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FINITE ELEMENT DISCRETIZATION OF DARCY’S EQUATIONS
WITH PRESSURE DEPENDENT POROSITY

VIVETTE GIRAULT!, FRANGOIS MURAT? AND ABNER SALGADO?

Abstract. We consider the flow of a viscous incompressible fluid through a rigid homogeneous porous
medium. The permeability of the medium depends on the pressure, so that the model is nonlinear. We
propose a finite element discretization of this problem and, in the case where the dependence on the
pressure is bounded from above and below, we prove its convergence to the solution and propose an
algorithm to solve the discrete system. In the case where the dependence on the pressure is exponential,
we propose a splitting scheme which involves solving two linear systems, but parts of the analysis of
this method are still heuristic. Numerical tests are presented, which illustrate the introduced methods.

Mathematics Subject Classification. 76505, 65N30.

Received 15 January 2009.
Published online February 23, 2010.

1. INTRODUCTION

1.1. Position of the paper

The system of equations commonly referred to as Darcy’s law was obtained on an experimental basis by
Darcy [14], more than 150 years ago. It approximates the balance of linear momentum of a fluid flowing
through a porous rigid body and is the simplest model of flow of a viscous incompressible fluid through a porous
medium. Darcy’s equations were obtained rigorously by Homogenization; without being exhaustive, we refer
the reader to the works of Ene and Sanchez-Palencia [16], Allaire [2], Cioranescu et al. [13], Pastukhova [30],
and Skjetne and Auriault [34].

Recently, in [31], Rajagopal developed systematically a family of models within the framework of Mixture
Theory, deriving first Darcy’s system, and next relaxing one or more restrictions that were used in deriving this
law. The steady nonlinear model studied in the present work is one of the numerous models obtained through
this approach, see Section 3.5 of [31]. It is a much simplified version of a model of enhanced oil recovery, where
oil is forced to flow through rocks by injecting steam at high pressure. This model is simplified because only
one fluid is considered and the viscous and inertial effects are neglected, thus resulting in a steady system. On
the other hand, it is nonlinear because the porosity of the solid medium is allowed to depend exponentially
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on the pressure. Indeed, it has been observed experimentally that high variations on the pressure induce an
exponential variation on the porosity of the medium.

Let © be a bounded domain in R?, with d = 2,3. The boundary, 92, of this domain is divided into two
parts 'y, and I'. We are interested in the following model, which as we have stated above was derived by
Rajagopal [31],

apu+Vp=1f, inQ,

V-u=0 in Q

u , in , (1.1)
pzoa OHFUM
u-n=g on I

where the unknowns are the velocity u and the pressure p of the fluid. The function « is the permeability of
the medium; for simplicity, it is assumed homogeneous, but it depends exponentially on the pressure:

a(€) = ape’®, (1.2)

for positive parameters g and . The homogeneous boundary condition in the third row of (1.1) is just intro-
duced to simplify the discussion. More generally, a non homogeneous boundary condition can be prescribed
on p: p = p, on I'y,. Owing to the nature of a(p), the subsequent analysis readily carries over to this case for
adequately smooth boundary data p,,; see Remark 2.2.

For the sake of brevity, in what follows we shall refer to equations (1.1) simply as the nonlinear Darcy
equations. Of course, there are other nonlinear Darcy’s model, such as the well-known Forchheimer model
introduced by Forchheimer in [19]. The reader can refer to a discrete scheme, closely related to the one studied
here, for a steady Forchheimer model studied by Girault and Wheeler in [21].

The analysis of the nonlinear Darcy equations is difficult because of the exponential nonlinearity. Following
the work of Azalez et al. in [3], we propose in a first part to discretize (1.1) when the function « is truncated
above and below. We introduce a straightforward finite element scheme, such as P;_; for each component of the
velocity and Py, for the pressure, similar to the scheme studied by Roberts and Thomas in [32] and by Kim and
Park in [27]. When the exact solution is sufficiently small so that it satisfies a sufficient condition for uniqueness,
we establish optimal a priori error estimates, and geometric convergence of a successive approximation algorithm
for computing the discrete solution. We also study the case when the exact solution is nonsingular in the sense
of Brezzi et al. [11], but is not necessarily unique. We give sufficient conditions for the finite element scheme
to have a nonsingular solution, establish convergence and a priori error estimates, and study the convergence
of Newton’s algorithm for computing this solution. In particular, we prove that Newton’s method converges
quadratically, but not uniformly. This confirms the convergence analysis for nonlinear second order elliptic
problems studied by Douglas and Dupont in [15] and by Park in [29)].

The problem with fully exponential porosity is studied in a second part. To begin with, the velocity is
eliminated by

(1) dividing the equation by the exponential,

(2) taking the divergence of the equation,

(3) and making a change in variable.
This splits the problem into exactly two consecutive linear equations: first a diffusion-convection-reaction equa-
tion and next a linear Darcy system. These are discretized by an easy variant of the finite element scheme used
in the first approach. The analysis of each discrete linear system is straightforward, but the global analysis of
the complete algorithm is still an open problem.

We present numerical experiments for testing each method. As expected, the split algorithm (that involves
no iteration) performs better than the successive approximation algorithm.

The rest of this work is organized as follows. In Section 1.2 we set up the notation and conventions that will
be used in the sequel. The next three sections are devoted to the case where the function « is bounded above
and below and is uniformly Lipschitz-continuous. In Section 2, we present some results established in [3] on the
existence of the solution to the nonlinear Darcy equation, as well as some sufficient conditions for uniqueness
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and regularity. Section 2.2 gives sufficient conditions for the existence of a nonsingular solution. Section 3 is
devoted to the analysis of the discrete problem. In the case where the solution is unique, we prove in Sec-
tion 3.1 optimal error estimates and convergence of the successive approximation algorithm. In Section 3.2, we
approximate nonsingular solutions, and we analyze Newton’s method when used to find the discrete nonsingular
solution. The splitting method is developed and studied in Section 4. Finally, Section 5 gives some numeri-
cal experiments which illustrate the theory and methods developed in the previous sections. We consider the
method developed in Section 3.1 and show its performance on a series of model problems for different types of
finite element spaces. We also test the algorithm of Section 4 for various types of finite element spaces on each
of the sub-problems involved.

1.2. Notation and conventions

Henceforth we denote by Q a bounded connected domain in R, with d = 2 or 3. As usual, we denote by LP(f)
the space of Lebesgue integrable functions with exponent p € [1, 00] defined on €2, normed, for 1 < p < oo, by

1/p
UHL:D(Q) = (/Q |U|p) )

with the usual extension when p = co. By W;(Q), for an integer s, we denote the Sobolev space of functions
in LP(Q)) with partial derivatives of order up to s in LP(f2), namely

Yo € LP(Q), |

W3 (Q) = {v e LP(Q); 0*v € LP(Q) V|k| < s},

equipped with the seminorm

1/p
[plws@ = | D / o
k|=s &
and norm (for which it is a Banach space)
1/p
||UHW;(Q) = Z |’U|€V§(Q)
0<[k|<s

When s is not an integer, W;(f2) is defined by interpolation (cf. Lions and Magenes [28], or Berg and
Lofstrom [6]). In this case, there are several definitions with equivalent norms. Here, we choose the following
seminorm and norm: let s = m + s’ for an integer m > 0 and 0 < s’ < 1, then we set

1/p

0"v(x) — O*v(y)IP
v|weiq) = = dx dy ,
e D e

|k|=m

» » 1/p
Pollwge = (Il + olg) -
When p = 2, we set H*(Q)) := W5(Q), for any s. In particular, we have the following trace property on a
domain Q with Lipschitz-continuous boundary 9€2: if v belongs to H*(Q2) for some real number s € |1/2,1],
then its trace on 9Q belongs to H*~/2(9Q) (cf. for instance Grisvard [23], Thm. 1.5.1.2), and there exists a
constant C' such that
Vo € B5(9), [ollge1/20m < Cllollueo.
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Finally, if T is a subset of 99 with positive measure, |T'| > 0, we say that a function g in H'/?(T") belongs to
H010/2(I‘) if its extension by zero to 99 belongs to H'/?(99). For a discussion on this space see Tartar [35] for
instance.

For vector-valued functions we use boldface and the spaces of these functions are denoted, for instance,
by LP(Q)4.

Whenever E is a normed space, || - |z denotes its norm and E’ its dual. We use the convention that when
taking the supremum of any quantity A over the elements of a space F,

sup A
zel

actually means the supremum over the elements of E which are nonzero.

By C we denote a constant, the value of which might change at each occurrence. This constant may depend
on the problem data. When discussing discretization, this constant can also depend on the exact solution of
the problem, but it does not depend on the discretization parameter h.

The constant in the Sobolev embedding H'(Q) — L5() (see Adams [1] or Tartar [35]) shall appear re-
peatedly and, therefore, we assign it the symbol C(2). More precisely, C(2) is the smallest constant such
that

lall oy < C) ldlgiy, Vo€ H' ().

Finally, we must say that all the reasoning carried on in the following sections assume that the space dimen-
sion d equals three. This is done only for the sake of definiteness. The reader can easily verify that similar
arguments and less restrictive assumptions can be used to obtain the same results in the case when d = 2.

2. ANALYSIS OF THE PROBLEM

Before considering the discretization of problem (1.1) we will discuss some properties of its exact solution,
namely, its existence and sufficient conditions for this solution to be globally unique and possess certain smooth-
ness properties. When the nonlinear Darcy equations have more than one solution we shall discuss so-called
nonsingular solutions, in the sense of [11]. This shall prove useful for the development and analysis of the
discretization.

2.1. Variational formulation

We intend to study problem (1.1) under the following assumptions:

e The domain 2 has a Lipschitz-continuous boundary 02 divided into two parts I',, and I, also with
Lipschitz continuous boundaries.

e The part of the boundary I',, has positive surface measure.

e The function « is continuous from R to R and there are two positive constants c,,i, and apmax such that

Omin < a(&) < Omaxs V€ eR. (2'1)

e The function « is uniformly Lipschitz-continuous on R. That is, there is a constant L, > 0 such that
for all £1,& € R

la(&1) — a(&2)] < La [61 — &2 (2.2)

Remark 2.1. Assumptions (2.1) and (2.2) are not true when the function « is unbounded, as it is the case when
it is exponential. However, these assumptions can be easily recovered by truncating the original function a.
Obviously, the solution of the truncated problem will not in general solve the original one. The analysis of how
these two problems are related is beyond the scope of this paper.
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It is well known that Darcy’s equations have several variational formulations. We have chosen here the
formulation that treats the boundary condition on p as an essential one and leads, roughly speaking, to taking u
in L2(Q)? and p in H*(Q). This choice is motivated by the fact that the forthcoming analysis of the nonlinear
term a(p)u uses intensively the fact that p is in H*(£2). Moreover, a velocity u in L?(Q)? is easily discretized.
Another option consists in taking u in H(div; Q) and p in L?(2). Then u must be discretized with mixed finite
elements, with the advantage that this leads to a locally conservative scheme. But the drawback is that the
analysis of the nonlinear term is not so clear.

