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GOODNESS-OF-FIT TESTS IN LONG-RANGE DEPENDENT PROCESSES
UNDER FIXED ALTERNATIVES

HorLceER DETTE! AND KEMAL SEN!

Abstract. In a recent paper Fay and Philippe [ESAIM: PS 6 (2002) 239-258] proposed a goodness-of-
fit test for long-range dependent processes which uses the logarithmic contrast as information measure.
These authors established asymptotic normality under the null hypothesis and local alternatives. In
the present note we extend these results and show that the corresponding test statistic is also normally
distributed under fixed alternatives.
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1. INTRODUCTION

Nowadays long-range dependent processes represent a well accepted class of stochastic processes for mod-
elling real phenomena in such diverse areas as hydrology, behaviour research, network traffic or finance
(see [15,17,20,21] among many others). Many inference methods assume that the specific form of the spec-
trum is known except for a finite dimensional parameter. Therefore results of the statistical analysis depend
sensitively on these assumptions, and the conclusions from the data may be misleading if these assumptions are
violated. For this reason several authors have pointed out the importance of being able to check the goodness-
of-fit of a specific model assumption in long-range dependent processes. Beran [2] proposed a method for testing
how well a specified model, such as a fractional Gaussian noise, fits the data. His results were extended by Deo
and Chen [7] who investigated an integral of the squared periodogram. Recently Chen and Deo [4] suggested
a generalized Portmanteau test based on the discrete spectral average estimator and obtained the asymptotic
null distribution for Gaussian long-memory time series. While most of the tests proposed by these authors are
based on the estimation of the L? distance between the unknown spectral density and the best approximation
by the parametric class, Fay and Philippe [12] proposed to measure the distance between two spectral densities
f1, fo by a modified Kullback—Leibler information

T f1(A) dA /’T log fi(A) dA

RO 2 f200 27 1)

It was pointed out by Mokkadem [18] that the distance (1.1) is more adapted to derive useful tests than
Lo-distances. Fay and Philippe [12] replaced fi by a pooled and tapered periodogram and f, by a parametric

S(f1, f2) = log
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estimate of the spectral density and established the asymptotic normality of a corresponding test statistic under
the null hypothesis and local alternatives.

As pointed out by Chen and Deo [4], most theoretical results in the context of goodness-of-fit testing address
the asymptotic behaviour of a test statistic under the null hypothesis, and an additional question of interest is
the power property of the corresponding test when the null hypothesis is actually not satisfied. This problem
requires asymptotic inference under the alternative and has found considerable interest in the context of classical
regression analysis (see [8] or [9] among others). Dette and Spreckelsen [11] investigated the asymptotic properties
of an L?-test proposed by Paparoditis [19] for the parametric form of the spectral density in stationary short-
range dependent processes, but less results are available for goodness-of-fit tests in long range dependence
processes.

The present paper is devoted to the asymptotic analysis of the test statistic proposed by Fay and Philippe [12]
under fixed alternatives. In Section 2 we introduce the necessary notations and assumptions and review the
results of Fay and Philippe [12]. Section 3 presents our main results which show that the test statistic proposed
by Fay and Philippe [12] is also asymptotically normally distributed under fixed alternatives. We state a general
result which contains the situation of a “true” null hypothesis as a special case and also discuss potential
applications of our results. Finally, for the sake of a transparent presentation, some technical details are deferred
to an appendix in Section 4.

2. PRELIMINARIES

Throughout this paper let X = (X}):cz denote a stationary Gaussian process. Following Fay and Philippe [12]
we represent the spectral density f of the process (Xi)iez as

) =a?[1=e?[2h (), A€ [-m ], (2.1)

where d; € [0,1/2) and f* is a twice continuously differentiable function defined on the interval [—m, 7] and
bounded away from zero. We are interested in the problem of testing for a specific parametric form of the
spectral density of the process (Xi)icz, that is

Hy: feFo= {f()\) = 2|1 — e "2g* (X 0) | (d,0) € D x ©,0% > 0,g" € g}. (2.2)

