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EXPANSION FOR THE SUPERHEATING FIELD IN A SEMI-INFINITE FILM
IN THE WEAK-«x LIMIT

PIERRE DEL CASTILLO!

Abstract. Dorsey, Di Bartolo and Dolgert (Di Bartolo et al., 1996; 1997) have constructed asymptotic
matched solutions at order two for the half-space Ginzburg-Landau model, in the weak-x limit. These
authors deduced a formal expansion for the superheating field in powers of K2 up to order four, extend-
ing the formula by De Gennes (De Gennes, 1966) and the two terms in Parr’s formula (Parr, 1976). In
this paper, we construct asymptotic matched solutions at all orders leading to a complete expansion
in powers of #2 for the superheating field.

Mathematics Subject Classification. 34E05, 34E10.

Received: July 19, 2001. Revised: April 22, 2002.

1. INTRODUCTION

The states of a superconducting material in an exterior magnetic field are described by the Ginzburg-Landau
theory which introduces a functional € depending in particular on a complex wave function and on the magnetic
potential A. When the sample is a film and the exterior magnetic field is parallel to the surface, the Ginzburg-
Landau model reduces to a one-dimensional problem where the wave function is real (and denoted by F') and
where the functional is the following:

ca(F, A;h) = /; [—(1 — F(x)?)% - % + K 2F (2)? + F(x)? A(z)* + (A’ () — h)?| da, (1.1)

with (F, A) € (H1 G fg, % [))2 Here, d is proportional to the thickness of the film, h is proportional to the
exterior magnetic field and « is the Ginzburg-Landau parameter characterizing the properties of the material.

In this paper, we restrict ourselves to the study of symmetric solutions (f even and A odd) and consider a
new normalization of the functional where €4 is replaced by (Ed —(h% - %)d) We then restrict the problem
to the interval }f%l, 0], and translate it to }0, % [ We get formally, by taking the limit d = 400, the second

functional defined for (F, A) € E := {(F,A); (1—F) € H*(]0,+[), A € H'(]0,+o0[)} by
+oo 1
Eoo(F, A) = / [n2 F'(z)* + A'(z)* + 5(1 — F(z)?)? + F(x)? A(x)*| dz +2h A(0) . (1.2)
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The corresponding Ginzburg-Landau equations expressing the necessary conditions to have local minima are
then

—Kk2F" —F4+F*+FA?2=0 on RT,

(GL)oo { —~A" +AF? =0 on RT, (1.3)
with the boundary conditions
F'(0)=0, A(0)=h, (1.4)
and
lim F(r)=1and lim A(z)=0. (1.5)

Tr——+00 Tr——+00

The problem (GL)s is called the half-space model and was studied in [12] and [13] where computational
solutions are given.

We consider the set Ho, C RT of the h’s such that there exist solutions of the (GL) system with F' > 0. We
know that Ho is a bounded interval [0, A1) (see [2], Prop. 2.1) and we then introduce the following definition:

Definition 1.1. The superheating field h*" (k) is defined as the supremum of the interval H.

In this paper, we first recall a construction of a formal solution of (GL) obtained by Di Bartolo et al. in [14]
when k is small. We give a rigorous setting to this construction, introducing formal series.

We first construct a formal solution which is called the outer solution.

Let us introduce the outer variable 2’ = kz. We look for an outer solution denoted by (F¢, A¢), solving the
system obtained after the scaling 2’ = sz in (1.3) and the boundary conditions (1.5). We show that all the

solutions have the form (tanh (L\%(”)> ,O), where C'(k) :~ jzog C;ik?, C; € R.

Then, we construct solutions solving the (GL) system and the boundary conditions at zero (1.4), which is
called the inner solution.
We look for an inner solution denoted by (F*, A?) and defined by

o0 o0
, , , o L ,
F' ~ E Fir', A~k 2Q":~ K2 g QiK'
0 0

where F;, and Q; are C* functions defined on R+.

The first problem is to match the outer and inner solutions in order to get a good candidate for representing
a global solution. We present a natural notion of matching and we show that it is equivalent to the van Dyke
rule [18]. We prove the following theorem:

Theorem 1.2. There exists a unique pair ((F¢, A®); (Fi, AY)) solution of the (GL) equations, solving formally
the boundary conditions

F'0,6) ~t, (0:F")(0,k) ~0, lim F¢a' ,K)=1

!/ ——+o00

for t €]0, 1] fized, and matched at all orders.

Then, following a procedure proposed by Kaplun (see [15,18] and [20]), we present an asymptotic matched
solution of (GL) at all orders.

The last part of the paper is devoted to the construction of a formal expansion for the superheating field. We
indicate the dependency of the formal series A® with respect to the parameter ¢ in the following way: A(z;t, k).
Moreover, we show that (9,A%)(0;t, k) is represented in the form of a formal series in powers of k2 with
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coefficients in C°°(]0,1[). Then, considering, by an implicit functions theorem the zeros of t +— (82, A%)(0;t, x)
on ]0,1[, we define a notion of maximum of a formal series for which the principal term admits a unique non
degenerate maximum on 0, 1[. We deduce the following theorem:

Theorem 1.3. The formal series (0, AY)(0;t, k) admits as a function of t a “formal” mazimum on ]0, 1[, which
is attained at a unique formal series t(k) := Yo ™ tir® with to €]0, 1.

This formal maximum is expected to be the candidate for a formal expansion in powers of k2 for the
superheating field.

The plan of this paper is the following. In Section 2, we recall the formal construction due to Di Bartolo
et al. In Section 3, we prove Theorem 1.2. We deduce the construction of an asymptotic matched solution at
all orders. In Section 4, we prove Theorem 1.3. In Section 5, we discuss a conjecture due to Fink et al. [19].
We note that the obtained formal expansion shows that the conjecture of these authors is false at the level of
formal series.

