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ERROR ESTIMATES OF A STABILIZED LAGRANGE—-GALERKIN SCHEME
FOR THE NAVIER-STOKES EQUATIONS

HiroruMmi NOTSU! AND MASAHISA TABATA?

Abstract. FError estimates with optimal convergence orders are proved for a stabilized
Lagrange—Galerkin scheme for the Navier—Stokes equations. The scheme is a combination of
Lagrange—Galerkin method and Brezzi—Pitkédranta’s stabilization method. It maintains the advan-
tages of both methods; (i) It is robust for convection-dominated problems and the system of linear
equations to be solved is symmetric. (ii) Since the P1 finite element is employed for both velocity and
pressure, the number of degrees of freedom is much smaller than that of other typical elements for the
equations, e.g., P2/P1. Therefore, the scheme is efficient especially for three-dimensional problems. The
theoretical convergence orders are recognized numerically by two- and three-dimensional computations.
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1. INTRODUCTION

The purpose of this paper is to prove the stability and convergence of a stabilized Lagrange— Galerkin scheme
for the Navier—Stokes equations. The scheme is a combination of a Lagrange—Galerkin (LG) method and
Brezzi—Pitkdranta’s stabilization method [8]. It has been proposed by us in [17,18] and, to the best of our
knowledge, it is one of the earliest works which combine the two methods, Lagrange—Galerkin and stabilization.
Optimal error estimates are shown for both velocity and pressure.

The LG method is a finite element method embracing the method of characteristics. The LG method has
common advantages, robustness for convection-dominated problems and symmetry of the resulting matrix,
which are desirable in scientific computation of fluid dynamics. Many authors have studied LG schemes for
convection-diffusion problems [5,10,12,22,24] and for the Navier—Stokes, Oseen and natural convection prob-
lems [1,3,6,15,19-21,27], see also the bibliography therein. The convergence analysis of LG schemes for the
Navier—Stokes equations has been done by Pironneau [21] and improved by Siili [27]. The analysis has been
extended to a higher-order time scheme by Boukir et al. [6] and to the projection method by Achdou and
Guermond [1]. While in these analyses they use a stable element satisfying the conventional inf-sup condition [14],
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we extend the convergence analysis to a stabilized LG scheme. The reason to use the stabilized method is to
reduce the number of degrees of freedom (DOF). In fact the cheapest P1 element is employed in our scheme for
both velocity and pressure, which is based on Brezzi—Pitkaranta’s pressure-stabilization method. Hence, the
number of DOF is much smaller than that of typical stable elements, e.g., P2/P1. As a result, the scheme leads
to a small-size symmetric resulting matrix, which can be solved by powerful linear solvers for symmetric ma-
trices, e.g., minimal residual method (MINRES) [2,25]. It is, therefore, efficient especially in three-dimensional
computation.

In LG schemes the position at the previous time ¢"~! of a particle is sought along the trajectory, which is
governed by a system of ordinary differential equations. The position at t"~! of a particle at a point at " is called
upwind point of the point or foot of the trajectory arriving at the point. While the system of ordinary differential
equations is assumed to be solved exactly in [1,27], approximate upwind points are computed explicitly without
assuming the exact solvability of the ordinary differential equations in [6,21]. Therefore, we may say that the
latter schemes are fully discrete. Our scheme is also fully discrete since the approximate upwind points are
simply obtained by the Euler method. In fully discrete schemes, however, it is not obvious that the approximate
upwind points remain in the domain, which should be proved. Such difficulty caused by the nonlinearity of
the Navier—Stokes’s equations is overcome in the proof by mathematical induction, which has been developed
in [6,27]. Thus, the stability and convergence with optimal error estimates are proved for the velocity in the
H'-norm and for the pressure in the L?-norm (Thm. 3.3) and for the velocity in the L?-norm (Thm. 3.6) under
the condition At = O(h%/*), where d is the dimension of the space. This condition is caused by the nonlinearity
of the problem and it is not required for the Oseen’s problem [20]. A stabilized LG scheme with an L?-type
pressure-stabilization for the Navier—Stokes’s equations has been proposed in [15], where the exact solvability of
the ordinary differential equations is assumed for upwind points. The optimal error estimates are proved under
a strong stability condition At = O(h?) for d = 2.

In the LG method we have to deal with the integration of composite functions that originate from the
convection term. It is reported in [16,23,28,29] that instability may occur caused by quadrature error if rough
numerical quadrature is employed for the integration. Although several methods have been studied to avoid
the instability in [4,16,22,23,32], here we do not discuss the issue because the integration in our scheme can
be computed exactly by a method developed recently in [30,31]. In our numerical examples we still employ
numerical quadrature, but with much care, ¢f. Remark 5.2.

This paper is organized as follows. Our stabilized LG scheme for the Navier—Stokes’s equations is presented
in Section 2. The main results on the stability and convergence with optimal error estimates are shown in
Section 3, and they are proved in Section 4. The theoretical convergence orders are recognized numerically by
two- and three-dimensional computations in Section 5. The conclusions are given in Section 6. In the Appendix
two lemmas used in Section 4 are proved.

2. A STABILIZED LAGRANGE—GALERKIN SCHEME

We prepare the function spaces and the notation to be used throughout the paper. Let {2 be a bounded
domain in RY(d = 2,3), I' = 952 the boundary of 2, and T a positive constant. For an integer m > 0 and a real
number p € [1, 0] we use the Sobolev’s spaces W™P(£2), Wy ™ (£2), H™(2)(= W™?2(£2)), H}(£2) and H'(R2).
For any normed space X with norm | - || x, we define function spaces C([0,T]; X) and H™(0,T; X) consisting
of X-valued functions in C([0,T]) and H™(0,T), respectively. We use the same notation (-,-) to represent the
L?(02) inner product for scalar-, vector- and matrix-valued functions. The dual pairing between X and the dual
space X' is denoted by (-,-). The norms on W™P(£2)¢ and H™(£2)?% are simply denoted as

I lmp = - llwmecyas M- llm = 11 lam@)a (=1 - lm,2)
and the notation || - ||, is employed not only for vector-valued functions but also for scalar-valued ones. We also
denote the norm on H~1(£2)¢ by || - ||_1. L3(£2) is a subspace of L?(§2) defined by

