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COUPLING DARCY AND STOKES EQUATIONS
FOR POROUS MEDIA WITH CRACKS

CHRISTINE BERNARDI', FREDERIC HECHT! AND OLIVIER PIRONNEAU!

Abstract. In order to handle the flow of a viscous incompressible fluid in a porous medium with
cracks, the thickness of which cannot be neglected, we consider a model which couples the Darcy
equations in the medium with the Stokes equations in the cracks by a new boundary condition at
the interface, namely the continuity of the pressure. We prove that this model admits a unique
solution and propose a mixed formulation of it. Relying on this formulation, we describe a finite
element discretization and derive a priori and a posteriori error estimates. We present some numerical
experiments that are in good agreement with the analysis.
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1. INTRODUCTION

The modelling of cracks is important for the numerical simulation of geophysical systems. The difficulty
lies in the fact that there is a large difference of scales between the porous media proper and the crack where
the flow is much faster. In the d—dimensional porous medium (d = 2 or 3) Darcy equations are used and the
velocity of the flow is the gradient of the hydrostatic potential. Most often the thickness of the cracks is small
enough to be neglected and each crack is only modelled by a manifold of dimension d — 1 which is taken out of
the domain occupied by the porous medium. However, for thicker cracks, a new model must be used: provided
the effect of the sand filling the crack is neglected, the flow is Newtonian and at creeping speed it satisfies the
Stokes equations. The problem of the numerical matching of both Darcy and Stokes equations is the subject
of this study. There are other important applications beside cracks such as the seepage of water in sand, either
from a lake into the ground or from the sea in the sand beach [21]; but there the flow in the liquid part satisfies
the Navier—Stokes equations rather than the Stokes ones.

Interface conditions are a matter of controversy. From the mathematical standpoint homogenization reveals a
boundary layer and the interface conditions are far field approximations of this boundary layer. From a physical
point of view, conservation of fluid imposes continuity of the normal velocities at the interface. Similarly,
conservation of momentum enforces conservation of the normal stress. Such interface conditions are studied for
instance in [11,23] and ([9], Sect. 4.5), with a further equation on the tangential stress: its jump is assumed to
be proportional to the slip velocity. But this requires a modelling constant which must be measured.
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In this paper, we use a different approach, relying on the fact that on the Darcy flow side the stress is
normal and proportional to the pressure while the normal stress is (u (Vu + VuT) + pId) - m in the Stokes or
Navier—Stokes side. At high Reynolds number,  is small and the normal stress is dominated by the pressure
because Vu remains bounded (this is not proved but can be observed). Therefore a boundary condition which
imposes continuity of the pressure is an approximation at high Reynolds number of the continuity of the normal
stress. By deciding to work with this condition we avoid the modelling of the third interface condition. Indeed
it comes directly from the necessity that the rotational of the velocity is zero on the interface, otherwise the
continuity of the pressure cannot be enforced. So while the condition chosen in this paper is wrong from the
physical point of view, it is an approximation of the real — yet hypothetical — physical condition which does not
require any further modelling. In principle it should be used with the Navier—Stokes equation and not with the
Stokes equation on the viscous flow side. Here we present the analysis for the Stokes problem, mostly for the
sake of clarity, since the extension to the nonlinear Navier—Stokes equations is technical only.

It is not difficult to establish existence and uniqueness for our model in the continuous case; the main
difficulties are linked to the discretization. In [21] a fictitious domain approach is chosen and the interface
conditions are treated by a penalty-like method. In [22], a conforming finite element method is used and
convergence is established by choosing discrete spaces which satisfy the inf-sup condition, like for the Stokes
problem, but within this new framework. In [12,13], a domain decomposition is introduced, with one subdomain
for the medium and another one for the fluid, and an iterative procedure for solving the resulting system is
analyzed (see also [9], Sect. 4.5.5). Here we have chosen to discretize the system by a mixed finite element
method since the associated variational formulation has three advantages:

e it is fully equivalent to the system of partial differential equations, i.e. the equivalence does not require
any further regularity of the solution;

e it handles all the interface conditions except one;

e it allows to use the same discretization space for the variables in both regions.

A priori and a posteriori estimates are given. They are not optimal with respect to the approximation error
but they are almost optimal for the discretization, as shown by a counter-example.

Some preliminary numerical tests are given in the two-dimensional case. They confirm the theory and show
that the method is feasible and can be used for real life applications.

Qp

FIGURE 1. An example of geometry.

An outline of the paper is as follows.

e Section 2 is devoted to the description of the model and to the study of its standard formulation.

e In Section 3, we write the mixed formulation of the model and prove its well-posedness.

e In Section 4, the discrete problem relying on this last formulation is written. Its well-posedness is
proven, together with some a priori error estimates.

e In Section 5, we introduce some error indicators and derive a posterior: error estimates.

e Numerical experiments are presented in Section 6.

e An appendix is devoted to the proof of a rather technical result.
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2. DESCRIPTION AND ANALYSIS OF THE MODEL

Let Q and Qp be bounded connected open domains in R%, d = 2 or 3, with Lipschitz—continuous boundaries,
such that Qp is contained in . For simplicity, we also assume that Q is simply connected and has a connected
boundary. We set: Qp = Q\ﬁ r and we denote by I' = 9Qr the interface between Qp and Qp (this is illustrated
in Fig. 1). Let also n stand for the unit outward normal vector to Qp on its boundary 0Qp.

We consider the following system of equations

pu—+gradp=f in Qp,

—vAu+gradp=f in Qp,

divu =0 in Qp and Qp,

u-n=>0 on 042, (2.1)
(ujo, —wq,) -n=0 onT,

Plap —Plor =0 onI',

curlujg, xn=0 onT.

Here, the unknowns are the velocity w and the pressure p, while f represents a density of body forces. The

parameters p and v are positive constants and denote the ratio of the viscosity of the fluid to the permeability

of the medium, respectively the viscosity of the fluid (note that the parameter ;=1 is also called the porosity).
In order to write a variational formulation of problem (2.1), we first introduce the space

H(div,Q) = {v € L*(Q)%; divv € L*(Q)},

provided with the norm
1

. 2
lollmaver = (I013z@ + Idivoliag) (2:2)

We recall that H(div,$2) is a Hilbert space and also that the trace operator: v — v - m is continuous from
H(div,Q) onto H~2(8Q). We denote by Ho(div, ) the space of functions v in H(div,Q) such that v - n
vanishes on 092 (and we use analogous spaces with Q replaced by Qp and Q). Finally, we introduce the space

H{curl, ) = {” € L(Q)% curly € L3(Q) T } 7

also provided with the graph norm of the curl operator.
Note moreover that, for all functions v in H(div, ), the jump (v|q, — v|q,) - 7 vanishes on I'. We now
consider the space

d(d—1)

X = {v € H(div,Q); curlvg, € L*(Qp) 2 and v -n=00n 89},

provided with the norm

1
2

2 2
v = v : + Curlv 1 . 23
” ||X (” ||H(d1v,£2) ” H 2( F)Ol(f’l2 )) ( )

It is readily checked that X is a Hilbert space. We also need the space LZ(Q2) of functions in L?(£2) which have
a null integral on .
Next, we introduce the bilinear forms

a(u,v) = u/ u - vda:+1// curlu - curlvdz, b(v,q) = —/(divv)pdz. (2.4)
Qp Qr )
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Obviously, these forms are continuous on X x X and X x L3(f2), respectively. For any data f in L?(Q)?, we

consider the variational problem
Find (u,p) in X x L3(Q) such that

Yo € X, a(u,v)+b(v,p):/f~vdm,
Q

Vg e L§(Q), blu,q)=0.

