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A HYBRID-MIXED METHOD FOR ELASTICITY *

CHRISTOPHER HARDER!, ALEXANDRE L. MADUREIRA? AND FREDERIC VALENTIN®

Abstract. This work presents a family of stable finite element methods for two- and three-dimensional
linear elasticity models. The weak form posed on the skeleton of the partition is a byproduct of the
primal hybridization of the elasticity problem. The unknowns are the piecewise rigid body modes and
the Lagrange multipliers used to relax the continuity of displacements. They characterize the exact
displacement through a direct sum of rigid body modes and solutions to local elasticity problems with
Neumann boundary conditions driven by the multipliers. The local problems define basis functions
which are in a one-to-one correspondence with the basis of the subspace of Lagrange multipliers used
to discretize the problem. Under the assumption that such a basis is available exactly, we prove that the
underlying method is well posed, and the stress and the displacement are super-convergent in natural
norms driven by (high-order) interpolating multipliers. Also, a local post-processing computation yields
strongly symmetric stress which is in local equilibrium and possesses continuous traction on faces. A
face-based a posteriori estimator is shown to be locally efficient and reliable with respect to the natural
norms of the error. Next, we propose a second level of discretization to approximate the basis functions.
A two-level numerical analysis establishes sufficient conditions under which the well-posedness and
super-convergent properties of the one-level method is preserved.

Mathematics Subject Classification. 65N30, 65N55, 65Y05, 656N12.

Received December 24, 2014. Revised May 22, 2015.
Published online February 5, 2016.

1. INTRODUCTION

When modeling elasticity in solid mechanics, the quantity of primary interest is often the stress variable,
which should be symmetric and in equilibrium with respect to internal and external forces. Ideally, finite
element methods should preserve those fundamental physical properties. However, very few schemes are able to
do so and still maintain simplicity in terms of the nature and the quantity of the basis functions and degrees of
freedom. A few finite elements satisfying both requirements have been created by either using nested meshes to
approach the stress variable [8], augmented spaces [22,26], or adopting the same mesh for both displacement
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and stress variables with the price of having to deal with many degrees of freedom [1,5,6]. Recently, a promising
methodology closely related to mimetic methods was proposed in [11].

The common approach taken by researchers has been to relax symmetry, local equilibrium, or conformity.
These options have been actively researched, each with a volume of work dating from the eighties [2,7,33] to
the present day [9,20]. The former idea uses Lagrange multipliers to impose weak symmetry while localizing
problems so that local equilibrium is preserved. In other approaches, strong symmetry is achieved by relaxing
the conformity of the approach, which leads to the loss of local equilibrium.

We present a new family of finite elements that uses a small number of degrees of freedom. The strategy was
introduced for the transport equation in references [3,23,24] and is based on a hybridization scheme [28], which
relaxes the continuity of the displacement on element boundaries using Lagrange multipliers. The next step is
to decompose the displacement space into a direct sum between the space of local rigid body modes and its
orthogonal complement. With such a decomposition we reformulate the original problem in a set of independent,
element-wise elasticity problems plus a coupling global system posed on the skeleton of the partition. The
unknowns are the piecewise rigid body modes and the Lagrange multipliers used to relax the continuity of
displacements. The displacement and stress variables are recovered from them. The local problems are driven
by the Lagrange multipliers, which impose traction boundary conditions on element boundaries. Also, the global
weak form may be interpreted as the mixed formulation of the original elliptic elasticity problem with a modified
right-hand side.

Under the assumption that basis functions are computed exactly, a whole family of stable finite element
methods arises from the choice of interpolating space for the Lagrange multipliers. Face and element degrees of
freedom define the discrete Lagrange multiplier and the rigid body modes, respectively, in association with the
basis functions obtained from the local elasticity problems. The approximation of the stress tensor results from
a simple post-processing of the discrete displacement, with strong symmetry being a natural consequence. This
strategy leads to H(div;Q) conformity for the stresses, and can be interpreted as a H'-non-conforming well-
posed finite element method. It also preserves local equilibrium and strong symmetry, achieves error optimality
for the stress and the displacement, and may easily incorporate multiscale or high-contrast aspects of the model.

Such a hybrid-mixed strategy shares some similarities (and the same goals) with other approaches as
the Discontinuous Petrov—Galerkin (DPG) method [12,21] or the Hybrid Discontinuous Galerkin (HDG)
method [17,29, 32]. However, the primal hybridization of the elasticity model selected as the starting point
in this work as well as the nature of the solution decomposition leads to different global-local family of methods
compared to the ones proposed in the mentioned papers, with fewer degrees of freedom and basis functions.
Recently a DPG method has been also proposed for the elliptic Laplace problem [18] differing from [23] in
its construction and form. When applied to multiscale or heterogeneous material models, the present method
may be seen as a member of the family of multiscale finite element methods [10]. Indeed, it shares a similar
structure and the same goals with the multiscale methods proposed in [4, 16], for instance. Thereby, it has
been called Multiscale Hybrid-Mixed method (MHM for short). Furthermore, the local computations are com-
pletely independent of one another, thereby easily taking advantage of high-performance parallel computing
environments.

The impact of second level discretization on the basis functions is also investigated. We provide a sufficient
condition for the two-level methods to keep the main features of their one-level counterpart. In fact, properties
such as the robustness with respect to the physical coefficients (locking) and local equilibrium are completely
locally expressed in terms of the choice made to approximate the local problems with an immediate impact
in the global method. In this work, we propose a general framework to analyze such two-level methods and
illustrate it using the simplest and cheapest method at the second level, namely, the standard Galerkin method
on classical continuous polynomial spaces applied to the solution of the elasticity model in its primal form. This
natural choice turns out to be enough to preserve most of the properties of the one-level method. It is important
to stress that care should be taken at the second level discretization to preserve some of the nice properties of
the method, in particular H(div;{2) conformity for the stresses. However, local equilibrium holds in the sense
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of Remark 6.11. We leave both the study of the use of mixed methods in the second level and the important
question of robustness of the proposed method for nearly incompressible materials for forthcoming works.

The main theoretical results of this work are summarized as follows: weak formulation (2.6) and its discrete
version, the face-based MHM method (3.1), are proved to be well-posed in Theorem 4.2. We then present a
best approximation result showing that the error only depends on the quality of the approximation on faces
(Lem. 4.3). This is used to prove that the MHM method provides super-convergent numerical approximations to
the displacement and stress variables in natural norms (Thm. 5.2). Furthermore, an a posteriori error estimator
(see Egs. (5.4)-(5.6)), established in terms of the jump of the displacement variable on the faces, is shown to
control the natural norms of the displacement and stress variables (Thm. 5.5). The two-level version of the
MHM method (6.4) is shown to be well-posed in Theorem 6.2 under the space compatibility condition (6.6).
We also measure the impact of the second-level discretization, which is related to a consistency error. This is
highlighted in Lemma 6.3. Some local spaces fulfilling the local space compatibility assumption are presented
in (6.15) and analyzed in Lemmas 6.6 and 6.8. Convergence estimates for these are proved in Lemma 6.10.

The paper is outlined as follows: the remainder of this section presents the necessary steps towards hybridiza-
tion. An equivalent global-local form of the hybrid formulation and its variants are left to Section 2, while
statement of the method is in Section 3. Its well-posedness and best approximation properties are addressed
in Section 4. Section 5 is dedicated to a priori and a posteriori error estimates. The two-level version of the
method is presented and analyzed in Section 6. Conclusions follow in Section 7 and some complementary results
in the Appendix.

