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SPECTRAL GALERKIN APPROXIMATION OF FOKKER-PLANCK EQUATIONS
WITH UNBOUNDED DRIFT

DaviD J. KNEZEVIC! AND ENDRE SULI!

Abstract. This paper is concerned with the analysis and implementation of spectral Galerkin meth-
ods for a class of Fokker-Planck equations that arises from the kinetic theory of dilute polymers. A
relevant feature of the class of equations under consideration from the viewpoint of mathematical anal-
ysis and numerical approximation is the presence of an unbounded drift coefficient, involving a smooth
convex potential U that is equal to 400 along the boundary 0D of the computational domain D.
Using a symmetrization of the differential operator based on the Maxwellian M corresponding to U,
which vanishes along 0D, we remove the unbounded drift coefficient at the expense of introducing a
degeneracy, through M in the principal part of the operator. The general class of admissible potentials
considered includes the FENE (finitely extendible nonlinear elastic) model. We show the existence of
weak solutions to the initial-boundary-value problem, and develop a fully-discrete spectral Galerkin
method for such degenerate Fokker-Planck equations that exhibits optimal-order convergence in the
Maxwellian-weighted H* norm on D. In the case of the FENE model, we also discuss variants of these
analytical results when the Fokker-Planck equation is subjected to an alternative class of transforma-
tions proposed by Chauviere and Lozinski; these map the original Fokker-Planck operator with an un-
bounded drift coefficient into Fokker-Planck operators with unbounded drift and reaction coefficients,
that have improved coercivity properties in comparison with the original operator. The analytical
results are illustrated by numerical experiments for the FENE model in two space dimensions.
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1. INTRODUCTION

This paper is concerned with the numerical approximation of the Fokker-Planck equation

& Ve )9 + Vo ((Towg ) = A0+

1

55 Vo (Vov + F@)v). (L)

that arises from the kinetic theory of dilute polymers [12,13]; see also [4,5,7] and references therein. Here,
e and A\ are two positive parameters, referred to as centre-of-mass diffusion coefficient and relazation time,
respectively, 2 C R? is the flow-domain of the polymer and D C R? is the set of admissible orientation vectors
of polymer chains. Typically D = B(0; \/l_)), where b > 0 is a nondimensional parameter that measures the
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maximum possible extension of polymer chains, and B(0; s) is the open ball with radius s centred at the origin Q
in R%, d € {2,3}. Henceforth, unless otherwise stated, D will denote B(0;v/b).

Equation (1.1) governs the evolution, over a nonempty, bounded and closed time interval [0,T], of the
probability density function ¢ : (z,q,t) € Q x D x [0,T] — ¥(z,q,t) of a 2d-component stochastic process
that models random fluctuations of f)olymer molecules in a solvent due to thermal agitation. The solvent is
an incompressible Newtonian fluid with velocity y whose motion is governed by the Navier-Stokes equation
forced by the divergence of the non-Newtonian extra stress tensor, defined as the integral of F'(q) ® q¢(z,q,t)
over D. In the simplest models of this kind, elastic effects are incorporated by modelling the ﬁolyrﬁer chains
as dumbbells, i.e., as pairs of massless beads connected by an elastic spring, with spring force F' : D — R?
defined by a spring potential U : R>¢o — R through

F(q) := U’(%|g|2)q, qg€D. (1.2)

We adopt the following structural hypotheses.
Hypothesis A. The spring potential U € C!([0, %)) is a non-negative monotonic increasing function, with
U(0) =0, limg_pya_ U(s) = +o0, limg_pa_ (% — s)U’(s) < oo.

Hypothesis A is consistent with the physical requirement that, in order to faithfully model finite stretching of
polymer chains, the spring force E(g) should have infinite intensity when the maximum admissible elongation
lg| = Vb is reached; i.e., the function q U'(%|g|2) should tend to 400 as d(q) := dist(¢, D) = Vb— lg| — 04.

Given a spring potential U, consider the associated (normalized) Mazwellian M defined by

g M(q) = ﬁe){p (—U(%|g|2)> c LY(D), where C(b) := /D exp (—U(%|g|2)> dq.

Since, by Hypothesis A, U(%|g|2) — 400 as 9(¢q) — 04, we have that M(g) — 04 as d(g) — 0.

Hypothesis B. VM € H}(D), and M is a weight function of type 3on D in the sense of Triebel [33], p. 247, Def-
inition 3.2.1.3c; i.e., there exist positive constants c;, co and A, and a positive monotonic increasing function 7,
defined on the interval (0, ), such that ¢; 7(0(q)) < M(q) < ca7(0(q)) for all ¢ € D satisfying 9(¢) < A.

Example 1.1. Consider the function U defined by

U(s) :=—f(s)In (1—2—;) ) s€0,2), with b > 2,

where f € CY0, %] is a nondecreasing function, positive on (0, %], with f(%) > 1; then U and the associated
Maxwellian M satisfy Hypotheses A and B, respectively.

Hypotheses A and B will be assumed throughout the paper. In Section 2 we shall also invoke the following
additional assumption, which is not required elsewhere.

Hypothesis C. With U as in Hypothesis A and L(s) := In(1 — %), there exist w and v in R such that the

mapping ¢ — (U + 'yL)(% |q|?) is w-convez on D in the following sense: there exists ¢y € R~ such that, for each

q € D, the Hessian
2

0
H(q) := [ =—=— (U +~L)(3|q|?
@)= (g ©+ 1)
of ¢ — (U + 7L)(%|g|2) satisfies H(q) > co(1 — |g|2/b)“ Id, where Id is the d x d identity matrix.
Example 1.2. In the case of the FENE (finitely extendible nonlinear elastic) polymer model

b 2
U(s) = filn <1?S) , U'(s) = s€[0,2), with b > 2.
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It will be shown in Section 2 that the function ¢ € D = B(0; Vb) = (U + vL)(%]ql?) is w-convex with w = —1
(or, briefly, (—1)-convex) and ¢y = (b — 27)/b, for all v € [0,1]. Thus the FENE spring potential U satisfies
Hypothesis C with w = —1 and any 7 € [0, 1]. The associated normalized Maxwellian is

2\%
M(g)i<1%> . qeD=DB(0;Vb).

Clearly, there exist positive constants ¢; and ¢z such that ¢; < M(g)/[b(g)]b/2 <cpforallqg € D (ie, A = Vb);

hence M is a weight function of type 3 on D. Also, thanks to the assumption b > 2, VM € H}(D). For b > 1,
M decays to 0 very rapidly as q approaches 9D. In numerical simulations typically b € [10, 100].

Following Kolmogorov [24], the Fokker-Planck equation can be recast as follows:

2 Ve (e 90 + Yy (s 0) ) = e At b 55 Vo (M(g)yq (%)) ,

where £(z,t) := (Vz u). The probability density ¢ is a function of 2d + 1 independent variables: x € R, q€ R
and ¢t € R>q. Since the dependence of the coefficients in the equation on g and qis separated/factorlzed an
efficient approach to the numerical solution of this equation in 2d + 1 variables is based on operator-splitting
with respect to (¢,t) and (z,t); see Chauviere and Lozinski [17,18,27]. Thereby, the resulting time-dependent
transport—diffusiown equation with respect to (z,t) is completely standard, ¥ + V. - (u(z, t)¥) = eAyz1p, while
the transport-diffusion equation with respect to (¢,t) is

St Vo) =539 (M5 (5)) @oeDx 0.1 (13)

Equation (1.3) is supplemented with the following initial and boundary conditions:

¥(g,0) = olg), for all ¢ € D, (1.4)
P(g,t) = 0( M(g)), as 0(¢q) — 04, forallt € (0,7 (1.5)

Here, the initial datum 1o is such that 1o > 0 and [}, ¥o(q) dg = 1.
The central difficulty, from both the analytical and the computational point of view, is now the presence

in (1.3) of the degenerate Maxwellian M (g), with hrna(q) — 0, M(q) = 0. Thus we shall ignore the coupling

between the Fokker-Planck equation and the Navier- Stokes system, suppress the dependence of the probability
den51ty function ¢ on the variable z, assume that the d x d tensor £ = V. u is independent of z, belongs
o (C[0,T])*** and is such that tr(k)(t) = 0 for all ¢ € [0, 7], and we focus our attention on the numerical
solution of (1.3), (1.4), (1.5). For theoretical results concerning the existence of weak solutions to coupled
Navier-Stokes-Fokker-Planck systems and a detailed survey of related literature we refer to [4,6,7] and [26].
Most numerical methods developed for the Fokker-Planck equation have been based on the ‘original’ form,

oY

S+ Vi (x0v) = 35 Vo (Voo + Flo)w). (16)

)\ N
see, for example, [17,18,27] or [1,2]. From the theoretical viewpoint at least, the advantage of (1.3) over (1.6), is
that on transformation into weak form the diffusion operator becomes symmetric (see (1.7)), which facilitates
the analysis of the Fokker-Planck equation for a general class of Maxwellians. Notwithstanding this potential
theoretical advantage, the computational benefits, or otherwise, of discretizing (1.3) rather then (1.6) remain
to be understood.
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The aim of this paper is therefore two-fold:

(a) Our principal objective is to develop the mathematical and numerical analysis of equation (1.3) for a
general class of Maxwellians. The discretization of the equation is based on a spectral Galerkin method
in the spatial variable ¢ coupled with backward Euler time-stepping. One can, of course, consider more
accurate time discretization schemes, such as an nth-order backward differentiation formula, BDFn,
n € {2,...,6}, for example. High-order time discretization of the problem is, however, a secondary
consideration to the central theme of the paper, and we do not discuss it here.

(b) In the special case of the FENE model, we shall show how the results under (a) can be adapted to
the case of an alternative discretization proposed in [17,18,27], which applies a transformation, different
from Kolmogorov’s symmetrizing transformation considered under (a), to the ‘original’ form (1.6) of
the Fokker-Planck equation. The transformed equation is then approximated in the same way as in (a),
using a spectral Galerkin method in space and a backward Euler discretization in time.

Since the analytical arguments under (b) are almost identical to those under (a), for the sake of brevity we
shall focus our attention on (a), but we shall systematically indicate the key adjustments that need to be made
in order to obtain the corresponding results under (b). We begin by defining the relevant function spaces.

Let

ﬁ:{@GLlOC(D) /D<\/LM)2‘1‘3<OO}’ ﬁ{gaeﬁ /(( ) \\/_v( )‘2)d2<oo}

and define Ry as the closure of VM C{ (D) in the norm of K. Taking our test functions as ¢/M with ¢ € Ry,
we obtain the following weak formulation of the initial-boundary-value problem (1.3).

Given vy € 9, find ¥ € L>(0,T; $) N L2(0,T; Ry) such that

%/D%dg_/(@)\/_ VIV, (& dq+—/\/_V( )\/_v( )Jdg=0 vpe S, (17)

in the sense of distributions on (0,T), and ¥(-,0) = ¢o(-).
Now, by introducing the notation

. @ X ¢

Q= — and Vup = \/MNVq<\/—M)

we can reformulate (1.7) on observing that, by the definition of &, we have ¢ € fy if, and only if, ¢ € H}(D; M),
where H}(D; M) is the closure of C3°(D) in the norm of H'(D; M), and

(D3 M) = {¢ € D)+ [Rocouan = [ (6P +1967) dg < oo

When applied to an element of H§(D; M) the norm || - |1 p,ary will be written || - 3 (p;ar)- As a matter of fact,

we shall show below that C°(D) is dense in H'(D; M) and therefore, perhaps somewhat counter-intuitively,
H{(D; M) = H(D; M), and also R = &

Remark 1.3. We note in passing that the substitution ¢ = ¢/ VM also appears in the recent paper by
Du et al. [20], though the operator Vs does not.

In the case of the FENE Maxwellian (¢f. Ex. 1.2), Chauviere and Lozinski [17,18,27] used a spectral method
to approximate /M 2s/b instead of ¢ / /M, where s is a parameter that was chosen on the basis of numerical
experiments. Clearly, the two expressions coincide when s = b/4; on the other hand, the values s = 2 and
s = 2.5 were recommended in [17,18,27] on computational grounds for d = 2 and d = 3, respectively. More will
be said in Sections 3, 4 and 6 about the analytical implications of using, in the special case of the FENE model,
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the substitution 1& =¢/M 2s/b instead of the substitution 1& =1/ VM. In particular, we shall show that both
substitutions result in unconditionally stable and convergent numerical methods, although in the case of the
Chauviere and Lozinski type substitution it will be necessary to assume for this purpose that b > 4s%/(2s — 1)
with s > 1/2, while the Kolmogorov symmetrization will be seen to result in a stable and optimally convergent
scheme for all b > 2. In Section 7 we shall perform quantitative comparisons of the two approaches through
numerical experiments.

With the notational conventions defined above, (1.7) has the following form.

Given g := /v M € L3(D), find ¢) € L>=(0,T;L3(D)) N L2(0, T; HA(D; M)) such that

d [ . . R 1 . R X
—/ Y dq—/(@q)w-yﬂw dg+ =~ [ Vu-Vugdg=0 V¢ e Hi(D; M), (1.8)
dt D ~ D = ~ 2)\ D ~

in the sense of distributions on (0,7), and ¢(-,0) = 4o (-).

The function space Hy(D; M) may appear exotic. We shall see however in Section 2 that this is not so: it will
be shown in Section 2.2 that, under Hypotheses A and B, H'(D; M) = H{(D; M) and H{(D) C Hy(D; M). We
shall further illuminate the structure of Maxwellian-weighted spaces by applying the Brascamp-Lieb inequality
with a probability measure whose Radon-Nikodym derivative is the Maxwellian. The connection between
H{(D; M) and H} (D) will prove helpful in the development of Galerkin methods for (1.8), since the construction
of finite-dimensional subspaces of Hy(D) and the analysis of their approximation properties are well-understood.

In Section 3 we shall revisit the weak formulation (1.8) of the initial boundary value problem. We shall con-
struct a backward Euler semidiscretization of the weak formulation and show that this has a unique solution. We
shall then use a compactness argument to establish the existence of weak solutions to the initial-boundary-value
problem. We also show the uniqueness of the weak solution. In the process, we shall prove the unconditional sta-
bility of the temporal semidiscretization in the ¢°°(0,T;L2(D)) and ¢2(0,T; H}(D; M)) norms. Our arguments
do not invoke compact embedding of (Maxwellian-)weighted Sobolev spaces, and no growth/decay conditions
(such as a Muckenhaupt condition) need to be imposed on the Maxwellian M beyond the conditions on U
and M stated in Hypotheses A and B above. Elliptic and parabolic operators with unbounded drift coefficients,
albeit in nonconservative form, have been considered recently by Cerrai, Da Prato, Lunardi and others (see,
for example, [16,19]); the technique herein, based on semidiscretization in time and passage to the limit using
a weak compactness argument, is different from the semigroup theoretic approach used in those papers. We
also show how, in the case of the FENE model with b > 4s%/(2s — 1) and s > 1/2, our results can be carried
across, independent of the spatial dimension d, to a weak formulation that results from using the alternative
substitution 1& = w/MQS/b; the cases of s = 2 and s = 2.5 correspond to the methods proposed by Chauviere
and Lozinski [17,18,27] for d = 2 and d = 3, respectively.

