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OPTIMAL ERROR ESTIMATES FOR FULLY DISCRETE GALERKIN
APPROXIMATIONS OF SEMILINEAR PARABOLIC EQUATIONS

DOMINIK MEIDNERY AND BORIS VEXLER!

Abstract. We consider a semilinear parabolic equation with a large class of nonlinearities without
any growth conditions. We discretize the problem with a discontinuous Galerkin scheme dG(0) in time
(which is a variant of the implicit Euler scheme) and with conforming finite elements in space. The
main contribution of this paper is the proof of the uniform boundedness of the discrete solution. This
allows us to obtain optimal error estimates with respect to various norms.
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1. INTRODUCTION

In this paper, we consider the following semilinear parabolic equation.
Ou(t, ) — Au(t,x) + d(t, z,u(t,z)) = f(t,z), (t,z) el x

u(t,z) =0, (t,x) € I x 092, (1.1)
u(0, z) = ug(x), x € {2

Here, 2 C RN, N € {2,3} is a convex polygonal /polyhedral domain, I = (0,7 is a time interval and f is the
right-hand side fulfilling a certain regularity requirement to be specified later.

For the nonlinearity d(t, x,u), we essentially assume that the partial derivative 9,d(t,z,u) is bounded from
below for all (¢t,2) € I x 2 and all v € R, see (2.2b). But we do not require any growth conditions for d, see
the next section for details. The class of possible nonlinearities includes monotone nonlinearities like d(u) = u®,
d(u)=e* or d(u) =u?|u| as well as FitzHugh-Nagumo or Allen—Cahn type nonlinearities like d(u) =u? — au
with some positive a € R.

For this class of problems (under a suitable assumption on the right-hand side f and the initial data wug),
it is possible to show the existence of a unique bounded solution u. The goal of the paper is to prove the
uniform boundedness of the discrete approximation wug, to u. To this end, we discretize the equation with the
discontinuous Galerkin dG(0) method in time and with conforming finite elements in space. The dG(0) time
discretization is known to be a variant of the implicit Euler scheme, see Section 3 for details. For this type of
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2308 D. MEIDNER AND B. VEXLER
discretization we prove that ugy is uniformly bounded, i.e.,

llugnll Lo (1x2) < C

with a constant C' independent of the discretization parameters k and h, see Theorem 5.4. Based on this result
we are able to prove best-approximation-type error estimates with respect to various norms. We provide such
results in particular for the L?(I x £2), L>°(I; L?(2)), and L>°(I x §2) norms, cf. the Theorems 6.1, 6.3, and 6.5,
respectively.

Let us review the related results in the literature. In [10, 25, 26], error estimates for discretization of the
semilinear parabolic equation are derived under the assumption that d and 9,,d are uniformly bounded. In [7,13]
growth conditions on d (resp. 0,d) are assumed for derivation of semi-discrete error estimates. For further results
in a different setting we refer to [1]. The most related result is provided in [21], where the uniform boundedness
of ugy, is shown under a slightly stronger condition d,d > 0 (c¢f. (2.2b)) in the two-dimensional setting. The
technique from [21] does not extend to the three-dimensional situation, due to the inverse inequality used there.
Our method here strongly relies on recent discrete maximal parabolic regularity estimates [17], ¢f. also [12] for
related results, and extends best approximation estimates from [15] to the semilinear equation.

Our error estimates being of independent interest are important for treatment of optimal control problems.
Some recent papers in this context (see, e.g., [4,6]) are restricted to two-dimensional domains only due to the
lack of corresponding results in the three-dimensional setting. Thus, our estimates allow to extend the results
of these papers to convex polyhedral domains 2 C R3.

The outline of the paper is as follows: In Section 2, we state the precise functional analytic setting of the
problem under consideration and formulate assumptions on the nonlinearity d and the remaining problem data.
Under these assumptions, we prove Holder continuity of the solution w to (1.1). The discrete analog of (1.1) is
formulated in Section 3. To this end, we introduce a time discretization by the discontinuous Galerkin dG(0)
scheme, whereas the discretization in space is done by means of classical Lagrange finite elements. In this setting,
we prove the unique solvability of the discrete nonlinear problem. In the following Section 4, we consider a linear
auxiliary equation and its discrete analog. For the solution to this linear discrete problem, we provide maximal
parabolic estimates in various norms, which will be the basis for analysis in the remaining two sections. In
Section 5, we derive the main result of this paper, namely the boundedness of the solution ug, to the discrete
analog of (1.1). Based on this, we provide in the final Section 6 optimal error estimates for the error between u
and wuyy, with respect to the L2(I x §2), L>(I; L?(£2)), and L°(I x §2) norms.

2. CONTINUOUS PROBLEM

To state the precise setting for the problem under consideration, we introduce the following notation: for
r € [l,00] and | € {—1,0}, we denote the domain in W% (£2) of the negative Laplacian with homogeneous
Dirichlet boundary conditions by

Dom; . (—A) = { ue Wh(0) ’ —Au € W“’(Q) } }
Further, for p € [1, 0], we define the space for the initial data by real interpolation as

Up,»(£2)=(L"(§2), Domy (= A))

1-1pr
The following set of assumptions holds throughout the article.
Assumption 2.1.
o Let f € LP(I;L"(12)) for some p € (1,00) and r € (%,oo) satisfying 1% + 2—11 < 1.
N

o Let ug € Up, o (£2) for some pg € (1,00) and ry € (%700) satisfying p% + 50 <1
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Further, for the nonlinearity d=d(t,z,u): I X 2 x R — R, we assume the following properties:

e d is measurable with respect to (t,z) € I X 2 for all u € R and continuously differentiable with respect to u
for almost all (t,z) € I x £2.

e [t holds d(-,-,0)=0.

e 0,d is locally bounded, i.e., for each M > 0 there is Cp; > 0 such that

|0ud(t, z,u)| < Chyp (2.2a)

for almost all (t,x) € I x 2 and all v € [-M, M].
o There is v > 0 such that d fulfills the relazed monotonicity condition
Oud(t, z,u) > —v (2.2b)
for almost all (t,z) € I x £2 and all u € R.
Remark 2.2. A typical setting fulfilling the assumption on uy would be ug € H2(2) N H}(£2). Then, ug €
Upy.ro (£2) and the relation p% + % < 1is valid for ro =2 and any py > = .
Remark 2.3. Each of the assumptions on f and ug can be replaced independently by the following assumptions,
see the corresponding Remarks 2.5 and 2.9 below.
e Let f € LYI;W—1#(12)) for g € (1,00) and s € (N,00) satisfying % + & <1

o Let ug € Uyg,so(2) = (W1%(£2), Dom_1 5 (—A));_ 1
0

N
280

4 for qo € (1,00) and so € (N, oo) satisfying qio +
<1
A typical setting fulfilling this assumption on ug would be ug € Wy'*(£2) with some so > N. Then, uy €

Uygo.s0(£2) and the relation qio + % < % is valid for any qo > sfi"N.