1.1. Statement and preliminaries

In what follows, let 2 C R™, n € {2, 3}, be an open bounded domain with polygonal boundary 9f2. We
consider the elliptic problem to find the displacement u : {2 — R™ such that

{ —divAE&(u) = f in £, (1.1)

u=g ondf,

where g € HY?(862) and f € L?(£2) are given functions with values in R™. As such, problem (1.1) has a unique
solution w € H 1(()), where the spaces have their usual meaning. The linearized strain tensor is given by the
symmetric part of the gradient

1 T . _ 1 Ou;  Ou; )
E(u) = 2(Vu+V u), i.e., (5(’!1,))” =3 <8.Tj + 83@)

Above, and throughout the paper, the indices i, j run from 1,...,n, even when not explicitly mentioned.
The fourth-order rigidity tensor A acts on the space R{\" of n X n symmetric matrices. If 7 € RE7T, then
o= A1 € R} is such that
n
oij =Y Aijki Thi-

k,l=1

The rigidity tensor is quite general, possibly depending on @ € {2 and embedding multiple geometrical scales.
However, it satisfies the usual symmetry properties Asjui = Awiij = Ajit = Aijik, and is uniformly positive
definite and bounded, i.e., there exist positive constants ¢y, and cmax such that

A TP<Ar:T< c?nax\ﬂz for all T € R;‘yxrf, (1.2)
for almost every @ € (2. Here, 7 : 0 := szzl Tij 0i; denotes the inner product between the matrices 7, o,
and |7| := (7 : 7)Y/2. Finally, for a given matrix o, the row-wise divergence div o is defined by (dive); :=

Z?:l 60i]‘/8l‘j.
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It follows from (1.1) that the stress tensor o := AE&(u) € H(div;{2), again with the space taking its usual
meaning. However, instead of working directly with this form of the problem, we adopt the following perspective:
we seek u as the solution of the elliptic elasticity equation in a weaker, broken space which relaxes continuity,
localizes computations, and allows reconstruction of a symmetric stress tensor which preserves equilibrium.
Ultimately, the approach allows for the construction of w and ¢ using local problems. This feature is particularly
attractive in the presence of heterogeneous coefficients since fine-scale contributions may be upscaled in parallel.

The first step is to partition the domain {2 with a family of regular meshes {7}, }5~¢ into elements K, where h
is a characteristic length of 7. The mesh can be very general, composed of heterogeneous element geometries.
Without loss of generality, we shall use here the terminology usually employed for three-dimensional domains.
As such, each element K has a boundary 0K consisting of faces F', and we collect in &, the faces associated
with 7p,. Let Ep be the set of faces on 92, and & = &, \ Ep be the set of internal faces. To each F € &, we
associate a normal n, taking care to ensure this is facing outward on 9f2. For each K € 7, we further denote
by n¥ the outward normal on 9K, and let n¥ := n’|r for each F C K. Also, the space of displacements V
consists of

V= {veLl’() :v|ig e H(K), KeT,},
and the space of tractions A is formed as follows
A= {on" ok : 0 € H(div;Q), K€eT,}.

The definition of the norms for theses spaces is postponed to Section 4. For now, we denote (.,.)7, and (.,.)aT,
the summation of the respective inner (or dual) products, for all K € 7j,, over the sets K and dK, respectively,
namely,

(w7U)Th = Z vadw and (/,L,U)aTh = Z(IJJ,U)BK,

KeTy, KeTy,

where w, v € V and p € A, and (-,-)ax is the dual product involving H™Y?(0K) and H'/?(8K) defined as
follows

(1, v)ox ::/ diva~vda:—|—/ o: Vudz.
K K

We consider the hybrid formulation of problem (1.1): find (u, X) € V x A such that

{ (AE(u),EW) 7, + (A v)aT, = (f, v)7, forallveV, (1.3)

(1 w)ot, = (B, 9o forall p e A.

In formulation (1.3), the displacement belongs a priori to a larger space than the solution of the original
problem (1.1). However, the space of Lagrange multipliers A imposes H'(£2)-conformity on the solution and
the boundary condition u = g. Also, problem (1.3) has a unique solution (u,A) € V x A where u € H'(£2) is
also the solution of problem (1.1). Such results are summarized next.

Lemma 1.1. Assume that (u,\) € V x A. Therefore, (u, \) is the solution of (1.3) if and only if w € H"(£2)
solves (1.1). Furthermore, for all K € Ty, it holds

A= -—AE(u)n® on K.

Proof. Following closely the proof of Theorem 1 in [31] the results follow. d
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2. A GLOBAL-LOCAL FORMULATION

Rather than selecting a pair of finite subspaces of V x A at this point, we rewrite (1.3) in an equivalent
form which is suitable to reduce the statement to a system of locally- and globally-defined problems. Such an
approach will guide the definition of stable finite subspaces. The key to the approach is the operator-driven
decomposition

V=Vu.a&V. (2.1)

Here, V., is the finite dimensional subspace of V composed of those functions v™ € V such that
(AE(W™),E(v))7;, = 0 for all v € V, and V is its L?-orthogonal complement in V. In fact, V,, is the
space of piecewise rigid body modes, i.e.,

Vim = {v €V : v € Vin(K), K €T},  Vim(K):={v eV : &) |x = 0}.

Using decomposition (2.1), problem (1.3) is equivalent to: find (u™ + @, A) € (Vim ® V) x A such that

{ AN v™ar, = (f,v™)g, for all v™ € Vi, (2.2)
(p,u™ + )7, = (1, 9o for all p € A, '
(AE(@),E(®))T, + (N, D)oT, = (f,0)7, foralldeV. (2.3)

Notice that (2.3) implies that @ can be computed in each element from f and from A once the latter is
known. In fact, we find from (2.3) that @ = TA+ T f, with T: A — V and T : L*(22) — V being bounded
linear operators (see Lems. A.1 and A.2 in the Appendix) defined, on each K € 7, by

(AE(T p),E®)) ;= — (1. D)ox forall v €V, (2.4)
(AE(T q),E(®)), = (¢,9)x foralld eV, (2.5)

for o € A and q € L?(£2). We substitute this decomposition @ = T' A + 7' f in (2.2) to yield the problem: find
(u™,A) € Vi X A such that

)\’ ™™ o1, = f7,urm T for all v'™™ € Vrma
{( ( )oT; ( )7, (2.6)

™ + T N)oz,, = —(, T oz, + (14, 9)oe for all p € A.

As a result, the weak formulation (1.3) is analogous to the coupled system (2.4) and (2.5) (with g = X and
q = f) and (2.6). We use the unknowns u™ and A of the latter problem to reconstruct the displacement u € V
and the stress tensor o € H(div; ) as follows:

u=u"+TA+Tf, o=AETA+TFS). (2.7)

2.1. From hybrid to mixed

Next, we detail the procedure to translate (2.2) into a mixed formulation. To this end, we rewrite (2.4)
and (2.5) in strong form. For that, suppose p € A and define the (unique) rigid body mode R% € V., (K) in
each K € Ty by,

(Rle, v"™) o = (p, ™)y for all v™ € Vi (K). (2.8)

From problem (2.4), we conclude that T" p is the unique solution of the local elasticity problem (in a distributional
sense)

(2.9)

—divAE(T p) =R in K,
AE(Tp)n™ = —pu on F C OK.
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Following the same procedure, we may also use (2.5) to rewrite

)
{ —divAE(T q) = q—IIk(q) in K,

R 2.10
AE(T q)n® =0 on F C 0K, (2.10)

where ITx(.) is the L?-orthogonal projection onto V,, (K).
Now, hidden in the statement of the global problem (2.6) is a mixed form of the elliptic problem (1.1). To
highlight this, we use equations (2.8) and (2.9) to first establish that for each v™ € V,,,(K),

(/J’a Urm)é)'fh, = (RI;O Urm)Th = —(diV O—IJ’ Urm)Tha (211)

where we defined o := AE(T p), p € A, and used v'™ € Vi (K). Next, we choose (arbitrarily, and without
loss of generality) to lift g from 0K into K by using problem (2.4). This choice conveniently yields a form
of (2.6) which is completely defined in terms of integrals on element interiors rather than their boundaries.
From (2.4), (2.11) and (2.5) with the fact TA+ 7T f € V, it holds that

(u, ™ 4 T A+ Tf) — (A E(T ), E(TA+ Tf)) — (div o, u™) g, (2.12)

87},, Th
== (AE&(TA),E(T p)g, = (f, Tw)g, — (dive", u™)

Finally, we gather (2.11) and (2.12) and substitute them into the global problem (2.6) to propose the following
equivalent weak mixed form: find (X, u™) € A X Vyy, such that

{ (A7, o) g, + (™, divo’) s, = —(F,T p)1, — (1, 9)on  for all p € A,

A (2.13)
(diver,v"™) g, = —(f,v™)7, for all v'™ € V,,,

where A~! is the compliance tensor.