(2.5)

Remark 2.1. Thanks to the formula
—Awu = curl(curlu) — grad(div u),

when the domain Q is of class €' and when the function f belongs to L2(2)¢ and is such that its restriction
to Qr belong to H(curl, QF), it is readily checked that any solution (u,p) of (2.5) such that pq, belongs to
H'(Qp), is a solution of (2.1) (see [4], Thm. 1.9): indeed, the first three lines are satisfied in the distribution
sense, the fourth and fifth line are satisfied in H~2(99) and H~2(T'), respectively; the sixth line is satisfied
in H2 (I') thanks to the assumption on p since it can be checked from the first line in (2.1) that p|o, belongs

to H'(Qp); finally, the last line is satisfied in H*%(F)d(d;) since, thanks to the assumption on Qp and f,
the function w = curlu|q, is such that Aw belongs to L2(QF)d(df;1), hence has a trace in H‘%(F)—d(dzfl).

Conversely, it can be checked by the arguments in ([4], Thm. 1.8), that any solution (u,p) of problem (2.1) in
€2 (Q) x €1(Q) is a solution of problem (2.5). However, the full equivalence of problems (2.1) and (2.5) would
require the density of the space 2()¢ in X, which seems unknown.

In order to investigate the well-posedness of problem (2.5), we first introduce the kernel
V ={v e X; Vqe Lj(Q), bv,q) = 0}. (2.6)
Since functions in X have their divergence in L3(2), this space is equivalently given by
V={veX;dive=0inQ}. (2.7)

Moreover, for any solution (u,p) of problem (2.5), the velocity w belongs to V' and satisfies
Vv eV, a(u,v):/f - vdx.
Q

So we must prove the ellipticity of the form a(-,-) on V.
Let us first note that, if a function v in V satisfies a(v,v) = 0, its restriction to p vanishes, so that its
restriction to Qp satisfies

divojg, =0 in Qp, curlvig, =0 inQp, Vg, -n=0 onl.

Since Q is simply-connected, that yields ([3], Prop. 3.14), that it is zero. So the form a(-,-) is semi-positive
definite. However, since the imbedding of the space of functions in H(div; Q) N H(curl; Qp) into L2(Qp)? is
not compact ([3], Prop. 2.7), the ellipticity of a(-,-) cannot be derived from the Peetre-Tartar lemma ([18],
Chap. I, Thm. 2.1), and requires a further argument.

Lemma 2.2. There exists a constant cg > 0 such that

%
e X, ol < a0 (0l + 1ol +lourlol?, o) (23)
F

2
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Proof. The proof is only given in dimension d = 3 since it is more complex in this case. We have

Jo. g -vdx
ol = sup a9 V9T

(2.9)
geL?(Qp)d, g#0 ||g||L2(QF)d

Next, we use the following property ([3], Sect. 3.e): since Qp is simply-connected, each function g in L?(Qp)?
can be written: g = grad x + curl ¢, where y belongs to H*(2r) N L3(r) and ¢ is divergence-free on Qp
and has a zero tangential trace on 02r. Note that this yields the property

9117200 = lgrad x[172(q e + llcurlel|7z g, ya- (2.10)

1) We have
[ eradx - vde =~ [ (@vopde s [ v nxdr < Jdivol o o 19 nml )
Qp Qp I8

We also deduce from the trace theorem on H(div,p) that

. 3
o - nlly g < € (01320 + 4V ollEaca,) )

By combining all this and using the trace theorem on H!(QF) together with Bramble-Hilbert inequality, we
obtain

) 3
/Q gradx - v < ¢ (o]} q,y0 + ldivolliag ) lerad Xz o, (2.11)
F

2) On the other hand, since ¢ x n vanishes on I', we have

/ curlp - vdzx :/ curlv - pdz < ||curly|| a1 |||l A(d-1) -
Qr Qp L2( 2 2

Qr) L2(QF)

Using a generalized Poincaré-Friedrichs inequality which is proven in ([3], Cor. 3.19), we derive

. < —1 . .
/QF curlp - vdx < ||curlv||L2(QF)d(u;2 ) leurl @|| 120,y (2.12)

Inserting (2.11) and (2.12) into (2.9) and using (2.10) yield the desired property.

By combining (2.7) and Lemma 2.2, we obtain the ellipticity property

inf{ﬂa V} 2
eV, afwv)> SUal e
1+ o

Moreover, since H} ()¢ is continuously imbedded in X it follows from the standard inf-sup condition for the
Stokes problem ([18], Chap. I, Cor. 2.4), that there exists a constant 5 > 0 such that

b(v,q
vae 22, sup 229D > Blglm). (2.13)
veX HUHX

So the well-posedness of problem (2.5) follows from the standard theory of saddle-point problems.
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Theorem 2.3. For any data f in L2(Q)?, problem (2.5) has a unique solution (u,p) in X x L3(Q). Moreover,
this solution satisfies

lullx + P2 < cllflla@pe- (2.14)

As a conclusion, it must be noted that standard arguments fail for proving a further regularity of the solution
(u,p) on the whole domain.

3. ANOTHER FORMULATION

In view of the finite element discretization and according to the ideas in [2,14,15,27], we now propose a
modified formulation of problem (2.5), which relies on the introduction of a new unknown: the vorticity w
associated with uw in Qp.

We denote by Hp(curl, Q) the space of functions in L2(Q) with curl in L?(Qp)? and zero traces on I’
in dimension d = 2, zero tangential traces on I' in dimension d = 3, provided with the graph norm || -{| 7

d(d—1)
2

curl,Qp)
of the curl operator. Note that this space is rather different according to the dimension: it is equal to Hg(Q2r)
in dimension d = 2 while, in dimension d = 3, it coincides with the subspace of functions in H(curl, Q)
(introduced in Sect. 2) with zero tangential traces on I'. We consider the following problem:

Find (w,u, p) in Ho(curl, Qr) x Ho(div, Q) x LZ(Q) such that

Vo € Hy(curl, QF), / w - gada:f/ u - curlpdz =0,
QF QF

Yo € I{Q(div,Q)7 7! / u - vde+v / (31)
Qp Q

Vg € L§(Q), b(u,q) = 0.

curlw - vdzx + b(v,p) :/f - vdex,
Q

F

Remark 3.1. In opposite to the result investigated in Remark 2.1, problems (2.1) and (3.1) are fully equivalent
d(d—1)

whenever pjg, belongs H'(Qr). This comes from the density of 2(Q)? in Hy(div,) and of 2(Qp)~ =
in I:Io(curl,QF), see ([18], Chap. I, Thms. 2.6 and 2.12) or ([28], Chap. 1, Thm. 1.3).

We first check the following property.
Proposition 3.2. For any solution (w,u,p) of problem (3.1) in the space Ho(curl, Qp) x Hy(div, Q) x L3(Q),
the pair (u,p) belongs to X x L2(Q) and is a solution of problem (2.5).

Proof. The first line in problem (3.1) implies that curlw coincides with w in the distribution sense on Qp,

hence in L? (Qp)d(d;). So the function u belongs to X. Taking v in X in the second line of problem (3.1),
integrating by parts and taking into account the fact that w x m vanishes on I' yields the first line in problem
(2.5). Finally the last line in problem (3.1) is the same as the second line in problem (2.5).