2. CONSTRUCTION OF A FORMAL SOLUTION OF (GL)x

In all the following sections, for i = (ig,- -+ ,i,) € N*T1 we set
|Z'|0’n = ’i() —+ ’il =+ 4 in, |Z'|1’n = ’il —+ ’i2 =+ 4 in, |Z'|2’n = il —+ 222 =+ 4 mn (21)

2.1. Construction of an outer solution
Let H = A’. We get the new system
K 2F" —F+F34+ A’2F=0 on RY,

—A"+AF?* =0  on RT, (2.2)
H=A on Rt

)

with the boundary conditions

F'(0)=0, H(0)=h, (2.3)
and
lim F(z)=1, lim A(z)=0. (2.4)
r—+00 r—+00

We make the scaling 2’ = k2 in the system (2.2) and set

Fe(2' k) := F(z,r), Q°(2' k)= A(z,r), H(2',k):= H(z,k).

We get
(F¢)" —(Q°)°F¢ + F* — (F°)* =0,
K2 (Q°) — Q°(F¢)® =0, (2.5)
He = /@(Qe)',

where the differentiation is performed with respect to the variable z’.
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Let us introduce the following definition:

Definition 2.1. We call formal outer solution, a triplet (F¢,Q¢, H¢) where
Fen " fin' QF~ Y gkt and HE ~ > hik, (2.6)
0 0 0

are formal solutions in powers of k of the system (2.5), and whose coefficients verify
fO_)lafj_)ani_)(L hi_)07 jEN*7leNa

when 2z’ tends to +oo.

Let us denote by C(k) the formal series in powers of x defined by
C(k) ~ > Cur", (Cn €R) (2.7)
n=0

and let fo be the function defined on RT by

"+ Co)
a') := tanh ( = : 2.8
fole') = tau (215 (2.8
We denote by f(gn) the derivative at order n of fo.
We can completely describe the outer solutions (see [9] and [14] for a proof).
Proposition 2.2. All formal outer solutions are equal to
!/
Fe(2', k) ~ tanh (LC(K)) ,

V2 (2.9)

n . n .
=3 X o e /7, (2.10)
-|2n ==

where fo is defined in (2.8).

Remark 2.3. This solution does not satisfy the condition (F©)'(0,x) = 0. We will use it for 2’ large. Let us
also remark that the C; (€ R) are for the moment arbitrary.

2.2. Comnstruction of an inner solution

We want to construct an expansion of F', A, H in powers of s, such that (F, A, H) is a formal solution of (2.2)
and that F' verifies the condition F’(0,x) = 0. We hope to use this solution in a neighbourhood of zero.
We know from the De Gennes’ formula (see [11]) that

lim k2 A (k) = 271, (2.11)

k—0
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This equality leads one to look for A of the form
A@z) =k 2Q(x). (2.12)
If we make the scaling (2.12) in the system (2.2), we get

F" — kQ*F + k%(F — F3) = 0,

Q" —-F*Q =0, (2.13)
kiH = Q)
with the boundary conditions
F'(0) =0, Q(0)=r?h. (2.14)

Let us introduce the following definition:

Definition 2.4. We call a formal inner solution the triplet (F, Q! H*) of formal series in powers of k, with
C® coefficients on R*, such that

(i)
F'n Y Fuk™, Q') Qui™ and H' ~ kw72 Y Hyw™ (2.15)
0 0 0

(i) (F', Q% H") is a formal solution of (2.13);
(iii) F* satisfies formally the Neumann condition at zero F,(0) = 0, for all n € N.

If we consider the formal series with real coefficients
o0 o0 o0
1
A(k) ~ 3 Auk™, B(k) ~ Y Bnk", D(k)~£K 23 Dyk",
0 0 0

we say that a formal inner solution has for initial data at zero (A(k), B(k), D(k)), if
Fi(O,n) ~ A(k), Qi(oa k) ~ B(k), Hi(o,li) ~ D(k).

In the next sections, we consider formal inner solutions with initial data (A(k), B(k), D(k)).
We introduce for any n € N the following notations:

Ay = (Ao, ,Ap), Bn:=(Bo, -+ ,By), and C,, := (Co,---,Cy). (2.16)

As observed in [14], it is rather easy to compute the first terms.
Let us recall that

Fo(x;Ao) ZAo, (217)

Qo(z; Ao, Bo) = Bo exp(—Aox), (2.18)
and

Ho(:L’;Ao,Bo) = 7A0B0 eXp(onl‘), (219)
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with
0< Ay <1 and By < 0. (2.20)
Furthermore,
Fy(x; Ay, By) = Ay — 4B—j0 + %gx + % exp(—24pz), (2.21)
o B3 B} Bj
Q1(x; A1, By) = 1642 exp(—3A4ox) + (Bl ~ 1642 ByAix — <22 > exp(—Aox), (2.22)
and

_ . 3B}
Hy(z; A1, By) = 16A0 exp (—3Apz) + (— By A1 — AgB1) exp (—Apx)
0

B3 B3 AyB?
AgBoAy + =2 —0y? —Ap). 2.2
+ (o0 + (A0B0s + 5 ) o4 202 ) exp (- ) (223)
For n > 2, the expression of F! is given by construction by
F!=—F, o+ 1, + Jy, (2.24)

where the functions I,, and J,, represent the coefficient of k™ respectively in the expansion of £2F and of KQ?F.
We have

3' n—2 ;
In = > i LLE (2.25)
|i|0,n—2 =3 =0

|’L'|27n_2 =n-2

and
21 n—1
_ : ik
Jp = > AL 11 @ (2.26)
+ |i|2,n71 =n-—- ]-a k=0
|i|07n71 =2
The function @, satisfies the equation
2! o
1" 2 _ 7
Q, — A5Qn = Z 77;0!"'7;n! Qe HFkk (2.27)
C+ilop=n,£<n-—1 k=0

|i|0,n =2

More generally, in [9], we have given the following description of the inner solution in the following proposition:

Proposition 2.5. For alln > 2, the function F,, solution of (2.15) is equal to a sum of products of exponential
polynomials. More precisely,

Fo = FP' + () Pa( (), (2.28)
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where FP° is a polynomial of degree n, P, a polynomial and 1)(x) = exp(—2A4g x), Ao being defined in (2.20).
Furthermore, for n > 2, U, (z) := P, (x,0) is of degree 2n — 2.
For all n € N, the function Qy, defined in (2.15) satisfies

Qn = ¢()Rn(a ¢())7 (2'29)
where Ry, is a polynomial and ¢(x) = exp(—Ap x).
Furthermore, the polynomial V,,(x) := R, (x,0) is of degree 2n.