Here D is a compact subset of the interval [0,1/2), © C R! denotes a compact set (I € N) and G is the set of
positive and symmetric functions defined on the interval [—m, 7] satisfying [ log g*(x;6)dx = 0. For a given
g* € G we define g(\;d,0) = |1 — e*|724g*(\;0). Fay and Philippe [12] proposed to measure deviations from
the null hypothesis (2.2) by

. . T f(A) dA T fO)  dA
d»ell)r,lgees(f’f(.’d7 %) = dell)r,lge@{bg /_ﬂ f(\d,0)2r /_ﬂbg f(\d,0) %} ' (23)

Note that the information measure in (2.3) is always nonnegative and that the null hypothesis is satisfied if and
only if the expression in (2.3) vanishes. The logarithmic contrast has been used before by Mokkadem [18] and
Dette and Spreckelsen [11] for testing hypotheses in ARMA processes. In order to estimate the minimal distance
Fay and Philippe [12] proposed to consider a tapered Fourier transform of the series {X71,..., X, } that is

1 < :
dgfji = Zw(ljthel’\kt; k=1,....n

_1 -
where Ay, = 27k/n are the Fourier frequencies, wnpz = (2;) 2 (1 - e‘QTf)p; t=1,...,n is the data taper and
p € Ny denotes the order of the taper (note that p = 0 yields wﬁfﬁ =1,t=1,...,n). These quantities are used
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to define a pooled periodogram by

x 1 (m+p)k—p 9
L, ::a Z ‘dgﬁ ;o k=1,...,K,.
Jj=(m+p)(k—1)+1

Note that the interval [0, 7] is decomposed in K, intervals of the form [A(;_1)(m+p)s Ae(m+p)] (M € N)

= Latrp )
and that the center of the kth interval is given by zy := (m + p)F (k — 5). Fay and Philippe [12] introduced

the discretized version of the term S, in (2.3), i.e

n

1 T, T,
Sn( w90 d9)) log<K ;ﬁ) Zog< xk,d9)>+%“’

. =7 -z .
where the constant vy, , is defined by v, , = E[ log 27TIn,k] and [, ;, denotes the pooled and tapered periodogram
of a Gaussian white noise process (Z;)icz. Note that 7,, , is a centering constant, such that the expectation
under the null hypothesis vanishes asymptotically. For the cases

(1)dy=0, m>bandp=0orp=1 (2) dp >0, m>5and p=1.

Fay and Philippe [12] proved that under the null hypothesis, i.e. f(A) = g(\, do, 6p) for some (do,6p) € D x ©
and certain assumptions of regularity (see Sect. 3 for details), the statistic \/K_nSn(Tf, g(:;dn,0,)) converges
weakly to a centered normal distribution with variance 73 := Var(%rff’k — IOg(QWvak)), where (d,,,0,) is any
\/n-consistent estimator of the “true” parameter (dy, ).

For a discussion of the quantities v, , and 7¢ we refer to Hurvich et al. [16]. Note that Fay and Philippe [12] did
not assume a Gaussian stationary process, but considered a linear representation of the form X; = o > AL Zi—j
with general white noise process (Z;):cz satisfying several assumptions regarding the characteristic function
Elexp(iZ;)]. In this case there appears an additional constant in the asymptotic variance depending on the
fourth cumulant of the white noise process. In the following section we will study the asymptotic properties of
the statistic S,, under the assumption of a Gaussian stationary process if the null hypothesis is not satisfied.

3. WEAK CONVERGENCE UNDER FIXED ALTERNATIVES

If the null hypothesis is not satisfied, then the minimum distance in (2.3) is positive. Throughout this paper
we assume that there exists a unique pair (dg,0y) € (D x ©)° such that

(d,e)uelf)xes(f’g(.’ dv 9)) - S(fvg('v d0790))a
where C° denotes the interior of the set ¢ C R and D in (2.2) is defined by D = [§,1/2 — §] for some
0 < § < 1/4. We further assume that the set © is additionally convex (see [5]). Note that (do,6) is the
parameter corresponding to the best approximation of the spectral density f by densities of the class Fp.
Throughout this paper let (d,, #,) denote a Whittle type estimate [22] which is defined as the minimizer of the
objective function