To go further, we must prove that problem (3.1) admits a solution. So we first introduce the modified kernel
W = {v € Hy(div,Q); Vg € L§(Q), b(v,q) = 0} = {v € Hy(div,Q); dive = 0in Q},
and the product space X = Ho(curl, Qp) x W. We also consider the kernel
W = {(0,'0) eX; Vype I:IO(curl,QF), 0 - pdx —/ v - curlpdx = 0}.
QF QF
Due to the continuity of the bilinear form

BV, ) = 0 pdx —/Q v - curlpde, with V= (0,v), (3.2)
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on X X Ho(curl, Qr), W is a closed subspace of X, hence is a Hilbert space. Moreover it can be checked that,
d(d—1)

thanks to the density of 2(Qr)~ 2 ~ in Hy(curl, Qr) quoted in Remark 3.1, that this space is equivalently
defined by

W= {V = (6,v) € Hy(curl,Qp) x W; 8 = curlv in QF} (3.3)

We consider the reduced problem
Find U in W such that

Yo e W, A(U,'u):/f - vde, (3.4)
Q

where the bilinear form A(-,-) is now defined on (Ho(curl, Q) x Hy(div,Q)) x Ho(div, Q) by

Avw) =p [

U - vda:+1// curlw - vde, with U = (w,u). (3.5)
Qp Qp

The analysis of problem (3.4) requires the following lemmas.

Lemma 3.3. The operator C':

curly in Qp,

p — Cp= { 0 in Qp. (3.6)

is continuous from Ho(curl, Qg) into W.

Proof. For any ¢ in Hy(curl, ), the function curlp belongs to LQ(QF)d(d;U and is divergence-free in Qp,

so it belongs to H(div,Qr). Moreover, since ¢ x m vanishes on I', the same property holds for curl¢y - n, so
that curl ¢ belongs to Ho(div,r). Since the extension by zero is continuous from this space into Hy(div, (),
the lemma is proved.

Lemma 3.4. The form A(-,-) satisfies the positivity property

YveW,v#0, sup A(U,v) >0, (3.7)
Uew

and the inf-sup condition, for a constant v > 0,

YU € W, sup AU, v)

2> |U] % (3.8)
veEW |’U||H(div,Q)

Proof. We prove successively the two inequalities.

1) Let v be an element of W such that A(U,v) vanishes for all U in W. Since v - n has a null integral on T,
the problem
—Ax =0 in Qp,
{ Opx=v-m onl,

has a unique solution y in H'(Qp) N LZ(Qr). Then the pair U = (w,u) defined by

. v in Qp, -0
“= grad x in Qp, w=5

belongs to W and the equation A(U,v) = 0 implies that v is zero on Qp. Next, since v is divergence-free
in Qp, has a null normal trace on I" from the previous result and since Qp is simply-connected, there exists ([3],
Thm. 3.17), a ¢ in Hy(curl, Qr) which is divergence-free and such that v is equal to curl¢ on Qp. Moreover,
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since ¢ is divergence-free on Qp and I" is connected, there exists ([3], Thm. 3.12), a divergence—{ree 1 with zero
normal trace on I' such that ¢ = curl. So the pair U = (w,u) defined by

_ 0 inQp, o
YTl v inQp, w=9

belongs to W and the equation A(U,v) = 0 implies that v is also zero on Qp. This proves (3.7).

2) For any U = (w,u) in W, when setting v equal to u + Cw, we have

AU, v) = ||“||i2(§zp)d + v / curlw - udzx + I/chrlwﬂiz(gp)d.
Q

F

Integrating by parts int the middle term and recalling from (3.3) that w is equal to curl u, we obtain

A(U,v) > min {u, %}

2 2 2
<||“||L2(Qp)d + HCUT1“||L2(QF)d<d—1) + ]l a@_1) + |Cur1‘-"||L2(QF)d>-

2
2 L2(QF)
Thus, since u is divergence-free, it follows from Lemma 2.2 that
AU, v) > ¢[|U][%
On the other hand, Lemma 3.3 yields that
] 2 (aiv,) < cl|U]|x-
Combining the previous two inequalities leads to condition (3.8).

Standard arguments ([18], Chap. I, Lem. 4.1) (see also [5,25] or [6], Thm. 2.1 and Rem. 2.1) allow for
deriving from Lemma 3.4 the following result.

Proposition 3.5. For any data f in L*(Q)?, problem (3.4) has a unique solution U = (w,u) in W.

Finally we introduce the space
y= {(0,1}) € Hy(curl, Qr) x Ho(div,Q); Ve € Hy(curl,Qr), / 0 - pdx 7/ v - curlpdr = 0},
QF QF

and we consider the problem
Find (U, p) in Y x L3(Q), with U = (w,u), such that

Yv € Ho(div,Q), A(U,v) + b(v,p) = / f - vdx, (3.9)
Q .

Vq € Lg(Q)7 b(u,q) =0,

for the form b(-, -) defined in (2.4). Note that, since X is imbedded in Hy(div, ), the following inf-sup condition
is obviously derived from (2.13):
b(v,q)

Vge L),  sup P > Bllqllra). (3.10)
v€ Ho (div,Q) vl m(aiv, 0
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This yields the following proposition.

Proposition 3.6. For any data f in L*(Q)<, problem (3.9) has a unique solution (U, p) in Y x L3(). Moreover,
the part U of this solution belongs to W and is the unique solution of problem (3.4).

Thanks to the definition of the space Y, problem (3.9) coincides with problem (3.1). So we now state the
final result.

Corollary 3.7. For any data f in L*(Q)%, problem (3.1) has a unique solution (w,w,p) in Hoy(curl,Qp) x
Hy(div, Q) x L(Q). Moreover, the part w of this solution is equal to curlu on Qp.

Remark 3.8. Thanks to the two inf-sup conditions (3.8) and (3.10), the solution (w,u,p) of problem (3.1)
satisfies the estimate

1wl 7 eurt,op + 1ulla@iv.o) + P2 @) < cllFllz @ (3.11)

Moreover, the existence result stated in Corollary 3.7 and the previous estimate extend to slightly more general
data f, namely in the dual space of Hy(div,$2). However we have no direct applications for that.

Using formulation (3.1) as a basis for the discretization of problem (2.1) by the Galerkin method has two
advantages:
e when replacing Ho(div,Q), L2(R2) and Ho(curl,Qz) by finite-dimensional subspaces, problem (3.1)
results into a square linear system;
e the discrete spaces on ) and on 2 can a priori be constructed in a completely independent way.

4. FINITE ELEMENT DISCRETIZATION

In what follows and for simplicity, we make the further assumption that both Q and Qg are polygons in
dimension d = 2, polyhedra in dimension d = 3. We introduce a regular family (7), of triangulations by closed
triangles (d = 2) or tetrahedra (d = 3), in the usual sense that

e for each h, Q is the union of all elements of 7j;
e for each h, the intersection of two different elements of 7j, if not empty, is a corner, a whole edge or a
whole face of both of them;
e the ratio of the diameter hx of an element K in 7, to the diameter of its inscribed circle or sphere is
bounded by a constant independent of K and h;
and with the further condition
e for each h, the intersection of I" with the interior of any element K of 7 is empty.