In Section 4 we develop the fully-discrete method and, using the stability results from Section 3, we derive a
bound on the global error in terms of the approximation error in a suitably defined spectral projection operator.

In Section 5 we give the precise definition of our projection operator: its nonstandard form stems from a
decomposition lemma, Lemma 5.2, for elements of the Sobolev space H!(D) in polar co-ordinates. The result
can be seen as a Sobolev space variant of the Malgrange preparation theorem [22].

We complete our convergence analysis in Section 6 by showing that, under Hypotheses A and B, the method
exhibits optimal-order convergence in the Maxwellian-weighted norm || - [[p2(0, 711 (D;ar)) With respect to the
spatial and temporal discretization parameters.

Section 7 is devoted to numerical experiments that illustrate the performance of the method. Since the case
of two space dimensions (d = 2) is sufficiently representative, for ease of presentation in Sections 5, 6 and 7 we
have confined ourselves to this case; all of our results in Sections 5 and 6 have obvious extensions to three space
dimensions. The stability bounds and existence and uniqueness results presented in Sections 3 and 4 are valid
in any number of space dimensions.
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2. THE BRASCAMP-LIEB INEQUALITY

Suppose that D is a convex open set, D C R% (e.g., D = B(0;v/b), b > 0). Consider a probability measure
supported on D with density exp(—V(q)), ¢ € D, with respect to the Lebesgue measure dg on R%, where V is
a convex function on D; p is usually referred to as Boltzmann measure. In particular,

/ dp = / exp(—V(g))dg,

for any p-measurable set B C D, with u(D) = 1. The following geometric functional inequality comes from the
paper of Bobkov and Ledoux [14].

Theorem 2.1 (Brascamp-Lieb inequality). Assume that V' is a twice continuously differentiable and convex
function on a convex open set D C R?, such that, for each q € D, the Hessian

0*v
H@r<8%§2>

1s positive definite. Then, for any sufficiently smooth function f,

Var, (f) = E,[(f _Eu[f])Q] < / (H_l(g) Vaef.Yaf)du, where  E,[f] = /Dfdﬂ-

D

In terms of simpler notation, the Brascamp-Lieb inequality can be restated as follows:

2
[ - [soe Pal o Cay < [t vasvine P
D D D

for any sufficiently smooth function f.

Corollary 2.2. Assume that V is a twice continuously differentiable and w-convex function on D = B(0; \/5),
in the sense that there exist co > 0 and w € R such that the Hessian H of V satisfies H(q) > co(1 — |q|*/b)* 1d
for each q € D. Then, for any sufficiently smooth function f,

2 2\ ¥
v 4] V@ 1 gl 2 —V(Q)
[ o= [ rwe " @ap) " Pag< L [ (1—b ) Vaf(@Pe D dg.

Proof. Under the hypotheses of the corollary

2 w
§TH(q)¢ > co <1'q|>|£|2 VEER?, g < V.

Thus, in particular, V' is a convex function on D, with a positive definite Hessian at each point in D. Since
H(q), for |g| < Vb, is a symmetric positive definite matrix, we deduce that

- ~ 1 lq|?
(H(g)"'n,m) =n"H(g)'n < — <17> > wpeR?, g < Vb

Hence, on taking n = V, f, the desired bound follows directly from the Brascamp-Lieb inequality. O



SPECTRAL GALERKIN APPROXIMATION OF FOKKER-PLANCK EQUATIONS WITH UNBOUNDED DRIFT 451

2.1. Application to the FENE potential
Let D = B(0; vb) where b > 2, and define

Us(s) = —g In (1 - %) . CB) = /De—Uﬂ<%‘£1'2> dg,

with 0 < s < %, B:=b—2v,0<~v<1. The FENE potential corresponds to 8 = b (i.e., to v = 0). Further, let

Vig) :==Up (%|g|2) +InC(B), Mps(q) == ﬁ <1 — %) — %Mb(g).

Note that the exponent in Mgz is b/2, not (§/2, so Mgz is not the normalized Maxwellian of Ug, except when
B = b. Note further that, for all £ € R? and all ¢ € D,

SEpCAA) R Y ST (R B N N T
i=12j:=1§i§j 9q:04q; :<1_T> {3|§| -+ &e’ =3 (1 -5 K~

Hence ¢ — V(q) is (—1)-convex on D, with co = 8/b. The same is true of ¢ — Ug(%|g|2) =V(g) —InC(p).
Since Ug = Uy + 7L, it follows that ¢ — (Up + 7L)(%|g|2) is (—1)-convex on D, with ¢y = (b — 27v)/b, for all
~ € [0, 1]; hence Hypothesis C holds with w = —1. Applying Corollary 2.2 with w = —1 and ¢y = 3/b yields

AR R (“@) dB] M) <1_%> 4 < 5 [ 19ar@)PMs(g) (1—%) g,

where 7 € [0,1]. We shall now consider the two extreme cases: v =0 and v = 1.

2.1.1. Case 1
Let 4 = 0 (whereupon 3 = b). Then, by writing M := M, and taking f = ¢)/v/ M, we get

/[ F/w dp] dg+3 /Iql V(g |2dq</D|yM¢|2dg.

This implies the following Poincaré inequality, on noting that Ker(Vas) = {A\VM : X € R}:

inf /|1;_c|2dqg/ |V areh|? dg. (2.1)
=/ q

CEKGI‘(Y}\J) D

2.1.2. Case 2

Let v = 1, take f = z/?/vM and note that Mg and M := M, only differ by the multiplicative factor
C(b)/C(B), where 8 = b— 2 with b > 2. Then,

2
C(v) \/ ‘Z 2\ g2\ b .

Hence, we obtain the following Poincaré-Hardy inequality:

inf |7/A’ - C|22 dg < b / |VMZ/AJ|2 dg. (2.3)
ceKer(Vm)Jp 1_& AT =2 p" EJ
b
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This can be seen as a refinement of the Poincaré inequality (2.1) in the sense that the left-hand side of (2.3) is
an upper bound on the left-hand side of (2.1) (at the expense of increasing the multiplicative constant on the
right-hand side of (2.1) from 1 to b/(b— 2), b > 2). The inequalities (2.1) and (2.3) hold, in particular, for any
¥ e VMC™® (D). Next, we shall show by a density argument that they are also valid for all Ve HY(D; M).

2.2. Density results for the space H!(D; M)

Since the density results below are not specific to the FENE model, we shall state them more generally, for
any potential U and associated Maxwellian M that satisfy Hypotheses A and B, respectively. We shall then
state additional results that hold when the list of assumptions is supplemented by Hypothesis C. Recall that
the FENE model satisfies Hypotheses A, B and C (¢f. Ex. 1.2).

(a) Suppose that the Maxwellian M satisfies Hypothesis B; M is then a weight-function of Type 3 in the
sense of Triebel. According to [33], Theorem 3.2.2a, the weighted Sobolev space H},(D) = {v € L3,(D) : V,v €
(L2,(D))4} is a Hilbert space with respect to the norm || - [, (py defined by

1
2
ol 0 = (10023, () + I9a0 12, (1))

and L3, (D) = (1/v/M)L?(D) is a Hilbert space with norm | - [|2 (p) defined by [[v]|2 (p) := |V M|, where
||| denotes the L2(D) norm induced by the L%(D) inner product (-,-). By [33], Theorem 3.2.2c, C>°(D) is dense
in both H},(D) and L2,(D); see also Chapter I, Section 7, in Kufner [25], or one of [10,11]. Thus, vM C>(D)
is dense in the Hilbert spaces H'(D; M) and L?(D), whereby H!(D; M) is dense in L?(D).

(b) Now suppose that U satisfies Hypothesis A and the associated Maxwellian M satisfies Hypothesis B. It
follows from Hardy’s inequality (see, for example, [3,28]) that

9\ —2
/D< %> [i(g)?dg < 4b| V| Vi € HY(D). (24)

Since NVMQ@ = yqﬁ + %QU’ <%|g|2) ¢ and Hypothesis A implies the existence of C; € Rsg (for the FENE
model C; = 1) such that (1 — |q|>/b)%|U’(3]q|*)|* < C% for all ¢ € D, it follows that

V| < (1+C1d) |Vl Wi € Hy(D). (2.5)

Thus, (2.5) now implies that H} (D) c HY(D; M).

Let us show that HY(D; M) = H§(D; M). As VMC>(D) c HY(D) ¢ H'(D; M) and vMC>(D) is dense in
HY(D; M) (cf. (a) above), we deduce that H}(D) is dense in H!(D; M). Since C3°(D) is dense in H (D), it then
follows from (2.5) that C3°(D) is also dense in H!(D; M). By definition, H}(D; M) is the closure of C5°(D) in
H'(D; M); thus we deduce that H'(D; M) = H}(D; M), and therefore & = 8. As H'(D; M) is continuously
and densely embedded into L?(D), it follows that H(D; M) is continuously and densely embedded into L2(D).

(c) As the FENE potential U and Maxwellian M satisfy Hypotheses A and B, respectively, the density of
VM C>(D) in H'(D; M) implies that (2.1) holds for all ¢» € H'(D; M). To show that, in the case of the FENE
potential, (2.3) holds for all Ve H!(D; M), note that (2.2) holds, with the outer integral on the left-hand side
of (2.2) replaced by an integral over D, := {q € D : |g|2 < b(1—¢)}, e € (0,1), for any ¢ € C(D), and
hence, by the density of C5°(D) in H!(D; M), for any ¢ € H'(D; M). Letting ¢ — 04, Lebesgue’s monotone
convergence theorem implies that (2.2) holds for all ¢» € H!(D; M); hence (2.3) holds for all ¢ € H'(D; M).
More generally, let U satisfy Hypotheses A and C with w = —1 (and v = 0 or v = 1), and let the associated
Maxwellian satisfy Hypothesis B. If v = 0, then (2.1) holds for all ) e H(D; M), as in the case of the FENE
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model, and if v = 1, then (2.3) holds for all ¢» € H'(D, M), with b/(b — 2) replaced by 1/¢o (and ¢ > 0 as in
Hypothesis C).

3. BACKWARD EULER SEMIDISCRETIZATION: EXISTENCE AND UNIQUENESS
OF WEAK SOLUTIONS

As was noted in the Introduction, by setting ¢ (-, ¢) := (-, ¢)/v/M for t € [0,T] and ¢ := ¢/+/M in (1.7) and
writing o := 1 /v/M, we arrive at the following weak formulation of the initial-boundary-value problem (1.3),
(1.4), (1.5):

Given ¢ € L2(D), find ¢ € L®°(0, T;L3(D)) N L2(0, T; H}(D; M)) such that (1.8) holds in the sense of
distributions on (0,7, and (-, 0) = (-).

The function v, representing a weak solution to the problem (1.7), is then recovered from 1& through the
substitution i := VM 1& Thus, instead of constructing a Galerkin approximation to ¢, our aim is to construct
a Galerkin approximation to ¢ from a finite-dimensional subspace of the function space H}(D; M); we shall
then produce an approximation to ¢ by multiplying the approximation to z/; by v/M. First, however, we shall
construct a time-semidiscretization of (1.8) and use a compactness argument to show the existence of weak
solutions; we shall then also show the uniqueness of weak solutions.

Let Ny > 1 be an integer, At = T/Np, and t" = nAt, for n = 0,1,..., Np. Discretizing (1.8) in time using
the backward Euler method yields the following semidiscrete numerical scheme.

Given 90 := vy = /v M € L%(D), find ¥"*! € HY(D; M), n=0,..., Ny — 1, such that
0

1[)n+17wn . N n . 1 i . .
/Ddeg—/D(g g4 “)-ywdwﬁ/])yw LVupdg=0 VpeHD;M). (3.1)

3.1. Well-posedness of the semidiscrete problem (3.1) and passage to the limit At — 04

Let us first show that for any At, sufficiently small, problem (3.1) has a unique solution. To this end, we
consider the bilinear form B(, ) defined on H}(D; M) x H}(D; M) by

1

N 1 A " A R A .
B ¢) =5, [ ede- [ (7 00)- Tug dg+ 51 [ Vard Vg ag
D D D

and, for 1" € L2(D) fixed, we define the linear functional £(¢™;-) on Hb(D; M) by

() =5 [ 0meag

Clearly,
AA 1 2 2 1 72
B, 1) > N (1 - At}‘b||§||L°°(O,T)> b 9] dQ + 3y O |V )] d%

and hence, on assuming that At)\bH,gHix(O 7y < 1 and letting ca¢ == A~ (1 - At)\bH,gHix(O T)>, we deduce that

A A 1 o
B(5.0) 2 min (e 55 ) 10 .00, (32)

Also, by a simple application of the Cauchy-Schwarz inequality, 2B(-,-) is a bounded bilinear functional on
H{(D; M) x H§(D; M) and, for any ¢™ € L2(D), £(x™;-) is a bounded linear functional on H}(D; M).
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Since H}(D; M) is a Hilbert space with norm || - 11 (Dsary» the Lax-Milgram theorem implies the existence
of a unique solution ¢"*+! € H}(D; M) such that

B E) = (0 9) Y EHYDIM),  n=01,....Nr—L (33)

As ¢ € L2(D), we have thus shown that, for any At = T'/Ny such that AtAngHix(o 7y < 1, the problem (3.1)

has a unique solution {1[)” eHYD;M) :n=1,...,Np}.
For the purposes of the convergence analysis that will be carried out below, we consider an extended version
of the scheme (3.1) with a nonzero right-hand side:

Q/A}nJrliz/;n . . - . - .
/ P dg= Jp(E™ T gy Vg dg + g5 [p Vard™ T Vg dg =
D
[t dg + [yt - Vgdg Ve e HY(D;M), n=0,...,Np—1, (3.4)

where p"*! € L2(D) and v+ € (L2(D))? for all n > 0. We have the following stability result for (3.4).

Lemma 3.1 (the first stability inequality). Let At = T/Np, Np > 1, s € (C[0,T])4*, V0 € L2(D), and define
co:=1+ 4)\b||§||ioo(0 ) If At is such that 0 < coAt < 1/2, then we have, for all m such that 1 < m < Nrp,

wn +1 wn

m—1
e+ 30 A e
n=0

_ m—1
+Z a2 < eeomar {Ilwoll2 + 208 (P Al )}

n=0

Proof. Let 0 <n < Np — 1. Setting ¢ = 1&"4‘1, we write the first term in (3.4) as

n+1 n . 1 " N
[ g = S (1 IR+ g — e

using the identity (a — B)a = 3(a? — 82) + 1(a — B)2.
Applying the Cauchy-Schwarz inequality to the transport term in (3.4), we have

|

Combining these results and applying the Cauchy-Schwarz inequality to the right-hand side terms in (3.4) gives

n+1 g,&n-‘rl) . NVM'Q;TH_I dQ < \/5|§n+1| H&n-}-ln HyMiﬁn—HH

=

. . . At . . . .
[P 4 T =P+ (V™2 < [T+ 280D [ [TV A
A
+ 208 [P 4+ 288l |V ard™ |
= [¥"||?> + Ty + T + Ts.