K, T

T I
Qn(d,0) = K—Zm (3.1)

where z; is defined in Section 2. In the case where the model is correctly specified, the asymptotic behaviour of
the maximum likelihood estimator was investigated by Dahlhaus [6]. The Whittle estimator was investigated by
Fox and Taqqu [13] and Giraitis and Surgailis [14] for Gaussian and linear processes, respectively. Recently, Chen
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and Deo [5] derived the asymptotic properties of an estimator minimizing an approximation to the negative of the
exact Gaussian likelihood [22] in the case of misspecified long-range dependent processes. Note that in contrast
to these results, the objective function considered in (3.1) is based on the tapered and pooled periodogram in
this definition, while Chen and Deo [5] considered the “classical” periodogram in the objective function (3.1).
A careful inspection of the proofs in this reference shows that the main results, in particular Theorem 2 and
Lemma 2 of Chen and Deo [5], remain valid in this case. It is also notable that the asymptotic properties — in
particular the rate of convergence — depend sensitively on the distance di — dp. If d1 — dp < 1/4 the estimator
Vi((dn, 0,) — (do,09)) is asymptotically normal distributed, while in the case d; — dy > 1/4 the difference
converges in distribution with a different rate to a non-Gaussian limit. In particular, the rate of convergence
can be arbitrarily small in this case. In our main result we specify the asymptotic behaviour of the test statistic
proposed by Fay and Philippe [12] in the case of a misspecified model. For this purpose we define by

D(do, 6o) = log (% /OTr % dx) - %/Oﬂ log (%) dz (3.2)

as the minimal distance between the true spectral density f and the parametric class defined in (2.2) with
respect to the logarithmic contrast. Note that the null hypothesis (2.2) is satisfied if and only if D(dg, 6y) = 0.
Theorem 3.1. Let (X;)iez be a stationary Gaussian process with spectral density given by (2.1), dy € (0,1/2),
p=1,m>4,d —dy <1/4, and assume that the following conditions are satisfied:
(A1) g*(X\;0) is three times continuously differentiable;

2) infginfy ¢*(\;6) > 0, supgsup, g*(\;6) < oo;
) 89*({\;9)

b

3

sup/\supg‘ ’<oo- 1<i<lI;

*(A0)

9%y 829" (\;0)
89 90, < 00, SUp, supy

aeax‘<oo 1<4,7<1;

A4) sup,sup,

(A
(
(
(A5) sup/\supg‘ajgg%’<oo 1<i,5,k <l
(
(A

A6) [T logg*(X\;0)d\ =0 for all 6 € O;

6)
7) There exists a unique vector (dy, 6p), such that (dy,0y) = arg min D(d, 0).
Dx6

If n — oo, then
VE S, (Tf,g(.; dn,b0)) - D(do,eo)} L, N (0,73)

where D(dy,00) denotes the minimal distance between the parametric class Fo and the unknown spectral density
f defined in (2.1) and the asymptotic variance is given by

74 = (A —1)Var (QWTf,k) + Var (27"7§,k —log 271'7570

Proof. We define and decompose the statistic 7},

Tn:\/K_n{S (n,g( dn, 0n )) do,eo} VEp {Ap + Bn+Ch},

where the random variables A,,, B,, and C,, are defined by
= Sn (Tf,f(-)) » (3.4)
By = 5, (T2 950, 00)) = 50 (T0 1)) (3.5)
Co = Su (T 9(1dn00)) = Su(Ty . g(:do. 00)), (3.6)

with
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respectively. Since the process (X;)iez is Gaussian, it has a linear representation of the form X; = o ZjeZ a;Zj,
where (a;);ez is square summable and (Z;);ez is a Gaussian white noise process with unit variance. In the
appendix we will show that

1
A, = — (27r] —1—log2rl, k—l—vmp)—l—op(

K (3.7)
" k=1

)
B, — - (5“_[%) (27T, —1)+1og (K% jg: %) _K% iilog (%) +0p (\/%) :
(3.8)

Co =0, (\/LK_H) (3.9)

24 . . . .
where I, ;. denotes the pooled and tapered periodogram of the Gaussian white noise process (Z;)iez and the
constants 3, ;, are defined by

flzk) |1 _ eimk|—2(d1—do) [ (zk)
Bk = y(wk;dofo)) _ g* (ﬂ%ﬁtz) )
’ K, flx; K, i f*(z
2 gndegy 2o |1 — et |7 hmdo) Semns