L3(2) = {q € L*(©2); (¢,1) =0}.
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We often omit [0, 7], £2 and/or d if there is no confusion, e.g., we shall write C(L>°) in place of C ([0, T]; L>(£2)%).
For tg and t; € R we introduce the function spaces

Zm(t(),tl) = {’U € Hj(t(),tl; Hmij(g)d); j = 0, oo, Mm, H”||Zm(t0,t1) < OO}

and Z™ = Z™(0,T), where the norm ||v|

Zm(to,t1) is deﬁned by
1/2
m

0l zm (tores) = 8 D 003 ¢t 22 5m—3 (2)9)
=0

We consider the Navier—Stokes’s problem; find (u,p) : 2 x (0,7) — R% x R such that

Du

D V- 2vDu)]+Vp=f in £2x(0,7), (2.1a)
Vou=0  in 2x(0,7), (2.1b)

u=0 on I'x (0,7), (2.1c)

u = u’ in §2, att=0, (2.1d)

where v is the velocity, p is the pressure, f: 2 x (0,T) — R? is a given external force, u® :

initial velocity, v > 0 is a viscosity, D(u) is the strain-rate tensor defined by

2 — R%is a given

DZ](U):§ 8.%‘3 8.TZ>’ ’L,]Zl,...,d,

and D/Dt is the material derivative defined by

Letting V =
(V' x@Q)x(VxQ) by

a(’LL,U) = QV(D(U)vD(U»? b(va) = _(v "UaQ), A((uvp),(U,Q)) = a’(U,U) +b(’l),p) +b(u7q),
respectively. Then, we can write the weak formulation of (2.1) as follows: find (u,p) : (0,7) — V x @ such

that, for t € (0,7,

(%@L(t)’ﬁ + A((u,p)(®), (v,9)) = (f(£),), V(v,q) €V xQ, (2.2)

with u(0) = u°.
Let At be a time increment and t" = nAt for n € NU {0}. For a function g defined in {2 x (0,7") we denote
generally g(-,t") by ¢g". Let X : (0,7) — R? be a solution of the system of ordinary differential equations,

dX

— =u(X,1). 2.
= = (X, (23)
Then, it holds that
Du d
E(X(t)»t) = au(X(t),t),
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when u is smooth. Let X (-;z,t™) be the solution of (2.3) subject to an initial condition X (t") = . For a velocity
w: 2 — R let X (w, At) : 2 — R? be a mapping defined by

X1(w, At)(x) = x — w(x)At. (2.4)

Since the position X (u"~!, At)(x) is an approximation of X (t"~1;z,t") for n > 1, we can consider a first order
approximation of the material derivative at (x,t"),

u™ —u" o Xy (ut, At)

d N B
= Eu(X(t,ac,t ),t)’t:tn = o (z) + O(At),

where the symbol o stands for the composition of functions,

(vow)(z) = v(w(x)),

for v: 2 — R% and w : 2 — 2. X;(w, At)(z) is called an upwind point of x with respect to the velocity w.
The next proposition gives a sufficient condition to guarantee that all upwind points are in 2.

Proposition 2.1 [24]. Let w € W™ (£2)% be a given function, and assume that
At|w|l1,00 < 1.
Then, it holds that
X1 (w, At)(2) = 2.

For the sake of simplicity we assume that (2 is a polygonal (d = 2) or polyhedral (d = 3) domain. Let
T, = {K} be a triangulation of 2 (= Uges, K), hi a diameter of K € T;, and h = maxger, hx the
maximum element size. Throughout this paper we consider a regular family of triangulations {7}, }1¢ satisfying
the inverse assumption [9], i.e., there exists a positive constant ag independent of h such that

hﬂ <oy, VK€ET, Vh (2.5)

K

We define the function spaces Xy, My, V;, and Qp by
Xp = {vn € C(D)% vy € PI(K)?, VK € T}, My = {qn € C(2); qnx € Pi(K), VK € Tp,},

Vi, = XNV and Q, = My, N Q, respectively, where P;(K) is the space of linear functions on K € 7},. Let
Nr = |T/At] be the total number of time steps, dp a positive constant and (-,-)x the L?(K)? inner product.
We define the bilinear forms C, on H'(2) x H'(§2) and Aj, on (V x HY(£2)) x (V x HY(£2)) by

Chl(p,q) =00 Y hi(Vp,Va)x,

KeTh
An((u,p), (v,9)) = alu,v) + b(v, p) + b(u, ) — Cu(p, q). (2.6)

The bilinear form Cj, has been originally introduced in [8] in order to stabilize the pressure.
Suppose f € C([0,T]; L*(2)%) and u® € V. Let an approximate function u) € Vj of u® be given. Our
stabilized LG scheme for (2.1) is to find {(uj, pﬁ)}nNle C Vi X Qp, such that, forn=1,..., N,

ull —ul o Xy (up Tt At)
At

ﬂ’h) + An((ufy, o), (Vnyqn)) = (f™ o), Y(0n,qn) € Vi X Qp. (2.7)
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Remark 2.2.

(i) By expanding u} and p} in terms of a basis of Vj, and @, the scheme (2.7) leads to a symmetric matrix

of the form
A BT
B -C )’

where A, B and C' are sub-matrices derived from ﬁ(uﬁ, vp) + a(uy,vy), b(uy, gn) and Chn(p}, gn), respec-
tively, and the superscript “T” stands for the transposition.

(ii) The matrix is independent of the time step n and is invertible. The invertibility is derived from the fact
that (u},p}) = (0,0) when u} ' = f* = 0 since we have

1 n n 7
A—t\luhHng?'/llD(uh)Hng% > BEIVPRIT2 (k00 =0
KeTy,

by substituting (v}, —p}) € Vi X Qj into (vs, qpn) in (2.7).
(iii) There exists a unique solution (u},py) if Xl(uz_l,At) maps {2 into {2. The condition is ensured if
Atlju} 1,00 < 1, ¢f. Proposition 2.1.