Using Cauchy’s inequality 2a3 < ea? + e~ 13% with € > 0 on each of T; and T3, we deduce that
. 1 . 5 1
Ty < e Var" 7 + AL PP, T < e Varg™ P + S A
Choosing € = At/(4)) then gives

12 4 g+ — " ||21L IIV PP < "I AAD|E™ P[P+ AN )P 4 T
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Similarly, we have Ty < At[[()" 1|2 + At| " +1||?, and therefore, on defining co := 1 + AND|6[I < (0.1 » We get

N n A At A A
(L= A" 2+ 19 = 7|12 + S IV arg™ % < "1+ A THI + 4AEA " 2.

As cpAt S , dividing through by (1 — coAt) and using the fact that 1 < ;——; < 2, we have
. . " At - 1 -
[+ =" P+ IV T S (IW}”HQ+At||u”+1||2+4AMIIZ”+1||2>
2\ 1-— C()At

< (1+ 20000677 + 288 (P + 4Nl 2) . (3.5)
Summing over n =0,...,m — 1 in (3.5) we obtain
R m—1 ,‘;TL +1 wn m— 1
[o™1 + ) At ||| + IIV PP <
2 N Z
m—1 m—1
{Ilwoll2 + 20t (P + 4>\||z"+1||2)} +2c y At[$"]* (3.6)
n=0 n=0
for all m € {1,..., Np}. By induction (or by a discrete Gronwall lemma) we deduce that
N m41 wn m— 1
m 2 At w T v Tn41 2
™12 + Z T Z IV a2 <
m—1
e2comAt {||¢0||2 > A (P + 4A||g”+1||2)} , 1 <m < Nr,
n=0
and that completes the proof. O

We shall now use this stability result to show the existence of weak solutions wia a weak compactness
argument. We shall also show the uniqueness of the weak solution.

Theorem 3.2. Suppose that 1) € L%(D) and that K€ (C[0, T)**4. Then, there exists a unique function ¥ in
L>(0,T;L2(D)) N L2(0,T; H{(D; M)) N C([0, T); L3(D)), such that

((-,0) — o, 0) =0 Vab € LA(D)

~(o, (.0 //w@dth //g deth+—//

Vo € HY0, T; HY(D; M)),  ¢(-,T) = 0. (3.7)

and

€>

dgdtzO

The function v = /M will be called the weak solution of the initial-boundary-value problem (1.3), (1.4), (1.5).

Proof. Step 1. Let us denote by {2t € C([0,T]; L2(D)) N L2(0, T; HY(D; M)) the continuous piecewise linear
interpolant, with respect to ¢ € [0, T}, of the semidiscrete solution {¢™ : n =0,..., Ny} to (3.1), defined by

— " . g
i pnh1] 1= ——— " f ——— ", te[t",t""], n=0,...,Np—1, (3.8)

TAt
L) At At
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and let
@Atﬂr('at) = Q/A}nJrl(')v @At’i('at) = Q/A}n()a te [tnathrl]v n = 07~'~7NT -1 (39)
We shall denote by 2% any one of the functions {21, )AL+ )AL= defined above; (A5(F)) 5, will denote
the sequence of functions ﬁAt’(i), indexed by At =T/Np — 04, for T fixed, as Ny — cc.
Using analogous notation for s, equation (3.1), with ¢ € Hy(D; M) replaced by ¢(t,-) € H(D; M) for
t € (0,T) where ¢ € L2(0,T; H}(D; M)), and summed over n = 0, ..., Ny — 1, yields

T a,let T A A
f J, T otna= [ J e ad ) Supagar
0 D 0 D

1 /T .
+ g/ / Va2t Vypdgdt =0 V¢ € L2(0, T; Hy(D; M)). (3.10)
0 D ~

It follows from Lemma 3.1 with ¢ =0 and v = Q that

(AL 5, is bounded in  L>(0,T;L%(D)), (3.11)
(B E)) 5y is bounded in  L2(0, T; HY(D; M)), (3.12)
,(/A}At,Jr _ 1[)At,7 ) _ ) )
e is bounded in L=(0,T;L*(D)). (3.13)
VAL
At

Now, (3.11) and (3.12) imply that we can extract a subsequence from (2"()),,, which for the sake of
notational simplicity we still denote by (Y2%(F))A,, such that, as At — 0,

(PAEE)) Ay weak-x converges in  L>®(0,T;L(D)), (3.14)
(PpAEE)) 5y weakly converges in - L2(0,T; HY(D; M)). (3.15)

Specifically, (3.14) implies the existence of ) eL>® (0,T;L?(D)) such that

T
/O (WA () — D(8), (1) dt — 0 as At -0, Ve L0, T;LA(D)). (3.16)
On the other hand (3.15) implies the existence of ¢* such that
T ~ ~
| G0 - @60 =0 as At—0p Vg L0 THYDM) (3.17)

where (-, -) is the duality pairing between the Hilbert space Hi(D; M) and its dual space H}(D; M)'.

Identifying, by means of the Riesz representation theorem, L?(D) with L?(D)’, we deduce that H}(D; M) C
L%(D) = L?(D) C H{(D;M)’, so that each space is dense in the next one in the chain, with continuous and
injective embedding (cf. Sect. 2.2). Hence, (1, ) = (1, ¢) for all 1) € HA(D; M) and all ¢ € L2(D). Returning
to (3.17), we then deduce that

/0 (AU(E) — (1), (t)) dt = / @A) — (1), pE) At~ 0 as At— 0, Vg eL2(0,T:LA(D)).
Subtracting this from (3.16) yields
/0 (1)~ " (1), p(1) dt =0 ¥ € L3(0, T;L3(D)),

and therefore ¢) = ¢* € L>°(0,T; L2(D)) N L2(0, T; HY(D; M)).
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It remains to show that the weak-* limits )= of the sequences (24%)a, in L°(0,T;L2(D)) are also equal
to 1. We shall show below that )™ = ¢)~. Once we have done so, recalling from the definitions of 2! and
PABE that

. t—n T — b _

A1) — ) =

(WA t) = F (1) +

for all t € [t",¢"+!] and n = 0,..., Ny — 1, and passing to the weak-x limit in L>(0,T;L*(D)) as At — 04,
will imply that )= wi
To show that ¢ = ), observe that

’ LAt LAt u;At’Jr _ Z/;Atﬁ
s s ga < | VAL |Blao,7:20
0 L2(0,T;L2(D))

for any ¢ € L2(0,T;L2(D)) c L*(0,T;L2(D)). Since by (3.13) the first factor on the right-hand side is bounded,
independent of At, on passing to the limit At — 04, it follows that

T

lim (A — AT e)dt=0 V¢ e L2(0,T;L3(D)).
At~>0+ 0

Therefore,
T
/ (W — @) dt=0 Vg eL2(0,T;L3(D)).
0

This, in turn, implies that ¢)* = ¢)—. Thereby, as has been argued above, ¢ = ¢+ = ¢)~.

Step 2. Next we pass to the limit At — 04 in (3.10). Integrating by parts in the first term appearing on the
left-hand side of equation (3.10), with ¢ € HY(0, T; H{(D; M)) — C([0,T]; H(D; M)), we deduce that

(J,At(.’T),@( T)) — (wAt( 0), o, / /wm C'Odth—/ / §At+ wAtJr) VMsadth
1 /T .
* ﬁ/ /yMwAt’Jr'yM@det:O Vi € HY(0, T Hg(D; M)). (3.18)
0 D

As PA1(-,0) == ¢ho(-) and the sequence (52F)a; converges (strongly) in (L°(0,7))4*? to , passing to the limit
At — 04 in (3.18) we deduce that the associated limiting function ¢ € L°°(0,T;L2(D)) N L2(0, T; Hy(D; M))
satisfies (3.7). In particular, on choosing ¢ = ¢ - € C(0,T) @ Hi(D; M) in (3.7), where ¢ € C&(0,T) and
w € HY(D; M) are arbitrary, it follows from (3.7) that

() — (590, Vari) + 55 (Vard, Vag) =0 Vib & HY(D; M), (319)

in the sense of distributions on (0,7), with ¢ € L®(0,7;L3(D)) N L2(0,T; H)(D; M)). Hence, the limiting
function v satisfies (1.8), as required.

Step 3. It remains to show that 1& also satisfies the required initial condition. We proceed as follows. Since, for
¢ € L*°(0,T; L3(D)) N L2(0, T; HL(D; M)), the second and third term on the left-hand side of (3.19) belong to
L2(0,T) for every w € H{(D; M), the same is true of the first term on the left-hand side of (3.19). Therefore,
t € [0,T] — (4b(-,t),1) belongs to H (0, T) for all w € Hi(D; M). By the Sobolev embedding H! (0, T') — C[0, T
we deduce that, for every w € H(D; M), t € [0,T] — (¢(-, 1), @) is a.e. equal to a function that is defined and
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continuous on [0,T7]; i.e., ¥ € Cyeax([0,T]; L2(D)), the set of all weakly continuous functions from [0, 7] into
L2(D).
Thus it makes sense to multiply (3.19) by ¢ € H'(0,T), such that ((T') = 0, integrate over [0, 7] and integrate

by parts with respect to ¢ in the first term to deduce, on writing ¢ = ( - w, that

— (-0 / /w&pdth / / Kq VMapdth—i— /vwﬁ Vu¢dgdt =0
(s

V¢ € HY (o,T)®HO(D,M), ¢(-,T) = 0. (3.20)

Applying (3.7) with ¢ € H'(0,T) ® Hy(D; M) € H'(0, T Hy(D; M)) and comparing with (3.20) it follows that
(4h(-,0) — 1o, @(+,0)) = 0 for all ¢ € H'(0,T) @ Hy(D; M), ¢(-,T) = 0, and therefore, since H(D; M) is dense
in L2(D), it follows that (¢)(-,0) — g, %) = 0 for all & € LQ(D). We shall prove in Step 4 that, in fact,
¢ e C([0,T); L2(D)) which will then show that the function ¢ satisfies the initial condition ¢(-,0) = ¢ (and
therefore 1) = v/ M) satisfies the corresponding initial condition (-, 0) = thy (= v Muy)).

Step 4. Let us show that v = VM4, with ¢ € L>®(0,7;L%(D)) N L2(0,T; Hy(D; M)) defined by (3.7), is
the wunique weak solution to the initial-boundary-value problem. We begin by observing that, for any 1& €
L>(0, T; L*(D)) N L2(0, T Hy (D; M)),

/OT{( 05.Yu9) - 55 (Tarh Trd) b

for all ¢ € L2(0,T; H}(D; M)), where C' := <b||§|\%m(07T) + 1/(4)\2))5. On bounding |V a@|L2(0.7:12(py) by
[@llL2(0,7511 (Dsa1y), We deduce the existence of G € L2(0,T; H{(D; M)") such that, by (3.7),

< C||1/;||L2(0,T;H5(D;M))||~VM¢||L2(0,T;L2(D))

=

(o, 5,0 //wa*odth /<G7¢>dt Vg € HY(0, T HA(D; M), 3(,T) = 0.

Hence,
T/ 95 T
0 0
By virtue of Lemma 1.1 in Chapter 3, Section 1.1 of Temam [32] with X = H}(D; M)’,
d -

() = (G,) Vb€ H(D; M),

in the sense of distributions on (0,7"), and z/; is almost everywhere equal to a continuous function from [0, T
into HY(D; M)'. In fact, since ¥ € L2(0,T; H}(D; M)) and

o9

L = G e 120, T HY(D; MY),

it follows from Lemma 1.2 in Chapter 3, Section 1.2 of Temam [32] (with V = H}(D; M), H = L?(D) and
V' = H(D; M)') that 9 is a.e. equal to a continuous function from [0, T'] into L?(D) and the following identity
holds in the sense of distributions of (0,7):

d a9 O

= -9

<l < ,w>
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Now, suppose that ¢ € L°°(0,T;L2(D)) N L2(0, T; HY(D; M)) is a weak solution of the initial-boundary-value
problem, defined by (3.7). Then, for any s € (0,77,

51d - B s 81[) R B s . B s . R i R R
| gaora= [ <5w> at= [(6ra= [ {50 Tud) - 55 Fad Turd) b

Therefore,

|~

. . 1 R s . R
(2 = 10112 + 55 193112 0 si2(y) = / (£ )b, Var)dt
< Volslle 0.1 [z 0,020 | Y M L2 (0,512 0y for ace. s € (0, T).

This implies that
N 1 N o N
()1 + ﬁ”yMwH?ﬁ(O,s;LQ(D)) <[[¢oll” + 22 0lI5l1F w 0.1y [V1F 20,5120y for ae. s € (0,T].
Thus, by Gronwall’s lemma, any weak solution 1[) to (3.7) satisfies the following energy inequality
A 1 A A
||¢(3)||%oo(o,s;L2(D)) + —||yM¢||i2(o,s;L2(D)) < ||¢0||2 exp { 2sA b||§||%oo(o,T) for a.e. s € (0,7].
2\

Note, in particular, that if ¥y = 0, then 1&(-,3) = 0 in L?(D) for a.e. s € (0,7T], which in turn implies the
uniqueness of a weak solution. ]

Next we shall show that ¢ = VM z/; has the usual properties of a probability density function: if 1 is
non-negative and has unit integral over D, then the same is true of ¢ (-, ¢) for all ¢t € [0, T].

Lemma 3.3. Let 1o € § and 1 = /M1 where ¢ € L>(0,T;L%(D)) N L2(0, T; Hy(D; M)) N C([0, T); L2(D)) is
the weak solution to (3.7) subject to the initial condition g = 1o/ M (i.e., the function v is the weak solution
of the initial-boundary-value problem (1.3), (1.4), (1.5)). Then,

/Dw(g,t)dg :/Dwo(g)dg Vi e [0,T).

Furthermore if 19 > 0 a.e. on D, then (-, t) >0 a.e. on D for allt € [0,T].
Proof. Fix any t € (0,T), and let € € (0,7 — t]. Counsider the function ¢. defined by

VM for s € [0, 1],
Pe(g,8) = VM(t+e—s)/e forselt,t+e),
0 for s € [t +¢,T].

Clearly, . € HY(0,T;H}(D; M)) and ¢.(-,T) = 0. Taking $. as test function in (3.7) we obtain

R 1 [tte
—(¢o,m)+—/t (D, 5), /M ) ds = 0.

9

Passing to the limit ¢ — 0, yields — (o, VM ) 4 ((-, t),vV/M ) = 0, whereby (1(-,1),1) = (o, 1), as required,
for all t € (0,T); for t = 0 the equality holds trivially.
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Now, suppose that ¥y € $H and Yy > 0; then, 1&0 € L?(D) and 7&0 > 0. For At as in Lemma 3.1, consider
the sequence of functions (¢")N7, ¢ H}(D; M) defined by (3.3). By Lemma 3.5 below (with L = 0 and

n=0

[2]+ := (x % |2])/2 for = € R), we have that ([¢"]_)NT, ¢ H}(D; M). Tt follows from (3.3) that

B, [ = BE [WMHL) = L@ [T -).