To state the existence and boundedness of the solution to (1.1), we need the following lemma.
Lemma 2.4. Under the assumptions on py and rq from Assumption 2.1, there is a > 0 such that
Upo,ro (£2) <= C*(£2) = L¥(£2).

Proof. By Assumption 2.1, there are €, > 0 such that 1 — p% —e> % + 5. Using Theorems 1.3.3 and 1.15.2
from [27] as well as Theorem 2.10 from [§8], we get

(L7 (£2), Domo, o (=A))1— L, = (L7(82), Domo,rg (=A))1- 1 oy — Domo,r, ((—A)' 770 7%) — C*(Q2).
By the definition of Up, »,(§2) from (2.1), this states the assertion. O
Remark 2.5. Using Lemma 4.8 from [8], a corresponding result also holds for (NJquSO(Q) with qio + % <1

Proposition 2.6. Under Assumption 2.1, problem (1.1) admits a unique solution u € L (I x 2) with a priori
estimate

lull oo 12y < CLUflLecrirc2y) + lluoll oo (2) }-
Proof. The property (2.2b) in Assumption 2.1 implies that

d(, - u)u=(d(-,-,u) —d(-,-,0))u > —~yu® for all u € R.

Moreover from Lemma 2.4 we have ug € L*°(f2). These two facts and the rest of Assumption 2.1 ensure that
the nonlinearity d fulfills the assumptions made in (2.6) and (2.7) from [3]. Hence, we can apply Theorem 5.1
from [3], which states the existence and uniqueness of a solution u € L>(I x 2) to (1.1) as well as the stated
a priori estimate.

A similar result under the assumption that f € LP(I x £2) for p > & + 1 and ug € L>(£2) can be found
in Lemma A.1 from [22]. O
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The goal of the remaining part of this section is to prove the Hélder continuity of the solution of (1.1). Before
doing so, we need to establish some results for the following linear homogeneous and inhomogeneous problems

Dot x) — Av(t,x) = g(t,z), () €T x 2,

v(t,x) =0, (t,x) € I x 092, (2.3)
v(0,x) =0, x €
and
Ow(t,x) — Aw(t,z) =0, (t,x) e I x £2,
w(t,xz) =0, (t,x) € I x 992, (2.4)
w(0,x) = up(x), x € 2.

Proposition 2.7. Let g € LP(I; L"(12)) with % + % < 1. Then, there are 8,k € (0,1) depending on p and r
such that the solution v of (2.3) fulfills v € CP(I;C*(£2)) with

HU”CI’(I;C”(Q)) < C||9||LP(I;L"'(Q))~

Additionally, provided that g € LP(I; L*(§2)) for some 1 < p < o0, it holds that v € WP (I; L2(2))NLP(I; H*(12))
with the estimate
100l L (1,2 2y + V0]l Lo(r;n2(0)) < Collgllisrz20))

.2
where Cp < C}%.

Proof. The first result is proven, e.g., in Theorem 3.1 from [8] setting uo=0 there. The second result can be
found in Lemma 2.1 from [16], which itself mainly relies on [2,9]. O

Proposition 2.8. Let uy € Up, . (£2) with p% + % < 1. Then, there are B,k € (0,1) depending on pg and r¢o
such that the solution w of (2.4) fulfills w € CP(I;C*(£2)) with

wllesrox @) < Clluollv,, . (2)-

Additionally, provided that ug € H?(£2) N HE(£2), it holds that w € WH°°(I; L2(£2)) N L>(I; H?(£2)) with the
estimate
10wl oo (r:22(2)) + V0 L (122 (02)) < ClIVuol L2(02)-

Proof. The first result is proven, e.g., in Theorem 3.1 from [8] setting f =0 there. The second result follows
from standard estimates for z = Aw solving
Oz — Az =0, in I x {2,
2(0) = Auy, on {2

and elliptic regularity. O

Remark 2.9. Using Theorem 4.5 from [8], the results of the Propositions 2.7 and 2.8 can also be proven under
the assumptions f € LY(I; W~15(£2)) with % + & <1 and ug € Uy, (2) with q% + % <3

Based on these lemmas, we can derive the main result of this section, namely the Holder continuity of the
solution of (1.1).

Theorem 2.10. Let Assumption 2.1 be fulfilled. Then, there are 8,k € (0,1) such that the solution u of (1.1)
fulfills uw € CP(I; C%(£2)) with a priori estimate

lullcsrion 2y < CLUIFLrinr @) + luollo,, . @) }-



ERROR ESTIMATES FOR SEMILINEAR PARABOLIC EQUATIONS 2311

Proof. We write the solution u of (1.1) as u=v + w where v solves (2.3) with right-hand side g=f — d(-, -, u)
and w solves (2.4). Using Assumption 2.1 and the boundedness of u given by Proposition 2.6, we get by (2.2a)

1d(, W) o2y = 1dC, - w) = dC, - 0) | e rnr(2)) < Cllullneaxoy < C{flLerir @) + lwoll e ) }-

Hence, g lies in LP(I; L"(£2)) and Proposition 2.7 implies the existence of 1, x; € (0,1) such that

HU”cﬁl(l;cm(rz)) < C”QHLP(I;L"(Q)) < C{”f”LP(I;L"(Q)) + ||U0||Loo(rz)}~

Further, by Proposition 2.8, there are (a2, ko € (0,1) such that

[wllces (r;0m2(2)) < Clluollv,, .y (2)-
Then, setting 8= min{f;,F2} and k= min{k1,k2} and using Lemma 2.4 yields the assertion for

u=v -+ w. O

3. DISCRETE PROBLEM

To introduce the time discontinuous Galerkin discretization for the problem, we partition the interval (0,7
into subintervals I, = (t;—1, tim] of length k., =t — tim—1, where 0=ty < t; < -+ < tpr—1 < tapy =T. The
maximal and minimal time steps are denoted by k = max,, k,, and ky;, = min,, k,,, respectively.