3. THE MULTISCALE HYBRID-MIXED (MHM) METHOD

We have not introduced any discretization up to this point, although global problem (2.6) involves the finite-
dimensional space V. Since A uniquely determines 7' (see (2.4)), it is enough to pick a finite element space
Ay, in order to fully discretize problem (2.6). In this case, we find the discrete method: find (u}™, Ap) € Vim X Aj,
such that

(3.1)

()‘ha ’Urm)a'fh, = (fv vrm)Th for all v™ € Vim,
(ke ul™ + T Xn)oz, = — (T Foz, + (1, g)oq for all p;, € Ay,

where T and T are as in (2.4) and (2.5), respectively. We use the unknowns of this problem to construct
approximations to w and ¢ given in (2.7), namely,

wp = wW TN AT f, o = AE(T A +T f). (3.2)

Remark 3.1. Observe we may recast the MHM method (3.1) in the same mixed form (2.13), d.e., find
(An, u™) € Ay X V,p, such that

(A™toM o), + (u™, divo’™ )5, = —(f. T )7, — (B, 9o for all py, € Ay, (3.3)

(div o, o™y, = —(f,v™)7, for all v™ € V,p,. '

Note that the second equation in (3.3) imposes the weak local equilibrium of o*». Moreover, the stress oy,

in (3.2) satisfies the equilibrium equation exactly, almost everywhere, in each element K. Indeed, for each K,
from (3.2) and (2.10),

divo, + f=div(AE(T X\ + T f)) + f = -Ry + Ik (f) =0,
since Ry = Ik (f) using (3.1) and (2.8).
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It is instructive to consider 7' A, in more detail as it plays a central role in (3.1) or (3.3). Suppose {wl}?;“f An
is a basis for Aj,. We define the set {n,}2™ 4" € V with 5, := T'%;, and then n, | ;¢ satisfies
(AEMm,),E(w)) , = —(¢;m- nK,ﬁ:)aK for all w € V, (3.4)
or equivalently,
—divA&(n,) =RY in K, 35)
AE(n;)n" = —p,n-n® on F C 0K, .

where Rﬁ € V., satisfies (R}Pg,'vrm)K = (¢;,v"™)gx, for all v'™ € V. Taking A, = Z?:’;‘Ah Bitp, in Ap,
the linearity of (2.4) implies we can uniquely write

dim A, dim Ay,

TAn= > BT, = > Bins
i=1 i=1

It then follows that

dimA;,,
up, = w+ > Bim+T1f. (3.6)
=1

In this sense, the method can be seen as a nonconforming method to find an approximation of w in a finite
dimensional subspace of V. H 1(£2). On the other hand, the stress tensor ¢ is approximated by oy, given by:

dim Ay,
on= ) BiAE(m;)+AE(T f) € H(div; Q), (3.7)

i=1

and, then, the method is conforming with respect to the variable o. Also, the post-processed stress oy, is strongly
symmetric.

Note that heterogeneous and/or high-contrast aspects of the media automatically impact the design of the
basis functions as they are driven by the local problems (3.4) (equivalently (3.5)) and the choice of Aj. Also,
embedded interfaces are naturally taken care of by these local problems, which easily accommodate edge-crossing
interfaces thanks to the local boundary conditions. Furthermore, the strategy allows the present methodology
to address multiscale aspects of the solution should they still persist inside of each local problem (2.4)—(2.5)
for TX and T f. Indeed, the current framework may be used recursively on the elliptic local problem, thereby
incorporating multiple scales into problem (2.6).

For practical purposes, closed formulas are not available in general for T, and T f. This prevents (3.1)
or (3.3) to be solved exactly, though some cases exist for which exact solutions are known. For instance, observe
that T f =0if f € V. Thereby, we propose a two-level methodology such that the functions T' A, (e.g.
T ap,) and TAf taking part in (3.1) (or (3.3)) are replaced by their locally approximated counterparts Tj, A (e.g.
Th,;) and Ty, f.

It is important to note that in either case, method (3.1) (or (3.3)) consists of the same number of degrees
of freedom, with the local approximation appearing as a pre-processing step which is easily parallelized. The
two-level computations may be based on primal Galerkin methods, their mixed counterpart obtained from the
recursive procedure mentioned in the previous paragraphs, or even adopting a classical mixed method [14],
which preserves local H(div; K) conformity. In a broad sense, the two-level MHM method starts by selecting
Ty, and Th, and looking for (A, up™) in Ap x V,p as the solution of the following problem

An, v"™og, = (f,v™)g, for all v'™ € Vi,

By 0™ + Tp Noz, = — (s Th oz, + (1, @)oo for all p € Ay
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It is worth mentioning that the choice of method at local level will impact the qualitative features of the global
method. In Section 6, we detail and analyze a two-level strategy which makes the MHM method effective from
a practical viewpoint. Particularly, we propose a compatibility condition between finite dimensional subspaces
of V and Ay, such that the two-level approach (3.8) preserves the key features of method (3.1) (or (3.3)).

Remark 3.2. We can view the MHM method (3.1) as penalizing jump terms. To see this, we first observe that
given p,, € Ap, with property p,|r € H~'2(F) (this space having its usual meaning, see [34] for instance), the
decomposition (p;,, w)ox = D pcyx (M, w)F, has meaning for all u € H'(K). From this, the following identity
holds

(b wor, = Y (W, @, [u])r, (3.9)
Fe&y,
where
[v] |F := 5 p @ nE + 02| p @ nk2 (3.10)

and (v ® n);; = v;n;, and v%i indicate the restriction of function v to either of the two elements sharing
F € &. Also, upon selecting K7 such that nifl = ng, we set

e = ppt e (3.11)
Using identity (3.9) in (3.1), we have that (u}™, Ap) € Vim x Ay, satisfies

Z Ar@n,[v™))r = (f,v™)g, forall v™ € V,p,
Feé&y,

Yo en [u +TADr == Y (m, @0, [T e + (4, 9)oa for all py, € Ay,
Feé&y Fe&y

which emphasizes that the MHM method works as a penalization on jumps.

Summarizing the algorithm for computing an approximation to (1.3), we get:

(i) compute Tf from (2.5) and the basis {ni}?i:n;“/‘h from (3.4) as a local, completely parallelizable prepro-
cessing step;

(ii) compute the degrees of freedom of (u}™, Ay) from (3.1) (or (3.3)), noting that T'Aj, expands in terms of
{n; }mAn using the degrees of freedom for Ap;

(iii) bring the results together to build the approximated stress oy, from (3.7) and the approximated displacement
uy, from (3.6).

Recall that for the two-level method (3.8), it is enough to replace T and T by T}, and T}, above, respectively.
4. WELL-POSEDNESS AND BEST APPROXIMATION
We preserve conformity by selecting Ay, such that
A C Ay C A (4.1)

The well-posedness of method (3.1) and its best approximation result rely on the space A,,. Indeed, a central
result of this section shows (see Thm. 4.2) that A,,, set as

A = {p € A : plox € Aim(K), K € Tp}, (4.2)
where

A (K) = {o™|p : 0™ € Vi (K), F C 9K},
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ensures that an inf-sup condition between the spaces A.;, and V., holds. Henceforth, C' represents a positive
constant independent of h which can differ in each occurrence and have a possible dependence on A.
Let us define the bilinear forms a: A x A - Rand b: A XV —R

a(A p) = (0, T Noz,, b(p,v):= (1)o7,

where we recall that the linear operator T' is defined in (2.4). It is convenient to rewrite problem (2.6) by adding
both equations and proposing the formulation in the following way: find (A, u™) € A X V,, such that

B(A\, u™; g, v™) = F(u,v™) for all (u,v™) € A X Vi, (4.3)
where

B(X, u™; g, v™) = a(X, pw) + b(p, u™) + (A, 0™,
F(p,v™) := (£, v"™) 7, — (0, T foz, + (11, )02

Note that B(.,.) is symmetric due to (2.4). Similarly, we rewrite the MHM method (3.1) as: find (Ap, uj™) €
Ayp X Vi such that