Suppose, for induction, that 1&" > 0; this is certainly true for n = 0, since 1&0 = 1&0 > 0. Hence,

() = 5 [ @B @) dg <o,

Therefore, B([¢p"+1]_, ["T1]_) < 0; thus, (3.2) implies that ||[z/}"+1],||H(1)(D;M) < 0, whereby [¢)"t1]_ =0
and hence "+ > 0. By induction, ¢ > 0 for all n = 0,1,..., Ny. Therefore, each of the functions h2f, ¢+

and z/;*, defined in the proof of Theorem 3.2, is non-negative on D x [0,7]. Hence the limiting function 1[) of
the sequence(s), as At — 04, is also non-negative on D x [0,T]. O

Remark 3.4. We note in passing that if ng(t) g <Oforallte [0,T] then, by considering the expression,
B([p" Tt — LM, [{"tt — Lv/M ) one can show by induction, as in the proof above, with

L= ess.supgep ?/Afo(g)/ M(g),

that ‘B([?ﬁ’”l —LVM],;, [1&”*1 —LVvM];)=0foralln=0,1,..., Ny — 1. Consequently, by inequality (3.2),
[Tt — LV M | = 0; d.e., " Tt < Lv/M. This then implies, on passage to the limit At — 0., that

es55UD g oy cio.r) 914, 0)//M(g) < ess.supgcp Dolg)/ /M ().
Hence,
esssup(g,t)er[O,T] w(ga t)/M(g) < eSS'SupgeD l/fo(g)/M(g)a
which can be thought of as a maximum principle for the initial-boundary-value problem®.

Lemma 3.5. Suppose that p € Hy(D; M) and L > 0. Then,

NVMW—L\/M]JF:{ gM(cﬁ*Lm):yM@ Zﬁi;é% (3.21)
and
NVM[sﬁ—LW]—:{ OyM(safLm):yM“D Zi;é% (3.22)

Furthermore, [ — LM |4 and [ — LV M | belong to HY(D; M).

Proof. We shall prove (3.21); the proof of (3.22) is analogous, mutatis mutandis. We begin by noting that since
L>0and vM >0on D,

[&—LVM]| <|gl. (3.23)
Following [7], for any € > 0, we define the following regularization of [-];:

(24?2 —e ifs>0,
Prels) =1 g if s < 0.

Nt qTr(t)q <0 for all ¢ € R% and t € [0, 7], and tr(k(t)) = 0 for all ¢ € [0, T], then ¢Tx(t)g = 0 for all ¢ € R% and ¢ € [0, 7).
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Clearly, 0 < py .(s) < [s]} for all s € R. Observe that
Yulé = LVM]y = Vo[¢ = LYM]y + 3qU"(51g*)[ ¢ = LVM ]
in the sense of d-component distributions on D. Let n € (Ce°(D))? be fixed. Thus,
(Vulp—LVM]y,m) = (V¢ — LVMIy + 59U (3lq) [ — LVM ]+, )
= —([¢-LVM]y, Vg n) + (3qU'(3lgP)[¢ - LVM]y , )

- */D[@*Lm]+(yq~g)dq+/ LU (M) ¢ — IVAT], -y dg.

Let xs denote the characteristic function of a set S C D. Since n has compact support in D, by Lebesgue’s
dominated convergence theorem we deduce that

<~VM[¢*L\/M]+,Q>:*611151+/Dp+,s(</3*L\/M)(NV n)dg + lim / 1qU'(3lgP)py (¢ — LVM) - ndg
= lim pﬁrye(@—L\/M) (@ — LVM) ) -ndg + hm / 2qU’% )p+7€(g23—L\/M).7~7dg
D

e—04

-/ x¢>Lm<g>{yq<¢—Lm>+%gU'<%|g|2><¢—Lm>}-ndq
/ X 1vir(@) Var(p = LVIT) - 7dg = (e var(@) Yr (6 — LVEI ), )

Since these equalities hold for all n € (C§° (D)4, it follows that V[ ¢— LV M |4 = Xp>rvar(@) Var(@—LvVM).
As VM € Ker(Vr), we deduce that x,. /37(q) Var(@ — LVM ) = X 1 /77(¢) Vs, and that proves (3.21).
Now, since V[ — LVM |4 = Xyo1va7(9) Vi@, and the right-hand side in this equality belongs to L%(D)

(recall that ¢ € H}(D; M) by hypothesis), it follows that Va[@ — LvVM ] € L?(D). Hence, and by (3.23),
[¢ — LV M |4 € H{(D; M), as required. O

By the next lemma, if 5 € (H*(0,7))%*4 and Yo € H}(D; M), then we have stability in stronger norms.

Lemma 3.6 (the second stability inequality). Let At = T/Np, Np > 1, 5 € (H*(0,T))%*, 00 e Hy(D; M),
and define cg := 1+ 4)\b|\§||iw(0 ) If At is such that 0 < coAt < 1/2, then, for all m such that 1 <m < Np,

m—1 2 2 m—1 “ 2
wn—i—l _ wn 2 wn-‘rl _ wn
At _ m At — " || <
S+ w55 i
m—1 m—1 n+1 l/n 2
2c mAt n+1/2 n|2 X
L 2At 12)\ At e
fonr 52 st 120 e it o 203 |2

1 A R
+ SIVardl2 + (blselEaqom) + mbngniwm) S(0°, 1,1, mA) }

where & 1&0,% v,m, At) is the right-hand side of the inequality from Lemma 3.1 and ¢y = 4\(1+b 5| .
|4 ~lILee(0,T)
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Proof. The proof is similar to that of Lemma 3.1, except one uses the test function ¢ = (1&”"’1 — ﬁ”)/At. O

It follows from Lemma 3.6, by an identical argument as in the proof of Theorem 3.2, that the weak solution 1[)
of (3.7) belongs to H'(0,T;L?(D)) NL>(0, T; H§(D; M)), provided that € (H'(0,7))%*? and Yo € HY(D; M).

The stability result in Lemma 3.1 will be useful in Section 4, but for now we note that setting p =0 and v =0
in Lemmas 3.1 and 3.6 demonstrates the unconditional stability of the time semidiscretization in various norms.
We also note that, evidently, any fully-discrete method based on the semidiscrete scheme (3.1) and conforming
Galerkin discretization in ¢ using a finite-dimensional subspace Py of H}(D; M) will be unconditionally stable
in the norms appearing on the left-hand sides of the bounds in Lemmas 3.1 and 3.6.

3.2. Well-posedness of a Chauviére-Lozinski type transformed FENE model

In this section we show that, in the case of the FENE model, the weak formulation resulting from the
substitution ¢ := ¢/M?25/? with b > 452/(2s — 1) and s > 1/2 also leads to a well-posed problem and a stable
semidiscretization in any number of space dimensions. The minimum value of the function s € (0,00)
4s%/(2s — 1) is attained at s = 1, yielding the maximum range of b values, b > 4. This transformation was
proposed by Chauviére and Lozinski [17,18,27] in the special cases s = 2 and s = 2.5, where these values
were chosen on the basis of numerical experiments in two and three space dimensions, respectively. For the
sake of brevity, we shall confine ourselves to establishing an energy estimate analogous to our first stability
inequality in Lemma 3.1. A weak compactness argument identical to the one above then shows the existence
of a unique (corresponding) weak solution. The discussion in this section is restricted to the FENE model;
however our arguments can be extended to more general models by adopting additional structural hypotheses
on the potential U (see, for example, Sect. 2.3 in [7]).

Inserting w(g) = [M(g)]%/biﬁ(g) into our model problem (1.3), where now M is the FENE Maxwellian,
yields, on noting that tr(x)(t) = 0 for all ¢ € [0, T,

~ —1
L | 4s gl -

() o) (1 ) e g (1

Denoting by A(q,t) the expression in the first square bracket on the right-hand side of (3.24) and by B(q,t)
the expression in the second square bracket, multiplying (3.24) by any ¢ € H{(D), integrating the resulting
expression over D, and integrating by parts in the second term on the left-hand side, yields the following weak
formulation.

Given 1y = tho/M?3/* € L2(D), find ¢) € L>°(0,T;L3(D)) N L2(0,T; H}(D)) such that

1 lq|?

-2
d [ - . 1 f o o -
E/Dwsongrﬁ ququwgfn D(A(g,t) Vo) pdg + D( 2 ) B(g,t) ¢dg, (3.25)

for all ¢ € HL(D), in the sense of distributions on (0,7"), and with (-, 0) = .
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The backward Euler semidiscretization of this weak formulation is as follows.
Given ¢° := g = ¥o/M?2/" € L2(D), find )"+ € HY(D), n =0, 1,..., Ny — 1, such that

n+l _ In 1
/D ‘ Al . pdg+ 55 | V- Vapdg =
lq1*\ N .
) D(A(g,t”“) V") ¢dg + 5 <1 - B(gvt"“W"“ ¢dg V¢ € Hy(D). (3.26)

We begin by showing that, for At sufficiently small and all b > 4s%/(2s — 1) and s > 1/2, this problem has a
unique solution. To this end, for ¢ € [0, T] fixed, we consider the bilinear form defined on H} (D) x H(D) by

b & 1 p 1 - 1 lq|? .
(¥, 9) At/z/up q+ —)\/ PR dg—ﬁ (A(g,t)~~vq1/))godgf2)\ <17> B(g, t))¢dg

Now, taking ¢ = 1& € C3° (D), integration by parts in the third integral in the definition of €, and then merging
the resulting integral with the fourth integral in the definition of €, yields

- (T R 4 lq/? lq/? -
€)= P+ oIl + 5 (2-1-20) [ AL <1T> 912 g

1 8sA lq[? -
o D[dJr 3 (g Kq )} <1T> 4| dg

Assuming that b > 4s?/(2s — 1) with s > 1/2, and recalling that lg| < Vb for q € D, we then have that

. 1 . 1 . 1 lq|? .
> L hz e & 2 L N A 2
() 2 IVI7 + S IVell” = 5 (d + 8sAll sl (o,T))/D (1 5 ) [|” dg

Let us note that for, any § > 0,

2 2\ 2
/D<1lb'> 9P dg gﬁ/ |w|2dq+6/ (1' ') 12 dg. (3.27)

Hence, by (2.4) and fixing 8 as the unique solution of the equation 4b (d + 85A||§|\LW(O7T)) [ =1, we have that

- 1 bAL 1 2 ) e (o
€)= 37 (1= 2 @+ 85Alallumn)? ) I91P + 51901 v € Ce(D)
Recalling that C3°(D) is dense in H{(D) and, by [10,11], also in the (17|g|2/b) 2-weighted L? space, L2 _, , (D),
we thus deduce that, for any At < 4X/(b(d+8s\|| k|| = (0,7))?), the bilinear form € is coercive on Hi (D) x Hj(D).

The existence of a unique solution {w"} o to the semidiscretization (3.26) then follows from the Lax-Milgram
theorem, as in the previous section. Using the above coercivity argument, the proof of stability of (3.26), stated
in Lemma 3.7 below, is completely analogous to the proof of Lemma 3.1 and is therefore omitted.

Lemma 3.7 (stability inequality). Let At = T/Np, Ny > 1, & € (C[0,T])?*9, 4° € L*(D), b > 4s%/(2s — 1)
with s > 1/2, and define co := b(d + 85|l (0,7))?/(2\). If At is such that 0 < coAt < 1/2, then we have,
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for all m such that 1 < m < Nr,

m— 1

n4+1 n
w ¢ + Z ||V wn+1||2 < e2c0mAt||,¢O||2

VAt

The existence of a unique weak solution to (3.25) now follows from Lemma 3.7 by a weak compactness
argument, in the same way as in the previous section in the case of a general Maxwellian. In particular (3.11)
and (3.13) still hold with 2% defined by (3.8) and (3.9), but now using the sequence {¢" : n=0,..., Np}
generated by (3.26); (3.12) also holds, with H{(D; M) replaced by H}(D). The rest of the argument is then
identical to that in the proof of Theorem 3.2, using (3.27), Hardy’s inequality (2.4) and the fact that H{(D) C
L%(D) = L%(D)’ c H}(D)', where each space is dense in the next one in the chain, with continuous and injective
embedding.

m—1
™1+ At
n=0

4. THE FULLY-DISCRETE METHOD

We now return to the semidiscrete method (3.1) based on the symmetrized version of the Fokker-Planck equa-
tion and describe the construction of a fully-discrete numerical method that stems from this semidiscretization.
At the end of the section we shall comment on the extension of our results to a fully-discrete method based
on the semidiscretization (3.26) of the Chauviere-Lozinski-transformed Fokker-Planck equation (3.24) for the
FENE model.

Let Py (D) be a finite-dimensional subspace of H)(D; M), to be chosen below, and let 9% € Px(D) be the
solution at time level n of our fully-discrete Galerkin method:

Tn+l R R
/1/1 g—/(gnﬂg% ) Vmpdg + )\/NVMw]’i,H-yMsﬁdg:O
D D
Vo e Pn(D), n=0,...,Np—1, (4.1)
% (+) := the L(D) orthogonal projection of 4 (-) = (-,0) onto Px (D).

Remark 4.1. If the linear space Py (D) is selected so that VM € Py (D), then, since VM € Ker(Vy), it
follows on taking ¢ = v/ M in (4.1) that

s~ f

whereby, on letting ¢% == vV M 1@%, we have that

Z>~Q

dq, ’rl:l,...,]\fT7

/wN dq_/wN dqa nzla"-aNT-

The function % represents an approximation to the probability density function ¢ = /M z/; at t = t". Since, by
Lemma 3.3, [, 4(q,t)dg = [, v0(q) dg = 1 for all £ > 0, we deduce, by Choosmg Pn (D) so that /M € Py (D),
that this integral identity is preserved under discretization. The integral [, ¢ p¥ N q,t) dg will sometimes be referred
to as the volume of 1.

