ESAIM: M2AN 48 (2014) 475-491 ESAIM: Mathematical Modelling and Numerical Analysis
DOI: 10.1051/m2an/2013116 WwWw.esalm-m2an.org

A MULTISCALE ENRICHMENT PROCEDURE FOR NONLINEAR MONOTONE
OPERATORS

Y. EFENDIEV!2, J. GaLvis®, M. PreEsHO! AND J. ZHOU!

Abstract. In this paper, multiscale finite element methods (MsFEMs) and domain decomposition
techniques are developed for a class of nonlinear elliptic problems with high-contrast coefficients. In the
process, existing work on linear problems [Y. Efendiev, J. Galvis, R. Lazarov, S. Margenov and J. Ren,
Robust two-level domain decomposition preconditioners for high-contrast anisotropic flows in multiscale
media. Submitted.; Y. Efendiev, J. Galvis and X. Wu, J. Comput. Phys. 230 (2011) 937-955; J. Galvis
and Y. Efendiev, STAM Multiscale Model. Simul. 8 (2010) 1461-1483.] is extended to treat a class of
nonlinear elliptic operators. The proposed method requires the solutions of (small dimension and local)
nonlinear eigenvalue problems in order to systematically enrich the coarse solution space. Convergence
of the method is shown to relate to the dimension of the coarse space (due to the enrichment procedure)
as well as the coarse mesh size. In addition, it is shown that the coarse mesh spaces can be effectively
used in two-level domain decomposition preconditioners. A number of numerical results are presented
to complement the analysis.
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1. INTRODUCTION

Many fundamental modeling problems in engineering and physics exhibit multiscale behavior. In particular,
the partial differential equations which are used to describe the physical nature of such systems often involve
coefficients which vary over many length scales. Many of these problems have high contrast coefficients and
nonlinearities (e.g., Forchheimer flow, nonlinear elasticity, etc.) which make the development of multiscale
methods increasingly challenging. In this paper, we study the development of multiscale methods for nonlinear
high-contrast elliptic equations.

In the past few decades, various multiscale solution techniques have been developed to capture the effects
of small scales on a coarse grid [1,2,11-14]. In this paper, we follow the MSFEM framework where multiscale
basis functions are constructed on a coarse grid. These coarse mesh basis functions are then incorporated into
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a multiscale global formulation in order to compute the solution. In recent years MsFEMs have been extended
to systematically enrich initial coarse spaces to converge to the fine-grid solution [9,10]. In particular, we would
like to mention Generalized Multiscale Finite Element Method [7], where the authors propose a systematic
procedure for constructing coarse spaces. It has also been shown that the use of these coarse spaces in two-
level domain decomposition methods yields robust preconditioners for the iterative procedure (see e.g., [6,10]).
Extending these methods to nonlinear problems requires the development of generalized enrichment strategies
in non-Hilbert setting and coupling algorithms which we address in this paper.

In this paper, we develop MsFEM and domain decomposition for a class of nonlinear monotone elliptic oper-
ators with high-contrast coefficients. The non-linearity of the operator presents additional difficulties that must
be considered before constructing the enriched coarse spaces mentioned above. Of particular importance is the
method we use to obtain the nonlinear eigenpairs which are used in the enrichment procedure. Literature on
methods for the numerical computation of eigenpairs is often focused on linear eigen problems or on finding the
eigenfunction corresponding to a single (e.g., the smallest or largest) eigenvalue [4,16]. However, we emphasize
that the multiscale enrichment necessitates the use of a number of eigenpairs corresponding to the nonlinear
operator where many nice properties enjoyed by linear eigen problems are no longer available. Since the charac-
terization and method proposed in [19,20] for finding multiple nonlinear eigenpairs cannot solve our problem, it
is particularly important that we develop some new characterization and method for finding multiple nonlinear
eigenpairs leading to solve our problem. Once the appropriate spaces are constructed we compare MsFEM with
local spectral basis functions with MsFEM that uses linear basis functions. Our numerical results show that
one can obtain more accurate solutions when local spectral basis functions are used. In particular, the high-
conductivity features are captured more precisely with local spectral basis functions that identify and separate
the high-contrast regions.

For added breadth, we propose the use of these coarse spaces in two-level domain decomposition precondi-
tioners. Our approaches borrow the main ideas for nonlinear iterative methods from [3,5,15,17]. The number of
iterations required by domain decomposition preconditioners is typically affected by the contrast in the media
properties, in particularly due to the channelized high-contrast features. With an appropriate choice of coarse
spaces, one can show that the number of iterations is independent of contrast (see [10] for linear problems). In
this paper, we extend the methods developed for linear problems to nonlinear problems. We would like to note
that the computations of eigenvectors are expensive; however, this is an offline cost and one can re-use these
basis functions for different right hand sides and boundary conditions.