B(Ap, up™s pp,, 0™ = F(py,, v™)  for all (p,, v™) € Ap X V. (4.4)
Our analysis requires the norm on A x Vi,
[, v"™)[[axv = [plla + [[v™ v, (4.5)

where each contribution reads (here dg, stands for the diameter of (2)

llas= e ol ol 3 (ol +dbldivold ).
on=p on 0K, KeT), KeTn (4 6)
Il =3 (d*Iol x + 1@ x )
KeTy,

Denote by IT the global L? projection onto V., such that IT |x = IIx. From standard stability result of
projections and (4.6), it holds for all v € V

[Tv|v < |v]v. (4.7)

Also, from trace inequality (A.3), the property II v'™ = v™ and Korn inequality (A.1), we get
v — g voox < Chi?|EW)|ox forallve V. (4.8)
Before heading to the analysis of the MHM method, we must first characterize the space Ay, defined in (4.2)

through the action of an interpolation operator. To be precise, let us define the local interpolation Zx on
functions in L?(9K) with value in A, (K), such that for each F' C 0K, it holds

/IKuvrmds :/ pov™ds  for all v™ € Vo, (K). (4.9)
F F

Observe that conditions (4.9) imply unisolvence in A, (K) and the following local stability result holds

1 Zx pello.ox < [[mllo,ox- (4.10)
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The global interpolation Z acts on the trace of functions in [H(§2)]"*" (with its usual meaning) with values in
Aym, and is fully defined assuming Z|x = Zx. To investigate the stability of Z in the ||.||4 norm (4.6), we first

observe that from (4.10) and (4.8) we get

b(Ip,v—Mv) < > ||Txploox|v— kv

lo,0K
KeTy,
<C Y plloox bl E®)lo.x
KeTy,
1/2
<C| Y Iuldoxchx] " lwlv. (4.11)
KeT,

In what follows, we make consistent use of the following equivalence of norms (see Lem. A.3 in the Appendix)

V2 b(p, )

plla < sup < |lmlla 4.12
ECkomH | SUP oy e (4.12)

where Ciory is a positive constant independent of h. Above and hereafter we lighten the notation and understand
the supremum to be taken over sets excluding the zero function.
Next, from (4.12), (4.9), the definition of the norm ||.|| 4 in (4.6), and (4.11) the operator Z is stable as follows

b(Z b(Zp, I b(Z -1
[Zula <C supM <C (sup Zp. ITv) + sup Ty v v))
vev  vllv vev  vllv vev [vllv
b( I ) 1/2
p. v
<C sup — -+ Z 18,05 oxc
veV || UHV KETh
b(p,v 1/2
<0 ((sup 0D LTS g ]|
vev [vllv Ket,
1/2
<C | lela+| > |#|g,8KhK1 ~ (4.13)
KeT,

We are ready to prove that the operator associated with the linear form b(.,.) is surjective. Hereafter the
domain {2 is assumed to be a simply connected polygon.

Lemma 4.1. Given v'™ € V,, there exists C' such that

b rm
Clv™|v < sup b, 0™)
l‘l’rln E*Arm ||/'l’rm HA

Proof. Assume v™ € V. From the assumption on (2, observe that there exists a symmetric matrix function
o* € [HY(2)]™*™ (see [6] for instance) such that

dive* =v™ and |c*|1,0 < C|[v"™o,0. (4.14)

Take p* € A such that p* |gr := 0" n¥ sk, K € T;,. From (4.13), and the definition of norm ||.|[4 in (4.6)
and (4.14), and observing that from a scaling argument (c¢f. [15], p. 111) we get

1/2
[Z 111305 hK] < Cllpla

KeTy,
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we arrive at the following result
IZe*la < Cllp*lla < Cllo*|av < Cll™|v. (4.15)

Next, from (4.14)-(4.15) and (4.9) it holds

do ”,Urm”V — (le U*a Urm)Th, _ (”*a Urm)BTh _ (I/J’*a Urm)é)'fh, <C (Ilt*, Urm)BTh
[y [y o flv IZp*lla
and the result follows taking the supremum. O
Hereafter, we will make use of the following tensor norm on A
IAJl:= ess supmax (A@) €, )%, & € Ry, (4.16)

which from (1.2) satisfies ¢min < | A]| < ¢max- We are ready to prove the well-posedness result. Observe that the

proof is unchanged for any finite dimensional space A, C A under the condition (4.1). Therefore, the following
result applies to the MHM formulation (4.4) as well.

Theorem 4.2. Suppose (X, u™), (p,v™) € A X Vyn,. Then, there exists C such that

B, u™; p, ™) < C (A w™) [ axv (1, 0™) [ axv- (4.17)

Moreover, there exists a positive constant (3, independent of h, such that

B A rm. rm
sup ( A i LS Bl ™ lay  for all (A u™) € A x Vi, (4.18)
(p, ") EAX Vi H([.L,'U )HAXV

Also,
B\, u™; p,v™) =0 forall (A, u™) € AXVy, = (u,v™)=(0,0), (4.19)
for all (p,v'™) € A X V. We conclude problem (4.3) is well-posed.

Proof. The proof follows closely [3]. First, we prove (4.17). Since by definition a(X, p) = b(p, TA), it follows by
the equivalence result (4.12) and Lemma A.1 in the Appendix, and definition of norm (4.5) that

BO,u™; 1, 0™) = b(p, T A+ u™) + b(A, v™)

b A w
< sup (s )\|T)\+urm\|v+ su u )“ v
wev [[wllv v [wllv
< mlladT Alv + [l {lv) + IIMIAHv““Hv
(Czorn Q)Cmax rm rm
< e el allAlla + [[eellalw™ v + X[ allo™ v,

min

and (4.17) follows immediately.
Next, we prove a coercivity condition for —a(.,.), for which we require the following nullspace

Ni={peA:bpv™) =0 Yo" €V} (4.20)
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Assume p € A and first note that problems (2.4) and (2.11) imply that div . AE(T p) = 0. Using (2.4) and (1.2),
it holds

—a(p, p) = (AT AE(T p), AE(T ),

1
> JAET w5 o
max
1
= [AET p)|3i
clnax
1
> [l

max

since AE(T p)n® = p on OK for all K € T;,. We conclude —a(.,.) is coercive on the subspace N. This result,
along with the inf-sup condition for b(.,.) from Lemma 4.1, are the requirements of the abstract setting in [3]
(see also [19], p. 101) from which (4.18) and (4.19) hold with a positive constant 3 independent of h. O

We close this section by showing the MHM method produces the best approximation, where the convergence
of both Aj, and u;™ is governed by the approximation properties of Aj. Indeed, observe that the accuracy of
;" approaching u™ depends on how well A}, approximates A. In consequence, optimal convergence for u; and
op, given in (3.2) in the natural norms is expected to rely only on the capacity of A to be optimally interpolated
by Ap on faces. This is established in the next lemma.

Lemma 4.3. Let (A, u™) and (Ap, u;™) be the solutions of (4.3) and (4.4), respectively. Under the assumptions
of Theorem 4.2, it holds that

BA = Ap, u™ —up™pmy,, v™) =0 for all (py,,v™) € Ap X V. (4.21)
Moreover, there exists C' such that

[A=Ap, ™ —wp™)|axy < € inf [|A = p[la. (4.22)
Ky €EAR

Proof. The result (4.21) follows immediately from (4.3) and (4.4). Next, from standard arguments using
Theorem 4.2 and (4.21), there is C such that

IO = A, ™ =g ™) |axv < CIA = pp, u™ = 0™ | axv,

which is valid for all (u;,v™) € Aj, X V. Thereby, selecting (p;,, v™) = (@, ™) in Ap X Vi, the result
follows by taking the infimum. O

Observe that the approximate solution fulfills the local equilibrium constraint exactly as shown in the next
result. Hereafter, we shall consistently use the characterization of w and o, and w; and o}, given in (2.7)
and (3.2), respectively.

