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A POSTERIORI ERROR ESTIMATES FOR A NONCONFORMING FINITE
ELEMENT DISCRETIZATION OF THE HEAT EQUATION

SERGE NICAISE! AND NADIR SOUALEM

Abstract. The paper presents an a posteriori error estimator for a (piecewise linear) nonconforming
finite element approximation of the heat equation in R% d = 2 or 3, using backward Euler’s scheme.
For this discretization, we derive a residual indicator, which use a spatial residual indicator based on
the jumps of normal and tangential derivatives of the nonconforming approximation and a time residual
indicator based on the jump of broken gradients at each time step. Lower and upper bounds form the
main results with minimal assumptions on the mesh. Numerical experiments and a space-time adaptive
algorithm confirm the theoretical predictions.
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1. INTRODUCTION

This paper deals with the a posteriori analysis of the heat equation approximated using backward Euler’s
scheme in time and a (piecewise linear) nonconforming finite element approximation in space. There are several
reasons to use nonconforming approximations. For example the approximation of the Stokes system requires the
stability of the method, namely the discrete space has to satisfy the so-called inf-sup condition with a constant
independent of the aspect ratio of the elements. Unfortunately standard conforming elements (like the mini
element, the Taylor-Hood element, etc.) are not stable on anisotropic meshes (meshes for which the aspect ratio
is no more bounded [3] and often used for the approximation of edge singularities and/or boundary layers), see
[2,4] and the references cited there. Therefore the use of nonconforming elements may be recommended since
they are unconditionally stable [5].

As a first attempt we consider the case of the heat equation approximated by a piecewise linear nonconforming
finite element space based on a regular family of triangulations. However our method may be extended to the
Stokes system and to the use of anisotropic meshes. This will be investigated in forthcoming works.

In the conforming case several approaches have been introduced to define error estimators for the heat
equation and the Stokes system [6-9,17,18,20,22]. To be able to extend these techniques to nonconforming
spatial approximations, as for elliptic problems [14], we need to be able to estimate the consistency term
appearing in the error equation. As in [14], this term is managed using a Helmholtz decomposition of the error.
This allows us to extend the results from [7-9,22] to the nonconforming case.
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The schedule of the paper is the following one: Section 2 recalls the continuous and its discretizations. In
Section 3 we give some analytical tools, in particular some properties satisfied by the spatial error and its
Helmholtz like decomposition. Section 4 is devoted to the a posteriori analysis of the time discretization. The
efficiency and reliability of the spatial error estimator are established in Section 5. The a posteriori analysis of
the full discrete problem is considered in Section 6, where we show the efficiency and reliability of the sum of
the spatial and time error estimators. Finally in Section 7, we present some numerical tests which confirm our
theoretical analysis. We further describe a space-time adaptive algorithm, which is validated by two relevant
examples.

2. THE CONTINUOUS, TIME SEMI-DISCRETE AND FULL DISCRETE PROBLEMS

Let © be an open bounded of R%, d = 2 or 3, with a polygonal (d = 2) or polyhedral (d = 3) boundary T.
For the sake of simplicity, we assume that € is simply connected and that its boundary is connected. Let T be
a positive and fixed real number.

Let us introduce some notation used in the whole paper: for shortness, if D is a subset of €, the L?(D)-norm
(resp. L2(D) inner product) will be denoted by | - |p (resp. (-,-)p). In the case D = Q, we will drop the

index €. The usual norm and seminorm of the standard Sobolev space H*(D), with s > 0, are denoted by ||-|/s,p
and |- |5 p.
In this paper we consider the following heat equation: Let u be the solution of
0
a—? — Au = f in Qx]0,T],
u(.,t)=0 onIx]0,T], (1)

u(.,0) = ug in Q.

The datum f is supposed to satisfy f € L?(0,T; H~*(Q)) and the initial value ug € L?(2). Under these
assumptions, problem (1) or equivalently

(Opu(t),v) + (Vu(t), Vo) = (f(t),v), Yo € Hy(Q),V a.e. t € (0,T), (2)
has a unique (weak) solution in L2(0,T; H}(2)) N C ([0, T]; L3()).

2.1. Time discretization using Euler’s scheme

We now suppose that f € C([0,T]; H (). We further introduce a partition of [0,7] into subintervals
[tp—1,tp), 1 < p < N such that 0 =ty <t < --- <ty =T. Denote by 7, = t, — tp,—1 the length of [t,_1,1p]
and by 7 = max, 7, the global time mesh size.

The semi-discrete approximation of the continuous problem (1) by a backward Euler scheme consists in
finding a sequence (u?)o<p<n solution of

P _ p—1
i—Au”:f”inQ 1<p<N,
Tp
uP =0 onI' 1<p<N, (3)
u® = uy in €,

with f? = f(-,t,). This problem admits a unique weak solution u? € Hg (), whose variational formulation is

/up’u + 7 /Vup Vv = /upflv + 7 /fpv Yo € Hy (). (4)

Q Q Q Q

The unique solvability of the variational formulation (4) is then a direct consequence of the Lax-Milgram lemma.
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2.2. Full discretization

Problem (4) is now discretized by a nonconforming finite element method. For that purpose, for all p =
0,1,---, N, let us fix a conforming mesh T}, of 0 which form a regular family of triangulations in Ciarlet’s
sense ([11], p. 124), i.e., there exists o > 0 such that

hK/PK < O’,VK c Tph,

where we recall that hx is the diameter of K and pg is the diameter of the largest ball included into K. All

elements are triangles or tetrahedra and will be denoted by K. For all p, we denote by hj, = Jnax hx. The set
€lpn

of all edges/faces of Ty, is denoted by &pp,. Let E;Zt be the set of interior edges/faces of Ty, and Ex be the set

l(M M%

of the edges/faces of the element K. Finally for an edge/face E € £x N L we denote by hg = 3 B E]

its mean height.
Introduce the Crouzeix-Raviart nonconforming finite element space:

X = {v € L*(Q) s vjx €P1,VK € Ty,
/’U\K:/U|L,VE€€KQ€LQ€;7Lt,K,L€Tph,
E E

/’U‘KZO,VEEEKQF,KET;D}L}.
E

The full discrete approximation of problem (1) using Euler’s scheme and the Crouzeix-Raviart nonconforming
finite element, is then given by: given an approximation ug € XOOh of ug, find uf € X;?ha 1 <p < N, such that:

/uflvh +7p Z /Vufleh = /ufl_lvh + 7p /f”vh (5)
Q K Q Q

KGTph,

for all vy, € X;?h-

Note that the Crouzeix-Raviart elements were recently used in [1] for the discretization of a mixed formulation
of the Laplace equation and that the nonconformity of the approximation also renders their a posteriori analysis
more delicate.