In order to confirm our theoretical findings we present a number of numerical examples. In particular, we
present the convergence results for MsFEM corresponding to the addition of more eigenvectors in the coarse
space enrichment and a change in the coarse mesh size. Our numerical results are consistent with our theoretical
findings. In particular, we show that the convergence behaves as H”/A*, where H is the coarse mesh size and A*
is the smallest eigenvalue such that the corresponding eigenvector is not included in the coarse space. The proof
of this fact makes several assumptions which are formulated in Appendix. For two-level domain decomposition
preconditioners designed in the paper, we show that the number of iterations is independent of the contrast.

The rest of the paper is organized as follows. In Section 2 we introduce the model problem as the motivation
for the solution technique we consider. In Section 3 we describe the non-linear eigenvalue problem and describe
the proposed coarse-grid solution technique. Section 4 is devoted to a detailed explanation of the eigenvalue
computation, and in Section 5 we address two-level solvers. A variety of numerical results are presented in
Section 6, and we offer some concluding remarks in Section 7.

2. PRELIMINARIES AND MOTIVATION

We consider u € W, *(D), p > 2,
—div(s(z, Vu)) = f,
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where x = (k;). We assume that x(z,£) is monotone on ¢ € R%and satisfies
k(- &) — k(- &) < CA+ & + &) & — &I°
(k(w, &1) = K(w, &2)) - (&1 — €2) 2 C(L+[&a| + [€2))P7[é1 — & (2.1)

For simplicity of the analysis we assume § = p and x(-,0) = 0. Under these conditions, the solution exists and
is unique [21].
The corresponding variational formulation is to find u € Wy (D) such that

/ k(x,Vu) - Vo = / fu, forall ve Wy Y(D).
D D

One can write a corresponding minimization problem where the solution can be thought as

inf  F(u) where F(u /Hac Vu) /fu and II(-,€) = ki(+,8).

weWy P (D)

We define an energy “norm” by the notation

i) = [ 716V

Next, we describe the finite element approximation of the solution. We let 7" denote a fine triangulation,
and denote by V" = V"(D) the usual finite element discretization of piecewise linear continuous functions with
respect to 7". We also let V*(D) denote the subset of V"(D) with vanishing values on dD. Similar notation,
Vh($2),V(£2), is used for 2 C D.

The discrete fine-scale problem is defined to find € V" such that

= F 2.2
u = arg min F(v) (2.2)

or (F'(u),v) =0, for all v € V", where F(uy,) = [pUI(z,Vuy) — fup) or
(F'(u),v) = / k(x, Vuy) Vo, — / fon =0, forallveVh (2.3)
D D

Example. One of the main examples we will study is the heterogeneous p-Laplacian. If F =3 f p k()| VolP —
[ fu, we have

(F'(u),v) = / K ()| VulP2VuVu — / fo.
D D
The corresponding differential equation is to find u € WO1 (D) such that
—div(k(z)|VulP~2Vu) = f. (2.4)

We introduce the coarse triangulation 79 and assume that 7" is a refinement of 7. We denote by {y;} ", the
vertices of the coarse mesh 7 and define respectively the neighborhood w; of the node y; and the neighborhood
wpg of the coarse element K by

wz:U{KjETH; yi€ K}, wKZU{wjeTH; y; € K;}. (2.5)

Throughout this paper, the notation a < b means that a < Cb where the constant C' is independent of the
mesh size and the contrast (which we denote by the physical parameter 7). The constant C' may depend on p
and some other geometrical parameters of 7.
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F1GURE 1. Coarse and fine grid.

3. MULTISCALE TECHNIQUE

In this section, we discuss our multiscale technique which involves the construction of a linear space of multi-
scale basis functions on a coarse grid. The construction starts with initial set of multiscale basis functions that
will be enriched using a localized eigenvalue problems. More precisely, the dominant eigenmodes are multiplied
by initial partition of unity functions {Xz}fil that are subordinated to the covering {wl}fil
3.1. Initial partition of unity

First, we introduce some basic initial multiscale finite element spaces defined as one basis function per coarse
node.

e A linear initial partition of unity, x? is defined as usual linear basis functions
e A multiscale initial partition of unity (with linear boundary conditions), x*® is defined by

—div(k(z, VX)) =0 in K €w;, x™ =y} in 0K, forall K € w;. (3.1)

e We can also use energy minimizing basis functions that are defined by
e = arg min Z II(z, Vi) (3.2)
i Jwi

subject to >, x; = 1 with Supp(xi) C w;, i = 1,..., N, (see [18]).
3.2. Eigenvalue problem and space enrichment
In each patch w; we define
Goiu)= Y Ixrullfy ), and  G¥(u) = [[ull},, for all u € V" (w,).
k, wi () wi#0

Next, we define

_ G¥(w)
GY' (u)

To compute our multiscale space, we want to define a coarse space V.*(w;) (a space with a minimum dimension)

such that for any u € V"(w;) there exists ug € V,*(w;) satisfying

A (u — ug) > Ao

A (u) for all u # 0,u € V" (w;).
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A coarse space is constructed in the following way. For each patch w;, we identify a spectral problem and
dominant eigenvectors

Th .o, 7t and denote V¢(w;) = Span {vyi,..., 2’} .
The multiscale basis functions for the patch w; are constructed by
VY (w;) = Span TP, Xy f} .
Then, a coarse space is given by