3. MAIN RESULTS

In this section we state the main results, conditional stability and optimal error estimates for the scheme (2.7),
which are proved in Section 4.
We use the following norms and a seminorm, || - |lv, = |- lv=1-1l., |- llo, =l - lle = Il - llo,

lulle ) = max [, s, o

yeee

m 1/2
{Atz ||Un|§<} v ulliex) = ||U||13VT(X),
n=1

1/2
pln = { > h(Vp, Vp)x} ;

KeTy,
for m € {1,..., N7} and X = L>(£2), L?(£2) and H'(§2). D a; is the backward difference operator defined by

ul — un—l

Dau™ =
AtU At

Definition 3.1. For (w,r) € V x Q we define the Stokes projection (wp, ") € Vi, X @Qp of (w,r) by

Ap ((@n, 1), (vn, qn)) = A((w, ), (0, qn)),  V(vn,qn) € Vi X Q. (3.1)

Hypothesis 3.2. The solution (u,p) of (2.2) satisfies u € C([0,T); Wh(2))) N Z2n HY(0,T;V N H2(2)?)
and p € HY(0,T;Q N H(N2)).

Theorem 3.3. Suppose Hypothesis 3.2 holds. Then, there exist positive constants hg and ¢y independent of h
and At such that, for any pair (h, At),

he(0,hy], At <coh/?, (3.2)

the following hold.
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(i)  Scheme (2.7) with u), the first component of the Stokes’s projection of (u°,0) by (3.1), has a unique
solution (up,pn) = {(u}, pP) N, C Vi, x Q.

(ii) It holds that
[unllise oy < [lulleme) + 1. (3.3)
(iii) There exists a positive constant ¢ independent of h and At such that

— ou
lun — wllzoe (a1, HDAtUh - —

5 pn — plli2 L2y < E(At + h). (3.4)

12(L2)’

Remark 3.4. Since the initial pressure p¥ is not given in (2.1), we cannot practice the Stokes’s projection of
(u®, p%). That is the reason why we employ the Stokes projection of (u°,0) and set the first component as ul).
This choice is sufficient for the error estimates (3.4) and also (3.5) in Theorem 3.6 below.

Hypothesis 3.5. The Stokes’s problem is regular, i.e., for any g € L*(£2)? the solution (w,r) € V x Q of the
Stokes problem,

A((w,7), (v,9)) = (9,v), Y(v,q) €V xQ,
belongs to H?(2)% x H'(£2) and the estimate
[wllz +Irlls < crllgllo
holds, where cgr is a positive constant independent of g, w and r.

Theorem 3.6. Suppose Hypotheses 3.2 and 3.5 hold. Then, there exists a positive constant ¢ independent of h
and At such that

lun — ullioe L2y < E(AL+ h?), (3.5)
where up, is the first component of the solution of (2.7) stated in Theorem 3.3(i).

Remark 3.7. Hypothesis 3.5 holds, e.g., if {2 is convex in R?, cf. [14].

4. PROOFS OF THEOREMS 3.3 AND 3.6

We use ¢, ¢, and c(,, p) to represent the generic positive constants independent of the discretization parameters
h and At. ¢, and c(,, p) are constants depending on u and (u, p), respectively. The symbol “/” (prime) is sometimes
used in order to distinguish between two constants, e.g., ¢, and c,,.

4.1. Preparations

We recall some lemmas and a proposition, which are directly used in our proofs. The next lemma is derived
from Korn’s inequality [11].

Lemma 4.1. Let 2 be a bounded domain with a Lipschitz-continuous boundary. Then, there exists a positive
constant ay and the following inequalities hold.

ID@)llo < [[vlls < axl D)o, Vv € Hy(£2)". (4.1)

We use inverse inequalities and interpolation properties.
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Lemma 4.2 [9]. There exist positive constants aa;, t = 0,...,4, independent of h and the following inequalities
hold.

lgnln < a20llgnllo, Van € Qn, (4.2a)

lvnllo.ce < a1h™C|vg]|1, Yo, € Vi, (4.2b)

[vnll1.00 < ao2h™2||lop |1, Yoy, € Vg, (4.2¢)

IHTnv0,00 < [|7]l0,00s Yo e C(02)4, (4.2d)

HInv|1,00 < @23]|v]1,005 Yo e Whe ()4, (4.2¢)

HTpv —v|l1 < agahlv]|2, Yo e H*(0)%, (4.2f)

where ITy, : C(£2)* — X}, is the Lagrange interpolation operator.
Remark 4.3.

(i) Although the inverse assumption (2.5) is supposed throughout the paper, it is not required for the esti-
mates (4.2a), (4.2d), (4.2¢) and (4.2f). The assumption that {7, }5 0 is regular is sufficient for them.

(ii) The inverse inequality (4.2b) is sufficient in this paper, while it is not optimal for d = 2.

(iii) We note agz > 1.

Lemma 4.4 [13]. There exists a positive constant asg independent of h such that for any h

An ((wp, 1), (vp,
inf sup h(( o), (U Qh)) > azo- (4.3)
(WhTR)EVRXQh (v, ,qm)eVi xQn || (Wh, TR)[[Vx @l (vn, an) v xe

Remark 4.5. Although the conventional inf-sup condition [14],

b
inf sup 7(%’%) > 3" >0,
0 €Qn vy, eVi, lvnll1llgnllo

does not hold true for the pair of V), and @, the P1/P1 finite element spaces, Aj, satisfies the stability
inequality (4.3) for this pair.

Proposition 4.6 [7].

(i) Suppose (w,r) € (VN H?(2)4) x (QNHY(R)). Then, there exists a positive constant azy independent of h
such that for any h the Stokes projection (wp,7r) of (w,r) by (3.1) satisfies

[on —wllv, 170 = 7llo, |7 = 7ln < asihl|(w, )| a2 (4.4a)

(ii) Suppose Hypothesis 3.5 additionally holds. Then, there exists a positive constant ase independent of h such
that for any h

[on —wllo < azah®||(w, )| g2 pre- (4.4b)

We recall some results concerning the evaluation of composite functions, which are mainly due to Lemma 4.5
in [1] and Lemma 1 in [10]. In the next lemma a and b are any functions in Wy > (£2)? satisfying

At|lall1,00, At]]1,00 < 01,

where d; is a constant stated in (i) of the following lemma. We consider the mappings X (a, At) and X (b, At)
defined in (2.4).
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Lemma 4.7.

