ESAIM: M2AN 48 (2014) 697-726 ESAIM: Mathematical Modelling and Numerical Analysis
DOI: 10.1051/m2an/2013126 WwWw.esalm-m2an.org

CONVERGENCE OF A VARIATIONAL LAGRANGIAN SCHEME
FOR A NONLINEAR DRIFT DIFFUSION EQUATION *

DANIEL MATTHES! AND HORST OSBERGER!

Abstract. We study a Lagrangian numerical scheme for solution of a nonlinear drift diffusion equation
on an interval. The discretization is based on the equation’s gradient flow structure with respect to
the Wasserstein distance. The scheme inherits various properties from the continuous flow, like entropy
monotonicity, mass preservation, metric contraction and minimum,/ maximum principles. As the main
result, we give a proof of convergence in the limit of vanishing mesh size under a CFL-type condition.
We also present results from numerical experiments.
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1. INTRODUCTION

In this paper, we propose and analyze a particular spatio-temporal discretization of the following nonlinear
initial-boundary value problem on an interval I = [a, b]:

O =P(u) e + (Va(2)u)z, uz(t;a) =us(t;0) =0, u(0;2) =u’(x) > 0. (1.1)

We are interested in approximating non-negative weak solutions u : [0, T] x I — Rx>¢ to (1.1) on arbitrary time
horizonts T' > 0. Our assumptions are that

e the nonlinearity P : R>o — R is C?-smooth on R, and satisfies

P(0)=0, P'(r)>0, limP'(r) <oo, lim P'(r)=+oco, s+ P(1/s) is concave, (1.2)

r]0 r—00

the prototypical example being the porous medium term P(r) = r™ with some m > 1;
e the potential V : I — R is C%-smooth with

Va(a) = Va(b) = 0. (1.3)
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Under the given regularity assumptions, there are numerous possibilities to design efficient numerical schemes
for solution of (1.1), e.g., using finite differences. The particular discretization under consideration here is special
insofar as it is based on the representation of (1.1) as a gradient flow, and it inherits certain qualitative features
of that variational structure.

1.1. Gradient flow structure

We summarize some basic facts about the variational formulation of (1.1). The divergence form in combination
with the no-flux boundary conditions and (1.3) implies the conservation of mass

/u(t;x) de =M = /uo(x) dr >0 forallt>0, (1.4)
I I

and we shall consider M as some fixed quantity from now on. The space DM (I) C L'(I) of bounded and strictly
positive densities v with total mass M can be endowed with the L2-Wasserstein metric Wy; the definition and
elementary properties of this metric are reviewed in Section 2 below. Next, introduce the energy functional E
for u € DM(I) by

B(u) = /1 S(ulz)) de + /I w(@)V (z) dz, (1.5)

where the internal energy potential ¢ : R>¢ — R is an arbitrary second anti-derivative of r — P’(r)/r; see (2.3).
The link between the energy E and equation (1.1) — which has been rigorously established by Otto [18] — is that
solutions to (1.1) form a gradient flow in the energy landscape of E with respect to the metric Wy. Further, it
has been observed by McCann [17] that the functional E is (—A)-convex along geodesics in Wy, with

A = max (=Vi()) 2 0. (1.6)

Consequently, the gradient flow is (—A)-contractive®. Some implications are:

(1) The energy E(u(t)) is monotonically decreasing in t.
(2) Two solutions u, v diverge at most at an exponential rate of A w.r.t. Wa, i.c.,

W (u(t),v(t)) < Wa(u®,v%)e  for all t > 0. (1.7)

(3) There is a unique non-negative and mass preserving global solution for measure valued initial conditions,
i.e., the density u° in (1.1) can be replaced by an arbitrary non-negative measure on I with mass M.

Below, we discuss in which sense these properties are inherited by our discretization.

1.2. Discretization

Semi-discretization in time of gradient flow equations like (1.1) has become a key tool in existence proofs and
for the rigorous derivation of a priori estimates. The celebrated minimizing movement scheme [1] (also referred
to as JKO [13] or simply implicit Euler scheme) works in the situation at hand as follows: given a time step

7 > 0, one defines inductively — starting from u? = u° — approximations u” of u(n7) as minimizers in D™ (I) of
“penalized energy functionals” E,(-,u”~1), given by
_ 1 —1\2
E,(u,ul ') = sz (u,u?™1)" + E(u). (1.8)

Thanks to the (—A)-convexity of E, it follows from the theory developed in [1] that the functions @, : [0, 00) —
DM(I) obtained by piecewise constant interpolation in time converge for 7 | 0 to the unique weak solution
u:[0,00) — DM(I) of (1.1).

2Note that (—A)-contractivity with A > 0 is a weaker property than contractivity of the flow. Indeed, trajectories may diverge,
but not faster than in (1.7).
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FIGURE 1. A typical density function u € Dé” (I) (left) and inverse distribution function X € X,.

To obtain a full (spatio-temporal) discretization, we perform the minimization of E, not over the entire
set DM(I), but over a submanifold Dé”(]) of finite dimension (K — 1) € N. The discretization parameter
& = (£0,&1,...,&k) is an increasing sequence of numbers &, € [0, M], with 0 =&y < & < & < -+ < &g = M.
The corresponding submanifold Dé” (I) consists of piecewise constant density functions u € DM (I) of the form

K
= (e, 2 (1.9)
k=1

where the end points zj of the intervals are variable subject to the constraint
a=x9g<x1<--<xp =0,
and the positive weights uy are given in terms of the xy by
(xp — Tp—1)up = 0 := &k — Ek—1 > 0. (1.10)

One may think of §; to dx as lumps of mass, each of which is uniformly distributed on its respective interval
(xg—1, k], see Figure 1. Our Lagrangian scheme is now defined as follows.

Given a discretization A = (7;&) consisting of a time step 7 > 0 and a spatial mesh &€, and an initial
condition u € Dé”(]), define a discrete solution up = (u%,ul,...) inductively by

up = ar}g)gég E, (u,u’y ) forn=1,2,... (1.11)
ue €

The seemingly involved definition of the recursion (1.11) leads to a simple and practical numerical scheme,
whose complexity is comparable to that of a standard discretization of (1.1) by finite differences. In addition,
the Lagrangian nature of the scheme admits a geometric interpretation of the solution: the time-dependent end
points 2 (t) of the intervals in (1.9) for the transport of mass elements on I. Concerning structure preservation,
we summarize some noteworthy features of this approach:

e The energy E(u”,) is monotone in n, and all vy are positive and have the same mass M.
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e Any two discrete solutions ua and v on the same grid A satisfy the expansion estimate
Wy (u,07%) < (1 —247)""/2W, (uOA,UOA) ,

which turns into (1.7) in the limit 7 | 0. See Section 5.1.

e The scheme is applicable to arbitrary initial data u® € L(I) with finite energy. In fact, weak convergence of
uY to u® suffices to conclude strong convergence of the discrete solution ua in L'([0,T] x I) to the correct
weak solution u of (1.1). See Theorem 1.1 below.

e Discrete solutions obey a minimum/maximum principle. See Section 5.2.

The choice of Déw (I) originates from an alternative formulation of equation (1.1). Namely, v is a (positive and
classical) solution to (1.1) iff its inverse distribution function X — see Section 2 for its definition — satisfies the
initial-boundary value problem

X =9 (Xe)e = Voo X, X(t:0) =a, X(t; M) =b, X(0;¢) = X°(€), (1.12)
where ¢ : R; — R is defined by
Y(s)=s¢(s7') forall s> 0. (1.13)

The variational structure of (1.12) is quite apparent: solutions X to (1.12) are gradient flows of the functional

M M
E(X) = /0 B (Xe(€)) dé + /0 Vo X(€) d (1.14)

with respect to the usual scalar product on L2([0, M]). In effect, we discretize the L2-gradient flow (1.12) rather
than the Wy-gradient flow (1.1), representing X as a linear combination of piecewise linear ansatz functions
with respect to the (time-independent) mesh &.

1.3. Convergence result
Our main result is the following.

Theorem 1.1. Let a non-negative initial condition u® € L*(I) of mass M with E(u°) < oo be given, and fir a
time horizont T > 0.