Our objective is to derive a bound on the global error ey, := z/;(, ") — g/;% Clearly,
= (P(t") = Tntp( t7) + ([n (-, ") — i) = 7™ + €7,

where Iyt (-,t") € Py (D) is a certain projection of ¢(-, ") onto Py (D) that will be defined below. For the
moment, the specific choices of Py C Hy(D; M) and Il are irrelevant.
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We begin by bounding norms of ¢ in terms of suitable norms of 1. Substituting ¢ into (4.1), setting ¢ = £ 1
and noting that "™ = (-, t") — ¥} — n™, we have

n+1l _ ¢n
[ s e ag [ g e ) Fuent g+ gn [ Faent vanetiag -
D ~ D = ~

D D

forn=20,..., Ny — 1, where
n+l . _ i('vtn-i_l) - i('vtn) _ 8_1& . yn+1 _ 77”+1 B nn 4.4
%nJrl = §n+lgnn+ o ﬁy (45)

Since Py (D) C H(D; M), (4.3) is in the form of (3.4); hence, applying Lemma 3.1, we obtain
1 m—1 m—1
€™ 1% + 55 Z A Va2 < ePeoma {Hfoll2 20 ([l P A AP )} (4.6)
n=0
for m =1,..., Ny. Let us first consider the term [|€%]] on the right-hand side of (4.6). Since ¢ is the L2(D)
orthogonal projection of 1(-,0) = by onto Py (D), we have (£2,¢n) = —(1°, ¢n) for all ¢n € Pn (D). Setting

on = &Y here and applying the Cauchy-Schwarz inequality on the right-hand side yields |[|€°]] < [|n°]].
By the triangle inequality we have the following bound on ||y 1|

n n n 1 n
" < Vo lE" In T+ IV =0, N — L

Hence for the third term on the right-hand-side of (4.6), we have

m—1 m—1 4
S SAA R < Y A (1000l Pl 4 1T )
n=0 n=0
m—1
1
< e Z Atlln"* ||H1(D ) = 4ea|nll % g 4m: HL(D;M))>
n=0

for m =1,..., Ny, where ¢y := max (1/)\, 4)\b||/§||ix(0 T)>.
It remains to bound || *1||. We begin by observing that

I, 4+l T un aw n+l _ . n
m—+1 < w( at ) w( at ) tn+1 n n =7 II
) < = D+ | | =
Bounding both I and IT by Taylor’s theorem with integral remainder yields
t'n.+l 9 t'n.+l tn+1
0 1/) 1
I? <At )| dt I* < / dtd
= /tn az ) and NG (@) At
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Therefore, we now have that

m—1 m—1 g+l 82”(/} g+l 2
n+1)2 2
> 2Adpt TP < 4 At /t Sz (1) dt+42/ dt
n=0 n=0
2
= 4A#? aaf +4H
t L2(0,tm;L2(D)) L2(0,t™; LQ(D))

Combining the bounds on the three terms on the right-hand side of (4.6) we deduce that

m—1

g™ 1> + 2AZAtllv & <

2
o

ot

2comAt

+ 4A¢?
L2(0,tm;L2(D))

e

0%
— (4.7)

17°11 + 4eallnll o om, i (D) T4 H

L2(0,t™;L2(D))

It remains to bound the first three terms in the bracket on the right-hand side of (4.7). To do so we need to
make a specific choice of the finite-dimensional space Py (D) from which approximations to Ve H}(D; M) are
sought, and we also need to specify the projector 1. These issues will be discussed in the next section. We
shall then return, in Section 6, to (4.7) and complete the convergence analysis of the numerical method.

Remark 4.2. In the case of the FENE model with b > 4s?/(2s — 1) and s > 1/2 a bound analogous to (4.7)
can be shown to hold for the fully-discrete version of the semidiscretization (3.26) based on a Chauviere and
Lozinski type transformation, with suitable fixed positive constants ¢y and ca, except that Py (D) is then taken
to be a finite-dimensional subspace of H} (D), V"t on the left-hand side of the bound (4.7) is replaced by
V,£" 1, and the norm || - ll¢2(0,em ;11 (D;ary) on the right-hand side of (4.7) is replaced by | - [|¢2(0,em;m3(Dy)- The
main steps of the proof are identical to those above: the Cauchy-Schwarz inequality and inequalities (2.4) and
(3.27) are used in the course of bounding the terms on the right—hand side of an error identity analogous to
(4.3) relating the sequence {£™}N7  to the sequence {™}N”,, while the terms on the left-hand side of the
error identity are bounded below as in the proof the stability inequality stated in Lemma 3.7.

We note in particular that the fully-discrete version of the semidiscretization (3.26) based on a Chauviere
and Lozinski type transformation ¢ = 1 JM?$/" and the finite-dimensional Galerkin subspace Py (D) C H}(D)
is unconditionally stable in the sense that the sequence of numerical solutions {7[%}7]:[20 generated by the
fully-discrete scheme satisfies the stability inequality stated in Lemma 3.7, with At = T'/Np, Ny > 1, K €
(C[0, T4, )% € Py(D), b > 4s2/(25s — 1), s > 1/2, ¢ := b(d + 8sA|| £l (0,1))%/(2)), 0 < coAt < 1/2, and
™, ™1 and Y° replaced by Y7 N YN L and wjov, respectively, without any conditions relating At to N. The
proof of this is identical to that of Lemma 3.7, mutatis mutandis. We thus deduce that for b > 1 a time-step
limitation of the form At = O(b~') is needed in order to ensure that 0 < coAt < 1/2, and thereby the stability
of the method. In this respect the scheme behaves identically to the fully-discrete numerical method (4.1), (4.2),
based on the symmetrized form of the Fokker-Planck equation (¢f. the conditions of Lem. 3.1, for example).

5. APPROXIMATION RESULTS

We showed in Section 2.2(b) that, under Hypotheses A and B stated in the Introduction, H} (D) ¢ H(D; M) =
H{(D; M). Therefore, any finite-dimensional space Py (D) C H}(D) is, trivially, also contained in H}(D; M).
Our aim now is to make a specific choice of Py(D) and to explore the approximation properties of our chosen
space.
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Remark 5.1. We noted in Remark 4.1 that if, in addition, v M € Py (D), then

/ij”v(g)dg:/Dw?v(g)dg

Since, by Hypothesis B, VM € H}(D), one can ensure that this integral identity holds by including v/M in the
finite-dimensional space Py (D).

Our definition of Py (D) and the choice of the projector Iy : H}(D; M) — Px(D) depend on the number d
of space dimensions. Since the case of d = 2 is sufficiently representative, for the sake of brevity and ease of
presentation we shall confine ourselves to two space dimensions, that is, when D is a disc of radius v/b in R2.

Let Dy denote the slit disc Dy := D\ {(¢1,0) : 0 < 1 < NG }. It is natural to transform Dy into the
rectangle (r,6) € R := (0,1) x (0,27) in a polar co-ordinate system, using the (bijective) change of variables
q=(q1,92) = (Vbrcos8,Vbrsinf) € Dy where (r,0) € R. Given f € H'(D), we define f on R by

f(r,0) = f(q1,92), q=(q1,92) € Do, (r,0)eR, ¢= Vircost, gz = Vbrsiné. (5.1)

Thus,
1 21 1k
= F Do f
oy = Moo = [ v [ {077 + D72+ |22 ) agae

Motivated by this identity and writing, here and henceforth, @w(r) := r for our weight-function on the inter-
val (0,1), we define the space

. - - - 1. -

Hy(R) o= {f € Lioe(0, 15H,(0,2m)) = f € LG(R), D,f €Li(R) and —Dof €L (R)},  (5.2)
equipped with the norm || - [[g1 ) defined by

1 27 Ak
; . ; ; Do f
1Py = [ o) [ 172+ 10,7+ 7‘ ao dr, (5.3)

where L2 (R) is the w-weighted space of square-integrable functions on R, with norm || - |12 () defined by

1 2m
1913 = [ 0) [ 170 a0ar = [ 170 raras,
v 0 0 R
and, for a non-negative integer ¢, the periodic Sobolev space H]’;(O, 2m) is given by
HL(0,27) := {f € HI,(R) : f(0 +27) = f(§) VO € R}-
Let ItIaO(R) denote the subspace of HY (R) consisting of all functions f such that the trace f(1,-) = 0.

For non-negative integers s, ¢t we define the weighted space HfD’t(R) = H(0, 1; H;(O, 27)), equipped with the
norm || - | Het(r) given by:

1 27
1flgemy= 3 [t [ DD fo)? avar

0<i<s, 0<j<t
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Similarly, for integers s > 1 and ¢t > 0, we define Hng(R) :=H3, 4(0,1; H(0,27)), where H, 4(0,1) := H(0,1)N
Hy, 0(0,1). Here, Hy, ,(0,1) denotes the set of all & € Hj;(0,1) such that @(1) = 0, endowed with the following
inner product and norm:

1
~ ~ ~ ~ ~ ~ ~ ~ 1
(uav)H}D’O(O,l) 5:/0 w(r) DyaDyodr and HUHH}U’O(O,l) = {(Uvu)H5,0(0,1)}2-

Note that @ is a Jacobi weight function (i.e., of the form (1 — s)*(1 + s)?,s € (~1,1) with a, 3 > —1) when
transformed to (—1,1).

We now introduce the projection operators that we will use. Due to the Cartesian product structure of the
set R it is natural to define distinct projection operators in the r and € co-ordinate directions. In the #-direction
we use the orthogonal projection in the L2(0, 27) inner product (i.e., truncation of the Fourier series) denoted,
for N > 1, by Pf : 1L2(0,2m) — Sy (0,27) where Sy(0,27) is the space of all trigonometric polynomials in
0 € [0,27] of degree N or less. We denote by S, 0(0,27) the orthogonal complement in Sy, (0,27), with
respect to the L2(0,27) inner product, of the one-dimensional subspace spanned by constant functions.

The appropriate choice of projector in the r-direction is less immediate. We define, for N > 1, the operator
Py - Hllbyo(O, 1) = Pn,0(0,1) as the orthogonal projection in the Hllbyo(O, 1) inner product, where Py ¢(0,1) is
the space of all algebraic polynomials in r € [0, 1], of degree N or less, that vanish at r = 1.

It is tempting to define a two-dimensional projector onto Sy (0,27) @ Px (0,1) as the tensor product of
the projectors Pf and P{. Unfortunately, this choice is inadequate due to the presence of the singular factor
1/r in the weighted Sobolev norm || - |1 (), and a different definition is required. In order to motivate our
choice of the two-dimensional projector bglow, we state the following result that can be seen as a variant of the
Malgrange preparation theorem [22].

Lemma 5.2 (decomposition lemma). Let § € HL(R) and, for e € (0,1), define R. == (g,1) x (0,27). There

exist g1 € HL(0,1) and gy € HY'(R), with o € H'(R.) for each e € (0,1) and rg, € HL(R), such that

1

g(r,0) = gi1(r) +rga(r,0) for ae. (r,0) € R and g1(r) == %(g(r, ), )r2(0,27)-

This is the unique such decomposition of g. If § € I:Illﬂyo(R), then g1 € H%}’O(O, 1) and rgs € I:Ii;’O(R), with
Go(1,-) = 0 in the sense of the trace theorem on H'(R.), € € (0,1).

Proof. Let g € I:IE(R); then, by virtue of Fubini’s theorem, g(r,-) € HII;(O, 2m) for a.e. 7 € (0,1). Let us define,
for r € (0, 1), the Fourier coeflicients of g(r,-) by

1 27
Y (1) == —— g(r,0) exp(—ind) d, n=20,1,...
ulr) = == [ i) exp(ind)
According to Parseval’s identity,

Fn (1)

r

1 2
Iy iy = 3 | (mmP + 54, + 2 ) rdr < oo,

neZ

whereby, in particular, 5o € HL (0,1) and

A € HYO, 1577 ) = {f € HL.(0,1) : /01 (r71|f(7“)|2 + 7“|f’(7“)|2) dr < oo} Vn e Z\ {0}
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For any € € (0,1) and n € Z \ {0}, 4, € H'(¢, 1), and hence 7,, € C(0,1]. Also, for 0 < r; < re < 1,

~ 2 ~ 2 _ "~ d ~ _ " :Yn(s) =~/
=) = [ L Oneds=2 [T 2R ) ds

2 ([T taeras) ([ deras)”

which is finite by the definition of H'(0,1; 7%, r), and hence the left-most integral above is finite also. Since the
integral is a continuous function of its limits, it follows that 42 € C[0, 1], and hence that |7,| = /32 € C[0,1].
Therefore, we have that (for n € Z\ {0}) |5»] € C[0, 1] and 4,, € C(0, 1], and it follows straightforwardly that
An € C[0,1], n € Z \ {0}. However, Parseval’s identity above then implies that, necessarily, 7, (0) = 0 for all
n € Z\ {0}.

Now, let us define G, (r) := ,(r)/r for n € Z\ {0}, r € (0,1] and En(0) := (exp(ind))/V2r, n € Z,
6 € [0,27]. By Parseval’s identity, again, /72 + n2 G,, € L%(0,1), n € Z\ {0}. With these definitions, we have
the following Fourier series expansion of g:

IN

g=—="+r Y, GuE,

nez\{0}

E\H
3

E to deduce the stated
5(0,1) and gy € H%}I(R);
€ HY(R.) and g; € H'(e, 1)

with equality in the sense of HL(R). We define §, := 7p/v/27 and g = Y nez\ {0} Gn
decomposition g(r,0) = g1(r) + rga2(r,0), and we note that g3 = %(g, Dizo2n € H
moreover, trivially, rgo = §— g1 € I:I%D (R). Also, since g € I:I%D (R) it follows that g €
for any € € (0,1). Hence, go = (§ — §1)/r € H'(R.) for any € € (0,1).

For g1 = A0/ V27 fixed, as in the statement of the lemma, the uniqueness of §o follows easily by reductio
ad absurdum: suppose that hs is another function, with the same regularity properties as g, and such that
g=3g1+ rhs. Then, r(h2 — g2) =0 a.e. on R, and therefore hy = g2 a.e. on R.

The final statement of the lemma follows directly from the definitions of 7,,, n € Z and the definitions of §;
and go via the ¥,, n € Z. O

Suppose that § € ﬁllbyo(R). On applying Lemma 5.2 we deduce that ¢ has the (unique) decomposition
g(?", 9) = gl (T) + 7”‘62 (T7 9)7 (54)

where g1 := 5-(,1)12(0,2x) € Hj (0,1), G2 € HY'(R) and 92(
for a.e. r € (0,1). We shall assume in addition that g2(-,0) €

theorem, a convenient sufficient condition for this is that go € H

0. Note also that (g2(r,-),1)12(0,2x) = 0
1) for a.e. 6 € (0,2m); by virtue of Fubini’s

) =
(O
OO(R) for example. We then define

0,0
1
w

p]{vé(,@) = P]\]fgl()+TP]‘\§g2(a9)a GE(OaQW)a

where Py, : Hllﬂyo(O, 1) = Pn (0, 1) is the orthogonal projector defined above.

There are a number of approximation results available in the literature related to projectors in Jacobi-
weighted inner products (see for example [9] or [15]). Since the setting here is specific, we shall establish the
required approximation properties of the univariate projector Pj\], from first principles. The approximation
properties of ]5]\’, and of our two-dimensional projector P¥ ]5]‘\], will then follow. The relevant results are stated
in the next two lemmas.

