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MEETING TIME OF INDEPENDENT RANDOM WALKS IN RANDOM
ENVIRONMENT

CHRISTOPHE GALLESCO!

Abstract. We consider, in the continuous time version, v independent random walks on Z4 in
random environment in Sinai’s regime. Let T, be the first meeting time of one pair of the v random
walks starting at different positions. We first show that the tail of the quenched distribution of T+,
after a suitable rescaling, converges in probability, to some functional of the Brownian motion. Then
we compute the law of this functional. Eventually, we obtain results about the moments of this meeting
time. Being E., the quenched expectation, we show that, for almost all environments w, E, [T%5] is finite
for ¢ < y(y —1)/2 and infinite for ¢ > y(y —1)/2.
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1. INTRODUCTION AND RESULTS

1.1. Preliminary facts

Let w = (w],w} )sez, be a sequence of positive vectors. Then, consider v independent continuous-time
Markov chains & = (£i(t))i>0, 1 < @ < 7, on Zy, which jump from y to y + 1 with rate w,, and to y — 1
with rate w, if y > 1 and jump from 0 to 1 with rate wg - Now, we suppose that w is a fixed realization of an
i.i.d. sequence of positive random variables. We refer to w as the environment, and to the &;-s, 1 < i < ~, as
the random walks in the random environment w. We will denote by P, E the probability and expectation with
respect to w, and by P, E, the (so-called “quenched”) probability and expectation for random walks in the
fixed environment w. Observe that the &;-s are independent under the quenched law P,, but not in general under
the annealed law P x P,,. As usual, we will use the notation P% with @ = (z1,...,24) for the quenched law of
(&1, ..., &) starting from &;(0) = x;, with x; < ;41 for 1 < ¢ <. Nevertheless, for the sake of brevity, we will
omit the superscript @ whenever the initial positions are &;(0) = 4, for 1 < i <~ ( for the sake of simplicity, we
decided to choose these intitial positions, but our results do not depend on the initial positions of the &-s). We
also formally define the meeting time of one pair of the random walks as

T, =inf{s > 0;&(s) = &;(s),for some 1 <i# j <~}
Keywords and phrases. Random walk in random environment, Sinai’s regime, t-stable point, meeting time, coalescing time.
I Instituto de Matematica e Estatistica, Universidade de Sao Paulo, rua do Matao 1010, CEP 05508-090, Sao Paulo, SP, Brazil.

gallesco@ime.usp.br

Article published by EDP Sciences © EDP Sciences, SMAI 2013


http://dx.doi.org/10.1051/ps/2011159
http://www.esaim-ps.org
http://www.edpsciences.org

258 C. GALLESCO

In this paper we study only the case of Sinai’s regime, which means that the following condition is satisfied:

Condition S. We have

+ +
Elnw—g =0, o?:=FEn? w—(l € (0, 400).
Wo Wo

The one-dimensional RWRE has been a model of constant interest in the last three decades. The first
important results are due to Solomon [19], Sinai [18] and Kesten et al. [14]. Solomon showed that the first part
of condition S is equivalent to recurrence for a random walk £ on Z. Sinai proved that abnormal diffusion takes
place in the recurrent case: (t) is of order In” ¢; Kesten et al. computed the limit law of the random walk in
the transient case. Since then, we know that this model presents many interesting properties. For example, the
large deviation properties were studied by Greven and den Hollander [11]. The moderate deviation properties
were studied by Comets and Popov in [3,4]. Moreover, the model presents many variations of interest, for
example, in [5], Comets et al. use Lyapunov functions method to study random strings and in [12] Hu and Shi
use stochastic calculus to obtain results on moderate deviations for the one-dimensional diffusion in a Brownian
potential, which is the continuous-space analogue of the RWRE.

More recently, in the sub-ballistic transient case, Fribergh et al. [8] worked on moderate deviations and
Enriquez et al. [7] refined, in particular, the results of [14]. In Sinai’s regime, Dembo et al. [6] and Gantert
et al. [10] studied the properties of the local times. For surveys on the subject, the reader is referred to the
lecture notes of a course by Zeitouni [20], to the book of Hughes [13] and to the stochastic calculus approach by
Shi [17]. In addition, we mention that the results we obtain in Theorem 1.4 contrast with those of the analogous
deterministic model which is the simple random walk on Z . In the case of 2 independent random walks, it is
well known that E[7¢] < oo for ¢ < 1/2 and E[r°] = oo for ¢ > 1/2. In the case of 3 independent random walks,
we have that E[7¢] < oo for ¢ < 3/2 and E[7¢] = oo for ¢ > 3/2 (see for example [1]).

For technical reasons we also need the following uniform ellipticity condition:

Condition B. There exists a positive number £ > 1 such that

k< war <k, k< wy <Kk P-as.

Given the realization of the random environment w, define the potential function for z € Ry, by

z]—1 i
Vi) = Sl m%, x>0,
0, rz=0

where [z] is the integer which is the closest to .

We will focus on estimating the tail of the quenched distribution of 7', for typical configurations w of the
environment. This enables us to approximate V' by Brownian motion, but it is most convenient to use the well-
known Komlés-Major-Tusnddy [15] strong approximation theorem. Indeed, it allows us to relate the features
of long time behavior for the walk to Brownian functionals directly built on the model, simplifying much the
proof of limit properties: in a possibly enlarged probability space there exist a version of our environment w

and a Brownian motion (W (z),z € Ry.) with diffusion constant o (i.e., Var(W(z)) = o*z), such that for some

K >0
P |lim sup —\V(ac) — W)

<K|=1. 1.1
r— 400 Inz - ( )

The next definition is central in our construction. Although it applies to more general numerical functions
defined on Z4 or Ry, we will use it only in the case of the Brownian motion W.

Definition 1.1. Let ¢ > 1 and m* € Ry. Denote r = r(t,m") the smallest + > m* such that W(z) >
W(m*) +1Int (observe that as W is a Brownian motion r exists P-a.s). We will say that m™* is the first ¢-stable
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point to the right of the origin if W (m*) = min,¢(o,) W(z) and m* is the smallest point on R verifying this
condition. Then, we define the other t-stable points as follows. For m € Ry, denote by | = (¢, m) the largest
x < m such that W(x) > W(m) + Int (if such an z exists). We say that m is a t-stable point (different from
the first ¢-stable point m*) if m # m*, [(m,t) and r(m,t) exist and m satisfies W (m) = min, ¢ ) W(x).

For each t > 1, it is actually possible to enumerate the ¢-stable points in such a way that the sequence of
t-stable points is P-a.s. strictly increasing to infinity. Besides, observe that, according to Definition 1.1, the
t-stable points are not generally integers. Thus, throughout this paper, the statement “the random walk hits a
t-stable point” means that it hits the site € Z, which is closest to the t-stable point. As a rule, real points
x € Ry will be replaced, if the context requires, with the closest integer, that we may still denote by the same
symbol z, if no confusion can occur.

1.2. Results
Let 11 (t), 2(t), ..., 1M~ (t) be the first  ¢-stable points to the right of the origin and for 1 <i <~y —1

hi(t) =  argmax  W(x).

z€ (g (t),miy1(t))

We define the process ¢, = (¢y(¢))i>1 by

G(t) = Z(’Y—l)W(hZ(t))I;F/(mz(t)) (1.2)

We obtain the following results.

Theorem 1.2. With the process ¢y defined above it holds that

InP, [Ty > t]
Int

Then we set out results about the distribution of ¢, (t).

lim

t—o0

+ ¢y (t)‘ =0 in P-probability.

Theorem 1.3. The distribution of (,(t) does not depend on t. Moreover, for each t > 1, the random variable

G () — w has density f- given by

=2 e a3
for x> 0.

We finish this section by formulating the result about the quenched moments of the meeting time.

Theorem 1.4. Let ¢ be a positive number. Then, we have P-a.s.,

c , 1y =1
E [T <oo ife< 5

and
E [Ty =00 if c> @

At this point let us explain why we have chosen to work with reflected random walks on Z and not random
walks on Z. Despite the main ideas of our proofs should work for random walks on Z, it is much more difficult
to write them because the number of strategies to reach time ¢ without meeting is much greater in the case
of Z than in the case of Z, . For example, in Figure 1 we represented two random walks on Z, by black and
grey particles. Imagine that at some time of order smaller than ¢;, the particles are in two different ¢;-stable
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F1GURE 1. Example of a strategy for two random walks on Z, .

wells but in the same ta-stable well with ¢; <ty < ¢, that is, W(b) — W (a) > Inty, Inty > W(b) — W(c) > Inty,
W(d) — W(c) > Int; and W(d) — W(a) > Inty. For the two particles not to meet until time ¢, we need to
expel the grey one to the right into an other ¢5-stable well. More generally, in the reflected case, we will see in
the Proof of Theorem 1.4 that at each time scale of smaller order than ¢, we have to expel the grey particle to
the right into a sufficiently deep well until the two particles are in the first two t-stable wells (indeed, these two
t-stable wells are sufficiently deep to hold the particles until time ¢ with high probability). Therefore, in some
sense the strategy does not depend on the realization w of our random environment since we always force the
rightmost particle to go to the right. On Z, this not the case anymore. The possible strategies for the random
walks not to meet until time ¢ will strongly depend on the realization w of our random environment. In Figure 2,
we have two particles on Z which are in two different ¢;-stable wells but in the same to-stable well. In this case,
we could expel the black particle to the left into an other ¢s-stable well instead of expelling the grey one to
the right since the barrier of potential H; the black particle has to jump over is smaller than the barrier Hs
the grey particle has to jump over. Note, however, that we may want to force the grey particle out to the right
because this would lead to a situation when on next steps the “cost” decreases. Thus, we have to know the
exact topography of the potential V' (that is the sequence of stable wells at each time scale of smaller order
than t) to determine the strategy which has the cheapest cost. This leads to a great number of strategies to
reach time ¢, which leaves the problem on Z much more complicated. At the moment we have no conjecture on
the precise behavior of the moments of the meeting time on Z, nevertheless we are inclined to believe that the
behavior should be different from Z .