Ve =V (w).

and the corresponding coarse problem is defined by

= in F(v). 3.3
u = arg min F(v) (3:3)
3.2.1. Motivation of the eigenvalue problem
We let u € V*(D), and define an interpolant in w;, I“u, such that I“iu € Span{y{", ..., T} and A (u —
I*"u) > Ag. Let v be the approximation of u over D, and defined as v = >, x;/*u. Given u, we can write
lu = olly, ) = ZG;i(u—I““u). (3.4)

The eigenvalue problem is motivated by the fact that we would like to bound G (u—1“*u) by a term independent
of x and /**u. In this paper, we will bound G (u — I*'u) by G**(u— I“*u). The latter motivates the eigenvalue
problem.

4. EIGENVALUE COMPUTATION

In this section we describe a solution technique for solving nonlinear eigenproblems which are motivated by the
previous section. First, we let V" (w;) be the space spanned by the basis functions of the finite element mesh 7"
localized to a coarse neighborhood w;. Now we assume the homogeneous condition x(-, t¢) = |t[P~ (-, &) Vt # 0.
Then we have

1
1I(-¢) = 5/{(»6) & G () = PG (u), GYY (tu) = [HPGRY (w),

(G=0) (tw) = 171G (), (G)'(tw) = "M (G (w), A (tu) = X () ¥t £ 0,

We denote Ag(wi) = {v € A(w;) : Gy (v) = 1} for all A(w;) C Vh(w;). We define the smallest eigenvalue by A{"
and the corresponding eigenvector ;" = arg min A (u) and AY? = A@i (7).
ueVE (wi)
We reiterate that the eigenvalue problem is used in order to systematically enrich our coarse solution space.
As such, we formulate two important (in the context of multiscale enrichment) sets of inequalities below.
Main Problem: For a threshold A*%¢ > A{* > 0, find a minimum subspace (called coarse space) V¢(w;) C

V" (w;) such that
C(wi)G¥ (u) > G (u — [¥"u) > NG (u — [%1u) - for all u € Vi (w), (4.1)

where I¥iu € V¢(w;) and C(w;) > 0 depends on p, but is independent of u and x.
Sub-Problem: Given \**i > \Y*, find a maximum subspace U"(w;) C V"(w;) such that

G (u) 2 A" G (u) for all u € UM (w;). (4.2)
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In the simplified case when p = 2 (a self-adjoint linear problem), the sub-problem becomes equivalent to
finding the smallest eigenvalue A;" > X\*“# to the linear eigenproblem

(G¥) (u) = MG (u), (4.3)
which can be characterized by the Rayleigh—Ritz method (RRM)
N = min A (u) = Gw: (u)’
WP, ]t Gy (u)

a standard orthogonal subspace minimization method (see e.g., [21]). It is important to note that in the case
when p > 2, (G*")'(u) = A“/(G%)"(u) is nonlinear and A;* obtained by RRM is not strictly optimal although
the orthogonality L is well-defined here.

To develop a new method, we first note that (G“*)'(u) = A“/(G¥?)'(u) can be characterized by the
Courant—Fischer—Weyl (CFW) max-min principle (see [21]). The sub-problem can be solved as to find the
first A" > A¥"* where

AT — in A E=2 ... 4.4
K g o i (u), R S (4.4)

and Si(w;) denotes the set of all k — 1 co-dimensional subspaces in V" (w;). We let A, (w;) € S(w;) be such
that
AoT = min A (u).
u€A; (wi)

Then X"~ < Ayv; and the optimality can be stated by
G (u) > AT G (u)  for all w € A (w;), (4.5)

where the inequality will be violated if A}~ is replaced by any A“" > A\"". We note that CFW (4.4) was
originally established for solving the linear problem (G“*)"(u) = A“*(G%)'(u) (see e.g., [21]). For our problem
we first establish the solvability of the nonlinear analogue in (4.4). The sub-problem solvability is stated in the
following theorem.

Theorem 4.1. Sub-problem (4.4) is solvable.
Proof. We refer the interested reader to the Appendix. O

We note that the max-min problem (see Eq. (4.4)) still cannot be numerically implemented, because we
cannot cover all k£ — 1 co-dimensional subspaces. Thus, we need to develop a numerically implementable max-
min characterization.

It can be shown that the solutions of

Y= ar max min A¥i(u) =arg min A¥(u),
k gA(wi)ESk,(wi) ueA(w) (u) guEAk(wi) (u)

correspond to the critical points of \“, i.e.,
W) (W) = 0 or (G (™) = X (=) (@) (7).

) () = G ()T (G () = A (W (G (8 )] = 0.

Equivalently, (A“7(¢,“"), ;") is a desired eigensolution of the nonlinear eigenproblem

(G=)' () — A (G2')'(u) = 0. (4.6)
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To reduce the choices of max in (4.4) we consider RRM

D= arg min A (u) =

for p-Laplacian (see (2.4)) and choose the inner product

(u,v) = / [k(2)Vu(z) - Vo(x) + E(z)u(z)v(x)] de.

i

where k = k), HP|Vx;[P. We also denote

Then V¢(w;) = [¢77, ..., 9" ] represents a coarse space and
G (u) > A ()G (u) for all u € Ve(w;) "

or
G¥ (u— I"u) > A( g’wl)Gil (u — I*u) for all u € V" (w;).