Lemma 5.3. Suppose that § € Hf}j’O(O, 1) with k > 1; then,

19 = Piallis 0.1) < N 1glls 0.1y Y
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and
15— PXallez 0.1y < eN~Fllallax 0,1)- (5.6)
Proof. Let us first prove (5.5). Note that by Pythagoras’ theorem,

1
N _ _ _ T _
1§ = PRallus 1) = (||9||?{;,0(0,1) - HPJQ\]ngIQ—I}D’O(O,l)) < [lglhay  0,1) < N9l 0,1y

If k = 1, the right-most term in this chain is equal to 1 - N17k||§||Hk_(0’1), while if k > 2and 1 < N <k —1,
then it is bounded by (k — 1) " N""¥||g]lyx (o 1)-
Finally, if £ > 2 and N > max(2, k — 1), then we recall that, by the definition of Py,
g — P](\?g”H}.U’O(O,l) <|lg—ollay j01) Vo€ Pno(0,1).
Select, in particular,
1
i) =~ [ Qh Dag)ds, el

where Qf,_, is the orthogonal projector in LZ(0,1) onto Py_1(0,1), the set of all algebraic polynomials of
degree N — 1 or less on the interval [0, 1]. Thus,

g — PJ(\I[L&”H}U,O(O,I) <|Drg = Dyllrz 0,1y = 1D+ — Q-1 (Drd)llLz 0,1) < ¢ (N — 1)17k||§||Hg(o,1),

where the last bound (scaled from the standard interval (—1,1) to (0,1)) comes from Section 5.7.1 of Canuto
et al. [15], and is valid for N > max(2,k — 1), k > 2. Hence, after bounding (N — 1)*=% by 28=1N1=F (recall
that N > 2 by hypothesis), we deduce that

g — P]‘\]ff?”Hib,O(O,l) < CQkillengHHg(o,n-
Now choosing ¢ = max{(k — 1)*~1,c2F=1} for k > 1, with the convention that 0° := 1, we have that

~ J ~
g — PNUHH}M

01 = éNl_k”gHHg(o,n

for all N > 1 (regardless of whether or not N > k — 1). Since by the Friedrichs inequality

- 1 N -
9]z 01 < §||DTU||LfD(O,1) Vo € Hi;,o(O, 1) (5.7)

w

Il - HH11I1,0(071) and || - [[g1 0,1) are equivalent norms on Hy (0,1), we deduce (5.5) for any N > 1.

The proof of (5.6) is based on a duality argument. Let e := § — P3¢ and note that, by the hypotheses of the
lemma on §, we have e € L2(0,1). Consider the mixed Neumann-Dirichlet boundary-value problem:

— D, (rD; 2e(r)) = re(r), re(0,1), lim rDyz.(r) =0, z(1)=0. (5.8)

r—04

By (5.7) and the Lax-Milgram theorem, this has a unique weak solution z. € H}D,O(O, 1) satisfying

)
(Ze,’U)H}D’O(OJ) = (e, v)12 (0,1) Yo € H%D7O(O, 1), and, by (5.7), ||Ze||12—1115(0,1) < 1—6||e||if_u(0,1). (5.9)
We shall show that in fact D2z, € L2(0,1), and thereby z, € H%’O(O, 1). To this end, note that

Dyzo(r) = 1 /Orse(s) ds, r € (0,1].

r
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Hence, D, z. € C(0, 1] and, on recalling that e € LZ%(0, 1), the Cauchy-Schwarz inequality yields
o _ 1 [" 2
Dy ze(r)]” < 5 sle(s)|” ds, r € (0,1]. (5.10)
0

This inequality implies that lim, o4 D, ze(r) = 0 and that, for any ¢ € (0, 1),

1 1t
/ — D, ze(r))? dr < —/ sle(s)|? ds.
e T 2¢e 0

Thus, /7(r~'D,z.) € L?(g,1); hence, by (5.8), /7 D%z, = —/7 (e + 7 'D,z.) € L%(e,1). Multiplying this
equality by /r D2z, and integrating over the interval (g, 1) gives

1 1 1
/ r|sze(r)|2dr+/ Drze(r)sze(r)dr:f/ re(r) D2z (r) dr.

€

Hence, by computing explicitly the second integral on the left-hand side and applying Cauchy’s inequality
laB| < £ (a? + #?) on the right-hand side, we obtain

1 1
/ r |sze(7")|2 dr + |Drze(1)|2 < / r |e(7")|2 dr + |Drze(5)|2.

Passing to the limit ¢ — 04 and omitting the second term on the left-hand side gives that D2z, € L2(0,1) and

1 1
/ T|sze(r)|2dr < / 7’|e(7’)|2 dr.
0 0

Combining this with our earlier bound from (5.9), we have that ||ze||%{f_u(071) < ?—(1),||e||i123(071).

We are now ready to embark on the analysis of the projection error in the L2 (0,1) norm. Recalling that e =
g—Plge Hg’O(O, 1), we deduce from the weak formulation (5.9), the definition of the orthogonal projector Py,
the Cauchy-Schwarz inequality, (5.5) and the HZ (0, 1) norm bound just derived that

g — Pj\§§||ifﬂ(o,1) = (e,9— Pj\]fﬁ)LfD(o,n = (2e,0 — P]\?ﬁ)H}D’O(OJ) =(§— P{g,ze — Pj‘\]ize)H}DVO(O,l)
< lg- PJ‘\]/§||H}D70(0,1)||Ze - P]g\]]ZeHH}DYO(O,l) < CNl_k”g”Hg(OJ) : N_1||Ze||HfD(O,1)
< N Hglux o9 = PRallz 00, k=1
Dividing the left-most and the right-most term in this chain by || — P¥dll1.2 (0,1) gives (5.6). O

Next, for g € I:I}D’O(R), with decomposition given in (5.4), we define the projection operator Iy : ﬁ%b,o(R) —
Pn(R) as:
(v g)(r, 0) = (Py, PR, 9)(r,0) = (PR, Px,9)(r.0),

where the finite-dimensional space Py (R) is defined as
Pn (R) = PNT,O(O; 1) S5 (TPNT,O(O; 1) &® SNQ,O(O) 27‘1’)).

The structure of this space reflects the decomposition (5.4). Note that the constant functions have been
factored out of the space Sy, (0,27) in the definition of Py (R); this is appropriate because, as observed above,
(92(7,-), 1)12(0,27) = 0. The lemma below establishes optimal order approximation results for this projector.
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Lemma 5.4. Let g € f{%mo(R), with decomposition §(r,0) = g1(r) + rga2(r,0), where g1 = %(g, 1)r20,27) €
Hy 0(0,1), g2 € H?D’l(R), 92(1,-) = 0, and assume, in addition, that g»(-,0) € Hy 4(0,1) for a.e. € (0,2). If
g1 € HEM1(0,1) and go € HETYO(R) nHE Y (R) nHY T (R) N HLY(R) for some k,1 > 1, then

N

19— Tingl ) < CONTF (131030 g+ 13203010 gy + 19200 )
_ _ 3
+ Ny (152020101 gy + 1320300y ) (5.11)
If 1 € HE(0,1) and g2 € Hfb’O(R) N Hom’l(R) for some k,1 > 1, then
L k(- _ 3 “iy-
16— Tindlls ey < OV (110 oy + 18I0 )+ CoNy Nl (5.12)
Proof. The left-hand side in (5.11) is given by:
5 1 2m N B
g — HN@”%{(R) = / @(7’)/ {@ —1ng)* + (Dyg — Dr(HNﬁ))Q} dodr
g 0 0
1 2m N
+/ 7“_1/ (Dgj — Dg(Tlng))2dodr =: I+ II.
0

Let us first consider term I; we treat the two terms in the, inner, f-integral in I separately. First, using the
L2-error bound for Fourier projection, as well as the fact that HP]{Z ||£(L§(O7QW)7L?)(O72W)) < 1, we obtain

- - 2
130r,) = TG, MEeoam < (190°) = PE,G0r Mz + 1PG, (G(r,) = P 30 Dllizo.m) )
2
< (C3N9_l||Dl9§(7“a')||L2(0,27r)+||§(7“7') g(r,- ||L2(027r>
< zc;zv;”nDégg(r,~>||iz(0,2,r>+2||g<r,> IO .

where Dlgg = rDla g2 and 0 <7 < 1 have been used in the last line. Similarly,

IDg(r. ) = Dr(Tnalr. ) Ra0om < ACENy ™ (DY lF2(0.2m + D:Dhaa(r ) 20
+ 2HDT§(T7 ) - Dr(pj\]l7,§(ra '))”%2(0,2#)'

Therefore,

2 _

I<G6C3N,™ (||D992( 0)II32 0,1y + ID-Dpga (- 9)”%12&(0,1))(19 + 2 ; 13(-,0) = PR, 3, 0)lI3 o,1yd0-
Now we bound the final term on the right-hand side of the last inequality using the univariate bound (5.5):

15C,60) = P g, )7 0,1y < 20191 — PR, Gall 0,0y + 2017(32(,0) — Py, G2(, )l 0.1y
< N7 31l 0.1
1
+ 2/ w(r) {(2 + r2)(§2(r,9) — P,‘\],TQQ(T,H))Q + 27“2(D,n(§2(7°, 0) — PN g2(r,0)) }dr
0
< NG o0y + 1132, 0) = PR, G2 (- Ol 0.1

< OEN7 (11 .y + 1520 0) 2 g ) -
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Therefore,
2m
I < 6C3N;* ; <|\Dé§2(-,9)||i%(071)+|\DTDI(,§2(-,9)||312D(071))d9

27
+ 202Nr72k/0 (”ng?'Ii%Jrl(O,l) + ||g2('59)||12_11€:’+1(071)> d97 (513)

which is an optimal-order bound on I.
Next we consider I1. Since §-differentiation commutes with the projectors Py, and Py, , we have

1 27
II < 2/ 7"_1/ IDgg(r,0) — PX,Dog(r,0)|°d6 dr
0 0

1 2m
+ 2/ rl/ |PX Dog(r,0) — PX (P Dog(r,0))|*do dr.
0 0

Therefore,
1 27 9
Ir < 2/ r*I/ |rDoga(r,0) — rP§, Doga(r,0)|” do dr

0 0

27 1 B
+2 / / U r-PE Doiin(r0) — By, (rPE, Dagin(r, 0) dr do
0 0
1 27
< CEN,* zD(r)/ D, G2 (7, 0)| A6 dr

27
+ 2/ / )| P, Doga(r,0) — Py, (Px,Dega(r,0))|* dr do
27
< CENg* i "D, (2 O)IF2 0,1y 40 + CEN, " /0 1%, Doga (r, 6) 15 o.1) 46

We have used the fact that ]5]‘\],T (rg2) = rPy (g2) as well as the L2 (0,1) norm error bound for Py stated
n (5.6). For the second integral in the last line in the bound on IT we have

Z / #) | PE, DiDggal-, >||L2<02w>dr<2 / ) DIDoiin (1) (0 2 7

Therefore,
27 27
1< CNG [ I a0l 090 + CENT [ a0 1,6
Combining the bounds for I and I with suitable constants C; and Cs, we obtain

27 %
g — pﬁepj\’“gHﬁb(R) < ONF {/0 (||91|\Hk+1(0 nT ||92||Hk+1(0 yt |D9§2|%g(071))d9}
%

2
+ CoNg ! (DG G272 9.1y + ID6G2lIF (0,1)) A0 ¢ (5.14)
0 w(0,1) W

which is (5.11). The proof of the L2 (R) norm bound (5.12) is very similar: its main ingredients are, in fact,
contained in the argument above. For the sake of brevity we omit the details. O
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The bounds (5.11) and (5.12) can now be straightforwardly mapped from R to Dy. We define Py (D)
as Py (R) mapped from R to Dy using the polar coordinate transformation (5.1), and we suppose that ¢ €
HEFLIHL(D), with k,1 > 1, where

HM(D) = {geH{D): g€ Hj o(R) has a decomposition j(r,0) = g1(r) + rgz(r,6),
with g1 = 3=(7, 1)r2(0,2m) € HE (0,1) and g € HyS(R) nHL M (R) nHY (R) nHY' ™' (R)},

1

equipped with the norm ||g|[3.(p) := (||9||315(D) + ”9”3119([))) * where, for § = g1 + rgs € H*(D),

gllzesoy 2= (131113 0.1 + 122wy + 120210y ) and Nglaeg () = (1320201 gy + 1520201 )

W=
(SIS

We define
Iy : H"' (D) = Pn(D) by (Ing)(q1,q2) = [ng)(r,0),  geH" (D).

Thus, recalling (2.5) and noting that H*!(D) c H{(D) c Hy(D; M), k,1 > 1, we deduce from (5.11) that
HTZ) - ﬁNQ/A}”H})(D;M) < ClNr_k”?/;”Hf*l(D) + CQN;I||1ZA)||H19+1(D) (5.15)
for all ¢ € H* LI+ (D), with k,1 > 1. Similarly, we obtain from (5.12) that
[ — Oy llzpy < ClNr_kH?/;HHI;(D) + C2N‘;l||l/;||Hg(D) (5.16)

for all ¢ € H*{(D), with k,1 > 1.

6. CONVERGENCE ANALYSIS OF THE NUMERICAL METHOD

In this section we complete the convergence analysis of the fully-discrete numerical method (4.1), (4.2), based
on the symmetrized form of the Fokker-Planck equation. At the end of the section we shall comment on the
extension of our results to a fully-discrete method that stems from the alternative semidiscretization (3.26) in
the case of the FENE model.

We see from (4.7) that in order to obtain bounds on the norms of ¢ appearing on the left-hand side of (4.7)
we need to bound the following terms:

In
17°ls Nnlle 0,708 (piary)  and HE

L2(0,T;L2(D)) .
It follows from (5.15), (5.16) and the definition of 1 := ¥ — It that

In°ll < llho = Tingholl < CLNHl[5dollreepy + CoNg ! l[ollre (-

1nlle2 0,753 Dianyy < CLNZ 1920 e+ oy + CQNe_l||w||€2(07T;H19+1(D))7

H@ <ot |2 el
Ot llL2(0,7.L2(D))

+ CQN
L2(0,TyHE(D))

)

L2(0,TyH} (D))




SPECTRAL GALERKIN APPROXIMATION OF FOKKER-PLANCK EQUATIONS WITH UNBOUNDED DRIFT 475

with k,1 > 1, provided that 1& is such that the right-hand sides of these inequalities are finite. Substituting
these three bounds into the right-hand side of (4.7) we deduce, with mAt <T, m =0,1,..., Ny, that

_ - 81&
€lles= 0,720y + IV Méllez0,mi02(py) < CLNZ | ol oy + 19020 et (o) +

L2(0,T5HE(D))

_ 82& 0%
+ CoNg [ dollres oy + 191420, T+ (D)) T + GAL || == (6.1)
L2(0,T;H, (D)) L2(0,T;L2(D))
Note, also, that
Inlle o2y < CLNTF1llese 0,772 (p)) + C2N5l||¢||ew(o,T;Hg(D))v (6.2)
IV anllezo,riiz )y < ClNr_k||¢||e2(o,T;H’,f+1(D)) + CQN;Ilelp(o,T;Hﬁjl(D))- (6.3)

Now, by the triangle inequality,

W - 1ﬁNHloo(o,T;Iﬂ(D)) + ||~VM(¢ - 'Q;N)HEQ(O,T;L?(D)) <
1€lleo= 0,712 (DY) + IV as€llez0,7512(D)) + [Mlless 0, 7i02(0y) + IV mnlle2 0,702 (D))

whereby (6.1), (6.2) and (6.3) give

9 — P leso,722(py) + IV s (¥ — ¥n)lle2o,751.2(D)) <

B o
CLN7F (e om0k (Dy) + 19 20,20+ () + Bt
L2(0,T;HE (D))
_ o 9%
+CQN9l ||”ll)||zoo OTHl +||w||€2(OTHl+1(D))+ 8t +C3At )
L2(0,TyH} (D)) L2(0,T;L2(D))
We recall that ¢ = v M 1[), and we define Y%, := vV M 7,/;’](, Consequently,
1% = ¥n e (0,759) + 1% — Unllez0,1.8) <
(3ol
" M |l go< (0,7:45 (DY) 02(0,THE (D)) M Ot {1200 7.7 (D))
_ (0 Y L 0y
+ Gy, H— +||—= +l—==
‘ ( vM £22(0,T;HY (D)) VM £2(0,7;HLTH(D)) VM Ot L2(0,T;HL (D))
1 0%
+ C5At H ) (64)
VI 0 12(0,T5L2(D))

with k,l > 1, provided that v is such that right-hand side is finite.