Let us define the space

HL(Q) := {qe HY Q) : q|r, = 0},
and assume, for the sake of simplicity, that p,, = 0. Then the variational formulation is the following
Given £ € L2(Q)® and g € HY*(T), find a pair (u,p) € L2(Q)? x H(Q) such that
ap(u,v) +b(v,p) = [f-v, Vve L?(Q)3, (2.3)
b(u,q) = (g,9)r, Vg € H, (). '

The bilinear forms a¢ (-, -) for any measurable function £ on © and b(-, -) are defined by

ag(v,w) := /Qoz(«f)v W, (2.4)

b(v,q) := /Qv - Vg, (2.5)

and (-, -)r denotes the duality pairing between H30/2 (T") and its dual space H&O/Q(F)’.

It is readily checked that under assumption (2.1) the forms a¢ (-, -) and b(-, ) are continuous on L?(02)%x L?(£2)3
and L2(Q2)® x H'(Q) respectively. Thus, standard arguments yield the equivalence of problem (2.3) with the
system (1.1) in the distribution sense.

Remark 2.2. The above variational formulation is defined for homogeneous boundary conditions: p,, = O.
Standard techniques (i.e. lifting arguments) allow us to reduce the case of nonhomogeneous Dirichlet boundary
conditions on the pressure p to the present one. For this, it is sufficient to assume that p,, € H'/2 (Tw) and
notice that the function & — (& — py,), where p,, is a proper lifting of p,,, has the same properties as £ — a(&).
Hence, there is no loss of generality in considering only homogeneous Dirichlet boundary conditions.

The existence of a solution to problem (2.3) is studied in [3]. For the sake of completeness we list here the
results that later prove useful for our purposes. Regarding existence we have the following theorem.

Theorem 2.3. Assume that the function o satisfies assumption (2.1). Then, for any data (f,g) € L?(Q)? x

H*(T) problem (2.3) has a solution (u,p) € L2(Q)3 x HL(Q). Moreover, this solution satisfies

Iz s + 9@y < € (12 + 9oy ) - (2.6)

A sufficient condition for the global uniqueness of the solution is:

Proposition 2.4. Assume that the function « satisfies assumptions (2.1) and (2.2). If problem (2.3) has a
solution (u,p) such that u € L3(Q)® and satisfies

Qmax 1+ Qmin

C(Q)La Hu||L3(Q)3 <1, (2.7)

Qmin

then, there is no other solution of problem (2.3).
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This uniqueness result is stated in [3] under the condition that u belongs to L"(9)? with 7 > d, where d is
the dimension. This is due to the Sobolev imbedding when d = 2 (see Rem. 2.8). However, when d = 3, the
proof in [3] is also valid with r = 3.

Finally, concerning the regularity of the solution the following result holds.

Proposition 2.5. There exists a real number py > 2 only depending on the geometry of £ such that, for

all p, 2 < p < po, and for all data (f,g) € LP(Q)> x W, 1/p( ), any solution (u,p) of problem (2.3) belongs to
LP(Q)? x W, ().

Remark 2.6. The existence of pg is obtained in [3] by a perturbation argument, but in dimension d = 3, there
is no guarantee that py > 3. Therefore, in general, condition (2.7) for global uniqueness cannot be checked from
the data.

2.2. Nonsingular solutions

Let us now consider the case when the solution is only locally unique. In this case, although problem (2.3)
may have more than one solution, we assume that there exists an isolated solution. That is, there exists a
neighborhood of this solution where no other solution exists. A sufficient condition for this to hold is that the
solution is nonsingular (see [11] or Girault and Raviart [20]). In this paragraph we analyze the properties of
nonsingular solutions, and give sufficient conditions for such a solution to exist.

First we cast problem (2.3) in a more convenient, but nevertheless equivalent, functional setting. With this
purpose let us define the data space
L*(Q)° x Hy (T,

9 =
with norm
1CE )l = 1€l + 9l 172
and the solution space
X = L*(Q)% x HL(Q),
with norm
(0, p)l[x == [[all2()s + llpll a1 (@)-

We also define T' as the solution operator to the linear Darcy problem, i.e. T : ) — X is such that, for every
n=(f9)€Y, X35z=(up) =Tn=T(f g) solves

au+ Vp=1~f, inQ,

V-u=0 in Q

u , in €, (2.8)
p=0, on I'y,
u-n=g, on I,

for a fixed a > 0.
It is classical that problem (2.8) is well-posed. This implies that T' € £(),X). In other words, there is a
constant C' > 0 such that for every (f,g) € 9

1T, 9)llx < ClI(E,9)lly - (2.9)

By assumption (2.1) we get that o € L>(R). Then, for any (u,p) € X, a(p)u € L*(Q)? and we can define
the map G : X — 9 as follows. If z = (u,p) € X, then

X
( )—a)u— f)eﬂ_j.
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Finally, let us define F': X — X as
F(z) =2+ TG(x).
With this notation, problem (2.3) can be equivalently restated as:
Find x = (u,p) € X such that
F(z) =0. (2.10)

We are now in a position to define the notion of nonsingular solutions.

Definition 2.7 ([11]). Let z € X solve problem (2.10). This solution is called nonsingular if the linear operator
F'(z) =T+TG' (x)

is an isomorphism of X. Here F’(x) and G'(z) denote the Fréchet derivative of the maps F' and G at point z,
respectively.

Our main interest in this paragraph is to provide sufficient conditions for a solution to be nonsingular in
this sense. First of all, by assumption (2.2) we know that the derivative of « exists a.e. on R (¢f. Folland [18]).
Denoting this derivative by & we can, formally, obtain the derivative of the map G. Let x = (u,p),y = (v, q) € X,

then
1oy — ((@P) —@) v +a(p)qu
G (z)y = ( 0 . (2.11)
From this we can conclude that if z = (u,p) € L3(2)® x HL(Q) C X, the Fréchet derivative of the map G is
well-defined, given by equation (2.11), and G'(z) € L(X,9).

Remark 2.8. We need u € L3(Q)? because of the term ¢(p)qu. Indeed, by assumption (2.2), Holder’s inequality
and the Sobolev embedding H! <« L%, we have

/Q|é<(p)qu|2 <1 </Q qﬁ)l/B (/Q |u|3)2/3

< CO2L2 gl F (o 1l 750y

where all inequalities are sharp. Clearly, if d = 2 we should require u € L*+¢(Q)? for some € > 0. In both cases,
we must assume that the velocity u lies in a smaller space than L?(2)¢ for the derivative to make sense. This
is in contrast to the common feature of many nonlinear operators arising in the analysis of partial differential
equations that describe physical phenomena. For such an operator, its derivative is everywhere defined and the
range of the derivative is a smaller space (i.e. more smooth or regular) than the data space. For this reason, we
say that the operator G' does not have regularizing properties. The fact that for problem (1.1) the nonlinearity G
does not have regularizing properties lies at the heart of all the difficulties that its theoretical and numerical
analysis present.

We now give sufficient conditions for a solution of problem (2.10) to be nonsingular in the sense of
Definition 2.7.

Proposition 2.9. Assume that for problem (2.10) the function « is such that conditions (2.1) and (2.2) hold.
Let z = (u,p) € X be a solution to problem (2.10). If u € L*(Q)? and

Qmax + Qmin
—————=C(Q)Lauf 20 <1, (2.12)

O'min

then this solution is nonsingular.
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Proof. We need to show that the map I + T'G’(z) is an isomorphism of X. Since the operator is continuous, by
the Open Mapping Theorem (see Helemskii [25]) it is sufficient to show that the operator is bijective. That is,
given any z = (w,r) € X there exists a unique y = (v, q) € X such that

y+ TG (z)y = z,

or
(y —2) =T(=G'(x))y.
In other words, we must prove that the problem: Find (v, q) € X such that

a(v—w)+V(g—r)=(a—alp)v—adpqgu, inl,
(v—w) =0, in Q,

(v—w)-n=0, onT,
g—r=0, on 'y,

always has a unique solution. Doing the elementary change of variables (V, Q) = (v—w,¢—r) € X this problem
can be equivalently restated as: Find (V, Q) € X such that

a(p)V+VQ =F(Q), inQ,

V-V=0, in Q,
V. -n=0, on I,
Q =0, on I'y,
where
F(Q) := (a —a(p))w — a(p)ru — a(p)Qu = F + F(Q),
with

F = (a—a(p))w —d(p)ru , F(Q) = d(p)Qu.
Notice that, since u € L3(Q2)? then F(Q) € L?(Q)3. This problem can be written in variational form as: Find
(V,Q) € X such that

(2.13)

[oa(P)V-W+ [(W-VQ = [,F(Q)-W, YW e L*(Q)?,
[, V-VR=0, VR € HL(Q).

We observe that (2.13) is a linear Darcy’s system with an affine perturbation F(Q). If we define the bilinear
foorm A: X x X — R by

A((V,Q), (W, R)) ::/Qa(p)v-w+/9w-vcz+/gv-v3,

and assume for the moment that F(Q) = 0, i.e. F(Q) does not depend on @, then, problem (2.13) has a unique
solution if and only if:

(1) There exists a constant .4 > 0 such that

. A((V,Q),(W,R))
f
V.ex (wmex 1V, Q< [(W, R)

> fa. (2.14)
E:

(2) The form A has the following property:

(A((V,Q),(W,R)) =0V(V,Q) € X) = (W, R) = (0,0). (2.15)
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These two properties are equivalent to the fact that the linear Darcy problem defined by the form A is well-posed,
which is a classical result. This also implies the a priori estimate

IVIL20ps + 1@l ) < ClIFI 2(qys (2.16)

for some C' > 0 that does not depend on F, V or Q). Now, the well-posedness of (2.13) follows immediately by
proving that the affine mapping S — @, where @ is the second component of the solution pair (V, Q) of (2.13)
with data F(S) is a contraction: There exists k € ]0, 1[ such that

VS e H' (), |Qlm (o) < k|S|m (o)