Assumption 3.1. We impose the following conditions on the temporal mesh (as, e.g., in [17] or [19]):

e There are constants c1,co > 0 independent of k such that ki, > c1k?.
o There is a constant ¢ > 0 independent of k such that for allm=1,2,...,M —1 it holds ¢™! < K= < ¢,

- k7n+1
o [t holds k < iT.

Further, let v > 0 be such that (2.2b) holds. If v > 0, we make the following assumption on the smallness of k:
o There is 0 < p < 1 such that k fulfills k < 5.

If v=0, no further assumption on k has to be made.

For the discretization in space with discretization parameter h > 0, let 7 denote a quasi-uniform triangulation
of 2 with mesh size h, i.e., T ={7} is a partition of {2 into cells (triangles or tetrahedrons) 7 of diameter h.

such that for h = max; h,,
diam(r) < h < C|7|~¥, VreT.

Let V}, be the set of all functions in H{ ({2) that are Lagrange polynomials of order v > 1 on each 7 € 7. We
consider the space-time finite element space

XS:Z = { Vkh € LQ(I; Vh) ! Vkh,m : :Ukh|1m S Po([m; Vh)7 m=1,2,...,M } R
where Py(I;V) is the space of constant polynomial functions in time with values in a Banach space V.
Throughout, we denote by P, : L?(£2) — V}, the spatial orthogonal L? projection and by Ry,: H}(2) — V

the spatial Ritz projection. Moreover, we introduce the discrete Laplace operator Ay : V}, — V}, defined by

(—Apvn, on)o=(Von,Ven)o, Yen € V.

Further, we denote by Py the temporal L? projection given for a function v € L'(I) by

1
(ka)\lmzk—/l v(t) dt, m=1,2,..., M.
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Finally, the projection IT}, is given for v € C(I) by
()|, =v(tm), m=1,2,..., M.
The extension of these operators to space- and time-dependent functions is obvious.
We will employ the following notation for time-dependent functions v:

vt = El_iglJr V(tm +€), v, = Eli%lJr V(tm —€), [Wm=v

_Uﬁ

+
m m*

Note, that by definition, for vy € X,S:Z, it holds

+ _ — _ _
Vkh.m = Vkh,m+1s  Ugp o = Vkhyms  [Vkhlm = Ukh,m+1 — Vkh,m-

Based on these preparations, we define the bilinear form B by

Z (O, @) 100 + (YU, Vo) 1x + Z [Wlin—1: 1) + (ug 95 ) s (3.1)

m=2

 are the usual L? space and space-time inner products, (-, )1, x ¢ is the duality pairing

where (+,-)p and (-, )1, x
1($2)) and L3(I,,; H}(£2)). Rearranging the terms in (3.1), we obtain an equivalent (dual)

between L2(I,,; H™
expression for B:

i

M—
Z U, D) 1, x 0 + (Vu, Vo) 1o — Z )+ (uppoap) - (3-2)

We note, that the first sum in (3.1) vanishes for u=wuy, € X,S’Z and the first sum in (3.2) for ¢ = @i, € XS’Z,

: 0 0 .
respectively. Hence, on X’ x X'/, the semilinear form B can be reduced to

M
B(ukh, xn) = (Vugn, Vorn)ixo + Z ([wkn)m—1, @rh.m) 0 + (Wkh,1, Prn1)0 (3.3)
m=2
and
M-
B(ugh, oxn) = (Vukn, Vorn)xo — Z Ukh,ms [Prrlm) 2 + (Wkh, M, PrhM) Q- (3.4)

Then, we define the fully discrete ¢cG(v)dG(0) approximation uy, € X,sz of (1.1) by
B(un, orn) + (d(-, -, urn), 0xn)rxe = (f, ¢rn)1xe + (o, prni) e, Vorn € X;SZ (3.5)
Theorem 3.2. Under the Assumptions 2.1 and 3.1, there is a unique solution ug € X,S:Z of (3.5).

Proof. Using (3.3), problem (3.5) can be written as time stepping scheme for ugp m = tgn
as follows:

; form=1,2,....M

ko (Vthms Vor) @ 4+ (Wknhm 4 kmm (-, Wkh,m)s 1) @ = (Wkhm—1 + km fm, 00) 2, Veon € Vi,
where ugp,0 = Prup and the mean values d,, and fm are given on I X {2 by

A (z,u) = /dtwu)dtforueR and  f,(z)= /ftm
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Hence, in each time step, the following discrete semilinear elliptic equation for ugp ., with given ugp —1 has to
be solved:

Eeon(Vkhm, Vo) o + (don (-, wkhm)s ©1) 2 = (Wkhom—1 + km frns o1) 2, Yon € Vi (3.6)

The nonlinearity d,, is given for u € R as Jm(~,u) =u + kpmd,, (-, u). Hence, Assumption 3.1 and (2.2b) imply
ach(~,u) >1—kpy>1—p>0for vy >0 and ach(~,u) > 1 independent of k,, for v=0. The remaining
assumptions on d carry over to d and ensures the unique solvability of (3.6) for m=1,2,..., M by application
of Brouwer’s fixed-point theorem, see, e.g., [5]. O

4. DISCRETE MAXIMAL PARABOLIC ESTIMATES FOR A LINEAR AUXILIARY EQUATION

For given g € L'(I x £2), we consider the discrete linear auxiliary equation for vg, € X SZ

B(vkn, prn) + (bkh, Prn)ixe = (9, Prn)ixe,  Vorn € X;SZ (4.1)

with a coefficient b € L>°(Ix{2) fulfilling b(¢,z) > —~ for v > 0 from Assumption 2.1 and almost all (¢, z) € Ix 2.
For the solution vy, of (4.1), discrete maximal parabolic estimates in various norms are available in the
literature in the case b=0, see [17]. In this section, we extend these results to the case b # 0. The extended
results will be used later in the Sections 5 and 6 to prove the results for the semilinear problem.
Before doing so, we start with an existence result for (4.1).