Corollary 4.4. Let (A, u™) and (Ap, u;™) be the solutions of (4.3) and (4.4), respectively. The following result
holds

divoy, = dive in (2. (4.23)
Proof. See Remark 2. O

We shall make use of the assumption that problem (1.1) has smoothing properties in the sense of ([19],
Def. 3.14).
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Lemma 4.5. Let (A, u™) and (A, u)™) be the solutions of (4.3) and (4.4), respectively. Under the assumptions
of Theorem 4.2, it holds

o= onllav < € inf [|A = |4, (4.24)
pwpE€AR

[w—wunllo,e < C inf [|A—pla (4.25)
pwpE€AR

Furthermore, if problem (1.1) has smoothing properties, it holds

lu—willoe < Ch inf A= plla, (1.26)
BrEAR

™ —uplo,e < Ch inf |IA—pylla. (4.27)
BrEAR

Proof. The proof closely follows the one presented in [3] for the Laplace’s equation. We revisit and adapt it
here for sake of clarity. First, Lemma A.1 implies ||A E(u —up)|ldiv < C ||A— Anlla so that result (4.24) follows
from (4.22) in Lemma 4.3. Again using Lemma A.1, (2.7) and (3.2), and triangle inequality, we get

[u—unllon < lu™ — w0, + CIA = Aulla,

and estimate (4.25) results from Lemma 4.3.
To prove result (4.26), we employ a duality argument. Define

e=u—u,=u"—u"+TA—-Ap)
and suppose that (v, w™) € A X Vi, satisfies
B(p, vy, w™) = (Tp+v™ e)y, forall (u,v™) € A X V. (4.28)

The problem of finding such a (vy,w™) is the adjoint problem of(4.3) with homogeneous Dirichlet bound-
ary condition prescribed on 042, and the right-hand side rewritten using (2.4) and (2.5). Furthermore, define

(Yem> W) € Apm X Vi by the finite-dimensional adjoint problem

Bty 0 Yoy Wi = (T oy, + 07, €)1, for all (p,,, v™) € Aym X Vim. (4.29)

Both (4.28) and (4.29) have unique solutions by Theorem 4.2 and the symmetry of the problem statements.
Under the assumption that problem (1.1) has smoothing properties, we observe that the solution w := w™ +
T~ + Te has extra regularity since e € L?(£2), and there is a positive constant C' (depending only on £2) such
that ||w|l2.0 < =<~ ||le]jo.. From this, Lemma 4.3, and the interpolation estimate (5.3) we find

— Cmin

inf H’y_l'l’rm”/l < ChH'lU”Z_Q,

rm o

and we then use (4.22) to show

(Y = Yem> W™ — wi")[[axv < Chllwl20 < hlello, -

lel’l

Therefore, by (4.28), the consistency result of Lemma 4.3, the continuity result of Theorem 4.2, and the best
approximation result of Lemma 4.3, we find

”6”(2),_0 = (e7e)Th
= (T ()‘ - }‘h) + (urm - uzm)v e)Th
=B = Ap, u™ —upt v, w™)
=BA = Ap, u™ — ™y — Yy, w™ — wyp)
SO =Apu™ —up") [ axv [ (¥ = Yem> 0™ — wi™) [ axv

<Ch inf [A-— .
N uirelAh I tyllallello,e,
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which establishes (4.26). As for (4.27), using the triangle inequality, the local inequality (A.2) and Lemma A.1,
it holds

lw™ = wilo.0 < lu—unllo.o + C A= Ala,

and the result follows from (4.26) and Lemma 4.3. O

5. CONVERGENCE RESULTS

5.1. A priori estimates

Note that the result in Lemma 4.3 holds for any discrete space Aj under the assumption A, C Ap. As
such, method (4.4) achieves optimal convergence rates for any finite element subspace A, with known best
approximation properties. To illustrate, we use the polynomial space A;

A=A = {/,LGA : /,IJ‘FG[]PI(F)}”,FGS}L}, (51)
where P!(F), [ > 1, stands for the space of piecewise polynomials of degree less than or equal to [ on F, and

p|r was defined in (3.11). We closely follow the proof of a result in [30] to show that A; has the desired
approximation properties.

Lemma 5.1. Suppose w € H™ ™ (2) with1 <m <1+1 and1 >0, and let p € A be such that p = E(w)n |p
for each F € &;,. There exists C' such that

inf [ —plla < CR"w||ms1,0, (5.2)
NLEAZ

where Ay is given in (5.1). Moreover, it holds

inf [ = po 4 < Chflw]2,0. (5.3)
Moy €EArm

Proof. Assume w € H™ (), set p = E(w) n |r for each F € &, and denote by II' the orthogonal projector
in L*(F) upon [P;(F)]", | > 0. Defining p; := IT* p, using the regularity of the mesh, and following closely the
proof of Lemma 9 in [30] for each component of w, and for each K € 7},, we get
(= py,0)or < C R w1 i |01 for all v € HY(K).
Summing up over K € 7}, it holds
b(p — py,v) = (1 — g, v)o7, < Ch"wlmi1,0 v, < CR"||w|[mi,e llv]lv,

which immediately leads to

b _
blp — m, v) < Ch™|wl|ms 1.0

The result (5.2) follows using the equivalence of norms in Lemma A.3, and (5.3) follows using that A9 C Ay
and (5.2). O

With the choice of A; in (5.1), we are then ready to present rates of convergence.
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Theorem 5.2. Let (A, u™) € A X Vi, and (A, uj™) € A; x Vi, be the exact and the approzimate solution
of (2.6) and (4.4), respectively, where A is given in (5.1). Assuming w € H™ ' (2), there exist C' such that
A=A u™ —wp)[[axv < C A" |ullmr,0,
lw = wunllo,e + llo = onllav < CA™ [ullmr1,0-

Furthermore, if problem (1.1) has smoothing properties, the following estimates hold

rm

™ —wp 0.0+ lu —unllo.e < CA™ a0,

where 1 <m <[+ 1 andl > 1 is the degree of polynomial functions in A;.
Proof. The results follow using Lemmas 4.3, 4.5 and 5.1. O

Remark 5.3. Estimates in Theorem 5.2 point out that the errors in the natural norms for the displacement
and the stress are super-convergent. For instance, if one adopts linear polynomial interpolation (I = 1) on
faces to approximate the Lagrange multiplier, then Theorem 5.2 shows that ||V (u — us)|lo.7;, = O(h?) and
lu — unllo,.0 = O(h?).

Remark 5.4. At this point, it is interesting to count the number of local degrees of freedom necessary to
approximate the variables using the space V,,(K) x A;(K) in the case of a simplicial mesh, where A;(K)
stands for the space of functions in A; restricted to K. First, dim V,,(K) = (”H), where we recall that
n € {2,3} is the dimension of {2. Now, on a particular face, there are n(lff:l) degrees of freedom for A;(K) if
I > 1. Therefore, since there are n+ 1 faces belonging to K, dim A;(K) = n(n+ 1)(“7;71_11), for [ > 1. Therefore,
the total number of local degrees of freedom is

(”H) {1+2<l+”_1>}, 1> 1.
n—1 n—1

As for the simplest element, i.e., the pair of spaces V, (K) X Ay, (K), the total number of local degrees of

freedom is
n—+1
2).
(n N 1) (n+2)

As such, there are 12 degrees of freedom total in 2D, while in the 3D case there are 30 degrees of freedom
per element. Also, Theorem 5.2 holds (with m = 1) if one replaces A; by A, from Lemmas 4.3 and 4.5, and
from (5.3).

n—1

5.2. A posteriori estimates

Now, we turn to a posteriori error estimates. With the definition of u;, given in (3.2), we propose the residual
on faces as follows

1
5 [[uh]], Feé&

rTp = (54)
g — up, F e gDv
where we recall [.] is given in (3.10), and we set
Cmin
nr ‘= h1/2 HTF”QF' (55)

F
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The estimator 7 is given by
1/2
= l > ni] with nj = > nf.
KeT, FCOK

It will be also useful to adopt the following norm on H (div; ()

lolwn = 3= (Iol3 x +hklidivel ).
KeT,

and the local norm

> (hRAwIE & + ()

Kewr

|3,K>v

19113 o *

(5.6)

(5.7)

(5.8)

where wp corresponds to the set of elements sharing the face F' € &,. We are ready to establish the following

a posteriort error estimate.