Definition 2.1. Let u? be a solution of (4) and u} a solution of (5), then we denote the spatial error by
e’ =uP —ub.

Let us finish this section by introducing some useful notation and properties used below.

The notation a < b and a ~ b means the existence of positive constants C; and Co (which are independent
of the mesh size of the triangulations, of the time step size and of the function under consideration) such that
a < Csb and C1b < a < Csb, respectively.

For a boundary edge/face E we denote the outward normal vector by ng. In 2D, we further define the tangent
vector by tg = (—nge,ng1) if ng = (np1,ngE2). Given an interior edge/face E, we choose an arbitrary normal
direction ng and denote by K, and K., the two elements sharing this edge/face. Without any restriction, we
may suppose here that ng is pointing to K.+ like in Figure 1. In 2D, denote as before the tangent vector by
tg = (—ng2,ne) if ng = (nE1,nE2).

For the analysis of the nonconforming approximation, we will use the following Crouzeix-Raviart property:

[E[[uh]}E =0  VE€&n, Yun € X, (6)
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FIGURE 1. Two elements sharing the edge FE.

where the jump of some function v across an edge/face E at a point z is defined by

lim v(z +ang) —v(z —ang) if £ € £

[v@)] 5 = { a—0+ ph

v(z) if Be&n\ER.

Note that the sign of [[v(x)] 5 depends on the orientation of ng. However, quantity like a gradient jump
[[VU “n Eﬂ  1s independent of this orientation.
For a function v € Xgh we define its broken gradient Vv by

(th)u( = V(’U‘K),VK S Tph.

In the sequel we will use local patches: for an element K we define wx as the union of all elements having a
common edge/face with K, for an edge/face E, let wg be the union of both elements having E as edge/face and
finally for a node z, let w, be the union of both elements having x as node. Similarly denote by &k (resp. @g)
the union of all triangles sharing a node with K (resp. E).

We further need the standard Py conforming finite element spaces

Von = {v € H'(Q) 1 vjic € P1,VK € Ty},
Vi = Vpn N Hy ().

For our error analysis we require an interpolant that maps X gh & H} Q) to Vpoh. Hence Lagrange interpolation
operator is unsuitable but Clément like interpolation operator is more appropriate. To write the results in the
largest setting as possible, let us set

Yon = {v € L*Q) : vjx € H(K),YK € Ty,
/U|K:/U|L,VEEgKﬂgLﬂgézt,K,LETph,},
E E

Yy, ={veL*Q): vk € H(K),VK € Ty,
/U|K:/U|L,VEEgKﬂgLﬂ(‘:;zt,K,LETph,
E E

/U|K =0,VE € &k ﬂF,KETph}.
E

Note that H'(€2) C Y,y and that X0, & Hj(Q) C Yy,

Recall that the Clément interpolation operator is defined as follows: Denote by N, the set of nodes of the
triangulation 7}, and by ./\/']ZZlt the set of interior nodes of the triangulation 7},,. For each node = denote further
by A, the standard hat function associated with x, namely A\, € V,;, and satisfies

Az (Y) = 0u,y, Yy € Nph.
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For any v € Y, and w € Ypoh, we define Icv and Igw by

tev= 3l ([ o) 7
= 32 ol ([ w) 8

. int
sEN

Note that Icv belongs to Vy,, while I 8111 belongs to Vpoh. Moreover these operators have the following properties:

Lemma 2.2. For allv € Y, and w € Ypoh, we have
lo = Icvll g S hicl|Vavlag, VK € Ty, (9)
lv = Icvle S B Vivlap, YE € Enn, (10)
Hw - IngK S he||Vawl|og, VK € Tpp, (11)
lw — 1wl S b *IVhwllo,, VE € €5, (12)
IVIEwllx < IVawllax, Y € Ty (13)

Proof. For v and w in H'(Q), the above properties are proved in [12] (see also [19,21] for other interpolation
operators) using scaling arguments, but a careful analysis of their proof reveals that these properties hold for v
and w as in the statement of the Lemma. O

The mean value of some function v on an edge/face FE is defined by

M (v) = ﬁ/Ev

In the sequel we often need the following Green’s formulas: if D is a bounded open subset of R? and v,w €
H'(D), then we have

/Vv-curlwz/ vcurlw-n:/ Vo - tw, (14)

D aD aD

where t is the unit tangent vector along 0D and curl w is the vectorial curl of w, namely curl w = ( gﬂwﬂ ) .
— 01

Similarly if D is a bounded open subset of R? and v € HY(D), w € H'(D)? then we have

/Vv-curlwz/ vcurlw-n:/ (Vo xn) - w. (15)
D aD oD

We finally introduce the gradient jump of «} in normal and tangential direction by

»o { [[Vufl nEﬂE ifEe 5;2’5,
E,n

0 if B € &\ EL.
If d = 2, then
o { [Vl - te] if Ee&t, |
’ —Vup -tp it BE€ &\ ERL
If d = 3, then
- { [Vuh xng], if E € et
oR

—Vup xng  if B e &n\ERL.
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3. SOME ANALYTICAL TOOLS

In this section we collect different properties satisfied by the spatial error e? that we will use in the proof of
the spatial error bounds.

Lemma 3.1 (Galerkin orthogonality). The error eP satisfies the Galerkin orthogonality relation

eP~l —ep
> /vhep Vo, = /7%\7% €V (16)
KeTy, K Q p
Proof. Tt suffices to subtract (4) with v = v, € V}j, to the identity (5). O

Lemma 3.2. Let p € HY(Q) ifd =2 and ¢ € H ()2 if d = 3. Then the error satisfies the following identity

/Vhe” ~eurl ¢ = Z /Jg’t . (17)
Q B

E€&pn

Proof. Assume that d = 2. Integrations by parts in Q and in each element K give (see (14))

/Vhep-curlgoz/Vup-curlgo— Z /Vufl-curlgo
Q Q K

KGTph,

:/curlgwnupf Z / Vul - tge.
r

KeT,,” 0K
As uP € H}(Q) and ¢ € H(Q), we conclude using the definition of ot
The proof is similar in dimension 3 using (15). d
Lemma 3.3 (error orthogonality). The error satisfies

Z /V;lep ~eurl o, =0,Ypy € Vpp if d=2 and ¢, € (V},h)3 if d = 3. (18)
KeT,,” K

Proof. Consider an arbitrary element ¢y, in V,p, if d = 2 or in (V,,)? if d = 3. As before, by integrating by parts
(¢f. the identities (14) and (15)), we obtain (recalling that u? € H}(2))