Consider a sequence of discretizations AY) = (T(j);E(j)), consisting of time steps ) | 0 and spatial
meshes €9, and an associated sequence of initial conditions ul ;) € Dg{j) (I). Assume that u°;, — u® weakly

in LY(I), assume that 5,9) defined from €9 according to (1.10) satisfies maxk(cS,(cj)) 1 0, and further assume

that maxy, 5,9)/ ming 5?) < @ and that E(uOAm) < E, for appropriate j-independent constants a, E > 0. Finally,
assume that the following inverse CFL condition holds:

A\ 2 ~ 2AT )
<m’?,x5,(j)> < 69" <L> 7U), (1.15)

; 0
MiNg U 4 )

with ¢ defined in (1.13), and with A >0 from (1.6).
The scheme (1.11) produces a sequence of discrete solutions uyy. Denote by tag) : [0, 00) — Dé‘/{(l) the re-

spective interpolants that are piecewise constant in time, see (6.2). Then Gz converges strongly in L*([0,T] x I)
to the unique weak solution u of (1.1).

A comment is due on condition (1.15). Since " (s) — 0 for s — oo, this condition implies that the non-negative

initial datum «° needs to be approximated by strictly positive data uOA(j) , and the smaller one whishes to choose

the minimal value of u° the finer one needs to make the grid E(j). Condition (1.15) thus quantifies the

AG)
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intuitive requirement that not only the mesh of &’s in [0, M], but also the induced mesh of x;’s in I should
become arbitrarily fine in the limit, uniformly for all times ¢ € [0, T]. Consequently, our scheme does not allow
to track propagating fronts — like spreading Barenblatt profiles — directly on the discrete level as in [5,19], but
it is able to approximate these fronts arbitrarily well with strictly positive solutions if the mesh is sufficiently
fine. Note that — thanks to the implicit nature of scheme — we do not need to impose a smallness condition on
the time step. Such a (classical) CFL condition has been used e.g. for the analysis of the explicit Lagrangian
scheme in [12].

1.4. Related results from the literature

Studies on Lagrangian schemes for (1.1) are widely scattered in the literature. Already MacCamy and
Sokolovsky [16] present a discretization that is almost identical to ours, for (1.1) with P(u) = u? and V = 0.
Another pioneering work in this direction is the paper by Russo [21], who compares several (semi-)Lagrangian
discretizations in the linear case P(u) = u; extensions to two spatial dimensions are also discussed. Later,
Budd et al. [5] used a moving mesh to capture self-similar solutions of the porous medium equation on the
whole line. The general theme was picked up recently by Carrillo and Moll [7], who define a Lagrangian dis-
cretization of aggregation equations in two space dimensions, based on the reformulation in terms of evolving
diffeomorphisms [10].

The connection between Lagrangian schemes and the gradient flow structure of equation (1.1) was inves-
tigated by Kinderlehrer and Walkington [14] and in a series of unpublished theses [15,19]. In a recent paper
by Westdickenberg and Wilkening [24], a similar scheme for (1.1) is obtained as a by-product in the process
of designing a structure preserving discretization for the Euler equations. Burger et al. [6] devise a numerical
scheme for (1.1) in dimension two on basis of the gradient flow structure, using the hydrodynamical formulation
of the Wasserstein distance [3] instead of the Lagrangian approach. The Lagrangian approach was adapted to
fourth order equations, namely by Cavalli and Naldi [8] for the Hele-Shaw flow, and by Diiring et al. [9] for the
DLSS equation.

In the aforementioned works, numerical schemes are defined and used in experiments; qualitative properties
and convergence are not studied analytically. Some analytical investigations have been carried out by Gosse and
Toscani [12]: for a Lagrangian scheme with explicit time discretization, they prove comparison principles, and
they rigorously discuss stability and consistency. Also, a full discretization of the Keller—Segel model has been
analyzed by Blanchet et al. [4] in view of convergence to equilibrium. However, to the best of our knowledge, a
proof for convergence of discrete to continuous (weak) solutions is not available in the literature.

Finally, a remark is due on an alternative way of proving convergence of the scheme. By use of stability results
for gradient flows [1,2] and the machinery of I'-convergence, it seems likely that Theorem 1.1 can be obtained
by exploiting the variational structure more deeply than we do here. In particular, the theory on perturbed
A-contractive gradient flows developed by Serfaty [22] indicates an alternative route towards the same goal. We
followed the elementary approach based on a priori estimates here, partly in order to avoid heavy machinery,
but mainly with the aim to develop a “stable” concept of proof that generalizes more directly to gradient flows
without convexity properties (like fourth order equations).

1.5. Outline of the paper

Section 2 below summarizes some basic results on inverse distribution functions and convexity in the
Wasserstein metric. In Section 3, we describe in detail the spatial discretization and study the restrictions
of the Wasserstein metric and energy to the Déw (I). The discrete scheme (1.11) is studied in Section 4, and
we derive the Euler-Lagrange equations. Section 5 provides a summary of some qualitative properties of the
discretization, like metric contraction and the minimum/maximum principle. The proof of Theorem 1.1 is given
in Section 6. The paper concludes with the results of various numerical experiments in Section 7, and with a
calculation of the consistency order.
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2. PRELIMINARIES AND NOTATIONS

For an introduction to the theory of optimal transportation, we refer to [23]. A comprehensive theory of
gradient flows in the Wasserstein metric can be found in [1].

2.1. Inverse distribution functions

Throughout the paper, we shall denote by
DM(I) := {u € LY(I) N L>(I) | essi}lfu(w) > 0, /u(x)dw = M}
S T

the space of positive density functions of total mass M. For u € DM (), define its distribution function U : I —
[0, M] by

Ult;z) = / u(t;y) dy,
and introduce its inverse function X = U~ : [0, M] — I. By our choice of D (I), the latter is well-defined and
belongs to
X:={XeC%(0,M];]) | X(0) = a, X(M) = b, X strictly increasing} .

Thanks to the Lipschitz continuity of U and X, we can differentiate the identity U o X(£) = ¢ at almost every
¢ € [0, M] and obtain the relation

w(X(E)Xe(€) =1 for ae. € € [0, M]. (2.1)

The inverse distribution function allows for an explicit representation of the Wasserstein distance in one spatial
dimension.

Lemma 2.1 (see e.g. [23]). Let ug,u; € D™ (I) have inverse distribution functions Xo,X; € X. Then their
Wasserstein distance amounts to
1/2

M
Wz(uo,m):(/o [X1(€)—Xo(§)]2d€> ; (2.2)

and a minimal geodesic (us)o<s<1 connecting ug to uy in Wy is given by X = sX1 + (1 — ) Xo.

2.2. Properties of the energy

Given P : R>g — R, let ¢ : R>g — R be a second anti-derivative of r — P’(r)/r with ¢(0) = 0, and define
§ Ry — R by $(s) = s6(1/5).

Proposition 2.2. The function ¢ is strictly conver and satisfies
P(r) =r¢'(r) — ¢(r) for all r > 0. (2.3)
Moreover, ¥(s) — oo for s | 0, and ¥ is a positive non-increasing function.

Proof. The claims about ¢ and v are direct consequences of the hypotheses in (1.2). By definition, ¢"(r) =
P'(r)/r > 0 for all » > 0, so ¢ is strictly convex. (2.3) follows by integration of both sides w.r.t. r > 0. It follows
further that
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so 19" is indeed positive and non-increasing. Finally,

"P
lim ¢ (s) = (1) + hm/ ) do = (1) + lim @ dp = +o0
s]0 r—oo Jq P
since P’'(p) — oo for p — oo, and hence also P(p)/p — oo. O

Introduce the functionals E on DM (I) and E on X, respectively, by (1.5) and (1.14), then the following result
is an easy consequence of the change of variables = X(§) under the integrals in the definition (1.5).

Lemma 2.3. For every u € DM (I) with inverse distribution function X € X, one has
E(u) = E(X). (2.4)

The convexity of the functional E with respect to the Wasserstein metric is most conveniently studied when
the latter is considered as a functional of X instead of w. Indeed, by Lemma 2.1 above, geodesic interpolation
between ug,u; € DM (I) corresponds to linear interpolation between X, X; € X.

Lemma 2.4. The functional E is bounded from below,

EX)>E:=(b—a)¢ <bji/[ > +Mr§1€1111V( x), (2.5)

and it is (—A)-convex on X with the A given in (1.6), i.e.,

As(1 —

E((1-5)X"+sX') <(1-s)E (X% +sE(X") + 5 s) /OM [X0(6) — X'(¢)]* d¢ (2.6)

for all X°, X! € X, and every s € [0, 1].

Proof. Since ¢ is convex, the lower bound follows by Jensen’s inequality:

zel

E(X) > My (/0 Xe(§) ;j) ; minV(J;) d¢.

