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ITERATIVELY SOLVING A KIND OF SIGNORINI TRANSMISSION PROBLEM
IN A UNBOUNDED DOMAIN

QrvyAa Hu! AND DEHAO YU!

Abstract. In this paper, we are concerned with a kind of Signorini transmission problem in a
unbounded domain. A variational inequality is derived when discretizing this problem by coupled
FEM-BEM. To solve such variational inequality, an iterative method, which can be viewed as a vari-
ant of the D-N alternative method, will be introduced. In the iterative method, the finite element part
and the boundary element part can be solved independently. It will be shown that the convergence
speed of this iteration is independent of the mesh size. Besides, a combination between this method
and the steepest descent method is also discussed.
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1. INTRODUCTION

In this paper we analyze the following transmission problem in R%. Let Q be a bounded domain with
Lipschitz boundary I'. To describe mixed boundary conditions, let I' = T'; UT'; where I'y and I'y are nonempty,
disjoint, and open in I'. Let n denote the unit normal on I' defined almost everywhere pointing from §2 into
Q. := R2\Q. Assume that f € L3(Q), ug € H2(T') and to € L(I).

As the interior part, we consider the nonlinear partial differential equation

div(p(|Vul) - Vu) + f =0 in Q, (1.1)

where p : [0,00) — [0,00) is a continuous function with ¢-p(t) being monotonously increasing with ¢. In the
exterior part, we consider the Laplace equation

Au =0 1in Q, (1.2)
with the radiation condition (note Lem. 3.6 of [2])
u(zr)=a+o(1) (Jz| — o0), (1.3)
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716 Q. HU AND D. YU

where a is a real constant. Writing u; := u|g and ug := u|q,, the traction on I' are given by the traces of
p(|Vu|)% and f%. We consider transmission conditions on I'y,

ou ou
uilr, = uzlr, +uolr, and p(|VU|)a—,n1|Ft = a—:h +tolr,, (1.4)
and Signorini conditions on Iy,

u1|r, <uz|r, + uolr,, (1.5)

8u1 8’[1,2
P = — t <0 1.6
p(IVul) 5 =le. = 5 =Ir. + tolr, < (1.6)

8u1

O:p(|Vu|)% T, ~(UQ+U()*U1) T (17)

This problem can be considered as a scalar model of the two-body contact problem between a linear elastic
unbounded medium and a deformable body allowing some nonlinear monotone stress strain relationship (refer
to [4,12]). Some similar problems have been considered in [5,8,9,14]. The paper [2] introduced a coupled FEM-
BEM variational inequality of the problem (1)—(5), and considered the corresponding approximation problem.
Moreover, an asymptotic error estimate has been derived in that paper.

However, there is no literature to study the numerical method for solving this kind of coupled FEM-BEM
variational inequality. In the present paper we introduce an iterative method for solving (1)—(5). This method
can be viewed as a variant of the D-N alternative method, which has been applied to solving the Poisson
equations in bounded domain and unbounded domain (see [7,19,20]). It will be shown that the solution sequence
generated by this iteration converges to the solution of the coupled system given in [2], and the convergence
speed is independent of the mesh size. The new method has obvious advantages: (1) the finite element problem
and boundary element problem are solved respectively; (2) the memory requirement was decreased.

This paper is organized as follows. In Section 2, we describe the coupled variational problem in suitable
way. In Section 3, a basic iteration method is described, and its convergence results are given. In Section 4,
we analyze the convergence rate. In Section 5, we discuss a combination between this iterative method and the
steepest descent method.

2. A COUPLED SYSTEM DERIVED BY FEM aAND BEM

In this section, we describe the variational problems considered by [2]. For convenience, we would like to use
the equivalent forms to (24) and (28) in [2].

Let H'(Q), H2 (), H} () and H~2(T') denote the usual Sobolev spaces (refer to [10]). We define the (non-
linear) functional A : H(Q)x H*(Q)—R and the linear functional F : H'(Q)x Hz (I')—R by

Au,v) = /Qp(|Vu|)(Vu)t -Voudz, u, ve HY(Q)

and
F(u,gp):/f~udx+/t0~gads, u e HY(Q), @GH%(I‘).
Q r

To define a symmetric and positive definite boundary operator, let v(x,y) be the fundamental solution for the
Laplacian, i.e.