Z /Vhep -curl pp = /Vup - curl ¢y, — Z /V}luz ~curl o,
K Q K

KET,y, KeTyn

/upcurl ©Op N — Z / uh curl oy - ng
r oK

KeTyn

P
uycurl op - ng

I
|
]
—
=

— Z/[[ufl]]Ecurl ©On - NE
E

EESP},,

_ Z(curl @h-nE)[E[[“’Z]]E’

E€&pn

since the function (curl ¢y, - ng)|g is constant on E € &,,. The Crouzeix-Raviart property (6) satisfied by
up € Xgh allows us to finish the proof. O
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Lemma 3.4. The error eP satisfies
uP — yP1
/V;le” Vw = Z/( )w—i— Z/Jgn
KGT h KGT h EGS h

for any w € H} ().
Proof. Elementwise integration by parts and the observation that Au}, =0 on all K € T, yield

> /vhePVw—/wp Vw— > /vhuh Vw

KeTyn KeTy,

uP — P!
- /Q<fp N Tp > b

Z Z/nVuhw

KETp, E€EK

We conclude by using the definition of ngn and the continuity of w through the edges/faces. O
Corollary 3.5. For any w € H3(Q2) and p € HY(Q) ifd =2 and ¢ € H ()3 if d = 3, we have

= > /( ur 1)w+ Z/Jgnw+JEt ©).  (19)

/V;lep (Vw + curl ¢
KET,, Ee&,y

KeTy,

Proof. Direct consequence of Lemmas 3.2 and 3.4. 0
We now recall the following result (see Lem. 3.2 of [14] in 2D and [13] in 3D or [15], Chap. I):

Lemma 3.6 (Helmholtz decomposition of the error). We have the following error decomposition
Vel = VuwP + curl P, (20)
with P € HY(Q) if d =2 and ¢P € (H(Q))? if d = 3 and wP € HE(Q). Moreover the next estimates hold:

[wPly o < IVre], (21)
#7110 S IVael]l (22)

Proof. We consider the following Dirichlet problem: find w? € H{(£2) solution of

div (Vpe? — VwP) =0 in Q,
wP =0 on I'.

The weak formulation of that problem (23) is:

/Vw” -V = /V;le” Vv, Yove Hi(Q). (24)
Q Q
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As the vector field VyeP — VwP is divergence free in €, i.e.,
div (Vpe? — VwP) =01in Q.

By Theorem 1.3.1 of [15] if d = 2 or Theorem 1.3.4 of [15] if d = 3, there exists p? € H!(Q) if d = 2 and
P € (H*(Q))? if d = 3 such that

curl ¥ = Vype? — VuP.

The estimate (21) directly follows by using (24) with v = wP. The second estimate (22) is obtained as follows.
Using the expansion (20), we may write

/|cu7‘l <,07”|2 = /curl o - curl oP
Q Q

= /curl ©P - (Vpe? — VuP).
Q

By Green’s formula and the boundary conditions w? = 0 on I', we obtain

/|curl P = /curl ©P - VpeP. (25)
Q Q
By Cauchy-Schwarz’s inequality we conclude

[ewrl || < [[Vhe]|. (26)

If d = 2 the estimate (22) directly follows from the above estimate since |¢P|; o, = ||curl ¢P||. If d = 3, we may
notice that the application of the closed graph theorem yields a vector field P satisfying

[e¥ll1.a S [leurl @], (27)
Indeed it suffices to consider the mapping

F:HYQ)?P/K — {we L*(Q)® : divw =0} : ¢ — curl ¢,

where K = {p € H(Q)3 : curl ¢ = 0}. This mapping is continuous and bijective (by Thm. 1.3.4 of [15]) and
consequently by the closed graph theorem, its inverse mapping is also continuous.
Therefore we may conclude as before using the above estimates (26) and (27). O

The above lemmas allow us to prove the
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Lemma 3.7. The following identities hold

p_ ,p—1
Tp /the” -Vuw? = Tp/ﬂ<f” _ Y "% ) (wP — IQwP) +7 Z / ngn(w” — I2wP) — /(ep —eP P,

p Eeg,’ B @
(28)
Jvner-curtr = 3 [0 - dee), (29)
2 Ecé&,y E
le”]1? JrTzn/IVhe”l2 = ("1, eP) + (e? — e’ e —wP — I (P — wP)) (30)
Q

Tp

uP — upfl
+7p /Vhep . Vfg(e” —wP) +Tp/ fP——h _h (w? — Igwp)
Q Q
1 D [ (Th(w? = Tyt + T, - (6 — Tog)).

Proof. The identity (28) follows from the Galerkin relation of Lemma 3.1 with v, = I2wP € Vpoh and Lemma 3.4.

The second identity (29) is a consequence of the orthogonality relation of Lemma 3.3 with ), = Ic@? and
Lemma 3.2.
Using the error decomposition (20) we may write

TI,/|V;lep|2 =T /V;lep (Vw? + curl ©P).
Q Q

Therefore the identities (28), (29) directly lead to

) uP — Pt
Tp/|Vhep| = —/(e” —eP P —|—Tp/ fP— L —h ) (wP — I2wP)
Q Q Q Tp

1 Y | (JB (WP = IwP) + 5, - (" — IoeP)).
EESP},, E

This identity may be equivalently written

67247 D0 = (€716 4+ (€2 =~ =P = IB(e — ) + (" = I — )

p__ ,p—1
+Tp/<f” _ M) (wp —Igw”)
Q Tp

+7p Z /E(ng(wp — I2wP) + Jg,t (P — IegP)).
Eegph

This identity and the Galerkin orthogonality relation (16) lead to (30). O
4. A POSTERIORI ANALYSIS OF THE TIME DISCRETIZATION
Inspired from [7,9,16,17], we define the time error indicators:

=72 Viluh —up T 1< p < N. (31)
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The only difference with the above papers relies on the fact that u}, —u}, “isnot in H! (€2). Since the continuous
problems (2) and (4) are not related to the approximation spaces X gh, we easily adapt the arguments used there
to our setting.