By definition of 1, this yields (2.5). Next, let X, X! € X and s € [0, 1] be given. Since 1/ : R, — R is convex by
hypothesis, it follows in particular that

M

M M
/ b ((1— $)X2E) + sXL(E)) de < (1 — s) / b (X0(6)) de + s / & (XL(©)) de.
0 0 0

Further, a Taylor expansion yields
A
V((l —s)y + sz) <(1=9s)V(y) +sV(z)+ 53(1 —8)(y — 2)?
for arbitrary y, z € I. In combination, this implies inequality (2.6). O

3. SPATIAL DISCRETIZATION

Inside the space X of inverse distribution functions, we define the finite-dimensional subspace X¢ of those func-
tions, which are piecewise affine with respect to a given partition & of [0, M] into sub-intervals. Correspondingly,
there is a finite-dimensional submanifold Dg/[ (I) of DM(I) consisting of those densities, whose inverse distribu-
tion functions belong to X¢. Densities in Dé” (I) are piecewise constant. Since we shall work simultaneously in
the spaces Dé\/l (I) and X¢, we need to introduce various notations.
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3.1. Ansatz spaces

A vector € = (&, &1, ..,&k) with entries §; such that
0= <& <--<&k=M
defines a partition of [0, M] into K sub-intervals. We denote the lengths of the intervals by
O =&k — &y forallk=1,... K,

and introduce further

(€)= n}gincSk, 0(¢) = m’?X(Sk, alg) = f(—é) (3.1)

(€)

The associated (K — 1)-dimensional reduction of the space X is given by
Xe = {X ex | X piecewise affine on each [£;_1,&], for k=1,..., K} .

Functions in X¢ are conveniently represented as linear combinations of the K +1 hat functions 6y to 0k defined by

(€ =&m—1)/0m for £, 1 <& <& (ifm > 1),
em(g) =9 Ems1 — 5)/5m+1 for &m <& < &m1 (if m < K —1),
0 otherwise.

More precisely, there is a one-to-one correspondence between functions X € X¢ and vectors in

e == {)‘(’: (xl,...,xK_1)|a<ac1 <Tp < < TR_1 <b} c 151
this correspondence is established by means of X¢ : r¢ — X¢, with
K
X =Xe[®] =) ziby. (3.2)
k=0

Remark 3.1. By definition, X € r¢ has components x; to xx_1. In (3.2) above and for the rest of the paper,
we shall always use the convention that

zo=a and =z =0b. (3.3)

Also, we introduce in analogy to §(€) the mesh width

0(X) = m’?x(xk — Th—1). (3.4)
Occasionally, it will be more convenient to work with vectors zZ € Rf of difference quotients: define z¢ : r¢ — Rf
by

Tk Th—1

Z=(z1,...,25) = z¢[X] € RE, with 2, = 5 , (3.5)
k

using again our convention (3.3).
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Finally, we introduce the associated (K — 1)-dimensional submanifold DM (I) := uglre] € DM(I) as the image
of the injective map ug : rg — D£ (I) with

K

= Zukl(mkﬂ’xk], where wuy = Sk = Crt (3.6)
1 Lk — Tk—1
3.2. Representation of the Wasserstein distance
The Wasserstein distance between any two elements of Dé/[ (I) is easy to compute using (2.2).
Lemma 3.2. Fiz a discretization &, and let u°,u! € Dg(]) have representations u® = ug[X°], u' = ug[XY],
with X9, %! € te. Then
0,12 20 _ -1\T 20 =1
Wg(u,u) :(X —X) W(X —X) (3.7)
with the symmetric tridiagonal matric W = (ka)ﬁlzl e RE=DXE=1) given by
2((51 -+ 52) 02 v 0 0
1 02 2((52 +(53) 0 0
W=¢ s S : : (3.8)
0 0 o 20k —2 4+ 0K —1) OK—1
0 0 Or—1 20k -1+ 0K)
Moreover, for every v € RE—1,
= 1 K—
6 kz_:l 5k + 5k+1 5 Z: 5k + 5k+1 (39)

Proof. The first statement of this lemma follows by straight-forward calculations. To prove (3.9), let v € RE~1
be given and observe that

K—1 K—1
30TWo = 2(5 + Omt1) v + Z OmUm Um—1
m=1 m=2
K—1 K
= 511;% + 6;&%71 + Z Om (”Zn + vf,%l) + Z OmUmUm—1-
m=2 =
From here, (3.9) is immediately deduced using binomial formulas. 0

3.3. Representation of the energy

The restriction of the energy E from (2.4) to the subspace X¢ is naturally associated to the functional
E¢ : r¢e — R with

Ee(X) := E (X¢[x]) = B (ug[x]). (3.10)

By straight-forward calculations, one obtains the following more explicit representation.
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Lemma 3.3. For every X € r¢, we have

Z‘W’(xk 2 1) / V (Xe[=](6)) de. (3.11)

Moreover, the (Euclidean) gradient vector 0zE¢(X) = (s, Ee(X )) € RE-1 is given by

[0<Ee(%)],, =~ <M>+w< — e 1) / Ve (Xe[F)()) 0 (€) e, (3.12)

5m+1

K-1
m,k=1

1 17 Tm4+1 — Tm i 17 Tm — Tm—1
6m+1 w ( 6m+1 ) M 5mw ( 5m )
M
+/ Ve (Xe [X]) 02, dE if m =k,
[02Ee ()] = 0 ¢ (3.13)

1 m — Lm— M .
_5_¢~ (%) +/0 Viw (Xe [K]) Ombpm1dE if k=m —1,

m

0 if1<k<m-—1.

and the Hessian matriz 02E¢(X) = (0s,,2,Ee(X)) e RE-DXE=D) s symmetric with

Further, the functional E¢ inherits boundedness and convexity from E.

Lemma 3.4. E¢ is bounded from below by E defined in (2.5). Further, it is (—A)-convex with respect to the
quadratic structure induced by W, i.e., V2E¢(X) + AW is positive semi-definite for arbitrary X° € re. Conse-
quently,

(& — )" (0:Be (R') — 05Fe (R°)) > A (R — %) W (&' — %) (3.14)
holds for every X, %" € 1.

Proof. Boundedness from below is a trivial consequence of (2.5) and the definition of E¢ by restriction of E.
Convexity is a direct consequence of the convexity (2.6) of E, taking into account (3.7), and that X¢ is an affine
map. The estimate (3.14) is obtained by Taylor expansion. O

4. TIME-DISCRETE EVOLUTION

Throughout this section, we fix a pair A = (7,€) of a time step with 7 > 0 and a spatial discretization

€= (o, .-, ¢K)

4.1. Minimizing movements

To start with, we verify that the procedure (1.11) can be used to define inductively — starting from a
prescribed initial datum v € Déw (I) — a discrete solution ua = (u})5> . By definition of DM( ) as the image
of r¢ under ug, and by (2.2) and (3.10),

W = ug [<4] (4.1)

establishes a one-to-one correspondence between discrete solutions ua and sequences (X4)52,, where each
on . C
XA € Lg 1S a minimizer i

Ea(®¥y )= = @—%5) WE-%3) +E () — min. (4.2)
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Proposition 4.1. Assume that TA < 1, with A > 0 defined in (1.6), and let u% = ue[%%] € DéW(I) be given.
Then there are sequences (u'y)5% and (X'4)o%, related by (4.1), such that u”y € DéVI(I) is the unique minimaizer
of ET(~,uz_1) on Dg(]), and X' is the unique minimizer of IEA(~,)‘<“Z_1), for every n € N. Moreover, X', is the
unique solution in re to the system of Euler—Lagrange equations

1
LW (7 - 257) = —0xBe (%), (4.3)
.
with 0zE¢(X) explicitly given in (3.12).
Proof. It suffices to prove unique solvability of (4.2) for X € r¢. To this end, observe that
2 gn—1 2 > on—1\T 2 gn—1 1 —1 > on—1\T 2 gn—1
Ea®X4 ) =B (®)+5 F-%4") W(E-x} )+§ (=4 F-x) WE-%L)

for every X € r¢. From Lemma 2.4, we know that the sum of the first two terms on the right-hand side constitutes
a convex function in X € r¢. Since 74 < 1, and since W is positive definite by Lemma 3.2, the last term is
strictly convex. Thus, Ea(, 5("271) possesses at most one critical point in re.

To show the existence of a minimizer, let (());cy be a minimizing sequence for Ea(-,X"!) in re. Since
each of the K — 1 components x,(gj ) belongs to the compact interval I, we may assume without loss of generality
that () converges to some * € I'~1. It remains to be proven that ¥* € e Since ()‘(’(j))jeN is a minimizing
sequence, EA (X0, £7~1) is bounded, and so, for every m € {1,...,K}:

L - ‘ K L) ) M |
> — ()‘(‘(J) _}zz—1> W (X’(J) _}zz—1> n ngb (M) +/ 174 (X£ {g(a)} (5)) d¢
2T — Ok 0

G _ ) G _ )
m — b - - m _
> ) (M) (M = 6)0 ( 0= @m -, 1)> + M min V().