Lemma 4.1. Under Assumption 3.1, there is a unique solution v, € XE’Z of (4.1).
Proof. By setting d(-, -, vip) = bugp, the assertion follows directly from Theorem 3.2. O

Lemma 4.2. Let Assumption 3.1 be fulfilled and g € L*(I; L*(£2)). Then, for the solution vgj € Xg:,’; of (4.1)
there holds

vknllzee (1:02(2)) < CllgllLrr;2(0))

with a constant C independent of h, k, g, and b.

Proof. 'We consider the dual problem for z, € X g; given by

B(@kh, zkn) + (bokhs 2kh) 12 = (Vkh, M QrhM) 2y Vorn € X;S:Z-

Using (3.4), zgn,m satisfies for m=M —1,M —2,...,1 the scheme

km(Von, Vegnm)o + (Zkhm + EmbmZkh,m, ©n) 2 = (Zkhm+1, 9n) 2,  Yeon € Vi, (4.2)

where zpp, 0 = Vin,pm and by, is given as before by
- 1
By (1) = — / b(t,z) dt.
km Jr.,

To proceed, we will first prove the boundedness of zx;, in L (I; L?(£2)). To this end, we employ the discrete
transformation argument from [18]. For p > 0 a sufficient large number to be chosen later let ygp m be defined
as

o1
Ykh,m = Zkh,m H Pa— m=1,2,..., M.
l:m1+ukl
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Then, by (4.2), we get

M M
ko [] (U4 180 (Veon, Vornm) o + T (1+ #k) Wenm + kmbmkn,m, on) o
l=m l=m
M
= H (1 + :ukl)(ykh,m+17 Qoh)Qa V(,Oh € Vh.
l=m+1

Dividing both sides by Hl]\i ma1 (L + pky) yields

k(1 + pkn) (Von, Vyinm) o + (1 + pkm) Wkhom + EmbmYkhm, 00) 2 = Ykhm+1, 9n) 02, Yon € Vi,

which can be rewritten as

k(1 + pkn)) (Von, Vinm) 2 + Ukhm + EmbmYihm: ©8) 2 = Ykhm+1,9n) 02,  Von € Vi (4.3)

with by, = by, + p(1 + kypb,y,). Using Assumption 3.1 and choosing u > 11—[) yields

bm > =y 4+ p(l = km7y) = =y +p(l —p) > 0.

Then, by testing (4.3) with @ =yntm, Wwe get |\ykh7m||%2(m < (Ykh,m+1, Ykh,m ), which implies
|YknmllL2(2) < ||Ykhms1llL2(0)- Using this recursively for m=1,2,..., M — 1, we get

lyrnallLz 2y < llyknalleze) = llvenall L2 0)-
Transforming back to zip,m, and using 1 4 pk; < erFr yields

M

L2(02) H (1 + pky) < e fvgn, || 22(2)
=1

llzen1llz2(2) = lykn,1

and hence
2kl e (1:22(2)) < €T lvkn, || z2(2)-

Using this and (4.1), we obtain

||vkh,MH2L2(Q) = B(Vkh, zkn) + (DVkh, 26n) 1x2 = (9, 2kh) 1x 02

<Nl sz llzrnll Lo ;2 2)) < €T llgllor (iezcopllvknar | L2(2),
which completes the proof. O

The next lemma provides a discrete maximal parabolic estimate for vy, with respect to the L>(I; L%(£2))
norm.

Lemma 4.3. Let Assumption 3.1 be fulfilled and g € L>(I; L?(£2)). Then, for the solution vy, € X,S:Z of (4.1)
there holds

[ Anvknll Lo (1;02(02)) +  _max

[Ukh]m—l
1<m<M

T
. SClnE{H' 101 oo (1 2) 9l Lo (10202

L2()

with a constant C' independent of h, k, g, and b.
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Proof. The solution vy, € X,SZ of (4.1) fulfills

B(vkn, k) = (9, Prn)ixe, Vorn € X;S:Z
with §=g — bugy,. Using Lemma 4.2, we can estimate

91l o (r;22(2)) S N9l Lo (1;22(2)) + N0l Lo (rx2) 1Vrnll oo (122 (2))
<|lgllzee (z;2(2)) + 10l Lo (rx 2) |9l L1 (1:2.2(02))
S C{L+ bl Lo (rx) gl Lo (1:02(02)) -

Applying the discrete maximal parabolic regularity result of Theorem 2 and Corollary 2 from [17], we obtain
the desired estimate for vyy,. O

Before continuing with estimates for the solution of (4.1), we recall for completeness two well-known results
for finite element functions.

Lemma 4.4. For any wy, € Vy,, it holds
[wh Lo (2) < Cl|ApwnlL2(2) and  |lwnl|z2(2) < CllAnwn| L1 (2)-
Proof. Let w € Hg(£2) given as the solution of
(Vw,Vo)o=(—Apwn, ©)o, Ve e Hy(£2).

Note, that by construction, it holds Rjw = wy, for the Ritz projection Rj,. Elliptic regularity yields w € H?({2)
with ”EUHHQ(Q) < OHAhwhHLQ(Q)- Further, it holds ||w||L2(Q) < C”Ah’th”Ll(_Q) For the first assertion, let
ip: C(£2) — V), be the nodal interpolant. Since v > 1, by standard estimates for w;, — w and for the inter-
polation error w — ipw as well as an inverse estimate, we get
|wallLoe (@) < lJwn = inw|| Lo (2) + linw — w| Lo (2) + W] L (2)
_N . .
<Ch™ = {|lwn — wllz2(a) + v —inwl 20y} + linw — wllpe (o) + [wll L= (o)

<O % +1)[|V?w] 12(0) < ClArwil| 2(0)-
Similarly, we get for the second assertion that
lwnll 22y < llwn — w20y + wlL2@) < C{P?||Anwhl| L2(@) + [[Anwh L1 }
<O(h*™% + 1) Anwnll () < ClAnwhllzi o).
This completes the proof. (I

The next lemma provides a discrete maximal parabolic estimate for vy, with respect to the L (I x §2) norm.