Theorem 5.5. Let (A, u™) and (Ap,u}™) be the solutions of (4.3) and (4.4), respectively. Then, there exist

positive constants C1 and Csy, independent of h, such that

Cmin || — up|lv + |0 — onlldgiv.n < Cim,

nr < C2 Cmin“u - uhHV,WF'

Moreover, if we suppose smoothing properties, there exists C' such that

1
Cmin <E||u —upllon + | E(u— uh)|0,7’h> + ||o — onllaiv,n < Cn.

Proof. We shall adapt the technique proposed in [3]. To first establish the lower bound, we use the definition

of B(.,.) and follow closely ([3], Thm. 5.2) (in its vectorial version), to get

B(XA = Ap,u™ —up™; o) = B(A = Ap,u™ —up™; p, 0)

= (l'l’v u— uh)aTh

= —(m, un)oT, + (1, 9)oop

< Cllpllan.
We therefore find from Lemma A.1 and Theorem 4.2 that
cminl[w — un|lv + [|o = onllaiv,n < C (A = Ap, w™ —up”)[|axv

<C sup

B(A = Ap, u™ — ™, ™)

(") EAX Vi ([ (12, ™) [ Axcv

< Chn.

Now, we prove the upper bound. Let p* € A such that p* |p = rp and p* | = 0 for all F/ # F € &, hence

we get

Irellgr =2(re, [u—un])r < 2{relo.rl[u—un]lo,r-
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Therefore, using the triangle inequality and trace inequality (A.3), and the mesh regularity it holds

lo,r < 2|[[u—un]llo,r

_ 1/2
<C Y [hit e — unllf x4 hcll E(u — un)[F «]
Kewp

< Chil? |lu — unllvwp-

(L3

As for F' € Ep, we observe that ||[rp|or < ||u — upljo,r and, then, the above estimate also holds following an
analogous argument. The last result follows from Lemma 4.5 and following closely the arguments presented in
([3], Cor. 5.3) (in its vectorial version). O

6. TWO-LEVEL ANALYSIS

We establish first in this section the conditions under which the two-level version of the MHM method (3.8)
remains well-posed and keeps its best approximation property. There is a great deal of flexibility in the choice
of the local finite dimensional spaces and in the second-level numerical method. Here, we keep the two-level
approach as simple as possible, and select a conforming second-level finite dimensional space Vh(K ) C V(K ),
where V(K) stands for the functions in V restricted to K € 7y, and define

\th = @Kej’,bvh(K) cV.

We include the impact of the second-level discretization in the MHM method by replacing the bilinear form
a(-,-) in (4.3) with

an(fn, An) = (g, Th An)oTs,, (6.1)
where T}, : A — V), is such that T}, w, |k satisfies
(AE(Ty ), E(®01))x = —(py, On)ox  for all By, € Vi, (6.2)
and (p, T f)o, is replaced by (u, Ty, f)oT, , where T), : L*(2) — V), is such that T}, q | satisfies
(AE(Thq),E(Bn))k = (g, n)k  for all by, € V. (6.3)

The problems above are the standard Galerkin method set over V), restricted to each K € Tj,. The goal is to
approximate the solutions of elliptic problems (2.4)—(2.5).
The corresponding two-level MHM method reads: find (An, up™) € Ap X Vim such that

Br(An, up™s pp, v™) = Fr(pgy,, v™)  for all (g, v™) € Ap X Vi, (6.4)

where
By (A, u™; p, 0™)
Fr(p,v'™):

ah(Aa H‘) + b(p‘v urm) + b(>" ,Urm)’
£y v™) 7, — (1, Th o, + (1, 9p)oc-

Observe that the invertibility of the matrix associated with By, (+, ) comes down to invertibility of the symmetric
form ay(.,.) on the nullspace

Nh ZZNﬁAh, (6.5)

where A is given in (4.20) and Ay, satisfies (4.1) (we have already dealt with the other constituents in the
previous analysis). Such a result will be achieved by showing the form —ay/(.,.) is coercive on N}, with respect
to the norm ||.||a. Overall, this relies on the choice of the space V. A sufficient condition for V), is proposed
in the next lemma.
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Lemma 6.1. Let ap(-,-) be given in (6.1), and assume that it holds
wy €Nn,  (py,0n)ox =0 for all vy, € V, and K € T;, = w, =0. (6.6)

Then, there exists C such that

—an(pns ) = Cllpylla  for all py, € Ny (6.7)

Proof. First notice that (6.6) implies T}, is injective on Nj. In fact, if Tj pj, = 0, then from (6.2) it holds,
for all K € 7y,

0= (Ag(Th I-Lh),g(fih))K = _(thf]h)aK for all vy, € \N/h,

and from (6.6) we get m, = 0. As a result, dim A}, = dim T},(N3), where Tj,(NV;,) C Vj is the image of
T}, restricted to functions in N}, and ||T} py,||v turns out to be a norm over the space Ap,. To establish the
aforementioned coercivity result, we first prove that such a result holds with respect to the norm ||7}, py,||v. In
fact, let Aj, = py, € M, in (6.1). Using (6.2), there is C such that

—an(py, ) = — (g, Th oy,) o
= (AE(Th py,), E(Thn i) 73,
> Coninl| €(Th )12 7,
> C eaninl T |3, (6.8)

where we used the Korn’s inequality. Next, observe that from (6.6) there exits a C' such that

sup (3, Vn)oTs, > O sup (1, 0)oT,

L - for all pj, € N, (6.9)
i:he\?h th”V 'De\? ||'U||V h

as the left-hand side above turns out to be a norm over N},. The independence of C with respect to h follows
from a standard scaling argument (see [15], p. 111, for instance). Inequality (6.9) is also found in ([30], Lem. 10)
with minor differences but used for a different purpose. Now, from (6.9) and since ||9||v < ||v|v for all v € V,
and recalling that b(-,-) = (-, )a7,, we get from (4.12) that

sup M > (' sup M > C|lpplla for all py, € Np,.

onev, lonlv vev  [[vllv

The previous inequality, (6.2) and the Cauchy—Schwarz’s inequality together imply,

Cllpplla < sup M
BHEVH thHV
E(T, LE(T
= sup A (hlfh) (on)) T,
DREV), ”vhHV

< Ccmax”Th NhHV'

We conclude that, for g, € Ny, there exists a positive constant C such that

||H‘hHA < CCmax ||Th /J’hHVv (610)

and consequently, we arrive at the required result for a(.,.), i.e.,

Cmin

lpnla for all p, € N O

_a’h(/*l’hv IJ‘h) > C

Cmax
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Notice that the operators T}, and T), are bounded, e.g., there are constants C' such that
|Th ullv < Cllplla and |Thglv < Cllglloe forall pe A, g € L*(2). (6.11)

The inequality for 7T}, follows from (A.2), (6.2) and Lemma A.3, and for 7, from (A.2), (6.3) and
Cauchy—Schwarz’s inequality. Now, using (6.11) and Lemma 6.1, and following the proof of Theorem 4.2,
we conclude the well-posedness of the two-level MHM method (6.4) in the next theorem.

Theorem 6.2. Suppose (Ap, u'™), (pup,, v™) € Ap X Vim. Then, there exists C such that
Br(An, w™; gy, ) < Cf[(An, w™) ][ axcv [[(pe, v axcv- (6.12)
Moreover, assuming that (6.6) holds, there exists a positive constant «, independent of h, such that

B (An, u™; py, 0™)
sup o~
(g, v"™)EARL X Vi, ||(/'l’h7v )HAXV

> al[(An,u™)[axv, (6.13)

for all (Ap,u™) € Ay X V. Hence, problem (6.4) is well-posed.

Now, let us quantify the impact of the two-level approach on approximation results. To this end, observe that
the two-level discretization impacts the consistency of MHM method (3.1). This can be measured through the
following best approximation result, which is an incarnation of the first Strang’s lemma.