In order to match the outer and inner solutions, we can make explicit the dependency of the functions Fj,,
Q. and H, with respect to the constants A,, B,.

Proposition 2.6. Let us consider the formal series in powers of k, with coefficients in R, A(k), B(k). Then
there exists a unique formal series in powers of k, with coefficients in R, D(k), and a unique inner solution
admitting as initial data (A(k), B(k), D(k)).
Forn > 1, F,(.) depends only on the parameters A, B,_1, defined in (2.16), and F,, € C®(Rx]0, 1[xR?").
Moreover, we have the equality

FPY Ay, Boot) = Ay + Po(5 Ap_1, Byo1), Py € C°° (Rx]0, 1[xR?™ 7). (2.30)

Forn € N, the functions Q,, and H, depends only on 2n+2 parameters, A,, B,. Precisely, for n > 1, we have
the equality

Qn(; An, Bp) = ¢()(Bn + Ru(,6(.); Ap, Bp1), Ry € C (R2x]0, 1[xR2") . (2.31)

Proof. From (2.17, 2.21, 2.18) and (2.22), we see that the data of Ag, By, A1, By determine completely the
functions Fy, Fi, Qo, Q1, Hp and Hy. Furthermore, when n = 1, equations (2.30) and (2.31) are satisfied with

_ B _ BQ BQ
F(x; Ay, Bo) = Ay + Pi(w; Ao, By), with Py(x; Ag, Bo) = = + 2,
0

and

- - = B2 B2 B}
; A1, Bo) = —250° — | =25 + Bodiz + —Ca? .
Rl(xaya 1, 0) 16A%y <16A%+ 0A1x + 4 x
Let n > 2. Let us suppose that the proposition is true for ¢ € {0,--- ,n — 1}.
The function F,, is completely determined by (2.24) and the boundary conditions

F'(0) =0, and F,(0) = A,. (2.32)

From (2.25, 2.26) and by recursion hypothesis, the function I,(.) depends only on A, o, B,_» and
I, € C® (RX]O, 1[><R2”*3). Moreover, from (2.26) and by recursion hypothesis, the function J,(.) depends
only on A,,_1, B,_1 and J, € C*®°(Rx]0,1[xR?"~1). According (2.24, 2.25, 2.26) and (2.32), it results that
F, depends only on A,, B,_; and F, € C*(Rx]0,1[xR?**!).  From (2.24) and the boundary
conditions (2.32), one gets that the function F}L’OI depends only on A,, B,_;. Moreover, we have
FPON An, By 1) = Ay + Po(; Ap_1, By_1) where P, € C°(Rx]0, 1[xR?*~1). We get (2.30) for all n € N*.

From Proposition 2.5, the right-hand side of (2.27) is a sum of exponential polynomials, which tend to 0
when z tends to infinity. Furthermore, from the recursion hypothesis, it only depends on A,_; and B,,_i. As
limg 00 @n(z) = 0 (see (2.29)), we have the equality

Qn(z) = c1exp(—Apx) + exp(—Aopz)g(z, exp(—Aoz)),
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where the function g € C>(R?x]0,1[xR?"). From the boundary condition @,(0) = By, the function @, is
determined by A, and B,. It is equal to

Qn(z) = exp(—Aoz) (B, + Ry (z, exp(—Aoz))),

where R,, € C®(R?x]0, 1[xR?").

As H, = @), and for all n € N, H,(0) = D,, the formal series D,, is completely determined by A(k)
and B(k). O
2.3. Definition of the matching of the inner and outer solution

In order to clarify a more formal matching condition proposed by van Dyke in [18], we introduce the following
definitions:

Definition 2.7. Let ko be a positive real and n € N. For all x €]0, ko], let I(x) be an interval of R and u(x, &)
be a function defined on I(k). We say that

u(z,k) = O(k™) on I(k) when k — 0,
if there exist C' > 0 and K¢ > 0 such that
lu(z, k)| < Ck", Ve I(k) and Vi < Ro.

Definition 2.8. The truncated inner solution at order n is the triplet (F%() Q»(") H®(")) defined by F*(") :=
S0 Fikt, QUM = S0 Qikt, and HH(M = K2 S0 Hix'. We denote by FPL(") the polynomial part of
F»(™)_ The truncated outer solution at order n is the triplet (F*(™, Q%) H(™) defined by F*™ (2/; k) :=
S S )R Qe ) = S0 gt and HEOO(a; ) = S0 ha(a' )

We introduce the function F&() defined by F&((z; k) = F&) (kx; k).

Definition 2.9. Letn € N, (F»(™ Q% H»()and (F&™ Q™ H™) the triplets of functions introduced
in Definition 2.8. We say that the inner and outer solutions are matched at order n on the interval I,,(01, d2, k) :=

S1k~ T, ok~ 7 | if and only if

Fi,(n)(x’ K) _ F@,(n—l) (K}ZC, H) — (’)(Kn),
Q> (z,k) — Q%" V(ka, k) = O(K"), (2.33)
His() (2, k) — He’("*l)(nx, k) = O(k"),

in the sense of Definition 2.7.

Proposition 2.10. For all n € N, the formal series Q° and Q¢ (also H* and H®) are equal modulo O(k™) in
the sense of Definition 2.9.