In the Proof of Theorem 1.2, another possible approach would be using the Karlin-McGregor formula (see for
example [2]) for determining P, [T, > t]. However, to apply this formula, one would have to obtain estimates on
transition probabilities which are much finer then those obtained in [3]; with the existing estimates the leading
term in the determinant in the Karlin—-McGregor formula equals zero, which yields no nontrivial results.

The rest of the paper is organized as follows. In Section 2, we will characterize “good environments” and
prove Lemma 2.4 that will be essential in order to prove Theorem 1.2. Section 3 is dedicated to the proofs of
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FIGURE 2. Example of two possible strategies for two random walks on Z. H; < Ho.

Theorems 1.2 and 1.4 in the case v = 2. As we intend to use an inductive argument to prove Theorems 1.2
and 1.4 in the general case, the preliminary treatment of the case v = 2 is necessary. Section 4 is dedicated to the
proofs of Theorems 1.2 and 1.4 in the general case. Finally, Section 5 is dedicated to the Proof of Theorem 1.3.

We mention here that all the constants that will be defined do not depend on the realization w of the random
environment but they may depend on the law of the environment and 7. Furthermore, we will denote by K7,
K}, ..., the “local” constants, that is, those that are used only in a small neighbourhood of the place where
they appear for the first time. In this case we restart the numeration at the beginning of each section.

2. DEFINITION OF t-GOOD TRAJECTORIES

First of all, we need to give more definitions. Observe that between two successive t-stable points m and m’
there is always a point
h = argmax W (x)
z€(m,m’)
which is a maximum of W. Thus it is possible to separate two successive t-stable points of W. Denoting by S;
the set of all the ¢-stable points we define
H¢ == {h > 0 such that there exist m,m’ € S; : h = argmax W (z)} U {0}.

ze(m,m’)

Definition 2.1. If m is a t-stable point then we define the t-stable well of m as Di(m) := [maxH; N
[0,m), minH; N (m, 00)).

Furthermore, we have the property that P-a.s., for all t > 1, Up,es,Di(m) = R, where the union is disjoint.
We end this section by giving the definition of the elevation of a finite interval [a, b].

Definition 2.2. The elevation of I = [a,b] is defined as the Brownian functional

&(I) = max max {W(z) — W(z) — W(y) + min W(v)},

z,y€l z€[z,y] vel

where [z,y] denotes the interval with endpoints z,y regardless of x < y or z > y.
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It can be seen that in the definition of €(I) one may assume that y is the global minimum of W on I, x is
one of the local minima, and z is one of the local maxima of W in I.

In order to prove Theorems 1.2 and 1.4, it will be convenient to exclude some particular trajectories of the
Brownian motion W; that is why we will give in this section a formal definition of what we call a “t-good
trajectory” of the Brownian motion W. We will see that our definition of a t-good trajectory is not very
restrictive since for almost every trajectory, there exists to (which depends on the trajectory of W) such that for
all t > ¢y the trajectory is t-good. For the sake of brevity, we will not indicate in our notations the dependence
on t and w when no confusion can occur.

The following construction is rather technical, its usefulness will appear more clearly in Sections 3 and 4.
In words, to describe the “optimal” strategy for the random walks not to meet until time ¢, we will construct
a special sequence of time scales (t%*),, for typical trajectories of W. To begin, we will fix a positive small
threshold a@ <« 1 and will consider the first v t*-stable wells. Then, we will identify the smallest height between
two successive t“-stable wells. This height will be denoted by a;Int and by construction we have a; > «.
Considering now the first « t%t-stable wells, we will denote by as Int the smallest height between two successive
t%-stable wells (we have as > a1). Iterating the procedure will produce a non decreasing sequence (t*),,>1 of
time scales and we will stop the procedure at the first time scale such that a,, > 1 (because then the random
walks can avoid the collision for free). Observe that, for each n > 1, the configuration where the v random
walks are in the first v t*»-stable wells avoids the meeting of two of them with high probability until a time of
order t*m.

Formally, let us first take a positive decreasing function «(t) such that lim; o a(t) = 0 (for the moment it
is not necessary to explicit «, but in Lemma 2.4 we will take a(t) = In~°/6 t). Fix t > 1 and consider the first
t*()_stable points to the right of the origin. Let us denote by my(1),. .. ;may—1(1) and m/ (1) these v t>(®)_stable
points. Then let us define for 1 < j <~ — 2,

hi(1) argze(mj(rlr;?ﬂ}iﬂl(l)) W)
and
Po(l)=ar Y ay @)
Then, for 1 < j <~ —1, define
W(h;(1)) = W(m;(1))

rill) = Int
and for 1 < j <~ —2,
(1) = W(h;(1)) _lnI/I/(mj+1(1))
and
Lo1(1) = W(hwfl(l)l)n—t W(m. (1)) .

Finally let,
ar = min{r; (1)} A min{l;(1)}.
i<y J<y
We will use the following rule for n > 1.

Case 1: a,, = ly_1(n)

If the point m/ (n) is t*»-stable then do the following. Rename m/ (n) as m,(n). Then consider the first

t"-stable point immediately after m~(n). Let us call it m,y1(n). Then define

A1) S8 B Y )
W(hy(n)) = W(my(n))
Int

Ty(n) =
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and
W (hy () = W (mos1(n))

by(n) = Int

Then, for 1 < j <~ —1, define
mj(n +1) =m;(n)

and
il (n+ 1) = mo 1 (n).

For 1 < j <~ —2, define
hi(n +1) = ar max W(x
.7( ) gar;e(mj(n-‘rl),mj’+1("+1)) ( )
and

hy—1(n+1) =arg W(z).

max
2€(my—1(n+1),m/ (n+1)

For 1 <j <~ —1, we define
W(hj(n + 1)) - W(mj(n + 1))

)= It )
for1<j<vy-2,
Li(n+1)= Whi(n +1)) _anf(mm(n +1))
and
Lo(nt1) = W(hy—1(n +1)) = W(m/y(n+1))

Int
Note that for 1 < j <~y — 2,

and

ry-1(n+1) = ry_1(n) = ly-1(n) +74(n)
b (n 4 1) = b ().

Finally define
ant1 = min{r;(n + 1)} Amin{l;(n + 1)}
1<y <y

263

If the point m! (n) is not t*"-stable, nevertheless it belongs to a t*"-stable well. Then there exists a t*»-stable
point z, such that x, > m/ (n) and such that m (n) € Dian (2,). Then rename x, as m.(n). In this case we

define

B (n) = arg (2)

max
w€(m, (n),m+(n))

and

W (h*(n)) — W(m (n))

5
Int

ry(n) =
Next, for 1 < j <~ —1, we define
mj(n+1) =m;(n)
and
m/,(n + 1) = m(n).
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Define for 1 < j <~ —2,
A D) = i ey O @1)
and
hy—1(n+1)= argme(m%l(ﬂaﬁm%(nﬂ)) W(z). (2.2)
For1<j<~y-1,
W(hj(n+1)) = W(m;(n+1))

ri(n+1) = mr (2.3)
and for 1 <j <~ —2,
and
Lot 1) = W(hy—1(n +1)) = W(ml(n +1)) 2.5)

Int
Note that in this case for j <~ — 2,

and
ry—1(n+1) =ry_1(n).

Finally define

ang1 = minr;(n + 1)} A min{l;(n + 1},

1<y <y

Case 2: a,, # ly_1(n)
If the point m/ (n) is t*"-stable then do the following. Rename m/ (n) as m,(n). Then consider the first
t*-stable point immediately after m. (n). Let us call it m~,1(n). Then define

hy(n) = arg max W(x),

2€(my (n),moys1(n))

W(hy(n)) — W(m,(n))
Int

Ty (n) =

and
W (hy () = W (mos1(n))

Int

ly(n) =

If the point m/ (n) is not t»-stable, nevertheless it belongs to a t**-stable well. Hence there exists a t%"-
stable point x, such that z,, > m/ (n) and such that m/ (n) € Dyan (2,) then consider the first ¢*»-stable point
immediately after z,. Call it m.41(n). Let us also rename z, as m~(n). Then let us define

h~(n) = ar max W(x
7(n) 8 ety (m)my 41(n) (=)

and
W(hy(n)) — W(m,(n))

Int

Ty(n) =

Next, we have to distinguish two cases.
If a, = r;(n) for some 1 <i <+ — 1, we define the following.
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For j < 1,
m;(n+1) = m;(n).
For:<j<y—-1
my(n+ 1) = mj 4 (n)
and
(1) = 11 ().

Then for 1 < j <~ —1, define hj(n+1), rj(n+1) and [;(n+ 1) as in (2.1)—(2.5). Observe that in this case for
Jj<i—1,

L+ 1) = 5 (m),
li_l(’fl =+ 1) = li_l(n) — TZ(TL) + lz(n),

fori<j<~-—3,

i(n+1) = L (n)

and
foafn + 1) = Voot = Wi (),
lLy—i(n+1) = Wihy(n)) _lnvz/(mwrl(”))'

Besides, for j < 1,
rj(n+1) =r;(n)

and fori <j<~y—-1
rj(n+1) =rji(n).

If a,, = l;(n) for some 1 < i <~ — 2, we define the following quantities. For j < i,
mj(n+1) = m;(n),
fori<j<~vy-—1,
mj(n+1) =mjyi(n)
and
(1) = 11 ().

Then for 1 < j <~ —1, define hj(n + 1), r;(n+1) and [j(n + 1) as in (2.1)—(2.5). Observe that in this case,
for j <1,
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and fori < j <~y —1,
rj(n + 1) = Tj+1(n).
For j < 1,
li(n+1) =1;(n),
fori<j<~-—3,
Lin+1) = L1 (n)
and
W(hy-1(n)) = W(m4(n))
Int
W(hy(n)) = W(mq41(n))
Int '

ly—2(n+1) =

b

ly—1(n+1) =

Finally define

Upt1 = rjn<13 {rj(n + 1)} A rjn<13 {lj(n + 1)}.