As usual, h denotes the maximum of the diameters of the elements of 7;. We denote by 7,}" the set of elements K
of 75, with are contained in Qp.

Next, for each K in 7}, we introduce the space Po(K) of restrictions to K of constant functions on R?, the
space P (K) of restrictions to K of affine functions on R?, the space Py of restrictions to K of polynomials p
of the form

p(x)=a+bx, acR? beR,

and finally, in dimension d = 3, the space Pj; of restrictions to K of polynomials p of the form
px)=a+bxx, acR® bcR>

The spaces Px and Pj, and the corresponding finite elements are studied in ([24], Sect. 1.1). Next, we introduce
the discrete spaces

Di() = {vn € Ho(div, 2); VK € Th, vn i € P},

(4.1)

M(9) = {an € L3(Q); VK € Tr, qujic € Po(K) }.
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Note that the finite element involved in the definition of the space Dy () is that of Raviart and Thomas [26].
On the other hand, since the space Hy(curl, Q) is made of scalar functions in dimension d = 2, of vector fields
in dimension d = 3, we use different discrete spaces to approximate it according to the dimension, namely

o1, € HY(Qp); VK € TF, oy 5 € PUK) }, it d=2,
Ch(Qr) = i ! _ (4.2)

@1 € Holcurl, Qp); VK € TF, @) i € P;(}, if d=3.

The discrete problem is now derived from problem (3.1) by the Galerkin method. It reads
Find (wp, up,pp) in Cp(Qp) x Dp () x My (Q) such that
Yo € Chlr), [ wn-pde [ w, - curlg, dz =0,
QF QF

(4.3)

Yoy, € Dy (), ,u/ up - v, dm—l—y/ curlwy, - v, dx + b(vp, pr) :/ f - vde,
Qp Q Q

Vgn, € M (), b(un,qn) =0.

F

Note that, as scheduled at the end of the previous section, problem (4.3) results into a square linear system.
Moreover the discretization is conforming.
Proving the existence of a solution is simpler than for the continuous problem. We introduce the kernel

Wi, = {vr, € Du(Q); Yan € My (Q), b(vn, qn) = 0},
and observe that, since the range of D (Q2) by the divergence operator is contained in My, (2),
Wy, = {’Uh € Dp(Q); divep, = 0in Q}

Proposition 4.1. For any data f in L?(Q)?, problem (4.3) has a unique solution in Cy(Qr) x Dy, (Q) x My, (€2).

Proof. Since problem (4.3) results into a square linear system, it suffices to check that its only solution for f
equal to zero is zero. In order to prove this, we take f equal to zero and choose vy in the second equation
of (4.3) equal to uy,. Since it belongs to Wy, this yields

] ||uh|\%2(ﬂp)d +v /Q curlwy - updx = 0.

F

Then, using the first line of (4.3) with ¢, equal to wy leads to
F 2

2 2 _
pllunllz2gpya +v ||‘-"’hHL2(Q  daen = 0,

so that up is zero on 2p and wy, is zero on Q. Thus, we have the equation
Ve, € Ch(QF), / uy, - curly, de = 0.
Qp

On the other hand, it can be checked by similar arguments as in [19] that any function which is the restriction
to Qp of a function in W}, and moreover has a null normal trace on I' is the curl of a function @, in C,(Q2p).
So the previous equation implies that uy, is zero on Qp also. Finally, the pressure p;, satisfies

V'Uh S ]D)h(Q)v b(vhaph) = 07
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and it follows from [26] that py is zero on . This concludes the proof.
We now intend to prove a priori error estimates between the solutions (w, u,p) and (wp, up, py). In order to
do this, we define the product space X, = Cp,(Q2r) x W}, and the kernel

Wy, = {(Oh,'vh) € Xp; V(ph S (Ch(QF), /

o - gohda:f/ vy - curlgohda::O}.
QF QF

We first consider the problem
Find Uj, in Wj, such that
Yvy, € Wh, A(Uh,vh) :/ _f - vy da. (4.4)
Q

Let Wf denote the space of restrictions to {0r of functions vj in W}, which moreover have a zero normal trace
on I'. The following property is established in ([27], Sect. 2.1), and ([15], Prop. 5), in the case of dimension
d = 2. So we only prove it in dimension d = 3.

Lemma 4.2. There exists a constant oy independent of h such that the following property holds

Jo, vn - curlp, dz

Yoy € W{, sup

2 00 [|vnllL2(op)e- (4.5)
@LECL(QF) HCP}LHH(curl,QF)

Proof. In dimension d = 3, we consider the problem
Find (¢h7 )\h) in (Ch(QF) X Hh(QF) such that

@y, - grad A\, dx :/ vy, - curly, dz,

Y, € Ch(Qr), / curly,, - curl g, d:L'Jr/
QF QF

QF

VM}L € Hh(QF)a / ¢h ’ grad 1225 dx = 0,
Qp

where Hj,(Qr) stands for the space of functions in H} () such that their restrictions to any K in 7, belong
to P1(K). Tt is proved in ([3], Props. 4.11 and 4.12) that, since Qp is simply-connected and has a connected
boundary, this problem has a unique solution (1, A ), that this Aj, is equal to zero and moreover that

H"/)hHI:I(curl,QF) < clleurldpy [|r2(0p)s-
So taking ¢, equal to 1, yields

Ja, vn - curlp, dz

sup
@, €CL(QF) H“phlll:l(curl,ﬂp)

> cllcurley, | r20p)2- (4.6)
On the other hand, it can be checked by similar arguments as in [19] loc. cit. that any function v, in W,f is
the curl of a function @, in C,(2r). So taking ¢; equal to @;, in the previous problem leads to

lvnllz2(p)s < [leurldp, |2 (op)s-

Combining the two last inequalities gives the desired result.

The extension to functions in W}, which have non zero normal traces on I' is more technical. Let AL, stand
for the smallest length of the edges e (d = 2) or diameter of the faces e (d = 3) of elements of 7}, which are
contained in T'.
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Lemma 4.3. There exists a constant o independent of h such that the following property holds

Ja, vn - curlg, dz

Z o (h’gxin

)% [log Ao M lonll2ye. (4.7

min

Yoy € Wh, ||’UhHL2(QP)d + sup
L, €CL(F) HSOhHH(Curl,QF)

Proof. Since the second term in the left-hand side of (4.7) is nonnegative, it suffices to prove the modified
estimate, for some constant p, 0 < p <1,

Jo, vn - curlp, dz

Yoy, € Wh, ||”hHL2(Qp)d +p sup >0 ||’UhHL2(Q)d. (48)
@R ECHL(QF) H‘thH(curl,QF)
Next, for any v, in Wj, we consider the problem
Find Ay in H;,(Qp)/R such that
Vi € Hh(ﬂp), Z / grad A - grad i, de = / vy - Ny dT, (4.9)
K r

KeTr

where Hj,(Qr) stands for the space of functions in L?(Qr) such that their restriction to each K in 7,7 belongs
to P1(K) and which are continuous in the midpoints of the edges (d = 2) or barycenters of the faces (d = 3) of
all elements of 7, (the corresponding finite element was introduced in [10]). Since v}, is divergence-free in Qp,
the integral on I' of its normal trace vanishes, so that this problem has a unique solution b Next, for each
edge (d = 2) or face (d = 3) e of an element of 7,F", taking fi5, equal to the basis function associated with the
midpoint or barycenter of e yields that

(i) if e is the intersection of two elements of 7;F", the jump of % through e vanishes;

(ii) if e is contained in T, the normal trace 88)‘7;‘ is equal to vy, - m on e.
As a consequence, the function grad A, belongs to H (div,Qr) and is divergence-free, so the function v9 =

vy — grad by belongs to W,f . Applying Lemma 4.2 to this function yields that

Jo, v} - curlgp, dz

Sup =00 ||”2|\L2(Qp)d7
©nL€CHL(QF) H‘thH(curl,QF)
so that
Jo vn - curly, dz ~
sup Qr > 00 ||vnllLzpye — (14 00) lgrad An || L2, ya- (4.10)
©,€CL(QF) ||90h||H(curl,QF)

In order to bound this last norm, we take fi;, equal to A\n in (4.9), so that
ngadS\hH%Q(QF)d S /F’Uh . ’I’LS\h dr.