481

(4.8)

(4.9)

(4.10)

But such )\(wg’wi) is not optimal for p > 2, and to improve it, we use RRM as a prediction and then a max-min
method as a correction. The detailed steps of the nonlinear eigenproblem solution technique is presented in the

algorithm below.
A Prediction-Correction Max-Min Method (PCMM): Set k = 2.

Step 0. Let (u2i, 1) be the eigensolutions to

—div(r(2) Vi) = pn(a)d (x)

oY
e 0, z€0wi; ||[Yml|=1.
n
Step 1. (Prediction) Do
P = arg ~ min AV (u).
UEMET T £ €Sk (wi)
. . e ege o lw; - . lwi /Wi /Wi
Step 2. (Correction) With the initial guess 1", i.e., write " = wk[w‘fi,...,w:i] + ka;i _____
w;[f;;%’m’w:l] € [77, ..., as an initial guess do
Yot = arg max min AY ()
welt, ) s vE[u, [y ] ] s €Sk (wi)
and denote
Y = arg min A (v).

IS RN (GRNNR T BN
Step 3. (Check)
If A (%) > AT > A2 (¢]) (succeeded) go to Step 4;
Else set k = k4 1 and check if k = n (failed) stop, else go to Step 1.

Step 4. We have optimality of solutions obtained by the method (see Eqgs. (4.11), (4.12), and (4.13))

and use
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Upon completion of the algorithm we denote V¢(w;) = | 2’“”, [y, . ]+, We note that reaching Step 4
of the PCMM algorithm yields the optimality conditions

GH () = A ()G (W), o € [ ™ [, - o], (4.11)

(A=) (1) = 0, (4.12)

G (u) > X (4" )GY (u)  for all w € [ VY ] € S(wi), (4.13)

at least for all such u close to ; and the above mequahty will be violated if A~ (1/)2‘”) is replaced by any
A2 >\ () or gy is replaced by any other u € [¢57, ..., "]

5. DOMAIN DECOMPOSITION ITERATION FOR THE FINE-SCALE SOLUTION

We will also use the coarse spaces constructed wia the solution of local nonlinear eigenvalue problem in a
two-level (nonlinear) domain decomposition method. We focus in Schwarz subspace minimization algorithms.
We refer the interested reader to [3,5,15,17] for more discussion on nonlinear domain decomposition methods.

In order to describe the two-level domain decomposition we introduce some notation. We use the overlap-
ping decomposition generated by the coarse grid neighborhoods, i.e., the decomposition {w;} ;. More general
overlapping decomposition can be considered as well. We use Vc(wz)7 the set of finite element functions with
support in w; and zero trace on the boundary dw;. In general, one can use a general coarse space. We also
denote by RT : V¢(w;) — V" the extension by zero operator.

We define the local problems as follows. Find P;(u) € V¢ (w;) such that

P;i(u) = F(u— R v, 5.1
(u) = arg min | (u—Rjv;) (5.1)

or, equivalently for the cases considered in this paper,
(F'(u—RTPu),RT2) =0, forall ze V(w). (5.2)

Note that if u is the solution of the original problem, then P;u = 0. Starting with an initial guess ug € V"(D),
we introduce the nonlinear one level subspace iteration defined by

N
Upt1 = Up + Z aiRZTPi(un) = Uy, + Prp(uy). (5.3)
i=1
Here «;, ¢ = 1,...,N are constants such that Zfil a; = 1 and we introduced the notation Pij(u) =

Zf\il aiRZTPi(un). Note that, when F is linear, this iteration corresponds to the one level additive Schwarz
solver. It is known that this solver is not robust with respect to the contrast (even for linear problems). To get
more robust iterations a coarse problem is added. The nonlinear two level subspace iteration is

Up+1 = Up + (1 — Oto)PlL(un) =+ Oéopo(u) = Uy + PQL(un). (54)
where Pyu is the solution of the coarse problem (3.3) and 0 < ag < 1.

Remark 5.1. When the resulting equation, (F'(u),v) is a linear equation. it is well known that the converge
of the Schwarz methods can be accelerated, e.g., by using a preconditioned Krylov subspace method to solve
the equation P,y = 0 where the preconditioned operator corresponds to the operator Por = M;LIF " where
M2_L1 is the two level preconditioner. In the nonlinear case we can also accelerate the converge of the method
by considering a (quasi-)Newton method for the equation

Pr(u) = 0. (5.5)
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6. A FULLY RESOLVED METHOD AND ITS NUMERICAL RESULTS

In this section, to verify and implement the proposed enrichment approach in Section 3, as well as the
nonlinear eigenpair computations described in Section 4, we consider multiscale p-Laplacian equation with the
high contrast in the coefficients

—div(k(z)|VulP~? Vu) = f forz € D, (6.1)

where s(x) is a high contrast (i.e., Kmax(%)/kmin(2) = 1 where 7 is large), heterogeneous coefficient. We note
that this is a special case of (2.3) where

Fw.0) = [

#(2)|VulP~2 VuVu —/ fu,
D D

with the energy “norm” Hv||"’/(D) = / k()| VulP. Denote
D

Iy = arg rén? )/ K(x)|Vu — Vol?, Yu € VI (w;). (6.2)
veVe(w; w

Theorem 6.1. The main problem is solvable.