Proof. Using Proposition 2.5 (see (2.29)), for any j € N, we can show the existence of m; € N such that
Q;=0 (nf%) . exp (7(51.A0n7ﬁ) and H; =0 (nf%) . exp <7(51.A0/{7ﬁ) on I,(61, 92, k).
It results that

Q; =0O(k"™) and H; = O(k") on I,(d1,62, k).
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From Proposition 2.2, Q¢ ~ 0 and H¢ ~ 0. Then, on I, (1, d2, k),

Q"M (x, k) — Q"D (kx,x) = Q" (x, k) = O(K"),
H>M (2, k) — H D (s, 2) = H>™ (2, k) = O(k™),
in the sense of Definition 2.7. O

In all the following sections, we introduce the set

E:={(i,j) € N?, suchthat 0<i<j<mn, (i,5)# (0,n)}
To specify the conditions of matching for the inner and outer solutions, we use the elementary lemma (see [9]
for a proof):

Lemma 2.11. Let n € N*, (61,82) € Rt x RT and v, ; be a family of reals, where (i,j) € E. Let S be the
function defined on [0, ko] X [01,02] by

S(h,y) = D> gk’ Ty + O(k"). (2.34)
(i,5)EE
The equality
S(k,y) =0 on [0, ko] x [01, 0] (2.35)

implies
vij =0, V(i,j) € E.

We can then give the conditions of matching modulo O(k™) for the outer and inner solutions. Let us write, for
any j € N

J
FPola) =Y aija, (2.36)
i=0
and let
(4)
(0
Bij = =il ), (2.37)

i!
where f; is defined in (2.6).

Proposition 2.12. Let n € N. The inner and outer solutions are equal modulo O(k™) if and only if

o = Bij, ¥ (i,]) € E. (2.38)

Proof. From Proposition 2.10, the formal series Q% and Q¢ are equal modulo O(k™).
Let k € {1,---,n}. On the interval I,(d1,d2, ), from Proposition 2.5 (see (2.28)), for x small, we have

(@) Py(z,1)(x)) = O(K").

For z € I,(01,02,k), for k small, we get the estimate

FP (k)= Y aijela’ + O(k"). (2.39)
(i,j)eE
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For k € {0,--- ,n—1}, we can make a Taylor expansion of x — fi(kx) where the function f is defined in (2.10)
at the point x = 0. We can then express Fe’("_l)(mc; k) in the form of

. 1) n—1 0 flgz)(o) o
e,(n— _ 1.,
F* (ka3 k) = ,;_ E_O a K'x'.

Let us introduce j = 7 + k. We can write

Fe’("fl)(/@x;/@) = Z Bkt (2.40)

jont1<i<j
where §; ; is defined in (2.37). As x € I,(1, 62, k), for (4, j) such that j > n+1 and ¢ < j, we have the estimate
Kol =0 (Kj7ﬁ> = O(k").
We deduce the estimate

Fo=D (kx k) Z Bij K z' + O(K™). (2.41)
(i,J)EE

The estimate F»() (z) — F&"=1 (k) = O(k™) on I,(01, da, x) is satisfied if and only if

Z (i j — Bij) K z' + O(K™) =0 on 0, ko] x I,(d1, 52, k). (2.42)
(i,j)€E
Then, we can apply Lemma 2.11 to achieve the proof of Proposition 2.12. O

Remark 2.13. The van Dyke rule [18] consists in taking the truncated inner solution at order m and the
truncated outer solution at order n — 1, then to make an identification of the coefficients of kIt for all pairs
(i,7) € E. We have shown that this procedure is equivalent to Definition 2.9.

3. MATCHING OF THE OUTER AND THE INNER SOLUTIONS AT ALL ORDERS

3.1. Conditions of matching modulo O(xk")

Let us consider the formal series F»> defined by

Fo® (2, k) i~ ZFPOI K, (3.1)

where FJPOI is defined in Proposition 2.5.
From (2.36), we can write (3.1) in the form of

+
8
+
8

Fi’m(za ’i) ~ (&%) z+émzﬂz+e (32)

~
Il
o
N
Il
o

We set

+oo
x') ~ Zai,i_ﬂx”. (33)
=0
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So, from (3.2), we deduce that

+oo
F"(z, k) ~ Z do(k)KE.
£=0
Let us remark that F»° satisfies formally the equation

7H72(Fi7oo)// o F’L,OO 4 (};V’L,OO)3 = 0.
Let us introduce
+oo
G k) ~ Y pe(a)r", (3.4)
£=0
where 2’ = kx is the outer variable.
The formal series G satisfies formally the equation
G'=—-G+G3 (3.5)

To show equalities (2.38), we use the following Lemma (see [9], p. 69 for a proof):

Lemma 3.1. Let Sy and S2 be two formal series in powers of k whose coefficients are formal series in powers
of ¥’ with coefficients in R defined by

+00 o
Si(z', k) ~ Zcf)i(x')ﬁi and So(z', k) ~ Zwi(ac')/@i.
0 0

Let us suppose that S1 and So satisfy formally the differential equation
3
y"(a') = —y(@') +y ()" (3.6)
Furthermore, let us suppose that the equalities
¢i(0) = ¥i(0) and ¢;(0) =vj(0), VieN, (3.7)

are satisfied.
Then, for all i € N, we have the equalities

¢ (0) = 9{"(0), VneN.
For all i € N, let us suppose that for all A;,, with Ay €]0, 1], the system
Qg = ﬁo,j and aq j41 = ﬁl,j-{-l, for j € {0, N 1}, (38)

admits a unique solution with By < 0 (this point is the subject of Prop. 3.4).
Then, we can show the following proposition:

Proposition 3.2. For all A,,_1, with Ay €]0,1[, the formal inner and outer solutions are equal modulo O(k"),
if and only if the system of 2n equations with 2n unknowns By _1,C,—1 defined by

aoi = Poi 01,i+1 = Pryit1, for i €{0,---,n—1}, (3.9)

admits a unique solution with By < 0.
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Proof. Let us consider the formal series F¢ defined in (2.6) and G defined in (3.4). Let us express F'¢ in the
form of F¢ ~ > 72 1;(2')x" where (¢;) is the formal series defined by

£2(0)
Hl

i) i~ > (@)~ B’ (3.10)
=0 =0

Hypothesis (3.8) is equivalent to
6:(0) = ¥:(0) and ¢/(0) = ¥}(0), VieN,
From Lemma 3.1 applied to the formal series G and F°, we get, for all : € N
6 (0) = (" (0), YneN.
Then, using (3.3) and (3.10), it results that
Onnti = Bnnti, VREN and VieN.