Lemma 4.5. Let Assumption 5.1 be fulfilled and g € L*(I x §2). Then, for the solution vy, € X,S:Z of (4.1)
there holds

M 2
T
8wl + D Moualmosllro <€ () {1+ e Hgllor e

m=1

with a constant C independent of h, k, g, and b.
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Proof. We consider the dual problem for zy;, € X,S’Z given by

B(@kh, zkn) + (bPkhy 2kh) 12 = (Pkhy SENVKK) Ix 2,  VPkn € X;S:Z>
where sgn: L2(I x §2) — L>(I x §2) denotes the sign function. Then, it holds

lvknllrr (1< 0) = B(vkn, 2kn) + (bVkn, 2kn) 1x2 = (9; 2kn) 1x2 S |9l 21 (1x ) [|28n | o (1% 2)-
By Lemma 4.3 applied to the dual solution zi, and Lemma 4.4 applied separately to wp = zgp,m for

m=1,2,..., M, we get

T
l2kn )l Lo (rx 2y < CllAnzinl Lo (1.02(0)) < C In E{l + Hb||Loo(1xQ)}||Sgnvk||Loo(1;L2(Q))
T
<Ol {14 b 1y }
and consequently

T
vkl (1x2) <C'ln E{l + 1160l Lo (1x 2) HIgl L (1x 2)- (4.4)

As before, this implies for g =g — buy, that

. T
9l (1x02) <C'ln E{l 10017 (rxcy gl 1 (1x 2y,
which yields the assertion again by means of Theorem 2 and Corollary 2 from [17]. (]

5. BOUNDEDNESS OF THE DISCRETE SOLUTION

In this section, we derive the boundedness of the solution wugp, to (3.5) in L (I x £2). In the case N =2, this
was already proven in [21] using a different approach than used here. The technique employed there does not
extend to the three-dimensional situation, due to the used inverse inequality.

First, we introduce a modified nonlinearity dg with bounded derivative 0,dg, To this end, let for R > 0 the
nonlinearity dr be defined by

d(t,z,R) + (u — R)0,d(t, z, R), for u > R,
dr(t,z,u)= < d(t,z,u), for |u| <R,
d(t,z,—R)+ (u+ R)0,d(t,z,—R), foru < —R.

Further, let uf* and uf, be the solutions of the continuous problem (1.1) and the discrete problem (3.5) with
dp instead of d. Assumption (2.2a) on the local boundedness of 9,,d implies the global boundedness of

Oud(t,x,R), foru> R,
Oudpr(t,x,u) = < Oy d(t,x,u), for |u| <R,
Oud(t,z,—R), foru< —R

by a constant C'r depending on R:
|0udr(t, z,u)| < Cg for almost all (¢,z) € I x (2 and all u € R. (5.1)

Additionally, by (2.2b), it holds
Oudr(t,x,u) > —7. (5.2)
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In the following lemma, we state an quasi best approximation result for the error between uf and uth with
respect to the L*°(I x 2) norm:

Lemma 5.1. Let the Assumptions 2.1 and 3.1 be fulfilled, u'® be the solution of (1.1), and uth € X,S:Z be the
solution of (3.5) each with dg instead of d. Then, it holds

T 2
o~ e oy < Caltatl (10 ) o = il

0,
for any xrn € Xk,Z-

O,v R

Proof. Let xpn be an arbitrary but fixed element of X,’,. We decompose the error e =u" — u}fh as

e=(u" = Xkn) + (Xkn — uiy) =1+ Ekn,
By Galerkin orthogonality, there holds

B(ea Sakh) + (dR('a B U‘R) - dR('a *y uth)a Sakh)IXQ = 07 VCth € Xl[c):;:

and therefore

B(&kny orn) + (dr(- -, xkn) — dr (- upe), oxn)ixo = — B, orn) — (dr(, - u®) —dr(, - Xkn), ern)ixa (5.3)

for all pgp € Xg’Z. To formulate an appropriate dual problem, we define the coefficient b by

1
b:/ Oudr (-, - upy, + s(Xkn — upy,)) ds.
0

By (5.1), it follows ||b]| o (7x0) < Cr and (5.2) implies b(t,z) > —~ for almost all (¢,x) € I x £2. Further, by
construction, it holds
brn=dr(-,", Xkn) — dr(-, - ugy,)-
We will estimate &gp ar(x0) by using a duality argument. To this end, let 5:,30 : 2 — R be a smoothed Dirac
function with support contained in a single spatial cell 7 3 zq fulfilling

/ uy (2)x(@) do = x(20), VX EPu(r) and Fuyllzr( <C.

The explicit construction of such a function is given for instance in Appendix from [24]. Further, let 65,: I — R
be a smooth function with support contained in I; and fulfilling 65, > 0 as well as

HM(t) dt=1.
In

Them, let z;, € X ,SZ be given as solution of

B(@kn, 2kn) + (b0kns 2kn) 1x2 = (00020, Pkn)1x 2, VPkn € XIS:Z'
Using (5.3), we obtain

Ernvr (20) = (001020, En) 1x 2 = B (&t 21n) + (bxns 2kn) 1x 2
= B(&kns 2in) + (dr(, - xwn) — dr(c - uph)s 2kn) 1x 2
= — B(n, 2kn) — (dr( - u®) — dr(-, - Xkn) zkn) 1x2 (5.4)
M
= —(Vn,Varn)rxa + Z (s [2knlm) @ = (dR(, - u™) = dr (- Xkn)s 2kn) 1025

m=1
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where 1, =u® () — Xkh.m- For the first term on the right-hand side of (5.4), we get
|(Vn, Vagn)ixe| =[(VRun, Vagn)ixol = [(Brn, Anzen) 1x el < [ BanllLe1x o) |Anzkn L (1x 2)
<O hl|nllzerx o) lAnzknllLr (1x ),

where the stability of Ry in L (£2) from [23] for N =2 and from Theorem 12 of [14] for N =3 was used. For
the second term on the right-hand side of (5.4), it follows