Thus by construction, we obtain a non decreasing sequence (a,)n>1, P-a.s. In the sequel, we will even see
that the sequence reaches 1 very quickly. Hence, heuristically, the sequence (a,)n>1 will allow us to approximate
time ¢ by the sequence (t**),,>1. For each order of time ¢*» with a,, < 1, we will define a strategy for the random
walks not to meet during this order of time. This argument will be developed in Sections 3 for 2 random walks
and 4 for the general case. Furthermore, observe that by construction in all the cases we have that

e (€ (0), ()] V €l (), g ()]} V (@l (), By ()] V €l ()., ()]} < s I,
(2.6)

for n > 1, with the convention ag = «. This last property will turn out to be important in the proofs of
Theorems 1.2 and 1.4. Now, let us introduce N = N(w,t) = min{n > 1;a, > 1}. As, by construction, the
points m;(IN), 1 < j <~y are the first ¢-stable points to the right of the origin, we can give a new definition of
our process ¢, of Theorem 1.2 in function of the 7;(N)-s with 1 <4 <~ — 1. Observe that we have,

v—1

&) =) (v —i)ri(N). (2.7)

i=1

Now take 0 < e(t) < a(t) and for 1 < k < v, let J}(n) the number of t?»~c-stable wells in the interval
[my(n), hy(n)] and JZ(n) the number of ¢t ~*-stable wells in [hy(n), my+1(n)] (if hy(n) is not defined we pose
J3(n) = 0 and JZ(n) = 0). We define the set of t-good trajectories of W in the following way. For the sake of
brevity, we will use the notations Inot :=Inlnt and Ingt := InlnInt.

Definition 2.3. Fix t > e¢. Let A and B be two constants (they do not depend on w). A realization w of the
Brownian motion W is called t-good, if

(i) N =N(w,t) < Alnyt;

(ii) m.(N) < Blnstln®t;

(iii) m/ (1) < W'/t

(iv) Do), () + JE(i) <Ingt for 1 <i < N;
(v) max{|W(z)|;z € [0, BlngtIn*¢]} <Inztlnt.

The following lemma plays a crucial role.
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Lemma 2.4. Take a(t) = In""/%¢ and e = (t) = In" "Y' ¢ and let A, be the set of w which are t-good. We
can choose A and B sufficiently large such that P[lim; o A¢] = 1.

Proof. We start by showing that we can choose a constant A sufficiently large such that there exists a set 2’ of
probability 1 such that for all w € 2’ there exists to(w) such that for all ¢ > t(w) the item (i) of Definition 2.3
is true. First take 6 > 0 and define the sequence of times t, = e(!*9" for n > 0. Then we define the family of
events

Gn ={w;N(w,t,) > A1 lnst,,}

for A; a positive constant. We now argue by contradiction that

n—0o0

P {lim sup Gn] =

for Ay sufficiently large. Suppose that P[limsup,,_,., G»] > 0. Then there exists w € limsup,,_, ., G, such that
there exists a subsequence of times (t,,);>1 such that

N(w, tnz) > Aqlng tn, (28)

for I > 1. By construction of our t-good environments we know that the sequence (a;);>1 is non decreasing. As
W is a Brownian motion, we can even say that this sequence is increasing P-a.s. Nevertheless it is not clear
how fast it grows. After a deeper look at the construction and using Lemma 6.1 of [3], we can check that the
sequence (u;);>1 = (@iy);>1 verifies the following properties. For each ¢ > 1 there exists a family of positive
continuous i.i.d. random variables (¢;(t));>1 such that

wit1(t) = (14 @i(t))ui(t) (2.9)

for ¢ > 1. Using item (ii) of Lemma 6.1 of [3], we can even show that the random variables (¢;(t));>1 have
exponential moments. Moreover, observe that the law of (¢;(t));>1 does not depend on ¢. Iterating (2.9) and
taking the logarithm of both sides, we obtain

Inw;qq(t >Zln +@;(t)) +Inuq(t)

for ¢ > 1. Then defining N’ := max{i > 1;u; < 1} and using the facts that un. < 1 and u; > a(t) we obtain

% zzz 1+ @;(t (2.10)

Now using (2.10), (2.8) and the fact that v(N’ + 1) > N, we obtain that for w € limsup G,

5 [(A1/27)In ty, |

Sty > > (1 4 ¢;(tn,)) (2.11)

Jj=1

for all sufficiently large [.
On the other hand, by Cramér’s theorem and the Borel-Cantelli lemma, we can deduce that

[(A1/27)In2 ty, ]

> In(1 4 ¢;(tn,)) — E[ln(1 4 ¢1(t1))]

j=1

1
(A1/27)Ing ty,
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P-a.s., as | — oo with E[In(1 + ¢1(¢1))] a positive finite constant. Combining this last result with (2.11) we
obtain for P-a.a. w € limsup,,_, , Gy,

5 Ay
g Ing t,, > HE (14 1 (t1))] Ing ty,

for all [ large enough.

Taking A; > 10y

TEm i) this last relation is clearly impossible, and we showed that

Pllimsup G,,] = 0.
n—oo
Now let us define the sequence of intervals I,, = [t,,tp41) for n > 0. It remains to show that we can find a
new constant A sufficiently large such that P-a.s., N(w,t) < Alnlnt for ¢ sufficiently large. This is easy if we
observe that for t € I,, N(w,t) < N(w,tn) + N(w,tp+1) (this follows from the simple fact that that for ¢ € I,,,
[a(t)Int,Int] C [a(ts) Int,,Int,] U [a(tps1) Intpr1,Int,11]). This implies together with P[limsup,, ., G,] =0
that P-a.s., for every t € I, N(w,t) < 247 Inlnt, 41 for all n sufficiently large. With this last observation it is
sufficient to take A > 34, to have that (i) of Definition 2.3 holds for P-a.a. w for all ¢ sufficiently large.

We continue the proof of Lemma 2.4 by showing that item (ii) of Definition 2.3 holds for P-a.a. w for all ¢
sufficiently large. Again consider the sequence of intervals I,, = [t,,, t;,+1) for n > 0 and define the events
D,, = {there exist v t,, 1-stable wells in the interval [0, n%¢,]}
for n > 0. By the scaling property of the Brownian motion the probability of D,, is independent of n. Furthermore
observe that
2v—1

Y [ () w () <o (45) ()5}

for § < 2. As this last event has positive probability we obtain that there exists a positive constant C' such that
P[D,] > C for n > 0 and ¢ < 2. Then consider the events

E,, = {there exist 7 t,-stable wells in the interval [0, M InnIn®t,]}
for M > (—In(1 — C))~! and n > 1. By the Markov property and the fact that P[D,,] > C we obtain that
P[E,] > 1—n Mo

for n > 1. Using the Borel-Cantelli lemma, we obtain that P-a.s. there exists ng = no(w) such that for every
n > ng there exist v t,,41-stable wells in the interval [0, M Innln? tn]. Now observe that for ¢t € I,, we have the

two following inequalities
(146" <Int < (146" (2.12)

and
Ly, (tpy1, M Innln? tn) < Ly (t, M Innln? tn) < Ly(tn, M Innln? tn) (2.13)

where L, (z,y) is the number of z-stable wells in the interval [0, y]. Inequality (2.13) follows from the fact that
St €8t C 8, Let us take t € I, for n > ng. Then we know that there exist « ¢, 1-stable wells in the interval
[0, M InnIn?t,]. By inequality (2.13) we know that there exist 7 t-stable wells in the interval [0, M InnIn®t,].
And by inequality (2.12) we know that there exists v ¢-stable wells in the interval

[0, M[Ing t — Ing(1 4 )] In?¢].
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Finally, taking 06 = e — 1 we showed that (ii) of Definition 2.3 holds for P-a.a. w for all ¢ sufficiently large. The
proof of (iii) is completely equivalent to the proof of (ii).

We will now show that item (iv) of Definition 2.3 holds for P-a.a. w for all ¢ sufficiently large. In fact, it
is sufficient to show the following statement. Fix t > e and consider the first v ¢-stable points to the right of
the origin. Let us call the last one 7,. We will show that P-a.s., for ¢ sufficiently large L, (t'=¢,m.) < Ingt.
Note that as e(t) — 0 as ¢ — 0o we have for t sufficiently large that L,,(t! =<, 1) < L.,(%, 1) Then, consider
the sequence of intervals I,, with § < 2. By the proof of (ii), we know that there exists a positive constant M
such that P-a.s. there exists ng = no(w) such that for all n > ng there exists 7 ¢,-stable wells in the interval
[0, M InnIn®t,].

Now, let ¢; be the width of the i-th Z--stable well divided by (1+4)?". By Lemma 2.1 of [4] we know that the
variables (1;)i>2 are i.i.d. with exponential tail. It follows from Cramér’s theorem that there exists a positive
finite constant M, such that

n
P lz P < Mlnn] < exp{—Min},
i=1
for all n > 1. Therefore, by the Borel-Cantelli lemma we have that P-a.s. there exists ny = ni(w) such that
for every n > ny we have Ly, (%,7,) < n. Finally, for ¢ € I,,, by (2.13) we have that L, (%,7,) < n and by

(2.12) Ly (%,my) < ml(ri—2+t<S)' Taking § = e — 1 we showed that (iv) of Definition 2.3 holds for P-a.a. w for all ¢

sufficiently large. .

We end the proof of Lemma 2.4 by showing that item (v) of Definition 2.3 holds for P-a.a. w for all ¢ sufficiently
large. By the law of the Iterated Logarithm for Brownian motion, we have that, P-a.s., there exists ¢;(w) such
that [W(t)] < 2vo?%tlngt, Vt > t1(w), which at its turn implies that there exists t2(w) > ¢1(w) such that
maxgeo,q |W(x)| < 2vo?tIngt, Vt > ta(w). And finally we deduce for ¢ sufficiently large,

max [W(z)| <lngtlnt
2€[0,B1ng tIn? ¢]

which ends the proof of Lemma 2.4. O

3. PROOFS OF THEOREMS 1.2 AND 1.4 IN THE CASE 7y = 2

3.1. Some auxiliary results
We will systematically use the following notation,
Ta(&) = inf{t > 0;&i(t) € A}

with 1 <17 <~ and A C Z,. We now recall some results that we will need later.

For any integers a < = < b, the probability for a random walk £ starting at x to reach b before a is given by:

S VY@
.y _ P 7 3.1
ol (€) < 1a ()] S V@) oy

see e.g. Lemma 1 in [18].