We deduce that the system (2.38) admits a unique solution. O

To show that it is possible to get (3.8), we have to analyze how «;; and §;; which are defined in (2.36)
and (2.37), depend on A;, B; and C;.
Lemma 3.3. We have the equalities

2

B,
ago = Ag, a1 =4 — ﬁ and Boo = fo(0), Bi1 = fo(0). (3.11)

For i € N*, ag; — A; and aq ;41 + BoB; depend only on A;_1 and B;_1. Moreover, we have g — A €
COO(]O, 1[XR2i_1) and a1+1 + BoB; € C‘X’(]O, 1[XR2i_1). -
For i € N*, By — C; f(0), and B1.:41 — Cif§(0) depend only on C;_1 and belong to C>°(R?).

Proof. According to (2.17, 2.21, 2.36) and by definition (see (2.37)), we get equalities (3.11).

The real oy ; is equal to the coefficient of ¥ in the expression of EPOI, and from Proposition 2.6, it is equal to
A; modulo a function depending on A;_1, B;_1 and C® (]0, 1[><R2i*1) . The real o1 ;41 is equal to the coefficient
of x in the expression of Fl‘ﬁ It is equal to the constant of integration obtained after an integration of the
function Fj’; with the boundary condition Fj, ,(0) = 0. According to (2.24, 2.26) and (2.31), the unique
function where the parameter B; in the expression of Fy’ | appears is 2FpQoQ;. From (2.31), this term is given
by —ByB; modulo a function depending on A4;_1, B;_1 and belongs to C> (]0, 1[xR*~1).

According to (2.10) and (2.37), we get Bo,; = C; f5(0) and (1,41 = C; f{/(0) modulo a function depending on
Ci—1 and belongs to C=(R?). O

From Lemma 3.3, we can deduce the following proposition:

Proposition 3.4. Let n € N*. Let us consider the system of 2n equations with 3n unknowns, Ap—_1, Bn—1,Cn_1
ao,i = Boi, o1,it1 = Priv1 for i€ {0,--- ,n—1}- (3.12)

For all A,,_y € R™, such that Ay €]0, 1], the system (3.12) admits a unique solution in R?" such that By < 0.
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Proof. The result is true for n = 1. From Lemma 3.3, the system consists in two equations,

2
o= 1o(0), 20 = 0, (313)

and can be solved by choosing as principal unknowns By and Cy. From the hypothesis Ay €]0,1[ and By < 0,
the solution of the system (3.13) is unique. According to (2.8), we get

By =—2i(1— A2)7, C,=+2tanh™}(Ay). (3.14)

Let n > 1. Let us suppose that the result is true for k € {0,--- ,n — 1}, then C} and By, can be expressed in a
unique way as a function of Ag, -+, Ay and By € C* (]0,1[xR*) and Cx € C* (]0, 1[xRF).

From Lemma 3.3 and by hypothesis, the equalities ag, = Bo,n and o ny1 = Bi1,n+1 are equivalent to the
equalities

A, = f5(0)Cn + G(An—1), G €C™(]0,1[xR"?) (3.15)
and
—BoB,, = f{(0)Cp, + F(A,—1), F €C>(]0,1[xR"?). (3.16)

From (3.13), we have the equalities

1 1
5(0) = —=(1 — A3) and fJ(0) = ——=Ao(1 — A3). 3.17
f0(0) \/5( 0) f5(0) 7 o 0) (3.17)
We can then solve the system (3.15, 3.16) by considering B,, and C,, as principal unknowns and Ao, --- , 4, as
parameters.
From Proposition 3.4, it results that hypothesis (3.8) is verified. O

3.2. Formal solutions of the Ginzburg-Landau equation

We say that the inner and outer solutions match at all orders, if they match modulo O(k"), for all n € N.
From Proposition 2.12, we observe that the matching of the outer and inner solutions modulo O(k"1) implies
their matching modulo O(k™). Propositions 3.2 and 3.4 lead us to introduce the following definition:

Definition 3.5. We call formal solution of the Ginzburg-Landau equations (2.2) with boundary conditions (2.3,
2.4), a pair composed of an inner solution in the sense of Definition 2.4 with initial data (A(k), B(k), D(k)) and
an outer solution in the sense of Definition 2.2, which match at all orders.



984 P. DEL CASTILLO

Then, we can express the following theorem:

+oo

Theorem 3.6. For all formal series A(k) := Z A;r" with Ay €]0,1], there exists a unique formal solution of
i=0

the (GL) system with By < 0.

Proof.
Step 1. Existence

We have constructed in Proposition 2.2 a formal outer solution, and in Proposition 2.5 a formal inner solution.
Then we match them at all orders using Proposition 3.2.

Step 2. Uniqueness

From Propositions 2.6 and 3.4, when A(k) is given with A €]0, 1], and if we suppose By < 0, B(x) and C(k)
are completely determined. From Propositions 2.2 and 2.6, the data of A(k), B(k) and D(k) definite completely
the coefficients of the outer and inner solution, so, by definition of a formal solution, the uniqueness. [l

In the following sections, using Proposition 3.2, we suppose that the functions F, (, Ay, Bn 1), Qn(z, A,, B,)
and Hy,(z, A,, By,) are expressed in terms of the parameters A;, for i € {0,--- ,n}.
We introduce then the following notations:

Vn(-m An) = F ny Dn
Ho(@3 An) i= Hole, An, Ba(A,). (319
We denote by Fi. Q" and H' the formal series
. > . . > . . 1 ° .
= ZFn(ac;An)/#, Q"= ZQn(ac;An)/@Z and H':=k" 2 Zﬁn(x;fin)mz. (3.19)
i=0 i=0 i=0
We can introduce the particular choice
A():t, tE]O,l[ and AZZO, VZEN* (320)
According to (3.15, 3.16, 3.18) and (3.20), we can set
Fn(xvt) = Fn(za An)a Qn(xvt) = Qn(za An) and ﬁn(xat) = Hn(l'a An) (321)

From Theorem 3.6 with the choice (3.20), we get the existence and the uniqueness of a formal solution solving
the boundary condition at zero

FY0,k) ~t, (0.F%)(0,K) ~ 0.