5m M — 5m xzel

Since ¥(s) — oo for s | 0, this implies that x%) - 7352)—1 >
xh —xk, 1 > €0y > 0, implying X* € re. By continuity of Ea(:, 5("271) on re, it follows that X* is a minimizer.

Consequently, ]EA(-,f('Z_l) possesses a unique critical point in re¢, thus the corresponding Euler-Lagrange

equations (4.3) are uniquely solvable. O

€0y > 0 with some € > 0 for all j, and thus also

4.2. Euler—Lagrange equations for the difference quotients

The analysis that follows will be based primarily on another representation of the system (4.3) of Euler—

Lagrange equations, which is formulated in terms of the difference quotients z, = (z2],...,2}) introduced
in (3.5):
Ty — 1
p=k TRl (4.4)
Ok uy
Introduce quadratic analogues ©1,...,0k : [0,M] — R of the piecewise linear hat functions fy,...,0k as

follows. Let the numbers 71, ...,vx € (—1,1) be defined by v1 = vx = 0, and

__ Okt1— Ok
Ok+1 + 20k + 0p—1

Vi fork=2,...,K — 1. (4.5)
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Then the Oy are given by

211;1]“1 (€ —&—2)? if {0 <€ < &,
On(€) = L5 (St + O + Gp1) — o (26— (& + &) — kok)? i Gy < E< &,

21511’; (&1 — €)? if & <& < &krts

0 otherwise

for k=2,...,K —1, and by

L(01+6) — €2 H0<E<E,
01(8) = { 35, (&2 — &)? if & << &,

0 otherwise,

s (6 = Ex—2)? if € o < €< €,
Ok (&) = § 30k +0x-1) = g5 (M — €)* if Ex1 SE< M,

0 otherwise.

For each k = 2,..., K — 1, the function @} is supported on [£x_2,&k+1], and it satisfies
—(Ok)e = (L =)0k — (1 4+ k)01 (4.6)
And (©1)¢ = —bh, (Ok)e = 0x—1. Next, we define the matrix W= (ka)ﬁ’k:l € REXK by
_ 13
Wk = - Om (&) dE. (4.7)

The matrix W essentially plays the same role for the Z’4 as W for the X'}.

Lemma 4.2. The matriz W is tri-diagonal and has entries

162 4+ 15025, 60 + 226,00, f2<k=m< K -1,

1 1
%(5% + %(52(51 ifk=m=1,
—6 9m-1 ifk=m—1,
Lgm 52 if k=m+1,
0 otherwise.

Proof. The explicit representation of W is obtained by a tedious, but straight-forward computation that requires
nothing but integration of quadratic polynomials and the use of (4.5). O

Lemma 4.3. For the solution (X'4)52, obtained in Proposition 4.1, let (Z'4)22, be the associated sequence
from (4.4). Then each 77 satisfies the following system of Euler—Lagrange equations:

S[Wm -] = (2fn) = 200 () + (L) (25)

mtl &k
=X [ Ve (XelR) O (19)
k=m—1 -1
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for everym=2,... K —

I 1% =n -n—1 / n / n n Sk —-n
W] = @ e - [ Ve (XD onds (4.10)
k=1 k-1
1~ K &k
- {W (74 —Z’Z_l)]K = (1) =¥ ()~ Y zl’i/ Vo (Xe [R7]) Ok dE. (4.11)
k=K1 k-1

Proof. Fix anindexm € {2,..., K—1}. With ~,, given by (4.5), multiply the mth and the (m—1)th component
of the Euler-Lagrange system (4.3) by 1 — v, and 1 + ~,,,, respectively, and substract the latter from the first

This yields

11—~ 1—7 1+7
;< 6m5m+1xﬁl+l+{ 3m(5m—|—(5m+1)_ Gmém} o
1—vm 14+ vm 1+ vm
+ |:T75m1 - 3’}/ (5m + 5m1):| l':ln,fl - 67 5m1x212>

(1- ’Ym)w ( m+1) — 29’ (z,) + (1 +7m)¢/ (Z?n—l)
/ Vo (Xe [2) [(L = 7 )m — (14 )] dE.

The expression on the left-hand side can be rewritten as

1—
:’ln) + [ 27m5m+1 +

. 1+ 39,
—{ R e 5m}x¢nl+

1_7m
6

1-3
5m+1 (l‘:anrl — X Jm 5m:| "

2 5mfl
W n W n W n
=Wimt1Zme1 * WimZy + Winm—125, 1,

where we have used the relation

1-— 1-3 1+ 1+3 1 —
Q’Ym 5m+1 + 6 m 5m = Q’Ym 5m—1 + 6 m 6m = awm,mv

which is a consequence of our definition of 7, in (4.5). Thus, we obtain

n

W - 73] = ) () = 207 () + (L) (23)

M
- / Ve (Xe [F31) [ — 7o) — (1 -+ Y)n 1] . (4.12)

Using property (4.6) of the function ©,,, and integrating by parts, we arrive at
e=M

M M
_/ Va (X£ KAD [(1 = ym)0m — (1 + vm)0m—1] d§ = /0 Va (X£ [XA)) (@Vn)f d¢ =V, (X€ [XA]) (@m)ELZO

M
- [ Re R Vi (Xe [3]) O (4.13)

The boundary terms in the second line vanish, since ©,,(0) = ©,,(M) = 0. Finally, observe that (Xg| A])g(g)

zp, for all £,_1 < & < &. Insert the result into (4.12) to arrive at (4.9).
Equations (4.10) and (4.11) are directly obtained from (4.3) for m = 1 and for m = K — 1, respectively, after
i . O

an integration by parts like in (4.13). The boundary term vanishes because of hypothesis (1.3)
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4.3. Energy dissipation

The estimates derived below are at the core of our convergence proof in Section 6. We start with two energy-
type estimates, which are classical in the theory of gradient flows. We recall that u’, = ug[X’], and that the
gradient 0zE¢ is explicitly given in (3.12).

Lemma 4.4. For every N € N,

N
o= S W (uh, s ) < Be (%) — Be () (4.14)
n=1
N
=2 [0xEe ()] W' [05Ee (%4)] < Be (uh) — Be (ul). (4.15)

Proof. Since vy minimizes Ea(-,u’y "), we have in particular Ea(u’y, v’y ') < Ea(u’y ', u’y "), which implies

that

1
ZWQ (u'y, uz_l)2 <E(u}y ") —E®}).

Evaluation of the telescopic sum yields (4.14). For proving (4.15), multiply the system (4.3) of Euler-Lagrange
equations first by (7/2)W~1, and then by the transpose of (4.3) itself from the left, and sum over n = 1 to
n=N:

T T Y1 T 1
23 ek ()" W ocke () = 3 (5 (% -3 )W (3 - x57)).

n=1 n=1
Insert this in (4.14) to obtain (4.15). O
9. QUALITATIVE PROPERTIES OF THE DISCRETIZATION

Throughout this section, we fix a space-time discretization A = (7, &) and consider a given discrete solution
ua = (u})nlo-

5.1. Metric contraction

One of the fundamental properties of our solution scheme is the preservation of the bound (1.7) on the
divergence of solutions.

Proposition 5.1. Ifva = (v})22, s any other discrete solution, then
W, (v, v7)? < (1 —2A7)" "W, (uOA,UOA)Z (5.1)
for all m € N.

Remark 5.2. Since (1 —2A7)" < exp(—2An7) for every n € N, estimate (5.1) is slightly worse for every 7 > 0
than the limiting estimate (1.7).

Proof. For XA, ¥a such that u’} = ug[X7], v4 = ug[y4] we know by Proposition 4.1 that
W(}_("Z _}_(,,5_1) = —T@gEg (}_("Z) and W(}_fz _}—;Z—l) = —Tag]Eg (}772)
Substracting these equations, we obtain

W (&4 — 7a) + 7 (0xEe (¥4) — 0xBe (¥4)) = W (X' = 7471)- (5:2)
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Multiply (5.2) first by W~1 and then by the transpose of (5.2) itself from the left, and use the positivity of
W—! — see Lemma 3.2 — to obtain

on —n\T on -n on —n\T on —-n
(XA —YA) WEA-YA) +21 X4 —VA) (0:Ee (XA) — O:Ee (VA))
<@ -y ) WEE A,
Combining this with the convexity property (3.14), we arrive at the recursive relation
T on— —n—1\T on— -n—
(1-247) (R4 —54) WELA-¥A) < (R —ya ') WEL ' -74).
Tteration of this estimate and application of (3.7) yields (5.1). O

5.2. The maximum and minimum principles

Recall that " is a positive and non-increasing function by Lemma 2.3, and recall the definition of a(&)
from (3.1).