Using inequality (A.9) of the appendix gives

1

- N 2
/’Uh A dr < a(h) |vh||L2(QP)d( E |)‘h||§{1(K)) R (4.11)
I

KeTF
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with a(h) = a* (AL, )~ 2 |log hL . |. Moreover the function X, is defined up to an additive constant, so it can

min min

be chosen to have a null mean value on Qp. Thus using ([1], Lem. 4.2), yields

1
- 2 -
< 3 ||Ah|?p<m> < co llgrad Anl 2 o e
KeTr

Inserting this into (4.11) gives
lgrad Al L2 < coa(h) [[vnllLzp)e,
whence, by (4.10),
Ja, vn - curlgp, dz

sup > 0o th||L2(QF)d — (1 + 0'0) Co a(h) ||vh||L2(Qp)d~
L, €CL(F) HSOhHH(Curl,QF)

We now use (4.8) with p = (2(1 + 09) co a(h))il and we obtain the desired result.

Remark 4.4. Let us consider the function vy, in Dy () which is constant equal to T on Qp and satisfies, for
all edges or faces e of elements of 7y, \ 7,F,

o mdr — feﬁ -ndT if e is contained in T,
e h 10 otherwise.

Then, it can be checked than
Ve, € Ch(Qp), / vy, - curl, de =0,
QF
and also that
1
vl L2()e > |0] meas(Q2r) and lvnllL2(0pye < c(hh)z [g,

where h' denotes the largest length of the edges e or diameter of the faces e of elements of 7}, which are contained
in I'. Even if this function v does not belong to Wy, this seems to indicate that, at least when the family of
triangulations (75)p, is uniformly regular in a neighbourhood of I and up to the |loghl. |~!, the constant in
the right-hand side of (4.7) cannot be improved.

It is readily checked that the operator C introduced in (3.6) maps Cy(2r) into Dy (92) and even into Wj. So
we are now in a position to prove the following inf-sup condition.

Lemma 4.5. The form A(-,-) satisfies the inf-sup condition, for a constant v* > 0 independent of h,

> % (h50) % [log hb |7 | U x- (4.12)

= min

U
YU, € Wy,  sup _AWUn, 1)
onews |1V H(div,0)

Proof. For any Uj, = (wp,uyp) in Wy, we take vy, = up, + Cwy,. This gives

A(Up,vp) = p ||uh|\%2(QP)d +v / curlwy - upde +v chrlwhH%z(QF)d,
F

whence, thanks to the definition of Wy,

A(Un,vn) = p H“h”?y(ﬂp)d + v |wa? aa-1 tV ||Cur1wh||i2(ﬂp)d~
L2(Qp)~ 2
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On the other hand, we have

Ja, un - curlep, dz Jo, wn - ¢ de
sup < sup < JJwr]] a(d—1) .
PrECL(QF) ||¢h”ﬁ(curl,§2p) ©, €CL(QF) H"thL2 d(d—1) L2(Qr)” 2
(Qr) 2

Combining all this yields

2
: v Jo. up - curlp, dz
A(Un, vp) = min {M; 5} lunllZzpya + sup Or
®r€CL(QF) H‘ph”H(curl,QF)

2 2
+ HwhHL?(QF)d(d;l) + |Cur1wh||L2(Qp)d>-

Then applying Lemma 4.3 yields
A(Un,vn) = min {1, 5 } o (hE;,) |log Al | [Unll3-
On the other hand, we derive from Lemma 3.3 that
lvnll #ediv,0) < cl|Unllx,
whence the desired condition.

Obviously, if (wp,wn,pr) denotes the solution of problem (4.3), the pair U, = (wp,up) is a solution of
problem (4.4). This yields for any Zj, in W), and v}, in W},

AUy — Zn,vp) = /Qf -vpde — A(Zp, vp).

Then, noting that W}, is contained in W, we use (3.4), which gives
A(Uh — Zh,'vh) = A(U — Zh,'vh).
Applying Lemma 4.5 and a triangle inequality leads to the first estimate

U = Unllx < e(hhy) ™ [log | it U = Zul. (113)

min
h

To go further, we note that Wj, is the kernel of the form B(-,-) introduced in (3.2).

Lemma 4.6. The form B(-,-) satisfies the inf-sup condition, for a constant 6 > 0,

B(Vp,
Ve, € Ch(Qp), sup BVa, 1)

=0 g : 4.14
viex, IVallx 1l 71 curt. 00 (4.14)

Proof. With any ¢, in C,(Qr), we associate the pair V}, = (¢;,, —C¢},), which belongs to X}. Thus, it is
readily checked that

B(Vi,ep) = H‘PhH%r(curl,QF)’
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and, from Lemma 3.3, that
Vallx < cllenll feurt,or)-

This gives the desired result.
By combining Lemma 4.6 with ([18], Chap. II, form. (1.16)) (see also [6], Prop. 2.1), we derive from (4.13)
the second estimate
|U = Unllx < e (hiyin)™* [log hipial il U = Za ]l (4.15)

min min
ZpeXy

Finally, the following inf-sup condition is proven in ([26], Thm. 4): for a constant * > 0 independent of h,

b
Van € My (9), sup _b(vn,gn)

> 6 llgnll L2 (o) - (4.16)
v, €DR(Q) Va2 (aiv,0)

This allows first for replacing in (4.15)

inf ||U-2Z < inf U— Zy| 5 . 4.17
Zifelxh | nllx < e Z,Lech(ézg)xmh(m I h”H(curl,QF)xH(dlv,Q)’ ( )

and also, by standard arguments that we omit here, for proving an estimate of the error on the pressure.
Combining all this leads to

lw = whll g eurtop) + 12— wnllm@iv.) + 1P = prllz@)

< c(hh.) 7% |loghL, inf —0ul; inf - ; inf - :
= C( mln) | 0og m1n| 9;L€g;lL(QF) ||Ld h||H(curl,Qp)+thlBh(Q) ||u' vhHH(le,Q)+qheﬁh(9)”p Qh||L2(Q)

(4.18)

The approximation properties of the spaces M}, (2) and C,(QF) in the two-dimensional case are well-known
while those of Dy, (2) and C(Qr) for d = 3 can be derived from ([24], Thms. 2 and 4) (see also [26]). This leads
to the final a priori error estimate.