We will also need the following upper bound on the probability of confinement which is derived from
Proposition 4.1 of [8]. Let I = [a,b] with 0 < a < b < co be an interval of Z,. Then define

H I = V - i V ?
+() = max (;&2?2] W8 (y))

H_(I) =max | max V — min V
(1) =ma ( mox Vo)~ i, V)
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and let H(I) = Hy(I) NH_(I). For a < x < b we have

Po[T(apy(§) > 1] < exp {—m} (3.2)

with C] a positive constant.

The upper bound (3.2) can be too rough, for our purpose, if we consider an interval [a, b] = [m, m’] where m
and m’ are two neighboring t-stable points (i.e. (m, m')NS; = 0). That is why we also need the following upper
bound (see Lem. 3.1 of [3]). Let ¢t > 1, and I'" := [h,m'] and I~ := [m, h] with h = argmax, ¢ ,, ,,») W(z). Let

Ay =m' —m,
v = max V(x)— min V(x).

z€[m,m/’] z€[m,m/’]

For all x € [m,m/'], it holds on I that

PO my (§) > t/K] < exp{ — eIy <O2(A1 "o )~

NI T) I (1—e(IT)In" 1 t)
_%&Mam{_xfm tk })}

+exp { _ t%(l—e(r)m*l t) (CQ(A1 In2Ko t)_l

\NI— cs(r)tlu—e(r)ln*lt)
_C’3e’)’1/2 eXp{ o ( )e ;k ’ (33)

where C and Cj5 are positive constants, A(I") (respectively A(I7)) is the spectral gap of the reflected random
walk on the interval I (respectively 1) and k is such that Ink = o(Int) as t — oo.

We eventually need to estimate the cost of escaping a well to the right. Let again I = [a,b], m =
argming g, p) W (x) and suppose that W(b) = max,c(m W(x). We will use the following estimate (see e.g.
Lem. 3.4 in [3]), for any s > 0,

P [1(€) < 8] < Cyse”V OIFV M) (3.4)

with Cy a positive constant.

3.2. Upper bound for P, [Ty > t]

Let us remind at this point a useful consequence of the KMT strong approximation theorem: if z is not too
far from the origin, then V(z) and W (z) are rather close for the vast majority of environments. Hence, it is
convenient to introduce the following set of “good” environments, and to restrict our forthcoming computations
to this set. Fix an arbitrary My > 0; for any ¢t > e, let

‘Q:@:WW—WmﬂgmmmLxehmmdk (3.5)

where we can choose Ky € (0,00) in such a way that for P-almost all w, it holds that w € I3 for all ¢ large
enough (cf. e.g. (13) of [3]).

To bound the probability distribution tail P,[T» > t] from above the main idea is to define a sequence of
increasing stopping times (0;);>0 such that on each interval of the form [}, 0;41] we can find a simple strategy
for the random walks not to meet. We formalize this argument as follows.
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First, for technical reasons let us find an upper bound for P,[Ty > t1+9] for § > 0 arbitrary instead of P, [Ty > t].
Fix t > 1 and define for 1 <1 < N, the following stopping times

oy =1inf {s > 0;&2(s) = ha(i)}

and the following events
By = {1, ¢ [0i—1,0i]}
for 1 <i < N —1 (with the convention oy = 0) and

t1+5
By ={T» ¢ [ON—l,tH(;]} N {O'N—l < T}

To find the upper bound for P, [T > t'*+°], the following decomposition is the key of our analysis

145 145 o 145 ¢
Pw[Tg>t ]:Pw T >t ,UNflgT + Py, |1 >t ,O’N,1>T . (3.6)

As by (2.6), €[0,h1(N —1)] < Int, by a similar argument as that we will use in Section 3.2.1 for the term
P, [B1,01 > t"], we can show that

tl-‘ré

P, {T2 >t on g > T} <o (eXp(—1H8 t)) (3.7)

ast — oo and w € I} N Ay.
For the upper bound of the term P, [T5 > t,ony_1 < t1+5/2] we start by noting that

140
P, |15 > t1+6,0'N,1 < T:| < Pw[Bl ﬂ.‘.ﬂBN]

=Py [B1|Py[B2 | Bi]...Pu[By | BiNBaN...N Bn_1]. (3.8)
In the next subsections we will find upper bounds for the terms of the product of the right-hand side of (3.8).

3.2.1. Upper bound for P, [B1]

Fix t > 1 and let ¢/ = ¢/(t) = (28 + 8Kp) Ing tIn~' ¢ where Ky is from (2.5). We bound the event B; from
above in the following way,

P, [Bﬂ <P, |Bi,01 > tOHrE/} + P, {01 < tOHrE/} . (39)

From now on, for the sake of brevity we will denote by = a+¢’. In the next two paragraphs we treat both terms
of the right-hand side of (3.9).

Upper bound for P,[o; < 1]
Using the Markov property, we obtain

Po [o1 < "] <P Wry (1)(&) < t™'].
Therefore, applying (3.4) to the last term, we obtain for ¢ sufficiently large and w € I, N A,

P, [o1 <] < Oyt~ (mD=e), (3.10)
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Upper bound for P,[B;, 01 > t"]

We will show that this term is negligible in comparison with (3.10) as ¢t — oo on the set of environments which
belong to It N A;. To show this, we will couple the two random walks with the random walks restricted to the
interval [0, h1(1)]. So, we need to consider two other processes, which are reflected versions of our random walks
in random environment: let fl and §2 be the reflected RWRE on the interval I; = [0, h1(1)]. The processes §1
and fg have the same jump rates as & and & on [0,h1(1)], but jump from h; to hy — 1 at rate wh1(1)' By
construction we obtain

P, [Bi,01 > "] <P, [7 > "], (3.11)

where 7 is the first meeting time of the two random walks &; and &.
The idea is now to use the spectral properties of the reflected random walks to find an upper bound for the
right-hand side of (3.11). We start by showing that, for w € I, N Ay, with probability at least In % ¢, with K a

positive constant, the two random walks restricted to the interval I; will meet in a time of order t*+% . We will
denote b} = a + 5. First observe that

P [7 <] 2 Py [G1(87) € fma (1) (D], &%) € [0,mi (1]

As the two random walks in fixed environment are independent we have

P, [% < tbi] > P, [él(tbi) e [mi(1), hl(l)}] P, [éz(tbi) e [0,m1(1)}} .

Then we can write
hi(1)

PG € (), m(D]] = > o[G0 =]

z:ml(l)

and apply Corollary 2.1.5 in [16] to obtain

o ha(1) ) hi(1) I 3
P [ € () ] 2 Y w00 - et Y () (.12

L1
z:ml(l) z:ml(l) M 1( )

where /ﬂl and A([7) are respectively the invariant measure and the spectral gap of the reflected random walks
51 and fg At this point, let us define

ha(1) ha(1) 0 (3) 3
U, = Z ull(i) and Us := Z <M11(1)>

z:ml(l) z:ml(l)

We can write a similar estimate for P, [ég (") e [o, ml(l)]} that is

my (1) ma (1)

~ , 11 ;
P, [ﬁz(tbl) [0, m1 (1 ] Zu ) — exp(=A(I)t") > ( ;)

=0
= Vi — Vaexp(—A(I;)t"). (3.13)

Combining (3.12) and (3.13) we obtain that

P, [? < tbll] > UVi — (U1 Va + Ua Vi) exp (—)\(Il)tbll) . (3.14)
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Now, we treat the term U;V;. Note that if w € It N A; we obtain, using (14) of [3], that
0 =S > iy > K KLy
1 =0 pems s Yyern,eVW T (m(1)+1) !

where K| is the positive constant from (3.5) and K7 is a positive constant. Applying the same treatment to V7,
we obtain that

K5 4K
> —4K9
U1V1 = (hl(l) T 1)2 In

where K} is a positive constant. On A, we have that (hy(1) +1) < Alng¢In?¢, so we obtain

U, Vi > KjyIng 2 ¢ In~ 40+ K0 ¢
with K a positive constant.

(3.15)

Concerning the second term of (3.14), we will see that if w € I N Ay, it is negligible in comparison with the
first one. We use the upper bound

Ui Vo + UV < (he(1) 4+ 1)

1
W@t <u’1<1>>%]'

Using (14) of [3], it is then elementary to show that if w € I'; N Ay,

UiVo + UV < Kitln?’ t1n® ¢
with K a positive constant.

(3.16)

On the other hand, by Proposition 3.1 of [3] and the fact that by (2.6), €(I;) < alnt, we obtain

exp (—)\(Il)tb/1> =o0 (exp (— In®/2 t)) .

This shows together with (3.16) that the second term of the right-hand side of (3.14) is negligible in comparison
with the first one. Finally, from (3.15) and (3.16), we deduce that

’ K/
Pu[F < t] 2 S ing e
for ¢ large enough and w € I} N A;.

Now, dividing the time interval [0, ta“'} into (roughly speaking) t% intervals of size t*+% and applying the
Markov property we get that

’

[t7 ]
P, {% > tbl] < (1 — K Ing 2 ¢In 40+ K0) t) < exp (— K, In¢)
for ¢ large enough and w € It N A;. As a consequence, the term Py, [By, 01 > tbl] is negligible in comparison with
P, (o1 < th].
To sum up this subsection, we obtained

Pu[B1] < 204t~ (=0 4= (ra(D)+o(1)

(3.17)
ast — oo and w € I} N Ay.
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3.2.2. Upper bounds for P,[B; | B1N...N B;_1], where 2 <i< N —1

If hi(i) = hi(i — 1) then we obviously have P,[B; | B1N...N B;—1] = 1. If hy(i) > hi(i — 1) we do the
following. Let us write b; = a;_1 + &’. We will use the following decomposition

Pw[Bi ‘ Bin... ﬂBi_l] < Pw[Bi N {Ui —0j—1 > tbl} | Bin... ﬂBi_l]

+Pyoi — oy <t

Bin... ﬂBi_l].
As the event {o; — 0,1 < t%} is independent of By N...N B;_; we obtain
PW[BZ‘ ‘ Bin---N Bi,1] < PW[BZ' n {Ji — 01 > tbi} | Bin...Nn Bifﬂ
+ PW[O'Z' — 01 < tbi}. (318)
Upper bounds for P, [o; — ;1 < t¥]

Using the Markov property and (3.4), we obtain for w € I N A,

Po [0 — op1 < %] < Oyt ¢~ (ralizD=ain), (3.19)