Proposition 5.3 (Minimum principle). Assume that AT < 1/2, and assume further that € and T are related
by the inverse CFL condition
2T A
5(6)? < 60" (Zi)r, where Zp = SO, (53)

min, uOA
Then, for every n with nt < T,

minu'y > e~ 2" minuY. (5.4)
xr x

Proof. The minimum principle (5.4) for u is equivalent to a maximum principle for Z4. By induction on n, we

prove

ARES mkaxz,? <(1-Ar)™" m}gng, (5.5)

which is a slightly sharper estimate than (5.4) since (1 —74) > e~2"% under our assumption 74 < 1/2. So fix n
with n7 < T and assume that z,?_l < Z=1 for all k. Suppose that Z(") = z for some m € {2,..., K — 1}.
We estimate the integral term in the Euler-Lagrange equation (4.9), using the positivity of the 2} and that

Q,, > 0:

[v“vz"} < [wz’n—l} AT (=) (2an) = 20 () + (L 3m)d (251)

m—+1 13
+AT > [ Opde
k=m—1 Ek—1

Recalling (4.7), we conclude further that
(1 Ar) [Wzﬂm < [Wz’”*l}m
+ (L= ym)7 (¥ (27g1) =¥ (230) + (L4 7m)7 (U (2 21) — ¥ (23)) - (5.6)
Since Z(™ = 27 > 2 for all k, and since ¢ > 0 is non-increasing, it follows that
O (z) =¥ () < =07 (20) (o = 2)
W () = ¥ () < =" (2) (2 — ) - (5.7)
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In particular, these terms are non-positive, and so (5.6) implies
(1= AW 2 < 00 20D with 0 = Winme1 + Wonan + W

From the explicit form of W in (4.8), we obtain o, < SQ(E)Wm’m, and by means of the induction hypotheses,
we conclude the rough bound

ZM < 6a(€)Z2" ! < 6a(é)(1 — Ar)~(nD max 20 < 7%, (5.8)

We return to (5.6), insert (5.7), use that 1" is non-increasing, and find after some manipulations:

—A
(1—Anopz™ < om 2" 4 (1 —m) ( G T5m+1 T (Z})) (zfn — zﬁ%l)

1- At N " "
+ (14 vm) ( 6 53,@71 — 7" (ZT)> (Zm - Zm+1) :

The inverse CFL condition (5.3) implies non-positivity of the last two terms, so (5.8) refines to

ZMW < (1= A7)z < (1 — A7)~ m’;ang.

If the maximum is attained at one of the boundary points, m = 1 or m = K, then a similar calculation can be
carried out using (4.10) or (4.11), respectively, instead of (4.9). O

Similarly to the minimum principle, one obtains the following maximum principle. Notice that the inverse CFL
condition is the same as before, i.e., it involves min, u% and not max, u%.

Proposition 5.4 (maximum principle). Let all the hypotheses of Proposition 5.3 hold, and assume — in addition
o (5.3) - that

(14+A7)0(€)% < 67"(Z3), where X\:= max Vew > 0.

Then, for every n with nt < T,

maxu’ < e maxul.
T x

We omit the proof, which is very similar to the one given above.

5.3. Regularity

Below, we derive a bound on the time-integrated total variation of the considered discrete solution ua which
is independent on the discretization A. This bound provides the key a priori estimate for the convergence proof
in the next section. The use of total variation (instead of e.g. Sobolev norms) is natural in our context, since it
can be directly evaluated on the piecewise constant profiles u’;.

Recall that the total variation of a function f € L'([I) is given by

{f}ry =sup {/ f(x)¢'(z)dz | ¢ € Lip(1), p(a) = ¢(b) =0, sup lp(z)| < 1} : (5.9)

If f is a piecewise constant function, taking values fj on intervals (xj_1, 2], with our usual convention a =
xo < x1 < -+ < xx = b, then the integral in (5.9) amounts to

K

K—
/ f@)e @) de = 3 [F@e@)?50 L, Z fi — Fren)olon),

k=1
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where we have used that ¢(a) = ¢(b) = 0. Consequently, for such f, the supremum in (5.9) equals

K—-1

{fIrv = Z | 1 — fl (5.10)

k=1
and is attained for every ¢ € Lip([) with p(zr) =sgn(fx — frr1) at k=1,..., K — 1.
Proposition 5.5. For every N € N,

N
Ty AP (uA) iy <C (Be (uh), N7), (5.11)
where
C(E,T)=2M2(E —E) + MT sup |V,(z)[*]. (5.12)
xel

Proof. Fix some time index n. Let X" = X¢[%74] be the inverse distribution function of u’}. Further, let ¥ € R !
with components y;, € [—1, 1] be given, and introduce Y : [0, M] — R by

K-1
Y = Z ykek.
k=1

Note that Y does not belong to X¢, but Y(0) = Y(M) = 0 instead. With yo = yx = 0,

3 e = > (o () o (B M ey
2 RIg \XA )| Yk = 2 ot or . x k Yk

I
MN I

- B M K-1
St T — L1\ Yk — Yr—1 +/ Ve (X™) Z YOy d§
5k 5k 0 k=1

k=1
M

M
i (X?)Yg d§+/ Ve (XM) Y d€
0 0

:/abw/ (X?O(X”)—1> %dx—l—/o]w Ve (X™) Y dE. (5.13)

On one hand, we have by definition of ¥ and by (2.1) that

1
Xto(X") ') =-P|———— | =-P(}) aec onl. 5.14
v (Xeo(x)™) (X?O(Xn)_1> (u) (5.14)
On the other hand, ¢ := Y o (X")~! is a (piecewise affine) Lipschitz function with
Yeo (X))t
= — ( )71. (5.15)
XE o (X™)

Moreover, by the Cauchy—Schwarz inequality,

K-1
- e )] e < (T W) Y ([0 ()T W [ (24)]) (5.16)
k=1
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and ¥ W§ < M by (3.8), and since |yx| < 1. Using (5.14), (5.15), (5.16) and |Y| < 1 in (5.13), we eventually

arrive at
b T 1 1/2
[ P ) erdo < (M (0B (<)) W 0xBe (<)) + Msup |Vao). (5.17)

The function P(u’) is piecewise constant on the intervals (z}_,, x}]. And ¢ is Lipschitz with

sup [p(z)] = sup [Y(§)| = max|ye| <1, p(a) = Y(0) =0 =Y(M) = o(b).
xzel £e0,M]

Moreover, the values ¢(z}) = yi can be chosen arbitrarily in [—1,1] for £k =1,..., K — 1. Thus — recalling our
discussion preceeding Proposition 5.5 — the right-hand side of inequality (5.17) is a bound on {P(u’y)} 1. To
obtain (5.11), take the square on both sides, sum the resulting inequalities from n = 1 to n = N, and apply the
energy estimate (4.15). O

6. CONVERGENCE

In this section, we prove Theorem 1.1. Let a time horizont T' > 0 and an initial condition v® € L*(I) with
E(u®) < oo be given. We consider a family A; = (7, €;) of time-space discretizations, with j € N. Accordingly,
we denote by K the number of nodes of £;, and N; is the smallest integer with 7;/N; > T'. Throughout this
section, we assume all the hypotheses of Theorem 1.1:

° T lOandg(éj)lOastoo;
e the initial conditions uOAJ_ € Dé/{ (I) converge to u® weakly in L(I);
e uniformly in j € N|

0 _ ) . 6&€2AT
N <a< oo < 0 e < _ i .
a(g;) <a< oo, E(uAJ_) <E<oo, 0(§;)° <6y iHmUOAj T; (6.1)

Denote by (uzj)ﬁfzo the corresponding discrete solutions obtained as in Proposition 4.1, and introduce the
time-interpolated functions @4, : [0,7] — Dg/{ (I) by
: J

Up,(tiz) =uj,(x) forallt e ((n—1)m,n7]N[0,T]. (6.2)

The following preliminary result plays an important role in the convergence proof.