Observing the approximation

1A o k)
tog (Knkz: (fﬂk,doﬁo)_ Z ( fﬂk,do»%))

" k=

e iz |—2(di—do)_J - (Tk iz |—2(di—do)_d (k)
—1lo - 1 _ el®k 2(d1—do) _J \"k) lo ( _ ei®k 2(di—do) _J \Lk)
s (Kn ,;| | g*(zk; 90 K, Z & | g* (zr; 00)
= D(do, 69) + O (nH+2 o))

it follows that the weak convergence of the statistic 7,, can be obtained from the asymptotic properties of the
random variable

K,
. - —Z 1 +Z 1
T, =/ Kn;; { (ﬁn,kQﬂ-In’k e log 27rln7k> — (ﬁn,k - K—n%np) } -

For this purpose we use the central limit theorem of Ljapunov. To precise we note that the random variables
=Z . . . C . . c . c e
2rl,, ; are independent identically distributed with existing fourth moment satisfying

E [%Tf,k] =1 k=1,.. . K, (3.10)
Therefore we obtain for the variance of T), by a straightforward calculation
~ z & Z Z Z
Var([T},] = Var (27r7n7k) K, Z B2 ), + Var (log 27r7n7k) -2 {]E [27r7n7k log 27r7n7k} - 'ym,p} .
k=1

Observing the approximation

Z( 33k7d0790)>j %Z(l W\-Q(dl dO)g (Jf(kﬁ)o))‘

= =1
1 f -1 ; _ + .
- dz 40 +2ildi=do)™). =1 2
m /0 (g x d0,00 ) o ( )’ J ’
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we obtain by a tedious calculation X
. 2 o
lim K, By =A
k=1
where A is defined in (3.3) and

=

n

slQ

Bk < (3.11)

E
Il
—_

(note that di — dy < % by assumption). Combining these results gives for the asymptotic variance of T,

lim Var[Tn] =73

n—o0

~Z
where 73 is defined in Theorem 3.1. Note that Eflog2xI, ;]* is constant, then a similar calculation yields for
the numerator in the Ljapunov condition

Ky 4
=Z 1 -z
KEL ZIE |:ﬁnk (271'[717,€ — 1) o (log 2l g — 'me,)]

k=1 n

-z 4 1 -z 3 -z
waE (2T 1) — 48}y —E {(%IW —1) (log2nT, ) — ymp)}

—z 2 —z 2
653 kKQ {(271’]717,€ — 1) (log 2l g — ’Ym,p) ]

— 403y, kKS [(ZWTf,k — 1) (log 2777¢ZL,k - ’Ym,p):s:l K4 [log 27r] Vm”’r
" Kn
1){K2253,k+Kn25 k+25nk+—+%} - 0(%) ’
k=1 k=1 n

where we have used (3.11) for the last estimate. This establishes the Lyapunov condition and the asymptotic
normality of T}, follows observing that T, and T),, have the same asymptotic behavior. O

Remark 3.2.

(a) Note that Theorem 3.1 holds under the null hypothesis and under the alternative, in particular it reduces
to Theorem 3.1 in Fay and Philippe [12]. These authors did not assume a Gaussian process and we conjecture
that Theorem 3.1 remains valid under the assumptions made in this reference, where the asymptotic variance

has to be replaced by
2 R4Qm,p

T —_—
47 8(m +p)
Here the constant a,, , is defined by

amp = E2[[[C)1°Prnp(€)]

with
Bppla) = 0 g (P

P
> OED (wagrn -1 + iwag)

and (¢ is a 2(m + p)-dimensional standard Gaussian vector.
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(b) Note that in the Gaussian case an alternative proof of Theorem 3.1, which avoids the Bartlett decomposition
technique, could be obtained by applying general limit theorems for functionals of stationary Gaussian sequences
(see e.g. [1]). In this case one could use the method of moments and the diagram formula.

(c) Note that the assumption p = 1,m > 4 is required for the proof of (3.8), which uses results in Hurvich
et al. [16] (see Sect. 4.2).