Note that in (31) we have written V,(u} —u?~") while u} and u} " are not related to the same triangulation,
but ufl—up -1 may be seen as a piecewise [P1-function on the “triangulation” 7},,N7},_1,;, made of the intersections
of elements from 7}, with elements from 7,,_; . The broken gradient is then calculated on this triangulation
Tph N Tpfl,h-

For shortness we introduce the following notation: Denote by 7, f the step function which is constant and
equal to f(t,) on each interval (t,—1,t,), 1 <p < N. For a sequence v* € X;?h @ HL(Q), 0 <p< N, we denote
by v, its “Lagrange” interpolant, which is affine on each interval [t,_1,t,], 1 < p < N, and equal to v? at ¢,
i.e., defined by,

t, —t t—t,_
vp(t) = 2Pt 4 2 LyP Vi€ [t, 1, t,),1 <p < N.
Tp Tp
Denote finally e, = u — u,, the time discretization error.
As )
up J— «up7
Dy = T on (tyo1,ty),
Tp
the semi-discrete equation (4) is equivalent to
(atu‘l'(t)v 'U) + (Vup, V’U) = (fp’ v),Vv € Hol (Q)a vt € (tpfla tp)' (32)

Taking the difference with (2), we derive the residual equation
(Orer(t),v) + (Ver (1), Vo) = ((f — 2)(t),v) + (V(uP — u,)(t), Vv),Yv € Hy(R),Ya.e. t € (tp_1,tp). (33)

This equation allows to prove the

Theorem 4.1 (time upper error bound). The next estimate holds

tn n tn
len(tn)? + / IVer ()2 ds S 3 ()2 + / IV — ) ()2 s+ 1 = 7r Fogosr sy (34)

p=1

Proof. The residual equation (33) yields (see Prop. 3.1 of [9])
tn nooet,
lex (ta)II? +/0 IVer(8)]* dt < 2Z/t IV (WP = ur) ()P ds + 2 f =77 fll 2010y (35)
p=1“"tp-1

By the definition of u, we clearly have

[ IV - un ) ds = 21V - (36)

tp—1

Using the triangular inequality, we simply write
- -1 -1
72V (W =) < nf + 2V — )|+ 7 2 Valug = L

Moreover the arguments from Lemma 2.3 of [9] yields

tP
Tl Va(u? —wp)[? + 7| V(g = DIP S / IVh(ur = uns)(s)]|* ds. (37)

tp—1
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The above identity and these two estimates yield

t

tp P
[ 196 —un@lPas S0+ [ IVaGr - ) 6)] ds. (38)
tp—1 tp—1
This estimate in (35) leads to the conclusion. O

Corollary 4.2 (second time upper error bound). The next estimate holds
n tn
2 2 2 2
”ateTHLz(O,tn;H*l(Q)) S Z(ﬂf) +/o [Vi(ur —uns)(s)||7ds + [ f — 7r‘erL2(0,tn;H*1(Q))' (39)
p=1

Proof. The residual equation (33) directly gives

tn noot,
100er a0y S 1 = 7o Fo0art sy + / IVer ()| ds + 3 / IV — ur)(s)|]? ds.
p=1 tp—1

The second term of this right-hand side is estimated in (34), while the third term is estimated via (38). O
The local time upper bound is even easier to prove:

Theorem 4.3 (time lower error bound). For allp=1,--- | N, the next estimate holds
m S IVnerlle e, apiz2@) + 10ierll L2, -y b1 @)

+ 72UV = up) |+ 1V ™ =™ + 1 = 7 fllzee, -2y (40)
Proof. By the triangular inequality we may write

0 S 1PV @ =D+ [ Va(u? =)l + V(™" = uf ).

The estimation of the term T,}/QHV(u” —uP~1)|| is made as in Proposition 3.3 of [9] by using the identity (36)
(with n = p) and taking v = u” — u, in (33) and integrating the result in ¢t € (t,—1,p). O

5. A POSTERIORI ANALYSIS OF THE SPATIAL DISCRETIZATION

5.1. Upper error bound

The exact element residual is given by
-1
B el

fp

As usual [20] it is replaced by an approximate element residual

Tp

P p—1
R R
h T )
where f} is a finite dimensional approximation of f? (for instance (f})|x := ‘—11(‘ fK [P, for all K € Tpy,).

Definition 5.1. Let p > 1. The local error estimator 7% is defined by

+ 3 md (8.
K

Ee€ék

p_ ,p—1
- Up, — Up
h

P

Ny = hi

o+ 1)
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The global spatial error estimator P is given by

KeTyn

The local and global approximation terms are defined by

& =hi IfP = fillo, . (€

> (€)™

KeTy,,
Theorem 5.2 (upper error bound). The next estimate holds
le™)1” + > 7 IVae?l® £ D max{hl, m} (") + [|e]] " + D m(€”)?. (41)
p=1 p=1 p=1

Proof. This upper bound is a consequence of Lemmas 3.6 and 3.7. We first estimate some terms of the right-
hand side of the identity (30) of Lemma 3.7. Using successively Cauchy-Schwarz’s inequality, the estimate (11)
and the definition 5.1 of the local estimator, we obtain

p_ Up—up 0 p_ Up—up
Z / fh - T (wp _Ipr) 5 Z hK fh - T |wp|17@K
KeT,,” K P KeT,, P K
S D el
KeTpn
By discrete Cauchy-Schwarz’s inequality we get
uP — Pt
S [ (=) - 12w S ). (42)
KeT,, K p

Similarly using (12) and (10) we estimate the term with the jumps of normal and tangential derivatives:

S [ - nw) < 3|,
E EcE

18],

Eec&,n ph
1/2
5 Z H‘Ig,n EhE‘/ |wp|1,&)E
EESP},,
S D0 mklelis,
KeTyn
S [t < 2 |k e - Teels
Eeg, B E€€pn
1/2
S Z HJJg,t EhE |<Pp|1,@E
E€&pn
S Z 77?(|50p|1,ak-

KeTy,
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As before discrete Cauchy-Schwarz’s inequality yields

S| Th P = 1) S 0P P g, (43)
EBeg’ P

Z/Jﬁt (9" = Icp?) S0P 1P q - (44)
Eeé'ph E

Again (11) allows to estimate the term:

3 /K(f”—f;’f)(w”—lgw”)é S hic 7 = f2 g 0Pl

KeT,, KeTyn

and consequently
> [ - - ) 6. (45)
KeT,,” K
Applying Cauchy-Schwarz’s inequality and the estimate (11) we get
(P —eP™h eP —wP — I (e? — wP))| S hplle” — e[|V (e” — wP)].
The above estimates and (13) in the identity (30) yield
le?]]* + 7 /Q|Vh€]”|2 < ("7 €P) + Chylle? — e[ Va(e? — wP)| (46)
FO [ VaeP [ Vi(e? —w) || + Crpn” |9P]; o + Cp(n” +EP) [w”]y o,
for some constant C > 0 depending only on the minimal angle of T},.

