feB(E)

2.4. Proof of Theorem 1.12

In this subsection we will take Assumption 1.11 to hold. Recall that under Assumption 1.11, we have that
Assumptions 1.1, 1.5 and 1.7 hold automatically.

Proof of Theorem 1.12. We proceed recursively. Since 7}’ = 19, we have using Lemma A.5 that (1.13) holds for
k = 0. Suppose now that (1.13) holds for some k € Ny. Fix § > 0. We have Vy € E,

i1 (y) = (L= ) (P* SV (@) (y) + e(P'x 1wy ) (y). (2.22)
By Assumption 1.1 and Lemma 2.1, we can write, for § > 0,

E(sup [(P'%mmy )(y) — (P'*mp)(y)]) = E(sup [(my —my, P'(.,y))])

yeR? y€eR4
< E(sup [(mg —mx,g)| + 26)
geFy
< > E((iy — mx, g)]) + 26, (2.23)
gEF?

where F9 = FJ(\S4P/,lp/ (E). By Lemma A.7, there exists K (§) compact such that

(K (8)°) <8, E(7; (K(6)9) <4, Vk,N .
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Using Assumption 1.5, 1.7(1) and Lemma 2.1, we can write,

E( Sélﬂgi\(SN(ﬁ;iv)P(y)—(ﬁfcvp)(y)DS ]E(Seuﬂgi (SN = s P y) iy (O IS™ ) = s P (o y) e sye (D))
< Y ESNOR) = s 9lis)())]) + 26(1 + Mp)
geFY

<2 (&\/3_34” +6(1+ Mp)) : (2.24)

where FJ = F](\S4PJP (K(6)), C4(6) = |F{| and the last inequality is a consequence of Lemma A.5.
In a similar manner

]E(suﬂg)d in Py) —mPW)) < Y B = mks 91k (D)) +20(1+ Mp). (2.25)
ye 5
geFy

And so, by (2.22)—(2.25),

_ 204(6
E([|71 = 1 ]loo) < (% +66(1+ Mp ) > E([(my = mk, g)))
gEFY
+2 ) E(G = ks 91k 0)))- (2.26)
geFY

Recalling that (1.13) is assumed for k, we have that, as N — oo,

E(I7R1 — mit1llee) — 0-

An application of Scheffe’s theorem now shows that, as N — oo,

E(”ﬁﬁm — Miet1]|7v) — 0.

Next, for any f € B1(E), we have

~ - - ~N
]E(|<m;cv+1 — M1, f)) SE(‘mIIcVJrl —my M7, f)])
+ B M — il M, f)) + E(| (i M — myM™, f)])
2
< —— 4+ E(||7Y — +E([(mY —my, M™ f)|), 2.27
N (" = mlloe) + E(| (ring k N (2.27)
where the last inequality uses (2.1) and Lemma A.5. Once again using the recurrence assumption, we now have
that

sup  E(|(miyy — mii1, f)l) — 0.
f€B1(E) N ——+oco
Thus we have proved that (1.13) holds for k& + 1. The result follows. O
2.5. Proof of Theorem 1.13
Proof. For k € N, we take 52;1 to be a (random) operator such that Efﬂ(mg,ﬁ}j) = (mp,1,7,1). By

convention we take E{V(mo, no) = (M, 7V). Following the Proof of Theorem 1.9, we define

. =N —N =N —N . —N
for 1 <j, @;.;(mo,m0) =@; o®;_y0---0P; (mg,m0), and for j =0, Dy.;(mo,m0) = (Mo, no)-
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We define Vk € N,
N Ny _gV . —N
(M mek) = Prg(mo,mo)s (M i, ki) = Do Py (Mo, mo),
N N N N
(mk,k+1777k,k+1) = é(mk,kvnk,k)a (mk,k+1v77k,k+1) = é(mk,kvnk,k)-

We use the same symbols as in the Proof of Theorem 1.9 in order to keep notations simple. We have the following
telescopic decomposition

n

_ —N =N e —N
[dj(n o Dy 0Py 1(mo,mo) — P Moo @Lk—l(moan())] . (2.28)
k=1

= (Mny 1)

The proof is very similar to the Proof of Theorem 1.9, except that now n,i\fk # N, k. The strategy remain the same;

we want to bound the ‘local error term’ () o 5?;71 —do 5?{,6 in total variation and then use the contraction
property of Lemma 2.3 to bound the telescopic sum uniformly in N. Fix (¢, \) € (0,00) such that € < ¢ and
A < Ao, where €g, Ag are as in Lemma 2.3. Let 6§ = 6(e, A). Also, fix § > 0. Consider a k € {2,...,n — 1}. Note
that

nljc\fk — e = (1 — 5)(SN(7711cV—1) - ﬁljcv—l)P'
Therefore, from (2.24)

Cy(8)M, )

(7Y, — merlle) <2 ( 2222222 4 501 4+ Mp) ). 2.29

(I = mealloe) < 2 (PO 600+ ) (2:29)
In the same way as (2.21) in the Proof of Theorem 1.9 (see also (2.20)), we get
Ca(d ))

miy e MEF — g M <2(d6+ 2.30

E([mi; K.k l7v) ( N (2.30)

Also from (2.1) and Lemma 2.2, we have Vf € By (F)

N
[ (il Mok — i Mk f > | < Al — k| oo (2.31)
Equations (2.29)-(2.31) yield
8C4(6)Mp +2C5(0
]E(Hm{c\{k-&-l — mk7k+1‘|Tv) < 4( ) ;N 2( ) + 5(10 + 8Mp). (2.32)

Next, with K () as in the Proof of Theorem 1.12, Vf € B;(R?)