Lemma 6.1. With the mazimal mesh width 6(X) defined in (3.4), we have
o ‘
%%\}fi 0 (XA]) —0 asj— oo. (6.3)

Proof. This is a consequence of the minimum principle and hypothesis (6.1). It follows from the assumption

lim, o P’(r) < oo in (1.2) that
. 2
” Q2AT < ¢ [ mins uy
min, quj - e24T

for some appropriate constant C. Recalling that (xx — xk_1)ug = g, Proposition 5.3 thus implies — uniformly
in j and n < N; — that

_ 2 2 _
5 (}‘{Zj)2 < (M) < 5(53)2 (ﬂ) < ng)z <6CT;,
1/]//

. . O
min, uzj ming wy 62T
ming uOA .
J

using hypothesis (6.1). Since 7; | 0 as j — oo, this proves the claim. O
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6.1. Compactness

From now on, denote by P(I) the metric space of non-negative measures on I with total mass M, endowed
with the Wasserstein distance Wy. The space D™ (I) of densities naturally embeds into P(I).
The following weak convergence result is a well-known consequence of the energy estimate (4.14).

Proposition 6.2. Every subsequence of (iia,)jen contains a sub-subsequence that converges uniformly w.r.t.
t €[0,T] in Wy to a limit curve u, € CY/2([0,T); P(I)).

For a proof, see [1], Proposition 3.3.1. In essence, one shows that (4.14) yields a j-uniform control on the modulus
of Holder-1/2 continuity of the @ A,;, which allows to invoke the Arzeld—Ascoli theorem.
A stronger compactness result is needed for the convergence proof.

Proposition 6.3. Every subsequence of (tia;)jen contains a sub-subsequence such that the respective ia; con-
verge to some u,, and the P(ua,) converge to P(us), both strongly in L'([0,T] x I).

The proof of this proposition is an application of the Aubin-Lions compactness principle. Specifically, we use:
Theorem 6.4 (Adapted from Theorem 2 in [20]). Assume that:

(1) There is a normal coercive integrand § : L*(I) — [0,00], i.e., § is measurable, lower semi-continuous and
has compact sublevels in L*(I), for which the following is true:

T
Sup/0 3 (ua,(t) dt < oo. (6.4)

JEN
(2) The up; are integral equicontinuous with respect to Wa,
T—h
lim sup W (g, (t + h),ua,(t) dt = 0. (6.5)
hl0 jen Jo
Then the sequence (ua,)jen is relatively compact in L*([0,T] x I).

Let § : L'(I) — RU{+o0} be given by §(u) = {P(u)}?Fv — possibly +o0o — if u is non-negative with [, u(z)dz =
M, and by 400 otherwise.

Lemma 6.5. § is lower semi-continuous and has relatively compact sublevels.

Proof of Lemma 6.5. Let A, := F 1((—o0;¢c]) € LY(I) be a sublevel of §. By [11], Theorem 1.19, the set
B. = {P( )|ue A } is relatively compact in L'(I); here we use that our domain I is an interval, so that
{P(u )}TV < cand [;u(z)dz = M induce a uniform bound on the BV-norm of P(u). Thus, if (u) is a sequence
in A, converging to ug in Ll(I), then also (P(u¢)) converges to P(ug) in L*(I). By lower semi-continuity of the
total variation {-} ([11], Thm. 1.9), the lower semi-continuity of § follows.

To conclude compactness of A, it suffices to prove that the mapping u +— P(u) is L'(I)-continuously in-
vertible. For that, let a sequence (f¢)sen in B. be given, which converges to some fo in L'(I). Since the map
r +— P(r) is strictly increasing, positive, and continuous with superlinear growth it possesses a strictly increas-
ing, positive and continuous inverse with sublinear growth. Hence, there are a uniquely determined sequence of
functions uy € A, such that P(ug) = fy for all £ € N, and a unique ug € A, with P(ug) = fo. We wish to show
that u, converges to ug in L'(I). By standard arguments, we can assume without loss of generality that the
fo converge to fy pointwise a.e. By continuous invertibility of r +— P(r), the u; converge to ug pointwise a.e.
Moreover, by construction,

b
sup/ P(u ()dx—bup/ fe(z) da < oo,
LeN Ja LeN

so we can invoke Vitali’'s theorem — recall the superlinear growth of P — to conclude strong convergence of uy
to ug. O
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Proof of Proposition 6.3. It suffices to show that every subsequence of (u;)jen contains a sub-subsequence
which is relatively compact. In view of Proposition 6.2, we may thus assume — without loss of generality — that
(a,)jen converges uniformly w.r.t. ¢t € [0,7]in P(I) to a curve u, € C*/2([0,T]; P(I)). The verification of (6.5)
then becomes an easy exercise, which is left to the reader. And estimate (6.4) is a direct consequence of the
regularity estimate (5.11).

Thus Theorem 6.4 applies and provides relative compactness of (@a,)jen in L*([0,7] x I). Since L'-
convergence implies weak convergence, it actually follows that @a, converges to u, in L*([0,7] x I). Without
loss of generality, we may even assume that @, converges to u, a.e. on [0,T] x I. By continuity of P, also
P(ua,) converges to P(u.) a.e. on [0,T] x I. Further, (5.10) implies

/OT/IP (ia, (t;2))* dzdt < 2(b— a)ri [P (b]if +{p (uz)};l ,

which is j-uniformly bounded because of the regularity estimate (5.11). By the growth property of P, we can
invoke Vitali’s theorem to conclude that P(@,) tends to P(u,) in L*([0,7T] x I). O

6.2. Weak formulation

Combining the compactness results from Propositions 6.2 and 6.3, we know that every subsequence of (4;) jen
contains a sub-subsequence for which %, converges to some limit

u, € CY2([0,T); P(I)) N LY([0,T] x I),

uniformly w.r.t. t € [0,7] in P(I), and strongly in L*([0,T] x I); finally, also P(u4,) converges to P(u,) in
LY([0,T] x I). To simplify notations, we denote that sub-subsequence simply by (iin), bearing in mind that
A = A;. In this subsection, we prove that every such limit u, is a weak solution to the initial value problem (1.1).

Proposition 6.6. u, satisfies the weak formulation

T T T
/ /u*atgodwdt:/ /u*Vzazgodxdt—/ /P(u*)amcpdxdt (6.6)
o JrI o JrI o JrI

for all test functions p from

D:={peC®(0,T] x I)| suppy C (0,T) x I, o (t;a) = pu(t;b) =0 fa. t € [0,T]}. (6.7)

0

Moreover, uy attains the initial datum u®’ weakly-x ast | 0.

Remark 6.7. Since weak solutions to (1.1) are unique (this follows, e.g., by metric contraction of the gradient
flow), we conclude a posteriori that the entire sequence (ua;);jen converges to the solution ..

Remark 6.8. By our definition (6.7) of test functions, the weak formulation (6.6) automatically induces ho-
mogeneous Neumann boundary conditions on wu.

The weak formulation (6.6) is obtained in the limit j — oo from a certain fully discrete variant of the weak
formulation. The latter is derived by studying suitable variations of the minimizers uy, . In order to discuss this
perturbation, let p € C°°(I) with p,(a) = p,(b) = 0 be given, and let k > 0 be such that

|pz ()] < Ry |paa(@)] < K, |paze(z)| <k forall xz e l. (6.8)

Further, fix j € N and also n € N. We shall omit the index j in the following.
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Introduce the functionals A : X — R and A¢ : ¢ — R by
M
A= [ p(0de and Ag) = AXe[).
0

The derivative of A¢ is given by

M
[8§A§(§)]k:/o pe (Xe[X])0rd¢ fork=1,..., K —1.

The variations we study are those induced by the gradient vector field ¥ := W10z Ag, i.c.,
Wi(X) = 0zA¢(X). (6.9)
This vector field has a nice asymptotic expansion.
Lemma 6.9. For every % € t¢, define p,(%) € RE~1 by
(%) = (pa(x1), pu(@2), -+ pu(ic—1)). (6.10)
Then the residual vector v = U(X) — pr(X) satisfies
vITWr < Cr?a(€)MS(R)?, (6.11)
with k defined in (6.8) and some universal constant C.
Proof. We start by estimating
pi=Wr = W(0(E) - p2[x]) = 0zA¢(X) — Woz [].
By definition of X¢[X] and a Taylor expansion of p,, we have
pa (Xe[X|(€)) = pa(@m) + paa(@)(@m — Tm—1)0m-1(8) (6.12)
= Px(Tm—1) + Pua(Z)(@m — Tm—1)0m(§) (6.13)

for all ¢ € [£m—1,&m], where 2, % € T denote suitable intermediate values, depending on &. Multiply (6.12) by 6,,,
multiply (6.13) by 6,,—1, and sum these up to obtain, recalling (6.8), that

Pz (Xe[X](€)) = pa(@m)0m (&) + po(@m—1)0m-1(§) + Rm(€), with |Rm ()| < Kd (). (6.14)
Since any component of W is given by Wy, ; = fOM 01.0; A&, we calculate

k+1

i1
p= [ e (Xel) = Y pal)ty | o

j=k—1

Substitute (6.14) into the integral to obtain

|| < C1E(Ok + Op41)0(X)

for every k = 1,..., K — 1, with some universal constant C. Recalling the lower estimate on W in (3.9), it
follows for v = W~y that