To do this, let S be given in H*(Q), set F = 0, and take W = V in the first equation of problem (2.13). The
second equation, together with condition (2.1) imply

tmin [V 220 < /Q a(p)V -V

:/F(S)-V
Q
§ ||F(S)||L2(Q)3 HV”L2(Q)3 )
or .
HV||L2(Q)3 < @ ||F(S)||L2(Q)3 )
By taking W = V(@ we obtain

|Q|§{1(Q):/QVQ'VQ
- [F©)-va- [ ap)v-vQ
Q Q
<|p

()| 1203 1Q1ar (@) + max V| 2202 [Q1a o)

amax —
+ 25 ) IE(S)] gy QLo

Qmin

IN
7N N
—

amax .
= {1+ s ) Ha(p)SUHL2(Q)3 |Q|H1(Q).
Since
lep) Sull 1205 < C)La [l s (0yo 1] 0
we derive

amax
@iy < (14 S22 C(Q) L [l s s 1S g -

Qmin
Therefore the mapping S +— @ is a contraction if

amax
<1 n —) () L [l oy < 1,

min

which is condition (2.12). O

Remark 2.10. We see that (2.12) coincides with the condition for global uniqueness (2.7). This reflects that
the nonlinearity G does not have regularizing properties. Nevertheless, these are only sufficient conditions, and
it is plausible that problem (1.1) has a nonsingular solution without satisfying condition (2.12).
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3. THE DISCRETE PROBLEM

Having analyzed the mathematical properties of problem (1.1) we now proceed to propose several methods
for its approximate solution. With this purpose, let h be a discretization parameter (that will tend to zero).
For every h > 0 we introduce two finite dimensional spaces X;, C L?(2)? and M), C H} () such that:

(1) The pair of spaces (X, M},) is stable, in the sense that they satisfy a uniform inf-sup condition ([10,20],
Ern and Guermond [17] or Boffi et al. [7]). That is, there exists a constant 8 > 0 independent of h such
that

sup IR s gy Vo € My, (3.1)
wieX [[Wallz2(@)s
where the form b is defined in (2.5).
(2) There exist continuous interpolation operators 7 : L2(2)? — Xy, Zp : HY(2) — Mj and an integer

k > 1, such that for all (v,q) € H*(Q) x HF1(Q)
v = vl oy < O IVl ey (3.2

and
|4 = Tnal g0y < CH* lal s o - (3.3)
In order to find examples of such discrete spaces, assume to simplify that €2 is a polyhedron, and let 7, be a
family of triangulations of {2, made of tetrahedra with diameter bounded by h. We suppose that 7}, is regular
in the following sense (c¢f. Ciarlet [12]): There exists a constant o > 0, independent of h, such that

h
VT €Ty, -~ < o, (3.4)
1%

where hr is the diameter of T" and pr is the diameter of the ball inscribed in T'. Then, for any integer k > 1,
the following pair of spaces satisfy conditions (3.1)—(3.3):

Xy o= {vn € L*(V* : vilr €P}_ VT € Tp}, (3.5)

and
My, = {qn € C°(Q) : qnlr € Px, VT € Tp.} . (3.6)

For a proof the reader can consult standard references, for instance [10,17,20].
Finally, we define the discrete solution space

Xn = Xp X My,
normed by | - ||x. Clearly, X, C X. For the sequel, it is also useful to introduce the space
Vi ={vn € Xy : Vqn € My, b(vp, qn) = 0}, (3.7)
and its orthogonal in X},
VhJ‘ ={vp € X}, : Ywp, € V}, / vy, - wp, = 0}. (3.8)
For each such pair of discrete spaces we define the Gale?kin solution to problem (2.3) as the pair

xp = (up,pr) € Xp such that

{apn(uhvvh)'i_b(vhaph):fo'V}u Vv, € Xp, (3.9)

b(un,qn) = (9, qn)r, Van € M.



DARCY’S EQUATIONS WITH PRESSURE DEPENDENT POROSITY 1165

Under assumptions (2.1) and (3.1), the existence of a solution for this problem can be established by the same
techniques used in Theorem 2.3 (cf. [3]). It is even simpler, since problem (3.9) is already set in finite dimension.
All solutions of problem (3.9) satisfy uniform a priori estimates and (3.2) and (3.3) suffice to establish weak
convergence (up to subsequences) of any solution of (3.9) to some solution of (2.3).

In the remainder of this section we analyze this discrete problem. For the case when the solution is unique we
prove optimal error estimates and propose an algorithm to find such an approximate solution. The algorithm
is proved to converge independently of the discretization parameter. For the nonuniqueness case, in the spirit
of [11,20], we show that for h small enough there exists a nonsingular solution to (3.9) in a neighborhood of
the nonsingular solution to the exact problem. We analyze some properties of the application of Newton’s
method to this problem, and we obtain estimates on its speed of convergence and conditions on the initial
approximation. The main difficulty in this analysis is that there exist  in X for which the operator G'(z) is not
bounded in £(X,9)). More precisely, we require that the first component of z belong to L3(Q)37 a smaller space
than L?(Q)3. This again is related to the fact that the nonlinearity G does not have regularizing properties.

3.1. The uniqueness case

Recall that condition (2.7) is sufficient for the solution to problem (2.3) to be unique. In the setting that we
have described, and under a similar assumption, we have the following a priori estimate.

Theorem 3.1. Let the pair of finite dimensional spaces Xy, satisfy condition (3.1). Assume that the solution
= (u,p) € X to (2.3) is such that u € L3(Q)3 and is small enough, in the sense that

l Qmax 1 Qmin

G O(O) Lo sy <0< 1. (3.10)

Then both (2.3) and (3.9) have a unique solution and there exists a constant C > 0 independent of h such that
the solution xp, = (un,pp) € Xn of problem (3.9) satisfies

u il + ot =l ) 1D

[lu— uhHLz(Q)3 + [p _pthl(Q) <C (v,jrelg(h

Proof. The proof proceeds in three steps.
1) The second equation in (3.9) can be viewed as a non-homogeneous constraint; let us show that we can
approximate u with functions of X that satisfy this constraint. For this, let v;, be an arbitrary function of X,
define rp in Xj, by

Van € My, b(rp, qn) = b0 — Vp, qn),
and set wy, :=rp, + vp,. It follows from (3.1) and the Babuska—Brezzi’s theory (cf. [4,9] or [10,17,20]) that this
equation has a solution r, € X}, unique in Vhl‘7 and such that

ﬂ”thL2(Q)3 < Hu*Vh”Lz(Q)B : (3.12)

Thus
b(Wh,qn) = b(u, qn) = (9, qn) = b(un,qn), Ygn € My,
and uj — wy, € V3. This implies

Qpy, (uh - Whayh)

O'min Huh - Wh||L2(Q)3 < sup

vrevi  lynllzzo)ys
< sup ap, (Wp —u,yn) + sup ap, (W — Wh, yn)
ynevi  ynllzz)s ynevi  Iynllzzs

ap,, (uh —u, yh)

< sup
|thL2(Q)3

® +OémaxHu_WhHL2(Q)3-
Yr€Vh
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2) Subtract the first equation of (2.3) from the first equation in (3.9) with test function y;, € V). Since
X5, C L?(Q)3,

(a(p) — alpr)) u-yn +/ yn - V(p—pn)
Q Q

< Lallp = prll s o) Iall s os [¥nll L2y + 0(yn, P — pr)
< C)La p = prl g o) 1l ps s 1yallL2ys +0(ynp = an) + b(yn, an — pn).

apn(uh _uayh) = /

This yields
Omin [[an = Whl[ 2 gy < C(Q)La P = Pal g o) 1l L5 0)s + [P = anl g1 () + Qmax [l = Wall p2q)s
where the last inequality holds since y;, € V4. Finally, by the triangle inequality and (3.12)
1
Qmin [[u — uhHL2(Q)3 < (Omin + @max) | 1+ B lu— Vh||L2(Q)3
+ C(Q)La [p = prl o) 1l s + 10— anl gy - (3-13)

3) Let gn, € My, be arbitrary. By the inf-sup condition (3.1),

b(yn:ph — qn
Blon = anlgiq) < sup by, ph = an)
ynexn IYnllzz)s
b — b -
< sup (Yn,pn JD)Jr sup (Yn,p — qn)
ynexn IVnllzzs  yuex, [ynllzze
b(yn,pn —p
< sup ¥+|p—Qh|H1(Q)-

ynexn Nynllzzc)s

Subtracting the first equation of (2.3) from the first equation of (3.9), since X, C L*(2)® we obtain

bynon ~ ) = [ (ap) —alm))u-yi+ [ alm)a-w)-vy
Q
< C(Q)Lalp —ph|H1(Q) HuHL3(Q)3 HYhHL2(Q)3 + Otmax [Ju — uh||L2(Q)3 Hyh||L2(Q)3 g
which implies

1 C(Q)L Qmax
|ph — Qh|H1(Q) < E |p - thHl(Q) + Ta ||u||L3(Q)3 |p _pthl(Q) + Ta Hu - uhHLQ(Q)g .

By the triangle inequality

amax

1 C(Q) L,
[P = Phlpio) < <1 + B) [P = anl ) + — 5 lull sy [P = Palpq) + 3 o —unll 20 -

Assumption (3.10) implies

Qmax + amin(]- - 9)

Qmax + Qmin

]. amax
p _ph|H1(Q) < (1 + B) lp — Qh|H1(Q) + T u— uh||L2(Q)3 .
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Combining this last inequality, assumption (3.10), and (3.13) we obtain

Qmaxt

Qmax + Qmin

[u— uh||L2(Q)3 <C (||u - Vh||L2(Q)3 +1lp— qh|H1(Q)) + 1-90) [u— uhHL2(Q)3 :

Since 9 N
Qmax Qmax Q'min
1 — = 1-60)>0
Qmax + amin(]- - 9) Qmax + amin(]- - 9) ( )
and the pair (vy, qn) € X, is arbitrary we obtain the desired result. O

Remark 3.2. For the pair of finite element spaces (3.5), (3.6) condition (3.1) holds with 5 = 1. Hence, in this
case, assumption (3.10) is the same as (2.7).

The next corollary follows readily from this theorem.

Corollary 3.3. Under the setting of Theorem 3.1, if the spaces Xy, and My, satisfy assumptions (3.2) and (3.3),
then

tim ([ =l 2oy + b = Prlis o) =0
Moreover, if the exact solution (u,p) € H*(Q)3 x HF1(Q) for some real number s € [0,k], then there is a
constant C' > 0 independent of h such that

[u— uhHL2(Q)3 +lp _pthl(Q) <Ch* (||u||Hs(Q)3 + |q|Hs+1(Q)> .

Proof. The conclusion of Theorem 3.1, an elementary density argument and assumptions (3.2) and (3.3) give
that the Galerkin solution converges to the exact solution as h — 0. If the exact solution is more regular,
assumptions (3.2) and (3.3) give the claimed error estimates. O

We now propose an iterative scheme to solve the discrete nonlinear system (3.9). Although the scheme
requires assembling a new matrix at each iterative step, we show that, under an assumption similar to (2.7),
the speed of convergence to the Galerkin solution is independent of the discretization parameter h.