1
'y(x,y):fglog|mfy|, l‘,yER2.
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Set
Ve(z) =2 / o(x) A (za)ds, (V:H 3 D)—HHT)),

0

GV (E@)dss (K HE(D)—HE(T),

Ko(z) =2 / o)

K'¢(z) =2 /F<f><x> - a%w,w)dsx (K': H > (D)—H 2(T)),
0

Wolz) = 5 -Ko(z) (W HE(D)—HH(D)).

It is well known that V : H~z (I')—H2 () is symmetric and positive definite, and W : Hz (I)—H 2 (T') is sym-
metric and positive semi-definite under suitable assumption (see [2,15]). Thus, the operator S : Hz (I')—H 2 (T)
defined by

S =W+ (K — VYK - 1))

1
2
is also symmetric and positive definite. Note that the operator S is just the Dirichlet — Neuwmann map or
Steklov — Poincare operator (refer to [2,18]).

Let (-,-) be the L? inner product on I'. Set
Liu,¢) = F(u,¢) +(Sa,0), u&H'(Q),p € H ().

For the function p(t), we make the natural assumption: p; < p(t) < py and a < p(t) +tp'(t) < 5 for constants
P1,p2, @, 3 > 0 (refer to [2,11]). Below we fix the constant a in some way to force uniqueness (see [2]).
Let E = H'(Q)xH?z(T). Set

D=A{(u,p) e E:u=¢+uyonlyand u < ¢+ ug a.e. on [}
The variational form of the problem (1)—(5) is: to find (u,¢) € D such that
Au, v —u) + (S, =) 2 L(v —u, 0 — ),
V(v,¥) € D. (2.1)

If (u, ) is the solution of (2.1), then we can obtain the solution of (1)—(5) by u; = u and

uz(z) = %(K(p +VS(p—a))(z)+a, zE€Ne.

Without loss of generality, we assume that the domain €2 is a polygon. Let Q be divided into some regular
quasi-uniform triangles with diameter h. Then let H} denote the finite-dimensional space of continuous and
piecewise linear function relating to this partition. The mesh in ) leads to a mesh of the boundary, so that
we set

1
H? ={ulr:u € H}.
_1
Moreover, we may consider H, * as the piecewise constant trial functions. For simplicity of exposition, we
1 1
assume that ug € H7. Let Ej = H,lle,f, and set

Dy, = {(un,on) € En : up = op + ug on T'y and up < p + ug a.e. on T}

Let )
in: H? — H*(T)
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and )

Ih: I{h_E %Hii(l—‘)
denote the canonical imbedding with its dual i} and j;

)*

ol

it H 3(1) — (H

and )
Jh s HE (D) = (H,®)"
Set )
Sn = 5@ Win + i, (K" = D)jn(GiVin) " 57 (K = I)in).
The discrete problem associated with (2.1) is: to find (up,pn) € Dy such that

A(up,vp —up) + (Seen, ¥n — @n) > Li(vy — un, ¥n — ©n),

V(vn,¥n) € Dp (2.2)
where
Lh(U, Y) = F(va) + <Sha’w>'
It has been shown in [2] that the discrete problem (2.2) (and (2.1)) has a unique solution (by transforming it
to an equivalent form). Moreover, an asymptotic estimate of the errors u, — u and ¢, — ¢ was also derived. If
(un, @r) is the solution of (2.2), then we can obtain the approximate solution of (1)—(5) by u1p = up and

usp(2) = =(Kon + VS(en —a))(z) +a, z€ Q..

N =

Remark 2.1. Since the stiffness matrix of the boundary integral operator S, is dense, it is very expensive to
solve the variational inequality (2.2) by the existing methods (refer to [6,19]). For this reason, we will introduce
an iterative method to solve (2.2) in the next section.

3. A BASIC ITERATIVE METHOD

At first, we describe the algorithm.
For a given A € H?(I), we define

H ={veH}:v=X+uponT; and v < A+ ug a.e. on T's}.

1
For a given w € H7, let w € H 4+ denote the zero extension of w (which equals w on I, and equals zero at the
internal nodes of ).