That completes the convergence analysis of the method in the case of d = 2. For d = 3 the argument is
identical, and rests on a three-dimensional analogue of Lemma 5.2. We omit the details.

Starting from the second stability inequality stated in Lemma 3.6 and proceeding in an identical manner as
above, one can derive analogous error bounds in the h'(0,7;$) and £>°(0, T; &) norms.
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Remark 6.1. In the case of the FENE Maxwellian, VM € Pn(D) if, and only if, there exists a positive
integer m such that b = 4m and N, > 2m. In order to ensure that, more generally, VM € Py (D) regardless
of the specific choice of b and the value of N,, one can simply enrich Py (D) by adding VM as an extra basis
function. However, in general the polynomials in Py (D) approximate VM very closely, so this leads to a
highly ill-conditioned basis. A better solution is to add the component of v/M orthogonal to Px (D) (in the
L2(D) inner product, for example) to the basis, rather than VM itself. This is implemented in Section 7 for a
numerical example in which b is not divisible by 4 and is shown to work well in that case.

Remark 6.2. We make a second comment regarding the FENE model. Starting from the variant of the
inequality (4.7) alluded to in Remark 3.7 in connection with the fully-discrete spectral method based on the
semidiscretization (3.26) with b > 4s?/(2s — 1) and s > 1/2, one can derive an optimal-order error bound
analogous to (6.4). The core of the argument is identical to the one above, and is therefore omitted.

7. IMPLEMENTATION OF THE NUMERICAL METHOD

Numerical methods for solving the Fokker-Planck equation arising from the FENE dumbbell model for dilute
polymeric fluids have been the focus of some attention recently; Du et al. [20] developed a finite difference scheme
that preserved the unit integral property and the positivity of ¢, Chauviére and Lozinski [17,18,27] developed
a spectral method for this problem and Ammar et al. [1,2] proposed a reduced-basis method for solving the
Fokker-Planck equation for FENE dumbbell chains. For a survey of, alternative, stochastic techniques for the
numerical simulation of polymeric liquids we refer to the monograph of Ottinger [30] and the article of Jourdain
et al. [23], for example.

In this section we discuss the implementation of two spectral Galerkin methods based on the formulation (4.1),
(4.2). We also present computational results, both to verify the convergence results derived in previous sections
and to demonstrate the effectiveness of these numerical methods in practice. Finally, we compare the two spectral
Galerkin methods based on the formulation (4.1), (4.2) with the method of Chauviére and Lozinski based on the
“original” form (1.6) of the Fokker-Planck equation (or, more precisely, its transformed version (3.24) resulting
from the substitution (7.9), with s = 2).

Following Section 5 we restrict our attention to the case d = 2 and suppose that 1& € H{(D). Hence,
Ve ICLE’O(R), where QZ(T, 0) := @(ql, ¢2) with g1 = v/b rcos@, go = /b rsinf. Using the decomposition (5.4), P
can be written in polar co-ordinates as follows:

QZ(T, 0) = ﬁl(r) + mﬁg(rﬁ), (r,0) € R=(0,1) x (0, 2m), (7.1)

where, as in Section 5, r has been scaled from (0,v/b) to (0,1), and Py = %(1&, 1)12(0,27)- In the context of
spectral methods in polar co-ordinates, (7.1) is referred to by Shen as the essential pole condition [31]. This
condition is a “first-order” form of the following full pole-condition [21]: in order that a function

12’(739) = Z’)’n(T)En(@), where E,(0) :=
nez

1
—— exp(infh),
Nors p(inf)
is infinitely differentiable when transformed from polar to Cartesian co-ordinates, it is necessary that, for each
n €7\ {0}, -
\ 10} An(r) = O(rImh) asr — 04. (7.2)

That (7.1) is a “first-order” form of the full pole condition is easily seen by writing 4, (r) = T‘”'én(r), with
Gn(r) = 0O(1) as r — 04; hence,

b(r —L~7‘ r S " =1G L (1) E =1 (r) + rido(r
b(r.0) = 7= Tolr) + HEZZ\{O} G (1) En(0) =: dh1(r) + r¢ha(r,0),

with 1[)1(7’) =Jo(r)/V2m = %(1]), 1)12(0,27), as required.
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The full pole condition (7.2) is consistent with the result established in the proof of Lemma 5.2 stating that
the expansion coefficients 4, n € Z \ {0}, of a function in I:I%jyo(R) satisfy ¥, (r) = o(1) as r — 04, although
the conditions (7.2) are clearly much more restrictive.

In order to fit into the framework of the numerical analysis in Sections 5 and 6, each element of Py (R) should
satisfy (7.1) to ensure that Py (D) is contained in H{ (D). The discrete space Py (R), introduced in Section 5,
satisfies this property. In this section we define a spectral Galerkin method for the Fokker-Planck equation
based on a particular basis (denoted A) for Py (R) that satisfies the same decomposition.

For the purpose of comparison, we also introduce a second basis, BB, in which each function satisfies the full
pole condition, (7.2). Thus, on mapping B from R to D we obtain a basis for a finite-dimensional subspace of
C*°(D) N Co(D) C HY(D). The reason for considering this second basis is that typical solutions of the FENE
Fokker-Planck equation are smooth on D, and therefore it is likely that in practice a Galerkin method based
on B will be more accurate than a method based on A: mapping the basis A from R to D yields a finite-
dimensional subspace of H}(D) only, which contains functions that are not smooth at the origin in D. We note,
however, that the span of B does not coincide with Py (R), and therefore the approximation properties of B are
not covered by the results in Section 5 that led to the error bounds in Section 6. Hence, the numerical results
for basis A are intended to verify the analysis developed in the previous sections, while basis B is introduced
to indicate the gain in performance that can be obtained by satisfying (7.2). By requiring more regularity from
the basis than it being a finite-dimensional subspace of H}(D) one could modify the arguments in Section 5
to derive convergence estimates based on a pole condition of higher order than (5.4), but this would make the
derivation of the approximation results more laborious (e.g., the projector 15]\’, would have to obey (7.2) rather
than (7.1)). Before introducing bases A and B, we make the following observation.

Remark 7.1. Let ¢ be the weak solution of (1.8) corresponding to a given initial condition Yo, define ¢* (g, t):=
@(—g, t) and suppose that 1&0 is invariant under the change of independent variable q——q, i.e., 1&0(%) = 1&0(—(%)
for a.e. ¢ € D. On noting that M(q) = M(—q), ¢ € D, it follows that the weak formulation (1.8) is also invariant
under this change of variable; hence 1& and 1&* are weak solutions to the same initiAal boundary—yalue prolglem. It
follows by uniqueness of the weak solution established in Section 3 that w(g, t) =* (g, t), i.e., w(g, t) = w(—g, t)
for a.e. q € D and a.e. t € [0,7]. This evenness of 1[) in the D domain with respect to q translates into
m-periodicity of 1[) in the R domain with respect to f. An identical statement applies to the numerical solution
(b7 )NT ) defined by (4.1), (4.2), provided Py (D) C H}(D) is such that whenever a function q — v(q) belongs
to Pn (D) its even reflection ¢ — v(—g) also belongs to Pn(D): if zﬁo(g) = 1&0(—@ for a.e. ¢ € D, uniqueness
of the L2(D) projection of 9% onto Py (D) implies that 7/;9\7(2) = % (—q) for a.e. g € D. Uniqueness of the
numerical solution then yields 1[%((2) = 1[)]?,(72) forae.g€ Dandalln=0,...,Nr.

The above remark demonstrates that (1.8) captures an important symmetry property of the dumbbell model
for polymeric fluids: the configuration probability density function v is required to be symmetric about the
origin in D because the beads of a dumbbell are indistinguishable. As long as 1&0 and Py (D) are invariant
under the change of independent variable ¢ — —q described in Remark 7.1, the numerical solution will inherit
the symmetry of the analytical solution imf)lied bgr the symmetry of the initial condition. A consequence of this
observation is that we should require the basis functions in A and B to obey the same symmetry condition;
following [18], this is achieved in the definitions below by only including even trigonometric modes in 6. Strictly
speaking therefore A is chosen to be a basis for the linear subspace of Py (R) consisting of all w-periodic functions.
Note, however, that if the solution were 2m-periodic, then one could simply include odd trigonometric modes as
well. We are now ready to define the bases A and B.

Basis A. Let A := A; U Ay where:

Ay ={(1—=r)Py(r) : k=0,...,N, — 1},
As = {T(l*T)Pk(T)(I)u(@)Zk':(),...,Nrfl; 1=0,1; lil,...,N9}~
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P, is a polynomial of degree k in r € [0,1] and ®;;(0) = (1 — i) cos(216) + isin(210), & € [0,7]. We denote
by Py the kth Chebyshev polynomial scaled from [—1,1] to [0,1]. The numerical method is not particularly
sensitive to this choice of polynomial, however, and other choices work well also. Notice that the polynomials
in A; and Ay both contain the factor (1 —r) in order to impose the homogeneous Dirichlet boundary condition
on 0D, and functions in A, contain an extra factor of r to enforce the essential pole condition. Basis A is
chosen so as to mimic the decomposition (7.1) of the analytical solution Ve ItIaO(R) in polar co-ordinates: the

role of span(A;) is to approximate 1 while span(As) is meant to approximate s

Basis B. This is, effectively, the basis proposed by Matsushima and Marcus [29] and Verkley [34], except that,
as above, we ensure that the functions are zero at » = 1 and that they are m-periodic in 6:

B={Wyg(r)®;#) :k=0,....N,—1; ¢=0,1; l=14,...,Np}, (7.3)

where W, (r) = r2/(1 — TQ)JIEO’QD(ZTQ —1) and J,ga’ﬁ)(ac) is the Jacobi polynomial on [—1,1] of degree k with
respect to the weight (1 — 2)®(1 + )% (®;; is the same as in A). Each element of B satisfies (7.2).

A and B both have cardinality N := N, (2Np + 1). Expressing trial and test functions in terms of either A
or B, it is now straightforward to determine the discretization matrices corresponding to the integrals

/ i dg, / VAl Vargdg, / (5" q ) - Vargdg (7.4)
D D D

from (4.1). These matrices are labeled M, S and C"*! for mass, stiffness and convection respectively.

Using the ansatz 5" (r,0) = Zivzl UL X, (r, 0) for trial functions, where X, is a basis function (from
either A or B) for 1 < v < N, denoting test functions as X, for 1 < u < N and mapping (7.4) from D to R
yields:

1 T
M,, = / / br X, (r, 6) X o (r, 0) dr d6, (7.5)
0 Jo
1 K 2 9 3
0X,0X, 10X,0X, b r° 0 b r
v o By a. XuXU _7X11Xu , .
> /0/0 {r ar or Trae a8 21— rar Xt T T }drde (7.6)
n+1 ! T aX’u n+1 _: n+1 .. 2 2
Cow = o Jo br X, 20 (=K} sin20 — K757 sin® 0 4 K21 cos® §) dr dd (7.7)

1 ™ 2 3
oX, v r " 1, 1
+/O /O <br2 Xo—>=+ 3meXu> <n11+1 cos 20 + 5(n12+1 +H2f1)81n20) dr de.

Note that if the X, X,, do not satisfy (7.1), then the entries of S may be undefined.
With these discretization matrices in hand, the numerical solution is computed by solving the following linear

system for the coefficient vector ¥"+! .= (\iﬂf"’l, . ,‘il?VH)T eERN,n=0,1,...,Np —1:
1 - -
(M + At (ﬁs — C"+1)) vt = MP", (7.8)

with W0 defined by the initial datum. Then, the numerical approximation to the probability density function
itself is obtained as ¢ (q) = /M (q) Y% (r,0), where = |q|/v/b and % (r, 0) = Zf)v:l Tt X, (7, 6).

For ease of evaluation, the integrals in (7.5), (7.6) and (7.7) can be factorized into products of 1-dimensional
integrals over r and . We evaluate the #-integrals exactly using trigonometric identities, and, noting that the
r-integrands are all polynomials, we use Gauss quadrature to evaluate the r-integrals to machine precision.
M and S are constant matrices, which can be pre-computed and reused, but if g is time-varying, we must
reassemble C"T1 at every time-step. However, it is straightforward to factor out the dependence of C™*! on K
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so that the integrals that determine C™*! need not be evaluated more than once. We use LU-decomposition to

solve (7.8), which is appropriate because the spectral discretization matrices are generally of moderate size.
We now present some numerical results. For simplicity, in the computations considered below we always

use the normalized Maxwellian (which satisfies the symmetry property required in Remark 7.1 and also has

unit volume) as the initial condition, so that zﬁo(q) = /M(q). Also, most of the results presented in this

section are for computations in which b was chosen to be divisible by 4 so that the spaces span(.A) and span(B)
naturally contain v/M, as in Remark 6.1. However, the basis enrichment technique described in Remark 6.1
was implemented to obtain the results in Table 3 (in which b = 10) and, as discussed below, it worked well for
that problem.

Henceforth, the two numerical methods that use basis A and basis B, respectively, will be referred to as
method A and method B.

First of all we present results from solving the Fokker-Planck equation with parameters b = 16, A = 1.2
and K11 = —kKog = 1.1, kK12 = 0.9, ko1 = —0.6 and with At = 0.05. These parameters were chosen somewhat
arbitrarily, but the intention here is to visualize a typical evolution of ¢y towards steady state, and to provide
an initial qualitative comparison of methods A and B (quantitative convergence results will be presented below).
By taking (N, Ng) = (26,20) with basis A and (N,, Ny) = (21, 15) with basis B, the solutions from the two
methods were indistinguishable to the eye and appear to be fully resolved. As foreshadowed above, A required
more degrees-of-freedom than B to resolve the solution to comparable accuracy in this case because, as can be
seen in Figure 1, 1 is smooth at the origin in Cartesian co-ordinates whereas the basis functions in A are not
necessarily smooth there. Nevertheless, a clear advantage of basis A over basis B is that it is built by relying
on the essential pole condition only, as manifested by the decomposition in Lemma 5.2, which only requires
the most basic smoothness hypothesis, that ¢ € I:I}D,O(R) (implied by the assumption that the weak solution

¢ € HY(D; M) belongs to H}(D)). A related important observation is that, as long as ¢ € H3(D), the error
bound (6.4), the definition of H*!(D) and the convergence rate delivered by basis A depend on the smoothness
of 1) on R, not on the smoothness of 1) on D (see also [31], p. 1585); this feature can be advantageous: for
example, the error bound (6.4), resulting from the Cartesian product structure of R, indicates how potential
anisotropic smoothness of z/; in the radial and azimuthal directions can be exploited by admitting different,
unrelated, polynomial degrees N, and Ny in the radial and azimuthal directions, respectively.