Remark 3.3. In this remark we indicate two important applications of the Theorem 3.1. For a more detailed
discussion we refer to Dette and Munk [10].

(1) If D(do,00) is used as a measure for the deviation of the “true” spectral density from the parametric class
Fo, we obtain from Theorem 3.1 a consistent estimate of D(dy, 6p), and it follows that the interval

{S (If,g( dy, én)) - ;—[A(—n Ui—a/2,5n (_fvg( dn,H )) ;—[A(—n ula/2:|

is an asymptotic (1 — «) confidence interval for the logarithmic contrast D(dy, 6p), which measures the
deviation from the parametric class Fo. Here u;_, /o denotes the (1 — §) quantile of the standard normal
distribution and 73 is a consistent estimate of the asymptotic variance 75.

(2) As pointed out by Fay and Philippe [12] an application of the asymptotic normality of the statistic

Sn(Tf, g(.;dAn,én)) under the null hypothesis consists in the construction of an asymptotic level o test
for the hypothesis of a parametric form of the spectral density of the long range dependence process. A
consistent test is obtained by rejecting the null hypothesis whenever

7X 70

Su (T 5, B) 2 v

where 78 denotes the asymptotic variance under the null hypothesis (which has to be estimated in the case

of a non Gaussian white noise). The asymptotic power of this test can now be approximated by Theorem 3.1,
that is

P, (“Hy is rejected”) = P, (Sn ( Z(vg( dn, O, )) \/;{O—Ul—a)
K, —X P VK,
= Py (L {50 (T 00) = Do)} = P = Y22 Dl 0) )
TA TA TA

TA TA

- ( /7. Ddo, 00) T_Oula>,

where 79 and 74 denote the (asymptotic) standard deviation of v/K,,S,, (THX, g(+; dn, én)) under the null hy-
pothesis and alternative, respectively, and & is the distribution function of the standard normal distribution.

(3) A further important application of Theorem 3.1 arises from the fact that in practice when testing the
hypothesis of a parametric model the distance D(dp,0y) will usually never be precisely identical 0. The
more realistic question in this context is, if the parametric is approximately correct. Therefore we propose
to investigate the so called precise hypotheses [3]

Hy : D(dy,00) > ¢ wersus Hy:D(dy,0) <ce, (3.12)

where D(do, p) is the measure defined by (3.2) and € > 0 is a prespecified constant for which the statistician
agrees to analyse the data under the additional assumption of the parametric model. An asymptotic level
« test for the hypothesis (3.12) is obtained by rejecting the null hypothesis, whenever

{5, (7 (4dnd)) —2) < o

TA
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TABLE 1. Different short memory parameters in the FARIMA(0, 0.4, 1)-process with spectral
density given by (3.14). The values dy and D(dy) correspond to the long range parameter and
minimal distance of the best approximation of the process with density (3.14) by a process with
density (3.13).

B —0.05 —-0.4 —0.65

do 0.3698 0.1731 0.0505
di — do 0.0302 0.2269 0.3495
D(do) | 0.0009555 0.0511878  0.1196544

TABLE 2. Simulated coverage probabilities of the asymptotic confidence intervals defined in
Remark 3.3 (1). The parametric and the “true” density are given by (3.14) and (3.13), respec-
tively, where = —0.05.

a n=100 n=200 n =500
0.2 0.8308 0.8258 0.8142
0.1 0.9440 0.9326 0.9196
0.05 0.9644 0.9732 0.9664

Example 3.4. In this example we illustrate the accuracy of the confidence interval for the distance D(dg, 6p)
in Remark 3.3 (1) by means of a small simulation study. We assume that the process X = (X¢)iez is a Gaussian
FARIMA(0, d, 0)-process with spectral density

1 Sy —
g(N\;d, 0) = —|1 - e"\| 2 (3.13)
2w
but generated data from a Gaussian FARIMA(0,0.4,1)-process with spectral density given by
1 . .
f) =51+ B P11 — 204, (3.14)
™

where § = —0.65,—0.4, —0.1, —0.05. The corresponding values for dy and D(dy) have been calculated as de-
scribed in Chen and Deo [5] and are depicted in Table 1. It is notable that the changes in the short-memory
component 3 also result in a change in the difference between the long memory parameters dy and d;.