1 1 1
Algorithm 3.1 Let ¢) € Hp be given. When ¢} € H? have been gotten, @Z“ € Hp? will be obtained by
step 1°: to find uZHGHé;L such that

Alup™ o —up ™) > (fon —up ), Yo, € H; (3.1)
1
step 2°: to find pZH € Hp? such that

(St n) = (f, ) — A(up ™, ¥n) + (to + Sa,¥n), Vb, € Hh%; (3.2)

step 3°: set
ert = opiTt - (1 -0, 0<6<1. (3.3)
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Remark 3.1. In essence, the step 1° and the step 2° can be regarded respectively as solving a Dirichlet
(inequality) problem on Q (by FEM) and as solving a Neumann problem on 2. (by BEM). In the implementation
of the step 2°, it is unnecessary to consider the operator 7} or j;. Instead, only the Galerkin method is used
(refer to [1]).

Remark 3.2. The main merits of this algorithm are: (1) the finite element problem and the boundary element
problem are solved independently, the variational inequality (3.1) and the boundary integral equation (3.2) can
be solved by the existing methods (see [3,6]); (2) it has smaller memory requirement than the algorithms to
solve globally the variational inequality (2.2).

Now, we give the convergence result of this iteration.
1 1
Since S, : H? — (H?)" is a symmetric and positive definite operator, we can define the norm
h h
s, = ({(Sh-, - 3. Let Yn € H? be determined by the variational inequality (2.2), and set e} = @5, — 7.
h h h

Theorem 3.1. There exists a constant ¢y independent of the mesh size h, such that when 0 < 6 < ﬁ, the
D-N alternative algorithm is convergent. Moreover, we have

lep ™15, < (1 =20+ 2(co + 1)6%)lep 3, - (3-4)

In particular, when 0 = the upper bound of (3.4) is minimal and there holds

1
2(60+1) J

1
lep ™5, < (1 -

< m)”@m%h (3.5)

Remark 3.3. Set uf;, = v} and
n 1 n n
usp(2) = §(K<Ph +VS(eh —a))(z) +a, z€Qe

Theorem 3.1 proves that u7,, and uj, converge to uy, and ugy, respectively. In fact, we have
n o __ < C 1 _ # 2 0
[uty, —uinlre < 3 lenlls,

Co+1)

with C being a constant independent of & and n. The error uy;, — uap has a similar estimate, but it involves a
particular norm on the unbounded domain €.

4. ANALYSIS OF THE CONVERGENCE RATE

Since the nonlinear variational inequality is involved, Theorem 3.1 can not be derived by the standard
eigenvalue method, which has been used to analyze the convergence rate of the usual iterative method (com-
pare [7,19]). The proof of Theorem 3.1 is based on four lemmas.

Lemma 4.1. The variational inequality (2.2) can be decomposed into the following sub-problems
23l
A(un, vp —up)>(f,vn —up), Vop € Hy, (4.1)

and
(Shon, ¥n) = (£, D) — Alun, By) + (to + Sa,n), Yuon € Hp. (4.2)
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Proof. The variational inequality (4.1) follows by setting v, = ¢, in (2.2).
1

For any w,eH?, we set v, = up + Wy, (or up, — wy) and ¢, = @p + wp, (or @ — wy) in (2.2). Then, the

function ¢peH, é satisfies
A(un, @) + (Shepn, wn) > (f, W) + (to + Sa,ws)
and
A(up, —wp) + (Snen, —wn) > (f, =Wn) + (to + Sa, —wp).
These two inequalities imply the equation (4.2).

Set
n+l

,LLZ = Dy, ©h-
Lemma 4.2. The following inequality is valid:
Alunun — ™) = Al g — ™) < (Suuff).

Proof. Tt can be verified directly that

(Shppsery = (Snppsun —up ™) + (Shupts on +uo — up) + (Sppg, up ™ — (P + uo))
= (Sppp,un —up ™ty + (Sepp T on + uo — un) — (Shipn, on +uo — up)

H(Supp T uptt = (o + w0)) = (Sheon, up Tt = (@ + uo))-

Set wp, = ¢p + ug — up|r. From the definition of pZH (see step 2°), we have
(Shpy ™ on 4+ uo —un) = (Sppp T wn) = (f,wnR) — A(up T W) + (to + Sa, wy)

(to + Sa,wp) — [(f, —@5) — A(up™, —w3)]
(to + Sa,wp) — [(f, (W™ —wg) — up ™)
fA(uZ-H’ (UZ+1 o w_h) - UZ+1)].