The proposed scheme is the following:

Given an arbitrary initial approximation p;lo) € My, form=0,1,2,... find (uglnﬂ),pgnﬂ)) € Xy, that solve

@, (uﬁbnﬂ),vh) +b (vh,pgnﬂ)) = Jof-vn, Vvie X,

n (3.14)
b (ug H)ﬂlh) = (9, qn)r, VYqn € My,

Now we prove that this scheme converges independently of the discretization parameter.

Proposition 3.4. Assume that the pair of spaces (Xp, My,) satisfies condition (3.1). Let the solution to (3.9)
be small enough, in the sense that there are two constants 8 <1 and hg > 0 such that for every h < hg

Omax + Qimin

C(Q)La l[anll L5y < 0. (3.15)

Qmin
Then for the iterative scheme (3.14) the following error estimates hold

1 gt

(n+1>‘
h

o - o=
hr—U Ph — Py,

L2(Q)3 " Qmax + Qmin ﬂn H(Q) ,

and

(nt1) o\ (0)
—p\" <= - .
‘ph P ‘Hl(ﬂ) - (ﬂ) ‘ph Ph ‘Hl(n)
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Proof. Take the difference of equations (3.9) and (3.14), we obtain
Jo ( alpp)u, — « ( El”)) ug"H)) v+ b (Vh,ph p;lnﬂ)) 0, Vv, € Xp,
b (un = u"™ ) =0, Yan € M.

Set v, = uy, — uglnﬂ), then

2
(n+1) (n) (n+1)
Onin || — 0" ‘ L2(Q)3 = ‘\/Q (a (phn ) B a(ph)) U (uh -y )‘
(n) n+1)
< OO Lafon 2", anllpsqaye Jun =0
which by (3.15) implies
+1>‘ - g (n)
HUh L2(Q)3  Qmax T Qmin Ph = Ph H'(Q) .
By the inf-sup condition (3.1),
g ‘p Py ‘ < sup
HY Q) vpeXy IVall 20
fQ ( a(pp)up, — (p;ln)) ﬁ;ﬂrl)) Vh
= sup
vi€Xp H"h||L2(Q)3
Jo (a(on) = (™)) w - v Joo (p) (wn = ™) -
< sup + sup
vi€Xp ||Vh||L2(Q)3 vih€Xn th||L2(9)3
< CO)Lalpn =] lnllsqgys + G |fun — a0
- h HI(Q) L (Q) L2(Q)3
By condition (3.15) and inequality (3.16)
ﬁ ‘p p(nJrl)‘ L (amax + Oémin) Ph — p(n)
h HI(Q) - amax Jr amln h HI(Q)
—] ‘ (n) .
Ph — ()

From this inequality and (3.16) the claimed error bounds follow.

(3.16)

O

Remark 3.5. One might argue that the previous error bounds do not guarantee convergence of the algorithm,
since the value of 3 is not known and, hence, the ratio 8/ could be greater than one. Using a similar assumption

as (3.10), namely
1 Omax T Qmin

3 o C(Q)La HuhHL3(Q)3 <4,

we can bypass this constraint. Moreover, as we have mentioned before, for the concrete examples of spaces

(3.5)—(3.6) we have 8 = 1.

Remark 3.6. In addition to (3.1)—(3.3), assume that the following inverse inequality holds

Vil zaye < ChTY2 Vil paye Vi € X

(3.17)
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If the exact solution (u,p) belongs to H*(Q)? x H*T1(Q) for some real number s with + < s < 1, then the
uniqueness condition (2.7) implies (3.15). Indeed, under these assumptions we have

;1
[u— uhHL3(Q)3 =O(h*"2),

hence, if
Qmax + Qmin

Omin C(Q)La ||u||L3(Q)3 <O < 1,
then,
Omax + Omin

I C(Q) L [ s ays < (1+ O(h"2))0.

If h is small enough, we obtain condition (3.15).

3.2. The nonuniqueness case. Approximation of nonsingular solutions
First, we introduce a final assumption on the function «, namely
a € W2 (R). (3.18)

As we have mentioned before, in the truncated case this is not restrictive for the problem we are treating.
Next, we complement (3.1)—(3.3) and (3.17) with an additional inverse inequality:

lgnll oy < Ch™2 lanl gy > Van € M. (3.19)

Both inverse inequalities (3.17) and (3.19) hold when the family of triangulations 7, is quasi-uniform (or
uniformly regular) in the following sense (¢f. [12]): In addition to (3.4), there exists a constant 7 > 0, independent
of h, such that

VT €T, hy > Th. (3.20)

We are now concerned with the approximation of nonsingular solutions to (2.10) under the hypotheses (3.1)—
(3.3), (3.17), and (3.19). In order to do that, let us define the discrete solution operator to the linear Darcy
equations Ty, : @) — Xj. That is, for any n = (f,9) € Y, Xr 3 xn = (up, pn) = Thn = Th(f, g) solves

a(up, vi) +b(vVa,pn) = [of -V, Vv € X,
b(uh7qh) = <9th>F, th S Mh7

where the bilinear form a : L2(Q2)® x L?(Q)? is defined by

a(u,v) ::d/Qu~V.

It is a classical matter [10,17] to show that, under assumption (3.1), this operator is well-defined, injective,
Ty € L(, X1), and there is a constant C' independent of h such that

HTh(f7 9)”3{ <C ||(f,g)||@ ) V(f,g) €9. (3'21)

We can also define the discrete nonlinearity. This is an operator Gy : X, — Xp X H(%Q(I‘)’ C 9, such that if
xp, = (up, pr) € Xp, then Gp(xp) := (Fp, —g), where Fj, € X}, is the unique solution to

/ Fy vy, = / [(a(ph) - O_t) u, — f] “Vp, Yvp € Xp.
Q Q
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Finally, define the operator F}, : X, — X5, by
Fh(l‘h) =xp + ThGh(l‘h).

With this notation, problem (3.9) can be equivalently rewritten as:
Find x, € Xp, such that
Fy(zp) = 0. (3.22)

The approximation properties of the operator T} are the following.

Proposition 3.7. Assume that (3.1)~(3.3) hold. Let (f,g) € 9 be such that T(f,g) € H*(2)? x H*5(Q) C X,
for some 0 < s < k. Then, there is a constant C > 0, independent of h such that

(T = T0)(£.9) 1 < C* IT(E.9) ey 11+ - (3.23)

Proof. Tt is a direct consequence of assumptions (3.1)—(3.3), together with a basic interpolation argument [6]. O

Corollary 3.8. Under the hypotheses of Proposition 3.7, the operator Ty, satisfies
li T-1T =0. 3.24
h{%”( h)”c(@,x) ( )

Proof. Standard regularity results for the linear~Darcy problem (2.8) imply that, for sufficiently small s > 0,
T(f,g) € H*(Q)* x H*5(Q) if (f, g) belongs to Y := H*(Q)> x H*~'/2(9Q), which is a dense subset of 9. The
boundedness of operator T' (see (2.9)), together with inequality (3.23) imply

T -T)EDlx _ o I = Ta)(Eg)lx

sup = sup
eoey I 9)ly eoey  1E9ly
1T.0)y
<Ch*,
from which (3.24) clearly follows. O

We are interested in approximating a nonsingular solution x = (u,p) € X to (2.10). For this, we must assume
that there is a real number s > 1/2 such that

(u,p) € H*(Q)® x H'T(Q). (3.25)
Remark 3.9. Since s > 1/2, (3.25) implies that (u,p) € L3(Q)? x C°(), see [1].
To alleviate the notation, define
0 ._ (1,0 ,0y _
zp, = (g, pp) = (Th0, Znp) € Xn, (3.26)

where 1, and Z;, are the interpolation operators of (3.2) and (3.3) respectively. Important properties of the
interpolant z9) and the operator F}(z)) are established below.

Lemma 3.10. Let the function « satisfy conditions (2.1), (2.2) and (3.18). Let the solution (u,p) € X to
problem (2.10) be nonsingular and satisfy the smoothness condition (3.25). If the pair of spaces (Xp, Mp)
satisfies assumptions (3.2), (3.3), then there exists a constant C > 0 independent of h, such that

||u - u?LHLz(Q)B < Ch? |u|H5(Q)3 ’ (327)
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and
‘p - p%‘]p(g) <Chn’ |p|H1+s(Q) . (3.28)

Moreover, if the pair (Xp, My) also satisfies conditions (3.1), (3.17) and (3.19), then there exists a hg > 0 such
that for every h < hg the operator F}’L(:c?l) is an isomorphism of X and the norm of its inverse is bounded
independently of h.

Proof. Inequalities (3.27) and (3.28) are a simple consequence of (3.2), (3.3) and assumption (3.25) via inter-
polation [6].
To show that F} (2)) is an isomorphism of Xj, notice that

I+ TWGp(af) =1+ TG (z) + Ty (G'(2f) — G'(2)) + T (G (2)) — G'(2)) .

Let us consider each term separately.
(1) T+ T,G'(x). Notice, first of all, that if yp € X, then (I + TG (x)) yn € Xp. Moreover,

I +T,G () — F'(z) = (T, - T) G' ().

Since z is a nonsingular solution, F”(z) is an isomorphism of X. Corollary 3.8 and an application of the
Theorem about the Perturbation of an Invertible Operator (see [26], Thm. 4, p. 207 for instance) imply

that there is hél) > 0 such that for all h < hél) the operator I + T, G'(z) is an isomorphism of X. Hence
it is an isomorphism of X;. Thus, the result of the lemma will be proved if we show that the remaining
two terms tend to zero (in the || - || z(x,) norm) as h — 0.