(i) There exists a constant 01 € (0,1) such that

J(x)>1/2, Vx e 2, (4.5)
where J is the Jacobian det(0X1(a, At)/0x).
(ii) There exist positive constants aui, © = 0,...,3, independent of At such that the following inequalities hold.
lg — g0 Xi(a, At)[lo < asoAt[lallo,cllgll1, vg € H' ()7, (4.6a)
lg — g0 Xi(a, At)[| -1 < s Atflal]1,00 [l 9]0, vg € L*(02)%, (4.6b)
lg o X1(b, At) — go X1(a, At)[lo < aazAtb—allollglli,c0, Vg€ WH(2)7, (4.6¢)
lg o X1(b, At) — g o Xi(a, At)[lo,n < ausAt[|b— allollgl1, Vg e H'(2)". (4.6d)

Proof. Since J;; = 6;j — AtOa;/dz;, (4.5) is obvious. It holds that for any ¢ € [1,00), p € [1,00], p’ with
1/p+1/p' =1and g € Whe' ()¢

llg o X1(b, At) — g o Xi(a, At)Jo.q < 2[|X1(b, At) — Xi(a, Ab)l0,pglI V9 ll0.0p'

from Lemma 4.5 in [1], which implies (4.6a), (4.6¢) and (4.6d). For the proof of (4.6b), refer to Lemma 1
in [10]. d

4.2. An estimate at each time step

Let (an,pn)(t) € Vi, x Qp, be the Stokes’s projection of (u,p)(t) by (3.1) for ¢t € [0, T]. Letting
ey =up —p, e =pp =Py, 1(t) = (u—1an)(t),

we have for n > 1

(Daceyy, vn) + An((ef,€n), (vn, qn)) = (R, o), Y(vn,qn) € Vi X Qn, (4.7)
where
4
Z = ZRZZ’
i=1
Du™ n_ ,n—1 X n—1 At 1
RZl _ l;j,t u U OAtl(U ) )’ RZ2 = _t{un 1 OXl(’LLZ_l,At) ot OXl(’LLnil,At)},
1 1
Ry, = Zt{”n — o Xa(up T AN, Rj = _A—t{eg—l — et o Xaup ™ A,

(4.7) is derived from (2.7), (3.1) and (2.2). We note €)) = u)) — a9 and set £) = p)) — p?, where (ul,p?) is the
Stokes projection of (u°,0) by (3.1).
Hereafter, let 4; be the constant in Lemma 4.7.

Proposition 4.8.
(i) Let (u°,p°) € (H*(2)INV) x (H'(2)N Q) be given and assume that V - u® = 0. Then, there exists a

positive constant cy independent of h such that for any h

0
VIID(ep)llo + 50\62\h < crh. (4.8)



ERROR ESTIMATES OF A STABILIZED LAGRANGE—GALERKIN SCHEME FOR THE NAVIER-STOKES EQUATIONS 369

ii) Letne{l,...,Np} be a fived number and let u?~' € V}, be known. Suppose the inequality
h

Atllup 100 < 01 (4.9)

holds. Then, there exists a unique solution (uy,py) € Vi, x Qn of (2.7).
(iii) Furthermore, suppose Hypothesis 3.2 and the inequality

At‘lu‘lc(wl‘oo) < (51 (410)
hold. Let pzfl € Qp, be known and suppose the equation

b(up ™ an) = Cr(Ph ™t qn) =0, Van € Qu, (4.11)
holds. Then, it holds that

_ . 8o . 1— . _ ~
Dot (VIDERIE + AR ) + 5IDaiehl} < a(la o ID(eE IR

o 1
sl o) { sy 0 (U0 oy +1) o (@12)
where A;, i = 1,2, are functions defined by

Ai(©) =a(e+1)
and c;, i = 1,2, are positive constants independent of h and At. They are defined by (4.19) below.
For the proof we use the next lemma, which is proved in Appendix A.1.

Lemma 4.9. Suppose Hypothesis 3.2 holds. Let n € {1,..., Ny} be a fized number and let uz_l € Vj, be known.
Then, under the conditions (4.9) and (4.10) it holds that

[Rpillo < cuVAL||ul z2(in -1 4m, (4.13a)
IR0 < cu(ller™ o + hll(u,p)™ M2 ), (4.13D)
[Bhsllo < %(Iliﬁﬁl ) (s D) 1 g1, 63112 110 (4.13¢)
I Ri4llo < cllup™ lo,coller ™ Il (4.13d)

Proof of Proposition 4.8. We prove (i). Since (u?,p?) and (49, %) are the Stokes’s projections of (u’,0) and
(u®,p°) by (3.1), respectively, we have

ID(ep)llo < llenlls = lluh — @pll < llup — w1 + [lu® = @j |l < 2058l (u®, p°) | 2o
lenln = 1ph = Bhln < [ph — Oln + |5y — P°ln + [P0 < azo([lph — Ollo + (155 — #°llo) + Allp°[x
< (200031 + D[ (u®, ) | 2
which imply (4.8) for ¢; = {2v/vaz1 + /d0/2(2a20a31 + 1)} (u®, pO)| g2 w11 -

(ii) is obtained from (4.9) and Remark 2.2-(iii).