Since up € I:[éh, we know that
wp|r, =0 and wp|r, > 0 (a.e. on T'y).

Note that uZ‘H € I:[él” we have
up e, = op +uo and up e, < o +uo (a.e. on Ty),

by (4.6), this leads to

(up™ —wp)|r, = ¢ +uo and (up ™ —wg)|r, < @} +uo (a.e. on ).

Namely, u} ™" — @y, € ﬁé?' Thus, by (4.5) and the definition of u} ™' (see step 1°) we obtain

<ShPZ+1; ©Yn +ug — uh> > <t0 -+ Sa, wh> = <t0 -+ Sa, ©Yn +upg — Uh>.

Similarly, we can prove
(Shpn, o +uo —uptt)

—(Shen, up ™t = (@h +ug)) =
> (to+ Sa, ¢} +ug — uZ‘H).

(4.3)

(4.5)

(4.6)

(4.7)

(4.8)

On the other hand, let v}, € H }L denote a suitable extension of ¢, +ug such that v, —uy, is just the zero extension

of @p + ug — up|r. From (4.2), we have

(Snenson +uo —un) = (f,Uh —un) — A(un, Vh — un) + (to + Sa, pn + uo — upn)).

(4.9)
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It is clear that vj, € H}, . Thus, by (4.1) and (4.9) we obtain

(Sheen, on +uo — up) < (to + Sa, on + uo — up).

Namely,
—(Shn, on + uo — un) > —(to + Sa, on + uo — up).
In an analogous way, we can prove
n+1>

+1
7<Shpz 79024»“0*“}1
n+1

(Snpp ™ up ™ = (oh +u)) =
> —(to+ Sa,pp +uo—uy" ).
Using (4.4), together with (4.7)—(4.8) and (4.10)—(4.11), yields

o= PR

= (St up — wh.

(Shthyen) > (Shpty,un — uyp, Shpn, un — uy,

Subtracting (4.2) from (3.2), and choosing 15, = (up — u}™")|r, we obtain

<Shpz+17uh - UZ+1> - <Sh90h; Up — UZ+1> = A(“ha%) - A(U'Z"rl’%)
with epr = (up — u}™)|p. It follows by (3.1) and (4.1) that

Aup ™ wy) = (fywn),  VYwn € HyNHg (Q)

and
A(uh, ’LUh) = (f, wh), Ywy, € HﬁﬂH&(Q)
Hence,
A o — (= uf ) = (L — (o — ) = A, 7 — (n — ).
Namely,

A(up,enr) — A(uZ'H,%) = A(up,up — uZ‘H) — A(UZ+1, up, — uZ‘H).
This, together with (4.12) and (4.13), gives the desired result.
By (4.3) and the monotonicity of the (nonlinear) functional A(,-) (see [2]), we obtain

Corollary 4.1. We have the inequality
(Shuy,,en) > 0.

1 ~
For a given A € H?, let A € H} denote the discrete harmonic extension of .

Lemma 4.3. There exists a positive constant ¢ such that

1Rl e < e(Shui k).

721

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

Proof. Let H(u}) € H'(Q) denote the (continuous) harmonic extension. Since ;72 is just the orthogonal

projection of H(uj}), we have N
130 < [H(ui)li q-

(4.17)

It follows by the well-known property of H(uj}) that there is a positive constant ¢; independent of h, such that

[H (i)} o < exlliilld -
Thus, by (4.17) and Lemma 5.1 in [2], we obtain

il o < cllupli p < e(Shui, )
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Lemma 4.4. There exists a positive constant cg such that

(Shitys i) < co(Shep, ep)- (4.18)
Proof. Subtracting (4.2) from (3.2), and choosing ¥, = uf, yields

(Suwiispit) = (Sph™ i) = (Snipn, 1h)
= Alup, py) — Alup ™ ). (4.19)