Theorem 4.7. Assume that the solution (u,p) of problem (2.1) belongs to H*(Q)? x H*(Q) and that curlug,
belongs to HS+1(QF)d(d;1) for a real number s, 0 < s < 1. The following a priori error estimate holds between

the solution (w,u,p) of problem (3.1) and the solution (wp,up,pn) of problem (4.3)

1w = wnll 7 curt.op) + 1w = wnlla@iv.e) + 1P = pallcz@)

r \—2 r s
< ¢ (hanan) ™ 108 i B (nwanﬂmF)ﬂ%z+|u||Hs<Q>d+||p||Hs<m). (4.19)

Remark 4.8. According to ([3], Sect. 4), the quantity HwHH 11y 2D in the previous estimate can be
s Pl
replaced by
HWHHS(QF)g%z + |lcurlw| g« (0,4,

there also for any s, 0 < s < 1.

Estimate (4.19) is not optimal but yields the convergence of the discretization under some non restrictive
assumptions on the size of the mesh in a neighbourhood of I' and a stronger one on the regularity of the solution.
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5. A POSTERIORI ANALYSIS OF THE DISCRETIZATION

We now intend to prove a posteriori error estimates between the solutions (w,u,p) of problem (3.1) and
(wh, wp,pp) of problem (4.3). We first observe that the error function U — Up,, with U = (w,u) and Uy =
(wp,up), belongs to X' and satisfies

VoeW, AU —Up,v) = (F,v),

- 5.1
Vi € Hyleurl, Qp),  B(U - Ui, ) = (G, ), B

where the “residuals” F and G belong to the dual spaces of Hy(div, ) and H, (curl, Q), respectively, and are
defined by

Yv e W, (F,v>=/f-vda:—u/ u;l-vda:—y/ curlw; - vdz,
Q Qp Qr

Vo € Ho(curl,Qp), (G, ) = —/ wp cpdm—i—/ uyp, - curl pdx.
Qp Q

F

Deriving a posteriori estimates from these equations requires the following inf-sup condition, which is proven
by exactly the same arguments as for Lemma 4.6: there exists a constant § > 0 such that

r7 B Va P
Ve € Ho(curl,Qp), sup 5V 0) 2 0 llell g currom- (52)
vex [Vilx

Indeed, using this condition, we derive the existence of a function Z in X such that
Vo € Ho(curl,Qp), B(Z,p) = (G, ),

and which satisfies _
HZHX < 5! HG”I:IO(curl,QF)/'

The idea is that, now, the function U — Uj, — Z belongs to W, so that applying (3.8) and a triangle inequality
yields the estimate, for a constant ¢ independent of h,

o = wnll g ourtam + I8 = wnllaive < ¢ (IFlw + 1G]y curtey) - (53)

So, we must now evaluate the terms in the right-hand side.
We introduce the space

Zn() = {gh € ()% VK € T, g, i € PO(K)d},

and fix an approximation f, of the data f in Zy(2). We denote by &, the set of all edges (d = 2) or faces
(d = 3) of elements of 7j, that are not contained in 9. Next, for each K in 7,;F', we introduce the set Ex of
edges (d = 2) or faces (d = 3) of K that are not contained in I'. Here, nx stands for the unit outward normal
vector to K on K. For each K in ThF and for each e in £k, we also denote by [-]. the jump through e. Finally
the function x* is defined on 7, as follows: x'(K) is equal to 1 if K belongs to 7,}" and to zero otherwise. We
also set: x© =1 — xF.
We are now in a position to define the two sets of error indicators:
e for each K in 7y,

i = [1F = X (K) un — v x " (K) curlwn|| 25, (5-4)
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e for each K in 7,7,

1 3
7]1}2. = hg ||wh — Curluh|‘L2(K)d(d{1) + ; (hé || [uh X n]e HL2(e)d + 043 h H [wh ~’n,]e HL2(e))v (5.5)
ek

where h. denotes the length of e in dimension d = 2, its diameter in dimension d = 3, and §.. stands for
the Kronecker symbol (so, d43 is equal to zero in dimension d = 2, to 1 in dimension d = 3).

Lemma 5.1. The following estimates hold

=

[Fllw: < c < > mk+ ”.ffh'%?(K)d) o NGy (eurrapy <€ | D0 MmO (5.6)

KeT, KeTF

_1
where M. is equal to 1 always in dimension d = 2 and in dimension d = 3 only if QF is convez, to hy* in

dimension d = 3 if Qp is not convex.

Proof. The first estimate in (5.6) follows from a simple triangle inequality. To obtain the second one, we note
that, for any ¢, in Cp(Qr),

Gy == [ wn-(p-gdat [ - oul(p-g)da. (5.7)

We treat separately the dimensions d = 2 and d = 3.

1) In dimension d = 2, since Hy(curl, Q) coincides with HZ (Qr), we integrate by parts the last term of (5.7)
and take ¢, equal to the image of ¢ by a Clément type regularization operator, which satisfies for all K in ’];LF
and e in &,

1
e —enllz) < chr llellmay  and o —@yllree) < ché [[ellaag),

where Ag stands for the union of the elements of ThF that intersect K. This leads to the desired result.

2) In dimension d = 3, and for all ¢ in Hy(curl, Qx), we consider the solution \ in H} () of the problem

Yu € Hy(QF), / grad A - grad pdex :/ ¢ - grad pdex.
QF QF

Then, the function ¢° = ¢ — grad X belongs to Hy( curl, Qr) and is divergence-free on Q. So the pair (¢°, \)

belongs ([3], Sect. 2), to H*(€2)? x H**1(Q) with s = 1 if  is convex, with s = 1 (and even with some s >

since Q is a polyhedron) otherwise. Next, we observe that, for all 4% in C(Qp) and py, in H}(Qr) such that
its restriction to each K in 7;I" belongs to P;(K),

wp, - grad (A — pp) de +/ uy, - curl (¢° — p) da.
QF

(G o) :—/Qth ' (soo—w?l)dw—/ﬂ

F

By integrating by parts on each K and noting that divwy, is zero on each K, we obtain
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So we take 1#2 equal to the image of ¢° by the Raviart-Thomas operator (see below for its exact definition) and
wr equal to the image of A by the Clément type regularization operator quoted above. By using the regularity

properties of ¢ and ), we derive the desired estimate.
Combining estimate (5.3) with Lemma 5.1, we obtain the first a posteriori estimate.

Corollary 5.2. The following a posteriori error estimate holds between the solution (w,w,p) of problem (3.1)
and the solution (wp,up,pn) of problem (4.3)

lw = wall g curt,0p) + 1 = wnllH(giv,0) < ¢ nic +1F = Fulliz e ) + e ()| - (58)
( ) (K)
KeTy, Ke'f}f‘

A further argument is needed to obtain an error estimate on the pressure. Indeed this relies on the residual
equation

Vv € H(div,Q), AU — U, v) +b(v,p —pr) = (F,v) — b(v, pp). (5.9)
Moreover, it can be noted that, for all v, in D (£2),

(Fyv) = b(v,pr) = (F,v — vp) — b(v — vp, ). (5.10)
In a further step, we introduce the Raviart—Thomas operator: for any smooth enough vectorial function v, Ryv

belongs to Dy () and satisfies

Ve € &, /(U—th) -ndr=0. (5.11)
Moreover, this operator satisfies, see ([26], Thm. 3) or ([24], Thm. 4), for all functions v in H'(Q2)? and for all
K in 7p,

||’U*Rh’UHL2(K)d SChK ||UHH1(K)d~ (512)
The idea here is that, thanks to the definition of My (),

b(v — Rpv,pp) = 0. (5.13)