(2) Th(G'(29) — G'(z)). Let yr, = (Vh,qn); using the definition of the derivatives, for any w € L?(2)3

(G (a8) = G @ (w.0)) = [ (alo) = aw) vi-w+ [ (@GRl = d)w) g -w
= [ @t =) vi-w [ @GR - ) - w
+ [ a6 (o= w g w.
Consider each term separately. By (2.2) and the inverse inequality (3.17)
/Q (OC(P?L) - 04(?)) v w < C(Q)Lq }p - p(f)L|H1(Q) ||Vh||L3(Q)3 ||W||L2(Q)3
< Ch'/? p —p2|H1(9) IVall 2oy 1wl p2i0)s -
By (3.18) and the inverse inequality (3.19)
[ (60 = a0) v w < Cllal ey [ | =98] i
<Ch'?lp *pg‘Hl(Q) lanl g1 o [0l s ys W2 () -

Finally, by (2.2) and the inverse inequality (3.19)

/Qa(p?z) (u?z - u) qh *W < La Hll - u?7,||L2(Q)3 ||Qh||L°°(Q) ||VV||L2(Q)3

< OR8]y o [
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Thus, by the stability property (3.21) of T},

74 ) - Dy < €1~ 0y
G'(29) — G'(z))yn
e @@ =G
YnE€XH ||yh||3e
G'(29) - G ,
e (€60 -G w)
yn€X), weL?(Q)? llynllx Wl L2y

<O ([ = 2Rl oy + 0= 93 )

M e

which by the approximation properties (3.27) and (3.28) of 29 and the fact that s > 1/2 implies that
this last quantity tends to zero as h — 0.
(3) Th(G)(29)) — G'(29)). Tt is sufficient to notice that for any wy, € X,

((Gh(zh) = G'(@))yn, (wn,0)) = 0. O

Remark 3.11. In the example (3.5), (3.6), as in most finite element spaces, inverse estimates such as (3.17) and
(3.19) hold locally. Therefore they may be applied locally when used in proving the interpolation Lemma 3.10,
because interpolation properties are also local. In this case, the statement of Lemma 3.10 is valid even if the
triangulation is not quasi-uniform. But of course intermediate results would have to be stated differently. For
instance the bound for

/ (a(e}) — a(p)) Vi - w
Q

would read, for s > %:

/Q (a(pi) - a(p)) v ow < Ch*™/? |p|H1+s(Q) ||Vh||L2(Q)3 ||W||L2(Q)3 .

However, this does not apply to inverse inequalities that are used in conjunction with global error estimates,
such as in Remark 3.6 or in Lemma 3.12 below, in which case some restriction on the mesh cannot be avoided.

Once we know the main properties of the operator F}, (), it is possible to study F} (y) for y;, close to .

Lemma 3.12. Under the assumptions of Lemma 3.10, there is a constant Cy > 0 independent of h such that
1Gh(yn) = Ch(@) | oz, ) < Con™ 2 [lyn — ||, Vyn € X (3.29)

Proof. Let yn, = (Vh,qn), 2n = (W, ) € Xp,. For an arbitrary t, € X

((Gh(yn) — Go(@R))2n, (£4,0)) = /Q (a(qn) — a(p})) Wi -ty +/Qd(Qh) (vio —a)) 7 -ty

+ /Q (6an) — (p2)) ulr, -t
< C (1195, = anll e gy W0l 20 2y
+ ||u2 - VhHLg(Q)a |7”h|H1(Q) ||th||L2(Q)3

+ Hp(f)b - qhHLOC(Q) Hu(f)sz(Q)S 7nl b1 (o) ||th||L2(Q)3) ’
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hence
0 0 0
HG%(yh) - G;z(xh)Hc(xh,&y) <C (th - q’LHLoo(Q) + Huh - vhHL3(Q)3) :
This estimate and the inverse inequalities (3.17), (3.19) imply (3.29). O
Remark 3.13. Lemma 3.12 states that G, is Lipschitz-continuous in a neighborhood of x%, but this continuity

is not uniform with respect to h. One more time, the absence of regularizing properties for the nonlinearity G
does not allow us to obtain uniform in A bounds.

It is important to know whether the consistency error Fj, (992) tends to zero as h — 0, and if this is the case
at which rate. The following lemma shows that the convergence is optimal given the regularity of the exact
nonsingular solution z.

Lemma 3.14. Under the assumptions of the first part of Lemma 3.10, there is a constant C' > 0, independent
of h such that

1B (@) < OB (Julze o + Plive ) - (3.30)

Proof. Since F(z) =0,
Fy(a}) =z, — @ + Th(Ga(a}) — G(@) + (T = T)G(x),
which implies
[Fn @il < |z = ahllx + 1T = Tw)G(@)llx + [|Th(G(2) = Grlzh)] 5 -

From (3.27) and (3.28),

o = a8l < O (Il geqys + Pl -
Estimate (3.23) implies

(T = Th)G(2)|lx < Ch? HTG(x)HHS(Q)SxHHS(Q) =Ch® (|u|Hs(Q)3 + |p|Hl+s(Q)> :

Finally, since T;,(Gp(29) — G(z)) belongs to Xj, by the stability property (3.21) of T), we see that it is
sufficient to control the difference of the first coordinate of G(z) — Gp(29) when tested against an element
of Xj,. Let vy, € X}, then using (3.27) and (3.28)

/Q [G(x) = Gr(a})]; - vh < (@ + amax) [ = || o s VRl 2(0)2 + CQ)La D = Ph] 111 ) I10ll Ly 1Vl 2o
<Cw (|U|Hs(9)3 + |p|H1+s(Q)) IVallpzeoys - O
According to the theory in [11,20], Lemmas 3.10, 3.12, and 3.14 allow us to prove our main result, namely,

the existence of a nonsingular solution for the discrete problem and optimal error estimates for it.

Theorem 3.15. Let « satisfy (2.1), (2.2) and (3.18). Assume that problem (2.10) has a nonsingular solution
= (u,p) € H*(Q)3 x H3(Q) C X, for some s > 1/2. If the pair of spaces (Xpn, My) satisfies (3.1), (3.2),
(3.3), (3.17), and (3.19), then there is a ho > 0 such that for all h < hg the discrete problem (3.22) has a unique
nonsingular solution x, = (un,pp) in a neighborhood of the interpolant 9 = (uf),p)) of the exact nonsingular
solution. Moreover, this solution satisfies the following error estimate

||I — thx < Ch? (|u|H5(Q)3 + |p|H1+S(Q)) s (331)

where the constant C' > 0 does not depend on h.
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Proof. Let us define
= @)l
and

My (8) = sup | F5 (yn) — Fi(

@), Hc(x)
Yn€Xn, ||yn—af <0

Lemma 3.10 implies that there is a hél) > 0 such that for all h < hél) the operator FJ (z9) is an isomorphism
of Xp, with inverse bounded independently of h. Denote this bound by A. Inequalities (3.29) and (3.30) imply
that

2AM;, (2Ae,) < Ch3~1/2,

hence there is a héQ) > 0 such that for all A < héQ)

2AMh(2A€h) <1
Set ho = mm{h(1 h(2 } and consider h < hyg.

Since the operator Fy (z h) is an isomorphism, solving problem (3.22) is equivalent to finding a fixed point of
the map @, : X, — X), deﬁned by

Qn(yn) = yn — [F/L(:c?L)]’l Fr(yn)-

Denote
S = {yh €Xn: llyn — x,01||35 < 2Aeh}.
We shall show that ®,, is a contraction from S to S.
Ify, €5,

Snlyn) — 7 = [Fr @] (Fp @) — 28) = (Fu(yn) — Fu(af)) — Fa(af)) -

By the Mean Value Theorem

Fu(yn) — Fu(a) = / Fl (2 + 0 — 22)) (vn — 25)do,

from which follows

| F7, () (yn — ) — (Fauyn) — Fu(a})) ]| 5

IN

1
[ 173 = et + 0 = ) e, lon = bl 00

QAGth (2A€h).

IN

And, by the choice of h
||(I)h(yh) — I?LHX <A (QAGth(QAEh) + Gh) = Aey, (QAMh(QAGh) + 1) < 2A€h,

which means that @5 (y) € S.
Let yp, z;, € S, then a similar computation shows that

1
19 (yn) = @nlzn)llx < AMu(2A¢n) lyn — 2nllx < 5 llyn = 2nllx s

which implies that @, is a contraction and we can conclude that there is a unique z;, € S such that x;, = @y (xp).
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To realize that this solution is nonsingular, notice that

1
< Mh(QAEh) < 5

(a5~ FiGon L

e

and apply the Theorem about the Perturbation of an Invertible Operator (see Kantorovich and Akilov [26],
Thm. 4, p. 207 for instance).

Finally, to get the error estimate (3.31) it is sufficient to use (3.30), the triangle inequality; and proper-
ties (3.27) and (3.28) of ),

lzn = zllx < [lzn — bl + |25 — 2 4
< 2A¢p + ChH® <|u|Hs(Q)3 + |p|H1+s(Q))

<Ch* (|U|Hs(n)3 + |p|H1+s(Q)> - O

This concludes the proof.

Remark 3.16. From the proof of this theorem we see that the discrete nonsingular solution zj is unique in a
ball larger than S. Namely, it is unique in the ball

S(6) = {yh e Xy : Hyh —x%"x < 5},

where ¢ is such that AM;(5) < 1. Both radii tend to zero as h — 0. But, according to (3.30), the radius of S
is O(h*), s > 1/2, whereas § = O(h'/?).

We have obtained that the discrete problem (3.22) has a unique nonsingular solution in a neighborhood of
the exact nonsingular solution. We now analyze the application of Newton’s method to the solution of this
discrete problem. The algorithm is the following:

Given xﬁlo) € Xp, forn=0,1,... define IZ"H) by

-1
= [ ()] o)

For this method to make sense F} (:cgln)) must be an isomorphism of X; for all n. Let us introduce the
following notation
S(xn,6) == {yn € Xn : |lyn — xnllx <0},

and,

1
K = ,
4Tl 2,2,y CoA

where the constant Cj is the constant in inequality (3.29), A is such that for h small enough

F/ 0 _1H <A,
H[ h(%)] LX) =

and 2 is the interpolant of z defined in (3.26).

Lemma 3.17. There exists a real number ho > 0 such that for all h < hg, if § = O(h'/?) and y, € S(zp,d),
then the linear operator F}(yn) is an isomorphism of X5. Moreover, the norm of the inverse of this operator is
bounded independently of h.
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Proof. Since
Fiy(yn) = Fy(zn) + (Fy(yn) — Fi(an)),

and, by Theorem 3.15, there exists hy > 0 such that for all h < hg, F} (z5) is an isomorphism of X}, the result
is obtained if we show that F} (yn) — F} () is small enough. We know that,

F ‘1H < 2A.
G

A similar argument as in the proof of Lemma 3.12 gives us that
1E5 (yn) = Fp@n)ll ggxyy < Coh™ 2 | Thll 2y 2y 190 — @l -

Hence, if

|yh - mh”x ARTY? < 1,

2C) ||Th||£(m,3€h)

then the Theorem about the Perturbation of an Invertible Operator implies that FJ (y;) is an isomorphism
of X;,. Moreover, from this inequality we see that it is sufficient to set

5 < Kh'/?,
where K is a constant independent of h. O

Theorem 3.18. There exists a real number hg > 0 such that for all h < hg, if
§ < eKh'/?,

for some real number € with 0 < € < 1, and if the initial approrimation of Newton’s method :L';O) belongs
to S(xp,0), then Newton’s method converges to the discrete nonsingular solution xj, and the following error
estimate holds

1
o

1 2
<ol
Hx - K Tho T TR

Proof. Assume h is small enough. Let us show by induction that if :E;O) € S(xp,d), then :L';n) € S(xp,d) for

all n > 0. If :cgln) is in S(zp,0) and § is chosen as indicated, then by the previous lemma, K can be chosen

(n)

independently of h, so that Fy (z,"’) is an isomorphism of X}, with

|[Fi (=)

Furthermore with a similar argument as in the proof of Theorem 3.15 we obtain

7[R (54) () (5 ) )
™)

= [E ()] [ [ () (o 0 (e )] (o ) a0

< 4A.
L(Xn)
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Then, by the induction hypothesis, a similar argument as in Lemma 3.12 and the choice of § and K imply

= < | [ ()]
Hmh Tl = h\"h £(x

x /01 [t (+57) i (o~ 0 (o4 o)) g . 00 ]

2
AN Tl e, Cob ™2 ol =

1Tl 2o 20
2

S
x

On one hand, this shows that IZ"H) € S(zp,0) and hence, by Lemma 3.17, that F,’L($§L"+1)) is an isomorphism
of Xy for all n > 1, on the other hand this shows the claimed error estimate. O

Remark 3.19. As we can see, the initial guess in Newton’s method must be very close to the discrete solution.
Moreover, the convergence of the method deteriorates as the discretization parameter i tends to zero. This is
again related to the lack of regularizing properties for the nonlinearity G, as is reflected by Lemma 3.12.