Since (uy — ,sz\;:l)|r = 0, we have (refer to (4.14))
Alun, 1) — A0y = Alup, ) — Al ™ .
Substituting the above equality into (4.19), yields
(Snpfy i) = Alun, i) — A(up ™, ). (4.20)

On the other hand, by the assumptions to the function p(t) (see Sect. 2), we can prove (refer to [2,11])

Alun, i) = Alup ™ i) < Blun — up ™ e - lugle (4.21)
and
alup, — uzﬂﬁﬂ < A(up,up, — uf ™) — A(uf™ wy, — uf . (4.22)

Hence, by (4.20)—(4.22), we obtain
(Snith: 1h) < o % BA(un, un —up ™) = Al un — up ]2 - g
Furthermore, it follows by (4.3) that
(Shuh i) < 072 B{Suuf, ) ® - lipl1e, (4.23)

which, together with (4.16), yields
<ShNZa ,U'Z> < 047162C<Shu217 €Z>

1 1
Since Sy, : H? — (H}?)* is a symmetric and positive definite, by the Cauchy-Schwarz inequality, we obtain
_ 1 1
(Snpps i) < o B2e(Shpuly, i) % - (Shep,ef) .

Namely,
(Snith, k) < a™?B%c*(Shey,, ef).
This means that the inequality (4.18) is valid with ¢ = a=23%¢2. O

Now, we can prove our main result easily.

Proof of Theorem 3.1. From (3.3), we have
et = el — gy (4.24)
where g7 = pitt — 7. Tt follows by (4.24) that

leh ™15, = lerlls, —20(Sher, gr) + Ollgnll3, - (4.25)
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Namely,

. (Sper, g lgnllz, \ | n n
len 5, = (1 — 20t + 02t | len|[%,  (ef # 0). (4.26)
lenlls, lenlls,

By Corollary 4.1, yields (note that gp = e} + u})
(Snersgn) = llenlls, + (Shep, up) > llenll%, - (4.27)
Moreover, it follows by Lemma 4.4 that

o+ 3,
2(uf, + 1efl3,)
2(co + Dllef]2,). (4.28)

lgn 3,

IANIA

Using (4.26), together with (4.27) and (4.28), we deduce to (3.4).

It is clear that when 0 < 0 < ﬁ, we have

len 115, < llenll3, -

It can be verified directly that when 6 = the function

_1
2(cot+1)’

g(0) =120+ 2(co + 1)6?

reaches the minimum value 1 — =—L—- O
2(Co+1)

Remark 4.1. Some iterative methods for nonlinear minimization problems have been developed by [16,17]. It is
easy to see that the methods as well as the convergence results can be extended to the case of nonlinear equation.
On the other hand, the unknown ¢}, satisfies a nonlinear equation, and Algorithm 3.1 can be interpreted as a
preconditioned Richardson iteration (refer to the next section). Thus, Theorem 3.1 may be derived by using
the extended results.

5. A COMBINATION BETWEEN THE ALGORITHM 3.1 AND THE STEEPEST DESCENT METHOD

In most applications, it is difficult to estimate exactly the constant ¢ in (4.16) (or ¢y in Theorem 3.1). To
solve this problem, we consider the steepest descent method, by which we can determine a (variable) relaxation
parameter 6,, in the n — th iteration (refer to [6,13]).

For a given A\ € H é, let ¥(\) € H 1 denote the solution of the variational inequality
AT(N),v = T(N) > (f,v—T(N), Yo € HY. (5.1)
We define the (nonlinear) operator S : Hh% — (Hh%)* by

(S, ) = A(Y(N), &) — (f, 1), V€ Hf.

Since U(pp) = up, it follows by Lemma 4.1 that ), satisfies the interface equation

where R
S=85qa+ S8, and g =ty + Spa.
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7

It is clear that ph'|r1 = Sh_l(g — Sapy). Thus, the algorithm 3.1 given in Section 3 can be regarded as the
preconditioned Richardson iteration

eh' = ek 05, (9= Sen). (53)
Now, the (variable) parameter 6 (=6,,) in (5.3) is chosen such that the function

G(0) = 1Sen — Seh 1%

reaches its minimum value when 6 = 6,,.