Upper bounds for P,[B; N {o; —0;_1 >t"} | By N...NB;_1]

As the event B1N...NB;_; belongs to F,, , the o-field generated by &; and &5 up to the stopping time o;_1,
applying the Markov property, we obtain

hi(i—1)

PW[BZ‘ ﬂ{o’i —0j_1 > tbi} ‘ B ﬂ...ﬂBifl] = Z Py [Bz ﬂ{o’i —0j_1 > tbi} ‘ 51(02‘,1) :x]

=0

XPW [51(0’1‘,1) =X | B] n... ﬂBifl]

< max P, [BZ N {Ji —0i_1 > tbl} | 51(0'1;1) = ZL’] .

z<hi(i—1)
The next step is to find an upper bound for
P, [BiN{oi —0im1 > "} | &1(05-1) = ]

uniformly in z for € [0, h1(i — 1)). As we did in Section 3.2.1, we can couple the two random walks with the
random walks restricted to the interval I; = [0, h1(7)]. We immediately conclude that

Pu[BiN{oi— 01 >t} | BiN...NBi_1] < exp(—K;In’ 1),
which is negligible in comparison with the right-hand side of (3.19).
Thus, in the case hy(i) > hq(i — 1), we obtain
Po[Bi | BiN...N Bi_1] < 20t~ (2D —aii—=¢) — = (r2(i=1)—ai—ito(1)) (3.20)

ast — oo and w € I} N A;.
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3.2.8. Upper bound for P,[Bn | B1N...N By_1]

If hi(N) = hy(N — 1) then we obviously have P,[By | BN ...N By_1] = 1.
If hi(N) > hi(N — 1) we use the following decomposition.

Po[By | BiN...N By_1] <P, [BN N {aN —oN_1 > t‘”\’*ﬁsl} |BiN...N BN,l]
4P, [UN —oN_1 < t“N—1+E’] . (3.21)
The upper estimate of the last term of (3.21) is easily computed.
P, [aN —on.1 < taN—1+5’] < 20yt~ (2 (N=D—an-1-¢") (3.22)

for ¢ large enough and w € I} N A;.

It is not much more difficult to show that the first term of (3.21) is negligible in comparison with the last
one. To this end, just notice that

Py, {BN n {JN —ON_1 > taN_lJ'_E/} ‘ Bin...N BN*l}
<PL[Ty ¢ [on—1,0n8 AT on At — oy g > V17" | Bin...N By_1]

holds for sufficiently large t since ay_1 + ¢’ < 1+ §/2 for sufficiently large ¢. This last term can be bounded
from above by the same method we used for the term P, [B; Noy > tbl] of Section 3.2.1. A similar estimate can
be computed which shows that it is negligible in comparison with (3.22).

Finally in the case hi(N) > hi(N — 1) we obtained
P,[By | BiN...N By_1] <20t~ (2(N=D=an-1=¢) _ = (r2(N—T)—an-1+o(1) (3.23)

ast — oo and w € I} N Ay.
3.2.4. Conclusion

Using the results of the precedent sections, we now show that

N
[IPulBi | Bin...nBiy] <t ()+el) (3.24)

i=1

ast — oo and w € I} N Ay.

We will proceed by induction. For every i < 1, consider the product
i
II; = pr[Bj | BiN...NBj_4].
j=1
Then we make the following induction hypothesis

II; < ¢~ (ru(@)+o(1))

for some i > 1. We will show that it implies

I < ¢~ (ri(i+1)+o(1))
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Indeed we have,
Hi+1 = HiPw[Bi-‘rl | Bl n...N Bz]

If hi(i + 1) = h1(i) we have P,[B;y1 | Bi1N...NB;] = 1 and II;;1, = II;. But in this case note that by
construction we have 71 (i + 1) = r1(i). So, we obtain

I, < = (ri(i+1)+o(1))

If hi(i+ 1) > hq1(i) we have by (3.20) and (3.23)
P,[Bir1 | BiN...NB;| < ¢~ (r2()—aito(1)
which implies with the induction hypothesis
[,y < t-(1@=aitra(i)ro().
But in this case we have by construction either r1(i + 1) = r1(i) — a; +r2(i) or r1 (i + 1) = r2(2) and r1(i) = a;.

This leads to
I, < = (ri(i+1)+o(1))

As the induction hypothesis is verified for i = 1 by (3.17), we showed that

N
[[PulBi | Bin...nBi_y] <t~ (nN)Fel®) (3.25)
i=1
ast — oo and w € I} N Ay.
We are now able to deduce the first part of Theorem 1.4. Indeed, from Lemma 2.4, (3.7) and (3.25), we have

P-a.s.,
P, [Ty > 19 < ¢ (r1(N)—o(1))

as t — oo. We obtain P-a.s.,

r1 (N
1P+

P,[T > 1] < tf( (3.26)

as t — oco. We can immediately deduce the first part of Theorem 1.4. Indeed, as 71 (N) > 1, we obtain P-a.s.,

o Ts > 1] < t—(ﬁmn)

as t — o0o. To conclude, fix ¢ < 1, as ¢ is arbitrary we can choose ¢ sufficiently small such that § < 1;c. This
shows that E,[T5] < oo, P-a.s.

Now, in order to prove Theorem 1.2, we shall improve (3.26). That is why we shall consider convergence in
P-probability instead of P-a.s. to obtain

P, [Ty > t] < —Ca(t) Int 4 o(Int) (3.27)

as t — oo. At this point, we can explain why we chose to bound P, [Ty > #'*°] instead of P, [Ty > t]. We
know by definition of the elevation that &[0,h1(N)] < Int but when considering P-a.s. convergence, we do
not control the elevation and it can be arbitrarily close to Int. In order to show (3.7) and to bound the term
Pu[BNn | By ...Bn—1], we had to consider an order of time greater than ¢, that is 1o, Considering convergence
in P-probability things become easier since from now on, we can control the elevation of the interval [0, hi(N)]
as follows. Fix ¢ > 0 and 0 < p < 1. Let =} be the set of environments w such that for every w € =; we have
€[0,h1(N)] < (1 — p)Int. By Lemma 4.1 of [3], for any € > 0, we can choose p > 0 small enough in such a way
that P[=;] > (1 — ¢€) Int. Furthermore, P[Z}] does not depend on ¢. Since our goal is now to prove convergence
in P-probability, we can restrict ourselves to the set =y N A; N I} and bound directly P, [To > t]| instead of
P, [Ty > t'19]. Finally, to obtain (3.27) we can repeat exactly the same computations we used to get (3.26).
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3.3. Lower bound for P,,[Ty > ]

In order to bound P, [T > t] from below, the main idea is to find the best strategy for the two random walks
not to meet until time ¢. To this end we define the following events. First, let us write 72(£2) for the time of
second return to state ¢ for the random walk &». Let

Do = {710,21(€1) > Ty (1)(€2) } N {&2(u) < &2(5),0 < u < s <71y 1y (62) )

Then for 1 <i < N,

Dy = {Th, (i) (€1) = Ty (1) (€2) > 1%} N { Ty i1y (§2) < T, (3 (€2)} N Ty i1 (€2) — Tomg (1) (€2) < 247}
and finally
Dy = {7, v)(&1) = Ty vy (§2) > £} N {770, () (€2) — Ty (E2) > £}

On the event Dy, we want the random walk &; to stay at position 1 until & reaches the point m5(1). On the
events D;, for 1 < i < N, we want & to reach for the first time the point hi(7) in a time greater than t** and we
want & to reach the point m5(i + 1) in a time less than t* before it reaches hq (i) for the second time. Finally,
on Dy, we want the random walks to stay in their respective t-stable wells until time ¢.

Thus we obtain

w[Do}Pw[D1 | D()] .. .PW[DN ‘ DonDiN...N DN,ﬂ. (328)

We will now find a lower bound for each term of the right-hand side of (3.28).
3.8.1. Lower bound for P,[Dy]

First of all, note that by condition B, the random walks remain in mean a time smaller than x/2 in every
state. Thus, we can obtain a lower estimate of the event Dy writing

mé(l)f@}

Do D{10,2)(§1) > Timgy1)(€2)} N {&2(u) < &2(5),0 < u < s < 7y 1)(§2) 1 N {ngu)(&) s

which implies by independence of the two random walks

mh(1)k

} Py {7{0,2}(51) > @} '

PIDH] > P |62(u) < €250 < 1< 5 < Ty (€2). T (€2) <
Then, using condition B and the fact that jump Markov processes have independent and exponentially dis-
tributed jump time increments, we can write

mh(1)k

mj(1)

P,[Dg] > P, {7{0,2}(51) >

where X is a random variable with exponential law of parameter 2/x and Px is the law of X. From the last

expression we obtain
/2

2 In
p.[Dy] > <ﬁ> (3.29)

2ek?

2ek?2

2
for w € Iy N A;. Note that, as k > 1, we have that <M> < 1.
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3.3.2. Lower bound for P,[D1 | Do)

First, for the sake of brevity let us write §; = 7,1 (5) (&) for i > 1. Using again the Markov property and the
independence of the two random walks, we obtain

Py[D1 | Dol = mQ(l)[Tm;(z) (&2) < Ty (1)(&2), Ty (2) (€2) < EJPL [Ty (1) (&1) > ). (3.30)

We first show that the second term of the right-hand side of (3.30) is greater than 1/2 for ¢ sufficiently large
and w € Iy N A;. Observe that by the Markov property and (3.4) we have

+
L[y (€1) > £1] 2 POl (&) > 1] > (1 - Cutmre VYm0 (331)

where ()% is the positive part. One can see that for w € It N A; and ¢ sufficiently large the right-hand side
of the last inequality will be larger than 1/2. By construction, we have W(hy(1)) — W(m1(1)) > a1 Int so we
obtain

Cut@e—V MWV M) < ¢ 1n~2Ko 4 < (3.32)

N =

for ¢ sufficiently large.
Now we will treat the first term of the right-hand side of (3.30). We have to consider two cases: mj(1) is
t*-stable and m4(1) is not t**-stable.