[ (f) = e ()] = ‘(1 - 6)/ P(x,y) f(y)dy(S™ (1) — 1) (d)

€R4,ycRd
< [(SMZ) = o1, PO L) (D] + 1Y 20 (K (0)°)] + 1=y (K (8)°)]. (2:33)

Also, using the Gaussian property of the kernel P, it follows that Pf is Lipschitz on K(§), uniformly in
f € Bi(R%). Denote the uniform bound on the Lipschitz norm by Ik (5y- Then

(SN ) = i s PfLis))] < max [(S™ () = R 91k(a))] + 26, (2.34)
6

where F{ = FY

Lins) (K(0)). Thus

Elnp e (f) = mei(f) <E max (SN (1) = e, 91K (5))] + 40.
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Next, for all f € B;(R?)

Elngngr (f) = k1 (Ol = E[((1 = (g — mek) P+ e(miy — mi i) P', f)]
< E[(s — Mhks PI) + E[(mg P — mi 1 P, f)|
< E(max [(S™ (1) = iy 9L )]) + 48 + Ellmigy P — myPllrv-
g&lte

Using C4(6) introduced in the Proof of Theorem 1.9, we have

Bl maa ) <2 (54 S

We then get

C1(6) + Cg(6
E(InYess = s l7v) < 2 (36 n M) ,

=

where Cg(0) = |F{|. Also, by (2.33)

06(5))
E(nY. —non <2(25+ ,
(170 = ManllTv) < ( ~

and using the definitions of mTIX » and my, ,, we get from Lemma A.5

2
sup E([(mY — My p, < —-
o B~ man 1)) £
Thus as in the Proof of Theorem 1.9 we get, for n > 1,
sup  E(|(my) — mn, /)] + 175 = nall7v)
fEBL(E)
2 C@(5)> ~ ( 201(5) + 202( )+ 206 +8C4 >
< —+4+2(20+ +C|(0(3+ Mp)+
<24 8 (3+ Mp) =
—2
n— 1
1 7 + 40 O

APPENDIX. AUXILIARY RESULTS
Lemma A.1. Let M be a transition probability kernel on E such that for some e € (0,1) and ¢, € P(E),
M(z,A) > el1(A),Y A€ B(E),z € E.

Then, for all pi,pus € P(E),
[t M — poM ||y < (1= €)|pr — pallrv.

Proof. This result comes from Dobrushin’s theorem and the proof of this theorem can be found in [1], pages 183
and 192 (see useful definitions on p. 181). Dobrushin’s theorem can also be found in [9], page 70, with the
corresponding proof in [10], page 332. O

Lemma A.2. Suppose that Assumption 1.4 holds. Then, for any m,m’ € P(R?) and n € P*(R?),

lmM™ =/ M|lpy < (1 = eqe™ 7% [m —m/|.
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Proof. The proof can be found in [1], page 195. Since this book is written in French, we give a quick proof. Note
that Vx,y € E,

M"(x,dy) = Q(x’dy)e—A(n(aﬁ)—ﬂ(y)H + Qo(x, dy) (1 _/ Q(w’dz)e—A(n(aﬂ)—n(z)H) )
z€E

Then by Assumption 1.4
M (z,dy) > ege™ 5], (dy).

The result now follows from Lemma A.1. O

Lemma A.3. Let ) € P(R?), m € P(E), and let ) = 1) R,y,. Suppose that Assumption 1.7 (3) holds. Then, 1
has a lp,p:- Lipschitz density.

Proof. Under Assumption 1.7 (3), the density of 7 is

(=0 [ P ce [ m(nPa.o).

€Rd

And for z, 2’ € R?,

In(z) — n() < (1—¢) /

A @ple -+ [ mdylepe o
yeRe

yER?
:Zp7p/\x—x’|. O

Lemma A.4. Take n € P(R‘f) having a l,-Lipschitz density and let f € Bi(R?). Under Assumption 1.8, the
function x € E — M"f(x) is lg,q,-Lipschitz with

19,00 = lg,qo (B+2ALy).