From (2.12, 2.15, 3.20) and (3.21), we have the equality

i H,(0,t)s". (3.22)

n=0

[N

H'(0;t,K) ==K~
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3.3. Construction of a Matched Asymptotic Solutions

Generally speaking, when we have matched the inner and outer solutions modulo O(x™), we can hope to
construct an approximate solution denoted by ( frds(n) A”d’(”)), proceeding in the following way. For fv@ ("),
we consider the function obtained by adding the function F(+1 to the function F&(™ and subtracting from
this sum the polynomial part of F»("+1) denoted FP°L("*1)  This rule was used by Di Bartolo et al. in [14]
to construct an approximate solution of (GL)s. The formal solution Ae (2'; k) vanishes (see Prop. 2.2), and we
take for Av%(") the function A% = K2 Zg QK.

Let us introduce the following definition:

Definition 3.7. Let n € N*. We call asymptotic matched solution of (GL)« at order n, a pair (f”d’(”), A”dv("))
defined by

Frm (k) = FOM (g5 5) + FHOHD (g ) — FPOLOFD (0 45), (3.23)

where F&() (z; k), F>("F(z: k), and FPL("+1)(z; k) are introduced in Definition 2.8, and

n

Avd,(n) (1.’ ,{) = Hfé Z Qi(z)ni’ (324)

0

where @); is defined in (2.29).
Let us remark that the asymptotic matched solution f**(") satisfies the Neumann condition at zero.

Lemma 3.8. The function f*® defined in (3.23) satisfies the Neumann condition at zero

(f”d’(”))l (0) = 0.

Proof. For all i € N, we have F/(0) = 0. So, we get the equality

(F“"+1) (0) = 0.

n+1
Furthermore (FPOI’"H)/ (0) = Z a1,j, where a; ; is defined in (2.36). We deduce the equality
j=1
, ] , , n ] n+1 ]
(7400) (@) = (FonY (0 + (FH) (0) = () 0) = 3D [0 = 3wl (3.25)
j=0 j=1
Moreover, from Proposition 2.12, a1 j11 = 81,541 = f;(0) for all j € {0,--- ,n}. O

Remark 3.9. In [10], using the pair (f”d’(l), A”d’(l)) suitably modified, we have constructed a subsolution of
(GL)s, leading to two terms in the lower bound for the superheating field. Using the asymptotic matched
solution at order n presented in Definition 3.7, we can hope to construct a subsolution of the (GL) equations
leading to n terms in the lower bound for the superheating field. Moreover, constructing a supersolution by a
similar method, we hope to get a localization of solutions of (GL).. We hope to come back to these points in
a further publication.
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1
4. CONSTRUCTION OF A FORMAL EXPANSION IN POWERS OF k2
FOR THE SUPERHEATING FIELD

The aim of this section is to determine a formal expansion for the superheating field introduced in
Definition 1.1. We want to maximize with respect to ¢ €]0, 1] the formal series ¢(t, ) introduced in (3.22).
This notion of “maximum” is defined in a formal sense which will be specified in the following sections. This
problem of maximization of this formal series was not solved in general in [14].

4.1. Maximization of a formal series

Let us consider f a C* real function. In the following section, DT'(f) represents the Taylor expansion of f
at the point x = 0,

O £(d) )
DT(f)) i~ Y ! _!(O)xl. (4.1)

7

We consider in the following sections formal series with coefficients in C>°(]0, 1[), defined by
(o)
—1 i
Gt k) ~ K72 ilt)k (4.2)
0

We suppose that ¢p admits a unique maximum achieved at the point ¢y €]0,1[. Moreover, it satisfies
¢p(to) =0 and ¢ (to) <O. (4.3)

In order to define the notion of maximum in the formal series (4.2), let us recall a lemma due to Borel.

Lemma 4.1. Let ¢ be a formal series with C* coefficients on 10, 1] defined by ¢(t, k) ~ k== >o” ¢i(t)kt. Then,
there exists a C* function v defined on |0, 1[X] — ko, ko[, such that the expansion in Taylor series of k — (., k)
at the point k = 0 of Y coincides with ¢.

A function solving the conclusion of Lemma 4.1 is called a representative in the formal series ¢. To define
the maximum in the formal series (4.2), it results from the implicit functions theorem the following lemma:

Lemma 4.2. Let ¢; be a representative of ¢. Let us suppose that ¢1 admits in |0, 1] a unique mazimum on to,
which is non degenerate

9%,
ot?

01 _
W(tQ,O) =0 and

(to,0) < 0. (4.4)

Then, there exists a positive real, ko, such that, for all |k| < ko, the mapping t — ¢1(t, k) admits a mazimum
t1(k) on |0,1[ such that t1(0) = to. Furthermore, on | — Ko, kol, the mapping k +— t1(x) is C>.
Let g2 be another representative of ¢ and let ta(k) be a mazimum of t — ¢2(t,.) such that t2(0) =tg. Then

DT (1) ~ DT (ta), (4.5)

where DT is defined in (4.1).

We can define the maximum in the formal series defined in (4.2) and solving hypothesis (4.3) by using
Lemmas 4.1 and 4.2.
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Definition 4.3. Let ¢ be a formal series in powers of x with coefficients in C*°(]0, 1[) defined by
Bt k) ~ 572 Y di(t),
0

and solving (4.3). Let ¢ be a representative of ¢.
We say that the formal series ¢ achieved its maximum on |0, 1] in the unique formal series defined by the
Taylor expansion at the point k = 0 of the function ¢; (k) defined in Lemma 4.2 (see (4.5)).

Then, we can express the following proposition:

Proposition 4.4. The formal series H'(0;t,x) defined in (3.22) admits, as function of t, a unique formal
mazimum on ]0,1][.

Proof. From (2.19, 3.14, 3.20) and (3.21), the principal part of the series H'(0;¢, ) is equal to

This function admits a unique maximum on ]0, 1[ which is achieved at the point ¢ = % Furthermore, this

maximum is non degenerate. Then, the formal series ¢ admits a unique formal maximum on |0, 1 in the sense
of Definition 4.3. |

Remark 4.5. To this maximum corresponds a formal expansion in powers of k2 for the superheating field h" (k).
But, using this method, we cannot explicitly compute the coefficients in the formal series obtained in
Proposition 4.4.