M M M
Z (N [2en]m) 2| < Z 1Mm || Lo () | 2kl ml 1 (2) S 10l oo (1% 2) Z lzkn]mll L1 (2)-
m=1 m=1 m=1

Finally, for the third term on the right-hand side of (5.4), we obtain due to (5.1) that

|(dr(- qu) —dRr(- s Xkh), 2en)1x 2| < CRHUHLoo(]xQ)||Zkh||L1(Ixrz)~

Combining the previous estimates and applying Lemma 4.5 to the dual problem considered here as well as
Lemma 4.4 for ||zxn|| 11 (1x0) leads to

M
Een, v (20) < CrlInhf||n|| e (1 0) {||Ahzkh||L1(I><Q) + ) zknlmllore) + ||Zkh||L1(I><(Z)}

m=1

T\? -
<Caltatl () Inll~croyBasd s

Using the bound y y
10810z, | 22 (1x 2) = 10011 L2 (1) [0 || 21 (2) < C

concludes the estimate of &p. Then, we get for the error

2
lellrxan < llecrma + 6l e < Crlinhl (18T ) Fallosasay,
which states the assertion. O
To formulate the boundedness result for ug, € X&Z, we require the following mild assumption on k and h.
Assumption 5.2. There ezxist ¢ > 0 (arbitrary small) and a constant C' > 0 such that
k<Ch°.

Remark 5.3. This is a very mild condition, since o can be choosen arbitrary small. We do not require any
conditions like k < Ch or even k < Ch? in the whole paper.

Theorem 5.4. Let the Assumptions 2.1, 8.1, and 5.2 be fulfilled. Then, there exists hg > 0 and a constant
C > 0 independent of k and h such that for all h < hg the solution uyy, € X,S:Z of (3.5) fulfills

lurnll oo (1x2) < Jullpee (r1x2) + 1.

Proof. Let R=||ul|p(rxo) + 1. By the boundedness of u, see Proposition 2.6, we have R < oo. Due to this
choice, it holds u® =u. Using the estimate from Lemma 5.1, setting xx, = Py Pyu and using the stability of the
temporal L? projection Py, in L>(I x §2), we get

T 2
llw — wfly |l Lo (1x0) < Cr|lnh| (ln k> {llu” = Peu® || oo (1x ) + |1 Pe(u = Pou™)|| Lo (1x02) }

T 2
< Cg|Inh| (ln k> {llu® = Pou"|| Lo (15 2) + [ = P Lo (152 }-
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By standard estimates for P, and Py together with the regularity of u from Theorem 2.10, it follows

T 2
lu — wfhy || (rx o) < Crln k) <1ﬂ k) {llw = Prull oo (1x ) + lu — Poull e (rx o) }

T 2
< Crlnh| <1n k) (K + h*) |l s (riox (o))

T 2
< Cg|lnh| (ln k) (K7 + h) N f e sz 2)) + lollu,, .o ) }-

Using Assumptions 5.2, it follows with § = min{og,k} > 0
[u—ufh, || L (1x02) < Crlln k>R,
Consequently, there exists hg > 0, such that for all h < hg we have ||u — ul3 || Lo (1x ) < 1. This yields
||uth||Loo(1xQ) <l poo (rx) + llu — uth”LOO(Ix.Q) <ull o0y +1=R,
and therefore uyy, = uth. This gives the boundedness of ugy,. O

Remark 5.5. As already mentioned in the introduction, the result of this theorem is available in the literature
for N =2, see Theorem 4.1 from [21]. The proof from [21] can not be extended to the three-dimensional case
(N =3) due to application of an inverse inequality.

6. ERROR ESTIMATES

In this section, we provide (quasi) best approximation results and error estimates of the discretization error
between the continuous solution u of (1.1) and the discrete solution ug, of (3.5) in various norms. Basis of all
given estimates is the boundedness of ugy given by Theorem 5.4.

We start with a best-approximation-type result in the L2(I x £2) norm.

Theorem 6.1. Let the Assumptions 2.1, 3.1 and 5.2 be fulfilled. Further, let u be the solution of (1.1), and
Ukp € X,g:,’; be the solution of (3.5). Then, it holds

lu = wen |l L2rxo) < C{llw = XrnllL2(rx0) + lu = Hiull L2 (1x2) + [u — Raullz2(rx0) }
for any xkn € X,SZ
Proof. Due to the boundedness of u by Proposition 2.6 and the boundedness of ug; by Theorem 5.4, we have

Ru=|ullp(x0) <00 and Ry, = Sku}l)Hukh”L"o(IxQ) < 0.

)

Choosing R= max(R,, R.,,) in Lemma 5.1, we directly obtain u=u® and wuy, =ul},. Proceeding as in the
proof of Lemma 5.1, we decompose

e=u—upp = (U — Xih) + (Xkh — Ukh) =1+ Ekn

and introduce the following dual problem for zy; € X,S’Z:

B(@kh, zkn) + (bokh, 2kn) 12 = (Ekhy ©kn) 1x 2y VR € X;SjZ
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with b as in the proof of Lemma 5.1. Testing with @y, =&k yields

1€knl1T2 (1% 2y = B(Ekns 2kn) + (bkns 2kn) 1% 2
M
(6.1)
= —(Vn, V) rxe + Z (ms [zkn)m) 2 — (dr(:, - w) — AR+ Xkn)s 2kR) 1% 2
m=1
For the first term on the right-hand side of (6.1), we get
[(Vn, Varn)rxa| = |(Rrn, Anzin)ixel <|RanllLzx2)|Anzenl L2 (< 2)-

For the second term on the right-hand side of (6.1), it follows from the definition of IIj, that