Sketch. Due to a page limit, we provide only a sketch of the proof here. After solving the sub-problem, we
only need to establish the first inequality in the main problem. Since norms on V¢(w;) are equivalent, by
the definition (6.2) of I¥ and the Holder inequality, the inequality can be proved first on a subset of V¢(w;)
where k(x) = ¢. We show that the constants involved have upper bounds depending on dim(V¢(w;)) but
independent of u and k. The inequality can be proved next on V¢(w;) for a piecewise constant x with a
corresponding partition of V¢(w;), and finally on V¢(w;) for general s by a limiting process. O

In order to solve equation (6.1) we employ a Picard iteration such that
—div(k(2)|Vun_1|P"%Vu,) = f forz € D, (6.3)

where the subscript 7 denotes the iteration index. Since p > 2, we have wy? (D) C W, *(D) = HY(D) ¢ W, (D)
and HZ(D) is dense in W, '?(D), for numerical computation we use the variational form of equation (6.3)

an—1(un,v) = f(v) forall v e HY(D), (6.4)

with usual bilinear forms. This equation has a matrix form A, _ju, = b, where for all u,,v € V(D) we have
ul A, v = / K| Vin 1|P>Vu,Vo and ov7b= / fu. (6.5)
D D

A solution is taken as u:= uy when |[uy —uny—_1]| (in some norm) is sufficiently small.

6.1. The p-Laplacian: multiscale method

Using the coarse mesh 77 we introduce coarse basis functions {@i}ZN:“l, where N. denotes the number of
coarse bases. In this paper the basis functions are supported in the w; neighborhoods, however, an important
consideration is that there may be multiple basis functions for each w;. Given these coarse scale basis functions
&;, we define the coarse-grid operator by Ap,—1 = RoAn_1 RT where

Rl =[®,,..., 0N,
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FIGURE 2. A high-contrast coefficient posed on a 100 element fine mesh (left); a coarse neigh-
borhood from a 10 element coarse mesh (right).

In the expression above, the ;s denote coarse-scale basis functions defined on a fine grid. For the discrete
problem, they are simply vectors. Given the coarse space, we define the multiscale finite element solution as
the finite element projection of the fine-scale solution into the coarse space V. In particular, the multiscale
iterates are obtained by solving

Ao, n—1u0,n = fo, (6.6)

where fo = RI'b. Equivalently, one may write the multiscale approximation on the coarse grid as ug, =

Zci@, where the ¢; are obtained through the variational form a,_1(ugn,v) = (f,v). We note that once

K3
ug is determined (i.e., when the coarse-scale Picard iteration converges), we have access to the corresponding

fine-scale approximation of the solution through a basis reconstruction.

6.2. Eigenvalue computations

In this subsection we offer some results from the proposed non-linear eigenpair algorithm found in Section 4.
To begin, we present Figure 2 as a representative example of a high-contrast coefficient x(z). See the left hand
side of Figure 2 for an illustration of the coefficient defined on a global computational domain D = [0, 1]. For the
examples in this section, x(z) is posed on a global mesh with 100 fine elements, and the coarse discretization is
chosen to contain 10 elements. The coefficient has a minimum value of K,y () = 1 and the values in high-contrast
regions are constructed from the uniform distribution #[10%,10%]. In addition, the coefficient is constructed such
that 2 high-contrast regions occur in each coarse element (or equivalently, 4 high-contrast regions per coarse
neighborhood). See the right hand size of Figure 2 for an illustration of a coarse neighborhood. We note that a
fixed coefficient sample (resulting from the random generation above) is used for the numerical results in this
section.

Throughout this section it is important to note that although the analysis from Section 4 requires an eigenpair
correction for the cases when p > 2, the predicted values suffice for the target application in this paper. Since
the the two-level max-min procedure in the correction step requires a relatively large number of total iterations
to ensure convergence, we choose the more efficient alternative of omitting the correction step. Of course, this
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FIcURE 3. Eigenfunctions corresponding to a high contrast coefficient for 2.0 < p < 2.8 (top);
high contrast coefficients and eigenvalues (bottom).

gain in efficiency must occur without a significant compromise in the accuracy of the computed eigenpairs. To
formally validate this choice we first note that the convergence criteria X' (¢*) = 0 is equivalent to ||w,| — 0.
As such, if we ensure that ||w,| is sufficiently small after the prediction step of the PCMM algorithm we
can be confident that our computed eigenpairs closely capture the “exact” values. For this purpose, we use a
convergence criterion such that ||w,| < h where h is the fine mesh size. For the examples in this paper the
algorithm typically exits when ||wy,|| ~ O(1073), which is one order of magnitude smaller than our fine mesh.
A max-min correction or a functional Newton’s method may be used for more stringent convergence, however,
detailed convergence results regarding the proposed algorithm will likely constitute a future publication.