Proof. Note that for x € E

M) = [ Qe 01w pig) 4 [

yeE yeE

Qola,dy)f(y) (1 [ quwaa- e_’\("(w)_"(z)”) ,
zeE
So for z,2’ € E, using Assumption 1.8

M f(z) — M f(2')| < lg.qolz — 2| +/ Q(a', dy)|e M@ =)+ _ e*/\(n(w’)*n(y))ﬂ

yek
» (1 _/ Qlz,d2)(1 — e—/\(n(w)—n(Z)H)
zeE

/ Q(x’dz)e*/\(n(w)*n(z)n _ Q(l./’dz)ef)\(n(z/)fn(z)ﬁr
z€E

_|_

/ Qo) = Qule’ )10

+ Qo(2', dy) x

yeE
<.l —a'| + ; Q' dy)Nn(x) — n(z")] +lg.qo |z — 2’|
ye
+1Q,Qo |z — 2| + i Q(z', dy)A[n(z) —n(z")]
ye

<lg.qolz —2'| B+ 2X,). U
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Lemma A.5.
(1) Let Eqy be a closed subset of R% and let p € P(Ey). Then for all f € Bi(Ep)

2
E([(SN (1) — p, <=
(IS (1) = ) < Wi
(2) Let G be a transition probability kernel on a closed subset Ey of RY. Let xy,...,xnx € Ey for some N € N
and let &1, ..., En be mutually independent random variables distributed as 6,,G, ..., 0.y G. Define m) =
% Zfil 8z, and mY = % Zfil 0¢,. Then for all f € Bi(Ep)
2
E(|(mY —m) G, —

Proof. We will only show (2). Proof of (1) is similar. Fix f € By (Ey

1 N
=E| 5 D_f(&) —6xiG<f>|

. Then

~—

E(|(my —m{'G

2
— U
VN
Lemma A.6. Suppose P, P' satisfy Assumption 1.11, then they satisfy Assumption 1.5(1).
Proof. Let mg, m({, € P(E). We can write
mog= m-+m
my= m+m
where m,m,m’ are finite measures on E and ||mo — mg||ryv = || — @/||rv = ||m]| + |7/ ||7v. We set
Pp(z,da’) = Pl(z,da')lyep
PIIEC('T’ dxl) = P/(xvdx/)lm’eEC~
Since E' is compact, we can find p € P(E) and 6 > 0 such that
Pp(z,d2’) = dp(dz’) + M (z,da’), Vz € E. (A.1)

where M is some nonnegative kernel. Then
lmoP" —moP'||ryv = [Py — m Pyllry + [mPpe —m Pgellry
< |mM — m/M||ry + mP'(E°) + m'P'(E°)
< mM(E) +m'M(E) + mP'(E°) + m'P'(E°).
From (A.1) we have

MM (E) + mP'(E°) = mP'(E) — 6m(E) + mP'(E°)
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Since F has a non-empty interior, we can find o > 0 such that Vim € P(E), mP’(E) > «. In particular we have
mP'(FE) > am(FE). Using this property in the above display

AM(E) + mP'(E°) < (1 — 6)am(E) + (1 — a)i(E)
= (1 - ad)in(E),

Also, the same formula holds with /m replaced by m/. So

[moP" —mgP'||[rv < (1 —ad)(m(E) +m/(E))
:(1_0‘5)Hm0_m6”TV~ O

Lemma A.7. Suppose that Assumption 1.7 (1.7) holds. Fiz (mg,n0) € P(E) x P*(R%). Let i, be as defined
in (1.10) and let 1Y be as defined in (1.12). Then, for any § > 0, 3 a compact subset of R?, K(J), such that
Vk, VN,

k(K (6)°) < 8, E( (K(6)) < 4.

Proof. We can prove by recurrence that Vn,

n

Nnt1 Z 1—6 ) mu,—, P Pk] +(1 e)"+1n0P"+1.
k=0

Fix § > 0. Let ko such that D kskor1(l — ) < 4. Since F is compact, we can find a finite family (z;);cs

of elements of E such that Yy € E, 3j € J such that |y — z;| < 5. We can partition: E = UjesE; such
that Vj and Vy € Ej, ly — z;] < 5. For each j € J, we can find K, a compact subset of R?, such that
0z, P'(K$) < 0, 0., P'P(K$) < 6,y 0y ,P'P*(K5) < 5. Clearly, the set K = Ujc;K; is compact. Also,
Vk < ko, Vr

my P/ PE () / m,(dy) (P'P¥)(y, K°)
yeE

_ m, ! pk , c
—ZJ/E (dy)(P'P¥)(y, K°)
_ m, ! pk -Tj, c
—Z/E (dy)(P' P¥)(a;, K©)

Y / e (dy) (P P*) (g, ) — (P P*)(ay, KC°))

jeJ yekE;

< S [me(B) (P'PF) (g, K€)] + 3l

JjeJ
<6+ 0lppr,

where the next to last inequality follows from Assumption 1.7 (2). Finally, ¥n > ko + 1

ko
T (K9) < S [e(1 = )m o P PH(E)] + 5
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The first statement follows. To prove the second statement, we begin by defining the (random )operator S o P
acting on probability measures on R%: u(SY o P) = (S™(u))P. We have

ﬁTJLV-‘rl = Z [6(1 - E)kmnN—kP/(SN °© P)k] +(1 - 6)nH??O(SN ° P)n+1~
k=0

We take the same 5, zj,Kj,... as above and we notice that VE, j,
E(04, P'(SN o P)F(KS)) = 6., P'P*(KS).
From this point, the proof is the same as for the first statement. O
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