This estimate does not directly yield the desired estimate due to the factors ||V (e?—wP)||, |wP|, o and |@P]; o.
We therefore need to estimate these factors. We first start with this last one. Using the identities (25) and (29)

we may write
/|cu7‘l ©P|? = Z / by (7 = IceP).
a Beg, B
ph

Using the approximation error estimate (10) and the definition of the a posteriori error estimator we get
leurl o[> < 1"l |10
With the help of (27) if d = 3, we conclude that
|10 S0 (47)

For the estimation of the norm of Vj(e? — w?), we start with
[Vi(e? —wP)|? = /Vh(e” —wP) - Vi (eP —wP).
Q
Using the Helmholtz decomposition (20) we then write

IVh(e? — w?)||? = / Vi(e? — wP) - curl .
Q
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By Lemma 3.7 and Green’s formula (recalling that w? = 0 on I'), we arrive at

IVaer = w2 = 3 [ 5, (6" = Toe?).

Eeg,’ E
Using the estimates (44) and (47) we obtain
IVi(e” —wP)| S 7. (48)
By the triangular inequality we have
[Vw?|| < [Va(w” = e’)[| + [Vre®],
and by the well-known estimate (a + b)? < 2a% + 2b%, valid for any real numbers a, b, we obtain
[V |? < 2[|Vi(w? — )| + 2| Vre?||*.

By the estimate (48) we arrive at
[VwP||* < C(P)? + 2| Vne? |1?, (49)
for some constant C > 0 depending only on the minimal angle of T},.
We are now able to conclude: Using the estimates (47), (48) and Young’s inequality in (46), we may write

1

S 7 [1Vhen? < @7 e) 4 Ohgller = e P + Ol Ve aP + Crl a7 + 7)) + g
Q Q

2
Tp |wp|1,§2 )
for some constant C > 0 depending only on the minimal angle of T},.

Using the estimate (49) for the estimate of the term |w7”|iQ and again Young’s inequality, we finally
arrive at

1 T,
J1er 7 1906l < (@1 en) + gler =1 Chr) + Coryl (a7 + €)°) + R

IN

1 1. T,

SR+ S ler 2 + Clmax{ B2, 7 }0P)2 + 7 (€7)2) + 2 Tner P,

for some constant C > 0 depending only on the minimal angle of T,. This estimate is equivalent to
le?[[* + 7 /lehe”l2 < [P H? + 20 (max{hj, 7, } (n7)? + (7)),

and we conclude by taking the sumonp=1,...,n. (I
Corollary 5.3 (second upper error bound). The next estimate holds

n

9 n
100 (wr = unr) 720,110 S D max{hy, 7} (07)? + [|%]] + [ Vae®l® + Y 7(€7) (50)

p=1 p=1

Proof. By definition we have

Ot (ur — Unr t),v
10 (s — une)Ollrsiey = sup Celtr —wnr)(B):0),
veHL(Q) vl
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Using the property
el — ep—1
Oc(ur —unr)(t) = ————Vt € (tp-1,1),
P
and the semi-discrete equation (4), for any ¢ € (t,_1,t,) we may write

(O (ur — unr)(t), v) = RP(v) = (VaeP, Vo),

where the residual RP is defined by
ub —u 1
Rp(v) = (fpav) - <Mav) - (thfmvv)avv € HO (Q)

As (5) implies that
RP(vy) = 0,V € Vo),
the above identity becomes

(Or(ur — ups)(t),v) = RP(v —vp) — (Vpe?, Vo),V € Vh,t € (tp—1,tp)-
Taking vy, = Icv, applying Green’s formula componentwise, and using the estimate (12) we get
|(Or(ur — une) (), 0)| S (" + IVae? | Vo], VE € (tp-1, ).
This estimate and Poincaré-Friedrichs’ inequality lead to
[0 (ur — unr) (Ol -1(0) S 17+ [[VRe?||, VE € (tp-1,tp).
The conclusion then follows from the estimate (41). O

5.2. Lower error bound

We establish the lower error bound of the estimator 7%, in a more or less standard way (see [14,20]). Since we
consider a nonstationary problem, we further need the following assumption (see [9,22]), that is easily checked
in an adaptive context:

Assumption 5.4. For all 1 < p < N, there exists a conforming triangulation Tph such that each element K
of Ty—1,n or of Ty is the union of elements K of T,y such that hix ~ hi.

For our convenience we reformulate Corollary 3.5 in the following way:

Lemma 5.5. For allv € H}(Q), p € HY(Q) if d =2 and p € H(Q)? if d = 3 we have the following identity:

/(ep e’ v+ 1, Z/Vhep VUJFCUTl‘P):Tp/(fp*f}f)U
Q

Q2 KT,
+7p Z /(fh - >U+Tp Z/Jgnv+JEt ©).
P

KeTpn Eec&,y

Theorem 5.6 (local lower error bound). If Assumption 5.4 holds, then for all 1 <p < N, it holds

ep — ep71
p
M S hi

+IVreP|l,, + &k (51)

Tp Wi
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Proof. Element residual Fix an arbitrary element K € Tph and define

p

p—1

Uy, — U

P . 14 h y P

T = <fh_ T ) ) Wi = erK’
p | K

where bx = MEALAE is the standard bubble function associated with K (see e.g. [20]). Standard inverse

inequalities (c¢f. [20]) and Lemma 5.5 with v = wk, and ¢ = 0 give

P2 PP p “Z_“p_l p
7% % ~ KTK“’K = P In T Wk
P

el — et P P P p Py, P
= . ————wh + Vpe? - Vwp — (ff — i wik

Tp

< M BolleP P _ P p
< +hic ek + 17 = fillg ) Irklix
Tp K

This proves the estimate

eP — P71 -

hilrglls S he ||————|  + el x +hrc 17 = fill g - VE € Ty
K

Now for K € T}, the Assumption 5.4 yields

Wellrilie s ) helrkl%

KeTpn:KCK

Using the estimate (52) and the fact that hz < hg for K C K we have proved that

eP — ep—1

hilrkllx < hi

+ |e”|LK + ¢k, VK € Ty,
K

Tangential jump. Next we consider an arbitrary edge/face E of T}, and define
w’é = bEJg,t y

where bg is the standard bubble function associated with E (see e.g. [20]).
Lemma 5.5 with v = 0 and ¢ = wf, and inverse inequalities give

2
~ P P
. E /Vhe curl wy,
KCwg K

S Ve o Vg,

S | T8 | 19kl

P
|75

This proves that
1/2
m? (|| S 19 kel

Normal jump. Similarly for an interior arbitrary edge/face E of T, we define

y P
U}E = bEJE,n .