We offer Figure 3 as an example of the eigenfunction/eigenvalue behavior corresponding to a weight coefficient
k(z) and energy coefficient k(z) (such as used in (4.8)). For this particular example, we limit ourselves to a
fixed neighborhood w; with a rescaled horizontal axis. We use the algorithm in Section 4 with numerous values
of p ranging from 2.0 < p < 2.8 and plot three eigenfunctions ; () for k = 2,3, 4 in the top row, along with the
coefficients and corresponding eigenvalues in the bottom row. The figure shows that the eigenfunction behavior
is quite similar for varying p values. As expected, we see that the eigenfunctions are constant in the high contrast
regions of the field and maintain the imposed zero-Neumann boundary conditions. In addition, we note that
the computed eigenvalues from the PCMM algorithm for the case when p = 2.0 are nearly indistinguishable
from those obtained from a standard linear eigenpair computation. These results serve as further validation
that prediction step of the non-linear algorithm yields suitable eigenpairs for the examples herein.

6.3. Enriched multiscale solutions

In this subsection we present a number of results verifying the enrichment procedure described in Section 3.
To begin, we offer a series of fully resolved solutions to equation (6.1) in Figure 4. The solutions are obtained
through solving the equation on a one-dimensional domain D = [0,1] with zero Dirichlet conditions using
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Fully Resolved Solutions

0.0 0.2 0.4 0. 0. 1.0
X

FIGURE 4. Solutions to (6.1) for p = 2.0,2.2,2.4,2.6,2.8.

a variety of p values such that 2.0 < p < 2.8. We note that the solutions in Figure 4 are the benchmarks
for our multiscale error comparisons. In order to construct the coarse space we start with an initial coarse
space Vinitial = gpan{y;}, where {XZ}ZN:H is a partition of unity subordinated to the covering {w;} such that
xi € V(D). We define the summed, pointwise energy & as

R=r) H'[Vxil", (6.7)

and solve the Neumann eigenvalue problem (motivated by Sect. 3.2) using the algorithm from Section 4 in
each coarse neighborhood w;. We denote the non-linear eigenvalues and eigenvectors by {A"} and {¢;"'},
respectively. We then define the set of coarse basis functions as by choosing L; eigenvectors that correspond to
leading eigenvalues. We would like to note that when the nonlinearities depend on time, one needs to update
the local eigenvalue problem.

For the numerical results we consider two sets of partitions of unity {x;} in which the enrichment procedure
will be employed. In particular, we use a set of linear functions {x{} as well as a set of standard multiscale basis
functions {x["*} as initial partitions of unity. See the left hand side of Figure 5 for an illustration of a linear
partition of unity, and the right hand side for a multiscale partition of unity.

For the comparisons in this section we use the relative energy error

o~ temsll vy / ullv oy x 100%, (6.8)

where u denotes the fully resolved solution and u.,s denotes a multiscale solution computed within an enriched
multiscale space. For the tables we use notation of the form MsFEM+m, where m denotes the number of addi-
tional basis functions that are used in the coarse space construction. For example, MSFEM+2 denotes a coarse
space where L; = 3 total basis functions are used. While a linear partition of unity yields an understandably
crude approximation to the fine scale solution (the errors are typically larger than 50%), we note that the errors
do indeed decrease as we include more eigenfunctions in the coarse space construction. We also refer back to
Figure 3 and emphasize that when a linear partition of unity is used, ¥ has 4 inclusions and 4 channels within
each coarse neighborhood. Thus, the fact that we obtain 4 small eigenvalues on each coarse neighborhood is
consistent with what we expect from the the Raleigh Quotient.
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Linear Partition of Unity Multiscale Partition of Unity
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FIGURE 5. Linear partition of unity (left); multiscale partition of unity (right).

TABLE 1. Energy errors for a variety of 2.0 < p < 2.8 and enriched coarse spaces constructed
from a multiscale partition of unity.

P 2.0 2.2 2.4 2.6 2.8
relative energy error (%)
MsFEM+0 7.50 7.02 6.80 6.77 6.97
MsFEM+1 7.37 6.95 6.75 6.73 6.94
MsFEM+2 0.62 036 049 0.98 1.76
MsFEM+3 0.05 0.17 041 0.89 1.75
MsFEM+4 0.04 0.11 029 062 1.14