Proposition 5.3. The following a posteriori error estimate holds between the solution (w,w,p) of problem (3.1)
and the solution (wp,up,pn) of problem (4.3)

2
lp —prllLe) <c ( Z W (i + 11 f - fh|%2(K)d)> + l|w = wall gcurop) + 1© = vl HGgiv,0)-  (5.14)
KeT,

Proof. The proof relies on the standard inf-sup condition ([18], Chap. I, Cor. 2.4): for a positive constant 8,

b(v, ~
Voe 2@,  sw 2D > Bl (5.15)

veri(@d [vlla (@)
By using this inf-sup condition and combining equation (5.9) with (5.10) and (5.13), we obtain

~ Fv—R - AU -U
||p_ph||L2(Q) S ﬁ—l sup ( , U h'U> .A( h)'U).
vEHE ()1 H'UHHl(Q)

As for Lemma 5.1, we have

(F,v — Rpv) < Z 1f = uxP(K) up — v X" (K) curl wy]| 2 (xyal|v — Rpol| 2oy,
KEEL
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So using (5.12) yields

=

(F,v - Ryw) < c < S B (IFn — px” ) un — vy (K) curlwy |2 o0 + |1 £ — fh||L2(K)d)> 9] 21y
KeTy,

On the other hand, it follows from the continuity of the form .A(-,-) that
AU = Up,v) < ([lw = wnll gieurt.op + 1w = wnllm@iv.e) 10l @i,
Combining all this yields the desired estimate.

We now prove the upper bounds for the two types of indicators.

Proposition 5.4. The following estimate holds for each indicator ni, K € Ty, defined in (5.4)

nK <c (XF(K) lw = wnll geurtx) + xPK) lw = wnll maiv.a) + b lp = prllc2ge) + 1 F = fh||L2(K)d) :
(5.16)

Proof. In equation (5.9), we take v equal to

v — (fh—uXP(K)uh—VXF(K)curlwh)wK on K,
0 elsewhere,

where Y denotes the bubble function on K equal to the product of the d+ 1 barycentric coordinates associated
with the vertices of K. This gives

12
| (1= P () = v X () curlwn) v

L2(K)d SA(UfUh,v)er(v,p)—/K(fffh) . vdx.

We have
AU = Un,v) < (xr(K) lw = whll g eurt, i) T XPE) [ = wnl i, i) [10]l 22 (),

and
/K (F = Fu) - vde < |f — Fallzegerlvll sz

On the other hand, we write
b(’l),p) = b(’U,p 7ph) + b(vaph)'

Since v is polynomial with degree < d + 1, we use an inverse inequality to derive
b(v,p —pn) < chi P — pull2c) vl L2grya-
We also observe that, since both £, — pux* (K)un — v x¥(K) curlwy, and py, are constant on K,
b(v,pr) = —(fn — pxt (K)u, —vx"(K) curlwp)|k Ph |k /Kdivz/}Kd:I: = 0.
Combining all this and noting that, since ¥ takes its values in [0, 1],

vllzcrya < I (£ = px”(K) wn — v x"(K) eurlwn) ¥ |22 )0,
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we derive

1 (Fr = ™ ) s = ™ () eurlwn) 6l oy < ¢ (X (K) |90 = @ll g curt )
(K Il = wnl i sy + i 10 = pallaeey + 1 = Fullzaioe )

Finally, by combining this line with the inverse inequality

1
Yw € Po(K), Nwllrzx) < cllwdillrz )
we obtain the desired estimate.
Proposition 5.5. The following estimate holds for each indicator nk, K € T,F', defined in (5.5)

N <c (H‘*’ - ‘-"hHﬁ(curl,AK) + flu— uhHH(diV,AK))’ (5.17)

where Ak denotes the union of elements of T,F that share at least an edge (d =2) or a face (d =3) with K.

Proof. This estimate relies on the second line of (5.1). Indeed, we note that, for all ¢ in Hy(curl, Qr),

(G, ) = Z <—/K(wh—curluh <pda:+— Z /uhxn cpdT). (5.18)

KeTF e€Ex
1) First, we take ¢ equal to

| (wp —curluy) g on K,
L I elsewhere.

Exactly the same arguments as in the proof of Proposition 5.4 lead to the estimate

Jeon = eurlunll , o < e(lw=wnll, o uun +hE" = wn ). (5.19)

2) Second, for any edge e in £k, let K’ denote the other element of ’];LF which contains e. Let L. be a lifting
operator from polynomials defined on e into polynomials defined on K and K’, which is constructed by affine
transformations from a fixed operator on the reference element. We now take ¢ equal to

| Le([un x n]e) Pe on KUK/,
=10 elsewhere,

where 1), denotes the bubble function on e, equal to the product of the d barycentric coordinates associated
with the vertices of e. There also standard arguments (see [29], Sect. 1.2) yield

o e s < €00 =@l s+ el = s (5:20)

3) Finally, in dimension d = 3, taking ¢ equal to grad y in the second line of (5.1) for any function u of Hg (Qr)

leads to the equation
/ (w—wyp) - gradudaz* Z Z /wh nle pdr.
Qr KeTF e€lk

There also and with the same notation as previously, taking

u{ Lo(wn-nle)e on KUK,

0 elsewhere,
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gives the estimate

: <chl® |w— . .
Hon - mlellzae) < che * o —wnll , o aeen (5.21)

The desired estimate follows from (5.19), (5.20) and (5.21).
Estimates (5.8), (5.14), (5.16) and (5.17) are not fully optimal. Indeed, the global error

lw = wnll f(cur, i) + 1w = wnll(@iv, k) + [P = Pall2x),

is up to the terms involving the data bounded by a constant independent of A times the Hilbertian sum of the

indicators 1

2

F ( F\2
Z Nk + Z Ak (M) ;
KeTy, KeTF
where )\5 is equal to 1 either in dimension d = 2 or when ) is convex in dimension d = 3. However this last
quantity is only bounded by the error times a constant behaving like (mingez, hi)~!. Nevertheless,
1) the lack of optimality when the A% are equal to 1 only concerns the error on the pressure (when this
error is zero, the estimates are optimal);
2) exactly the same lack of optimality has been observed in ([8], Sect. 4), in the simpler case of uncoupled
Darcy equations discretized by the Raviart-Thomas element.

6. SOME NUMERICAL EXPERIMENTS

The numerical tests have been performed with the code freefem++, see [20], in the two-dimensional case.
We work with a different boundary condition on 02, namely a given pressure, and, in order to do that, we
introduce the modified space

Dh(Q) = {vh € H(div,Q); VK € Ty, vy i € PK},

which contains Dy, (2) but where the nullity of normal traces on 9f2 is no longer enforced. For some parameter €,
we solve the modified problem (with = v =1 for simplicity)
Find (wh, uh,ph) in (Ch(QF) X Dh(Q) X Mh(Q) such that

Ve, € Ch(Q2p), 75/ wp, - gohda:Jr/ wp, - cphdmf/ uy, - curly, de =0,
Yo, € Di(Q), ¢ / up(x) - vp(x) da:+/ up, - U, da:—i—/ curlwy, - v, dx + b(vp, pr)
Q Qp Qp
:/ (x + y)(Vhg Ny + Vpy ny) AT,
a0
Yan € M (), —¢ / pr(x)qn(x) dx + b(un, qn) = 0, (6.1)
Q

where vy, and vy, respectively n, and n,, stand for the components of vy, respectively of n. Indeed, in
comparison with problem (4.3), some regularization terms have been added because the linear system is solved
by a Gauss block-factorization method and the blocks (one block per mesh node) are not invertible otherwise.
We have checked that there is no dependency of the solution upon &, which is fixed here equal to 1071°,

VALIDATION TESTS

To validate the numerics we present three tests, according as if Qp is empty, is the whole domain 2 or is a
non empty part of 2. In all of them, €2 is a rectangle, we take p = v = 1 for simplicity and we work with a
uniform mesh.