(52)
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Using inverse estimates and Lemma 5.5 with v = w}, and ¢ = 0 we obtain

el — eP—1 B uP — P!
|195.0]|  5 nif g 2V e s + 2 1P~ S, + 2| g
E » on Tp .
With the help of (53) this yields
eP — eP—1
ml? ||| S e VRl + R 157 = £, (55)
p wE

The conclusion follows from the estimates (53), (54) and (55). O

Corollary 5.7 (second local lower error bound). If Assumption 5.4 holds, then for all 1 < p < N, it holds

(117)? S 110 (ur — unr)ll3r-1(@) + IVReP|* + (€7)°. (56)
Proof. As
ep — ep71
Ot (ur —ups)(t) = Ti,Vt € (tp—1,1p),
P

in the above proof we need to replace the local L2-norm of £=¢"— by its global H~1(Q2)-norm. For that purpose
in Lemma 5.5 we take ¢ = 0 and
2
v= Z h kr%b i

RETp’L

which yields, with the help of the assumption 5.4,

> hklrkli < (10 (ur = une) |- (@) + Ve IDIVOl+ > 157 = S llxllollx.

KeT,, KeT,,

Standard inverse inequalities lead to

Y Wkllrkllk S 10u(ur — une)lz-r (@) + [Vae?|* + (€)%,

KeTy,

Similarly for the estimate of the normal jump, we use Lemma 5.5 with ¢ = 0 and

> hedhbe

Eeglnt
to get

2
o S 10 (ur = wne) 510y + [Vaell* + (€)%

} : P
hE HJE,TL
Eeglnt

These estimates and (54) allow to conclude. O
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6. A POSTERIORI ANALYSIS OF THE FULL DISCRETIZATION

For all n =1,--- | N, denote the full error E(¢,) at time ¢, by
E(tn)® = u(tn) —upll® + [u™ = up|* + 106 (w = ur) 720,60 -1(0) + 10 (e = wnr)1Z2(0.4,.11-1 ()

tn tn
+ / IV h (ot — ) ()2 ds + / V4 (utr — unr) ()2 ds.
0 0

Combining the results from the previous sections, we get the following global upper and lower bounds:

Theorem 6.1 (full error bounds). For anyn =1,---, N, the next upper error bound holds:
)? Zn: 2 max{hy, 7} (17)%) + |f = 7 1 220,001 0) + Zn:Tp(i”)Q + 1% + 7ol Vael(2. (57)
p=1 p=1
If moreover Assumption 5.4 holds, then for anyn =1,--- | N, the next lower error bound holds:
Zn: () +7(0P)*) S Etn)® + If = 7o fll720,05m-1(0) + Zn: (7). (58)
p=1 p=1

Proof. Let us start with the upper error bound. First by Theorem 4.1 and Corollary 4.2, we have

n

2SS @)+ fum><tn>|\2+/0”||vh<uf—um<s>||2ds

p=1

0 (ur — upr H%Q(O,tn;Hfl(Q)) +11f - WTfHLz (0,tn; H=1())
As (ur —ups)(tn) = u” —uj =e” and
(Vi (ur — s )(5)| < [VaeP ™+ [VaeP|, Vs € [ty—1, 1),
the above estimate may be transformed into
E(tn)* D0 + 1”4 D ol Vae? I + 10:(ur = une) 1 F 20,0103y + I = TS 1 220,010
— p=0

We conclude using Theorem 5.2 and Corollary 5.3.
We now pass to the lower error bound. Summing the square of (40) on p =1,--- ,n, we get

n

tn
SO S / I ner ()2 ds + 19uer 20,0t

p=1
n
+ > UIVa(e? — )P + IV = uf D)+ 1 = 7o 1 22g0,005m-1 0

By the estimate (37), we obtain

n
> @) SEW)? + 1 = 7 fllF 2000010 59)

p=1
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On the other hand, by Corollary 5.7, we have

n n

ZTP(HP)Q S [0k (ur — uh‘l')”%?(o,tn;H*l(Q)) + ZTp(th(UP - UZZ)HQ +(€7)).

p=1 p=1
Again thanks to (37), we obtain

YT S Elta)® + ) (€)% (60)

p=1
The estimate (58) directly follows from (59) and (60). O

Remark 6.2. If we assume that
h2 <1, V1< p <N, (61)

then Theorem 6.1 states that the error E(t,) is equivalent to the global error estimator

n 1/2
<Z (()? + Tp(np)2)> ,

p=1

up to approximation terms. Therefore this global error estimator may be used for an adaptive algorithm that
has to respect (61).

7. NUMERICAL EXPERIMENTS

The following experiments will confirm our theoretical analysis. Since our main contribution concerns the
spatial error estimator, we only concentrate our efforts to its validity. The first example is used to confirm the
efficiency and reliability of our spatial error estimator. The second example illustrate the use of our spatial
estimator by presenting a spatial adaptive algorithm for a solution having a singular behaviour in space.

7.1. Test 1

This example consists in solving the two dimensional heat equation on the unit square  =|0, 1[x]0, 1]. Here,
we first use the Crouzeix-Raviart element on uniform meshes T, = T} obtained by dividing each segment by n
subintervals and dividing each obtained rectangle into two triangles (see Fig. 2).

The tests are performed with T = 1s and the following exact solution wu:

u(z,y,t) = e tey(e —1)(y — 1) in Qx]0, 1],

so that ug(z,y) = zy(x—1)(y —1) in Q and u(.,t);r = 0, for all £ €]0, 1[. We fix 7, = 0.1s, then N = T'/7, = 10.
All numerical results will be presented at the final time T' = 1s (N = 10).

First, we check that the numerical solution uhN converges towards the exact one. For that purpose, in Figure 3,
we have plotted theN H as a function of the degrees of freedom (DoF = 3n? —4n + 2 with h = 1/n). A double
logarithmic scale was used such that the slope of the curves yields the order of convergence. As we can see, this
figure underlines the theoretical predicted optimal order of convergence h (see [10]).

Now we investigate the main theoretical results which are the upper and lower error bounds (41) and (51).
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Mesh n=8

0.8~ q

0.7+ B

0.6 dl

0.5

04f B

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 2. The uniform mesh on the unit square with n = 8.

Dof

FIcure 3. theNH as a function of DoF for uniform meshes.

7.1.1. Reliability of the spatial estimator

First, we define the ratio of the left-hand side and the right-hand side of the inequality (41) at the last time
T =1s:

N
N+ 37 [ Vae?|?
p=1

_ .
101+ 7 S ()2 + Rk NP — fEII)

p=1 KeTy,

N __
Qup*
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DofNumber

FIGURE 4. quNp wrt DoF for uniform meshes.