Figure 1 shows snapshots of ¢y at t =0, t =1, t =2 and ¢t = 3, and ¥y is close to steady state at t = 3.

To provide a quantitative study of the spatial accuracy of the numerical methods defined in this section, we
use the fact that when g is a symmetric tensor the exact steady-state solution of the Fokker-Planck equation is
given by wexaet(g) = CM(g) eXp()\ngg) where C is a normalization constant chosen so that fD wexaet(g)dg =1;
see [13]. We now consider a particular case, referred to as extensional flow, in which x = diag(d, —d). This
generally provides a good test case for numerical methods for the Fokker-Planck equation because it yields
particularly sharp solution profiles that are challenging to resolve, and also the exact steady-state solution is
available for comparison. In order to compare the convergence rates of methods A and B, we solved two distinct
extensional flow problems for: (i) (b,\,6) = (12,1,1) and (ii) (b, \,0) = (20,1,2), with a range of choices
of (N, Ng). In order to compare to the known exact steady-state solution, we took 2000 time-steps (with
At = 0.05 and 7' = 100) in each case so that the final numerical solution is a very close approximation to the
steady-state solution. This allows us to compare the spatial convergence rates of the two numerical methods
without worrying about temporal discretization error. Tables 1 and 2 show the relative errors (in the L?(D)
and H!(D; M) norms) between the exact and the computed steady-state solutions for extensional flows (i) and
(ii), respectively.

We can see from the data in the tables that methods A and B converge rapidly for both problem (i) and
problem (ii) and that for each choice of (N,., Ny), basis B outperforms basis A — again this is because the solution
profiles are smooth at the origin in Cartesian co-ordinates, see Figure 2. Nevertheless, the rapid convergence
of method A is consistent with the spectral error estimates established in Section 6 (recall that these error
estimates do not apply to method B because span(B) is not the same as Py (R) analyzed in Sect. 5). It is also



480 D.J. KNEZEVIC AND E. SULI

FIGURE 1. Snapshots of ¢y at t =0, t =1, t = 2 and ¢t = 3 illustrating evolution towards
steady state. In this case, we have At = 0.05, b = 16, A = 1.2 and k11 = —koo = 1.1, K12 =
0.9, k21 = —0.6. This computation was performed using basis A and basis B with (N,., Ny) =
(26,20) and (N,, Ng) = (21,15), respectively. The solutions were fully resolved in each of these
two cases.

clear that problem (ii) is more challenging to resolve than problem (i); with both A and B, more basis functions
are required to attain a given accuracy for problem (ii) than for problem (i). Note that the greater difficulty of
resolving extensional flow (ii) is encoded in the convergence estimates in Section 6 because the constants in these
estimates depend exponentially on b, § (via ||| ~(0,r)) and T'. Moreover, the factor e2c0mAt on the right-hand

side in Lemma 3.1 permits exponential growth in time of the norm of 1& ~, and this is reflected in the first row of
Table 2 in which the solutions computed with (N,., Ny) = (10, 10) for extensional flow (ii) resulted in numerical
overflow?. Note that this overflow behaviour was only observed in the case of under-resolved computations
that led to numerical solutions containing numerical oscillations i.e. it was not observed in rows 2, 3 and 4 of
Table 2; note also that Chauviere and Lozinski’s method behaves in the same way for under-resolved solutions,
as shown in Table 3.

The (fully resolved) solutions corresponding to extensional flow problems (i) and (ii) are shown in Figure 2,
and in each case both ¢y and zZN are plotted. It is clear that the solution profiles corresponding to (ii) are
much more severe, and therefore it is not surprising that more modes were required in this case. The quantity
of interest in these computations is ¢, but ¥y is also plotted to emphasize the numerical difficulties that are

2When ng(t)q =0 for all ¢ € [0, T], Lemma 3.1, with 4 = 0 and v = 0, can be sharpened. The inequality holds with c¢o = 0,

showing that the expression on the left-hand side of the inequality is bounded by ||[¢)°||2, uniformly in T, b and Il zee (0,1 -
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TABLE 1. Relative errors in the L2(D) and H!(D; M) norms (i.e. ||1&N — zﬁexactH/Hz&exactH and
1N — Yexact|lmt (p;ar) /|| Yexact || (p; a1y, respectively) for extensional flow (i) at steady-state,
te. b=12, A=1and § = 1. @N is an approximation to the steady-state solution obtained by

taking 2000 time-steps with At = 0.05, and @exact is the exact steady-state solution which is
known in this case because g is symmetric.

Relative L?(D) error Relative H'(D; M) error
(N, Ny) Basis A Basis B Basis A Basis B
(10,10) 3.63 x 1072 4.61 x 1073 790 x 1072 8.82x 1073
(15,15) 3.36 x 1073 9.19 x 10~ 858 x 1072 2.33x 107°
(20,20) 513 x 107° 4.63 x 1077 1.64 x 1074 1.52x 1078
(25,25) 2.94 x 1077 1.74 x 10712 1.13x 1075  6.94 x 10712
(30,30) 831 x 1071 170 x 10713 377 x107%  1.70x 10713

TABLE 2. Relative errors in the L?(D) and H'(D; M) norms for extensional flow (ii) at steady-
state, i.e. (b, \,0) = (20,1,2). The time-stepping strategy to compute the approximate steady-
state solution was the same as in Table 1. The hyphens in the first row indicate that we
obtained numerical overflow in those computations.

Relative L?(D) error Relative HY(D; M) error
(N, Ny) Basis A Basis B Basis A Basis B
(10,10) - - -
(20,20) 391x1072 1.72x 1073 | 4.88x1072  254x1073
(30,30) 1.50 x 1073 2.97x107%| 261 x1073  4.49x 1076
(40,40) 254 x 107  597x107%| 455x107° 594 x107°

encountered as b and d are increased. In the plots corresponding to (i), the peaks in 1& ~ are higher than in ¥y,
but only by a factor of about 20. For (ii) on the other hand, the peaks in Y are higher by a factor of roughly
5000. The causes of this behaviour are two-fold: with 6 = 2 the flow has stronger extensional character and
therefore the solution peaks are expected to be more concentrated and also, the larger value of b means that
VM is more strongly degenerate near D so that 1[)N =N/ VM takes larger values near the boundary. This
second point can be seen as a drawback, for b > 1, of the fully-discrete numerical method (4.1), (4.2), based
on the symmetrized form of the Fokker-Planck equation. Presumably Chauviére and Lozinski [18] fixed their
value of s (s =2 for d = 2 and s = 2.5 for d = 3) in the transformation

D) = (@) IM@P" = (@)/ (L~ g /b)* (7.9)

so as to avoid a similar effect; indeed, they presented some numerical results for b = 200. Values of b this large do
not appear to be feasible with the fully-discrete method (4.1), (4.2), based on the substitution O =N /M.

As has been noted in Remark 4.2, there is in fact no difference between the stability properties of the method
based on (4.1), (4.2) and of a Chauviére and Lozinski type method. However, if b > 1, for a typical i) we have
that [|v/VM |1y = lv/(1 — |g|2/b)b/4||Lo¢(D) > ||/ (1 — |g|2/b)2HLoo(D). Hence, compared to a Chauviére
and Lozinski type method with the recommended choice of s = 2 for d = 2, the maximum value of the numerical
approximation ¢x to the function ¢) defined by the scheme (4.1), (4.2) can be much larger when b > 1, and
can thereby require greater computational effort to resolve to a given accuracy. The computational results that
we consider in this section are therefore restricted to moderate values of b.

With these precursors, we now compare the accuracy of methods A and B to that of the spectral method of
Chauviere and Lozinski discussed in [18]. In Table 2 of that paper, the authors presented convergence data for
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FIGURE 2. Numerical approximations to the steady state solution for extensional flow prob-
lems (i) and (i) using (N, Np) = (30,30) and (N,, Ng) = (40,40), respectively. Plots (a)

and (b) show 1y and ¢y respectively, at steady state for problem (i) and (c), (d) show ¢n
and 1y for (ii). The purpose of plots (b) and (d) is to demonstrate that 5 usually has a
much steeper solution profile than ¢y and this effect is amplified if either § or b (or both) are

increased.

the (1, 1)-component of the polymeric extra-stress tensor, T = (Tij)3, computed for an extensional flow at steady
state for the parameters (b, A,d) = (10,1,5). The tensor 7 is defined as follows:

7(t) = /D Flg) ® q(q.£) dg, (7.10)

where F' is the FENE spring force. Table 3 reproduces Chauviere and Lozinski’s results and compares them to
the corresponding results for methods A and B. Note that in this problem b is not divisible by 4. Therefore, in
order to ensure that the volume of 1y is conserved with methods A and B, we added the component of /M
orthogonal to span(A) (resp. span(B)) to the bases to obtain an enriched discrete space that contains /M
(cf. Rem. 6.1)*. This ensured that the volume of 1 was conserved to machine precision (except in the cases
that rounding error polluted the results, these are indicated by hyphens in the table).

The data in Table 3 show that for this problem method B converges at a comparable rate to the method of
Chauviere and Lozinski, whereas A appears to converge more slowly. Note that the reason why method B and

3In the context of polymeric fluids, 7 represents the contribution of the polymer molecules to the macroscopic stress field.
4Orthogonalization was performed in the L2(D) inner product.
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TaBLE 3. Comparison of the relative errors in 717 for extensional flow with (b, A, ) = (10,1, 5).
The three schemes compared are methods A and B and the spectral method of Chauviere and
Lozinski. The data for the method of Chauviere and Lozinski is taken from Table 2 in [18].

Relative error of 71
(N,,Np) | Basis A Basis B Chauviere and Lozinski
(11,5) - - -
(13,6) - 4.8 x 1072 0.35
(21,10) | 1.8 x 1073 2.0 x 1072 2.0 x 1072
(31,15) [2.1x107* 1.4x107* 1.4x107*
(41,20) | 1.3 x107° 8.7 x 1077 2.1x 1077
5 5
q
3
, o
!
0
- 05 0 05 f 2 05 0 05 i

(a) (b)

F1GURE 3. Cross-sections of the solution of the extensional flow problem with b = 12, A =1
and 6 = 5 at steady state, obtained using method B. The fully-resolved solution in (a) was
obtained using (N, Ng) = (41,20), and the under-resolved solution in (b) was obtained with
(N, Ng) = (26, 20).

Chauviere and Lozinski’s method converge at a similar rate (at least in this case where b is relatively low) is
that both methods involve ansatzes that impose extra regularity at the origin in Cartesian co-ordinates; basis BB

satisfies the pole condition (7.2), and Chauviére and Lozinski use a transformation that enforces g—ﬂ =0,
=0

which, when combined with 7-periodicity in 6, has a similar effect.

Remark 7.2. It was proved in Lemma 3.3 that the weak solution of the initial-boundary-value problem (1.3),
(1.4), (1.5) is non-negative a.e. on D. This property is not guaranteed to hold for the numerical solution. How-
ever, our numerical experiments consistently show that if there are sufficiently many modes in the approximation
space to accurately resolve the solution then this non-negativity property is preserved under discretization. This
is illustrated in Figure 3 in which two cross-sections of the numerical solution for the (b, A,d) = (12,1,5) ex-
tensional flow are shown: the numerical solution on the left is fully resolved, while the one on the right is
under-resolved. In the under-resolved case there are oscillations and clearly ¥ > 0 is not satisfied through-
out D, whereas the non-negativity property is accurately captured in the fully resolved case.

8. CONCLUSIONS

The Fokker-Planck equation (1.1) has been the subject of active research recently, as a component of bead-
spring type Navier-Stokes-Fokker-Planck models for dilute polymeric fluids. We focused our attention on Fokker-
Planck equations with unbounded drift, such as those that arise from modelling polymer molecules as FENE
dumbbells, where the spring potential ¢ € D +— U(g) € R>o appearing in the Fokker-Planck equation tends
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to 400 as ¢ approaches D, where D is a ball in R%. The purpose of this paper has been to develop a
rigorous foundation for the numerical approximation of such Fokker-Planck equations. We symmetrized the
principal part of the differential operator by introducing the Maxwellian M associated with U, and applied the
transformation ¢ = 1) /V/M. The resulting weak formulation (1.8) facilitated the development of a number of
analytical results in Sections 3 and 4, including existence and uniqueness of weak solutions of the semidiscretized
equation (3.1) and, on passing to the limit At — 04, of (1.8) also. Using the approximation results derived in
Section 5, optimal-order convergence of the fully-discrete spectral Galerkin method (4.1), (4.2) was established
for the case of d = 2; an analogous procedure could be carried out for d = 3. This analysis was performed for
spring potentials that satisfy Hypotheses A and B; see Example 1.1. The FENE potential is a special case of
this family and also satisfies a third structural hypothesis, Hypothesis C; for such potentials further results can
be deduced wia the Brascamp-Lieb inequality (cf. Sect. 2). For example, by virtue of (2.3), not only does the
method converge in the L*(D) norm but also in the norm of the weighted factor space L3 _,,,(D)/Ker(V ).

In the case of the FENE model we indicated the extension of our analysis to a class of numerical methods
based on another change of variable, proposed by Chauviere and Lozinski; here, instead of a Kolmogorov-type
symmetrization, a different transformation, (7.9), is applied to the Fokker-Planck equation. We showed that,
at the analytical level at least, the two approaches lead to methods with very similar stability and accuracy
properties. Section 7 addressed issues related to the implementation of numerical methods for the FENE Fokker-
Planck equation. Numerical results were presented for two distinct implementations, methods A and B, and
these methods were also compared to the spectral method discussed in the paper of Chauviere and Lozinski [18]
on the basis of numerical results reported therein. We showed that methods A and B work well for values of b
up to about 20, and are comparable to the method formulated in [18] in terms of computational efficiency in
this parameter range, with method B being more accurate than method A, and of a very similar accuracy as
the method in [18].

A spectral method is natural in the context of this problem because the boundary of the domain D is smooth
and D can be easily transformed into a rectangular domain R. One could, however, also conceive of a finite-
element method directly in Cartesian co-ordinates, without mapping D to R, and in this case much of the
analysis of this paper would carry over. By choosing a finite-element space Py (D) C Hy(D)(C H{(D; M)) and
recalling (2.5) and the approximation results of Bernardi on d-dimensional exact triangulations of D (¢f. Thm. 5.1
in [8]), one could easily deduce optimal error bounds from (4.7) (as well as its analogue based on a Chauviere
and Lozinski type transformation). We note, however, that in order to guarantee the unit-volume property by
selecting Py (D) so that /M € Py (D) (¢f Rem. 4.1), in addition to choosing b to be a multiple of 4 as in the
spectral methods above, one would now need to work with piecewise polynomials of degree b/2 at least.

The goal of our future work is to extend the numerical methods and analytical results herein to the coupled
Navier-Stokes-Fokker-Planck model, building on the recent paper [6] where convergence to weak solutions of
coupled Navier-Stokes-Fokker-Planck systems has been shown for a general class of Galerkin schemes (without
convergence rates) in the special case when the velocity field u is corotational (i.e., ngg =0, with x = V. u).
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