4. A SPLITTING ALGORITHM FOR EXPONENTIAL POROSITY

The preceding analysis does not apply to an exponential porosity «, since assumptions (2.1) and (2.2) are not
satisfied. So far, a rigorous analysis of this problem is beyond our reach. Nevertheless, for the exponential case,
we propose a split formulation derived heuristically by taking the divergence of the first equation of (1.1) and
making a change of variable. Thus, by precisely exploiting the exponential character of the porosity (1.2), we are
able to decompose the nonlinear Darcy problem into a linear elliptic equation and a linear Darcy system. But
this process is heuristic since we develop this method without even knowing whether in general problem (1.1),
with the porosity defined as (1.2), does have a solution.

This section is organized as follows. First, we present the motivation behind the split formulation, next
we study the properties of the solution to the auxiliary problem, i.e. the linear elliptic equation. Finally, we
discretize the split formulation and we study the convergence of the resulting algorithm.

4.1. Motivation

Let (u, p) be a solution of problem (1.1) with the porosity given by (1.2) and assume that p belongs to L ().
Since a(p) > 0, we can divide the first equation in (1.1) by a(p), take the divergence of the result, and make a
suitable change in variable. Using the second equation of (1.1), we obtain

0=V-u=V-($f—$Vp).

Since 1/a(p) = 1/ape™ P, then

1 1 1
—Vp=—e "PVp=—-——-Ve 77,
a(p) g oY
and the above equation can be rewritten as
—Ae P =~V - (e_”’f) . (4.1)
Let us introduce the new variable
qg=e P —1. (4.2)

Since p=0on [y,
g=c¢ "Plrw —1=0o0nT,.
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From (4.1) and (4.2), this new variable satisfies a.e. in §2

~Aq -9V - (¢f) =4V -1,

a(p) = q+01. (4.3)

Assume that the right-hand side f is smooth enough so that it has a normal trace on I'. Then it is legitimate
to multiply the first equation of (1.1) by n on I' and obtain

a(p)g + Onp =f - n.

Denote F :=f - n. By (4.2),
Ong +7Fq = agyg —F.

Thus, for the variable ¢, we have obtained the following boundary value problem

—Ag =V (¢f) =7V £, inQ,
q= 07 on FUH (44)
Ong+~vFq=aoyg—~vF, onT.

This motivates the following split formulation for problem (1.1):

(1) Find ¢ that solves (4.4).
(2) In view of (4.3), define

(3) Find (U, P) that solve

aU+VP=f inQ,
V-U =0, in €,

(4.6)
P = py, on I'y,

U-n=g, on I

Summing up, if (u,p) is a solution of problem (1.1) and p belongs to L>(f2), then (¢, U, p) solves (4.4)—(4.6).
The converse is partially established in the next subsection.

Remark 4.1. This formulation requires only the solution of two linear problems.

4.2. Analysis of the auxiliary problem

Let us first examine the well-posedness of the boundary value problem (4.4). For this, we write it in a
variational form. Multiply the first equation of (4.4) by a sufficiently smooth function r that vanishes on T,
apply Green’s formula and use the last equation of (4.4). We obtain

/Vq-VT—i—V/qf-Vr:aO'y/gr—v/f-Vr.
Q Q r Q
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In the case d = 3, the minimal smoothness requirements for these integrals to be meaningful are ¢, € H(Q),
f e L3(Q)? and g € H010/2(F)’. Hence, the weak formulation of problem (4.4) that we will consider is the
following:

Given £ € L3(Q)® and g € HY*(T), find q € H:(Q) such that

/Vq~Vr+’y/qf-Vr:aofMg,r)F—fy/f-Vr, Vr € HL(Q). (4.7)
Q Q Q

A sufficient condition for this problem to be well posed is the following.

Proposition 4.2. Assume there exists a constant x < 1 such that

Then, problem (4.7) has a unique solution q¢ € HL(S2).
Proof. Let ¢ = r in (4.7); Holder’s inequality and (4.8) give

‘7 / qf-Vq\ < vl o e IE s 19l g

2
< YCE) Ifll s () |al (o)

2
< xlalgr () -
Then Lax—Milgram’s Lemma implies that problem (4.7) is well-posed. (|

Remark 4.3. Condition (4.8) is only sufficient for problem (4.4) to be well-posed. We do not want to provide
a thorough analysis of this problem, but only to show that there are cases when the algorithm that we are
developing is meaningful.

Next, we turn to problem (4.6). This problem is well-posed if & defined by (4.5) belongs to L°°(2) and is
bounded away from zero. For this, it suffices that there exists a constant gp > 0 such that
qg+1>qo>0, a.e inQ (4.9)
and
q € L>=(Q). (4.10)

Condition (4.10) can be regarded as a restriction on the smoothness of the data and the domain. Sufficient
conditions for assumption (4.9) to hold elude us at the moment, but we have the following partial result, in the
simpler case when I",, = 0S).

Proposition 4.4. Assume that T, = 0Q and condition (4.8) holds. Then q satisfies
q+1>0, ae.in.

Proof. Let us define the set
Q" ={xeQ:qx)+1<0},

ro(x) = 0, x €O,
0 N —(q(x)—i—l), xe 0.

and the function
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Clearly, ro € H'(Q2) and by definition 7o > 0 almost everywhere in Q. Moreover, since g + 1|pgo = 1 > 0 then
ro € H}(Q). By setting r = rq in (4.7) and changing signs we obtain that

/ |V’I"0|2+’Y/ ’I“Qf-V’I“QZO. (4.11)
_ a-

Owing to condition (4.8), equality (4.11) implies that

(1—x)/ Vol <0,
Q

In other words Vg = 0, a.e. in §. Since 79 € H}(Q), we have rg = 0, a.e. in Q thus implying the result. O

Under restrictions (4.9), (4.10) and (4.8), we are able to show that the solution (U, P) to (4.6) solves (1.1).

Proposition 4.5. In addition to (4.8), assume that the solution q to problem (4.4) is in L>=(§) and satisfies
(4.9). Then problem (4.6) has a unique solution (U, P) and this solution solves (1.1).

Proof. By (4.9), there is a unique P such that a.e. in Q,

e P =g+ 1.

The assumption that ¢ € L>(Q) together with (4.9) imply that P € H'(Q). Moreover, since ¢ = 0 on T, we
obtain P € Hy (Q).
Define U € L?(Q)? by

aoyU := Vg + (g + )f;
by (4.4), this implies that

Moreover, by the definition of P,

apyU = V(efﬂs -1+ ’yefﬂsf
= f’ye*VPV]s + fyefvlsf;
hence
a(P)U + VP =t.

The boundary condition on U can be obtained in a similar way. This implies not only that the pair (fJ, ]5)
solves (1.1), but also that

Since the solution to (4.6) is unique (U, P) = (U, P). O

Remark 4.6. In the case of Dirichlet boundary conditions on the whole boundary: I'y, = 09, if we slightly
restrict the angles of the domain and assume that f is smoother, for instance f € L5(Q)% and V - f € L2(Q),
then a bootstrap argument, and regularity results for the Laplace equation, show that ¢ € W,}(Q) for some
r > 3 and hence ¢ is continuous. Therefore (4.10) is satisfied.
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4.3. Discretization

Let us discretize (4.4)—(4.6). In order to approximate the linear Darcy system (4.6) we use the spaces X}, and
M}, introduced in Section 3 and assume that they satisfy (3.1). We also introduce another finite dimensional
space Wy, C H] () to discretize (4.4). Then, the discrete algorithm is the following:

(1) Find g, € W}, such that

/th-Vsth’y/ qnf - Vsp, :aofy/gsh—fy/ f-Vsn, Vs,eW,. (4.12)
Q Q r Q

(2) Compute the function
Qo

Con(x)+ 17
(3) Find (@p,pn) € Xin x My, that solve the discrete linear Darcy system

ap (x) x €. (4.13)

{fQ&hﬁh'Vh+fQVh'vﬁhfo'Vh; Vv € Xp, (414)

fQ up - Vry, = <garh>F7 Yry, € My,.

Remark 4.7. Note that finding this approximate solution involves solving only two consecutive linear problems.

Remark 4.8. Clearly, under assumption (4.8), problem (4.12) has a unique solution. Then, for the discrete
version of the splitting method to make sense we need assumptions analogous to (4.9) and (4.10). When W}, has
the same structure as in (3.6), (4.10) is always satisfied, although the upper bound may not be uniform with
respect to h. Furthermore, if g, (x) + 1 > 0 for all x in Q, then since problem (4.14) is set into finite dimension,
it also has a unique solution. But of course, (4.9) is not guaranteed, although in the numerical experiments of
Section 5.2, we observe indeed that the discrete solution satisfies g5, + 1 > 0.

4.4. Heuristic error analysis

Now, we present an error analysis of the algorithm (4.12)—(4.14), but this analysis is still heuristic because
we must assume that the function gy, satisfies uniformly assumptions similar to (4.9) and (4.10). More precisely,
we suppose that there are constants ¢min, gmax > 0 such that for every h > 0,

0< Gmin S Qh(X) + 1 S Gmax; Vx S Q (415)

With this, we can proceed in two directions: a straightforward analysis of (4.12)—(4.14), or a comparison
with (3.9). In both cases, we suppose that (4.8) holds, so that (4.12) has a unique solution.

Let us proceed first with the second option, namely comparison with (3.9). We do not know whether the
nonlinear Darcy problem with exponential porosity has a solution or not; and if so, which are its properties.
For this reason, we shall carry this error analysis under the assumption that problem (1.1) with the function «
defined by (1.2) does have a solution. Moreover, we shall assume that the discrete problem defined by (3.9),
with « as in (1.2) has a unique solution for all A > 0.