M = u(tm) = Xihm = w(tm) = Xpn(tm) = (L) (tn) = i (Xkn) (En) = (H0)m

and thus
M M M
> s [zrnlm) 2| = | D (k) ms zenlm) 2| < D 1 UTen)mllz2(o) | [2xn]ml 22 (2)
m=1 m=1 m=1

M 3, M 3
(Z Em[ TTkn|1 72 ) ) <Z o I T2kn m||L2(Q)>

IN

=1

2

M
=0l L2 (rx o) (Z k;zl[zkh]mn%?(m)
m=1

Finally, for the third term on the right-hand side of (6.1), we obtain due to (5.1)

|(dr(-, - u) = dRr (-, Xkn), 2en) 1x 2| S CRIM L2 (1x2) |26l L2(1x 2) -

It remains to bound the arising terms involving zp,. By Lemma 4.2 applied to the dual problem for zg,, we
have ||Zkh||Loo([;L2(Q)) < HEkh”Ll(I;LQ(Q)) and Consequently

102kl 2 (1x 2) S 10l Lo (rx 2y 120 | L2 (1 x 2) S bl Loe (1 x 2y 1kl L2 (1% 2)-

Then, Corollary 4.2 from [20] applied to the rewritten dual problem for zxp,

B(okn, zkn) = (Ekn — bzrn, Okn)1x o,  Yorn € X,SjZ

yields
M

2
|Anzinllz2(rx2) + <Z km1||[zkh]m|%2(ﬂ)> <€kn — bzrnll2(1x )

m=1
{1+ bl oo (1x2) HIEknl L2 (1x 2)-

Using Lemma 4.4 to bound ||zxn | £2(1x ) by [[Anzknll£2(1x @) and the boundedness of ||b| (7% oy due to (5.1),
we obtain

knll2rx o) < C{MllL2x2) + 1 Henllzx o) + 1 Renllzaxo) -

Then, the triangle inequality implies the assertion. (I

Under slightly strengthened assumptions on f and ug Theorem 6.1 yields an error estimate in the L2(I x §2)
norm of second order, which is optimal for v =1, i.e., for linear ansatz functions in space.
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Corollary 6.2. Let the Assumptions 2.1, 5.1 and 5.2 be fulfilled and additionally p,r > 2 and ug € HZ(£2).
Then, for the solution u of (1.1), it holds uw € H'(I; L*(2)) N L?(I; H*(£2)) with

0wl L2(rx 2y + IV ull L2(rx ) < C{Nf v (10 2)) + I Vuoll L2y + lluoll e (o) }-

Further, for the error between u and the solution ugp € XQ’Z of (3.5), it holds

= un |l 212y <O+ W) { fll oo @) + [Vuollzz (@) + lluoll L) }-
Proof. By putting the nonlinearity d to the right-hand side as
Opu — Au= f - d(a K U),

regularity theory for the linear equation (cf., e.g., [11], Chap. 7, Thm. 5) yields as in the proof of Theorem 2.10
by means of Proposition 2.6 that

10eullL2(1x 2) + [IV?ull 212y S C{If = ds - u) || L2(rx2) + Vol L2(0) }
<C{fll2rxe) + llull e rxo) + Vuoll r2(o) }
<SC{flzrriLr2) + IVuollz2 (@) + lluoll Lo () }

since p,r > 2.
From Theorem 6.1, we have

lu = wknll L2 (1x2) < C{Ilw = Xknll L2 (1x2) + llu = Hrul| g2 (13 2) + lu = Rpull 2 (1x2) }-
Choosing xn = Py Pyu as in the proof of Theorem 5.4, we get by the stability of Py in L2(I x £2)
lu — xenllL2(1x2) < C{llu = Prullp2(rx0) + llu — Paull2(1x0) }-
Then, the standard estimates

lu — Prullz2(rx o) + lu — Hyul| 2 (1x 0y < Ckl|Osul| L2 (1< 0y

lu— Poull2(1x0) + [t — Ruul| p2(rx0) < CR?(|V2ul| 211 )
yield the assertion. |
Next, we derive a best-approximation-type result in the L>(I; L?(£2)) norm.

Theorem 6.3. Let the Assumptions 2.1, 3.1 and 5.2 be fulfilled. Further, let u be the solution of (1.1), and
Ugp € X,?Z be the solution of (3.5). Then, it holds for all 1 <p<oo

T 1
v = uknllLo(r;22(2)) <Cln E{”u — XknllLoe (iz2(0)) + k77 lu = Ruull o2 o) }

Proof. Similar to the proof of Theorem 6.1, we obtain by the boundedness of u (see Prop. 2.6) and of ugp, (see
Thm. 5.4) that

Ry =ullp(x2) <o and Ry, = Su}pHukh”L“(IxQ) < 0.
Hence, setting R = max(R,, R,,,) in Lemma 5.1 yields uf* =u and uth = ugp. Like in the proof of Lemma 5.1,
we decompose

e=u— Ugh = (U — Xh) + (Xkh — Ukn) =1+ Ekn-
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and introduce the following dual problem for zy; € X,S’Z:

B(okn, zkn) + (born, 2kn) 1x2 = (Ern, 00, Qrn)1x 2, Vorn € X;SZ
with b and 0j; as in the proof of Lemma 5.1. Testing with g, = &y, yields

1€kn, 0|72 (2) = B(Ekns 2kn) + (B€kns 2kn) 1% 2

M (6.2)
= — (Y0, Vaen)ixa + Y, Ohms [zenlm) 2 = (dr( 1) = dr (- Xkn)s 2kn) 1x.2-

m=1

For the first term on the right-hand side of (6.2), we get by an inverse estimate for % + ﬁ =1 that

|(V0, Varn)ixa| =[(Ran, Anzin)ixel < |[(u — Ruu, Apzin)ixel + (0, Anzin) <o
<= Rpullpor,p22) 1Anzknll Lo (1,02(02)) + 0l (5200 1A 20| L1 (1;02(2))
<C{k™ 7 |lu = Ruullps(r,e2(e)) + Il zszo ) HAnzenll Ly iz 2))-