TABLE 1. q% and ql]Xw wrt DoF for uniform meshes.

| n| DoF| & | dsw |

4 56 | 0.21768 | 2.0782
208 | 0.22413 | 2.5714
16 800 | 0.22847 | 2.9010
32 3136 | 0.23180 | 3.1265
64 | 12416 | 0.23406 | 3.2208
128 | 49408 | 0.23543 | 3.2843
256 | 197120 | 0.23604 | 3.2930
512 | 787456 | 0.23617 | 3.2975

q% is referred as the effectivity index. It measures the reliability of the estimator and is related to the global
upper error bound. From Theorem 5.2, the ratio qf); is bounded from above. This can be confirmed by our
numerical results presented in Figure 4 and Table 1. Hence, the spatial estimator is reliable.

7.1.2. Efficiency of the spatial estimator

Now, we define the (larger) ratio of the left-hand side and the right-hand side of the inequality (51) at the
final time T = 1s:

nK

+(1VheN ok + b [[FY = Y|,

WK

N _ N—1

P

qugw is related to the local lower error bound and measures the efficiency of the estimator. According to Figure 5
(see also Tab. 1), qugw is bounded from above as theoretically predicted in Theorem 5.6. Therefore our spatial
estimator is also efficient.
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FIGURE 5. qﬁw wrt DoF for uniform meshes.
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0.3 B

0.2

0.1+ q

FIGURE 6. The non structured mesh on the unit square with h = 0.2.

7.1.3. Non structured meshes

In order to validate the reliability and efficiency of our spatial error estimator, we have approximated the
same problem as before with the same elements but on different non structured meshes obtained by starting
from a rough non structured mesh of size 0.2 (see Fig. 6) and by dividing each triangle into 4 triangles by the
standard regular refinements [20]. Figures 7 and 8 (see also Tab. 2) show respectively the ratios q% and ¢,
with respect to the degrees of freedom. Again we may conclude that both ratios are bounded from above and
consequently our spatial error estimator is reliable and efficient.

7.2. Dependence of the error

From our previous considerations, the error between the exact solution and its approximated one is expected
to depend on the space and/or time discretization. In order to illustrate this phenomenon, as in [17], we exhibit
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FIGURE 7. qi\; wrt DoF for the non structured meshes.
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FIGURE 8. qlJXw wrt DoF for the non structured meshes.

an example where the error due to the time discretization is more important than the error due to the space
discretization, and another example where the converse phenomenon appears. For that purpose we consider the
problem (1) for Q =]0,1[x]0,1[ and T = 1s, with the exact solutions u; and us defined by:

ui(x,y,t) = sin(107¢/2) sin(max/2) sin(mwy/2),

and

uz(x,y,t) = sin(107¢/2) sin(107x/2) sin(107y /2).
The numerical results are shown in Tables 3 and 4, where we present the values of the space indicator 7, the time
indicator n, the error |le|| := (ngvzl 7| VreP||?)}/2 and the spatial effectivity index quy, for different uniform
triangulations and constant time steps. In the first case, we can conclude that the error is mainly due to the
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TABLE 2. q,i\;) and quw wrt DoF for the non structured meshes.

| h| DoF| a | b |
0.2 139 | 0.14351 | 1.8506
0.1 512 | 0.14967 | 1.8561
0.05 2008 | 0.15282 | 1.8612
0.025 7952 | 0.15520 | 1.8636
0.0125 | 31648 | 0.15713 | 1.8658
0.00625 | 126272 | 0.15811 | 1.8667
0.003125 | 504448 | 0.15823 | 1.8669

TABLE 3. Convergence results when using uniform triangulations and constant time steps for
the first example.

[p=t/nldt [n  [o [llel [a) [p=t/nldt  [u  |m [lel [a)]
0.1 0.1 0.096 | 0.65 | 0.31 | 3.6 || 0.1 0.05 0.062 | 0.34 | 0.19 | 3.3
0.05 0.1 0.051 ] 0.65| 0.31 | 3.6 || 0.05 0.05 0.031]0.34 | 0.19 | 3.3

0.025 0.1 0.025 | 0.65 | 0.31 | 3.6 || 0.025 0.05 0.016 | 0.34 ] 0.19| 3.3
0.0125 | 0.1 0.012 | 0.65 | 0.30 | 3.7 || 0.0125 | 0.05 0.008 1 0.34 ] 0.19| 3.3

0.1 0.025 | 0.043 | 0.18 | 0.11 | 3.0 || 0.1 0.0125 | 0.041 | 0.09 | 0.06 | 2.7
0.05 0.025 | 0.022 | 0.18 | 0.10 | 3.1 || 0.05 0.0125 | 0.021 | 0.09 | 0.06 | 2.7
0.025 0.025 | 0.011 | 0.18 | 0.10 | 3.1 || 0.025 0.0125| 0.010 | 0.09 | 0.05 | 2.8
0.0125 | 0.025 | 0.005 | 0.18 | 0.10 | 3.1 || 0.0125 | 0.0125| 0.005 | 0.09 | 0.05 | 2.8

TABLE 4. Convergence results when using uniform triangulations and constant time steps for
the second example.

In=1mlat o [ [llel [ [n=1nlat [n o [lel | 2]
0.1 0.1 4.8 7.515.2 291 0.1 0.05 4.8 39149 14
0.05 0.1 2.6 72129 5.8 | 0.05 0.05 2.6 38125 2.9

0.025 0.1 1.3 (7221 | 79| 0.025 0.05 1.3 [38(|14 |79
0.0125 | 0.1 0.65|7.1(16 |84} 0.0125 |0.05 0.65|3.8]0.83|8.1

0.1 0.025 48 |19(|54 | 0.7(0.1 0.0125 | 4.8 [1.0]| 5.4 | 0.5
0.05 0.025 26 |19|27 | 1.5 0.05 0.0125 | 2.6 |[1.0]|2.7 |0.8
0.025 0.025 1.3 | 19|13 | 2.8 0.025 0.0125|1.3 |1.0]|13 |13
0.0125 0.025 ] 0.65|1.9|0.69 | 5.5 || 0.0125 0.0125 | 0.65 | 1.0 | 0.68 | 2.8

time discretization. Indeed from Table 3, we see that for a fixed time step and decreasing mesh sizes, the error
is almost constant; while for a fixed mesh size and decreasing time steps, the error decreases. We moreover
remark a close relationship between the error and the time indicator. For the second example, the error is
mainly due to the time discretization, since we see converse relations between the error and the time steps
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and mesh sizes; while we clearly detect a relationship between the error and the space indicator. For the first
example qi\; is correlated to the error, while for the second one, the distorsion comes for the approximation
terms. Let us further remark that the numerical experiments bring to light that the indicator 7; is independent
of h, while the indicator n is mainly independent of 7,. This very important property of uncoupling the two
error parts is effectively used in our adaptive algorithm described below, since the time (resp. space) refinements
or unrefinements are (mainly) based on 7; (resp. 7).