We have generated 5000 replications of the process for sample sizes n = 100, 200 and 500 using the farimaSim
function in the fArma package in R. The parameter dy in the variance 73 was estimated by the Whittle estimator
in (3.1). The other quantities in the asymptotic variance have been determined explicitly by numerical integration

and are given by
Ymp = —0.1400195,
Var (27Jf,k) — 0.2795195,

Var (zﬁf’k — log 27Jf,,€) = 0.03776237.

For each series the 80%, 90% and 95% confidence intervals (p = 1, m = 5) were calculated and the proportion of
the intervals containing the true value D(0.34) are listed in Tables 2-4 corresponding to the cases 5 = —0.05, —0.4
and —0.65, respectively.

We observe reasonable coverage probabilities for the two scenarios 8 = —0.05 and § = —0.4 (see Tabs. 2
and 3). If B = —0.05 the coverage probability is already very good for the sample size n = 100 (see Tab. 2),
while a larger sample (namely n = 200) is needed to receive satisfactory results in the case 5 = —0.4. Note that

the results in Table 4 correspond to the situation dy — dy = 0.3495, where the assumptions of Theorem 3.1 are
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TABLE 3. Simulated coverage probabilities of the asymptotic confidence intervals defined in
Remark 3.3 (1). The parametric and the “true” density are given by (3.14) and (3.13), respec-
tively, where § = —0.4.

a n=100 n=200 n =500
0.2 0.9118 0.8834 0.7886
0.1 0.9542 0.9456 0.8878
0.05 0.9750 0.9726 0.9406

TABLE 4. Simulated coverage probabilities of the asymptotic confidence intervals defined in
Remark 3.3 (1). The parametric and the “true” density are given by (3.14) and (3.13), respec-
tively, where § = —0.65.

a n=100 n=200 n =500
0.2 0.7674 0.6388 0.1458
0.1 0.8652 0.7832 0.2826
0.05 0.9264 0.8758 0.4294

TABLE 5. Simulated coverage probabilities of the asymptotic confidence intervals defined
in Remark 3.3 (1). The “true” and the parametric density are given by (3.13) and a
FARIMA(0,0.4, 1) process with an additive exponential white noise, respectively.

a n=100 n=200 n =500
0.2 0.6896 0.7874 0.8096
0.1 0.7874 0.8846 0.9142
0.05 0.8106 0.9250 0.9638

not satisfied. In this case the asymptotic properties of test statistic are different and this fact is clearly reflected
by the empirical results, which show the coverage probability is strictly decreasing with increasing sample size.

We finally investigate the coverage probability of the confidence intervals in a model with additional noise. To
be precise we consider a process of the form X,,+ U, where X,, is a FARIMA(0, 0.4, 1) process with § = —0.1
and U, is an exponential white noise independent of the process X,,. The assumed model is again specified
by spectral density (3.13). The corresponding results are depicted in Table 5 and we observe a reasonable
approximation of the coverage probabilities for sample sizes larger than n = 200.

APPENDIX A: TECHNICAL DETAILS
In this appendix we provide the technical details for the stochastic expansions (3.7)-(3.9).

A.1. Proof of (3.7)

We use a Bartlett decomposition technique, i.e. we relate the periodogram of X to the periodogram of Z and
then apply Lemma 4.2 in Fay and Philippe [12] to show that the difference is stochastically small, i.e.

A, =S, (Tf,f(-)) -, (271’75, 1) YR,

K
1 <, 2 1 =z 1
= log (K_n ,;_1 27rIn,k> K, E log (QWIn,k) + Ymp + 0p (Tn) .

k=1

=z
Using (3.10) and the independence of the I, ; we can expand the first term into a Taylor series and obtain the
stochastic expansion in (3.7).
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A.2. Proof of (3.8)
Recall the definition of By, in (3.5). For a proof of (3.8) we use the Bartlett decomposition twice, which yields

Kn 7% X K,

n -do, 0 " TX .