4.2. Existence of a formal expansion for the superheating field

In [9], in order to compute the coefficients in the formal superheating field, we have presented another way for
defining the maximum in the formal series given in (4.2) and (4.3). Let us explain this method. By hypothesis,
the functions ¢; are smooth, then we can make a Taylor expansion at the point Ay €]0, 1] of the function ¢; (),
for all i € N. Then, we can substitute for ¢ the formal series A(k) :~ Zgo A;k?, expand it in powers of k, reorder
the expression obtained in powers of k. Then, the resulting formal series ¢ is expressed in the form of

oo

¢(A(K)7 H) ~ Z D, (An)’ina (46)
0
where
D()(Ao) = d)()(A()), (47)
and, forn > 1,
Dn(4,) = > ﬁ oy (40) TT Ak (4.8)

€+|i\2m=n k=1
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The function D,, has the following property:

Lemma 4.6. Forn € N*, let D,, be the function defined in (4.7) and (4.8).
We have the equalities

n—1
_ oD _
Doy —1(Aop—1) = 8A2: (Ao)Aopn—1-1 + g(Ao, -+, An_1), (4.9)
k=0
n—1
_ oD _
Doy (Azn) = 8A2: (Agi)Ag—r, + L(Ag, -+, Ay), (4.10)
k=0

where g € C*(]0,1[xR"™1) and L € C>°(]0, 1[xR").

/!
A
Furthermore, L is a polynomial of degree two in A, and the coefficient of A2 is equal to %.
Proof. From (4.8), we have the equalities
Di(A1) = ¢5(Ao) A1 + ¢1(Ao) (4.11)
and
11
Da(A2) = dh(do) Ao + 2 (40) A3 + 6,(A)As + (). (112)

From (4.7), Do(Ap) := ¢o(Ap). Then, equalities (4.9) and (4.10) are verified for n = 1, with

9(Ao) = ¢1(Ao)

and
L(Ag, A1) = 70(140)14? + ¢ (Ag) A1 + ¢2(Ao).

Let us suppose that (4.9) and (4.10) are true for k € {1,--- ,n}, n > 1.

Let (€,i) = (€,i1,+ ,ij,- - yiznt1) € N x N?"F1 guch that £ + |i|2,2041 = 2n 4+ 1. According to (4.8), let us
remark that, for Ay €]0,1[, D2,11(A2,41) is polynomial in Aj,---, A,.

Let j € {n+2,---,2n + 1} and let us suppose ¢; = 1. Then, for k # j, k € {n,---,2n+ 1}, iy = 0.
From (4.8), it results that Da,1(A2,41) can be written in the form of

2n+1
Dopi1(Agpit) = Z piA; +g(Ao, -, Anir), (4.13)

Jj=n+2

where p; depends only on A,,_1 and the function g is defined as the function obtained replacing the condition
£+ il2,n, =nin (4.8) with £+ |i]2,, = 2n + 1.

Let us remark that, for j € {n+2,---,2n+1}, the coefficient of A; in Da,,;1(A2,41) is equal to the coefficient
of A;j_1 in Da,(Az,). Then, by the recursion argument, for j € {n+2,---,2n + 1},

_ ODyny2—25

P = 4.14
p] 8A2n+17j ( )
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Let us denote by py 1 the coefficient of A1 1 in Dapi1(Azni1). Let (¢,i) € N x N*" such that € + [i]2,2, = 2n.
If 4, > 1, i, = 0 for k > n. From (4.8), the expression where A,, appears in Da, (A2, ) is equal to

) i) i q!
L+il2,n—1=n "

A2 1 il1 1 fome i
5)2>(A0)7" + S o) TT Al | A (4.15)
k=1

According to (4.8), the coefficient of A,, 1 in Dap41 is equal to the derivate of the expression (4.15) with respect
to A,,. We deduce the equality

0Ds,, , ~
1 = Aszn). 4.16
Pn+1 DA, (A2n) ( )
From (4.13, 4.14) and (4.16) we get (4.9).
Moreover, we have the equality
2n+42
Dopio(Aonia) = Y pjAj+ L(Ao,--+, Anya),
Jj=n+2

where L is obtained replacing the condition £ + [i|2, = n with £ + [i|2 n4+1 = 2n + 2 in (4.8). For j > n + 2, the
coefficient of A; in Doy, y2(A2,12) is equal to the coefficient of A;_1 in Dapi1(A2nt1)-
Thus, we have

_— ODsnia—25
0Azgni2-j
(2) (Ao)
Let us observe that L is a polynomial of degree 2 in A,,41, and the coefficient of A2 11 is equal to OT' O
Let us consider the system of equations for Ay, €0, 1[xR?*"
0Dsy, , -+
2 (Agr) =0, for ke {0,---,n}- (4.17)
0Ay

We denote by S the set of the solutions of the system (4.17).

Proposition 4.7. The set S is a manifold of dimension n. B
Let Az, € S and Aony1 = (A2n,Aont1), (Aant1 € R).  Then, Daopy1(Aony1) is independent of
(Ant1,-0 5 Azng).

Let Ay, € S and Aoy o = (Aon, Aoni1, Asnia), (Aani1, Aoniz) € R2. Then, Dayyo(As,yo) is a polynomial
of degree 2 in A1, independent of (Anta, -, Aanya), and the coefficient of Ai_H s negative.

Proof. Let us suppose n = 0. By construction (see (4.7)), Do(Ao) := ¢o(Ao). Then, from hypothesis (4.3), the
function Dy admits a unique maximum on ]0, 1[ achieved in Ay = #o.

For n > 0, let us suppose that the system (4.17) admits a solution, and let us consider this solution As,. Let
us consider the system (4.17) for k € {0,--- ;n+ 1}.