7.3. An adaptive algorithm

From our theoretical considerations and the examples of the previous subsection, an adaptive algorithm has
to use appropriately the space indicator 7, the time indicator n; and the approximation error £&. To design this
algorithm, we first define the global indicator 7 as follows:

N 1/2
. (Z (1) + ™y + Tn<«s”>2)> |

For our approximated solution uy-, we define a relative error estimator Ind by:

Ind? = U : 62
foT [ Vuns (-, )] dt (62

Let a preset tolerance § and a parameter 0 < a < 1 be given. The goal of our adaptive scheme is to generate a
sequence of sub-intervals [t,_1,t,] and mesh triangulations T;,p,, n = 1,..., N such that Ind, defined by (62),
is close to the preset of tolerance §, in the sense that

(1—a)d <Ind < (1+a)d. (63)

To achieve these bounds, for all n = 1,---, N, we define two local bounds: a left one Lb" defined by

tW,
Lb" = (1 — a)2(52/ Vs (-, )2 dt (64)
tn—l
and a right one Rb" defined by
tn
Rb™ = (1 + a)252/ [V (- )2 dt. (65)
tn—1

If, for alln =1,--- , N, the conditions
Lb"™ < (1')* + 7 (n")* + 1 (€")* < RD" (66)

are satisfied, then summing from n = 1 to n = N, we obtain (63). Thus our algorithm consists in finding time
steps and triangulations such that (66) holds for all n. This will be achieved by using the elements 5™ and "
to control the mesh sizes, and using £" and 7;* to control the time steps. This adaptive algorithm is presented
in Table 5. Note that it is similar to the one proposed in [17].

In order to test our adaptive scheme, we consider two relevant examples. The first one when the heat
equation (1) is considered in the unit square ]0, 1[x]0, 1[ with the exact solution defined by (see [17])

u(@,y,t) = B(t) * exp(=50 x r* (2, y,1)), (67)
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TABLE 5. The adaptive algorithm.

Set Top,ud,n=1,t,7
Do while t <T
Compute (n")?, (n}")?,
(€™)2, Rb", Lb"
If 7% +np <Lb"
T:=2T
Else If 7,5 + 1" < Rb"
If (™ + %—L) < Lb"
Continue with criteria
Ng < 1L.5minng
Else If 7,(n" + %) < Rb"

t:=t+r71
n=n+1
FElse

Continue with criteria
g > 0.5 maxny
Else
Ti=7/2
End If
Make T,
End Do

Initializations

Current time step is to small
Same time iteration with bigger step

Triangulation is too fine
Mesh Triangulation is correct
Incrementation of the current time step

Mesh Triangulation is too coarse
Same time with finer triangulation

Time step is too large
Same time iteration with smaller time step

Generate the new triangulation

TABLE 6. Some results for the Gaussian function with a = 0.5.

H Tolerance o | Time Steps ‘ Ind ‘ ql:p H

1.0 10| 062 14
0.5 20| 033 1.3
0.25 40| 0.17| 1.2
0.125 80| 0.084 | 1.2
0.0625 160 | 0.042 | 1.2

with r2(z,y,t) = (x — 0.4 %t — 0.3)* + (y — 0.4+t — 0.3)%, and

B(t) =1—exp(—50x(0.98*t+0.01)%) ift<0.5,
B(t) =1 —exp(—50* (1 —0.98 %t +0.01)?) else.

(68)

This means that u is a Gaussian function which center moves from point (0.3, 0.3) at time ¢ = 0s to point

(0.7, 0.7) at time ¢ = 1s.

The obtained meshes at times 0.1, 0.5 and 1 are shown in Figures 9 to 11 respectively with the tolerance
6 = 0.25 and the parameter a = 0.5. From these figures we may conclude that the meshes are refined in the
region of a large gradient of the solution and then follow correctly the moving centers. Moreover from Table 6,
we see for different tolerance parameters, that the effectivity index is quite close to 1.
As second example, we consider the heat equation (1) in the L-shape domain | — 1,1[*\]0, 1[x]0, —1[ with

exact solution defined by

u(r,0) =

2
et s r?/3sin <§9) ,
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FIGURE 9. n=4,t, = 0.1s, Nv = 442.
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FiGure 10. n =20 t, = 0.5s, Nv = 462.

where (r, §) are polar coordinates centred at (0,0). In that case, u has a singular behaviour along the edge
(0,0)x]0,T7.

Figures 12 to 14 present the obtained meshes at times 0.1, 0.5 and 1, respectively with the tolerance § = 0.25
and the parameter a = 0.5. As expected the meshes are refined near the singular point, namely the origin. As
previously Table 7 confirms a good effectivity index for different tolerance parameters.

8. CONCLUSION

We have proposed and analysed an a posteriori error estimator for the heat equation. Our investigations
cover the nonconforming finite element discretization (Crouzeix-Raviart) on 2D and 3D domains. Much effort
has been taken to prove the global upper and lower bound errors under quite realistic conditions. The main
theoretical results, which are the upper and the lower spatial error bounds, are confirmed experimentally. More
precisely the values qi\; and ¢¥, are bounded from above as other problem classes (c¢f. [14,18]). Finally a
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FiGure 11. n=40t¢, = 1s, Nv = 470.

0.8 3

FicURE 12. n =4, t, = 0.1s, Nv = 836.

TABLE 7. Some results for the singular function with oo = 0.5.

H Tolerance ¢ | Time Steps ‘ Ind ‘ qﬁrp H

1.0 10| 0.88 ] 1.8
0.5 20| 0.42| 1.6
0.25 40| 0.23| 1.6
0.125 80| 0.11| 1.6
0.0625 160 | 0.055 | 1.5
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Ficure 13. n=201t, = 0.5s, Nv = 872.
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FIGURE 14. n=401t, = 1s, Nv = 874.

space-time adaptive algorithm based on our error estimator is proposed and tested on two relevant examples.
In both cases, the obtained meshes follows the singularity of the solution, which confirms the validity of our
algorithm.
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