Some algorithms of determining the parameter 6,, are given in [13]. For the combined method, the main cost
still results from the Algorithm 3.1 described in Section 3.

Let {¢}} denote the solution sequence generated by this method.

Theorem 5.1. For the combined method, we have the following convergence result:

1 " A :
lon = e, < (1- 5=y ) 186n = Skl (5.0

where ¢y is the constant given in the last section.

To prove this theorem, we need two lemmas.
The following result can be proved like (4.3) (refer to Cor. 4.1).

1
Lemma 5.1. The following inequality is valid for any \,u € H}?

(A= p1, SoX — Sap) > ACT(N), WO\ — () — ACL(), T(N) — T(n)) > 0. (5.5)

1
Lemma 5.2. For any A\, € H}?, we have

180X~ Sl 1 < collA — ul,. (5.6)

Proof. From the definition of the operator Sq, we have

[1SaA = Saul AT (A), w) = A (), w),

2 _
1=
S

where
w =S, ' (Sa\ — Sapu).

Thus, we can prove, in an analogous way with (4.18), that
1SaX = Sopl§ s < o™ F2eA(T(A), W(A) = W (1)) — A(T (1), T(N) — ¥(w)). (5.7)
On the other hand, it follows by (5.5) that

A(T(A), T(A) = () — AW (), W(A) — ¥(p)) (A = 1, SoX = Sapu)

155 A =l - 115, * (SaA = Sap)ll. (5.8)

IN A

Using (5.7) and (5.8), we deduce to (5.6). O

Proof of Theorem 5.1. It follows, by a well-known identity, that

150n = Seh %1 = IS0 — Seplg = 2Sen — S, Seft = S gor + 18ef = Sep g (5.9)
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Since
en —nt = =008, (Sen — Sh),
we have
(Son — S, S — Spptt) g1 = =07 — it Sl — St
The inequality (5.5) infers that
(oh = @™ Sawl = Sagh ™) > 0.

Thus (note that S = Sq + Sh)

(o — P, Sl — Syt (o = on ™, Suleh — onth)

02156 SRl

v

This, together with (5.10), leads to
(Son — S, Sy — S ™) g0 < —0l1Sipn — Sphllf -
On the other hand, it follows by (5.6) that (note that S = Sq + Sj,)

2(ISavh — Saeh ™ 5 + ek — @b IS,)

2(1+co)llen — ¢ n+1||sh)
= 2(14co)0;|Sen — 5<Ph||571-

1S9k — S <
<

Using (5.9), together with (5.12) and (5.13), yields

180 — S+ < (1= 26+ 201+ o))l Sion — SRl .
Since the parameter 6,, is chosen such that
n+1 ||

||*§50h

reaches its minimum value, by (5.14) we obtain (set 6,, = m)

1 N N
Sep — Spntt 1— ———— ) |Son — Sei||2- =0,1,---
H Ph “hn || 2(00+1) || Ph (thShla n s 1y
Hence,
A A 1 A A
_ n 271 <(l-—— n _ 0 271.
ISton = Sehlls = (1= 5=y 15en = Senlls;

To prove (5.4), we only need to verify
1S0n = SeilZ 2 = llen = @R l3, -
In fact, it is clear that

I1S¢n = Seilz = [I(Sapn — Saeh) + Sulen — PRIl
> 2(Sapn — Savysen —¢n) + |1Shlen — @Z)Hé}—u

which, together with (5.5), gives (5.15).
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(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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Remark 5.1. Since the (nonlinear) operator Sq can not be expressed explicitly, it is impossible to calculate
directly its Gateaux derivative (or Frechet derivative). Thus, Theorem 5.1 can not be proved in the usual way
(compare [13] and [16]).

Remark 5.2. Since the convergence speed of the methods discussed in this paper is independent of the mesh
size h, it is not sensitive to the errors of the solutions u}, py (and the parameter #,). The analysis to this
dependence is standard (refer to [16]).

Remark 5.3. A similar algorithm with Algorithm 3.1 has been designed for solving linear elliptic problems in
unbounded domains in [19], where the efficiency of such algorithm was confirmed by numerical experiments.
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