Case 1: m/(1) is t**-stable
First using the Markov property let us write

p2t) [Ty 2) (€2) < Thy (1) (£2), Ting(2) (&2) < 1] > pr2(!) |:7—h2(1)(£2) < Thy1)(&2)s Tho(1) (&2) < }
t
2

B [ (60) < g (€. T (2) < |
— By x UL, (3.33)
Let us bound from below the first term of the right-hand side of (3.33).

Lower bound for R;
In this case mb(1) = ma(1). Fix t > e and let € = ¢(¢) from Lemma 2.4. Then define

N2(1) = max{x < ma(1); W(x) — W(msa(1)) = (a1 —€) Int}.

Furthermore, suppose that we have J1(1) = Ji(1)(w,t) t*~°-stable wells in the interval [mao(1),ha(1)]. If
J3(1) > 1, then we define for 1 < i < J}(1) the point w;(1) as the minimum of the ith ¢%1~*-stable well and

vi(l1)=argmax  W(x).
w; (1) <z<wit1(1)

We also define vo(1) := arg max,,,(1)<z<w, (1) W(x). See Figure 3.
If J3(1) = 0, we can directly find a lower bound for R;. We write

1

Ry > P02 W(m,0)(€2) < 7oy (62)] = U2 | Ty may (€2) >

Then using (3.1) for the first term and (3.2) for the second term (noting that H([n2(1), he(1)]) < (a1 —e)Int+
2Ky lng t), we obtain for w € I; N Ay and ¢ — oo

o= (W(ha(1)) =W (n2(1))) |y ~2Ko ¢

ha(1) —n2(1)

Ry > — oexp(—t2)). (3.34)
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FIGURE 3. On the definition of 7(1), v;(1) and w;(1). Case J3(1) = 4.

If J1(1) > 1 we have a bit more work to do. By the Markov property we obtain

J5(1)
Wi tal
Ry > g) P, @) {Twﬂl(l)(fz) < Tvi_l(l)(§2)aTw71+1(1)(§2) < m (3-35)

with the conventions v_1(1) = 72(1), wo(1) = ma(1) and w1 (1y41(1) = ho(1).
Let us first bound from below the first term of the product. The other terms of the product will be treated
in a similar way. First note that by the Markov property we have

o

P2 {Twl(n(&) < Tia(n) (€2): T (1) (§2) < 2(73(1) + 1)

o
> Pyt |:Tuo(1)(§2) < T ) (€2), T (1) (€2) < W]

to
1
x P l:Twl(l)(§2) < Tina(1)(§2), Twy (1) (€2) < m}
= RQ X R3. (336)
We have o
1 1
Ry > P2 W[r, (&) < 7y (€2)] — Po |:T{Uo(1)ﬂ72(1)}(£2) AT
Then, using (3.1) for the first term and (3.2) for the second term, we obtain for w € I}
o= (W (w0(1)) =W (n2(1)) |y ~2Ko ¢

R, > PR — ofexp(—t%)) (3.37)

as t — oo.
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For R3 we write

o
Rs > pro() _ pro(1)
3 > PO [T, (1)(&2) < Toma1)(§2)] = P2 | T (1),ma (1)} (§2) > T 1)

Analogously, using (3.1) for the first term and (3.3) for the second term, we obtain for w € I, N A

In—2Ko ¢

o) ) o(exp (—t3)) (3.38)

R3 >
as t — 00. To obtain o(exp (—t5)) we used Proposition 3.1 of [3] and the facts that on I3 N Ay, A; < Blngt In?¢,
v < 2lngtint, JI(1) < Ingt and a; — SLVETD) >

Int
We will now bound the terms of the right-hand side product of (3.35) from below, for 1 < i < J3(1). First

note that by the Markov property we have

t*
pui) |7, _ _ <
w |:Twz+1(1)(§2) < Tvzf1(1)(£2)a7—wz+1(1) (52) > Q(J%(l) T 1):|

o
> puiD) [Twu)(fz) < To (1) (&2), To, (1) (§2) < m]

ay
X PZ’J'(” {Twiﬂ(l)(&) < Twi(l)(§2)a7wi+1(1)(§2) < m]
= R} x RL.
Now, to bound Rj, we are going to distinguish two cases: W (v;—1(1)) < W(v;(1)) and W (v;_1(1)) > W (v;(1)).
In the first case, we can directly use a similar computation as that we used for Rs. In the second case note that
Wi(vi—1(1)) — W(vi(1)) < elnt since (a1 —e)Int < W(v(1)) — W(w;(1)) < ay Int. With this observation, we
can use a similar computation as that we used for Rs. So, suming up, we obtain in both cases

o= (W@i(1) =W (vi-1(1))y—< 1y~ 2Ko 4

R, > — o(exp(—t2 3.39
4 = ’Uz(l) o ’Uifl(].) ( p( ) ( )
ast — oo and w € Iy N Ay.
Then, for R using (3.1) and (3.3), we obtain for w € I, N A,
: In~2Fo ¢ .
Ri>_—— — ofexp (—t%)). (3.40)

wiy1(1) —w;(1)
ast — oo.

Finally from (3.34) and (3.37)—(3.40) we obtain for w € I'; N A; and sufficiently large ¢

t=cn2Koy

e —(r2(1)—a1)
2ha(1))? t . (3.41)

Jy(1)+1
Ry > 1

Now let us go back to equation (3.33).

Lower bound for U;
First observe that in this case, m5(2) = mg3(1). Now, we divide the interval [hg(1),m3(1)] into %~ ¢-
stable wells. We denote by J3(1) = J3(1)(w,t) the number of t**~¢-stable wells in the interval [ho(1), m3(1)].
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FIGURE 4. On the definition of /;(1) and g;(1). Case J3(1) = 4.

If J2(1) > 1, then we define for 1 < i < JZ2(1) the point /;(1) as the minimum of the ith t%1~¢-stable well and
gi(1) = argmaxy,(1)<z<i,,, (1) W(z). We also define 9}722(1) = AIGMAN 5 (1)<z<ma(1) W(zx). See Figure 4. If
J2(1) = 0, using (3.1) and (3.3), we can directly compute a lower bound for U; for w € I3 N A;. As t — oo, we
obtain

In~2Ko¢

ms(1) — wyy (1)

If J2(1) > 1 we use the following decomposition

U, > — o(exp(—t3). (3.42)

t*
S pha() S RN
U > P, T, (1)(§2) < T“’J%u)(l)(&)’Tll(l)(gz) T 2(J3(1) +1)

J2(1)

ta1
X pli(1) |:T. §2) < Ty, £2), 71, §2) < oy } : 3.43
117 L) (&2) < 7y, (1)(62)s Ty (1) (62) SO T (3.43)

[N

Let us define

. tal
1 — l,(l) <
U2 . Pw |:qu‘,+1(1) (52) < Tgi—1(1) (52)?7_[1’4_1(1)(52) = 2(J22(1) + 1):|

for 0 <4 < J2(1). Then, let us note that by the Markov property,

. tal
¢ >plk) | . , L —
U2 = Pw |:Tg1(1) (52) < ng—l(l)(£2)’7—g1(1) (52) = 4(J22(1) + 1):|

t*
poi (1) ) ) ) < ——%——
Xy |:le+1(1)(§2) < le(l)(§2)77-lz+l(1)(§2) = 4(J22(1) + 1):|
= Ui x Uj. (3.44)

Now, to bound the term Ui we have to distinguish two cases.
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Case 1: W(gi(1)) < W(gi-1(1)) _
In this case, by a similar computation as that we used for R} in the case W (v;—1(1) < W(v;(1), we obtain
for w e Iy N Ay,

U

v

In—2Ko ¢ i
o g oee ) (3.45)

as t — oo.

Case 2: W(g:(1)) > W(gi1(1)) |
By a similar computation as that we used for R} in the case W(v;_1(1)) > W (v;(1)), we obtain for w € I;NA,

: t—E lnizKOt e
Ul> ———————— —o(exp(—t2 3.46
57 gi(1) — gima(1) (exp(=%) (3.46)

t — oo.
Then, for UZ, using (3.1) and (3.3), we obtain for w € I} N Ay,

. In—2Ko¢
ZjZ > 000
Y7 (1) = L(1)

as t — oo. Finally as the first term of the right-hand side of (3.43) is completely similar to the term U,
from (3.42), (3.45), (3.46) and (3.47) we obtain for w € I'; N A and sufficiently large ¢,

t—cn Koy 0+
@m3(1)? ] '

— ofexp(—t3) (3.47)

U, > (3.48)

Case 2: mj(1) is not t*-stable

In this case we have to distinguish two subcases.

e a1 =1i(1)
To find a lower bound for PTQ(I)[Tm/z(Q)(gg) < Thy(1)(€2), Ty (2)(§2) < 1] in this case, we can use a similar
computation as for the term U; above. We obtain that for w € I'; N A; and sufficiently large ¢,

PTQ(I)[Tm;(z)(fz) < Thy (1) (€2) Ty (2 (&2) <] > (3.49)

t=eln~ Koy A
<2m2<1>>2] |

e a3 =ri(1)
In this case, we use the decomposition (3.33). The unique difference is that, using the Markov property we
decompose the term R; as follows

a1

pe() Tha(1)(£2) < Thy(1)(€2)s Tho(1) (§2) < 5
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To find a lower bound for the first term of the right-hand side of (3.50) we can use a similar computation as
for the term Uj. For the second term of the right-hand side of (3.50) we can use a similar computation as
for Ry. We obtain for w € Iy N A; and sufficiently large ¢

’

P?(l)ﬁm;(z)(&) < Thy (1) (62), Ty (2) (€2) <t

o —aky 12 (M (HIE ()42
w t*(’/‘z(l)fal). (351)
(2m3(1))?

Finally, using (3.32), (3.41), (3.48), (3.49) and (3.51) we obtain

Ty (D) +JF(1)+TZ(1)+2
1 [t oy | ™ +
Dy | Dy it ¢~ (r2(1)—a1)
PulD1| Dol 2 5 [ @m 2<2>>2]
— = ((r2(D)=a1) T +o(1)) (3.52)
ast — oo and w € I} N Ay.
3.8.8. Lower bounds for P,[D; | DoN...N D;_1], where 2 <i < N
Using the Markov property, we first obtain
hi(i—1)
Pu[Di | DoN...nDia] = > Pu[D; | &(Bi) = 2,6(8:) = mb(i)|Pu [61(8:) =2 | DoN...N Dy
=0

Let us bound Py, [D; | &(6:) = x,&2(08;) = mb(7)] uniformly in x for < hi(i — 1). We have by the Markov
property and the independence of the two random walks

Pu[Di | £1(8i) = x,&2(Bi) = miy(i)]

= P2 [0y (€1) > t9IPL 2 1 (101 (€2) < T (i) (E2) Tomg (i 1) (€2) < £%4]
=V x V. (3.53)

Let us first treat the first term of the right-hand side of (3.53).