We prove (iii). Substituting (D a¢e},0) into (v, gp) in (4.7) and using the inequality (a? — b%)/2 < a(a —b),
we have

4
IDacenll§ + Dac(VIID(eR)F) + b(Daceh,<r) Z Ry, Dacey), (4.14)
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where we have noted that X (u"~1, At) in R}, (i = 1,2) maps {2 onto £2 by (4.10). From (4.11) and (2.7) with
v, = 0 € Vj, we have that

b(uy;, qn) = Ch(pfi,qn) =0, Vau € Qn, (4.15)
for k =n —1 and n. Since (4}, py) is the Stokes’s projection of (u™,p™) by (3.1), we have
b(ay, qn) — Cu(PF, qn) = b(u®,qn) =0, Van € Qn, (4.16)
for k =n — 1 and n. The equalities (4.15) and (4.16) imply that
b(Dacel,qn) — Crn(Datel,qn) =0, Van € Qp,
which leads to
—b(Dage},ey) + Ch(Dasel,ef) =0 (4.17)

by putting g, = —e} € Qp. Adding (4.17) to (4.14) and using Lemma 4.9 and the inequality ab < Ba?/2 +
b?/(28) (B3 > 0), we have

4
_ _ 5 _
IDacei 3+ Dae (VIID(R) I + 1kl ) < D (Ris Darer)
=1

- - 4 N [ [
< | 28 ) 1Dl + <2 (- + T o D(e ) 3

P B2 Ba
At of 1 2 ||UZ_1H3 +1 9
e S 12 (P ey + 1 S ) o e ) b (018)
for any positive numbers 3; (i = 1,...,4), where the inequality [le}~'[lo < |le}"'||; has been used. By setting

Bi=1/8fori=1,...,4 in (4.18) we have that
) a2 L 90 2 L= a2 Cu n—1)2 n—1y2
Dae (vlID(ep)llo + 5 lenli | + 5l1Dacehll < — (Iluh = 115,00 + 1) ¥IID(er,™ D5

) § At 2018 e+ 1) (I B s sy +1)
Putting
1= ¢y /v, €2 = Clu,p), (4.19)
we obtain (4.12). O

4.3. Proof of Theorem 3.3
The proof is performed by induction through three steps.

Step 1. (Setting ¢o and hg): Let ¢; and A; (i = 1,2) be the constant and the functions in Proposition 4.8,
respectively. Let a1, as and ¢, be constants defined by

a1 = Ai([[uller=) +1), a2 = Ao([ullcr=) + 1),

aq 1/2 1/2
c. = <t exp(arT/2) max{ a3 [[ull 72, a3/ (1w, p) | a2y + TY2) + 1 .

N



ERROR ESTIMATES OF A STABILIZED LAGRANGE—GALERKIN SCHEME FOR THE NAVIER—STOKES EQUATIONS 371

We can choose sufficiently small positive constants ¢ and hg such that

0421{6*(Cohg/12 + h(lfd/fi) + (2a + asl)hé*d/GH(u,p)HC(Hszl)} <1, (4.20a)

cofaza{en(co + hg ") + (a2 + as)hg™ " (w,p)llcqrxmy } + azshl lullcqr =] <61, (4.20)

since all the powers of hg are positive.
Step 2. (Induction): For n € {0, ..., Ny} we define property P(n) as follows:
ny||2 do n|2 L= 2
(a) v||D(ep)llp + §|€h\h + EHDAteh”lﬁ(Li’)

do
P(n) < exp(arn D) [V DI + S 1eRIE + aa { ALIulGz(0,0ny + 52 (10 2) s (0.0 20 + 0 A0) }]

(®) lupllo,co < llulle@e) + 1,
(¢) Atflupll1,00 < 61,

where ||Dasenl|iz (12) vanishes for n = 0. P(n)-(a) can be rewritten as

Ty + AtZyi < exp(a;nAt) (wo + Athi) , (4.21)
i=1 i=1
where
— nyl||2 50 n|2 — 1= 712
z, = v||D(ep)llo + 7|€h\hv Yi = §||DAtehH0a

1
bi as {At“u||2z2(ti17ti) + h2 <A—t|(u,p)“§11(ti17ti;H2><H1) + 1) } .

We firstly prove the general step in the induction. Supposing that P(n — 1) holds true for an integer n €
{1,..., Nr}, we prove that P(n) also holds. Since P(n—1)-(c) is nothing but (4.9), there exists a unique solution
(up,pp) € Vi x Qp of equation (2.7) from Proposition 4.8(ii). We prove P(n)-(a). (4.10) holds thanks to the
estimate,

Atl|ul ey < cohg ulloariey < conashf*[lullcwr) < b,
from condition (3.2), Remark 4.3(iii) and (4.20b). (4.11) is obtained from (2.7) for n > 2 and from the definition
of (u,p?), i.e., the Stokes’s projection of (u?,0) by (3.1), for n = 1. Hence (4.12) holds from Proposition 4.8(iii).
Since the inequalities A;(|[u}'[0,00) < a; (i = 1,2) hold from P(n — 1)-(b), (4.12) implies
5Atl'n +Yn < a1Tp_1 + bp,
which leads to
Ty + Aty, < exp(a1 At)(z,—1 + Atby,) (4.22)
by 1 <1+ a1 At < exp(a; At). From P(n — 1)-(a), i.e.,
n—1 n—1
Tn—1 + At Z yi < exp{al(n — 1)At} (1‘0 + At Z bi> , (4.23)

i=1 i=1
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we have that

n n—1
T, + At Z yi < exp(a1 At)(z,—1 + Atby,) + At Z v (by (4.22))
i=1 i=1
n—1
< exp(a; At) (xnl + At Z yi + Atbn>
i=1

n—1

exp {ai(n — 1)At} (mo + At Z bi> + Atb,,

i=1
< exp(a1nAt) (3:0 + At Z bi> ,

i=1

< exp(a1 At) (by (4.23))

which is (4.21), i.e., P(n)-(a).
For the proofs of P(n)-(b) and (c) we prepare the estimate of ||e}||1. From P(n)-(a) and (4.8) we have that
VID(ER)IE + LIhlR + 3 D acenlszey < explarD) [e3h* + an{ A2 ull + 1 (10, 2) s g2y +T) )]
< exp(a1T) [agAt2||u||2ZQ + hz{a2(||(u,p)\|§{1(H2xH1) +T)+ c?H < {es3(At + h)}Q’ (4.24)
where
¢s = exp(r T/2) max{ay/[ull 72, a3/ (I, )|z oy + T'7%) + 1 }.