Z/TWV —_ ,U/TW_l/.l/ S i S (60]1‘{

63 ; (5k+1 + 5k)2> S(§)2 < 24012/{20[(5)1\45()_{,)2’

proving our claim (6.11). O
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Lemma 6.10. With k satisfying (6.8), the following estimate holds:

~ (e (%5) — Ae (7471)) < ~05Fe (3)” 43 (33) (6.15)
o (Fa ) W (RS - S (6.16)
+O/(Ma(€)" r (0cEe ()" WloEe (23)) | B(€y).  (67)

Proof. A Taylor expansion of p yields for arbitrary X, X’ € X:
M o (M )
AX') > A(X) +/ pa(X) - (X — X) dé — 5/ (X' — X)? de.
0 0
With X = X¢[¥%] and X’ = X¢[X4 '], we obtain

1
p

M
(hels) - Aelws ) < 3 (s, [ xelea o)

Using the definition (6.9) of ¥, the symmetry W7 = W, and the Euler-Lagrange equations (4.3), the sum can
be rewritten as

K-1

1 -n Sn— -n ]' -n Sn— T = on >n = /=N
Z p [XA — XA 1]m [0zA¢ (XA)],, = - (XA — XA 1) W& () = 0zE¢ (XA)TU (XA) -
m=1

With the notations introduced in Lemma 6.9, we obtain further
—-n T - -n -n T - 2n N T n
0zE¢ (X)) U(X4) = 0zE¢ (RA)" pz (X4) + O:E¢ (X4)" VA
n\T - /=n on\T —1 -n 1/2 n\T n 1/2
< OxFe (%1)" 7 (%) + (0xBe (%) W10sEe (%)) (08)" W)

where the Cauchy—Schwarz inequality has been applied in the last step. The claim (6.15) now follows directly
from the estimate (6.11). O

Lemma 6.11. For every X € ¢,
Ae) = | pla)uel(o) o (618)
OB 1) =~ [ P (welel(0) @) e + [ Valo)ps (@)uelee)d, (6.19)
where &, € I are x-dependent quantities satisfying
1z — x|, |2 — | < §(X).
Proof. Relation (6.18) is a direct consequence of

&k T Sk
/ p(@rbk + Tp—10k—1) d€ = / p(r) ————du,

Ek—1 Tp_1
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which follows by a change of variables @ = x,05(§) + 21—10k—1(£). To prove (6.19), first observe that (3.12)
implies

o =5 [+ (455) o (5 e

We consider both terms on the right hand side separately. Using that ¢'(1/r) = —P(r) and that p,(z¢) =
pz(TK), we see that the first equals to

K
;[ Tk — Tk—1 ~
I; ¢ (T) (Pm(%) pz e 1 Z /xk 1 <l'k — Tk— 1> pIZ(wk) dx’

with a suitable Zj € (xx—1,x) by the intermediate value theorem. For the second term, we perform a change
of variables:

13 Tk 5
/ Vi (20 + x—10k—1) (P2 (w%) Ok + po(xr—1)0k—1) dE = / Ve () pa () ———— da,
Ek—1 Th_1 Tk — Tk—1
with some z-dependent intermediate value & € (zg_1, zx). Summation over k = 1,..., K provides (6.19). O

Lemma 6.12. Let 9 € C°(0,T) be a non-negative test function of compact support in (0,T). Then

/ /19’ x)us(t; ) do dt </ /19 P(uy)pea + Vepeu] dodt. (6.20)

Proof. Multiply inequality (6.15)—(6.17) by 79(n7) > 0, and sum over n = 1,..., N;. On the left-hand side, it
follows by means of (6.18) that

N, o o N,—1
TZﬂ(nT)Ag (XA) — Ag (XA 1) . Z ﬂ((n—l— 1)7’) —19(TLT)A€ (—m)

— X
T T

/ /19/ x)ua(t;z)dedt,

where the sequence of piecewise constant functions 1/91 converge to 9 uniformly on [0, T']. The strong convergence
of @ia to u, in L' is sufficient to pass to the limit j — oo.
On the right-hand side, the first term can be rewritten using (6.19):

N, T
T;ﬁ(nT)(azEe(ﬂ)Tp_é(ﬂ)) = /0 0 (t) /1 [~ P(a)pas(®) + Va(2)pa(2)un] dzdt,

where, for (n — 1)7 < t < n7, we know that |z — &|, |z — #| < §(X). The convergence (6.3) implies that p,. (%)
and p, (&) converge to their respective limits p,,(z) and p,(x) uniformly in = € I. Likewise, the piecewise
constant interpolants 9, converge to ¢ uniformly on [0, T']. The strong convergence of % and of P(@) to their
respective limits u, and P(u,) in L' ([0, T] x I) thus suffices to pass to the limit with the integral.

Finally we observe that the remainder terms, resulting from (6.16) and (6.17), vanish in the limit j — oo.
This is an easy consequence of (6.1), (6.3) and of the estimates (4.14) and (4.15). O



720 D. MATTHES AND H. OSBERGER

Proof of Proposition 6.6. First, observe that inequality (6.20) is actually an equality, since p can be replaced
by —p everywhere. Next, recall that functions ¢ of the type ¢(t,z) = ¥(t)p(x), where ¥ € C2°(0,T) is non-
negative, and p € C°°(I) satisfies p;(a) = pz(b) = 0, are dense in the set D of test functions. Thus, the weak
formulation (6.6) holds for all ¢ € D.

It remains to prove that the solution attains the initial datum u° weakly-x as ¢ | 0. However, this is a trivial
consequence of the Holder regularity of u, € C*/2([0,T];P(I)), of the uniform convergence of (i, )jen to u.
w.r.t. t € [0,7] in P(I), and of the approximation of u° by uOAJ_. O

0

7. NUMERICAL RESULTS AND PROOF OF CONSISTENCY

7.1. Implementation

7.1.1. Choice of the initial condition

The numerical scheme is phrased in Lagrangian coordinates: the discretization & = (&, &1,...,&k) of the
reference domain [0, M] is fixed, whereas the corresponding grid points X" = (z7,...,2%_;) € re¢ on the

interval I evolve in (discrete) time. In the numerical experiments that follows, our choice for the discretization
of the initial condition is to use an equidistant grid X with K vertices on I,

) =a+k(b—a)/K,

and an accordingly adapted mesh & on [0, M], with

& =U2Y), where U°z)= / u(y)dy forallz el

a

is the initial datum’s distribution function. This discretization has the property that

0 0
k—1 k—1

20 20
/ uo(w)dx:/ ul(z)dz forallk=1,... K.
7.1.2. Time stepping

Each (time) step in the numerical scheme consists of solving the system (4.3) of Euler-Lagrange equations.
In practice, this is done with a damped Newton method, which guarantees that the constraint X’} € r¢ — i.e.,
that @ < 2 < --- <zl _; < b — is propagated from the n — 1st to the nth iterate. To be more precise, recall
that

- 1o one -
OxBe,r(X) = ~W(X - X4 ') + O0:Ee (%)
is the functional whose unique root in r¢ defines the nth time iterate X4, and that
1
03E¢ (%) = =W + 02E¢ (%)
T

is its Jacobian. Given 5{2_1, we calculate X7; by means of the following algorithm:
X:= }“{VZ_l;
repeat
- -\ —1 -
d% = — (02E¢, - (X)) OxEe - (X);
while X + dX ¢ 1¢ dx := 0.5dX; end;
X=X+ dX;
until || dX[|;; < tol and ||0zE¢ - (X)||; < tol;

X =X
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In our experiments, we use tol = 1078. For the evaluation of dzE¢ ,(X) above, an explicit expression for the

integrals
M M
Oz, (/O VOX&[X] df) = /0 onxﬁ[xwm(g) d§

is needed, see (3.12). Denoting by U an anti-derivative of V', one finds

6 Tm
m

/5 VxOXe[iwm(f)df:m/z V() ——Tm=L
BV(zm) — m(xm_l)) |

Tm — Tm—1

m—1

__Om (V(acm) _

Tm — Tm—1

and analogously for the integral from &, to &, +1. In combination, we obtain

M J—
O / Vo Xe [ (€)df = — 2 (D) — Bl 1)) + — 2" (B(ans1) — D))
0 (33k l"k—l) ($k+1 Jfk)

Ok Ok )

Tk — Thk—1 Tk+1 — Tk

+ V() (

A similar expression is available for the respective contribution to the Hessian 8)%1%35’7:

M
Oy O, ( / Vo Xe [5] dg>
0

26— (B(ax) — V(1)) + Gty (V(wrt1) — Blw))

(xp—zp—1)3 Thgp1—Tk)S

5 5k - 5 Sk B
_2V(xk) ((xk—xkk—l)Q + ($k+’;t137k)2> Vi ((xk—wkk—l)z (wk+-1'-i$k)2> , m=k
~ e (B(ar) = Blwy)) + iy (V@) + Viwr-)),  m=k-1

Tp—Tr—1 Tk—1
( )? )?