Aside from the linear case above, we are particularly interested in computing multiscale solutions that result
from a multiscale partition of unity. That is, a partition of unity that is obtained through a process of computing
localized basis functions in which we use the original global operator on each coarse subdomain (see Eq. (3.1)).
See Table 1 for a variety of relative errors resulting from the enrichment procedure. We note that the initial
basis set offers a more accurate solution due to the fact that the initial partition of unity is obtained through
a series of localized solves (as opposed to simply assuming linear behavior). More importantly, we see that
the errors significantly decrease as we include more bases in the multiscale space construction. Table 1 shows
a situation where errors around 7% may be decreased to values that are typically less than 1% when 4 basis
additional basis functions are used in each coarse neighborhood. In particular, as we include more basis functions
in the enriched space, we encounter a noticeable error decline in the multiscale solution. At this point we also
consider the quantities that govern the error bounds that are presented in Appendix A. See Table 2 for a variety
of min,,, )\f 41 values as used in the analysis in the Appendix. We note that as L; increases, the eigenvalues
increase, and the bound in equation (A.8) will correspondingly decrease. In other words, the analysis suggests
(and the results validate) that keeping more basis functions for the coarse space construction will indeed yield a
decreasing global error. In addition, we consider the effect that the coarse mesh size H has on the convergence.
The analysis in the Appendix (see, e.g. (A.8) also suggests that a decrease in H will yield smaller errors. To
validate this result, we offer Table 3 to for a comparison of energy errors obtained for the case when H = 0.1 (the
coarse mesh size used throughout the bulk of the results), as well as for the case when H = 0.05 is refined. As the
analysis suggests, we see a noticeable decline in the errors when a finer coarse mesh is used for the computations.
Furthermore, we estimate the convergence rate (from (A.8)) to lie within the range 2.0 < 1/2 < 2.6. We note
that these values are recovered through computing the slope(s) from the associated log-log plot of the mesh size
versus error when the A, values are comparable.
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TABLE 2. Scaled min,, XEZH values as described in Appendix A for a variety of 2.0 < p < 2.8
and coarse basis configurations constructed from a multiscale partition of unity.

p 2.0 2.2 2.4 2.6 2.8
min,, )\fjH (xH™P)
MsFEM+0 1.26e2 2.18¢2 3.74e2 6.37¢2 1.07e3
MsFEM+1 5.40e2 1.07e3 2.10e3 4.10e3  7.93e3
MsFEM+2 1.35e3 2.84e3 5.96e3 1.24e4  2.59e4
MsFEM+3 2.70e3 6.38¢3 1.50e4 3.50e4  8.09e4
MsFEM+4 4.44e3 1.06e4 2.54e4 6.02e4 1.42e5

TABLE 3. Energy error values as described in Appendix A for a H = 0.05,0.1 and coarse basis
configurations constructed from a multiscale partition of unity.

P 2.0 2.2 2.4 2.6 2.8
H=0.1 relative energy error (%)

MsFEM+40 750 7.02 6.80 6.77 6.97
MsFEM+1 7.37 6.95 6.75 6.73 6.94
MsFEM+2 0.62 0.36 049 098 1.76
H =0.05 Relative energy error (%)

MsFEM+0 142 135 138 1.69 2.53
MsFEM+1 0.07 0.22 0.53 1.10 2.04
MsFEM+2 0.03 0.06 0.15 0.26 0.40

TABLE 4. Convergence results for the domain decomposition algorithm: multiscale partition
of unity.

P 20 22 24 26 28
MsFEM+1 Number of iterations

Tmax = 10° 44 49 53 58 62
Nmax = 10° 44 49 53 58 62
Nmax = 10° 44 49 53 58 62

To finish this section, we consider the domain decomposition algorithm in Section 5. In particular, we treat
an enriched multiscale solution u;,s as a domain decomposition preconditioner and consider the convergence
of the algorithm. See Table 4 for a variety of convergence results for the algorithm. We note that a stopping
criterion of

[ Ause? = fllfa / | Aums — fII7 < 1074,
where || - |[;« denotes the discrete I, norm with 1/p +1/g = 1, is used to assess convergence of the domain
decomposition algorithm. In particular, we require that the initial residual is reduced by a factor of 10~* for
convergence. The results in Table 4 correspond to three separate contrast configurations. In particular, we
recall that Kmax(z)/kmin(z) = 71, where 1 is assumed to be large. The benchmark example throughout this
section uses a coefficient where Npax = 10° (refer back to Fig. 2), and we construct two related coefficients
where the contrast is both increased and decreased by the same order. From Table 4 we see in all cases that
62 or less iterations are required for the domain decomposition algorithm to reach convergence. Furthermore,
the numerical results show that the number of iterations required to reach convergence do not depend on the
contrast of the problem. However, an increase of p does require more iterations for convergence. While, in
general, we expect that varying the contrast will affect the iterative convergence rates, these results suggest
that the domain decomposition procedure is independent of contrast for this problem.
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7. CONCLUDING REMARKS

In this paper, we developed multiscale finite element methods (MSFEM) and domain decomposition tech-
niques for a class of nonlinear elliptic problems with high-contrast coefficients. In doing so, we extended existing
work on linear problems to treat a class of nonlinear elliptic operators. As the systematic coarse space enrichment
requires the solutions of a nonlinear eigenvalue problem, a detailed method for computing nonlinear eigenvalues
was introduced. Convergence of the method was shown to relate to the dimension of the coarse space as well
as a change in the coarse mesh size. We also showed that the coarse mesh spaces can be effectively used in
two-level domain decomposition preconditioners, and a number of representative numerical results were offered
to complement the analysis. In the future we hope to address more rigorous convergence properties of nonlinear
eigenvalue algorithms, as well as apply the proposed method to time dependent problems and equations with
random coefficients.