(4.24) implies

aq

N

We prove P(n)-(b) and (c). Let II;, be the Lagrange interpolation operator stated in Lemma 4.2. We have
that

lenlls < anflD(ep)llo < At + h) = c.(At + h). (4.25)

0,00 < Nl = Tt 0,00 + Tt 0,00 < corh™ O |Jujt — Tyu™ ||y + | Tt 0,00
< apth™YS(Jlupy — aplly + ay — w1 + [Ju™ = Tpu™||1) + [ " |o,00
< apth™Y%{c, (At + h) + asih]| (W, p") | 2 s + czahlu™]2} + [u™]lo,00  (by (4.25))

< am{eu(cohg’™ + hy™ %) + (0 + as )by (w.p)ll ez} + lullew=)  (by (3.2))

<1+ |ullge=y (by (4.20a)),
Atl|lupll100 < coh™*(ufp = Mpu™|1,00 + HTnu"|1,00) < coh®*(anah™?|Juf — Hpu™ ||y + [ Thu™||1,00)
< cofamh™ Y (Jupp — aplly + g — w1 + [[u” = Thu™|2) + b4 T |10}
< colagah™ e (At + h) + asih[|(u”, p") || 2 + a2ab]|u]|2} + a2sh®[u™ |1 00]
< colanah™*{c.(coh™ + h) + (a2 + asn) | (u™, p™) | 52 x 1 } + 23h®* U™ |1 00)

< colaza{e(co + by ™) + (aza + az)hy Y| (s p)loquzx )} + a2shy *ullowos)]

<41 (by (4.20b)).

[k

Therefore, P(n) holds true.
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The proof of P(0) is easier than that of the general step. P(0)-(a) obviously holds with equality. P(0)-(b) and
(c) are obtained as follows.

0,00 < aorh™¥5(|lup — w1 + [|u® — Mull|y) + 11151 ]|o,00

lh 0.0 < Iluth —

< (a1 + a2) YO u0|a + [[u0]l.00 < 1+ [ulloz=) (by (4.20a)),

coh™*(||uf) — Myu ) < coh™*(agah™?||uf) — My
co{anah™ 2 (||uh — u¥1 + [|u® — Ipul||y) + Y4 Hpul|1 o0 }

< co{ana(asz + agg) R VHuC||y + aozh®4ul]1.00} < 81 (by (4.20b)).

N

At 11,00

)

IN

Thus, the induction is completed.

Step 3. Finally we derive the results (i), (ii) and (iii) of the theorem. The induction completed in the previous
step implies that P(N7) holds true. Hence we have (i) and (ii). The first inequality of (3.4) in (iii) is obtained
from (4.25) and the estimate

lun — ullioo zrry < |lenlliooarry + 1l ary < llenllioe arry + azihl|(w, p)ll o2 x -

Combining the estimate

n

— ou
[P -5

o
ot

< |Datedllo + 1D asn™|lo + HEAtUn —

0 0

— asrh
< [Diacehllo + S 0.0 e H

with (4.24), we get the second inequality of (3.4). Here, for the estimates of the last two terms, we have used
the equalities

L2(t"’_1,t";L2)

n 1 2
(Dam™) / 817 z,t" ! 4 sAt)ds Dau™ — gu” (x) = —At/ s%(x,t”*1 + sAt)ds
ot 0 Ot?
We prove the third inequality of (3.4). We have that
" N on 1 Ap((efr,eR), (v, aqn) 1 R? . vp) — (D acel, v,
el < leR eDlvxg € —  sp  AlEBCn@) L, (R o) - (D)
Q3o (Vh,qn)EVRXQp H(Uhaq}L)HVXQ Q30 (Vh,qn)EVR XQn ||(Uh7Qh)||VxQ

1 — ) n
< a) { VBull2m2.m) + (A Nt s ey + 1) + e~ + (Dl ) (426)

for n = 1,..., Ny. Here we have used Lemmas 4.4 and 4.9, the inequality [} '[jo < [le} "1 and (3.3). We
obtain the result by combining (4.26), (4.24) and the estimate
o — pllizezy < llenllizzy + 150 — pllizezy < llenllizrey + VTasihll(u, p)llocaex my-
4.4. Proof of Theorem 3.6
We use the next lemma, which is proved in Appendix A.2.

Lemma 4.10. Suppose Hypotheses 3.2 and 3.5 hold. Let n € {1,..., Nr} be a fized number and uzfl eV be
known. Then, under the conditions (4.9) and (4.10) we have that

1RR2llo < cu (lep™ o + h2[1(w, )" Hlzrzxrr) 4.27a)

k=1
4.27b)

1RG4 llvy < ea(t+h"0llen ™ ) (lleh ™ o+ h2l (u,p)" a2 xa) - (4.27¢)

(

B2 2
HRZS”V,[ < Cu<|(uvp) 1HH2><H1Heh 1||0+ \/—||(U s P em—1 4m; H2xH1)+h Z ([ (w,p)"~ 1|H2><H1>
(
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Proof of Theorem 3.6. Since we have |[lep || g1y < cx(At +h) < cu(co + h(lfd/zl)hd/4 from (4.25) and (3.2),
(4.27¢) implies

1RRallv; < cauce(llen ™ lo + R (u, )"~z )- (4.28)

Substituting (e}, —}) into (va,qn) in (4.7) and using Lemma 4.1, (4.13a), (4.27a), (4.27b), (4.28) and the
inequality ab < Ba?/2 + b2/(283) (3 > 0), we have

4

_ 1 2v
D (HeR1E) + 251k + doleh < (Bl
1

1 @G mewmy &2 .
<ecu| =+ + = E enll +c,
<ﬁ2 ﬁ.?, 54 HO H h”l 1

At
E Hqu?(tn—l,tn)

4

h 1 2 1<
+ ﬁgAt”(uap)H?{l(t”*kt";H2xH1) +h { (E + E) ”(uap)H%’(H"’le) + E kz::l ||(U’p)|%k(H2xH1)H

for any 8; >0 (i =1,...,4), where the inequality |le}l|lo < |le}t||1 has been employed. Hence, we have that