From (4.9) and by recursion, Da,41(Az2,11) is equal to g(Ag, -+, Ay,). Its does not depend on (A1, -+,
A2n+1)~

From Lemma 4.6 (see (4.10)), and the recursion argument, we observe that for all (A, Asni1, A2nia),

Dopio (flgn_,rg) is equal to L(Ag, -, Ant1), where L is a polynomial of degree 2 in A,,+1 whose the coefficient
is negative. Then, for all (As,, Aoni1, A2nia) € S x R2, the equation %ZTLQ
P

equation Wil(A"H) = 0 and admits a unique solution on R, independent of (A, 42, -+, Aapi2).

(A2n42) = 0 is equivalent to the
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The set S’ of the solution of the system (4.17) for k& € {0,---,n + 1} is a manifold of dimension n + 1 and,
for all Aojto = (Aan, Aony1, Aonta), Aop € S, Dapyo(As,i2) is a polynomial of degree 2 in A,, 11, independent
Of (A»,H_g, s 7A2n+2). D

From Proposition 4.7, we can maximize successively every coefficient of k™ in the formal series ¢. This
procedure can be shown to be equivalent to the procedure exposed in Section 4.1.

Then, as suggested by Di Bartolo et al. in [14], we can obtain a formal expansion for the superheating field
at all orders.

For all i € N, for ¢ €]0, 1], we set

i(t) = H;(0,1), (4.18)

where H;(0,1) is introduced in (3.21).

Proposition 4.8. Let us consider H;(0, A;) introduced in (3.19).
For all i € N, we have the equality

H;(0,4;) = Di(4;). (4.19)

Proof. Let us remark from (3.15) and (3.16), that if we assume (3.20), for all ¢ € N and ¢ €]0,1[, B; € C*(]0,1]).
For x € R* and t €]0, 1], from Proposition 2.6, the mappings defined in (3.21) are C* on R*x]0,1[. We can
make a Taylor expansion in series at the point Ay €]0,1[ of these mappings. Let us replace ¢ by > o~ A; k7 and
order the expression obtained in powers of k£ and sum on n. We denote by Fi, Q" and H* the obtained formals
series.

By constructions in the formal series F, Q* and H’, we have the equalities

FU(0,5) ~ A(k), Q'(0,k) ~ B(xk) and H'(0,k) ~ D(k).

Furthermore, the triplet (F QU H %) is a formal solution of the system of Ginzburg-Landau. By uniqueness of
the inner solution with initial conditions (A(k), B(k), D(k)), and using Proposition 2.6, we have the equalities

FinF' Q' ~ Q' and H' ~ H,
where the formal series F, Q%, H* are defined in (3.19). In particular, we get (4.19). O

To conclude, we can express the following theorem:

Theorem 4.9. Let H' be the formal series defined by
) (oo}
H' = Hy (0, 4,)r", (4.20)
n=0

where H, (0, A,) is introduced in (3.19).
The formal series H' admits a unique “formal” mazimum on ]0, 1] obtained mazimizing successively every
coefficient of K™ in (4.20).

Proof. The function Ho(0; Ag) = 23 Ag(1 — A2)= introduced in (3.21) admits a unique maximum on ]0, 1] at the
point Ag = % We set
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Moreover, from Propositions 4.7 and 4.8, the set S of the solutions of the system

OHoy,
0A,

(0; Agx) =0, for ke {0,---,n}, (4.21)

is a manifold of R™. B
For A,, € S and A2n+1 = (Agn, A2n+1)7 (A2n+1 S R), we set

h2n = H2n(0; AQn)a (422)
hont1 = Hany1(0; Agny1). (4.23)
|

Then, we can introduce the following definition:

Definition 4.10. We call “formal” superheating field, the formal maximum of the series defined in (3.22) and
we denote it by h*™f (k). More precisely,

+oo
5 1 i
Rt (k) = k72 g hik",
i=0

where the reals h; are defined in (4.22) and (4.23).

Remark 4.11. Practically, we have used the software Maple® to compute the coefficients in the formal expan-
sion for the superheating field (see [9]). We proceed following the method which leads us to prove Theorem 4.9.
We have recovered the results obtained by Di Bartolo et al. in [14] and shown that the numerical computation
procedure is efficient (we mathematically prove that we never divide by 0 in the procedure).

5. ON A CONJECTURE DUE TO H.J. FINK, D.S. MCLACHLAN AND B. ROTHBERG-BIBBY

In [19], Fink et al. have conjectured that when & is equal to the superheating field, the solution (f,, Ay) of
(GL)o satisfies

A(0)
A0

=2.

When & is small, let us look if the conjecture is true in a formal point of view. We have determined in the
previous sections a formal expansion of A’ (0) and A, (0) in powers of £z. When h is equal to the superheating
field, we have the equalities (see [14])

Qo(0) = —27% and Q)(0) =274, (5.1)

Then, at the first order, we have the equality

~ Qo(0) _
Qo(0) v2

But, at the second order, we have (see [14])
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Then, we have the equality

_0) Sy

Q1(0) 5

The conjecture is false at the second order and we get

AK(O)i 3 2
*A;(O) 7\/§+1_6H+O(K )

When « is large, from a formal construction due to Chapman [8] (see also [16]), which is analogous to the
Di Bartolo et al. construction [14], the solution satisfies, at the “formal” superheating field

Ap(0) = -1+ %n§ +0(r%),

AL (0) = % +0 (If%) .

The constant D can be estimated as approximately —0, 3. Then, when & is large, we have

—jggg; =V2-Drk 540 (f(%> .

The conjecture is false in this case. It is not a mathematical proof because the expansions are formal, but this
strongly suggests that the conjecture is false.

6. OPEN PROBLEMS

Theorem 4.9 leads one to express the following conjecture:

Conjecture 6.1. Let h*"(k) be the superheating field, introduced in Definition 1.1.
For all n € N, there exists ¢ such that, for all k < kg, we have the asymptotic expansion

K20 (k) =) bk’ + o(k™), (6.1)
=0

where the reals h; are defined in (4.22) and (4.23).
The expansions obtained in Section 2 lead us to conjecture the following result:

Conjecture 6.2. At the superheating field, there exists kg such that, for all Kk < kg, we have the asymptotic
expansion

~—

A(0) 3 9
A,(O)_\/ﬂﬁmo(m). (6.2)

K
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