Lemma 6.3. Let (X, u™) and (Ap,up™) be the solutions of (4.3) and (6.4), respectively. It holds that there
exists C' such that

=A™ =Py < (int 1A= palla+ I =T A+ (7 =7 £l ).
h h

Proof. Choose arbitrary p;, € Ap. By (4.12) and (4.17), for all (v, w™) € A X Vi, there is a constant C'
such that

rm)

Br(p, = An, u™ —up™ vy, w™) = Br(pg,, w5y, w™) = Fi(v,, w
= Bn(pp, ™ vp, w™) + (F(yp, w™) = Frly,, w™)) — F(y,, w™)
= (Y. (Th = T) py, = (Tn = 1) f) 75, + Blpy, — X, 05y, w™)
< (T = T) py, + (T = T) Fllv + C gy, = L)l (v w™) [ axv
< (Tn = T) A= w)llv + I(Tn = T) X+ (T = T) £llv

+ C g = Al ) (v, w™) [ axv
<(NTh =T)X+ (Th = T) Fllv + C e, — M) | (Vs w™) | axv,

where we used the stability result for T and T}, from Lemma A.1 and (6.11), respectively. Therefore, from (6.13),
we get

rm

[ty — Ay up” —u™)|[axv

IN
L~

(I =L)X+ (7 = T) Fllv + ClIA = mlla)
and from the triangle inequality

[ = A, ™ —uj™) [ axv < (A = g, O)[[asew + [[(eg, = An, ™ — wp™) [ axy

the result follows. O
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Hereafter, we shall use the characterization of w and o given in (2.7), and wy, o, redefined by
uy = uzm-i-Th)\h-i-Thf, op = Ag(Th)\h-l-Thf), (6.14)

where (u}™, Ax) € Vim X Ay, is the solution of (6.4). A similar best approximation result of Lemma 6.3 is also
available adopting natural norms. This is presented next.

Corollary 6.4. Let (A, u™) and (Ap, up™) be the solutions of (4.3) and (6.4), respectively. There is a constant
C such that

fu—wly <€ (it 1A= plla+ 1T = Tx+ (T =TIy ).
h h

Furthermore, if problem (1.1) has smoothing properties, it holds
fu=wilon < Ch (i A= plla+ 1= TA+ (T = Tl ).
p€AR

Proof. Observing that

e=u—up,=u"—up" + (T =T )A+Th A=Xp)+ (T —T1)f,

the proof then follows using the stability of T} in (6.11) and Lemma 6.3 for the estimate in the ||.||yy norm. As
for the estimate in the L? norm, we follows the same lines as the proof of Lemma 4.5. g

Remark 6.5. Another option to approximate the functions T A, (e.g. T ;) and T f locally is to
rewrite (2.4)—(2.5) in their mixed form and adopt a well-established mixed method to solve them. In this
case, the increased complexity could be offset by a precise stress tensor oy, in H(div; Q) post-processed from the
two-level primal variable (6.14) or an improvement in the robustness of the MHM method in the incompressible
limiting case. This alternative deserves further investigation and will be addressed in the future.

6.1. Selecting Vi
Here we propose a two-dimensional family of spaces V), that fulfills (6.6), defined by

V) = {vh eV : ok € [SFHE)? K € Th} (6.15)

where SF(K) := PF(K) or Q*(K), and Q*(K) stands for the space of tensor polynomial function of order k
at most in K € 7;. Note that it is based on a single element, and requires no further discretization of each
element. It can be seen as a p-method at the second level.

Let A, = A; be given in (5.1). Clearly, if £ < [ then condition (6.6) cannot occur since pk = dim S¥(K) <
p dimP{(F) = p (I + 1), where p = 3 or p = 4 if S¥(K) = P*(K) or Q¥(K), respectively. The following result
establishes the compatibility condition between the degrees | and k such that the condition (6.6) holds.

Lemma 6.6. Assume that [ > 0. Then, if k satisfies

k>1+1 ifl is even,
{ _ / (6.16)

k>1+2 iflis odd,

when SF(K) =PF(K) or k > 1+ 2 when S*(K) = Q*(K), then (6.6) holds.
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Proof. Assume that k > [+ 1 with [ > 0, and take p;, € N} such that, for all v, € Vh, it holds (w,, On)ox =
0 forall K € 7p. Observe that this condition corresponds to the assumption that each component ui of
wy, € N, satisfies

(s, vi)ox =0 forall K € 7, andi=1,2, (6.17)

where v! is the i-component of v, € V},. Now, from Lemmas 4 and 7 in [30] p¢, vanishes if and only if v € P*(K),
with k satisfying (6.16), or if v} € Q*(K) with k > [+ 2, and the result follows. O

Remark 6.7. In the case that [ is odd or S¥(K) = Q¥(K), Lemma 6.6 points out that the minimal interpolation,
namely polynomial functions of degree k = [41, cannot be adopted to approximate second-level solutions. In [30],
Lemmas 4 and 7, it has been shown that the local space of non-trivial polynomial functions ,ufl satisfying (6.17) is
one dimensional with basis of degree [ in both cases. As a result, Vh(K ) enhanced with a polynomial function of
degree [+2 (resp. I +2 or [+3 depending whether [ is even or odd) in each element K € 7}, when S¥(K) = P*(K)
(resp. Q¥ (K)), hereafter denoted by b, leads condition (6.17) to be fulfilled (see [30], Lems. 6 and 8, for details).

We may take advantage of the characterization of the non-trivial functions satisfying (6.17) given in the
previous remark to decrease the computational cost involved in solving the second level problem. This is accom-
plished by making the minimal interpolation choice (i.e. k = [ + 1) available for the odd case if S¥(K) = P*(K)
and for the case S*(K) = QF(K).

To this end, we redefine the operator T}, given in (6.2). Let us denote by By the one-dimensional local space
generated through the function by . The desired result is presented next using that >, [B x>V, ={0}.

Lemma 6.8. Let k = 1+1 with| > 0. Assume either S*(K) = QF(K) or S¥(K) = P¥(K) and [ is odd. Redefine
Th : A — Vy, replacing (6.2) by

(AE(Th An), E(On)) i + (AE(P Th An), E(0n)) K

i . ! o (6.18)
= —()\h,'vh)aK — (AE(P Ah),S(vh))K fOT all v € Vh,

where P : V), — Y ker, [Bx]? and P:A, — Y ker, [Bi]? are such that, given o), € V), and p,, € Ay, they
satisfy respectively,

(Ag(Pf)h),g(bK el))K = —(Ag(’i}h),g(b[( EZ))K
(AE(P py), E(bk €)= —(py, br €)ox  i=1,2,

and b € Bi and e; is the canonical basis in R%. Hence, T}, is an injective operator when restricted to Ny

(6.19)

Proof. From [30] we have that T}, : N}, — V, @ ZKeTh [Bi)? satisfying

(AE(Th An), E(Wn))k = —(An, n)ox for all wy, € Vi & Y [Bi) (6.20)
KeTy,
is injective. Using the (unique) decomposition

7 ~k ~b
ThAp = uy + uyp,

with ﬁﬁ € V), and 112 € keT, [B]?, we observe that (6.20) is completely equivalent to the following system

- - (6.21)
(AE(uy),E(bk €:))k + (AE(@}), E(bx ;) k = —(An, bk €i)ax  for b € B
Observe that the second equation leads to the following characterization

al = Pak + Py,

{ (AE(@F), E(@n)) i + (AE@Y), E(B1))k = —(An, D)ok for all By, € V),

where P and P are given in (6.19). To obtain the desired result, we substitute it into the first equation in (6.21)
and define T}, Ay, 1= '&ﬁ O
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Remark 6.9. Clearly, assumption (6.6) also holds if one adopts piecewise polynomial spaces constructed on
top of a sub-mesh in place of (6.15) (under the same constraint between the degrees [ and k). Such an option
becomes attractive in the case of highly heterogenous material problems since the basis functions naturally
upscale the multi-scale features of the media into the numerical solution. This viewpoint makes the MHM
method a member of the multi-scale finite element family [25].

6.2. Error estimates

Now, let us turn to the second-level discretization from the viewpoint of convergence. We shall demonstrate
results assuming Vj, C V is given by (6.15) (where the order of the approximating polynomial is k). From these
choices it is well known that, assuming T'p+7'q € H™(2),1 < m < k, the Galerkin method adopted locally
to define the global operators T}, and T}, delivers the following interpolation errors

(T =Tw) p+ (T = T) gllv < Ch™ | T p+ T qllmsr,

o : (6.22)
(T =Th)p+ (T =Tn)qllo.o < CH™ T+ T qllmsr-

As such, using the estimates above, we are ready to present the convergence of the MHM method with a two-level
discretization which adopts space (6.15).