Proposition 4.9. In addition to (3.1) and (4.8), assume that the solution qp, to problem (4.12) satisfies (4.15).
If the pair (Qp, pr) € Xp x My, solves (4.14), then there exists a constant C' > 0 independent of h such that

lan —anll L2 (qys + [Ph = Prlpi o) < CSUg |la(pn(x)) = an(x)| [anll L2 (q)s » (4.16)
x€E

where (up,pp) € Xp X My, solves (3.9).
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Proof. Let us take the difference of equations (3.9) and (4.14). We obtain

Jo (a(pr)up, — antn) - v + [ Vi - V(pr —pr) =0, VYvi, € X,
fg(uh_ﬁh)'VTh =0, Yry € My,

Let vi, = up, — Gp; assumption (4.15) implies

Qo

las = @72 (s < / i [uy, —
max Q

/(a(ph)_dh)uh'(uh_ﬁh) 7
Q

whence

un —anll 2 (g < Csug |a(pn(x)) = an(x)| [unll L2 (q)s -
x€E

By the inf-sup condition (3.1)

Jo (a(pr)up, — apig) - vy

Blpn = Pulgr o) < sup

vhE€Xh ||VhHL2(Q)3
— sup fQ an (up —Up) - vy + fQ (a(pn) — an)up - vy
vhE€Xp thHLQ(Q)3

< Cllun — pl| g2 q)s + sup |la(pn(x)) = an(X)| [[anll L2 )
x€E

< Csup |a(pn(x)) — an(X)] [[unll 120 - =
x€N

This estimate should be regarded as the basic one. If the exact solution is smooth enough, it can easily be
reduced, for instance, to max-norm error estimates for the pressure p and the auxiliary variable q.

Corollary 4.10. In addition to (3.1) and (4.8), assume that the solution q to (4.7) belongs to L*°(QY) and
satisfies (4.9). Assume, also, that the pair (u,p) that solves (1.1) is such that p € L (). If q5 satisfies (4.15)
then there is a constant C > 0 independent of h such that

[un = nll 2y + [Pn = Brlgr o) < C (Hp = Phll gy + llg = QhHLoo(Q)> anllz2(qys - (4.17)
Proof. Using (4.16) it is sufficient to bound the L* norm of the difference a(pp) — ép. Then

la(pn) = anll oo ) < lled(p) = a(Pr)ll oo () + l(P) = Gl o ()
< Dp = pull oo (o) + lla(p) — anll g (q) »

where the constant D satisfies
D < agyexp (ymax {pll oy 1Pl } ) -

Comparing (4.3) and (4.13), we obtain for a.e. x in

~ lgn(x) — q(x)|
[dp(x)) = an(x)l < corr e N G T 1]
Qo

S SN ES VLR
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Assumptions (4.9) and (4.15) imply that there is a constant C' > 0 independent of h such that
[(g(x) + 1)(gn(x) + 1)| > C for a.e. x € £,

whence (4.17). O

Finally, to be able to provide an order of convergence, we must assume one additional approximation property
of the space M}, and we must assume that the space W), has adequate approximation properties. More precisely,

(1) There is a constant C' > 0, independent of h, such that for every r € WZ () the interpolation opera-
tor Z, defined in (3.3) satisfies

I = Turll e gy < CH* Il (g - (4.18)

(2) There exists an interpolation operator pj, : H'(€2) — W}, such that for all 1 < s < oo, if r € WETL(Q)

7 = pnrll ey + 1 lr = parlyr o) < ChFH1 e+ gy s (4.19)

where the constant C' > 0 does not depend on r or h.
(3) There is a constant C' > 0 independent of h, such that for every rj, € W), the following inverse inequality
holds
17h]l oo () < Ch™'/? Tl g () - (4.20)

Remark 4.11. The space M}, defined in (3.6) has properties (4.18) and (4.19) with the same interpolation
operator Z,. Hence, the triple (X3, My, Mp,) with X}, defined in (3.5) and M}, defined in (3.6) has all the desired
properties for all k£ > 1.

Under these assumptions, we first bound the error of the auxiliary problem.
Proposition 4.12. If (4.8) holds, the solution g of (4.12) satisfies

1C(©)
I—x

|q — Qh|H1(Q) S 2(1 + ||f||L3(Q)3) inf |q - Th'Hl(Q)- (4.21)
TR €W}

Proof. By taking the difference between (4.12) and (4.7), inserting any function 7, in W and testing with
Sp = qn — Th, We obtain

lan — a1 @) (1= YC QI s()3) < la—rala @) (1 +YC(Q)If]l s ()3 )-

By virtue of (4.8), this implies that

YOO |f] L3 ()2
qn — Tn|H1 Q) < (1 + 2 ) q—Trlg1(Q)-
= il T 2O [ ) "l
Then (4.21) follows from (4.8) and the triangle inequality. O

Now we are able to prove a convergence result.

Corollary 4.13. In addition to (4.8), assume that the solution q to problem (4.4) belongs to H**1(Q)NWE (Q)
and satisfies (4.9). Moreover, assume that the solution (u,p) to (1.1) is such that p € H*1(Q) N WE (Q).
Then, if the space M)y, satisfies (3.3), (3.19) and (4.18), and the space W}, satisfies (4.19) and (4.20), and if qp
satisfies (4.15), there exists a constant C' > 0 that does not depend on h, such that

un = nll 120y + [Ph = Dol o) < Chh1/2 <|p|W§O(Q) + 1Pl ) + lalwe @) + |¢I|Hk+1(9)) anll2q)s -
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Proof. By property (4.18),

10 = pnll 0y < 12— bl ey + 1202 = Pl o
< Ch” |p|W§C(Q) + | Znp —thLOO(Q) :

By the inverse inequality (3.19) and by (3.3)

I1Zhp = il Lo ) < CR™Y2 | Tup = pal g
<Ch1/? (Ip = Inpliio) +Ip _ph|H1<ﬂ))

< Ch_1/2 (hk |p|Hk+1(Q) + |p 7ph|H1(Q)) :

To estimate the term |p — ph|H1(Q) it is sufficient to recall Corollary 3.3 in the uniqueness case, or (3.31) for
nonsingular solutions (with s = k + 1). We obtain

P = pall o) < ChF plws (@) + ChF=1/2 [Pl s () -

Then we conclude the proof by applying (4.21) and the inverse inequality (4.20). O

Remark 4.14. The above estimates are suboptimal, but they show heuristically that the splitting algorithm
does indeed converge. By using a more refined analysis, for instance the method of weighted norms of Nitsche (see
[12], Brenner and Scott [8], Chap. 8, or Girault et al. [22], for more details) we may derive (again heuristically)
optimal error estimates. The results of Section 5.2 give examples where the errors have indeed optimal order.

Remark 4.15. If ¢ belongs to H%(Q) N WL (Q) and satisfies (4.9), then for all sufficiently small h, g, also
satisfies (4.15).

Now, let us estimate the error of (4.12)—(4.14) without reverting to (3.9).

The estimate (4.21) is rigorous because it is derived solely under assumptions on the data. However, the
remaining estimates are heuristic because we do not know how to estimate the error on u;, without assuming
that g, satisfies (4.15) and g satisfies (4.9) and (4.10). Then we have the following result.

Theorem 4.16. In addition to (3.1) and (4.8), suppose that the solution q to (4.7) satisfies (4.9) and (4.10),
the solution U of (4.6) belongs to L3(2)3, and the solution q of (4.12) satisfies (4.15). Then

~ max ]- . max ]-
U=l < (1422 (14 5) int 10~ vl + 22— C@Ulsapla ~ o
Qmax .
—_— f |P— 1 4.22
+ o Thlth| Thlm (@), (4.22)
and
- 1 . 1 (7)) ~ C(Q)
P — 1 <|(1+—= f |P— 1 ——— (U — : —|U 3lg — 1
| pth @ = ( - ﬂ) Thlth| rth @ - B Gmin (H Uh||L2(Q)3 - q0 ” ||L3(Q)3|q thH @
(4.23)

Proof. First, the assumptions on ¢ and ¢, imply that & and & are well-defined and strictly positive. Next, by
taking the difference between the first row of (4.14) and (4.6) in weak form, and inserting any element v, of X}
and r, of M}, we obtain for any wy, in Xp,

/Q&h(ﬁh*Vh)'Wth/Q(&h*&)U'WhJF/QV(ﬁh*Th)'Wh:/Q&h(U*Vh)'Wh+/V(P*Th)'wh-

Q



DARCY’S EQUATIONS WITH PRESSURE DEPENDENT POROSITY 1185

In order to eliminate pp, we proceed as in Theorem 3.1: owing to (3.1), there exists vj, in X} such that
wp, = 0y, — v, belongs to V3, (see (3.7)), and

1 .
||U — Vh||L2(Q)3 § <]. + B) inf ||U — VhHL2(Q)3. (424)

vhEXn

This choice of test function eliminates the last term in the left-hand side of the above difference. Then by
applying (4.15), we derive

~ qIIl X Qm X ~ ~ Qm X
HUh7VhHL2(Q)3 < P ja HU*V}LHL2(Q)3 + Oé(j HO{h*OL”LG(Q)HU”LB(Q)?» + a; |P77"h|H1(Q). (4.25)
There remains to estimate &y — a:
[n = @l[ps(o) < C( g — anlm () (4.26)

Then (4.22) follows by substituting this bound into (4.25) and using (4.24) and the triangle inequality.
To obtain (4.23) notice that, by the discrete inf-sup condition (3.1), for any r, € M},

N b(Yn,Dn —Th b(yn, P — Dn
Blpr — rhla ) < sup bynpn — 1) <|P—rplgi) + sup byn, P ~ pn) ),
ynexn 1¥nllzz(o)s vnex, Nynllzzs

which shows that it is sufficient to estimate b(yp, P — pp). By taking the difference of the first equation in (4.6)
in weak form and the first equation of (4.14) we obtain

b(yn, P — pn) :/ (apup —au) -yn :/ ap (ap —U) - yy */ (@—ap)U- -y,
Q Q Q
< lanlloe @ U = tnl 22z lynllzzs + & = anlls@) Ul Ls@ysl|ynll L2 @)s

which, by (4.26) and (3.1) implies

&%)

- 1 - c(Q
|ph — Th|H1(Q) S B <|P — Th|H1(Q) —+ 7 <||uh — U||L2(Q)3 —+ %HU”L:"(Q)SM — Qh|H1(Q))> . (427)

The error estimate (4.23) follows from (4.27) and the triangle inequality. d

Remark 4.17. Proposition 4.12 and Theorem 4.16 immediately yield straightforward orders of convergence
for (Qp,pr). We skip them for the sake of brevity.