Lower bounds for V}
If hi(i) > h1(i — 1), then by the Markov property and as © < hy(i — 1) we obtain,

Vi > PO, (&) > ).

As we did in (3.31) we show that for w € I'; N A; and ¢ large enough we have

1
pr®) [Tha iy (61) > %] > >
If hi(i) = h1(i — 1), we use the following decomposition
VY 2 P57y () (61) < Thy () (€0)s Tona (9 (61) < 4IPS [0 (60) > 1] (3.54)

Again we have

P 1, iy (&1) > %] > (3.55)

l\DI)—l
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For the first term of the right-hand side of (3.54), we can perform exactly the same computation as in
Section 3.3.2 for the term Uj, to find that, being J(i) the number of t*~¢-stable wells in the interval

[ma (i), ha(i)],

pe 2k 41T
P [T () (§1) < Ty () (€1)s Ty () (§1) S 9] > [7(2}“(1.))2 1 (3.56)
for w € Iy N Ay and sufficiently large t.
Lower bounds for Vy
This term is completely similar to the term
mb(1
pL )[Tm;(z)(&) < Ty (1) (€2), Ty 2) (§2) < 1]
of Section 3.3.2. We follow step by step the method we applied in that section to obtain that
e 1Ko 4 Ja (i) + T2 () + T3 (1) +2
Vic|——— ¢ (r2(=a’ 3.57
2= (2mh(i +1))2 (3.57)
Finally using (3.55)—(3.57) we obtain
_ J1 ()45 (1) +J7 (0)+J5 (i) +3
1| e *oyg |7 N
P.[D;| DoN---ND;_4]>= | ——— t—(ra(i)—aq)
o 123 [<2ma<z‘+1>>2
= ¢~ ((r2(i)=ai)T+o(1)) (3.58)
ast — oo and w € I} N Ay.
3.3.4. Lower bound for P,[Dy | DoN...N Dn_1]
As we have already done in Section 3.3.3 , we have by the Markov property
hi(N-1)
Pu[Dy |Din...NDy_1]= > Pu[Dn|&(By) =2.&(0n) = mh(N)]
=0
X Pw[gl(ﬁN) = .T,gg(ﬁN) = m/Q(N) ‘ DO N...N DN—l]-
Then, we have by the Markov property and the independence of the two random walks
Pu[Dy | &1(Bn) = 2. &2(Bx) = mhy(N)] = P21, () (&1) > tIPE2 M, () (€2) > 1
with < h1(N —1). As we did in Section 3.3.3 for V{, one can see that
| [eme w20 ]
P” t| > = | ———5
w[Th1(N)(£1) > ] =9 (2h1(N))2
for ¢ large enough and w € Iy N A;. Using (3.4), we show that for ¢ large enough and w € I'; N Ay,
m} 1
PI ) (&) > 1] > 5
Therefore, we obtain
JH(N)
1 [t Koy |
P,[Dn | DoN...0DN_1] >~ | s = o) 3.59
Db N”4[<2ma<zv>>21 (2:39)

ast — oo and w € I} N Ay.
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3.3.5. Conclusion

Using the results of the precedent subsections, it is possible to show, using the same kind of induction
argument as in 3.2.4, that

N
[IPulDi | Dy 0 Diy] > ¢ (o) (3.60)
i=1
ast — oo and w € I} N Ay.
By Lemma 2.4, (3.29) and (3.60), we obtain that P-a.s.

P, [Ty > 1] > ¢~ (r(N)+o(1)) — 4= (C2(t)+0(1)) (3.61)

as t — oo. Together with (3.27), the inequality (3.61) proves Theorem 1.2.

To conclude, we deduce the second part of Theorem 1.4. Note first that by Theorem 1.3, we have for 6 > 0
and every t > e
Pla(t) <1+6] =P[C(e) <1460 >0 (3.62)

the last inequality is obtained using the fact that, as W is a Brownian motion, (2(e) is absolutely continuous
in relation to the Lebesgue measure with density non almost surely zero in [1,1 4 6]. From (3.62) and as the
sequence (C2(n))n>3 is ergodic, there exists an increasing subsequence (n;); such that 1 < (a(n;) < 1+6, P-as.
for all ¢ > 1. Now by Markov’s inequality, we get

E,[T5] > Py [Tz > ny]ny (3.63)
for every n,;. Thus from (3.61), (3.63) and the fact that 1 < (3(n;) < 1+ 6 for the subsequence (n;); we get that
E, [Tz(-] > ngcf(1+9)+o(l))
for i sufficiently large. If ¢ > 1, taking § < ¢ — 1 and letting i — oo we obtain E, [T5] = +oc0, P-a.s.

4. PROOFS OF THEOREMS 1.2 AND 1.4 IN THE GENERAL CASE

4.1. Upper bound for P,[T,, > t]

First, as we did in the case v = 2, let us find an upper bound for P, [T, > t149] for § > 0 arbitrary instead
of P, [T, > t]. Then we write

Po[Ty > ) = Py [Ty 1.y > 170 | Ty > 1 F0]P, [T g > 177
where Ty_1 4y = inf{s > 0;&,-1(s) = &,(s)}. Let us suppose that for some v > 2,
Pu[T,_1 > t'19] < (I (r=i)ri(N)+o(1)) (4.1)
ast — oo and w € Iy N A;. The goal of this section is to show that this implies
PL[T, > t1F9] < +— (12 (=i (V) +0(1)) (4.2)

ast — oo and w € I} N As. As by Section 3.2, (4.1) is true for v = 3, we will conclude by induction that (4.2)
is true for all v > 2.

Now, we have to bound from above the term P, [T, _1 1} > 140 | T,y > t149] for v > 3 to obtain an upper
bound for P,[T, > t'*9]. For the sake of brevity, let us write P[] := P,[ - | T,—1 > ¢1*7].

Fix t > 1 and define, for 1 <7 < N, the following stopping times

o; = inf{s > 0;&,(s) = hy—1(4)}, (4.3)
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the following events
Bi ={T(y-1,4} ¢ loi-1,0i]} (4.4)
for 1 <i < N — 1, with the convention og = 0 and

146 t1+5
By ={T(y-19y ¢ [ov-1, I N qony < ——

To find the upper bound for P [Ty, 4} > t1+9], we will use the following decomposition

146

Tpyry > 70 ono1 < ——

t1+5
R 0 on g > T] (4.5)

PL[Ty—1y > '] =P + P

Using the same kind of arguments as in Section 3.2, it is possible to show that the second term of the right-hand
side of (4.5) is negligible in comparison with the first one as ¢ tends to infinity (see [9] Sect. 4.1 for more details).
For the upper bound of the first term of (4.5) we start by noting that

t1+5

PL | Tyo1y > 0 0N < T] <P:[BiN...NBy]

=P [B1JP5[By | B]...P5[By | BiNBan...NBy_1].  (4.6)

We now give upper bounds for the terms of the product of the right-hand side of (4.6) (see [9] Sects. 4.1.1
to 4.1.3 for more details). We have

P*[By] < t~ (X751 r(+o(1) (4.7)

ast — oo and w € I} N Ay.

If hy_1(N) = hy—1(N —1), we have P}[B; | BiN---NB;_1] =1 for 1 <i < N. Otherwise if h,_1(N) >
hy—1(N — 1), we have for 1 <i < N,

PX[B; | BiN---N Bi_1] < 2Ct5t~ (=D =ai) — =(ry(i=1)=ai—a+o(1)) (4.8)

ast — oo and w € I} N Ay.
By (4.7), (4.8) and the construction of Section 2 we can deduce by the same type of induction as that we
used in Section 3.2.4 that for v > 3,

PL[T -1y > 1] < {(ﬁ DOy Tj(N)+o(1)>
w v—1,v <

ast — oo and w € Iy N A;. This leads to

(e 01)
PIT, > t] <t (o0

as t — oo and w € I, N Ay. We can immediately deduce the first part of Theorem 1.4. Indeed, as r;(N) > 1, for
1 <j <~ —1, we obtain P-a.s.,

[ xv—=1) +o(1 )
PIT, > 1] <1 (st o
as t — oo. To conclude, fix ¢ < w, as ¢ is arbitrary we can choose d sufficiently small such that § < W
This shows that E,[T5] < oo, P-a.s.
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Now, in order to prove Theorem 1.2, we shall improve (3.26). That is why we shall consider convergence in
P-probability instead of P-a.s. convergence to obtain

InP,[T, > 1] < —C,(t)Int + o(Int) (4.9)

as t — oo. By a similar argument as that we used in Section 3.2.4 for the case v = 2 we can obtain (4.9) in
P-probability.