For the second term on the right-hand side of (6.2), we obtain

M M M
Z (Nms [2en]m) 2| < Z Il 22 ()l [26n]m | L2 (2) < 1l Lo (1;22(2)) Z [[2kn]m L2 (02)-
m=1 m=1 m=1

Finally, for the third term on the right-hand side of (6.2), we obtain due to (5.1) that

[(dr (-, s uw) — dr(+ s Xkn)s 2kn) 1x 2| < CrINl Lo (1,22 (@) 1200 | 21 (1502 (2))-

It remains to bound the arising terms involving zx,. By Lemma 4.2 applied to the dual problem for zx,, we
have || zxn || Lo (1;22(02)) < 1€k, 00 L1 (1;22(2)) and consequently

Nozknll L1 (1;2(2)) SN0l noe (rx 2yl zrnllLr (1;22(2))
<16l oo (rx ) I€kn,m 00| 21 (122 (2) = 16l oo (1 x ) 1€k, na || 2 (02

due to the properties of ;. By Theorem 11 from [17] applied to the rewritten dual problem for zgy,
B(kn, zkn) = Ern,mOn — b2kn, @rn)ix o, Yorn € X;S:Z
yields

M
T
|Anzinll o (r;r2 Q) + Z IT2knlmllz2(2) <C'ln EH&ch,MeM — bzrnll L1 (102 (02))
m=1
T
<Cln E{l + 10l e (rx ) }1kn,ar | 22(2)-
Using Lemma 4.4 for ||zxn||11(7;22(2)) and the boundedness of [|b|| (1« ) due to (2.2a), we obtain

T _1
€kn,mllL2(2) <Cln E{HUHL“’(Z;LQ(Q)) + Ck™7 |lu— Ruull s (1,22(2)) }

which yields the assertion. ]

Under further strengthened assumptions on f and wug, also this quasi best approximation result implies an
error estimate of second order, which is optimal (up to logarithmic terms) for v =1.
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Corollary 6.4. Let the Assumptions 2.1, 3.1 and 5.2 be fulfilled and additionally v > 2, f € L>=(1,L"(12)),

and ug € H?(2) N H($2). Then, for the solution u of (1.1), it holds w € WYP(I; L2(£2)) N LP(I; H?(£2)) for all
~2

1 < p < oo and there exists a constant Cp < C'ﬁpj with

10sull Lo r.z2 0y + IV ull Loz (0)) < Colllfl Lo (rsm(2)) + 1V 2u0l| L2 }-

Further, for the error between u and the solution ugp, € Xg’Z of (3.5), it holds

T 2
Ju = il gy < €O+ 1) (10 ) (1o + 190l -

Proof. We put the nonlinearity d to the right-hand side as

Ou— Au=f —d(-,-,u) in I x {2,
u(0) =wug on {2,

and split the solution as u=v + w where v solves (2.3) with g=f — d(-,-,u) and w solves (2.4). Then the
Propositions 2.7 and 2.8 imply

||3tv||Lﬁ(1;L2(rz)) + ||V2“||Lﬁ(1;L2(Q)) < Cpllf —d(, ',u)HLﬁ(I;Lz(Q)y

with C; < O£ and
||3tw||Lm(I;L2(Q)) + ||V2w||Loc(I;L2(Q)) < OHV2UO||L2(Q).

Combining these estimates and proceeding similarly to the proof of Theorem 2.10 by means of Proposition 2.6
then implies

10vull o (1,22(0)) + IV ull o (1,22(0)) S Cpll f — d(, -, w) | Lorrz(2)) + ClIVuollL2 ()
< Co{llf L riz22)) + Il e 1x2) } + ClIVuoll 2 ()
< Cp{llfll e ;o)) + VU0l 222 }

since r > 2 and p < oo.
From Theorem 6.3, we have

T 1
lw = urnll Lo (r;22(2)) <Cln E{Hu — Xknll Lo (r;2(0)) + k77 llu — Ruullpor,2(0) -
Choosing xxp = PrPru as in the proof of Theorem 5.4, we get

I = xunll oo (r;n2(0)) < lu = Prullpee (1;22(2)) + 1Pr(u = Pow) || oo (1;02(02))
<|lu = Prullpo(r;22(2)) + Ok~ 7| Pe(u — Pru)l| o 1,2 (2))

_1
< llu = Preul| g (;02(2)) + Ck77 lu — Poullporr2(a))-
From the stability of Py in L°°(I; L?({2)) and standard interpolation estimates, we have
1
[ — Prul| poo (r;02(0y) < Ck 7 [ 0pul| Lo(r.02(2))-
Further, standard estimates for ||u — Pyul|r2(0) and [ju — Ryul|12(o) imply

llu = Poull Lo r:22(2)) + llu = Ruull o ez )y < CR2IIV2ull Lo(riz2(0)) -
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Using these estimates, we get

T _1
lu = wknll Lo (r;p2(2)) < Cln k™7 {kl10vull Lo (r:L2 2y + W2 IV ull Loz )
1 T
<Cpk™7(k+h*)In E{Hf”mo(z;y(m) + IV?uoll L2 () }-

Then, by setting p= ln% we have Cﬁl(%SC In %, since % > 4 by assumption. This implies the

assertion. O

Finally, in the following Theorem, a best approximation result in L>®°(I x {2) is stated. This is a direct
consequence of Theorem 5.4.

Theorem 6.5. Let the Assumptions 2.1, 3.1 and 5.2 be fulfilled. Further, let u be the solution of (1.1), and
Uk, € X,S:Z be the solution of (3.5). Then, it holds

T 2
lu — urn || Lo (1x 2y < C|ln h| (hlk) lw — Xknll Lo (1x2)

for any xxn € X,SZ
Proof. Due to the boundedness of u by Proposition 2.6 and the boundedness of ug; by Theorem 5.4, we have

Ru=|ullp(x0) <00 and Ry, = Sku}l)Hukh”LOO(IxQ) < 0.

)

Choosing R = max(R,, R,,,) in Lemma 5.1, we directly obtain

T\ 2
[lu — ukh||L°°(I><Q) = HUR - uth||L°°(I><Q) <Cllnhl <1H k> [lu — th||L°°(I><Q)~

This concludes the short proof. O
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