— 1, ., Vo, _ h*
Dt (R1B) + Z2lRIE < clumleh™ 1B + chuy (AtHulEsrmsm + 0D rsrms sy + 1)
1

by setting 3; = v/(4a?) (i = 1,...,4). From the discrete Gronwall’s inequality there exists a positive constant c,
independent of h and At such that

lenlli(z2) < callleRllo + At + h?).
Using (4.4b), we have

llenllo < lluh = u®llo + u® — @jllo < 205282 (u®, )| 12 111,

l[un — ullioo(z2) < llenlliso 2y + Ml (z2) < llenllise(r2) + as2h®|(u, p)ll oz .-

Combining these three inequalities together, we get (3.5). O

5. NUMERICAL RESULTS

In this section two- and three-dimensional test problems are computed by scheme (2.7) in order to recognize
the theoretical convergence orders numerically.
For the computation of the integral

/ 1o X (ul A (2)on (2) da (5.1)
K

appearing in scheme (2.7) we employ numerical quadrature formulae [26] of degree five for d = 2 (seven points)
and 3 (fifteen points). The results obtained in Theorems 3.3 and 3.6 hold for any fixed dy. Here we set dp = 1.
The system of linear equations is solved by MINRES [2, 25].

Example 5.1. In problem (2.1) we set 2 = (0,1)¢, T'= 1 and we consider four values of v,
v=10"F k=1,....4.

The functions f and u" are given so that the exact solution is as follows:
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NSNS

INANSNNRANNY

FIGURE 1. Portions of the meshes for d = 2 (left, N = 64, in [0.9,1]?) and for d = 3 (right,
N = 64, in [0.9, 1]3).

for d = 2:
u(z,t) = (88—;/;’ —g—;ﬁ) (z,t), plx,t)=sin{m(xs + 2z2 + 1)},
Y(x,t) = 2—\/5 sin?(mxy ) sin®(mag) sin{m(z1 4+ 29 + 1)},
for d = 3:
u(x,t) =rot¥(z,t), pla,t)=sin{r(x; + 2x9 +x3+1)},
Uy (x,t) = 27; sin(mzy ) sin®(mag) sin? (ra3) sin{ (2o + 23 + 1)},
Uy (z,t) = Fj sin?(7x1) sin(was) sin? (ra3) sin{w(zs + 1 + 1)},
Us(x,t) = % sin? (71 sin? (wao) sin(raz) sin{m(zy + x5 +1)}.
These solutions are normalized so that [[ulc(z=) = [[pllcre=) = 1.

Let N be the division number of each side of the domain. We set N = 64,128,256 and 512 for d = 2 and
N = 64 and 128 for d = 3, and (re)define h = 1/N. Portions of the meshes are shown in Figure 1 for d = 2
(left, N = 64, in [0.9,1]) and 3 (right, N = 64, in [0.9,1]). Setting At = v1h and y2h? (y1 = 4, 72 = 256), we
solve Example 5.1 by scheme (2.7) with u}, the first component of the Stokes’s projection of (u°,0) by (3.1).
Two relations between At and h, i.e., At = v, h and y2h?, are employed in order to recognize the convergence
orders of (3.4) and (3.5), respectively and we have (At =)y1h = y9h? for h = 1/64. For the solution (up,pp) of
scheme (2.7) we define the relative errors Erl and Er2 by

lun — Hpulli2 gy + |pa — aplliz 2y
[ Tpulli2zry + 1Inplliz L2y

. ||uh — Hhquoc(LQ)

Erl = , Er2 =

[ Thul|io (L2

where [T} is the Lagrange interpolation operator to the corresponding space X or Mp. Figure 2 shows the
graphs of Erl versus h for d = 2 and 3 (left, At = y1h) and Er2 versus h for d = 2 (right, At = y2h?) in a
logarithmic scale, where the symbols are summarized in Table 1. The values of Erl, Er2 and the slopes are
presented in Table 2. We can see that Erl is almost of first order in h for both d = 2 and 3 and that Er2 is
almost of second order in h. These results are consistent with Theorems 3.3 and 3.6.
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10° ——— 1 10° ——— r
——  2D,v=10 —e—  2D,v=10
—s—  2D,v=10" —e—  2D,v=10"
—— 2D,v=10? ——  2D,v=10"
/ ——  2p,v=10" —<— 2D,v=10"*
—e—  3D,v=10"
10" b 4  —=— 3Dv=10" o'} 1
——  3Dp,v=10"
/ ——  3D,v=10"
= Qq
) 58]
102 F E 102 F E
2
1
10»3 ! ! ! ! 10-3 ! ! ! !
1/512 1/256 1/128 1/64 1/512 1/256 1/128 1/64
h h

FIGURE 2. Erl vs. h for d = 2 and 3 (left, At = y1h, v1 = 4) and Er2 vs. h for d = 2 (right,
At = ’}/2h2, Y2 = 256).

TABLE 1. Symbols used in Figure 2.

14
d 107' 107% 1073 107*
2 O O A \V
3 @ [ ] A v

Remark 5.2. In order to examine the influence on the results of numerical quadrature we have also solved
Example 5.1 using quadrature formulae of degree two with three points for d = 2 and four points for d = 3.
The differences of the results have been too small to distinguish them on the graphs.

6. CONCLUSIONS

A combined finite element scheme with a Lagrange—Galerkin’s method and Brezzi—Pitkdranta’s stabilization
method for the Navier—Stokes’s equations proposed in [17,18] has been theoretically analyzed. Convergence with
the optimal error estimates of order O(At + h) for the velocity in the H'-norm and the pressure in the L?-norm
(Thm. 3.3) and of order O(At + h?) for the velocity in the L?-norm (Thm. 3.6) have been proved. The scheme
has the advantages of both methods: robustness for convection-dominated problems, symmetry of the resulting
matrix and a small number of DOF. We note that it is a fully discrete stabilized LG scheme in the sense that
the exact solvability of ordinary differential equations describing the particle path is not required. In order to
provide the initial approximate velocity we have introduced a stabilized Stokes projection, which works well in
the analysis without any loss of convergence order. The theoretical convergence orders have been recognized
numerically by two- and three-dimensional computations in Example 5.1. It is not difficult to consider a fully
discrete stabilized LG scheme of second order in time based on the ideas of [6,12], and its convergence with
optimal error estimates will be proved by extending the argument of this paper.
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TABLE 2. Values of Erl, Er2 and slopes of the graphs in Figure 2.