B, = log 2kt ;k/g(w_’“Z 0,60) ~log Zk 1 k/f(xk) 1 Zlog < flxx) )
Pt 21, Zk o 2w In & Ky el g(wx; do, 0o)

K X K K
I < L 1 2, =2 1 & ( f(xx) ) (1)
g [ =S —F ) g [ —S 2077 ) - — S log (LR 4,
g(Kngﬁmmwm%J g<Kﬁ= *) K, &\ glardo.00)) 7 \VE,
7 K K
I, 1 fzy) 1 <~ =z
=lo . )l +1o — L) —log | — Y 2n1,
g(Zﬁ i ) g<Knk§=:19(xk;d0790)> g( n k)
——Zlog ) + o L
xk,do,eo) P\VK,)’

where the second estimate follows from Lemma 2 in Hurvich et al. [16]. We note that by the central limit
theorem
1 o 1 i": o 1
-y (27r1n’,€ - 1) ——N ol —1=0, (—) : (A1)
Koo Knim v
We will show at the end of this section that
S e (22 o,(=) (A2)
n,k - — ], .
P f(ar) "\vn

then the expansion of the function log(1 + z) = 2z + o(2?) yields with the estimates (A.2) and (A.1) (note that
Zf:ﬂl ﬁn,k = 1)

B iﬁ T T i(2 7’ 1)+ (—1 )
n — n, — — = 7wl . — o
k=1 A\ ) Kn i ! "\VEK,
K K
1~ flaw) e ( f(xx) >
tlog [ =S LR ) NV (IR ).
. (Kn ,; 9(zk;do,bo) | Kn kZ:1 &\ 9(@x: do, b0)
Observing Lemma 11 in Hurvich et al. [16] we have
il Ko x o, O (=120 ) i dy — dy £ 0
—oTo )| < BusE ok 1
1 f( k ’ O %) ifdl—d():o

which yields
-X

i B [ L2t 9n7? ) — o, (2 A3
R WIETS ) ANV (A3)
note that dy —dy < + by assumption). Therefore the assertion in (3.8) follows from (A.2) and (A.3).
1
We conclude this section with a proof of the statement (A.2) which is obtained observing the decomposition

K, TX K, - 1
;ﬁn,k (f( ) Zﬁnk ( 27'('] > —‘r;ﬁmk (QFITZL,k—l) :Op (\/7_")

where the last estimate follows again from (A.3) and a straightforward application of Chebyshev’s inequality.
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A.3. Proof of (3.9)

Observing the definition (3.6) we decompose C,, as follows

On - 07(11) + 07(12)
where
K, =X K, —X
I &~ Iag 1 = I
C)=log [ —S —2E ) _log | — n.k ’ (A4)
Kn k=1 g(xk§Fn) K, 1 g(xk;Fo)
koo,
O = e, 2o ! A5

and we have used the notation I, = (dy,60,) and Iy = (do,f). The assertion in (3.9) is now obtained by
treating these terms separately, that is

, 1 ‘
cV) = o, <%> . j=1,2. (A.6)
For a proof of (A.6) in the case j = 1 we note that the estimate I, = (d,,6,) is defined as a solution of the
equation .
IQn (1)

—or "

where the function @, is defined in (3.1). Therefore a Taylor expansion yields
CY) = 10g Qu(Iv) — log Qu (1)

1 ANT 1 82Qn(I)
3 (1 -1) Qn(ly) OrorT

(Fo—fn)—FO(HF()—ﬁn

)
An extension of Theorem 2, Lemmas 2 and 3 in Chen and Deo [5] to the objective function (3.1) yields
. 1
Fn - FO - Op %
1 p 1 ( / f) )1
— = dA ,
(i) @ o st

PQn (F”) P, ?Q(Iy)
ororr ororr’

2

and assertion (A.6) follows in the case j = 1.
In order to prove the statement in the case j = 2 we recall the definition in (A.5) and obtain by a Taylor
expansion
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where we have again used an extension of Theorem 2 in Chen and Deo [5] to the loss function (3.1). From the
assumption g(\; I') € Fo we have

/ logg(A\; T)dX = logg* (A, 0)dA =0

—T —T

for all I' € D x O, which implies (observing the symmetry of the function g) that the sum in (A.7) converges
to 0 (a.s.). This proves the statement (A.6) in the case j = 2.
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