APPENDIX A

A.1 Proofs

Proof. (Thm. 4.1)
By CFW (4.4), Sub-problem (4.2) is equivalent to

AY0T = max min A\ (u), k=2,...,n. Al
k
A(w;)€Sk(wi) u€Ag(w;)

Since V"(w;) is finite-dimensional, Ag(w;) is compact. Thus G*i(u) attains its maximum and G¥'(u) attains
its nonzero minimum on Ag(w;) and we have the inequalities

ma‘quBs (W7) GWi (U)

A< = max min  A(u) <

< — ny < 4o0, forall k=2,...,n.
Aw)E8n(wi)  u€As(wi) minge gg(w;) Gx' (1)

For each k, there are {A,,(w;)} C Sp(w;), ¥ = arg  min _ A“*(u), such that A« [ ] > A [1)/:#i]. Since

m

1L€[Am(w7‘,)]s
{97} C Bs(w;), there are ¢;"“" € Bg(w;), {¢5*1} C {121} such that ¢5* — ;" with
oY — ar max min  A\“(u) =arg min A¥(u).
k 8 A (wD)eon(w)  ueds (o) () gueA;(wl) ()

Thus the solvability of (4.4) is established.
We next set A" = A(¢,*") and note that we have A\;* < Aj% . We let ko be the smallest k such that
X,:O > \*%i Then

A9 (u) > A > A0 or - G¥(u) > AUIGY (), for all u € A (wy). (A.2)
So the solvability of the sub-problem is established. O

A.2 Convergence of MsFEM
‘We write in each w;

—div(k(2)|V(u — I*u) [P~V (u — [“iu)) = g, (A.3)

where g is the residual in the approximation and I“w is the local approximant in w;. The assumption on g will
be imposed later on. Multiplying both sides of (A.3) by x¥(u — I“u) and re-arranging the terms, we have

b

/ kXE IV (u = I%u)P < %/ H|in|p\(u—f““u)\p+6'5/ kXY |V (u— I%u) P +

wi

[ o= 1o

i
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where C is independent of contrast. From here, we get Caccioppoli inequality

/ G|V (u = I[P = / &IV = I )P + / 9x; (u—I*)| . (A4)
Next, taking into account that MSFEM solution, u g, provides a minimal energy, we have
/ KV (u—ug)|P = / Y (sz(u — I““u)) [P =< Z/ KV X [P|lu — T¢u|P
D D i i wi
#3 [ sblV = ap 23 [ - e 3 [ gl
i | (A5)

Using the fact that [ >, s|Vxi|P(u — I“u)P < 5

[, £V (u = I#u)[P, we have

Li+1

S [ v g <32 [ SV
i i — Jus i
1 .
= Z i / KZ|V( — J¥iq ‘P =< Z )\wr‘rl / Z ‘Xz|p‘v leu)|p

i L+l
<30 SE [ v
i Li+1 Jw;
aw
< %/ KVl lu — I +ZAL it / ’Xi|p(u—f“’iu)|
i L;+1 Jw; wsi

1
T (Z / KV xlPlu — I

where A, = ming, A7, /a7’ and af | = fw KIV(u— I¥u)P/ fw kYo IXilPIV(u — 1) |P that represents
the error concentration near the boundaries of w;. One can use larger domains and oversampling strategies
to control a7’ | (see [8] and references therein) that will be investigated in our future work. Applying this
inequality n times, we have

Z/ K| VX [P lu = T ul?

< ) Z/ kIVxilPlu — I¥u
S

Considering Y, [ k|VxiP|lu — I“u
convergence rate for MsFEM

/D K|V (1 — g < Aan /DK‘V(U _ )P+ <(A*)" (1/1_ f;) + 1> R, (A.6)

where R=)", fwi(\/{HVXAp)_‘I/pgq is assumed to be bounded.

]xzp (u— >>,

£l
w0 (727) X [ sty

P03 L i BIVXG[Plu = I€ulP < [ K[VulP, we have the following
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Assumption. We assume that there exists a global function G, [, G¢ < C such that fw (H\in\p)fq/p gl =<

H'[

.. GY Note that because Vx; behaves as H —1 | = ¢ is an appropriate choice.

With this assumption, we have the following convergence rate for MsFEM.

1 1—A"
_ P < P nofZ l D )
/K\V(u up)| n 1/ K| Vul|P 4+ ((A*) < 1 > +1>H / |G| (A7)

Choosing A, sufficiently large and assuming [}, k|Vul?* and [ D G? are bounded and choosing in each w;, n =

_ —llog(H)
2 log A

(1]
2]

(10]

(11]
(12]

(13]
(14]
(15]
(16]
(17]

(18]
(19]

20]

(21]

, we obtain

[ A= e < (ﬂ”) (A%)
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