Erl Er2
N d=2 Slope d=3 Slope d=2 Slope
r=10"1: 64 7.24x1072 - 6.37 x 1072 - 1.03 x 107¢ -
128 3.85x 1072 0.1 3.25 x 1072 0.97 2.96 x 1072 1.80
256 1.99x 1072  0.95 - - 771 x 1073 1.94
512 1.01x 1072  0.97 - — 1.96 x 1072 1.97
r=10"2: 64 1.70x 107! - 2.10 x 1071 - 2.74 x 1071 -
128 9.51 x 1072  0.84 1.10 x 107 0.94 8.66 x 1072 1.66
256 5.13x 1072  0.89 - -~ 235 %1072 1.88
512 2.68 x 1072  0.93 - - 6.09 x 1073 1.95
r=10"%: 64 214x107! - 3.78 x 1071 - 3.41 x 1071 -
128 1.21x107'  0.82 2.02x 107 0.90 1.10 x 107Y  1.63
256 6.63x 1072  0.87 - -~ 3.03x1072 1.86
512 3.51x107%  0.92 - - 788 x 1073 1.95
r=10"%: 64 239x10°! - 4.45 x 107! - 3.50 x 1071 -
128 1.35x 107!  0.83 235 x 1071 0.92 1.13x 107" 1.63
256  7.34x107%  0.88 - - 3.13x 1072 1.8
512 3.88x 1072  0.92 - - 8.14 x 1072  1.94

APPENDIX A.

A.1. Proof of Lemma 4.9
Let t(s) = "1 + sAt (s € [0,1]). We prove (4.13a). Let y(x,s) = x — (1 — s)u™"*(z)At. We have that

o ={ (5 + 0@ ) uf ) - a0
_ {(3 +um(a) .v) u} (2, ") + { (" — u" V) (@) - V) u"} ()

1

ot

- 1 {(% ) .v) u} (y(,5),4(s)) ds
1

s { (% +urL(a) - v)2 u} (y(@, 51), (1)) dsy + At/ol {(% (2, 4(s)) .v) u"} (2)ds

:At/o 5 {(% +ur () ~V)2u} (y(@, 51), £(s1)) ds1 + At/ol { (g—? (2, 1(s)) - v) u"} (2)ds

= Rpy () + Rypa(2).

Each term R}, is estimated as follows:

= At

1 2
0
1Rl < 4t [ {(awlo-V) u}<y<-,sl>,t<s1>> dsi < eoV/Billulzage sy (Ada)
0
0
1

\|R212\|0§cum/ @(-,t(s)) dsgcu\/AtH% , (A.1b)

0 at 0 at L2(tn—1’tn;L2)

where for the last inequality of (A.la) we have changed the variable from z to y and used the evaluation
det(0y(z,s1)/0x) > 1/2 (Vs1 € [0,1]) from Lemma 4.7-(i). From (A.1) we get (4.13a).
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(4.13b) is obtained as follows:

IRhallo < cuallup ™" —uHlollu™ ™ 1,00 < cuaalu™Hlroo (17" lo + e~ [lo) (A.2)
(agrhll(u, )"~ 2 + e~ lo)-
We prove (4.13c). Let y(z,s) =z — (1 — s)u}~ "' (z) At. Since we have that

o ﬁ (41 Doy = /o1 {(% +up () v) n} (y(-, 5),t(s)) ds,
{(§t+ () V) U}(y(-,s),t(s))

|R%mh_/l
[ (o

<v5/"{H5§<t<»
\/> (H L2(tn—1,¢m;L2)

<4/ Ata?)lh(Huh Hloseo + Dl (s D) ez (g1 gm 2 1y,

which implies (4.13c).
(4.13d) is obtained as follows:

< augllu™t

we also have

ds
0

+H%§Wmmﬂvn@0ﬁ%ﬂﬂ)b)ds

0

+ fJup !
0

(6Dl s (o Lem. 47:0)

+ Huzil ”0,00 |V77|L2(tn—l’tn;l/2)>

[ Rpallo = A%Heﬁfl —ep o Xu(up T A, < aaollug ™ o,eoller
A.2. Proof of Lemma 4.10
(4.27a) is obtained by combining (4.4b) with (A.2). For (4.27b) we divide R} into three terms,
R}y = Do v {n” Lopn=to Xy (um™t, At) }+ {n” Lo Xy(um™t At) — "t o Xy (upt, At)}
= Rps1 + Rh32 + Rps3.
We have that, by virtue of (4.4b),

1 317 0452
IRys1llv: < IDam™[lo < T \/— H( W P) g (n=r sz xcmy, (A.3a)
L2(t"_1,t";L2)
| Rhsallvy < C¥41||u”71\|1,oo||77”71||0 < g [[u" 100 as2h?(|(u, p)" g2 xmr s (A.3b)

11 _ o
| Rissllv; = sup (7" o Xaup ™, A ="~ o Xa(u" ", A8), vy )
eV ”UhHl At

1
U}LEVh mﬂt
< a43Huh —u" 1H0||17”_1||1a21h_d/6 (A.3c)
< agraugh™ %™ (e lo + In™ o)
< asrauzaseh V0| (w, )" M| g2 (lef o + as2h® (| (w, 2)" 2 i)
< e[, p)" Mz (leg™ o + 22w, )" 12 ) - (A.3d)
From (A.3a), (A.3b) and (A.3d) we obtain (4.27b).

[ o Xy (up~t, At) — n71OXl(“nil’At)”o,luvh||0’Oo
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For (4.27c) we use the bound on R};. R}, is obtained by replacing n"~! with —6271 in Rjsy + Rj55. Hence,
from (A.3b) and (A.3c) we have

IRR vy < canllu” M1 sollen ™ o + zraash™Cllep = la]jup~" — w1,
< aat[[u" 1o llef Mo + oraash™Cller 1 (llep ™ lo + 2| (u, )" Ml 2

< cu(L+h=Clep ™ ) (e o+ R (wp)™ Mgz

which implies (4.27c¢).
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