5. NUMERICAL EXPERIMENTS

To illustrate the theory of the previous sections, we present a series of numerical experiments, in two and
three dimensions, which show the performance of the developed methods in a series of test cases.

The numerical experiments in two dimensions were conducted using the package FreeFem++ (see [24]). In
this case, unless otherwise stated, the domain is = |0, 1[2, where the top and right sides are I',, and the other
two sides are I'.

The numerical experiments in three dimensions were carried out with the help of the deal.II library (see [5]).
For the experiments in this dimension, the domain is Q = ]0,1[%, with T, = {(z,9,2) € 9Q : z = 1}
U{(x,y,2) €0Q: y=1} and I' = 9Q\ [',.
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TABLE 1. 3-D. Iterative algorithm. Small porosity. Q;dc-velocity, Q1-pressure.

Level h||lu—unllp2(g) | Order | |p — pulyi(q) | Order | Iterations
1| 0.5000 1.63 E+000 — | 3.25E+000 — 5)
2| 0.2500 9.35 E-001 0.80 | 1.72E+000 0.92 9
31 0.1250 4.97E-001 0.91 8.66 E-001 0.99 8
41 0.0625 2.53E-001 097| 4.35E-001 0.99 8
51 0.0313 1.27E-001 0.99 2.18 E-001 1.00 8

5.1. The uniqueness case

To test the algorithm developed in Section 3.1 we have conducted a series of numerical experiments, the
results of which we present below. We always initiate the iterative process (3.14) with p) = 0 and use the
stopping criterion

(n+1) _ () ‘ (n+1) _(m)|?
\/Huh | pagaye T 1P Ph o) < 10710
(n+1) 2 (n+1) 2 .
uy, L2()d h L
) H(9)

5.1.1. Small data

To test the algorithm in the case when the porosity does not have high variations, we define the porosity as

o) =1+

o (€K

Notice that 1 < a(§) < 2. We define the exact solution as
u(z,y) = (—y 24,247, p(z,y) = sin(27rz) sin(27y) sin(27z).

These functions determine the right-hand side and boundary data.

The results of the algorithm obtained using a discontinuous-Q; approximation of the velocity and a Q,
approximation of the pressure are reported in Table 1. We see that the number of iterations does not depend
on the discretization parameter, and the errors on the velocity and pressure have optimal order. We obtained
similar results in two dimensions, using spaces Py-IP; and Pydc-P5. For the sake of brevity, we do not present
them here.

Notice that for the last level the number of cells equals 32 768 and

dim X, = 786432 dim M}, = 35937.

5.1.2. Large data

To illustrate the case when the porosity has high variations, but is still bounded we consider

10

a6 = 1+ 11
Notice that 1 < «(§) < 11. We define the exact solution to be

u(z,y) = (—y%2H)7, p(z,y) = 10sin(27z) sin(27y).

These functions determine the right-hand side and boundary data.
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TABLE 2. 2-D. Iterative algorithm. Big porosity. Pdc-velocity, Po-pressure.

h | [u—up 20 | Order | lp = pnliio | Order | Iterations

0.250000 2.07 E+000 — | 9.27E+000 — 14
0.125000 8.57E-001 1.33 | 2.64E-+000 1.43 10
0.062500 2.66 E-001 1.27 6.76 E-001 1.81 9
0.031250 7.11 E-002 1.69 1.69 E-001 1.96 9
0.015625 1.81 E-002 1.90 4.22 E-002 2.00 10

TABLE 3. 3-D. Iterative algorithm. Exponential porosity. Q;dc-velocity, Q-pressure.

Level h|llu—unllpz(g) | Order | [p — pulgi(q) | Order | Iterations
1| 0.5000 3.26 E+000 — 3.25 E+000 8
21 0.2500 1.73 E+000 0.91 1.72 E4-000 0.92 8
31 0.1250 8.93E-001 0.96 8.68 E-001 0.98 7
41 0.0625 4.61 E-001 0.95 4.39 E-001 0.98 7
51 0.0313 2.50 E-001 0.88 2.25 E-001 0.96 7

The results of the algorithm obtained with a discontinuous—IP; approximation of the velocity and a Py ap-
proximation of the pressure are reported in Table 2. We see that the number of iterations does not depend on
the discretization parameter, and the errors on the velocity and pressure have optimal order. Using lower order
elements, i.e. a Py-P; approximation, we obtain the same results.

5.1.3. Exponential porosity

Finally, although the theory developed for algorithm (3.14) does not cover the case of an unbounded (i.e. ex-
ponential) porosity, we nevertheless test this case. We set the porosity to be defined as in (1.2) with

g = ]., vy = 1/4,
and the exact solution

u(r.y) = 2(~47. %07, play) = 2+ sin(2r) sin(2my) sin(2n2).
These functions determine the right-hand side and boundary data.

The results of the algorithm obtained using a discontinuous-Q; approximation of the velocity and a Q; ap-
proximation of the pressure are reported in Table 3. We see that the number of iterations does not depend on
the discretization parameter, and the errors on the velocity and pressure have optimal order. In two dimensions,
and on a similar problem, we obtain similar results using Po-P; and Pidc-IP, approximations.

5.2. Splitting method
To test the algorithm developed in Section 4, let
g = ]., Y= 1/4
We define the exact solution to be
2 Q)T7

1
u(x,y) = _(_9252 y L

5 p(z,y) = 2 4 sin(27x) sin(27y) sin(27z).

Notice that this is the same problem we solved in Section 5.1.3 using the iterative algorithm. The following
triple of finite element spaces was used: Xp-discontinuous-Qq, Mp-Q; and W3,-Q;. The obtained results can be
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TABLE 4. 3-D. Splitting algorithm. Q;dc—velocity space, Q1-pressure space, Q;-auxiliary variable.

Level h||lu—unllp2(q) | Order | |p — pulpyi(q) | Order
1| 0.5000 5.25 E+000 3.25 E+000 —
2 | 0.2500 2.80 E4-000 0.91 | 1.72E4000 0.92
31 0.1250 1.45 E+000 0.95 8.70 E-001 0.98
41 0.0625 7.73E-001 0.91 4.44E-001 0.97
51 0.0313 3.95 E-001 0.97 2.35 E-001 0.92

TABLE 5. 2-D. Computational time (s). Exponential porosity.

Iterative Splitting

h (P(), ]P1> | (Pl dC, ]PQ) (P(), ]Pl, Pl) | (]P(), Pl, ]PQ) | (]Pl dC, ]PQ, Pl) | (]Pl dC, ]PQ, PQ)
0.500000 0.21 0.74 0.02 0.04 0.04 0.06
0.250000 0.40 1.13 0.08 0.09 0.10 0.13
0.125000 1.20 3.35 0.23 0.27 0.53 0.59
0.062500 4.71 23.16 0.95 1.08 5.15 5.25
0.031250 23.69 248.62 5.81 7.00 69.87 82.07
0.015625 | 167.36 3341.34 50.64 65.48 1366.66 1702.59
0.007813 | 1711.00 — 713.58 894.86 — —

seen in Table 4. The errors |ju — uhHLQ(Q)g and |p — ph|H1(Q) asymptotically have optimal order. Testing the

method on a similar two-dimensional problem, we can draw the same conclusions for the triples (Pg, Py, P1),
(PQ, Pl, Pg), (Pldc, Pg, Pl) and (Pldc, P27 Pg)

5.3. Computational time

In order to estimate the computational complexity of the proposed algorithms, we compare the computational
time involved in solving the following two dimensional problem:

a(§) =2,

, plx,y) =2+ sin(27z) sin(27y).

We compare the iterative algorithm (3.14) and the splitting method of Section 4. The obtained results are
shown in Table 5.

From the results shown in this Table we can clearly see that the splitting algorithm of Section 4 outperforms
the iterative algorithm of Section 3.1. This is expected to be the case, since the splitting algorithm requires
solving only two linear problems as opposed to the iterative algorithm; which although converges independently
of the discretization parameter, requires the assembly and solution of a linear problem at each iterative step.

Finally, when comparing the computational times for the splitting algorithm using a fixed velocity-pressure
pair but different approximation spaces for the auxiliary problem, we see that the computational times differ
very little, their relative difference is never greater than 20%. This suggests that the most time consuming
procedure is solving the linear Darcy problem (4.14). This is in agreement with the theory, as this problem
has more unknowns and its matrix is indefinite. A better approach for the solution of this problem may reduce
the time involved in solving this problem (see the work of Schoberl and Zulehner [33] and Zulehner [36] for
instance).
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FIGURE 1. Approximate pressure for the iterative algorithm. Shown every ten (10) iterations.

5.4. Numerical investigation of the convergence condition for the iterative algorithm

In order to further investigate the properties of the iterative algorithm (3.14) and, more precisely, the role of
condition (3.15) we solve the following particular problem in the domain

Q:{(x,y)€R2:1<\/12+y2<4},

with
Iy = {(x,y) ER?: /a2 492 = 1},

and I' = 9Q\ T',. In this domain we solve the nonlinear Darcy equations with exponential porosity. We set the
right-hand side that corresponds to the exact solution

where r = y/x2 + y2. In the numerical experiments that follow we use a (Py,P1,P;1) approximation of the
velocity-pressure-auxiliary variable. We set ag = 2 and vary the parameter v. Experimentally we have obtained
that if v < 0.038 the iterative algorithm converges independently of the initial guess, and it behaves the same
way as the cases covered in Section 5.1.

For bigger values of the parameter -y, the splitting algorithm of Section 4 performs as before. However, the
iterative algorithm does not converge anymore. Moreover, if we truncate the porosity function « setting, for
instance,

Qo, 5 < 07
a(f) = ape?,  0<E <45,
ape®, € > 4.5,

where the choice of truncation is dictated by 1 < p(z,y) < 4 V(z,y) € 2, the method still diverges. For v = 0.2,
a history of the behaviour of the approximate pressure is shown in Figure 1.



1190 V. GIRAULT ET AL.

From Figure 1 we can see that although the approximate solution diverges, it does remain bounded, and it
seems to be oscillating around more than one fixed functions. A detailed analysis of the reasons behind these
phenomena is a topic for future research.

5.5. Perspectives

These numerical experiments confirm that the splitting formulation is very promising and is worth further
investigation. Although it is doubtful that the exact problem (4.7) with arbitrary mixed boundary conditions
satisfies the maximum principle, the maximum principle may be valid in particular geometrical configurations
such as the one considered in the example of Section 5.4.

Proving that the discrete problem (4.12) satisfies the maximum principle is much more delicate. In the case
of the Laplace equation, it is well-known that the maximum principle holds for finite elements of degree one on
tetrahedra with acute angles. Extension of this result to (4.12) will be the object of future work.
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