28 C. BERNARDI ET AL.

FIGURE 2. The pressure in Case 1.

e
Fors

FicURE 3. The velocity, vorticity and pressure in Case 2.

Case 1. Darcy equations everywhere (Qp = 0, Qp = Q).
The analytical solution is given by

u(z,y) = (1,1), pz,y)=—z—y.

In Figure 2, the iso-level curves of the Darcy (hydrostatic) pressure are presented. So the analytical pressure is
well recaptured (the velocity is not drawn since it coincides with the constant analytical velocity everywhere).

Case 2. Stokes equations everywhere (Qp = Q, Qp = 0)).

The analytical solution is given by

1 1
w(@,y) =y -, U(x,y)=(—§y2,—§x2>, plz,y) = —x —y.

Figure 3 presents, from left to right and from top to bottom, the horizontal velocity, the vertical velocity, the
vorticity, the pressure. There also, the analytical solution is recaptured correctly.
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N .

F1GURE 4. The velocity, vorticity, pressure and others in Case 3.

Case 3. Coupling Darcy and Stokes equations.

Here, Qr is the interior of an ellipse. In Figure 4, are presented, from left to right and from top to bottom,
the horizontal velocity, the vertical velocity, the vorticity and the pressure. The last two plots show, on the left,
the continuity of u - n (extended in the whole domain) and, on the right, the streamlines of the flow.

We observe that we recover the analytical solution for the first two cases. We see also in Figure 4 that the
tangential component of the velocity and the normal component of the vorticity are indeed discontinuous.

MESH ADAPTATION

We still consider Case 3 and perform mesh adaptivity relying on the error indicators defined in (5.4) and (5.5).
The adaptivity strategy is the same as described in ([17], Sect. 20.9), for instance, and relies on the generation
of new, adapted, meshes proposed in ([16], Chap. 21). Figure 5 presents, from left to right and from top to
bottom, the adapted mesh, the horizontal velocity, the vertical velocity, the vorticity, the pressure and the
streamlines of the flow.

SEEPAGE

To illustrate seeping fluids, we consider a cavity problem with a porous bottom layer: the domain 2 is still
a rectangle, the domain p is a quadrilateral on the bottom of the rectangle. The viscosity v is still equal
to 1 and we consider two cases, one with porosity coefficient ©~' equal to 100 in Figure 6 and another one
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FI1GURE 5. The adapted mesh and others in Case 3.

with z~! equal to 0.01 in Figure 7. In these figures are presented, from left to right and from top to bottom,
the horizontal velocity, the vertical velocity, the vorticity, the pressure and the streamlines of the flow.

APPENDIX

Let Hj,(Qr) be the space of functions in L?(Qr) such that their restriction to each K in 7,F" belongs P (K).
It can be noted that the traces of such functions do not belong to Hz (I') but only to H2~=(T") for all positive &.
The aim of this appendix is to prove the following estimate: for all €, 0 < & < %, there exists a constant a(e)

such that
N _1_
Vi € (), [ on - mndr < o) (W) oz il e (A1)

where || - || g1 (o) denotes the H 1(2r) broken norm associated with the mesh 7,F".
Let & denote the set of edges (d = 2) or faces (d = 3) of 7, that are contained in I'. For each e in £}, we
denote by KI' respectively K7, the element of ’Z;lF , respectively of 7}, \’Z}LF , that contains e. We have

/vh-nuth:Z vh-'n,uth,
T

eeg}lz ¢
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FIGURE 6. A seeping fluid (porosity 100).

whence

-

} }
. . 2 2
Jonnmar< (S jon el ) (5 i)

ecEl ecEl

We now bound each of the two terms in the right-hand side.

31

(A.2)
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FIGURE 7. A seeping fluid (porosity 0.01).

Lemma A.1. Foralle, 0 <e < %, there exists a constant aq(g) such that, for all e in 5,1:,

fon - 7l < @) ol
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Proof. We have

[ovn -nedr

[vn - sup (A.4)

H % (e)
O et 1Plai<

Let ¢ be any function in H%_E(e). We use an affine transformation F~' that maps K onto the reference

triangle K and we denote by é the image of e by this transformation. Then with obvious notation and by
setting wy, = % 0p,, where B~'T stands for the transposed matrix of B~' = DF ™!, we obtain

/'vh -ngodTgchZ_l /ﬁ)h - npdT.
e é

The mapping: ¢ — 3, where @ denotes the extension by zero of ¢ to 9K, is continuous from H 3¢ (é)
into H2~¢(0K) with norm c¢(¢), and, by the trace theorem, the lifting operator: @ ~— @* is continuous
from Hz¢(dK) into H'"°(K) and its norm ¢ is bounded independently of e. So, by using the
Bramble—Hilbert inequality, we have

|$|H1*5([A() S C(E)|¢|H%*E(é)' (A5)

On the other hand, we note that, since v, is divergence-free, W, also is in the reference coordinates. This yields
/{uh ch@dr= | W -ﬁEdf—:/ Wy, - grad @ dz,
é oK K
whence, by using the equivalence of norms on finite-dimensional spaces,
~ A A 1A ~ =
/wh -npdr < HwhHL2(k)d|90 |H1—a(f<)- (A.6)
€

Using (A.5) and going back to K, we have

€

_d 1 . _d—1
/vh mpdr < C'(&) Mk onlliago b el g

€

Thus the desired result follows from (A.4).
In order to bound the second term in (A.2), we first observe that, on each e in £},
enll - oy < lenll g - (A.7)
So the desired bound follows from the next lemma.
Lemma A.2. There exists a constant as such that, for all e in 8}; and all pp, in Hy,(QF),

lrtnll 3 < 02 il e (A8)

Proof. Here we use the intrinsic form of the norm of H 3 (e), so that, for any constant .,

2

I3y = (Wl + bn = ey ) )
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By using the mapping that sends the reference element K onto K. F and denoting by é the edge or face of K
associated with e by this mapping, we have with standard notation

d—1 1~ 112 d—2) 2
il < ¢ (R M+ 20 = el )

Using the trace theorem and the Bramble—Hilbert inequality yields

1
2

lanll 3y < € (B im0 ey + 02200 2 )
Then going back to K" gives the desired estimate.

Due to the definition of hl. . estimate (A.1) is a direct consequence of Lemmas A.l1 and A.2, together
with (A.2) and (A.7).

Remark A.3. The dependency of a(e) with respect to € is only linked to the norm of the extension by zero
from Hz~¢(é) into H2~¢(dK) and it is checked in ([7], Rem. 2.10), that this constant is smaller than ce~'. So

taking ¢ equal to |loghl . |~! leads to the improved estimate, for a constant a*,

— . 1
Vﬂh € Hh(QF)a / Vh - M h dr <a (hII;IiIl) 2 |10g hElin' th”L?(QP)dHMh”H’lL(QF)- (Ag)
N
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