Lemma 6.10. Let (A, u™) € AXVyy and (A, up™) € A;x Vi be the solutions of (2.6) and (6.4), respectively.
Assuming A; and 'V}, satisfy the conditions in (6.6) and u € Hm+1(9), then for 1 <m <I1+1<k withl > 1,
it holds that there exist C such that

I =A™ = w™) [ axy < OB [[uf i (6.23)
lw = unllv < €™ [faflsr (6.24)

Furthermore, if problem (1.1) has smoothing properties, there exists C such that
lu —wunlloe < CH™ uf . (6.25)

Proof. From Lemma 6.3, the Cauchy—Schwarz and Poincaré inequalities we get

A=A, w™ —up,™) [ axv

IN

c ( inf A= ylla + (T = TA + <T—Th>f|v)
IJ'LEAZ

IN

CR™ (s + ITA+ T f )

Ch™ [[ufmr,

A

where we used (6.22) and ||[TA + Tf|lms1 < ||[w]lmy1 since u™ € Vi, is V-orthogonal to TA 4+ T'f. The last
two results follow analogously from Corollary 6.4. g

Remark 6.11. Note that the proposed two-level method (6.4) preserves some of the main features of its one-
level counterpart, like the well-posedness, the super-convergence of the error and local equilibrium. For the
latter, for all K € 7}, it holds from (6.4) that the approximate two-level traction Aj, satisfies

/ Ap o™ = / fo™ for all o™ € V.
oK K

Strict conformity in H(div;2) and optimal error estimates to the stress oj (post-processed from displace-
ment (6.14)) in the H(div; ) norm should be expected only if a mixed finite element method is adopted to
approximate local problems. This will be addressed in the future.
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7. CONCLUSION

We proposed a new family of H(div; ) conforming and stable finite elements for the linear elasticity equation.
The simplest member of this family has, per element, 12 degrees of freedom in 2D and 30 in 3D in total,
respectively. Also interesting is that the approximate stress tensor preserves the local equilibrium property as
well as the strong symmetry using a simple post-processing of the primal variable. Our analysis provided super-
convergent a priori error estimates in natural norms and a face-based a posteriori estimator. For the latter, we
proved that reliability and efficiency hold.

Element-wise elasticity problems with prescribed traction on faces drove basis functions. First, the numerical
analysis was done using existence of unique solutions of these problems. Next, we used this “optimal” con-
text to highlight how a second-level discretization influences well-posedness and consistency of the method.
In particular, a two-level analysis showed the conditions under which the two-level MHM methods preserve
super-convergent error estimates. As a result, the solutions presented high-order precision even with simple,
one-element discretizations at the second level.

It is worth mentioning that the computation of completely independent local problems for the basis functions
is embedded in the upscaling procedure, so their solutions may be naturally obtained within parallel compu-
tational environments. This is particularly attractive when precisely handling large elasticity problems with
heterogeneous coefficients on coarse meshes.

The important question of robustness of the MHM method for the incompressible limit case was left open.
We observed that such a feature is tightly attached to the choice of the second-level numerical method. For
instance, basis functions obtained from mixed finite element methods are expected to yield locking-free two-level
MHM methods.

APPENDIX A.

Throughout this work, we need some auxiliary results such as the optimal local Poincaré inequality (on convex
domains) [27] and the following second Korn’s inequality: for © € V it holds (see [14] for instance)

- hi |\ - - -
1o < —=[Vollox  and  [[Vollo.x < Crorn [|E(®)lo.xc, (A.1)
where Cyorp 1S a positive constant independent of h. Combining both previous inequalities, we arrive at
- hk -
19llo.x < Crorn —= [ £(®)llo,1- (A2)

Also, combining the classical Korn’s inequality [13] with a local trace inequality it follows that: Given v €
H'(K), we obtain

1/2
1
folloon < € (Glola+hxlE@IBx) (A3
and using (A.2) and (A.3) it holds

[8l0.0x < Chi?lE@)llo.x (A4)

for ¥ € V. We shall make extensive use of the following value

Clnax

= A5
" Cmin ( )

Next, we prove some of the auxiliary results which are used in previous sections.

Lemma A.1. Let p € A and define T : A — V as in (2.4), ie., for each K € Tp,, T € V is the unique
solution of }
(AEMTp), E(w)) g =— (1, w)y, forallweV.
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Then, T is a bounded linear operator satisfying the following bounds

AT )l < mx { 2/2CE,, 72, VB (A.6)

™

Ci., +m)k
17 il < Goomn £y (A7)

min

Proof. First, the problem has a unique solution if and only if —divAE&(T u) = R* € V., from (2.9), where

(Ruﬂvrm)'fh, = Z (/’l’avrm)aK'
KeTy,

By definition (4.6) of ||.||div, integrating by parts and the fact div(AE(T w)) |k € Vim (K) we arrive at

JAET wllzie < Y (1 —Cmax T o+ dy div(A E(T p)))ox,
KeTy,

where we used (1.2). Therefore, since —cmax T pp+d% div(A E(T p)) € V, it follows by the local inequality (A.2)
and the fact div(A E(T 1))k € Vim(K),

b(p,v)
|v[lv

1/2
A E(T w3y < sup D (A5 emaxT p+ dgdiv(A E(T ) |5 x + |crnax5(Tﬂ)|g,K)]

KeT,

1/2

b(p,v) - .

< sup D (20 EalIT pllf s + 2 d5 | div(A E(T )15 x + | ET )13 )
vev [vllv | 5

b
< sup (p,v)
vev |vllv

1/2
2C’20r11 + ’/T2 CIQH"LX 3
> <( s it ”AS(T/J)”(Q),K+2d%||d1V(Ag(TH))||%,K>1 :

2
KeT, T Chnin

Then, using definition of £ in (A.5), we get

b
A E(T 1)y < Gl V210 sup 22D, (A.8)
vev [vlv

Now, choose arbitrary v € V, and suppose that o € H(div; ) satisfies the property o n |gx = p for p € A.
It follows by Green’s theorem and the Cauchy—Schwarz’s inequality that

D (mwox = Y (0n",v)ax

KeT, KeTy,
= > [(dive,v)k + (0,£(v))k]
KeT,
< Z [de [|div oo,k dg" [v]lo,x + [|o]lo,x || E()]0,k]
KeT,
< [loflaivllvflv-

Then, by definition of supremum, it follows that

b
sup (/,L,U) = sup (/,L,’U)aTh < ||0||div~

vev |[v]lv _vEV [v]|v
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Since o was arbitrarily taken, the above inequality and definition of infimum imply

b
sup (p,v)

< |||, A9
vev [vllv el (8.9)

and result (A.6) follows immediately replacing the result above in (A.8). The bound (A.7) follows from Korn’s
inequality (A.2). O

Lemma A.2. Let q € L*(2) and define T : L*(2) — V as in (2.5), i.e., for each K € Tp,, Tq € V 'is the
unique solution of

(A E(Tq), E(w))k = (q,w)x  for allw e V. (A.10)
Then, T is a bounded linear operator satisfying the following bounds

IA 5(T) qllaiv < max {Cxorn, 1} V2dg k llg — I qllo., (A.11)
2do K
2% \lg - 1T qlo,0- (A12)

Cmin

”TqHV < max {Ckornv 1}

Proof. First, we establish (A.11). Note that (1.2), the fact T'q € V, and the Cauchy—Schwarz and the local
inequality (A.2), and hg < dg imply
IAET @)F x < IIIA ET q), E(T )k
< cmax (4, T @) i
= Cmax (4 — Ik 4, T @)
< max |l — e qllo.x 1T q
< Crom= da llg = i qllo.scll A E(T @)l e

lo,x

Therefore, from (2.10) and by definition (4.6) of ||.||div, and observing that 1 < &, we get

IAET Q)3 = Y [I4ET )3k +d la— Tk alld
KeTy,

K\ 2
S Qd% maX{(Ckorn;) 71} Hq - Hq”?),ﬂ’

from which the bound (A.11) follows immediately. The bound (A.12) follows using the local Poincaré’s inequal-
ity (A.1) and the result (A.11). O

Lemma A.3. Suppose p € A. It follows that

V2 b(p, v)

A < sup
2C’korn ||N‘| veV HUHV

< [l a-

Proof. Choose arbitrary p € A. The left-hand side bound follows from equation (A.8) (with A as the identity
matrix). The right-hand bound is inequality (A.9) in the proof of Lemma A.1. O
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