4.2. Lower bound for P, [T, > t]
Let 72(&;) the time of second return to state i for the jth random walk.

We define the following events

D = M5 {1,611y (&) > oy () (E)} N {E4 (8) < 6,(8),0 < 5 <t < 7y (1) (65)}
and for 2 <j <~y —1,
D} = Z_f{m 1 ¢+1}(€i) > T a1 (1) (§y—j4+1) }
z =~ 3+2{ (D)= 1(52) A T, (1 +1(§i) > Tmy_j+1(1)(§77j+l)}
n{r, m;(1)—1(fv) A Tz (1)4+1(&5) > Ty (1) (ENv—j+1) )
N{&—jr1(s) &t (8),0 < s <t <7y (1)(§—541)}

with the convention N;_ 1{ .} = 0. We define Dy = ﬂ};ll Dg. For 1 <n < N, define

Bn) = max {7, m) (&)}

2<;<y
Next, for 1 <n < N, if a, = [,—1(n) then define

D, = {T}%,Y 1(n) (f'y) > Tm' (n+1) (g'y)va' (n+1)(§’y) - ﬁ(n) < tan}
M2 {7, (&) A Thy ) (&) — B(n) >t}
with the convention 72 1 (&1) = T, (n) (€1)-
If a,, = ri(n) for some 1 <i <~ —1 orl;(n) for some 1 <i <~ — 2 then define
Dy = m}:i{sz_l(n)(gj) > Tmjiq(n) (gj)a gt < ij+1(n)(£j) —B(n) < Q;tan}
M1 {7y (€5) AThym) (&) — B(n) >t}
i AThy 1 () (&) — B(n) >t}
with the conventions Th (51) Tha(n) (§1), ﬂ?:1{~ =10,

hosi(n) = min {W(x) = W(m,11(n)) = a, Int}

z>myy1(n)

and . )
g.— 1 —J g _2=Jtl
Ty—i+1l 7 y—i41
Finally define

Dy = {7, (n(&) = B(N)) > t} ﬂ};f {(Tin, () (&) A Ty () (€5)) — BIN) >t}
NA{Th () (§1) — B(N) >t}
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On the event Dy we place all the v random walks at the points m;(1), for 1 < j <~ —1 and m/(1). Then,
on the event D,, for 1 < n < N — 1, suppose that the smallest well is I(n) = [h;—1(n), hi(n)], that is to say,
ri(n) Ali—1(n) = a,. By (3.2), we know that the random walk in the well I(n) could escape from it in a time
of order t%» ¢ with high probability. In order for the random walk which is in this well not to meet the random
walks which are in the neighboring wells, we will oblige this random walk and those that are in the following
wells to move to the right to occupy the first v — i+ 1 t*»-stable wells to the right of the well I(n). Furthermore,
we want this to occur in a time of order less than t*», avoiding the random walks meeting by controlling the
intervals of time each random walk moves to its well to the next well. The random walks to the left of the
well I(n) stay in their respective wells. Finally on Dy we oblige all the random walks to stay in their respective
t-stable wells until time t.

Observe that
Pw[Tfy > t} > Pw[DO]Pw[Dl | Do] .. ~Pw[DN | DonNDiN...N DN—1]~ (410)

We now give a lower bound for each term of the right-hand side of (4.10) (see [9] Sects. 4.2.1 to 4.2.3 for more
details).

For P,,[Dy], we obtain
/2,

2 ~1n
P, [Do] > (%) (4.11)

2er?
for we Iy N A For Py[D,, | DoNDiN...NDypq], with1 <n <N -1, if a, =1,-1(n), we have

P,[D, | DoN---ND,_1] > 4= ((ry(n)—an)F+o(1)) (4.12)

ast — oo and w € It N A If a,, = 7;(n) for some 1 < i <~ —1or;(n) for some 1 <1i <~ — 2, we obtain

Pu[Dy | Do N+ N Dy_q] >t~ Ei=imir(m)=(y=itDanto(1)) (4.13)

ast — oo and w € Iy N A;. Finally, it is possible to show that

P,[Dn | DoN---N Dy_y] > t°M (4.14)

ast — oo and w € I} N Ay.

We now show by induction that the total cost of our strategy immediately after step n — 1 is bounded from
-1 .
below by ¢~ (/=1 (v=73(m+e() That is to say, if we denote by

1 = Py[DoJPulD1 | Do) ... Pu[Dp_1 | Do N DiN...0Dys)]

for 1 <n < N, we have
I,y >t~ CI5 =rim)+o))

ast —ooand w € [N A
So suppose that
I, > t—(Z];ll(’Y—j)Tj(nHo(l))

is true for some 1 < n < N. We will show that it implies that

17, >t~ (1= (=) (et D+o(1)
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Case 1: a, =1,—1(n)
In this case we have by (4.12),
P,[D, | DoN---ND,_1] > = ((ry(n)=an)*+o(1))

In the case (ry(n) —a,)* > 0, let us compute the total cost using the construction of Section 2.

y—1 v—2
S (= )y n) + (1) — an = 3 (3 = ) (n) + i (1) + 7 () —
j=1 j=1
y—2
= S =yl 1) + it 1)
j=1

v—1
=Y (r=irin+1)
j=1

where we use the fact that, in this case, 7y_1(n+ 1) = ry_1(n) + r,(n) — ay. In the case (r,(n) —a,)™ =0, we
have directly

Z v —Jrin ZW J)rj(n+1).

since 7j(n) =r;j(n+1) for 1 <j <~ —1.
Therefore, in both cases (r(n) — a,)™ > 0 and (r,(n) — a,)* = 0 we obtain

17, >t~ (CJ2 (=i)ri(n+Dto())
Case 2: a,, = r;(n) for some 1 <i <~ —1orl;(n) for some 1 <i<~y—2
By (4.13) we have
P,[Dy | DoN---NDyp_q] >t~ (C =i rirr(m)—(y—it+1)an+o(1)) (4.15)

As an example, let us treat the case a,, = r;(n). Let us compute the total cost using the construction of Section 2.
We have

v—1 y—1
Z(’Y Jri(n "‘ZTJ —(y—i+1a, =ry(n) + Z (v—=J+Drjn)+ (y—i+1)ri(n)
Jj=1 j=i+1
i—2
+> (=) + (v =i+ Drica(n) = (y— i+ Dan,

1

J

1
L

i—2
= (v—=J)rj(n+1) +Z (v—=J)rj(n+1)
7 Jj=1
+(y—t+Dri1(n+1)
1

=Y (= dyrin+ 1)

.
Il

2
|

<.
Il
—

where we used the fact that for j < i, rj(n +1) =r;(n) and for j >4, rj(n + 1) = rj+1(n). Hence, we obtain

17, > t~ (1= (=i (et D+o(1))
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By (4.11) and Definition 2.3 item (iii), we have
Iy >t~ CI5 (= (W+e(1)

as t — oo and w € I} N A;. Thus, the induction is right for every 1 <1 < N, in particular we obtain
Hy_q >t~ EI5 = (W)+e(1)
as t — oo and w € I} N A;. Finally by (4.14), we have
Iy > (272 (=) (N)+o(1))

ast — oo and w € Iy N A;. Which implies
P, [TW >t > t*(z;{;11(’ij)rj+1(N)+0(1))
or by definition of the process ¢y,
P, [TW > t} > = (G (O)+o(1))

as ¢ tends to infinity and w € I3;NA;. Together with (4.9), this last inequality concludes the Proof of Theorem 1.2
in the general case. To obtain the second part of Theorem 1.4 we use a similar argument as in Section 3.3.5 for
the case v = 2.

5. PROOF OF THEOREM 1.3

We will start this last section by treating the case v = 2. From this special case, we will deduce the proof of
the general case.

Consider the Brownian motions W and W’ given by W’(:) = AW (-/A?) for A > 0. Denoting respectively
by S;(W) and S;(W') the sets of the ¢-stable points of W and W, it is elementary to observe that

S (W) = A28, (W)

and as Hy(W) = S;(—W) we also have
H(W') = NH (W),

Then using these two properties and expression (1.2) of (2(t) we obtain
Gt W) = Gt W),

As W and W' are identically distributed we deduce (o(t) = (o(t*). With this scaling property, we observe that
the distribution of (a(¢), for fixed ¢, does not depend on ¢. Let us now compute the distribution of (3(e). To this
end, define the following random variables

= inf : — inf =1
Vo =in {t>0 W (t) OggtW(s) },

My = inf [0,Vo] : W(t) = inf W(s )}

0<s<Vpy

Vo<s<t

= inf

{ee
1nf{t>Vo sup W(s) — W(t):l},
{

te[Vo,Va] : W(t) = sup W(s)}
Vo<s<Vi

See Figure 5.
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A

v

%7 x

FIGURE 5. On the definition of Vj, My, V4 and Hj.

By definition of (2(e), one can immediately see that (2(e) = W (H;y) — W(Mjy). Then we have

PlCa(e) — 1 > u) =P[W(Hy) — W(Mp) — 1 > u]
— B (H) — W(Vo) + W (Vo) — W(Mo) — 1> u]
— B (H) — W(Vo) > ]

By Lemma 6.1 (ii) of [3] we know that the random variable W (H;) — W (V) is exponentially distributed with
mean 1. So, this ends the Proof of Theorem 1.3 in the case v = 2.
In the general case, observe that by the same argument we used for the case v = 2, we show that the
distribution of ¢, (t) does not depend on t. Finally to obtain the distribution of (,(e) observe that by the fact
y(r—1)

that W has independent increments, ¢, (e) — +-5— is the sum of v—1 independent exponential random variables

with parameters 1/(y — i), 1 <1i <~ — 1. Finally after some elementary computations we get expression (1.3).

Final comments

In this last part, we discuss two other natural questions closely related to ours. Suppose that we have v > 2
random walks starting at positions 1 < zy < -+ < .

The first question concerns the coalescing time of the v random walks. Indeed, suppose that whenever two
random walks meet they stay together forever. Thus, we can define the coalescing time 77 as the moment when
all the random walks coalesce. Observe that this time is equal to the time when the first and the yth random
walks meet. Thus, we can deduce that Tf/ behaves like T5 for all v > 2.

The second question concerns the meeting time T’/y of all the v random walks at the same time, that is

T = inf{s > 0:61(s) = Ea(s) = - = & (s)}.

Unlike the case of standard random walks, for which Tf/’ is almost surely finite only for v < 3, in the case of
random walks in random environment, it is possible to prove, analogously to what is shown in the Appendix
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of [20], that for all v > 2, the 7 random walks will all meet in the origin P-a.s., and from this follows the
finiteness of 77

In fact, it is possible to show that Tf/ also has the same behavior as the meeting time 75 of two random walks.
First, it is possible to show that when the v random walks are in the same ¢-stable well they meet at the same
time with high probability. Then, in the light of the Proofs of Theorems 1.2 and 1.4, for the v random walks
not to meet at the same time until time ¢, the strategy which has the “cheapest cost” is to keep the first v — 1
random walks in the first ¢-stable well and to send the vth random walk into the second t-stable well. This is
exactly what we have done in the Proof of Theorem 1.4 for the case of two random walks.

To conclude, Theorems 1.2 and 1.4 for T should also be true for 7. 4 and T 4’ .
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