0, otherwise.

7.2. Numerical experiments and convergence

The following numerical experiments are performed for the porous medium equation with quadratic
nonlinearity,

atu = (u2)zz + (Vzu)za
on the interval I = [—1,1]. For the potential V', we choose
1
V(z) = ——cos(mz),
s

and as initial datum, we take the following function of unit mass M = 1:

240 — 28072 + 4237*
8074

u’(z) = C( - cos(2rz) + 1.5) ((z +0.5)* +1) with C= (7.1)

7.2.1. Reference solution

Our numerical reference resolution is calculated with K = 5000 spatial grid points and a time step size
7 = 1072. Figure 2/left shows snapshots of the reference solution’s spatial density after the first couple of time
steps. One observes the typical behaviour for nonlinear drift diffusion equations: on a very short time scale,
diffusion reduces the extrema of the initial mass distribution; subsequently, the drift dominates and transports
the mass towards the equilibrium (dotted line) on a longer time scale. Figure 2/right displays the corresponding
particle trajectories in the Lagrangian picture, i.e., how the points x}! move with (discrete) time n for fixed k.
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FIGURE 2. Left: evolution of the (reference) solution ua with initial condition (7.1) at times
t=0,7,...,20r = 0.2, with time step 7 = 1072 and K = 5000 grid points. The dotted line
shows the stationary solution. Right: associated particle trajectories.
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06
Time t

.
0.8

—error
cK™!

. . . . . . .
25 50 100 200 400 800 1600

Number of grid points K

FIGURE 3. Numerical error analysis with fixed time step 7 = 1072, using K =
25, 50, 100, 200, 400, 800, 1600 grid points. Left: evolution of the Ll-error ||t (t) — uret(t) (FAYESE
Right: order of convergence at terminal time 7" = 0.2.

7.2.2. Fized T

In a first series of experiments, we fix the time step 7 = 1072 and vary the number of spatial grid points K.
In Figure 3/left, the corresponding L'-distances to the reference solution .. obtained in 7.2.1 above are shown
as a function of time. Note that the counter-intuitive dramatic decay of the error for small times is explained by
the strong contractivity of the nonlinear diffusion in L' in a neighborhood of the initial condition. Figure 3/right
shows the L'-errors at T = 0.2. The observed convergence rate is of order K 1.

7.2.8. Fized parabolic mesh ratio

Next, we study the decay of the L'-error under mutual refinement of space and time. As it is standard in
numerical experiments on parabolic equations, we fix the parabolic mesh ratio K27. The value of this ratio is
chosen such that the inverse CFL condition is satisfied in every experiment. In Figure 4/left, the error is plotted
at the fixed terminal time T' = 0.2 for various choices of 7. The observed order of convergence is /7, which is
in agreement with the result of experiment 7.2.2.

7.2.4. Weakly convergent initial datum

In order to illustrate that it sufficies to approximate the original initial condition u° by its discretizations u%
just weakly in L'(I), we use perturbed discrete initial data uOA’E that are biased by high-frequency oscillations
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—error
C't

=
Time step size ©

FIGURE 4. Left: numerical error analysis with fixed parabolic mesh ratio K27 ~ 0.257, analyz-
ing the L'-error [[ua(T) — tret(T)| £1(1) at terminal time 7' = 0.2 using 7 = 5 x 107°,107%,5 x
1074,1073,5 x 1073,1072,5 x 1072,10~!. Right: initial condition u% . with high frequency
perturbation. 7

of fixed amplitude 0.1, as indicated in Figure 4/right. As expected, the perturbation becomes almost invisible
already after the first time step, and the discrete solution u4 . is indistinguishable from the one computed with
unperturbed initial conditions u%.

7.2.5. A discontinuous initial datum

For the last two series of experiments, we change the initial condition . This first series is carried out with
the discontinuous inital datum

(7.2)

u (x) =
0.9, otherwise.

o {0.1, if |z| > 0.75 or |x| < 0.25,
Similar to experiment 7.2.2, we fix 7 = 1072 and vary the number of grid points K. Figure 5/right displays the
corresponding L!-error over the time interval ¢ € [0,0.8]. In contrast to experiment 7.2.2, the approximation
error is zero initially, since the step function u° can be discretized exactly. However, the error jumps to a positive
value (that is of the same order as the initial error in experiment 7.2.2) in the first time step. Afterwards, the
qualitative behaviour is very similar to that in experiment 7.2.2. The observed order of convergence (at T' = 0.2)
is again K 1.

7.2.6. A non-positive initial datum

For this last series of experiment, we consider the initial condition

—(x—0.5)(x+0.5) |2/ <05

, 7.3)
0 |z > 0.5 (

u’(z) = (= cos(2mx) + 1.5) ((x + 0.5)* + 1) x {

which vanishes outside of the subinterval [—0.5,0.5] C I. The numerical scheme is not directly applicable to u°,
but to any of its strictly positive approximations u" + ¢, see Figure 6/left. The qualitative numerical results at
T = 0.6 for various choices of € > 0 are given in Figure 6/right.

7.3. Order of consistency

The experimental observations that the discrete solutions seem to approximate the reference solution with
an error of order K7 can be supported theoretically by the following consistency consideration.
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0.8 \/
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FIGURE 5. Left: evolution of the solution ua with initial condition (7.2) at times ¢ = 0,
7,...,407 = 0.2, with time step 7 = 5 x 1073 and K = 5000 grid points. Right: numerical error
analysis for discrete solutions with the discontinuous initial datum from (7.2), using a fixed
time step 7 = 1072 and varying K = 25, 50, 100, 200, 400, 800, 1600.
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u,(Mx)
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FIGURE 6. The merely non-negative initial condition u° from (7.3) is approximated by strictly
positive data u® + e. Left: discrete initial profiles for ¢ = 10~!,1072,1073,10~4,107°. Right:
qualitative behaviour of corresponding discrete solutions at T = 0.6, using 7 = 1073, K = 200.

Assume that X : [0,7] x [0, M] — I is a smooth solution of (1.12). Consider a discretization A = (7;§)
that is equidistant w.r.t. &, i.e., & = Mk/K with some K € N for all k¥ = 0,1,2,..., K, and consequently
(522(51 ::5[(

From X, we define a discrete “pseudo-solution” X4 by restriction, é.e., 7 := X(nt, kd). We are going to show
that %, satisfies the discrete evolution equation (4.3) up to an error of order §(O(7) + O(8§?)). To this end, we
perform a Taylor expansion of X around a fixed point p := (n7, k) w.r.t. &

52 53
Thar = X(p) £ 0Xe(p) + T Xee(p) + 5 Xeee(p) + O(3").
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For the diffusion term, we find

v (@) = 4 (Xe(p) £ 30 (Xe(p) Xec(p)

2
# 5 (34 00 Xl + 10 (X0 Xec0)?) + 0 (69),
so that
o () o () = o0 (el Xeclo) + O ().

For the drift term, we obtain

(k£1)8 1
/k Ve (XelRal(€) 0u() a6 = 0 | Ve (1 =)o+ suan) (1 =) ds

=6 [ [V (X(9) # 50Vee (X(0)) Xe(p) + O (5°)] (1~ 5)ds
— 3V X)) + SV (X)) Xel) + 0 (59,

so that
(k+1)6
/(k_m Ve (Xe[%al(€)) 0k(£) A€ = 6Va (X(p)) + O (6%) .

In combination,

[05Ee ()], = 8 (4 (Xe(p) + Va (X)) + 0 (5))
Moreover, we have

&, 28, 5.
(WX, = g%k—1 T 3%k + g1 = §X(p) + 0 (8°),

and likewise
(WXL, = 0X(p) + 0 (57),
where p’ = ((n — 1)7, kd). Finally, using
X(p) = X(p') = 7Xu(p) + O (%),

we obtain the relation

2 W (=5 - 257, =6 (%u(p) + O () + O(r))

Using the continuous evolution equation (1.12) in (7.5) and (7.4) leads to

LW (%~ <5, =~ [05Ee (9], + 6 (0(7) + O (7).

for all admissible £ and n.
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